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ABSTRACT 

The lower limits on the accuracy with which inertial 

measurements can be made for purposes of navigation near a 

planet are discussed and summarized as applied to Earth. 

Operational inertial frames must be established based on the 

following three considerations: 1) where may their origins 

be located? 2) how may they be oriented? and 3) what is the 

accuracy with which the laws of mechanics can be stated in 

such a frame? Under certain conditions, the origin can be 

placed at the center of mass of any orbiting body. In an 

Earth-centered inertial frame, these conditions hold for 

measurements whose precision is not greater than 10"7 g or 

5 x 10-5 deg/hr. The practical limit of measurement of 

inertial acceleration is the knowledge o£ the gravitational 

field, since all accelerometer s measure Rj - 3. The uncer-

tain horizontal component of gravity is usually less than 

10"^ g. The systematic portions of the horizontal components 

of gravity and gravitation, for worldwide navigation near 

Earth, are given by Eq, 10· Generally any differences 

between the actual field and the model are accepted as 

causing a navigation error. Within a few years, the knowl-

edge of Earth's gravity field should be complete enough to 

permit some on-board storage of large anomalous fields, when 

they occur in oceans and at altitudes above Earth
1
s surface. 

The use of accelerometers more sensitive than 10-5 g is prob-

ably not warranted for terrestrial inertial navigation unless 

the state of knowledge of Earth
1
s gravity field improves con-

siderably. It is not likely that inertial sensors more 

accurate than $ χ 10""5> deg/hr will be needed for terrestrial 
inertial navigation. 

Presented at ARS Guidance, Control, and Navigation Confer-
ence, Stanford, California, Aug. 7-9, 1961· Part of this 
research was done at the Massachusetts Institute of Technology 
Instrumentation Laboratory, under sponsorship of the National 
Science Foundation« 

^Senior Research Engineer, Guidance and Control Systems Div # 
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INTRODUCTION 

In recent years, many companies and universities have 
spurred research efforts to study ultra-accurate gyros and 
accelerometers whose performance would exceed that of conven-
tional instruments by several orders of magnitude. To the 
author's knowledge, no such development has yet borne fruit; 
indeed, the development of conventional instruments still 
leaves much to be desired. Still, it is instructive to 
examine those phenomena that fundamentally limit the accuracy 
of inertial measurements, assuming for the moment the exist-
ence of perfect instruments. 

This paper discusses these limitiations in two categories: 
angular inertial measurements (for which gyroscopes are 
almost universally used today) and linear inertial measure-
ments (using some type of accelerometer). Limitations on the 
former are summarized in Fig. 1 . All the effects are below 
the measuring ability of existing gyroscopic instruments. 
Limitations on linear acceleration measurements are summarized 
in Fig. 2 and are clearly of immediate importance in contem-
porary navigation systems. 

The casual reader may wish to omit the discursive portions 
of this paper (the sections concerning operational inertial 
spaces and the orientation of inertial coordinate frames). 

ANGULAR INERTIAL MEASUREMENTS 

Operational Inertial Space 

The laws of mechanics owe their present form to the concept 
of force developed during Newton's time. Force is not essen-
tial to mechanicsj it is "but an invention to satisfy our de-
sires for explanation" (Ref. 1 p. 209).2 Several classical 
formulations of the laws of motion have been based on energy, 
the Lagrangian, Hamiltonian, and similar force-free concepts. 

In the Newtonian formulation, objects are considered to 
exert forces on each other which are dependent on their 
relative positions and velocities. As Jammer (2) observes, 
force is merely an artificial intermediary between the pres-
ent and future configurations of a group of material bodies. 

^Numbers in parentheses indicate References at end of 
paper. 
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Einstein's theory of gravitation (3) is another formula-
tion of the laws of mechanics. In Einstein's view, particles 
always follow geodesic paths in a warped, four-dimensional 
space whose curvature depends only on the energy-momentum 
distribution throughout the space. The Newtonian observer, 
seeing the particles follow curved paths in a Euclidian space 
(geodesies in the warped space), explains their nonrectilin-
ear motion by means of forces that act between the particles. 
The Einsteinian observer substitutes the geometrical picture 
of a curved space for the concepts of force and inertial 
space. The Newtonian equations are true only in the privi-
leged inertial frame; the relativistic equations are true in 
any coordinate frame whatsoever, since the curvature tensor 
and the energy-momentum tensor transform in the same manner. 

