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Overview

In this lesson you will learn how to describe extended neurons with the 
help of cable theory. We will approximate the properties of the neuronal 
membrane (which conducts the electrical impulses during 
electrophysiological events) with electrical circuit elements.
Lesson topics:

• Describing extended neurons: Axial resistance and longitudinal 
current

• The cable equation

• Linear cable equation

• Describing infinite cables

• Space constants

• Finite length cable

• Passive dendritic trees: Transfer impedance and potential attenuation 
between two points.
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The cell membrane is an insulator and both the inside and the 
outside of the cell are reasonably good conductors, therefore the 
membrane can be considered a capacitor. 

Describing extended neurons : membrane capacitance
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Describing extended neurons I : the cable equation

Cable theory uses mathematical models to calculate the flow of 
electric current (and accompanying voltage) along passive neuronal 
fibers (neurites), particularly dendrites. 
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Simplification: Represent the dendrite as a finite length cable.
Subdivide the dendrite into little pieces, small enough that the 
voltage is approximately constant everywhere within each such 
piece.
-Membrane capacitance is denoted by CM

-Membrane resistance is denoted by RM

-Longitudinal (axial) resistance is denoted by RA

Describing extended neurons I : the cable equation
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The membrane potential can vary considerably over the 
surface of the cell membrane:

Figure A: The delay and attenuation of an action potential as it 
propagates from the soma out to the dendrites of a cortical 
pyramidal neuron. 
Figure B: The delay and attenuation of an excitatory postsynaptic 
potential (EPSP) initiated in the dendrite by synaptic input as it 
spreads to the soma.
Dendritic and axonal cables are usually narrow enough that 
variations of the potential in the radial direction (at a given axial 
location) are negligible compared to longitudinal variations, thus we 
only need a single longitudinal coordinate, denoted by x.

Describing extended neurons I : the cable equation
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Axial resistance (RA)

L: Cable length (cm).
d: Cable diameter (cm).
V1, V2: Membrane potential at the ends of the cable (mV).
Ra: Axial (or longitudinal) resistance (ohm)
RA: Specific axial resistance
IA: Longitudinal current (A)

Axial resistance is proportional to the length of the segment (long 
segments have higher axial resistances than short ones). It is inversely 
proportional to the cross-sectional area of the segment (thin segments 
have higher resistances than thick ones).
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For the cylindrical segment of dendrite shown in the figure, the 
longitudinal current flowing from right to left satisfies V2-V1 = IARA

(Ohm’s law). This can be rewritten as:

Longitudinal current (IA)

If we take the limit of this expression for infinitesimally short cable 
segments, the equation becomes a partial differential equation:
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The segment of neuron used in the derivation of the cable 
equation
(cm is the membrane capacitance):

We divide the membrane into small cylindrical parts. One cylinder of 
the membrane  has a surface area of               and hence a 
capacitance of

The cable equation
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The total longitudinal current entering the cylinder is the difference 
between the current flowing in on the left and that flowing out on the 
right, so the current balance equation becomes:

If

Which is called the cable equation.

The cable equation
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To solve the cable equation we need to know the membrane current. 
The simplest (linear) case, which can be solved analytically, is the 
following:

• Synaptic currents are ignored

• Membrane current is a linear function of the membrane potential

In other words we are looking for the value of Vm(x,t) given Im(x,t)

In real neurons, a linear approximation for the membrane current is 
valid only if the membrane potential stays within a limited range. 
Then the membrane current per unit area is:

Linear cable equation
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(This form of the cable equation assumes that the radii of the cable segments used
to model a neuron are constant except at branches and abrupt junctions.)

Linear cable equation

With these approximations the cable equation becomes:

Membrane time constant

Steady-state space constant

In a simple form:
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Infinite cable

If the current injected into the cable is held constant, the membrane 
potential settles to a steady-state solution that is independent of 
time:

Where

Current injection at x=0:
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Infinite cable

The membrane potential produced by an instantaneous pulse of 
current injected at the point x=0 and the time t=0:
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Infinite cable - Response to current step

Response at the injection site 
to a current step at T=0.
Cable compared to a 
membrane patch

Response to current step at 
T=0 at different distances X
from the site of the injection.

W(X,T) is the normalized voltage - V(X,T) divided by its steady-state value at 
location X
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Infinite cable - Response to transient input

Since in all electrical components the electrical current changes
instantaneously, the voltage responds infinitely fast in all positions to
a current change. But we can calculate the first moment of the
voltage or current:

Where x is the measurement location, and h(x,t) is either a current
or a voltage signal. This measure is frequently called the center of
mass.

The transfer delay is defined as the difference between the centroids
of the voltage response and the inducing current:

The input delay (or local delay) is defined as:
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Infinite cable - Response to transient input

The input delay of an infinite cable
is:

This allows us to define the propagation delay between two points:

If the current is injected at x and the voltage is recorded at y, the
transfer delay for the infinite cable is:

The propagation delay of an infinite cable is:

This is a linear relationship between space and time, so we can
introduce the speed of the center of mass for infinite cables:
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Infinite cable – Speed of the center of mass

Figures: Cable propagation delays.
Figure A: Input delay in an isopotential membrane with 20ms time
constant. A brief current pulse (solid line) is injected with the peak at
0.5ms. Dashed line: voltage response. Normalized units are used.

