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Chapter 1. Preface 

This field of science of computer science, which is said to be comparatively permanent, was approached in 

different ways. Uncountable, truly interesting production was made. Primarily the writing of the new works – 

especially the similar, introducing ones – was not necessary because of the new contents but to satisfy the 

various views of the "public". 

The expression algorithm itself comes from the mistranslated Latin name of the Baghdadian scientist, al-

Khwārizmi (Abu Abdullah Muhammad ibn Musa al-Khwārizmi, lived about from 780 to 845, Al-Khvorizmi, 

Al-Khorizmi etc.). The period between A.D. 700 and A.D. 1200 in the Arabic Empire was the time of the boom 

of the culture and the science. The Mongolian and the Christian conquest meant its end. Europe took not only 

the decimal number system (until that, calculations were made by the Roman numerals and with abacus, the 

computer of ancient times), but the elementary algebraic and trigonometric knowledge from al-Khwārizmi and 

his descendants, while Arabs from the Hindus. 

One of the works with the biggest impact – maybe right after the Koran – was the Algebra (Al-kitab almuktasz 

ár -hiszáb al-dzsabr val-mukabala) written by al-Khwārizmi. The vocable algebra originates from the word al-

dzsabr. An arithmetic featured book was written by al-Khwārizmi, introducing the Hindu decimal system, with 

only subsisted in Latin translation, its title begins: Dixit Algorithmi. The Latin word originates from it, which 

then spread into other European languages. The book, written about A.D. 820 got lost, the translation of the full 

title is the following: ?Liber Algorithmi de numero Indorum? ("Book of Algorithms about the Indian numbers"). 

It was born in Baghdad, in the ?House of Wisdom?, built by Al-Mamún caliph (son of Harun ar-Rasid, vid. One 

Thousand and One Nights). The work was translated in the 12. Century by Adelard, a British monk from Bath, 

Europe know the new numerals from this translation and from other Arabic source. The expression, Arabic 

numerals spread because of these Arabic sources, which also hide the Hindu origin. 

Algorithm is an important expression of mathematics and computer science. Subfields of theoretical computer 

science deal with it, such as algorithm theory, complexity and probability theory. Computer programs direct the 

computers this way. 

A sequence of elemental steps intent to solve a problem can be an algorithm if there is an equivalent Turing-

machine, which stops at every soluble input. 

Készült a TÁMOP-4.1.2-08/1/A-2009-0038 támogatásával. 
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Chapter 2.  2 Introduction 

Sequence of steps could be given as a solution for tasks, emerging in different fields of life before the first 

computers. Just think about it, using the Euclidean algorithm the greatest common divisor of two integers can be 

defined, or pupils know how to sum, subtract, multiply or divide those numbers on paper which they cannot on 

their minds. On geometry lessons they also learn which steps lead them to a line perpendicular bisector or an 

angle bisector. For a long time the purpose of education is acquirement of activities. So the main goal of 

education is to prepare for solving problems. These models make us able to solve multiple problems. 

So when we use the computer as a help in solving problems we "only" should do two things. 

1. We should display the features of the task, the description of the problem. 

2. We also should make the computer execute the steps, leading to the solution. 

Essentially it is called programming. This procedure and its certain contexts are illustrated by the ?? graphic. On 

it the five sections of the process and the links between them can be seen well separately. 

1. Specifications: 

Defines the aims of the task. The data are specified here and also the expectations we can have about them 

(prerequisite). Also the expectations about processing the data are fixed here, namely what attribute we want 

to our outputs (postcondition), namely we describe the relationship between the in- and output. (Of course it 

is an important question that is the result we want is accessible from the data we have?) 

2. Planning: 

To gain success in this section the precise specifications is truly needed. We defines the way from the input 

to the output with planning algorithms and those devices which help us on that way with creating the data 

structure. The graphic number ?? shows the mutual relationship between planning the data structure and the 

algorithms, because one hand choosing what data we use defines the operations can be executed and on the 

other hand if the algorithm is decided for use the data structure is restricted too. Naturally the kind of the task 

has a deep impact on what programming language should be used. If the algorithms and the data structure is 

decided the programming language. 

Formerly we would like you to feel how big impact our decisions have in the quality of the program and the 

work. Data structures which poorly fit the problem can complicate our algorithms, but the developer?s job 

can be easier and the program itself can be more efficient with well-built data structures. So in the planning 

section choosing the right data structure and algorithms and also the right programming language to 

implement them can be crucial in terms of the success of the work. 

3. Coding: 

In this section the formerly chosen algorithms and data structure are put into practical in the selected 

programming language. (If we took the previous steps with care this section could be done mechanically.) 

4. Testing, Error detection and correction: 

In this section of the work the program is checked to the maters written in the Specifications section. 

Depending on the complexity of the program more or less errors are expected, but with extensive planning 

the serious errors can be avoided which root on the planning section and to fix them the redesign of 

algorithms and the data structure are required. 

5. Documentation: 

In an ideal case this activity sees the whole process of the development through. Although we cannot see its 

importance during the work, but especially for the afterlife of the program it should be done scrupulously.  
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Earlier two very important, different featured categories were mentioned. We can have ideas for both just from 

our every-day experiences, because data ?- is an everyday expression due to phrasing, and the simplified 
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drafting of algorithms which says it is a step-by-step procedure for solving problems. These make both easy to 

understand and create a good base for our further discussion. 

Over the years countless general or even special means were created to execute these. 

In everyday life or even in different field of science the "original" are often substituted with a "counterpart". 

Simplified and generalizing it means only that their parameters are not the same. Accurately, just those 

parameters of the "counterpart" are the same with the "original" (or just approximately are), according to this it 

is capable to replace the "original" just in certain aspects. For example, not humans wear the clothes in shop 

windows, but they are the ones who the clothes are wanted to be sold to. Leastwise the size and the shapes of the 

manikins are similar to humans?, so they answer the purpose. Before using medicines for humans in practice, 

testing these on animals was a common practise. In this case, of course formal differences are negligible and the 

operational likenesses of the two organisms (human and animal) are much more important. Earlier miniatures of 

vehicles (cars, aircrafts) were made to study their aerodynamic nature. The shapes of these were the similar to 

the originals, but beyond the difference in size there were functional differences (no engines were inside). In 

these cases we say that models were made and applied. Generally things with having the same parameters - 

which important for us - as the objects or phenomenon we want to model, are named models. 

We memorize and record different information of the world which needed, while other things are passed by 

because they are not important for us ? although they are important to typify certain objects. The complex of 

data, linked this way, which logical relationship means they typify the same thing is named database model. The 

database model of the certain thing will not include the unimportant data. 

So model is created with the abstraction of the real world or one of its parts. Creating a database model is very 

like to the first step of solving mathematical word problems, when data are recorded, notations are introduced 

and links between data are sought. Here, essentially we building a database model and making operations with 

them to solve the problem. (Naturally it is true for the computational problems of other field of science too, 

because for example a computational problem from the field of chemistry is comprehensible as a mathematical 

word problem (e.g.: mixing problem).) Later using templates drilled during abstracting can help solving 

problems which we have never seen before. Actually we have to solve "word problems" during creating 

algorithms, but the situation is a bit complicated as a description of the database model and the way of solution 

has to be created with a relatively attached set of tools and in a computer-friendly form. 

1.  2.1Data 

Approaching different things and phenomenon as a system is an outlook separated from fields of science, which 

can be formed very well during the education of computer science ? especially while teaching programming and 

making algorithms. This point of view can be useful at solving problems in different fields. 

For the relationships between the particular parts we regard that part of real things, which are important for the 

examined problem as a system. Though with restricting the system significant part of reality is kept out, we 

cannot fully describe the data and the coherence, typical of them, because of the finite source we have. Creating 

a model is a tool, which makes our knowledge treatable skipping the unimportant parameters, by the abstraction 

of the real system. The structure of the real system can be defined by the relationships of its parts. These 

relationships have to be reflected in the database model of it. 

2.  2.2Types 

Based on experiences, programming languages let us use more or less the same data types for the much more 

effective implementation. 

In case of certain data, it does not make sense to separate them and make an operation with them. Because data 

like these have no parts with separate meaning there is no point in talking about the relationships between the 

parts and their structure. These data types are named primitive data types. Referring to algorithm design, 

primarily these represent a theoretical category, and for a better overview creating less theoretical type would be 

subservient, naturally with the end in view not to have problems in the later phase of coding. 

According to the above written later because of the nature of data we regard as theoretical type the followings: 

- integer, 
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- real, 

- boolean, 

- string. 

Characters are classified as a theoretical type too. Though string consists of characters and really it can have 

sense to examine the single characters too just like digits of an integer number (for example the way of 

divisibility or the smallest digit wrote down on one byte for the same purpose). But in most cases characters 

cannot be interpreted in the way of the problem or they are not needed during creating algorithms. Later the too 

strict classification loses its significance, because during planning the database model not that dominates that 

how we can store in the memory, but what values the data can have and what operation can be done with them. 

3.  2.3Classification of data structures 

In case of a database model of a complex problem we not only have to store the attributes as data, but the logic 

relationships between them also have to be visualized. To put this into practice a complex data structure has to 

be formed which later we can make operations with efficiently, including the support of the chosen 

programming language. 

Complex data structures can be classified by these aspects: 

1. According to the type of the components the data structure can be 

homogeneous: if all the components are from the same type, or 

heterogeneous: if the components are not from the same type. 

2. According to operation executed with the data structure 

without a structure: there are not any relationships between the elements of the data structure (e.g.: set) 

associative: there are no essential relationships between the elements of the data structure, the elements are 

individually addressable (e.g.: array) 

sequentia: in a data structure every element – expect the first and the last ones – are attainable exactly from 

another element and from every element exactly one element can be attainable. Only the two highlighted 

elements are the exceptions, because there is no element of the data structure which the first or the last element 

would be attainable (e.g.: simple list). 

hierarchical: in the data structure there is a highlighted element (the root) which giving equals the giving of the 

data structure. Every element, except the root can be attainable from exactly one other element, but from one 

element arbitrary (finite) number of additional elements can be attainable. Exceptions to this are the endpoints of 

the data structure (e.g.: binary tree). 

lattice: the elements of the data structure can be attainable from several other elements and from a given element 

more further elements can be attainable (e.g.: graph). 

3. According to the number of the elements 

static: the number of elements of the data structure is constant. The size of the used space does not change 

during the operations. 

dynamic: the number of elements of the data structure is finite too, because the space we have limits the 

possibility of expansion. At the same time the number of elements can change during the operations. The empty 

state of the data structure is interpreted and when the space, reserved for this purpose, run out, then we say the 

data structure is full. The speciality of this type of data structure is that in case of an augment of a new element 

we have to reserve a proper space for that element and if an element goes useless we have to make the free 

space ready to reverse again. 

4. According to the location where the data elements are stored 
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continual: in case of a representation, that smallest, contiguous space, this includes all elements of the data 

structure, and no other elements. 

diffused: in case of a representation, the elements of the data structure can be on the arbitrary part of the space, 

the information needed to reach certain elements are stored be other elements. 

4.  2.4Possibilities of control 

Machines, working by the Von Neumann architecture, execute the operations sequentially in time. This fits to 

most of the previously – from the field of mathematics, before the appearance of the computers – known 

processing of algorithms. For example the formula, which appropriate for solving quadratic equation, 

 

traces back to such an algorithm, because first we convert 

 

the formula, then knowing the coefficients the discriminant can be calculated. After that, according to its value 

the roots of an equation can be defined. 

Another example, also known from the field of mathematics is the Euclidean algorithm, which is suitable for 

defining the greatest common divisor of  and  integers . In the first step of the algorithm 

the  remainder is calculated in the way that the divisor cannot be the larger number. We can easily admit it, 

that if we do not act that way the algorithm serve a correct result, but we have to calculate the remainder one 

more times. 

 

(Where  is the quotient of the division of  and  integers.) 

If the remainder does not equal zero ( ), then another division is needed, but this time the divisor of the 

former division have to be divided with the remainder: 

 

Of course it can happen that the remainder is not zero. In this case we have to calculate the remainder again 

according to the rules, mentioned above: 

 

The value of  remainders decrease while  increases – namely, the remainder of the next division always 

decreases with an integer, compared to the former remainder – follows that repeating the set of divisions above, 

after a finite number of operations the remainder will be equal to zero, namely there is an , that this 
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happens. (So the division  have to be done.) 

These well – known examples give the chance to illustrate, that the sequence control does not equals to linear 

algorithms. It could be seen, that during solving a quadratic equation, the value of the expression under the 

radical decides our further calculations. (That’s why it is necessary to define its value first.) So the discriminant 

limits our possibilities and steps. We cannot say anything about its value if we know the formula, so most of the 

cases, defining it is part of the algorithm. 

In case of the Euclidean algorithm – though the former calculations defines the next steps – the situation is 

different. If the remainder of the first division is not zero, then – aside from trivial events – we do not know how 

many remainder will be needed. (Facing the solution of the quadratic equation, where after the calculation of the 

discriminant the number of further steps can be defined.) Knowing the remainder of the given division we know 

that we need other ones, but the number of them. Naturally this means that the algorithm will not be linear, 

namely the concrete event (the value of  and ) defines the sequence of steps, leading to the solution. 

Tools used to describe algorithms and different programming languages include components, which similar 

cases can be defined with in a proper way for computers. Frequently happens when a beginner in the field of 

programming has a trouble with distinguishing two events, though they can use the solving formula in practice 

and they also can define the greatest common divisor of two numbers in the described method. Usually the 

reason for this can be the mechanical use of the steps and significance of each step does not become conscious. 

The purpose in the education of making algorithms is to let form the activity of splitting the solution of the 

problem into elemental steps. 

Branches serve to change the sequentiality of the algorithm, which allow different steps to be executed 

irrespectively of the former operations. For example, if in the description of the Euclidean algorithm we can find 

that the remainder of the  and  numbers has to be calculated, but at the same time we cannot divide with the 

larger number, so at the calculation of the remainder the truth of  has to be ensured. It means that  and 

 symbols have to be exchanged. 