If the engineer insists on using the concept of inertial 
space, he can expect no help from relativity, because rela-
tivity is entirely devoid of that concept (although as dis-
cussed in a later section, relativity may at present be 
incapable of fully describing angular motion). Hence, in 
defining an inertial space—one in which the Newtonian force 
laws modified by a relativistic correction at sufficiently 
high speeds hold—three questions must be asked: 

1) "Where may the origin of an inertial frame be placed? 

2) How must an inertial frame be oriented? 

3) How accurately do the Newtonian laws of mechanics 
hold in this frame? 

Origin of an Inertial Coordinate Frame 

The existence of inertial coordinate frames in Newtonian 
mechanics is a postulate, since it must be assumed that at 
least one inertial frame exists. This distasteful assump-
tion essentially postulates the existence of an absolute 
space and is responsible for Einstein's alternate formulation 
of mechanics without a preferred inertial frame. 

The classical description of inertial space shows that if 
such an inertial space S 0 exists, then any number of addi-
tional inertial spaces S]_ can be defined whose origins are 
at the mass centers of orbiting bodies. The reasoning pro-
ceeds as follows. Assume that the inertial frame S Q exists. 
Suppose that the masses πΐη and rr̂  exert a mutual gravita-
tional attraction F and that the remainingjrtiasses in thê  
universe exert the net gravitational force F^ on m-j_ and F2 on 
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ni2» Suppose a coordinate frame S^, nonrotating relative to 

S 0, is placed on m^. Let locate ra^ in S 0 and R2 locate 

rti2 in SQ_. Then 

m2($, + ït2) = Ψ9 + ζ [lb 

Therefore: = ~ ΖΓ J + * r p

 1 l c | 

\m2 toil m,m2 3 

Hence if S Q is inertial, S-̂  is also inertial to the extent 
that differences of the gravitational accelerations exerted 
by other masses are negligible within S± 

P(m1 + m 2) "I 
is the reciprocal reduced mass 

m^ m„ 
This result 

2 J 
has been derived by Wrigley et al,(lj). At low relative speeds, 
electrostatic forces can be similarly included, but electro-
magnetic forces cannot. 

Thus the coordinate frame S-̂ , whose origin is at the mass 
center of m-̂ , might be regarded as inertial if the difference 
(between a test point and the mass center of m]_) of the 
gravitational accelerations exerted by nearby bodies is 
included as an apparent force within the frame. Numerical 
illustrations are given in later sections. 

Orientation of an Inertial Coordinate Frame 

Newton maintained that absolute rotation could be detected 
by observing the plane of oscillation of a free "test 
pendulum" or the shape of the surface of water in a "test 
pail." The modern observer might make the same claim for a 
rate gyroscope. The absolute coordinate frame thus defined 
appears not to rotate relative to the distant galaxies. 
Nevertheless, the concept of an absolute space is repugnant 
in an operational sense since only relative motions are other-
wise detectable. Nearly all experimental efforts to find an 
absolute inertial space have failed (e.g., see Refs. 3 and 5). 

Mach1s principle postulates that the peculiar role of the 
distant galaxies (the so-called "fixed stars") results from 
a physical interaction between the fixed stars and local 
matter. In this view, the plane of a swinging pendulum 
rotates relative to Earth because the distant stars, rotating 
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around Earth, apply Coriolis and centripetal forces to the 
pendulum. Thus the assumption of an absolute inertial space 
has been replaced by the assumption of a long range inter-
action between local matter and the distant stars (e.g., 
Ref. 5)· The latter assumption is less objectionable to many 
scientists, especially if direct experimental evidence of the 
long range interaction should be found. It is noteworthy 
that Thirring (Ref. 7 and Ref. 3* Ρ· 102) , was able to show 
that, as a consequence of general relativity, a hollow rotat-
ing shell (e.g., the distant stars) would cause centrifugal 
and Coriolis forces to act on a point mass at its center. 

These same long range interactions may account for the 
inertia of all bodies. When a body accelerates relative to 
the distant stars, an interaction results which is propor-
tional to acceleration and which local observers may 
interpret as the inertial reaction force. Indeed Einstein 
says that, as a consequence of general relativity, acceler-
ation of a body causes "inductive" forces to act on nearby 
bodies in the direction of the acceleration (Ref. 3* Ρ· 102) . 