Figure B: Same current injection in a very long cable. Dotted line:
normalized potential displaced with one space constant. The centroids
are at 1,11,21msec.
The potential decays faster in a cable than in the membrane patch.
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Frequency-dependent (transient) space constant

is the steady-state space constant, as discussed 
before.

The steady-state space constant can be generalized to a function
depending on frequency. If a sinusoidal current is injected into the
cable, the voltage at any point will be proportional to this current
with a phase shift. The amplitude of the voltage oscillation as a
function of distance is

Where is:

This is called the frequency-dependent space constant:

This function decays steeply as the input frequency increases,
showing that the passive neuronal membrane filters out high-
frequency signals (low-pass filter)

Where

is the input signal frequency
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Figure: Plot of the normalized frequency-dependent space constant.
A sinusodial current of frequency f is injected at x=0. The voltage at 
location y will also be sinusoid of frequency f, but attenuated and 
phase shifted compared to the response at location x.

Frequency-dependent space constant
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Finite length cable

Steady-state voltage attenuation in a finite piece of cable as a function of the normalized 
electrotonic distance (X). The potential at the left terminal is constant.

Bold continuous line: Semi-infinite cable, exponential decay.
Thin continuous lines: Sealed cables, which terminate at X=1 and X=2.
Thin dashed curves: Cables terminating in a short circuit.
Top thick dashed line: Voltage is clamped to 1.1 times the voltage at the origin.
Top thick dashed line: Voltage is clamped to 0.2 times the voltage of the origin.
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Dependence of the input resistance on the length of the cable

Upper curve: Input resistance of a sealed-end cable – The resistance 
is always larger than
Lower curve: Input resistance of an short-circuited cable (voltage is 
shorted to the ground at distance L) – always smaller than
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General solution for finite cables

Or with the help of Laplace transformation (impulse at X=0,T=0)

The impulse response (the response of the system to a short input 
signal) can be sought in different forms:

By separating variables (space and time):
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Graphical solution

Finite cable with sealed end boundary conditions at X=0 and X=1. 
Constant current is injected at X=0.
The voltage V to any current input can be described as sum (bold line) 
of infinitely many „reflection” terms (thin lines), each term becoming 
progressively smaller.
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Passive dendritic trees

In the case of a more complicated, branching structure, the cable
equation should be solved for every compartment, and the solutions
need to be fitted at the junction points.

Alternative solution: transfer-impedance

If the system is linear, then the change of the membrane potential in
position j (Vj(t)) is a linear function of the current injected in position i
(Ii(t)):

thenIf
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In Fourier space:

is the transfer-impedance and

This positive real number is the transfer resistance.

Special case:

resistance.

is the input impedance and is the input

Transfer impedance
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Properties of

(symmetry)

(coupling strength)

If point l is on a direct route between i and j:

Finally if the membrane is not only linear, but also passive:

if

Transfer impedance
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Voltage attenuation between two points

The ratio of the voltage at location i to the voltage at location j :

Ratio for sinusoidal input current Ii(f) of frequency f:
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Note that, unlike the transfer resistance, voltage attenuation is not 
symmetric ( Aij ≠ Aji ).
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Voltage attenuation between two points

Upper trace: Steady-state transfer resistance between a site in the dendrite (a3) and other 
parts of the dendritic tree.

Lower trace: Steady-state transfer resistance between the soma and other parts of the 
dendritic tree.
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Summary

• In order to describe the propagation of signals in an extended neuron we 
model the dendritic tree as a series of interconnected cables.

• We introduced the concept of membrane capacitance, membrane resistance, 
axial resistance and longitudinal current. With the help of these we 
constructed the cable equation, and its simplified form, the linear cable 
equation.

• Then we proceeded to analyze the features of an infinite cable: its response to 
a current step, and to a transient input. To be able to calculate propagation 
speed we introduced the term „speed of the center of mass”

• In order to describe the propagation of rapidly changing input, we introduced 
the frequency-dependent space constant, which describes the cable as a low-
pass filter.

• Then we described the response of a cable in generic situations in terms of its 
Green function.

• To describe full dendritic trees, we used finite length cables, and introduced 
the concept of transfer impedance for linear membranes.

• Finally with the help of the transfer impedance we can calculate the potential 
difference between two arbitrary points of the dendritic tree.
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Suggested reading

Books: 
•Christof Koch: Biophysics of computation (Oxford University Press),
chapter 2
•Peter Dayan and L.F. Abbott: Theoretical Neuroscience (MIT Press),
chapter 6
•Segev I., Rinzel J. And Shepherd G.M: The theoretical foundation of
dendritic function: Selected papers of Wilfrid Rall with commentaries
(MIT press)

Articles:
•About potential attenuation: Rall, W. And Rinzel, J. (1973) Branch input
resistance and steady attenuation for input to one branch of a dendritic
neuron model. Biophys. J. 13: 648-688
•About propagation delays: Zador, A.M., Agmon-Snir H., and Segev
I.(1995) The morphoelectric transform: A graphical approach to
dendritic function J. Neurosci. 15: 1668-1682
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