 
2.2. figure. Selection 

Further problem can be caused by the description of the repeated divisions. It is important to recognize that 

writing the steps as many times as they will be executed is wrong – and in the given case is not possible. If we 

consistently insist to that the  is the dividend and the  is the divisor and we accept that the dividend of the 

former division is not needed in the followings, then we can admit that the value of  and  have to be updated 

after every division, according to their function. 
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2.3. figure. Iteration 

5.  2.5Notion, nomination 

5.1.  2.5.1Efficiency 

Computers need time to execute each operation and every data take space on the storage, start from these two 

obvious facts. It is manifest, that if we can solve a problem with different sequence of operations, that choice 

will be practical, which is more favourable for the solution of the problem. For example uses less space or 

serves the same result. It is also natural, that we take advantage of reducing the used space of a data while 

keeping its information-content. 

Now, perform a very inaccurate, but still an instructive calculation about the time needed to evaluate the 

hereunder expressions. (The equality between the expressions is true, because of the well-known inferences 

from mathematics, the multiplication of the powers of the same base and the sum of  natural number.) 

 

 

 

Assume that in case of computers completion of the operations of addition, multiplication and raising to power 

takes , ,  time and between them the undermentioned inference exists: 

 

It means that under the time needed to calculate a sequence, our computer can execute two additions, and while 

a power is produced, two multiplications can be executed. 

 

 

 

5.2.  2.5.2Flow chart 

Essentially, the flow chart is an oriented graph, demonstrating the algorithm. Nodal points signs the commands, 

while edges do the data. There is a highlighted node, where start from we can get any other nodal points ? this is 

the base-node, furthermore another special nodal point, the end-node exists, where there is no way from it to 

other nodes to, but we can get here from any other nodal point. 
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Notations of a flow chart 
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Further notations of a flow chart. 

5.3.  2.5.3Pseudocode 

With the help of this tool we can describe our algorithms without the commitments of the programming 

languages, but still in a similar way. 

5.4.  2.5.4Control mechanisms 

Control mechanisms help to arrange the order of the commands of the algorithm the way we want. 

5.5.  2.5.5Sequence 
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This control mechanism ensures the execution of the commands irrespectively of any condition, in an order they 

were given. 

 

5.6.  2.5.6Selection 

Single branch 

If the value of the given logic expression,  is true, the commands of the Command Sequence have to be 

executed, then the control steps on first command after the branch. Otherwise – in case false value of  – the 

execution of the algorithm has to be continued with the command right after the branch, without executing the 

Command Sequence. 

 

Double branch 

The commands of the Command Sequence 1, given here, are executed exactly when the value of  logic 

expression is true, while its value is false the Command Sequence 2 is executed. Next, the control steps on the 

command after the branch. 
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5.7.  2.5.7Iteration 

During making algorithms, also in case of not difficult problems, the revaluation of the commands of some of 

the control mechanisms are often needed. For this problem the iteration serves an opportunity. Iteration control 

mechanisms can be classified into two basic groups. Before executing the first command of the control 

mechanism 

- we do not know 

- we know 

how many repetitions are needed. According to this, to put the control mechanism into practice usually the 

following commands are available. 

While loop 

The commands of the loop body are executed as long as the value of  logic expression is true. Namely, the 

execution of the algorithm on the F branch continues only when the value of  logic expression becomes 

false. It also follows that 

- if  is false right before stepping into the loop, then the commands of the loop body are not executed. 

- if the commands of the body loop are executed, but the value of  does not become false, then it will not 

exit from the loop, namely the control cannot get to the next command, so  has to depend on the commands 

of the loop body. 
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Do while loop 

The commands of the loop body are executed as long as the value of  logic expression is false. Namely, the 

execution of the algorithm on the T branch continues only when the value of  logic expression becomes 

true. It also follows that - irrespectively of the initial value of  the commands of the loop body are executed 

at least once. 

- as the egress from the loop only happens when the value of  is true at the condition assessment, at the end 

of the loop,  has to depend on the commands of the loop body. (In case of the true value of , and if it 

does not depend on the commands of loop body, at the enter to the loop, of course the exit from the loop will 

happen after the execution of the commands, but it is not necessary, the use of the do while loop can be 

skipped.) 

 

For loop 

We have the opportunity to use the for loop, when we already know the number of necessary repetitions before 

the execution of the commands of the loops body. Though this command could be substituted with a condition-

controlled loop, but for the better readability and the easier understanding its use is definitely justified. (The 

demonstrated node itself does not have a sense, just in the special structured part-graphs, similar to the ones, 
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given here. Essentially, the node itself became from the contraction of a branch and a collector node, but 

includes information, which refer to the initialization and the changing of .) 

 

6.  2.6Excercises 

1. A  point with coordinates on the plane and an origin midpoint,  radius circle are given. Give that 

logic expression, which is true when point  is 

a. an inner point of the circle. 

b. located outside of the circle. 

c. fit on the circular arc. 2. Give those logic expressions, which value is true when the conditions above 

mentioned do not meet. 

3. Write an algorithm, which reads the coordinates of point  and decides where it is located from the 

origin midpoint,  radius circle. 

4. A  point with coordinates on the plane and an  squared ( 

)) are given. Give that logic expression, which is true when  is 

a. an inner point of the square. 

b. located outside of the square. 

c. fit on one of the sides of the square. 

5. Give those logic expressions, which value is true when the conditions above mentioned do not meet. 

6. Write an algorithm, which reads the coordinates of point  and decides where it is located from the 

 squared. 

7. A  point with coordinates on the plane and an  squared 

 are given. Give that logic expression, which is true when  is 

a. an inner point of the square. 

b. located outside of the square. 

c. fit on one of the sides of the square. 
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8. Give those logic expressions, which value is true when the conditions above mentioned do not meet. 

9. Write an algorithm, which reads the coordinates of point  and decides where it is located from the 

 squared. 

10. Let ,  and  positive, real values. Give that logic expression, which value is true when 

a.  and  can be the length of the sides of a triangle. 

b.  and  with length segments 

- rectangled triangle can be constructed. 

- isosceles triangle can be constructed. 

- equilateral triangle can be constructed. 

11. Give those logic expressions, which value is true when the conditions above mentioned do not meet. 

12. Write an algorithm, which reads ,  and  positive, real values, then displays that a triangle can be or 

cannot be constructed with these values as side lengths, and if it can be, then what kind of triangle it is. 

13. Write an algorithm, which reads ,  and  positive, real values, then displays one of these strings, on that 

way, that the included words can be only used once. 

- No triangle can be constructed with the given data. 

- A rectangled triangle can be constructed with the given data. 

- An equilateral triangle can be constructed with the given data. 

- An isosceles triangle can be constructed with the given data. 

- An isosceles, rectangled triangle can be constructed with the given data. 

(Of course the order of the words does not have to be the same as in the above ones, but the frequent words 

triangle, rectangle, isosceles, etc. can be displayed only once.) 

14. Write an algorithm, which after entering three real values ( ), displays the number of real roots of 

 quadratic equation. 

15. Write an algorithm, which after entering three real values ( ), calculates the real roots of 

 quadratic equation. 

16. Write an algorithm, which continues reading three real values ( ) until  quadratic 

equation has 

- at least one real root. 

- exactly two real roots. 

- no real roots. 

17. Write an algorithm, which calculates the greatest common divisor of  and  positive integers by the 

Euclidean algorithm. The algorithm also has to display if the numbers are relative primes or not. 

18. In case of  square matrix we know that outside its main-diagonal only 0 appears (diagonal matrix). So, if 

the matrix has n row, then just the storage of  elements is "effective", because we certainly know the value of 

the other ones are 0. Store the elements by the main-diagonal of the matrix, instead of the whole matrix in an 

element  vector. Write a function, which, after writing the  vector and the indices of the wanted 

element of  matrix, displays the value of the proper matrix element. 
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19. In case of  square matrix we know that above its main-diagonal the value of the elements is 0 (upper-

triangle matrix). So, if the matrix has n row, then how many "effective" elements, differing from 0 has the 

matrix? Store those elements of the matrix in a  vector, numbered row by row, instead of the whole matrix, 

which we do not know surely that their value is 0. Write a function, which, after writing the  vector and the 

indices of the wanted element of  matrix, displays the value of the proper matrix element. 

20. In case of  square matrix we know that below its main-diagonal the value of the elements is 0 (lower-

triangle matrix) So, if the matrix has  row, then how many "effective" elements, differing from 0 has the 

matrix? Store those elements of the matrix in a  vector, numbered row by row, instead of the whole matrix, 

which we do not know surely that their value is 0. Write a function, which, after writing the  vector and the 

indices of the wanted element of  matrix, displays the value of the proper matrix element. 

 
2.4. figure. The flow chart of the algorithm, serving the real roots of a quadratic equation. 
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Chapter 3.  3Basic algorithms 

1.  3.1Operations with sequences 

1.1.  3.1.1Summation 

An -element  sequence and a two operand command, which is defined on the elements of the sequence, are 

given. (  signs the operator of this.) The algorithm links this value 

 

to the sequence. 

 
3.1. figure. Summation. 

The algorithm, number ?? demonstrates one of the possible executions of the summation, where the operation is 

the arithmetical addition, and it is used in the algorithm, and the zero-element of the operation is . 

1.2.  3.1.2Counting 

An -element a sequence and a T-feature, which is defined on the elements of the sequence, are given. 

Algorithm, number ?? assigns to the sequence the number of T-featured elements, which means an integer 

value, from  to . It is easy to see, that the return value of the function is exactly 0, when the sequence has no 

T-featured element, and it is , when every element is T-featured. (That, the T-feature, which is defined on the 

elements of the sequence, means that the set, which we "selecting" the elements of the sequence from, has that 

kind of elements, but it does not mean that the sequence itself has those elements.) 
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3.2. figure. Counting. 

1.3.  3.1.3Assortment 

This algorithm is used, when we would like to assign the part-sequence of the T-featured elements to the -

element  sequence and the T-feature, which is defined on the elements of the sequence. 

 
3.3. figure. Assortment. 

Comparing the algorithm of sorting ?? and the algorithm of counting ??, the structural and functional similarities 

are easy to see. 

1.4.  3.1.4Finding maximum and minimum 
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An -element  sequence is given, which codomain is an ordered set. In these cases, the exercise can be the 

defining the element, having the minimum/maximum value. It can happen, that the aim is defining the value of 

the given element, but the first or last position of the element having maximum or minimum value might also be 

needed. 

 
3.4. figure. Selecting minimal value. 

Algorithm ??. defines the value of the smallest element of the sequence, but after the interpretation of the 

algorithm, the version, which defines the maximum value, can be easily written by chancing properly the 9th 

row of the algorithm. 

In some cases, it is not enough to know the value of the maximum or minimum element of the sequence, the 

position of it can be an important information too. The algorithm number ??. can be modified as we can get the 

value of each element by their serial number. To this, in the 6th row of the algorithm ??., we store the serial 

number of the first element into MinI instead of its value. In the branching of the loop body, with the help of this 

we get the value of the element, which was found as the minimum earlier, and it can be compared to the value of 

the actual element of the sequence in the 9th row of the sequence. If the value of the actual element is less than 

the smallest element so far, then the position of the actual element will be stored in the MinI variable. The value 

of MinI, in the 11th row of the algorithm, changes only if a smaller value is found than the smallest element so 

far, it is ensured, that exiting the loop MinI contains the first occurrence serial number of the minimal value. 
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3.5. figure. The first place of occurrence of the minimum value element. 

After the interpretation of the algorithm ??. the writing of the algorithm, which produce the last occurrence 

position of the minimal element and the first and the last occurrence position of the maximal element, is 

entrusted to the Reader. 

2.  3.2Excercises 

1. Give the pseudocode algorithms of the chapter as block diagram. 

2. Summarize the elements of a square matrix, 

a. by the main-diagonal. 

b. by the secondary diagonal. 

c. above the main-diagonal. 

- numbered column by column. 

- numbered row by row. 

d. below the main-diagonal. 

- numbered column by column. 

- numbered row by row. 

e. above the secondary diagonal 

- numbered column by column. 

- numbered row by row. 

f. below the secondary diagonal 

- numbered column by column. 
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- numbered row by row. 

3. Using the condition of summation calculate the values of the following expressions, assuming, that it is 

sufficient to take notice of finite number of terms: 

a. 

 

b. 

 

c. 

 

d. 

 

e. 

 

f. 

 

g. 

 

h. 

 

i. 

 

j. 

 

k. 

 

l. 

 

m. 

Gauss–Legendre iteration algorithm  
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n. 

 

o. 

 

p. 

 

q. 

 

r. 

 

s. 

 

t. 

 

u. 

 

v. 

 

 

 

 

4. The , uneven number of element ( , where ) sequence is given and it is sure that the 

sequence has at least 3 elements. Form the following sum: 

 

5. The , uneven number of element ( , where ) sequence is given and it is sure that the 

sequence has at least 5 elements. Form the following sum: 

 

6. 
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7. 

 

8. 

 

9. An -element sequence of points is given with coordinates in the plane. Define that, how many element 

exists, which is outside of an -radius and  midpoint circle. 

10. Be the elements of an -element sequence of points, given with coordinates in the plane the vertex points of 

an -side polygon. (The order of giving equals to the clockwise direction.) Define that, how many longer sides 

then  the polygon has. 

11. An -element sequence of points is given with coordinates in the plane. Define the radius of that 

 midpoint circle, which no point is outside of it. 

12. An -element sequence of points is given with coordinates in the plane. Define that element, which is the 

further from a given ) point. 

13. Be the elements of an -element sequence of points, given with coordinates in the plane the vertex points of 

an -side polygon. (The order of giving equals to the clockwise direction.) Define that, how many longer sides 

then  the polygon has. 