Mach1s principle asserts that inertia and inertial space 
are related to interactions between local matter and the 
distant stars. The local orientation of an inertial coordi-
nate frame and the inertia of a local body then depend on a 
large number of statistical interactions. Clémence (8) 
believes that the kinematic inertial space defined by the 
distant galaxies does not rotate faster than 0 .1 sec of arc 
per century (3 x 1 0-H deg/hr) relative to the dynamic 
inertial space defined by Newton1s laws. A measure of the 
angular stability of the inertial reference frame is the 
change in spacing between the heavenly bodies. The largest 
measured proper motion is 10 .3 sec of arc per year for 
Barnard1s star (9) · Typical maximum proper motions are 1 sec 
of arc per year (9 ) · The measurement of proper motion from 
photographic plates is complicated by the unknown motion of 
those stars and galaxies used as references. Galactic proper 
motions have not yet been detected but are presently being 
sought (Ref. 10 , pp. 2—6U)· Thus an angular, star-referenced 
coordinate frame is definable at least to 0 .1 sec of arc per 
year (3 χ 10~9 deg/hr), and, as noted above, galactic motions 
do not exceed 3 x 1 0 - 1 1 deg/hr. It therefore appears that 
3 x 10-9 deg/hr is an upper bound on the inherent error in 
the angular orientation of inertial space, manifested by 
motion among the fixed stars. 

It has so far been implied that the orientations of all 
inertial frames do not change relative to the distant 
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galaxies. However, the theory of relativity appears to 
inject a small qualification. This qualification can be 
understood by observing a torque free test gyro, which should 
not precess relative to a classical inertial frame. 

L. I. Schiff (Ref. 1 1 and Ref. 12) showed that any observer 
carrying a test gyro will observe that the gyro precesses 
relative to the distant galaxies at a rate ous. For the 
special case where the test gyro is in orbit around a 
spinning, isolated gravitating mass (such as Earth or the sun) 

ft- ^? + (r*?) t - £ -
' s 2c 2 

where ? 

2 r 3c* PC 
ζ 2 2 - β ΐ · Γ ) - ί 5 C2] 

radius vector from the mass center of Earth or the 
sun to the mass center of the gyro 

ν = velocity of the mass center of the gyro in an 
Earth- or sun-centered coordinate frame, nonro-
tating relative to the distant galaxies 

f = nongravitational specific force acting on the 
gyro, such as a support force which holds the 
gyro within the laboratory 

β = Earth's or sun's angular velocity 

Ϊ = Newtonian gravitational constant 

c = velocity of light in vacuum 

m, I = mass and moment of inertia of Earth or the sun 

The first of the three tenris comprising CU S is the Thomas 
precession, which is familiar from special relativity 
(Ref. 1 3 , p. l6l). The second term is a general relativity 
effect, resulting from the gyro passing through an inhomoge-
neous gravitational field and was originally shown by 
Schouten (Ref. lU, p. 93), deSitter and Fokker ( 1 1 ) . It is 
referred to in this paper as the Schouten effect. The third 
term is the Lense-Thirring effect ( 1 1 , 1 5 ) , which can be 
interpreted as the "dragging" of inertial space by the rota-
tion of the central gravitating body. It should be noted 
that these effects do not deal with the precession of the 
elliptic orbit in which the gyro travels around the attracting 
body but with the precession of the axis of the gyro itself. 
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The Schiff precession, Eq. 2, can be interpreted classi-
cally as a rotation of the operational inertial coordinate 
frame relative to the stars. This rotation of the inertial 
reference frame, given in Eq. 2, is different for different 
observers and exists if: 

1) The operational inertial coordinate frame is fixed to a 
vehicle that traverses an inhomogenous gravitational field 
(term 2 in Eq. 2, the Schouten precession). 

2) Gravitating masses in the vicinity of the observer are 
spinning (term 3 in Eq. 2, the Lense-Thirring effect). 

The Thomas precession, term 1, does not represent a rotation 
of an operational inertial coordinate frame since it exists 
only in the presence of nongravitational forces. 

In the case of a test gyro that^is constrained to be fixed 
on Earth's surface, 7 = u χ (fiT x r) - "G, and Schiff shows, by 
substitution into Eq. 2, that co s has a zero mean component 
normal to S and a secular component parallel to yl (11) 

where φ is the latitude of the test gyro and 11 a M is a radius 
of Earth. Hence, a test gyro fixed to the surface of Earth 
has a maximum observable precession relative to the distant 
galaxies of 1.68 χ 10-8 deg/hr. 