14. Define the first occurrence position of the second biggest element of a sequence. 

15. The algorithms, number ??, ??, ?? and ?? make the check of credit card numbers. (Further information about 

the structure of the credit card number and the mechanism of its check can be found in the a ?? subsection.) 

Analyse the efficiency of the above mentioned algorithms, in the view of execution time, used space and 

complexity. 
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3.6. figure. One of the executions of the Luhn-algorithm 
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3.7. figure. One of the executions of the Luhn-algorithm. 
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3.8. figure. One of the executions of the Luhn-algorithm. 
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3.9. figure. Luhn-algoritmus egy lehetséges megvalósítása. 
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Chapter 4.  4Searching, sorting 

In addition hereinafter there are a lot of connection between the science of mathematics and informatics, 

because every part of informatics should be grounded by mathematics. Hereafter there are a few, important 

mathematical conception and knowledge in terms of algorithms what we discuss in a practical approach in terms 

of informatics. 

1.  4.1Sequence 

The collection of data what connecting logically and have the same meaning, when moreover the value of each 

elements the place of the data are important too, it can be described with sequence in mathematical toolkit. We 

should numerate the elements for adding the elements place what reserved compared to each other. 

Mathematically it means we should add another elements of set named  to natural numbers. In mathematics 

we use the undermentioned notation for this: 

 

Essentially this is a function connection, where the created sorted pairs first element is a natural number (the 

indexes of the sequence elements), the second element is an actual element of the sequence. From our viewpoint 

the most important are the finite sequences, mainly if their elements should be stored and functions with 

elements should be done. (The following sequence of numbers describes the Euro’s current rate in a season: 

393.44; 291.29; 292.96; 291,21; 290.96; 291.05. According to the above this sequence can be wrote with the 

following number pairs, because we speak about functions: (1;293.44) (2;291.29) (3;292.96) (4;291.21) 

(5;290.96)(6;291.05). This specification is equal with the undermentioned too: ; ; 

; ; ; . Sometimes it won’t cause misunderstand if we 

just rehearse the elements of the sequence.) 

For example the daily rates of exchange produces sequences in some season. We can speak about logical 

connecting values, because the elements of a sequence describes a certain rate of exchange, so each elements 

kind are the same. We can not swap the elements, because their values are the characteristics of a certain day. 

We can speak similarly about a certain year’s daily average temperature’s sequence too. 

Be  real numbers, what mean measurable attribution of certain things. Store these values to be 

less or equal than the next. (Naturally we can not define this on the last  element, because it has not got next 

element.) 

It seems to be trivial we should call the sequence of  elements ascending. With the signs of mathematics: We 

call the  sequence monotonically increasing (not decreasing), if  when  and  

in case of  is true. 

 

In case of , it means the  lesser or equal than every , or  element after that. 

If , then the selected element can’t be greater than the following  or  element. 
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In case of , only the  has this kind of duty with it’s follower  element. Naturally the last but 

one  should be lesser or equal only with it’s follower  element. 

So it means that in the ascending sorted sequence none of the elements can be greater than it’s follower. We can 

say that the element what has greater serial number can’t be lesser than an element’s value with lesser serial 

number. 

Ezzel ekvivalens az a megfogalmazás is, hogy az ilyen sorozatokban bármely elem értéke kisebb vagy egyenlő 

az őt követő elem értékénél, azaz 

There is an equivalent definition with this, what is about any element of this kind of sequences lesser or equal 

with it’s follower element’s value, that is: 

 when  is true. 

 

Although one of the definitions results the other vica versa, so they are equivalent in terms of mathematics. So if 

a sequence grant one of them, than that grant the other too. Still we should think about which algorithm would 

be practical to use. 

Now our goal is to decide if this sequence is sorted ascending. 

1. In the first case we need to compare every elements (except the last one) of the sequence with the elements 

with greater serial number for this decision. This means 

 

comparison altogether, because we should sum up the natural numbers from 1 to  for getting the number 

of comparisons. 

2. In the second case we just need to analyze what kind of relation is between each elements with its follower. it 

will be only 

 

comparison, because the last has not got follower. 
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We can assumpt the computer would need "t" time to work for the evaluation of the logical expressions what 

means comparisons. It can be seen from the above that in the first case the time for the full evaluation would be 

 

what would gear to , and the time in other cases would be just 

 

what is a linear function of the sequence’s number of elements. (Naturally this time can be lesser in the case 

when the sequence is not sorted, because for example if only the first two elements order is not correct, we don’t 

need other comparisons.) 

We call a sequence strictly monotonically increasing, when the sharp equivalent between elements is true. ( 

 and ) 

2.  4.2Searching in sequences 

We will see if we sort certain things according to some kind of measurable attribute, then a certain procedure 

with those can be done simply. Another time we can not do this, because we would lose important information 

by changing the order of elements. Because the above it is important to care about the procedures of sorted and 

unsorted sequences. 

2.1.  4.2.1Decision 

There is an  sequence consist of  piece of elements, and a "T" attribute defined on the elements of the 

sequence. The algorithm assign True or False logical value to the sequence according to the sequence has or has 

not got an element with "T" attribute. 

 
4.1. figure. Decision. 

The algorithm ?? will analyse the sequence’s elements from the first, until the elements of the sequence do not 

run out, or it won’t find an element with "T" attribute. Because of there is a condition-controlled pre-test loop, 

the body of the loop will executed while the condition’s value is True. There is an / operation between the 

statement elements, so this will happen if we have already passed the sequence’s end (I>N), or we have found 

an element with "T" attribute on the actual position. So if the I>N is true after the loop, then it means only that 

the sequence has not got any element with "T" attribute , because it would have exited from the loop. 

2.2.  4.2.2 Linear search 

Understanding the algorithm ?? it can be easily wit that we did not take advantage of all of the information, what 

created with the execution of the algorithm. Think about it, if we quit from the loop because we found an 
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element with "T" attribute, the "I"’s value will store it’s position. The linear search algorithm (??) will give back 

this value. 

 
4.2. figure. Linear search. 

2.3.  4.2.3 Selection 

There is an  sequence with  elements, and the elements has "T" attribute. We know for sure the sequence 

has an element with "T" attribute. The algorithm’s output will be the place of the element with "T" attribute (If 

there are more element with "T" attribute in the sequence, then it will give back the first presence’s place.) 

 
4.3. figure. Selection. 

Beyond visible similarities the algorithm ?? has significant difference compared to algorithms a ?? and a ??. 

Because of the sequence has element with "T" attribute, it is sure to find one before I>N would be true, so it is 

unnecessary to analyze if we refer an element of the sequence with the value of I. 

2.4.  4.2.4Linear search with sentinel 

Using the experience of the selection thesis (algorithm ??) we can make the linear search more effective. If we 

think that the evaluation of the linear search’s loop condition need 2, the body of the loop need 1 time unit, then 

it can be wit the selection thesis execution time will be lesser than linear search. That means if we know the 

sequence has an element with "T" attribute, than we would be able to find that faster. We usually don’t have this 

kind of information, but sometimes with the data structure’s sufficient configuration we have a chance to ensure 

a place of another element except of the sequence’s elements. Store an element with "T" attribute in the data 
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structure’s (n+1). position (algorithm ??, 6. line). Now if the original sequence is not, the sequence consist of the 

sentinel element will surely have searched element. In respect of the efficiency of the linear search with sentinel, 

the experience really shows that it’s  of the linear search’s efficiency. 

 
4.4. figure. Linear search with sentinel. 

2.5.  4.2.5 Linear search in sorted sequence 

The search algorithms’ terminate condition can be composite that there is not rational to search forward if we 

have found the searched element of the sequence, or we can surely say based on the already analysed elements, 

the sequence does not have that. This last statement in the previous algorithms can be done only if we have 

already analysed all of the elements of the sequence. 

The situation is different in case of sorted sequence (if the key of the search is the same as the key of the sort). 

Assuming that an increasingly sorted sequence does not have the searched element, but there is lesser and 

greater element in it. If we analyse the sequence’s elements from the first, we will find the minimum element 

from the greater elements from the searched. We can stop the search here, because the elements after that are 

greater than the actual. The linear search on sorted sequence algorithm (??) will stop if one of the 

undermentioned is true: 

1. It has found the searched element, 

2. The actual element is already greater than the searched element, 

3. the elements of the sequence are run out, so I>N is true. 

((Remark that the I>N will only be true if the sequence has not got the searched element and that is greater than 

the sequence’s last element too.) 
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4.5. figure. Linear search in sorted sequence. 

2.6.  4.2.6 Binary search 

The following search algorithm’s requirement is the sequence’s order too. It’s work maybe can represent with a 

practical example, where search a voce in a cyclopedia. Searching in a cyclopedia would not be too effective, if 

we would follow the linear search algorithm. Instead of that if the actual voce is not the same as the searched 

one, we try to appreciate how many elements are after and before the searched. 

Assume that the sequence is increasingly sorted. Choose the sequence’s middle element. If that is not the 

searched element, then we can decide, compared to the searched element if the search should be start in the part 

sequence from after or before the middle element, just like in the figure ??. 

After the first analysis we have found the element or we can total safely except half of the elements from the 

further search. Doing a similar method with the remaining, yet not excepted part sequence of elements, if we 

have not found the searched element in the middle of the actual part, now we can except approximately quarter 

of the original sequence. 
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4.6. figure. The searched data="D" 

It is clearly visible on the figures ?? and ?? that the following search will be continued in a sequence what have 

always decreasing - approximately halved - number of elements until we have found the searched element or the 

number of elements of the part sequence what have been selected for analysis will not be zero. The E and U 

variables’ E>U relation indicates this. 

 
4.7. figure. The searched data="J" 
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4.8. figure. Binary search. 

3.  4.3 Sort 

Compare a sequence’s first element with all of the elements after that and if we find a lesser from them than the 

first, we swap the two compared elements. This operation row ensure that the sequence’s minimum element will 

be on the first place (algorithm ??). 
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4.9. figure. The minimum element is positioned to the first place (immediate selection). 

After the minimum element is positioned to the first place, doing the same with the part sequence what starts 

from the second element the second minimum element will be placed to the second place too (algorithm ??). 



 4Searching, sorting  

 38  
Created by XMLmind XSL-FO Converter. 

 
4.10. figure. )The second minimum element is placed on the second place (immediate 

selection). 

Now the sequence’s first two elements are on their eventual positions, because we moved the minimum element 

of the actual part sequence (first the full sequence, after the part sequence what have been created by except the 

elements placed to their eventual position) to the first position. Because of similar considerations the sequence’s 

. element will be placed it’s eventual position if we have done the above operation on the  part 

sequence. 
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4.11. figure. Sorting a sequence with immediate selection. 

It can be easily wit in case of the last created part sequence what consist of two elements by  and  we 

can define the operation above. 

In the algorithm ?? therefore the J variable’s actual value shows which position of the sequence will be placed 

the element what selected by the inner loop, what will be extend the sequence’s sorted part with a newer 

element. 

We can sum up the algorithm’s efficiency according to hereinafter. In the course of sorting,  elements 

must be moved to their eventual position from the first to the last but one while we compare the actual part’s 

first element with the elements with greater serial number, and we swap them if necessary. When we placed the 

minimum element in the first place (J=1), then we need to compare the  with all the next  piece of 

elements. The J’s last value will be , it means that for place the second maximum element to it’s place we 

need only one comparison. We can give the number of comparisons in the 

 

format. 

As for not every comparison products swap of the compared elements and the swap of two elements can be 

solved with 3 assignments, the assignments are lesser or equal than 

 

In case of originally sorted sequence will not happen any assignment. 
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In case of sorting except of storing the sequence’s elements we need one more element type storage place, so the 

algorithm’s space complexity is 

 

It can be easily see, that if the algorithm ?? swap an element to the sequence’s . position, if that find a lesser 

one later, then it swap that with this again. It means that when the appropriate element successfully placed in it’s 

position, until that maybe we will do more unnecessary swapping. All of them can be avoid if – storing the 

sorting algorithm’s original conception – first we would select the actual part sequence’s minimum element and 

after that we would need to swap just one more. So the ?? minimum selection sort can be seen as the more 

effective version of the algorithm ??. 
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4.12. figure. Sort with minimum selection. 

While sorting with minimum selection, because of the original conception – it can be easily see in the ?? and ?? 

algorithms’ structures comparison – there must be done as much comparisons as with sorting using immediate 

selection. 

As for the data transmission the situation is significantly better, because the ?? algorithm’s inner loop – in 

accordance with the method’s name – is essentially a minimum selection. Therefore really the algorithm defines 

each one part sequence’s minimum element’s position and swap that with the actual part sequence’s first, in 

case of . part sequence with the full sequence’s . element. This means that the maximum number of 

assumptions can be 

 

. 

As for the space complexity there is no difference with the previous one, except of storing the elements, after 

doing the swap it’s necessary a further element type auxiliary variable. So the algorithm’s space complexity is 

 

We saw previously the sequences’ order can be checked with comparing the elements with their neighbours. 

Significantly, if any of two neighbour’s order is correct, then the sequence is sorted. The ?? algorithm of 

bubblesort is based on this. 

The algorithm first starting from the sequence’s beginning compare every element with it’s follower, and if the 

order is not correct, then swap them. This operation row ensures the maximum element of the sequence will be 

placed in the end of the sequence by  comparison and maximum  swap. After this we need to redo 

the operation with the first  element except of the last element, while we do  comparisons and 

maximum  swaps. By this time the sequence’s second maximum element will be placed to it’s eventual 

position. 

In a similar way the sequence’s other elements can be "bubbled" to their eventual place. Finally doing the 

operation in the part sequence consist of the sequence’s first two elements the second and the first elements will 

be moved to their eventual position too. 
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4.13. figure. Bubblesort. 

According to the above and the algorithm ?? interpretation we entrust wit to the reader according to the 

bubblesort’s efficiency it’s the same as the efficiency of the algorithm (??) of sorting with immediate selection. 
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4.14. figure. The bubblesort can be make more effective if the algorithm recognise if the 

sequence’s unsorted part has already sorted. 

Let’s recognize that while bubblesort, the greater elements goes fast to the end of the sequence, the lesser goes 

the sequence’s beginning. This means while in the end of the sequence the element number of the sorted part 

increased by one, rightwards the elements’ order is changed or can be sorted. With the modify ?? it can be 

achieved the algorithm "recognize" if the elements with lesser serial number had been sorted too. This time the 

full sequence become sorted. This modify is in the algorithm ??. 

The ?? enhanced bubblesort can recognize only if the sequence’s left, unsorted part is become sorted. This 

means while the inner loop there were no need to swap. At the same time it can happen in the inner loop the last 

swap happens before reaching the loop counter’s end value, that is the sequence is sorted from the last swap 

position. This can be recognised by the bubblesort’s second enhanced algorithm ??. 
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4.15. figure. In the bubblesort algorithm there is an opportunity to store last swap position, so 

it can be attached one more element to the sorted part sequence. 

3.1.  4.3.1 Insertion sort 

According to the insertion sort’s principle we need to find the next element’s position in an already sorted part 

sequence. In case of a sequence with  elements we need to do this  times, because , as a part 

sequence consist of one element can be seen sorted, and there are this much elements from  to the end of the 

sequence, what we need to insert the continually increasing sorted part during the sort. 
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4.16. figure. Sorting a sequence consist of 10 elements with insertion sort. 

This is represented on the figure ?? with an example of sequence consist of 10 elements. We marked the 

unsorted elements with red, and the totally sorted sequence with green. Yellow marks the increasing part of the 

sequence, which if gets an element, there will not be sure that will be it’s eventual position. We marked where 

have we inserted into the sorted elements the unsorted part’s first element with arrow. In the figure it can be 

observed every element what are left to the inserted element marked with yellow are according to their position 

in the previous row they are positioned leftwards with one element. In this way it can happen if the "R" 

originally could be found on the 4. place – although it is placed fast to the sorted part – has already moved to the 

end of the sequence when the sorting is done. 

On the  step therefore we want to place the sequence’s  element in the sorted part sequence. To this, 

really we need to solve two problems. 

1. We need to find the place where the  fits. Note that probably it is practical to take into consideration 

the search must be done in a sorted sequence, and we know we have more efficient algorithms for this. 
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2. At the same time it can mean problem that it is not enough to find the place where should be the element for 

fit, because that place is surely reserved, instead of we need to ensure a place for that for not to lose any of the 

sequence’s elements. 

Assume that we know the serial number of the sequence’s element, before of that need to be insert the . If 

we would pull out (exactly we make a copy) of the sequence’s , or of the element for fit (line 9. of 

algorithm ??), 

 

then after this, beginning with it’s prior ( ) element, towards the sequence’s beginning, closing with , we 

should move the elements rightwards with one place (line 12. of algorithm ??). If the  is the first this kind of 

element, the  is the last, then it can be implemented with sum of  data movements. 

 

According to the two extreme cases: 

1. if , then the  does not need to be move upper because it is in the correct place. 

2. if , then every element numbered with  must be stepped rightwards with one-one position. 

With this kind of mode the place is released for the element to be fit on the right place, and then the element 

temporary stored in the  can be placed to it’s place. (line 15. of algorithm ??). 
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4.17. figure. Insertion sort. 

3.2.  4.3.2 Shell sort 

Let’s look the unsorted sequence hereinafter. 

 

Choose a  integer value depend on the sequence’s count and distribute the sequence for part sequences with d 

number of elements according to the above: 

1. the sequence must be consist of the original sequence’s elements with  differences from each other. 

2. the original sequence’s  elements (where ) must be the  sequence’s first elements. 

The two conditions above ensures that every element of the original sequence can be in exactly one part 

sequence. In our example be  in the beginning. 
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Let’s do the sort with the given part sequences by some kind of sort algorithm separately. 

 

After this if we see the elements like sequence, it will not be sure that we get sorted sequence. 

 

Decrease the value of  and be . 

 

Do the sort of the given part sequences similarly in the previous mode. 
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After this if we see the elements like sequence again, we can observe the each elements are placed very close to 

their eventual places. In our case this means that it would be enough to swap just a few neighbour elements for 

achieving order. 

 

So let’s do the sort in case of  too. As for the fundamental idea we compare and swap elements far away 

from each other, what results the elements will go faster to their eventual places. 
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4.18. figure. Shell sort. 

3.3.  4.3.3 Merge 

While processing sorted sequences it can be necessary to unite two (same way) sorted sequences’ elements to 

one sorted sequence. It seems to be obvious solution to simply copy the sequence’s elements to a data structure 

after each other, then sort the given, unsorted sequence in a previously familiarized sorting algorithm. 

The theorem of the merge sort provides a more efficient solution. Assume that the two sequence is increasing 

sorted, and not sure if they has the same count. From this kind of order results the sequences’ first elements (  

and ) are the minimum inside the sequence too. It’s trivial the united sequence should be increasingly sorted, 

then it’s first element can be only . In the next step we can decide with compare one of the 
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sequence’s first and the other sequence’s second element which element should be placed into the new 

sequence. 

Composing universally: define in case of the two sequences the conception of a generic element. In the 

beginning the sequences’ first element be actual. 

1. Do the comparison of the two actual elements and write the lesser into the next position of the data structure 

consist of united sequence’s elements. 

2. After this let’s see the next element actual inside the sequence what’s element has been wrote into the new 

sequence. 

Do the operations above while we reached one of the sequence’s end. After this we can write the other 

sequence’s remaining elements into the union’s end, because they are greater than all of the elements what has 

been processed. According to the principles above the algorithm ?? unites two sorted sequences. 
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4.19. figure. Merge. 

4.  4.4 Exercises 

1. Give the chapter’s algorithms what are in pseudo-code in the form of flow chart! 

2. Decide if the sequence is 

a. increasingly, 

b. decreasingly 

sorted. 
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3. Write an algorithm what order  or  value for an  sequence depend on the sequence is 

increasingly ordered or not! 

4. There is a given sequence with  element with coordinates in plain. Define if there is an element of that what 

is outside from an  centered circle with r radius. 

5. Mean a point sequence in plain with n element an -edged polygon’s vertices. (the given order is the same as 

rotational direction) Define if the polygon has longer side than a given . 

6. Modify the linear search’s algorithm to start the search from the sequence’s last element! 

7. Modify the linear search with sentinel’s algorithm to start the search from the sequence’s last element. 

8. Modify the linear search defined on sorted sequence to start the search from the sequence’s last element. 

9. Modify the linear search defined on sorted sequence to be the sequence monotonous decreasing. 

10. Modify the binary search’s algorithm to be the sequence monotonous decreasing. 

11. Expand the learned sorting algorithms’ program code with correct operations to be able to define the number 

of condition analysis and data movements in case of actual unsorted sequence. 

12. Modify the known sorting algorithms to the be the sequence’s order not increasing. 

13. Make an algorithm based on the sort with minimum selection algorithm what is based on maximum 

selection and doing the sort the sequence’s elements make 

- monotonous increasing 

- monotonous decreasing 

sequences. 

14. The previously presented bubblesort algorithm’s (??) big disadvantage is the elements with small values 

(turtles) near in the sequence’s ending can slowly "find" their places in the sequence’s beginning, while the 

elements ("rabbits") with big values in the sequence’s beginning are go their eventual places much faster. Write 

the coctail sort’s algorithm according to algorithm ??, what bubbles the elements with big values to the ending 

of the sequence, and the elements with small values to the beginning of the sequence by turns. 

15. The "coctail sort’s" principle’s basis therefore the bubblesort (??) presented above. Follows from this, the 

enhancement of this algorithm can be done too, like the bubblesort’s. 

- Modify the "coctail sort" algorithm according to the conception of algorithm ?? to stop itself if the sequence’s 

middle, "unsorted" part become sorted. 

- Modify the "coctail sort" algorithm according to the conception of algorithm ?? to attach maybe more element 

to the sorted part if possible by watching the last swap position. 

16. Write an algorithm and a program what can find the occurrences of "papa" word in a long text. 

17. Write an algorithm and a program, what is based and worked on the graph model can be seen in figure ?? 

and can find the occurrences of the "papa" word in a long text. 
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4.20. figure. The graph model of a "state-machine" what searches the occurrences of "papa" 

word in a long text. 

18. It can be easily see a lesser element is before  the . element in an increasingly sorted sequence. 

Therefore if we know about an element in an unsorted sequence that the sequence has  element, what are 

lesser then itself, then we know that must be positioned to the i. place in the sorted sequence. 

- Write a method according to the above, what gets  sequence’s elements what has  element in a vector 

parameter and it gives back sorted in another vector. 

- Do the efficiency analysis of the algorithm. 

19. The figure ?? represents the states of a sequence with 10 elements while sorting it with insertion sort. Define 

that how many comparisons and assumptions must have done during the sort, if we starts with the sequence 

defined on the figure. 

20. The increasingly sorted  and  sequences with  and  elements are given. Because of increasingly 

sorted sequences it’s true that each sequence’s last elements are the greater. The data structures served for 

storing elements are allow of expanding them with one-one element on the  and  position. Store on 

these positions an optional greater element than . 
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Chapter 5.  5Set 

The set is a fundamental concept of mathematics, what can be described as sum of certain things what is 

different from each other. This definition makes simpler mathematical modelling of numberless problem and a 

suitable model what is for creating effective algorithm what means solution is definitely necessary. In these 

cases a well-built data structure and operation algorithms what are connected to them can help our work. 

Naturally the undermentioned data structure can be represent just finite sets with  elements, because the 

memory of the computer is finite too. In the same time from other viewpoint we will try to implement the 

operations, definitions known in common set theory. 

 

Sign  the sum of important elements in terms of the problem. The set, what come into question connected 

with the exercise is practical to call universe. Although there is not any connection between the elements of the 

set because of it’s kind, let’s see the fixed order of the  universe’s elements. Naturally this means a sequence 

consisted of  elements, because the  has got  elements too. 
 

         

         

Because of the  is an universe, every element of an optional  set are can be found in  ( ). 

Therefore instead of storing the elements of  again, represent the set with an  logical sequence what’s . 

element is true if and only if  (where  is the . element of the sequence generated from the universe’s 

elements). 

In this construction the set operations can be implemented very easily and fast, additionally instead of really 

working with each set’s elements. It is enough doing operations with logical sequences representing them. This 

means for example the operation of union what order for the logical sequences representing the two sets a 

logical sequence what represents the union of two sets. Essentially we trace back the set operations to logical 

operations. 
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Hereafter the logical sequences what represents the  and  sets are given. Sign  and  the mentioned 

logical sequences’ one-one general element. 

: Based on the above it is trivial the logical sequence what represents the complement of  set in  is can 

be created by negating the elements of the logical sequence what represents  ( ). 

: We get the elements of logical sequence what represents the union of two sets by doing logical  

operation between the elements of logical sequences what represents A and B sets ( ). 

: We get the elements of logical sequence what represents the intersection of two sets by doing logical 

 operation between the elements of logical sequences what represents  and  sets ( ). 

: We get the elements of logical sequence what represents the difference of two sets by doing logical 

 operation between the elements of logical sequence what represents the  set and negations of logical 

sequence’s elements what represents  set ( ). 

: The number of elements what have True values of the logical sequence what represents . 

:  ( ). Therefore if there is an  when  and not bi is , this means that 

 and  are true in the same time (where  is the . element of the sequence what consist of the 

universe elements). 

:  (  ). Therefore if there is an  when  and , then it means 

that  and  is true at the same time (where  is the . element of the sequence what consist of 

the universe elements. 

1.  5.1 Exercise 

1. Declare a set data structure based on the discussions in this chapter and implement the methods and functions 

what are necessary for usage of the data structure. 

2. Declare the set data structure and add the necessary methods and functions for the usage of the data structure 

if we add the elements of the sets in the form of one-one unsorted sequence. (Think over the using of previously 

familiarized algorithms for writing the necessary methods and functions). 

3. Declare set data structures and add the necessary methods and functions for the usage of the data structure if 

we give elements of sets in the form of one-one sorted sequence. (Think over the using of previously 

familiarized algorithms for writing the necessary methods and functions). 
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Chapter 6.  6 The stack and the queue 

In case of different IT systems the solution is often the chance of accessing sequence of stored homogeneous 

elements is only at the end of the sequence for doing different operations. 

The stack is a homogeneous, sequential data structure, in case of that we can access one of the end of the 

sequence of stored elements in the data structure. We can expand the stack with a newer element, in this time we 

say that we push an element to the top of the stack or we can read the element from the top of the stack. So this 

means we can access the recently placed element to the data structure earliest, and we can read the firstly placed 

element inside that at the latest(LIFO: Last In First Out). 

The queue is homogeneous and sequential too, but in it’s case the expanding is possible on one of the end of that 

and reading is on the other end. We can place a new element to the data structure’s one of the end, but the 

chance of reading is only possible on the other end of the data structure. This results the firstly placed element to 

the data structure can be read at the earliest and the recently written data can be accessed lastly (FIFO: First In 

First Out). 

1.  6.1 Use cases of stack 

We can read the data from the stack placed to the top of the stack reversed than the stored order. We can utilize 

it’s attribute in solving of pretty much lot of problems. 

1.1.  6.1.1 Evaluating postfix expression 

When writing mathematical expressions usually we use infix notation. This means in case of operation with two 

operands the operator is between two operands, furthermore we use opening and closing brackets when we want 

to modify the order of the using of operations. 

For example while evaluating of 

 

expression we need to multiply sum of  and the  with the difference of  and , while if we write the 

expression without using brackets in the form of 

 

then we need to add the product of  and  to , we substract the value of  from that. (Naturally firstly we 

need to compute the product’s value of ) 

Their expression tree represents well the difference between the two expression. 

 

In the first case the two operands of addition are  and the , 
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meanwhile it’s readable from the second that it needs to add the  product to . 