If, however, the test gyro is placed in a nonthrusting Earth 
satellite in such a manner that the gyro is in free fall, 
f = C^and if the orbital angular velocity is o>0, then the 
Schiff precession is 

c
2
L 

3ωρ a 2 S W | 

2 r" 5 r 
k 1 . 9 5 X 10 

v'7 

. W 0 J ÎJ deg/hr h 

The presence of the sun, moon and other masses perturbs ̂the 
metric near Earth slightly and produces small changes in c u g . 
If the nonthrusting space ship travels in the solar system, 
"τ, ν", , etc. refer to the sun, not Earth and 

uL= 6.84*10 
-10 

^ 5 . 0 8 * I 0
5
| | C L E G / h r [5] 
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Perturbations caused by the presence of the planets are 
small, except when the space ship is close to them. In a 
thrusting space ship operating in the solar system, an addi-
tional precession results from 

fx γ 

2c2 
3.4 *ICT7 de 9/hr 

which is a maximum when thrusting normal to v. At 2g (allow-
ing for a generous midcourse thrust level)the Thomas pre-
cession would be 5 x 10-7 deg/hr. If such precessions could, 
be measured against the background stars (allowing for the 
apparent precession caused b$ the fluctuating aberration), 
they would serve to confirm the general theory of relativity 
and perhaps (but unlikely) to serve as a navigation device in 
space. 

The writer is pleased to note a revival of interest among 
physicists and engineers in the precise relativistic defini-
tion and measurement of inertial phenomena. The earliest 
applications are likely to arise when making gyroscopic, 
accelerometer, and stellar measurements in a thrusting space 
ship, at which time the gedanken experiments of cosmic light-
signalling will be a reality. Indeed, ¥· N. Fairbank and 
M. Bol at Stanford University are making long range plans to 
measure some of these relativistic phenomena in an Earth 
satellite (16). 

Another limitation on the measurement of angular velocity 
may result from the quantization of angular momentum in the 
sensor. Considering an inertial measuring instrument whose 
moment of inertia is as small as 3 gm-cm2 (0.1 that of an 
HIG-U gyro), the instrument can detect angular momentum 
increments no smaller than the quantum unit *h 

Γ * 3 
A W * ̂  a 7x(0 cJeg/kr 

approximately 20 orders of magnitude below present perform-
ance levels. 

Heliocentric Inertial Coordinate Frame 

The heliocentric coordinate frame has its origin at the 
mass center of the sun, is nonrotating relative to the dis-
tant galaxies, and is oriented in some convenient fashion. 
If the universe is considered to be populated exclusively by 
the planets and satellites of the solar system, an implicit 
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force error is introduced, a measure of which is the 
gravitational gradient of the nearest stellar mass, the 
t*-Centauri triple star system, acting across the diameter 
of Jupiter's orbit (for example). This gradient of 
1.27 x 10 -18 g (assuming the mass of «*-Centauri to be two 
sun masses and the distance from the sun to be Ιχ·3 light 
years) would take seven years to produce a l~ft displacement 
on a test body in the heliocentric inertial frame. 

The Schouten effect (caused by the inhomogeneity of the 
gravitational field in which the observer finds himself) 
shows that Earth-bound and solar-system observers believe 
that their operational inertial spaces rotate relative to the 
distant galaxies at 2 χ 10-8 and 7 x 10-10 deg/hr, respec-
tively. Direct observation of the relative angular velocity 
of these inertial spaces may not be an observable experiment. 

Earth-Centered Inertial Coordinate Frame 

A coordinate frame that is nonrotating relative to the dis-
tant galaxies could be established at the center of mass of 
Earth. In order to consider Earth and a small vehicle as two 
isolated bodies in free space, the gravitational gradients of 
the sun and moon across the diameter of Earth should be 
included as apparent forces in the frame. These gradients are 
5.1 x 10-8g and 1 . 1 χ 10~7g, respectively. 

In practice, the Earth-centered inertial frame, Fig. 3, is 
not so oriented but instead is oriented with one axis along 
the instantaneous spin of Earth Ω , which itself precesses 
in space. A short digression will be inserted here in order 
to ascertain the effect of the astronomic precession and 
nutation and of the migration of the poles (variation in 
latitude) on the establishment of suitable coordinates. 
Fig. 3 defines the inertially nonrotating coordinate frame X^, 
whose lies along fi · 

The instantaneous spin axis engages in an astronomic pre-
cession and nutation relative to the distant galaxies because 
of the torques exerted on Earth by the sun, moon, and planets. 
The motion is conveniently divided into a conical lunisolar 
precession (period Ä 25,000 yr, half angle of cone « 23° 2 7 ' ) 
and a nutation whose major period is 1 8 . 6 yr and whose double 
amplitude equals 18 sec of arc. 