 
6.1. table. infix — postfix 

In case of postfix notation there is no need using of brackets (table ??) and with the helping of stack we can add 

a simple algorithm, with that the evaluation of expression is doable. The algorithm works based on the 

undermentioned rules: 

1. We read the expression’s each element from left to right until the end of the expression. (The expression 

contains only operands and operators.) 

2. When we read an operand then we store it inside a stack. 

3. When the next is the operator, then we read two operands from the top of the stack and do the operation 

between them what selected by operator, what’s first operand will be the second value we read and the second 

operand is what we read firstly from the stack. 

If we gave the expression for the evaluation correctly, it’s value can be read from the top of the stack after we 

processed the last element of the expression too. 

For the simplicity assume that the stack was empty in the beginning of the process, so with the end of the 

evaluation there can be only the expression’s value in the stack. It is easy to wit if the expression has lesser 

operator than necessary, then with the end of the evaluation there is not only one value in the stack. It is because 

of the lack of the operator the reading of the operands connecting to that has been cancelled. 

At the same time if the number of operators are greater than the operands given in the expression, there will be 

the state during the processing when we want to read operand from the stack, but that is empty. 

Here we want to mark if we do the evaluation formally that is we insert the actual operator and this expression 

between popped operands from the stack’s top – what is naturally the infix expression because of that – push on 

the top of the stack, then essentially we do the conversion of the postfix expression to be infix. 

1.2.  6.1.2 Verifying infix expression 

We could see above that we can affect the observance order of the given operators inside an infix expression by 

using brackets. It follows that the correct parenthetic is essential in terms of infix expression. 

In case of expression what consist of brackets we can observe if we read the elements from left to right the order 

of the opening brackets are reversed than their ending bracket pairs. We can say that bracket need to be closed 
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the earliest what we opened the latest. This expression results some kind of embedding of each other for certain 

parts of itself. 

Additionally we note that a similar structure mark the source code of programming languages too, what 

improves the following algorithm’s importance. Not to mention in case of some programming languages (For 

example C, C++, C#, Java, etc.) the different unit’s border what embedded with each other marks with different 

brackets. For example in the C# source code part can be seen in the figure ?? the blocks are involved by "{ }" 

bracket pair, "[" and "]" straddle the vector indexes and we use round brackets when writing mathematical 

expressions. 

During the execution of the algorithm we read the characters of the expression from left to right (naturally we 

read the source code line-by-line – beginning with the first line – from left to right). 

1. If we read opening bracket, then we push that inside the stack, 

2. In case of reading closing bracket we analyse if can be a pair of the opening bracket what has popped from 

the top of the stack. 

 
6.1. figure. It can be well-observed in the C# program code the position of the stored different 

brackets according to each other. 

In the mathematics generally we use multilevel brackets for better reading of expressions. During the verifying 

of this kind of expression therefore really we need to verify if the expression’s actual ending bracket is suit for 

the opening bracket popped from the stack. Because we do not care about the other elements of the expression 

during the verifying, the algorithm can be used pretty much widely. For example we can verify the correction of 

similar source codes what can be seen in code part ?? in terms of brackets. 
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2.  6.2 Implementation of stack 

For the implementation of data structures there is a need for homogeneous data structure where we will store the 

elements inside that. For this purpose we will use a vector and the restriction of accessing elements – according 

to the above – we will solve that with functions what is for the usage of the data structure. 

In case of stack we order a stack pointer (SP: Stack Pointer) to the vector what is for storing elements, what’s 

all-time value will show which element of the vector can be read the earliest. In the same time we can interpret 

the SP’s value that it is show the position of the element which position is free after that for the next element 

what we want to store into the data structure. (the algorithm ?? shows the required declarations for the data 

structure) 

 
6.2. figure. The declaration of the stack data structure. 

It seems to be natural to say it’s state be empty before we would have done any kind of operation with the stack. 

Because of the element’s place inside the many where we can "push on" the next element is defined with the 

value of SP field, therefore it’s need to be choose the SP’s initial value to be 0. The algorithm a ?? care about of 

that. 

 
6.3. figure. The initialization of stack data structure. 

From the previous examples it is excel that we need to realize that if the data structure is empty, because – as we 

seen above too – this meant the expression is given wrong. It is important at least the same way that if our data 

structure is suitable for reception of next elements. This explains that different functions serve for the query of 

the stack’s these two important states. 

The StackEmpty function (algorithm ??) marks the initial state of the data structure and it returns with True 

logical value if and only if we can not read data from that. 

 



 6 The stack and the queue  

 61  
Created by XMLmind XSL-FO Converter. 

6.4. figure. The query of empty state of the stack data structure. 

The StackFull is a logical type function too, what’s True return value "just" signs if the reserved store space for 

the data structure is full. 

Each of the two just need to give a StackTyp type parameter when calling the function. Naturally the returning 

value describe the data structure’s state what is given as parameter. 

 
6.5. figure. The query of stack data structure’s full state. 

For these functions we should not absolute order separate functions, because it is visible they are consist of 

nothing else than the preparation of logical value what will serve their returning values. Not to mention that with 

calling them we corrupt the efficiency of the algorithm. The declarations and later the using of them are just 

explained by the next subroutines’ better readability and the intent what is because we want to underline the two 

above data structures’ importance. 

For underline the importance of the efficiency, in case of the two state query function above we give the data 

structure what is the subject of analysis as variable parameter too, because of this the program will be better in 

terms of store space and execute time. Naturally the situation is different in case of StackInit (??) function what 

makes the stack to be in initial state, because here the stack given by variable parameter ensures that inside the 

function the changes what are executed on the stack parameter (namely setting the SP’s value) in the calling 

position, be sensible after returning from the function call too. 

With the help of the following two logical type function we can push data to the top of the stack given as 

parameter, and we can read the data from the top of the stack. The success of the operation is marked with the 

function’s True or False returning value in the calling position. 

The second formal parameter (Data) will be served as input in case of IntoStack, while that will be the output of 

FromStack function. This explains that in the first case the Data is declared by value parameter, in the second 

case it is declared by variable parameter. 

 
6.6. figure. Writing into stack data structure. 
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6.7. figure. Reading from stack data structure. 

3.  6.3 Queue 

In case of queue data structure – however this data structure returns it’s stored elements contrast in stack – it 

will need to implement functions similiar to stack. 

We see from declaration of data structure that an array serves for store elements, while we can implement the 

input and output operations with help of the data structures’ First and Last field (algorithm ??). If we inspect it’s 

function, First field shows place of such element in data structure, where we can read sooner, while Last field’s 

value keeps that place where we wrote data last. 

3.1.  6.3.1 Simple queue 

 
6.8. figure. Declaration of queue data structure. 

Naturally we must consider this data structure is empty before we do any operations. The algorithm ?? is 

responsible for setting of this state. Here we give the value of First and Last and with this value we can mark 

empty state of data structure. 

We make sure too, that first data will be in first position of array, because value of Last – according to it’s 

function – keeps the place of last element, the next free place is at ...? The 0 starting value makes sure at 

initialization that first element will be in first element of array, and the initialization value of First field – row 3 

of algorithm ?? – will shows really the first readable element. 
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6.9. figure. Initialization of queue data structure. 

A vereméhez hasonló megfontolásokból deklaráljuk itt is az adatszerkezet állapotait lekérdező SorÜres (??. 

algoritmus) és SorTeli (??. algoritmus) függvényeket. 

Because of the First is available soonest, while the Last shows place of the last stored element, it is easy to see, 

we must increment both value during read and write. But it is naturally that the data structure should empty in 

case of when we read earlier stored data, that is we read exactly so many times, as often as we wrote in it. So it 

is clear, that during initialization the relation (First>Last) between First and Last shows that the data structure is 

empty. 

 
6.10. figure. Query of the empty state of queue data structure. 

Because the Last field shows the place of last stored element in data structure, of course it can’t receive more 

element if it’s value reached the top index boundary of Elem array (algorithm ??). 

 
6.11. figure. Query of the full state of queue data structure. 

According to principles above are implemented the writing element into queue (??) and the reading element 

from queue (??). 
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6.12. figure. ’Writing at the end of queue data structure. 

 
6.13. figure. Reading from the start of queue data structure. 

3.2.  6.3.2 Stepping queue 

It is easy to see, if we store MaxElem piece data in case of simple queue showed above, then QueueFull 

function "sees", that data structure can’t receive more element. Then if we read just the same data, it will be 

empty. Consider that the value of Last pointer - which shows the last stored element’s place - doesn’t changed 

during read and it’s value are MaxElement. It is easy to see such controversial state of First and Last field 

happened, that on the basis of it the state query functions see all at once the queue to both empty and full. 

We give a possibly solution to unlock this contradiction with interpretation of operations of step queue. 
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6.14. figure. Readind data from steping queue. 

We must watch over elements of array, which are released after reading an element, they should be available 

again to store the elements of queue. On possibly method, if after we read an element from fore-part of storing 

area, we step the followed elements forward. The first readable element will be always at first position in array. 

The algorithm ?? implements this. 

3.3.  6.3.3 Circular queue 

However we solved the problem with step queue that datastructure is able to receive other elements if the 

storing area is really full, we reached this in the way that during all read we did so many data movement, as 

many element the data structure stored. This reduces significantly the time efficiency of data structure. 

We should imagine the circular queue, that in case of simple queue we fill up the free places at the forepart of 

store area with element if at the end of the store area it run out of free places. 

This is a contradiction, because in one case the data structure is empty, in another it is full. This state can’t be 

suitable to decide the state of queue later. 

To unlock this we interpret again the state query functions (algorithm ??, ??), the writing into queue (algorithm 

??) and reading from queue (algorithm ??) operations. 

 
6.15. figure. Checking the empty state of circular queue. 
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6.16. figure. Checking the full state of circular queue. 

 
6.17. figure. Writing into circular queue. 
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6.18. figure. Read from circular queue. 

4.  6.4 Exercises 

1. Create managing of two stack (V1, V2) in the same time if we want make sure to take advantage highest 

possible the available memory are as array, on the other hand we know that when stack V1 store lot of element 

then V2 store less and reverse. (This solution is useful because two stack share on the same memory area.) 

We suppose that we can index array from 1 to MaxElement, in initialization state of stack V1 the value stack 

pointer SP1 is 0, while value of pointer SP2 of stack V2 is MaxElement+1. 

Write methods for handling both stack. 

2. The figure ?? shows the transformation of infix expression to postfix with flowchart. Give the algorithm in 

pseudo language. 
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6.19. figure. Postfixes kifejezés átalakítása Infixessé 

3. The efficiency can be improve that we move the elements in the queue only if we can’t insert element at the 

end of memory area. Interpret the programs to implement this data structure. 
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Chapter 7.  7Recursion 

The concept of recursion can be found at most different areas. It is normal in mathematics, because we define lot 

of concept with recursion (equation ??). Here it appears as product’s attribute for example equation ??. As we 

know mathematics can be used to write down the principles of nature, it is not surprising, in the nature can be 

found such things which can be characterize with recursion (figure ??). On the other hand linguistics use this 

expression to write down the particular structures too. In any area of the science the word serve a kind of 

recurrence. In area of IT – primarly in programming – it integrated probably by reason of it’s mathematics roots. 

We’ll see both recursive programs and data structures. We don’t make an effort to define concept, just relying 

on earlier knowledge, we try to form the way of thinking, which is neccesary to interpret and create recursive 

algorithms to make it easier. 

 
7.1. figure. Self-similar shape in the nature 

We ourselves can induce recursion, if we direct one or more camera to that monitor, which display the camera’s 

images. So created the picture in figure ??. Like this we can induce easier, if we facing two mirror each other. 

This view demonstrates what we mean by concept of self-similar and we characterize it with fractal’s concept in 

certain cases. 
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7.2. figure. Recursive picture with two cams 

The concept of self-similar helps to understand recursive function. Imagine a simple triangle. The median lines 

devide the triangle to four congruent triangles, and these triangles are similar to the original triangle. Remove 

the middle triangle and repeat this division again with the remained triangles and again. The figure ?? shows the 

first few steps of these operations. 

 
7.3. figure. Sierpinski-triangle. 

1.  7.1 Recursive definition – recursive algorithm 

In certain cases the formulation of problem is recursive, as in many areas, primarily in mathematical definitions 

it can be discover. Such example the definitions of  (??) and Fibonacci-numbers (??). 
 

 

(7.1) 

Note 
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(7.1) 

If we compare the definition of  (??) and follow the steps of recursive algorithm, which calculates value of 

, it’s easy to see that it is the formulation of definition in pseudo code. 

 
7.4. figure. Calculation of the value of k! with recursive function. 

Now apply the definition of factorial during the calculation of value of . According to definition 

 

(if ). In accordance with definition, we can write  instead of  if  

is true. It is easy to see that using the definition we get the product of 

 

. We can produce this product with previously acquainted summarisation theorem (??). 

The Fibonacci-numbers form elements of the well-known second ordered recursive series. In accordance with 

it’s definition, the elements of series can be produce from the previous two elements (by summarising them) 

starts with 2. element. That we can calculate , we must give value of  and . 
 

 

(7.2) 

Note 

(7.2) 

The figure ?? shows this. In accordance with this,  can be calculate only if we know  and . On the 

other hand to calculate  we must know  and , and in case of)  we must know  and  value. (It’s 

important, that in figure a ?? we show the elements number and not their value. 



 7Recursion  

 72  
Created by XMLmind XSL-FO Converter. 

 
7.5. figure. Progucing Fibonacci numbers. The connection between the elements of series. (In 

the figure we show the number of the each elements of Fibinacci-numbers.) 

For a better understandability, let see figure ??, from which we can read, that the numbers in the nodes can be 

calculate from sum of their neighbours below them. There are nodes, which have not neighbours, but we add 

their value in accordance with definition ??. 

 
7.6. figure. Progucing Fibonacci numbers. (In this figure we display the values of Fibinacci-

numbers.) 

The recursive algorithm (??.), which produce the Fibonacci-number , is corresponds to the above mentioned, 

which the elements of the definition a ?? can also be found in, namely if it is true that  (namely not the 

value of  or  has to be calcualted), for the element which is to be produced, then we have to know the first 

two elements (4th line of algorithm ??). 

 
7.7. figure. Producing the number n Fibonacci series with recursive algorithm. 
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We can interpret the definition ?? after giving the first two elements –  and  – the other 

elements can be produced by the sum of the previous two elements. So, it would be enough to iterate the 

elements of figure ?? from right bottom corner to left-upper corner. This approach results the producing of  

to iterative algorithm, which has advantage that it will does not produce the all numbers in figure ??, but all 

elements of the series only once. (It is easy to see in figure ??, it has value of  twice and value of  three 

times.) 

 
7.8. figure. The produce of Fibonacci numbers. Any element of the sequence can be calculated 

from F2 as sum of its previous two elements. (??). 

Formerly, we saw two examples how we can write recursive algorithm in accordance with recursive definition 

of concepts. On the other hand there is possibility of iterative solution. In two cases above, it is not hard to see 

that processing time of iterative version will be less in contrast with recursive version. 

Now see how an iterative algorithm, the binary search (?? algorithm)can be created in recursive version. 
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7.9. figure. Binary search with recursive algorithm. 

As we could see in the previous two examples, we could command the repeated, self-directed recursive calls 

with branching. The logical expression is the basic criterion in the branching. We can observe, that in both 

algorithm the parameters of recrusion calls are simplier than input paramaters, while we add such values as 

parameters, which the definition disposes in an explicit way ( , , )? 

As we know the technique of algorithm of binary search, if the part of the series what contains maybe the 

searched element hasn’t any element or we found it already, we doesn’t continue the search. 

2.  7.2 Hanoi’s towers 

The problem of tower of Hanoi can be good interpret by discussion of recursion. It is useful with good 

representation to understand the way of thinking of recursion, and to acquire the linked approach. 
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7.10. figure. Tower of Hanoi with 5 disc (initiate state) 

According to the mathematical problem (This mathematical game is linked to the French mathematician, 

Edouard Lucas, who invented it in 1883. That legend means its basis, which sais, the Brahmin priests started to 

play with a ploblem, including 64 discs, from the creationm of the world. (The rules were the same as we wrote 

down here.) According to the legend, the world ends when the priests replaces the discs with following the 

rules.), which have been treated in different ways, also as a video game, we have three vertical rod (these , 

 and ) and n piece discs with different diameter (For an easier linking we disks are numbered from top to 

bottom.), which are at rod A in decrement order from bottom. In accordance with task we must take the discs 

from rod  to rod , in such a way that these discs must be in same order and we also have to follow the next 

rules: 

1. we can move only one disc at the same time 

2. we can put a disc over a greater disc 

3. we can put a disc temporarily in rod  

The recursive approach, needed for the solution of the problem are demonstrated by the table a ?? in a general 

case, and by the table a ?? in case of 4 discs. Basically, if we can put all discs except the lowermost to rod B, 

then we can put the largest disc to rod , according to the rules. Then we "only" have to put the discs from rod 

 to . The column of the table, signed with 0 words the basic excercise, while the column signed with 1 

words its disassembly to the above mentioned three multiple, elementary and multiple steps. In essence we can 

divide one -disc problem to an -disc, a 1-disc and a newer -disc problem with complex 

steps. If we continue the disassembly with complex steps, finally we will get only 1-disc problems (last column 

of table ??), because the number of discs are finite. 

The following notations were used in the table: 
 

A B : 
Putting the discs from rod  

to rod . 

 At it’s execution we must put 

all discs 

 from number 1 to , so 

altogether  piece 

 as follow the rules 

A  C : 
Putting only one disc from rod 

 to rod  

 – which is numbered  
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:  

 
7.11. figure. Moving the discs – in generally. 

Notice, that interpreting the three steps above mentioned to the 4-discs problem, it means the following steps,A 

 B, A  C és B  C,which from the center is the "elementary" moving, the first and third are equal 

to the 3-disc problem (column 1. of the table ??). In the second column of the table ?? we can observe that we 

can bring back the "multiple" movements, in previous column, to the description of 2-disc problems and 

"elementary" movements, finally in the 3rd column, to "elementary" movements only. With executing these 

operations from top to bottom, we get the solution of 4-discs problem. 

Naturally, in case of a finite n-disc problem, we can make such a table, which has the solution in last column in 

the form of "elementary" movements. 
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7.12. figure. Four discs movement. (The 4-discs problem can be solved with execution of the 

basic movements in the last column of the table – from top to bottom.) 

Our algorithm also has to reflect the statement above. In algorithm ?? we give the  number of discs as the first 

parameter, then the next parameter would mean the rod, where the  number of discs must be moved from. The 

next parameter is the identifiers of the object-rod, while the rod, given in the last parameter, can be used as a 

help, during solving the problem. So with the signs of formal parameters, we must move n discs from rod R1 to 

R3, while using rod R2. 

we give the number of discs as parameter, then the next parameter means that rod from where the  discs must 

move. The next parameter is the id of goal rod, and the last parameter is the temporarily rod which helps to 

solve the problem. We must move  pieces of disc from rod R1 to R3 with means of formal parameters and we 

can use R2. We can observe, that 4th line of algorithm a ?? means the solution of a -disc problem, 

where we must move -disc from the "source"-rod, R1 to the "auxiliary"-rod, R2. The command of the 

5th row shows, that we put the nth disc - in an allowed way - to the "source"-rod, R3, then the command of the 

6th row puts the previously placed  disc from the "auxiliary"-rod, R2, to R3, which is marked as an 

"object", among formal parmeters. 
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7.13. figure. Solution of Hanoi’s towers problem with recursive algorithm. 

3.  7.3 Exercises 

1. According to the analysis of the definition, write the algorithm of the function, which calculates the value of 

 with iteration. 

2. Write an iterative algorithm to produce the  Fibonacc-number. 

3. Halve the series of . 

We exchange the elements of the left half from left and the elements of the right half from right. Then we repeat 

this process with the part-sequences, until we get parts with 2 elements. Write the sequences, we got after the 

steps. Write an pseudo code algorithm. 

4. The figure ?? demonstrates a QR-code which storage can also be in such an  type matrix, which  

row and  element store the  row and  pixel of the picture in the form of 0 or 1, depending on what 

colour (black or white) of the given squared. Write an recursive algorithm, which convert such a matrix into a 

sequence according to the followings. Divide the matrix into four submatrix by halving the rows and columns, 

then repeat this process from left to right and from top to bottom, while we get one element. The gained element 

would be the next element of the sequence to be produced. (To make it a bit more simple, assume that  

form, where .) (Figure ?? contains a few, basic information about the two-dimensional code, which has a 

growing popularity.) 
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7.14. figure. QR-code 

5. A sequence is given, which was created in the way, what we described above. Give the quadratic matrix, 

which is in accordance with a QR code, with the use of the sequence. 

6. Using the table ?? and ?? define in general, that how many, elementary steps are needed to solve an n-disc 

problem. 

7. Write a recursive sorting algorithm, built on the following concept. Consider the elements of the n-element 

sequence as independent, one-element sequences, which are also sorted. According to this, two-two consecutive 

elements can be combined into one, two-element, sorted sequence, than the consecutive, two-element sequences 

can be combined into four-element, sorted sequence with using the algorithm of merging (algorithm ??), and 

finally, the merging of two, sorted sequence has to be done, which number of element is equal or differ at most 

with one. 

8. Write a recursive algorithm, which produce all the permutation of an -element sequence, according to the 

following concept. Choose elements to the first place of the sequence in all the possible ways. After fixing these, 

produce all the permutation of the rest  of the elements. 

9. Write an algorithm, which binary walk the elements of an -element sequence. First, choose the middle 

element of the sequence - which divides the sequence into two pieces - and display it. Next, make the same step 

with the part-sequences of the elements, which are after and before the element in the middle. This is 

demonstrated by the figure ??, where colour red signs the elements under process on the given level of 

recursion, while green signs elements waiting to be processed and white colour signs those ones, which have 

already been processed. Notice that, in the last row, representing the last level of recursion, only elements, 

signed with white and red, can be found. Explain the meaning of this. 
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7.15. figure. Bináris bejárás. 

Ezt szemlélteti a ??. ábra, ahol piros szín jelzi a rekurzió adott szintjén feldolgozásra kerülő elemeket, zöld a 

még feldolgozásra várókat és fehér a korábban már feldolgozottakat. Figyeljük meg, hogy a rekurzió utolsó 

szintjét jelképező utolsó sorban csak piros és fehér színnel jelzett elemek találhatók. Magyarázzuk meg ennek a 

jelentését. 

10. Interpret the program ??. 

 
7.16. figure. C# source code working by recursive algorithm. 
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Chapter 8.  8Dynamic data structures 

We know, to "extract" data from memory it is necessary to own certain information. It is not enough to know 

the beginning of the space, which contains the data at issue in the form of physical signs of part-sequences of 0 

and 1 values, we must know the length of that part-sequence. Unfortunately, it is nor enough, because we must 

know how to interpret it. (The type of the variable defines the space needed to store the data and the way the 

values - found there - had to be interpreted.) For example, these information are assigned to the identifier of the 

variable at the declaration. Specifically, to make the work of the programmers easier, all of this are made by the 

system, later it is enough to refer to the data by its identifier, the system will know where to search it, and how 

to interpret the coded - also by the identifier - length of bit sequence. 

Simplified, our system creates a table according to the things, given in the declaration, which contains these 

information (identifier, start address, type) and it really assigns the necessary (required by the type) storing 

spaces to the rows of the created table, while ensuring that these storing spaces partially would not overlap each 

other, namely it could not belong to two ore more identifier at the same time. (Pass-by-name parameter passing 

is an exception, because its purpose is to assign the formal parameter to the memory space, linked to the actual 

parameter, to ensure that when the value of the variable, dedicated as an actual parameter, is changed, then, 

essentially the value of the actual parameter would be changed.) 

Though, this is a comfortable "service", but examine that, can it be an advantage, if we decide what part of the 

memory would belong to the given symbol - or even to belong at all. The point is that, the modification of 

address information, which belongs to each data, would be executed in the program itself. The pointer type 

provides this opportunity in some programming languages. So, the meaning of such data is the store address, but 

a data type is assigned to it. With the help of this, we can localize the data and define what operations can be 

executed with the data, at the given part of the memory. We can reach the address of data directly, but 

indirectly, the data itself, value, stored at the given address can be reached too. 

It is a similar situation with the use of arrays. Just think of the algorithm ??, selecting the smallest element from 

the sequence, which returns the value of the appropriate element and think about the algorithm ??, defining the 

serial number of the smallest element, which specifies the first occurrence of the smallest element. Naturally, if 

we know the serial number, the value of the smallest element can be defined - indirectly- as we know its 

location. This is the situation in case of pointers. We must make difference between address of the data, stored 

in the memory (value of the pointer) and the content of the storage space, identified by the pointer. (In case of 

beginner programmers, it takes quite long time to make difference between the index of the elements of arrays 

(I) and the value of these elements (A[I]), which can be linked to with the help of the given index(es).) 

What advantages can it have, if a programmer defines – between reasonable circumstances – the storing place of 

a data in the memory? No doubt, it is more efficient to swap the "content" of two variables, if we do not swap 

the contents of the proper storing spaces, but the addresses, linked to the data. 

This could be an advantage itself. Introduce such a special value of pointer (nil, final control, etc.), which 

meaning is that, no storage space belongs to the given pointer - simply, we usually say that, the pointer points 

nowhere, which we stored this special value in. This allows the variable to use the space of the memory only if it 

is necessary, while the program runs. Naturally, it can be applied this to data structures, or we can even think it 

further. For example, with the use of a pointer we can decide if memory would belong to the data structure, or 

not. In practice, the "smoother" change of the size of memory space, linked to the data structure, can be 

required. (For example, when we do not know in advance the number of data, waiting to be processed or during 

the solution of the problem, the number of them can change dynamically.) But if we define the elements of the 

data structure to contain further one or more pointers, then we will be able to link an additional element or 

elements to all elements of the data structure. It makes possible the modification, of the size of the storage 

space, belonging to the data structure, by data elements. 

We separate a part of memory for data, handled dynamically. We must store addresses of all data, stored here. 

The example above also shows this. In the simple case, one pointer is enough to identify the most storage space, 

which belongs to one element of the data structure, but it may contain more information about the location of 

other elements. Different kind of linked lists form one of the groups of these data structures. 

1.  8.1 List 
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It follows that each element of this homogeneous data structure are located scattered in the memory. These 

elements can only be reached sequentially, but the of the data structure on storage space can change 

dynamically. 

Next, we want to model the dynamic storage handling with presenting the concrete operations of data structures. 

The model is based on the connection between the pointer – memory and array index – and the array. In our 

model, a vector will sign the usable storage space for the data, the indexes will act the part of pointers. 

 
8.1. figure. Declarations needed to model the list. 

 
8.2. figure. The initialization of the storage space needed to model the list, to build the free 

list. 
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8.3. figure. Reserving the storage space for an element from the front of the free list. 

 
8.4. figure. Linking back the redundant element to the front of the free list. 

 
8.5. figure. Initially, the list does not contain any element. 

 
8.6. figure. Accessing the elements of the list sequantially. 
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8.7. figure. We can search only sequentially in the list. 

 
8.8. figure. Inserting an element into the list at the beginning of it. 
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8.9. figure. Deleting of first element of the list. 

 
8.10. figure. Inserting a new element after the given element of the list. 
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8.11. figure. Deleting the element, followed by given element of the list. 

 
8.12. figure. Inserting at the end of the data structure of list at the end of the data structure. 
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8.13. figure. Deleting the last element of the list. 
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8.14. figure. Inserting an element into the sorted list. 

 
8.15. figure. Deleting a given element of the sorted list. 