Hence, the Earth-centered, inertially nonrotating coordinate 
frame X-? actually has an inertial angular velocity wJ a of 
about 3oO/25,ÖOO deg/yr = 50.26 sec of arc per year 
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(Ref. 1 7 , p. UBO) or 1 .6 χ 10-6 deg/hr. The components of 
this angular velocity in X are (along X^) 

0Da COS 2 3 . 5 ° = I . 4 6 X I 0 "
6
 d e g / h r 

Wasir> 2 3 . 5 % 6 .4 · x I 0 "
7
 d e g / h r 

The astronomic nutation causes superimposed fluctuations 
of 10-7 deg/hr. The total motion is predictable to about 
3 x H T 1 1 deg/hr. 

Earth itself wobbles relative to the spin axis. Velocity 
and angular momentum vectors of Earth do not coincide. The 
angular momentum varies with time because of the presence of 
ocean currents, atmospheric winds, snowfall, vegetation 
growth, and the existence of viscous damping between the core 
and mantle (Ref. 1 8 , p. 220). The amplitude of oscillation 
never exceeds 1/2 sec of arc for nongeological periods, and 
the periods thus far identified are: 1 ) k39 + 5·8 mean 
solar days (Chandler period); 2) one year; and 3) six months. 

As a consequence, the geographic polar axis (the mean posi-
tion of the angular velocity vector relative to Earth's crust 
during the decade 1900-1910) wobbles around the instantaneous 
spin axis while the spin axis precesses and nutates in space. 
The Earth-fixed Y^ coordinate frame, Fig. 3* is oriented with 
Y3 along the geographic polar axis. The Χ·̂  axis rotates in a 
cone whose axis is the direction to some fixed equinox. The 
Yj_ coordinate frame nominally rotates relative to Xj_ at the 
inertial angular velocity, l5.0l|1068 deg/hr. If X^ were to 
be defined along a mean (precessing) equinox, there would be 
no component of the angular velocity of precession along X^, 
and the Y frame would nominally rotate relative to X at the 
sidereal rate, l£.OUl069 deg/hr. The difference between the 
sidereal and inertial rates is the X^ component of the 
astronomic precession. The angular velocity of Y relative to 
X has a component i d s i n 0,5" ̂  5 x 10-5 deg/hr normal to the 
geographic polar axis. This is numerically the most signifi-
cant effect of the precession, nutation, and migration of the 
pole. 

Earth's angular speed in Xj_ varies because of the same 
phenomena that cause migration of the pole, plus the effect 
of tidal friction of the seas. The maximum variations in the 
spin rate ( 1 9 , 20) are 1 ) secular deceleration = 0.0016 sec 
(of time) per century) 2) annual and semiannual variation of 
about 10-7 deg/hr, calculated from the equations of Ref. 1 9 ; 
and 3) irregular fluctuations, whose instantaneous rate is 
not greater than 10-6 deg/hr. 
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The migration of the pole is predictable to perhaps.0.2 sec 
of arc for periods of several months. The variation in spin 
rate of Earth is predictable to about 10~6* deg/hr. 

The Schouten-Thomas effect causes Earth-bound observers to 
measure an apparent angular velocity of 2 χ 10-8 deg/hr 
between an operational inertial frame whose origin is on the 
surface of Earth and the distant galaxies and of 2 χ 10~7 
deg/hr between an operational inertial frame on a low level 
Earth satellite and the distant galaxies. 

In conclusion, the X^ coordinate frame, nominally centered 
at the center of mass of Earth, with Xo along the instantaneous 
inertial spin axis, has a maximum inertial angular velocity 
of 2 χ 10~° deg/hr. The Y^ coordinate frame, fixed to Earth 
with Yo along the geographic polar axis, has an angular 
velocity relative to X^ of l£.0l;107 deg/hr nearly along the 
almost common X^-Yo axis. The component of the angular 
velocity of Y relative to X, which lies in the Y-̂ , Y2 plane, 
can be as large as $ χ 10~ί> deg/hr, depending on the 
instantaneous separation between the spin axis and polar axis. 
All components of this relative angular velocity can vary 
1 0 ~ 6

 deg/hr. 