 
8.16. figure. Initialization of sentinel list. 
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8.17. figure. Process of the sentinel list. 

 
8.18. figure. Search in a sentinel list. 
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8.19. figure. Insert a new element into the sentinel list, before a given element of the data 

structure. 

 
8.20. figure. Deleting a given element of the sentinel list. 
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Other linked lists: - sorted linked list: we do not sort the list subsequently, but it happens while inserting a new 

element, 

- Circularly linked list: the pointer of the last element points to the first element, without using null. 

- multiply linked list: an element can have more pointers, so we can walk it in by different concatenation, 

namely, it can be sorted according to multiple viewpoints, 

- doubly linked list: each node contains two link fields. The first points to the next element, the second points to 

the previous element. While doubly linked lists can be seen as special cases of multiply linked list. 

2.  8.2 Exercises 

1. In a list, data of girls and boys can be found. Boys are polite, for this reason we want get such a list, which 

contains first all data of girls then all data of boys. 

2. Careless Alex, the programmer linked the elements of a two way linked list just in one way (which is a simple 

linked list). Finish Alex’s job. 

3. Write algorithm, which reverse the order of elements of a list. 

4. For faster access the series of homogen elements we don’t store it in list, but in more list, which are nearly 

same with size n, and we store the list heads in size n array. To the actual element we assign the suitable list 

with help of key belongs to data according to key MOD n relation. Write the algorithm for insertion in data 

structure and search in the data structure. 

5. Dynamic storage handling is modelled with the help of such a vector, which elements are records. One field 

of the records shows the data to be stored, while another shows position in the array of the element, after the 

given element. The table below contains the elements of this array. The first row shows the serial number of 

each element, the second one displays the data to be stored, while the third row represents the position in the 

vector of the element, after the given element. 

a. How many element of endsign list are stored by the array? (Justify your statement.) 

b. What order does the elements of a list have, which head is F1 and F1=5? 

c. Tha table below contains such elements too, which are not mentioned in the list above. What value can the 

head (SZ) of free list and F2 listhead have? 

 

3.  8.3 Tree 

In the followings, we are going to focus on the realization of binary tree as a data structure, as with the help of 

this every other tree can be realized. 
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8.21. figure. The storing elements in binary tree, which are stored in an array. 

 
8.22. figure. The inorder walking of binary tree. 

 
8.23. figure. The postorder walking of binary tree. 
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8.24. figure. The preorder walking of binary tree. 

4.  8.4 Exercises 

1. Draw the structure of a binary search tree, if the following elements are inserted in this order into an initially 

empty search tree.(14; 4; 3; 23; 12; 1; 11; 7; 13; 5) 

2. We store the elements of a binary tree in a vector. The root element is stored in the first element. Furthermore, 

it is meet, that the left side child of  element is stored by the number  element, while the right side one 

is stored by the  one. If the tree does not continues in a given way, then a special value is stored 

there. 

a. Write the inorder, preorder and postorder walking algorithms in a recursive way, for this storage method.  

b. Place the  elements according to a binary search tree into the table above. (The numbers of 

table cells means the indices of array) 

 

3. The elements of a tree are stored in a vector. The root element is stored in the first element. Furthermore, it is 

meet, that the left side child of ith element is stored by the  element, while the right side one is stored 

by the  element. The third, middle child is stored by the  element. 

a. Does this method of storage is obvious? (Justify your statement.) 

b. Does the principle, drafted above is suitable to store the elements of a binary tree? If yes, with what 

conditions? 

c. Write a recursive algorithm, which walks the data structure. 
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Chapter 9.  9Backtrack search 

The algorithm of backtrack search is complex, it is remarkable because of its general applicability and the data 

structures, linked to it. It has been applied in practice since the presence of computers, but it was known earlier. 

We can use it primarily, where an analytic solution can be hardly found and we make systematic trials. 

Discussing this topic, we traditionally mention the 8-queen problem, which can be also solved with backtrack 

search. We have to note that, this problem can be solved with backtrack search, but it is not the oly problem, 

which solution can brought by backtrack search. The backtrack search can be used in many fields and it is a 

more common algorithm. According to this, though, we regard this problem - which origin can be tracked to the 

middle of the XIX. century - as a base, we would like to show its wide applicable opportunities. 

The definition of the problem is quite simple: place 8 queen on a standard chessboard, according to the rules, 

none of the queens should capture another. In 1850 Carl Firedrich Gauss and Georg Cantor defined the problem, 

created by Max Bezzel in 1848, and generalized as n-queen problem. This definition helps us to discuss 

backtrack search, as a more common solution method. 

It seems reasonable to assign each queen to each row of the chessboard, because - according to the rules, the 

queen can move horizontal, vertical and diagonal - one chess piece certainly hits another chess piece in the same 

row. So we can move the pieces in their own row. After fixing this, we only have to take care of the vertical and 

diagonal captures. 

Place the 1th queen to the first position of the assigned (first) row. (Naturally, this placement is currently proper, 

and we are going to aim this capture free condition in the followings.) After this, search a capture free place in 

the assigned (second) row for 2. queen. Continue the solution by placing the queens in the same way, while it is 

possible. * 

Naturally, it can happen, that we are not able to find a proper place for the  queen, in the  row. In this 

case, according to our principle - we keep up the capture free condition during the solution, because this serves 

us, that after placing the last queen none of the chess pieces capture each other - we search a new proper place 

for the formerly placed  queen in the th row (and the  queen gets off the board). If it is 

not possible, then we do the same operation with  queen too. We can do these backtracks while we do 

not reach the first queen. In this case, we must put this chess piece to such a place, where it has not been yet 

earlier, practical, it means the next field. 

Implicitly, it is the end of the algorithm, when we managed to find a proper place for the last queen in its row. 

But, if we suppose, that there are more solution for the problem, then after placing the last queen – beside the 

detection of the solution – try to find another proper place for it. If we did not manage to do it, then according to 

the above described method – taking off this piece from the board – try to find a proper place for the previous 

queen in its own row, and from this point proceed by aforesaid - if we can place a queen properly, then the we 

search a place for the next one, and if we cannot, then we search a new, proper place for the previous one. 

Naturally, it can happen, that we tried all the positions, available for the first queen, which means there is no 

further solution. 

It is easy to see, that there are  "reserved" place in a row for every queen – in case of -queen-problem. 

Formally, these can be described with a  sequence. So, in fact, we have to give n piece of these 

sequences for the formal description of the problem. For solving the problem, essentially we have to choose one 

element of each sequence, according to the rules, as one chess piece can only be at one position, at the same 

time, however, one element has to be chosen, because the piece must to be placed. These chosen elements also 

form a sequence in a mathematical way. Table ?? represents this. The column, signed with , contains the serial 

number of the queens, the  row of the "db" means the element number of the  sequence, the next eight 

element of the row mean the sequence of the field values, which can be chosen for the given queen, we can read 

from the column signed , that which element of the sequence is chosen from that row, and the  element of 

the last column shows the value of the chosen element of the  sequence. So, we can read a solution of the 

problem from the last column, which also can be given in a form of sequence. 
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9.1. ábra. A 8-királynő-probléma adatainak és egy lehetséges megoldásának ábrázolása 

The specialities of the problem mark out from its description: 

1. the length of the sequences – the number of possible positions – are equal and it is the same by the items, 

2. the value of the elements of the sequences are equal to their serial number, 

3. each sequences are sorted, 

4. the number of sequences and the value of their elements number are the same. 

 
9.1. figure 

One possible generalization of the 8-queen-problem. 

Above mentioned follows that, in this special case we can set the storage of the sequences aside, because their 

elements can be produced with counting. But, if we would add such limits, that we cannot move to certain – not 

systematically chosen – positions of the board, then in case of every queen, it will be necessary to store the 

proper fields. (Sequences, which can be seen on the figure ??, can be produced, that we produce one random 

order of the sequences of table ??, and we leave few, random number of elements of sequence, gained this way – 

which is now unsorted, but contains the same elements, but in another order. The enabled fields are signed with 

the colour grey.) This is the further generalization of the 8-queen-problem too. We can see an example for it an 

the figure ??. Certain positions of the chess board of the figure are randomly disabled and we tried to place the 

queens on the remaining positions. The disabled fields and one solution of the problem are signed on the board. 
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We represent below the algorithm, which solve the above generalized problem, which interpretation is on the 

Reader. 

So those problems can be solved with backtrack search, where we have to assign an -element sequence to , 

given, finite, but not empty sequence, in the way, that we chose the  element of this sequence from the 

elements of the  given sequence, but the previously chosen elements influence the choice of the element. In 

figure ??, we sign the given  sequence in yellow fields. Their element number are c1, , cn. The sequence, 

which means the solution, is signed in a white field, on the right side of the figure. This sequence is formed by 

the elements with k1, , kn serial number of certain sequences (in yellow field). So in case of the solution of 

such problems, defining the rules, which influences the way of choosing the given sequences and elements, has 

a primary importance. 

For example in figure ??. In figure we can see certain blocked positions of chess table and we try to place queen 

on remain area. We marked on table the blocked field and one possible solution of the problem. 

We represent below the algorithm, which solve the above generalized problem, which interpretation is on the 

Reader. 

So those problems can be solved with backtrack search, where we have to assign an -element sequence to n, 

given, finite, but not empty sequence, in the way, that we chose the  element of this sequence from the 

elements of the  given sequence, but the previously chosen elements influence the choice of the element. 

On figure ??, we sign the given  sequences in yellow fields. Their element number are . The sequence, 

which means the solution, is signed in a white field, on the right side of the figure. This sequence is formed by 

the elements with  serial number of certain sequences (in yellow field). So in case of the solution of such 

problems, defining the rules, which influences the way of choosing the given sequences and elements, has a 

primary importance. 

 
9.2. figure 

A possible data representation of problems, which can be solved with backtrack search. 
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9.3. figure. Backtrack search. 



 9Backtrack search  

 98  
Created by XMLmind XSL-FO Converter. 

 
9.4. figure. There is a capture. 

 
9.5. figure. A place was found. 
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9.6. figure. Backtrack. 

The responsible mission of saving the World falls again on our Super Heroes. Just that one can prevent the 

devastating explosion, who enter the four-digit code on the terminal, which stops the process. Our Hero has no 

idea about the code, the only thing he knows is that, the system interprets the the last 3 element of the already 

entered sequence and the newly entered element as a new code. If this is correct, then the countdown stops on 

the usual huge, red display, and if it is not correct, then we can try again with a new code by completing the last 

3 term of the former elements. So the first code is interpreted by the system, when the fourth press happens, and 

form this point, essentially, every new press means giving a new code (figure ??). 

 
9.7. figure. Code scanning and evaluating algorithm (length of code: 3) 
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It is easy to admit, that the number of codes is finite. If we mean four-digit, decimal numbers by the code, then 

 code exists(Naturally, in case of numbers, under , we write prefatory zeros.). Typing these means 

 press in the worst case, if we would like to type every number from  to . But, in this case we 

would not take advantage of the above mentioned rule. How much time can we save with using the rule? How 

many press do we need in this case? Naturally, we would like to aviod the repeat of the codes. Does it possible? 

We fixed the length of the code, in the description of the problem, and though we could not find any information 

about it, but presumably, everybody thinks that the digits of the code can be ten different digit. If we say that, 

the code is a number from a  digit  based numeral system, then it is the generalization of the problem. 

For a better intelligibility, see a simpler case, when  and . This time, the solution is a three-digit, 

binary number. We know that, we can represent the numbers from  to  on three bit, which means 8 different 

code. 

The value of the code, which is interpreted by the system at the next press, depends on two things: 

1. What was the last two presses? 

2. What will the next press be? 

The previous one can be seen as the condition of the system and can be represented with the nodes of the graph, 

while the latter one can be seen as the transition of the system, which also has that effect, what makes the system 

to get into a new condition, and they can be signed with the edges of the graph. 
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9.8. figure 

The graph model of the "Super Hero"-problem, 

in case of  és . 

It can be seen well on the figure ??, that (in case of  and ) each condition can be described with 

two-digit numbers, therefore the graph can have  nodes. Those digits, which are written to the edges of the 

graph, signs those transitions – presses –, which makes the system to get into a new condition, and during this, 

the interpreted code is produced as, we complete, from right the number, written to the starting point of the 

edge, with the sign of the edge. For example, when the system is in the  condition, and we give , then the 

system gets to the  condition and the  code is produced. However, it can be read, that the new 

condition can be derived from the actual code – in our example, from  – in the way, that we leave its first 

and the biggest positional notation digit. 

So the question is that, which node we have to start from and which edges we have to walk to produce all the 

three-digit codes? Naturally, we have to try for less press, namely to use less edges. It can be seen from the 

figure, that it has no sense to "walk through" repeatedly an edge, because then we give such a code, which has 

been already given however, we have to take every edge into consideration once, otherwise there will be at least 

one code, which will not be produced. Essentially, we have to decide that in this case, what we did in the 

previous two examples. The difference is just that, in this case the model is a directed graph. According to the 
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figure, it is easy to admit, that we can only mark on the directed graph a closed way, which contains every edge 

only once, if the criterion meets on every node, which says that, the number of their incoming and out coming 

edges are equal. 

From the example above, we can conclude that, the value of  will define the number of nodes, while  will 

define the incoming and out coming edges from a node. 

1.  9.1 Exercises 

1. Solve the formerly described "Super Hero" problem with backtrack search, in case of general  and . What 

form the given sequences, and what is the rule of choosing the elements? 

2. It is an interesting optical phenomenon, if a light ray gets to the boundary of two transparent material, then it 

will be partly reflected, but the other part of the light will cross the boundary and will continue its way in 

another media. Figure ?? shows that, how light acts, entering on the top boundary (top left), in case of four, 

parallel boundaries. Evidently, some part of the ray is reflected from the second surface, some part of it 

continues its way, which is also partly reflected, but some part of it continues its way to the third surface and so 

on. (One part of the light reaches the bottom boundary and naturally one part of it reflects from it too, partly it 

exits our system. This part of the light ray is not followed further, as that part neither, which exits at the top 

boundary.) 

The figure represents that, the first reflection can happen in three different ways. The second reflection can 

happen in 6 different ways, as for example, the light ray, reflecting for first, from the bottom boundary partly 

reflects from all the upper three boundaries. In case of three boundaries, how many different ways can 1, 2, 3, 4, 

5, reflection(s) happen? 

 
9.9. figure 

Act of a light ray at a boundary. 

3. Give that algorithm, based on the backtrack search, which solves the previous problem in general, namely in 

case of n boundary, it gives the number of ways, comes with 1, 2, 3, 4, 5 reflection(s). 
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Chapter 10.  10Appendix 

1.  10.1 Well known identifiers and their definitions 

Looking back at 15 years it is noticeable that computers and local networks appearing on more areas. The 

combination of these two things already has had many benefits for certain firms’, offices’ management work, 

data processing. The problem of nowadays and immediate future is to ensure trustful, worldwide 

communication of unique computers and local networks 

If we suit for this challenge too (and we can convince people about the success of this), then the (fully) 

electronic administration and electronic commerce can spread widely. For example in connection with a case in 

which more offices are interested, the supply of the necessary, different documents is the client’s task (which 

requires a lot of investigations), although in many cases he is uninterested. Fortunately well working systems 

already exist in our days. We can meet one like this for example at the time of firms’ foundation. The registry 

court keeps the contact with the suitable offices (National Tax and Customs Administration of Hungary, 

National Social Insurance Institution, chamber, Hungarian Central Statistical Office) on electronic way. On the 

one hand this makes the procedure faster, it spares a client’s time, on the other hand it makes the phantom 

companies’ formation difficult. 

In many cases the dam of proceeding primarily is not the technical deficiency, but the appropriate legal 

regulation is not yet in sight. Until now the failures of the unsuccessful law interventions are explicable that they 

tried to regulate the technical implementation too, although it becomes obsolete within a short time generally. In 

these days the practice of management works so characteristically, the sender forwards the document 

electronically created by himself on a traditional manner then the addressee electronically records it. Meanwhile 

fax machines and printers spout the mass of documents printed on paper. Declassifying this contradiction would 

product the spare of significant time, energy and raw material. (All these things we have less and less in these 

days.) 

Projects were started on more areas (social service, pensioner service, hygienic, family service, attendance of 

accident victims, disabled and unemployed, labour issue, collecting of statistical data) in the European Union’s 

countries in which EDI’s (Electronic Data Interchange) technique was successfully used. Compared with this it 

is observable that the far east, the USA and Australia are far away in the application of technology. Henceforth 

we review some important, frequently used identifiers’ structure which are necessary to solve the tasks. What 

was previously be obvious, the identifiers have different, unique value per entity-occurrence which meaning is 

recorded by different level agreements. Because of this it is very important to exactly define their structure. 

Their construction may happen diversely. Knowing them is also important because the whole system?s 

efficiency could be determined by applied code number systems? quality, elaboration. A well worked out code 

number system makes multiple sorting, grouping possible, uses few signs, expandable, provides a fast search 

facility by virtue of it?s plain construction and conciseness. As we will see, some characters or group of 

characters could encode different information, while others just meant to ensure the identifiers? individuality. 

We can use a serial number as identifier (for example Social Security Number) which doesn’t carry any kind of 

information about the entity’s properties belongs to it. We can use letter abbreviations (for example motor 

vehicles’ international marking, chemical symbols). We apply hierarchical number systems often (phone 

number). In this case some parts of the identifier makes possible the grouping of the entity belongs to it to 

different groups. 
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The identifiers constituted so could contains serial number on some position in order to we can distinguish the 

individuals belonging to the identical group. 

The identifier is often longer than necessary. (That is may contain parts that are not for ensure the uniqueness of 

the identifier or make possible the classification of entities.) The reason of this may be diverse. The possibility 

of future expansion is intended to ensure by that they allocate more characters for group generators than 

currently required. They design some identifiers in such a way that those include the opportunity of verifying of 

their correctness. This is a very practical way of construction of the identifier with regard to data protection and 

to maintain database integrity too. If the program contains the proper algorithm, incorrect data entries caused by 

wilful or unintentional typos are minimized. Because of this, together with the presentation of their structure 

give the verifying algorithm in some cases. 

Presuppose that we give the identifier belongs to the verifying algorithm as the elements of an A sequence. (For 

simpler lucidity we aside from the occasionally necessary conversion of the elements. At the time of referring to 

them the value given between ?[]? marks means the characters position in the sequence, which we get by 

numbering from 1 to the number of elements in the sequence.) Boolean variable TESZT’s value will be true or 

false depending on the identifier’s correctness. 

The widespread use of computers has created the conditions for automatic identification as well. (Although the 

computers’ spreading with a wide circle was not typical altogether yet in 1932, Wallace Flint (Harvard 

University) envisioned probably the first system like this. The device controlled by punched card reader 

forwarded automatically the corresponding product from the warehouse to the checkout according the code on 

the card, prepared the bill and modified the stock records.) In our note can not elaborate on the technical 

implementation of each option (biometric, optical, magnetic and solid-state methods in identification) in only 

some cases we outline the informations which can be obtained from the encoded data. In these days the bar-code 

technology offers fast and secure data entry options, therefore we think that it is necessary to mention it up to 

the tune of some thoughts. For the most common types we explain the meaning of the characters located on the 

single positions of the code and the possibility of control. Although the basic idea much earlier born and the 

mathematical background is also used available, but their multitudinous spreading was delayed by the lack of 
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reliable, cheap, small-sized bar-code readers. To these days this obstacle has been averted and their usage 

became daily. 

1.1.  10.1.1 Construction of personal identifiers 

1. The personal identifier contains 11 digits. 

2. Construction of personal identifiers 

a. The first digit encodes the sex and the century of birth of the person, if a person born before 1997.01.01. it 

encodes the nationality too (??) 

 
10.1. table Determination of the first digit of personal identifier depending on birth date. 

b. Digits from 2nd to 7th encode the last two digits of birth year, two digits of month and two digits of day 

c. Digits from 8th to 10th encode the serial number of persons born on the same day 

d. The eleventh digit is the verification code. 

3. The construction of the eleventh digit is done by multiplying the previous digits with its serial number and 

summarizing the products. The eleventh digit is the remainder of the sum’s division by eleven. According to 2. c 

serial numbers with remainder of 10 cannot be published. If a person born before 1997.01.01. the numbering 

starts from left (first digit), after 1996.12.31. it starts from right (tenth digit). 

 
10.2. table The numbering of personal identifier depending on birth date. 



 10Appendix  

 106  
Created by XMLmind XSL-FO Converter. 

1.2.  10.1.2 Construction of a taxpayer citizen’s tax identification 
number 

1. Tax identification number contains 11 digits. 

2. Rules of construction: 

a. The first digit is 8. 

b. Digits from 2nd to 6th mean the days passed between the person’s birth date and 1867.01.01. 

c. Digits from 7th to 9th is a randomly allocated number between persons born on the same day. 

d. The tenth digit is the verification number. 

 
10.3. table Structure of the tax identification number. 

3. The construction of the tenth digit is done by multiplying the previous digits with its serial number and 

summarizing the products. The tenth digit is the remainder of the sum’s division by eleven. (According to 2. c 

serial numbers with remainder of 10 cannot be published.) 

1.3.  10.1.3 Construction of Social Security Number: 

1. Social Security Number contains 9 digits. 

2. Rules of construction: 

a. Digits from 1st to 8th is a continously given serial number. 

b. The 9th digit is a verification code, called "CDV". At the time of its construction digits at odd places are 

needed to multiply by 3, at even places by 7 and summarize the products. The "CDV" code is the remainder of 

the sum’s division by 10. 

 
10.4. table The structure of Social Security Number 

1.4.  10.1.4 Prescription identifier 

This code makes possible the identification of selling items of medicines and medical aids. With the help of it, it 

is possible to determine the doctor’s identity too who prescribed it, because it contains his/her identifier too. 
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Because it also can be found on the recipe in the form of a barcode, thus it is an example of the use of the EAN-

13 in a closed system. 

1. Prescription identifier contains 13 digits. 

2. Information about the construction of the prescription identifier 

a. undocumented 

b. It is considered as the doctor’s unique identifier called "seal number" 

c. undocumented 

d. Sequential five-digit serial number 

e. verification code, its value can be calculated as it is described at EAN-13 barcode 

 
10.5. table Parts of the prescription identifier 

Remark: In the pharmacy a 13-digit identifier is also assigned for each sold item even if the item is not 

prescription. 

a. the lack of prescription (91, 94, 95, 97, 98, 99) 

b. 11-digit sequential serial number 

 

1.5.  10.1.5 ISBN (International Standard Book Number) 

This internationally accepted identifier of books is used in Hungary since 1974. 01. 01. It is capable of identify 

every standalone writing but not instance and print-run. (It may occur in certain cases that the ISBN of the 

different editions of the same work is different, but the change of the publisher’s code gives reasons for this 

generally. In this case identifiers of previous releases is also indicated. In the case of multi volume works, each 

volume has unique and summary identifier too.) The inland coordination of ISBN is performed by the National 

Széchenyi Library. The identifier can be divided into four structural unit. There could be differences in the first 

9 digits’ partition, but the last character is always the verification code. Following we review the construction 

rules of ISBN by a possible partition. 

1. ISBN contains 10 digits 

2. The numbering of the positions is done from right to left. 

a. Digits from 10th to 8th is the country code (for example the code of Hungary is 963) 

b. Digits from 7th to 5th is the publisher’s code 

c. Digits from 4th to 2nd identifies the publication 
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d. The 1st digit is the verification code. 

 
10.6. table The structure of ISBN. 

3. The construction of the verification code is done by multiplying the previous digits with its serial number and 

summarizing the products. The first digit can be computed as follows: if the remainder of dividing the sum by 

11 is greater than 1 we substract it from 11. Otherwise if the remainder is 0, then the verification code will be 0 

too, and if the remainder is 1, then we write a "x" character there, because in these two cases the difference 

above wouldn’t be given in one position. 

Pl.: 963 184 210 x, 071 050 523 x, 058 251 690 0 

Barcode technology is used to visualize ISBN numbers. For this EAN-13 type has been proved to be the most 

suitable. 

a. On the first three positions there are 978 combination. This means that the EAN-13 type barcode identifies a 

book. 

b. Characters on the positions from 4th to 12th are the numbers of the original ISBN number without the 

verification code. 

c. The thirteenth character acts as a verification code as described at EAN-13. (Therefore this makes the 

representation of the verification code can be found on ISBN’s last position unnecessary, what is impossible too, 

if that is "x", because this kind of barcode supports only the visualization of numbers.) 

 
10.7. table The representation of ISBN with EAN-13 barcode vonalkóddal. 

For example: 964 184 210 x barcode as an ISBN number encodes the following sequence 

 

1.5.1.  10.1.6 ISSN (International Standard Serial Number) 

The ISSN is an identification code for journals, newspapers, yearbooks, periodically published reports, 

announcements, different data sets, publications of periodically held conferences. It’s international center 

operates in Paris since 1972. The eight characters long identifier is divided into two, four-element groups which 

are separated by a hyphen. Contrary of the above described ISBN, it has some elements without a meaning. The 

verification code can be found on the last, 8th position. The verification of its correctness can be done by a 
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similar algorithm like the one at the ISBN. We can find barcodes on more and more journals what helps 

identifying themselves, which are based on EAN-13 too. ISSN is legible from these of course. 

 
10.8. table The representation of ISSN with EAN-13 barcode. 

a. On the first three position there is always 977. This means that the EAN-13 type barcode encodes an ISSN 

number. 

b. Characters on the positions from 4th to 12th are the numbers of the original ISSN number without the 

verification code. 

c. There is always 00 on the next two positions. 

d. The thirteenth character acts as a verification code as described at EAN-13. 

For example the ISSN 0864 9421 in barcode form looks like this. 

 

1.5.2.  10.1.7 Credit card number 

1. In Hungary the credit card number contains 16 digits. 

a. The first four-element group identifies the bank 
 

For example: Budapest Bank: 5892 

 OTP Bank: 4909 

   

b. The validity verification of the credit card number is done by the Luhn-algorithm (H. Peter Luhn from IBM). 

During the verification, from left to right we multiply the digits at odd places by 2. If the product is greater than 

9, we substract 9 from the product. To the sum of the numbers received so we add the numbers at even places. If 

this sum ends with 0, the identifier is correct.If credit card number is 1234 5678 9012 3452: 

 
10.9. table Structure of the 16-digit credit card number 
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1.6.  10.1.8 EAN-13, EAN-8 (European Article Numbering) 

This code system is probably the most widely used for identifying goods in European retail, but it can be 

considered as widespread code standard. 

1. The EAN-13 barcode what consist of a string with 13 characters can only represent numeric values. 

2. Information about the construction of the identifier 

 
10.10. table The structure of EAN-13 barcode. 

a. Digits from 1st to 2nd or from 1st to 3rd positions give the origin of the product, or more precisely they give 

the identifier of the organisation which granted the manufacturer’s code. (Hungary’s identifier is 599, Italy’s 

identifier is 80-83. Values between 20 and 29 are reserved for internal use. As we saw earlier, the 977 and 978 

are reserved for ISSN and ISBN.) 

b. The next four or five digits identifies the manufacturer of the product. (Distributon of these is done by the 

Hungarian Economic Chamber Packaging and Material transport National Association ETK/EAN Office.) 

c. The additional characters except the last one identify the product itself. The election of these is the 

manufacturer’s responsibility. 

d. The 13th digit is the verification code. 

3. The construction of the 13th digit is done by multiplying the first twelve digits by 1 or 3 depending on it’s 

parity and adding the products together. The number (0-9) what can make the sum divisible with 10 will be 

placed to the 13th position. 
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