Figure 1 summarizes the limitations on the use of angular 
inertial sensors for terrestrial inertial navigation. 

LINEAR INERTIAL MEASUREMENTS 

Accelerometer Measurements 

The gravitational field around a planet is always of 
interest to a navigator, but it is of special interest to the 
inertial navigator, because the accuracy with which he can 
determine position depends directly on how well he can sub-
tract gravitation from his accelerometer outputs. However, 
the actual gravitational field around a planet is not 
thoroughly predictable. Hence, it is proposed that the 
navigator establish a reference gravity g or gravitational "δ 
field that is a simple function of position outside the 
planet and that closely approximates the actual field. The 
navigator will use the reference field in place of the 
unpredictable actual field, accepting any difference between 
them as an irremovable error. If large local discrepancies 
exist and are predictable, they can be included in the 
gravity calculation as empirical corrections. 
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_ As Wrigley(ii)has shown, an ideal accelerometer measures 
RJ j.-Tf, where R ] j is the second rate of change of position, 
all derivatives being taken in an operational inertial frame, 
established in the section on angular inertial measurements. 
G is defined so as to include those gravitational gradients 
of nearby bodies which are necessary for the proposed 
accuracy of navigation. 

This definition shows that the exact form of G, as a func-
tion of position in some X^ frame, depends on where the 
origin of that inertial frame is selected. 

In order to find R in any coordinate frame from accelero-
meter measurements, computed gravitation must be added to the 
accelerometer outputs. The accuracy of obtaining R l T and 
subsequently integrating^ to obtain If depends completely on 
the ability to predict G as a function of position. 

Gravitational Field 

G is defined as the Newtonian gravitational force, and the 
gravity force ]f is the negative of the constraint force needed 
to hold an object fixed relative to the rotating planet: 

9 = ^ - H (S2xR) 

G = W 

9 = V U 

Contours of constant U and V are shown in Fig. Iw 

A detailed map of the actual G or ~g field is not technolog-
ically feasible. Instead, reference~g and~δ fields, which 
are as nearly identical as possible to the actual fields, yet 
are simply expressed, are defined in the space around the 
planets. The geodesist has traditionally been interested 
only in the magnitude of the gravity field at sea level, to 
which he has reduced all measurements. 

The prime and meridian deflections of the vertical are the 
north and east components of the vector angle at any point 
between the actual and reference gravity field. The defini-
tion is similar to that used in geodesy except that the 
geodesist compares actual and reference values on surfaces of 
the same potential (21). Table 1 shows typical values of the 
gravity magnitude anomaly and deflection of the vertical at 
the surface. 
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If the actual fields were known well enough, tne reference 
fields could be defined in such a way as to minimize the 
mean square anomaly, mean square deflection of the vertical, 
or some other error parameter, subject to suitable con-
straints on the reference field to make it smoother than the 
actual field. 

Table 1 Typical Gravity Anomalies and 
Deflections of the Vertical (22) 

Deflection of 
Anomaly (mgals) the Vertical 

(sec of arc) 

Commonly less than 10 to 20 10 

Rarely greater than $0 30 

Never greater than U00 90 

The definition of a reference field in this manner is 
currently a major problem in geodesy (23, 2k 9 25) · Clearly 
the anomalies and deflections of the vertical are dependent 
as much on the definition of the reference field as on the 
measurement of the actual field. 

The gravitational potential can be expressed in terms of 
the orthonormal spherical harmonics 

where Y m = product of the Newtonian constant of gravi-
tation and the mass of Earth 

r = geocentric radius from the mass center of 
Earth to the point in question 

ψ = geocentric latitude ( or geographic, for 
which and K n m will be different) 

east longitude 

associate Legendre function of the first kindj 
P n o are the ordinary Legendre functions 
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^ Π Γ Λ ; ^ n m = coefficients of the tesseral harmonics; for 
m = 0, they are the zonal harmonics 

R = normalizing radius of Earth, often the 
semimajor axis of a reference ellipsoid 

The low order terras in η and m represent worldwide variations, 
whereas extremely high order terms would be needed to fully 
describe local anomalies mathematically. Typical recent 
values for the known harmonics, based on Kaula's 1961 
ellipsoid, are (23>) 

4 . 8 
: -0.0010826 ±0.01% 

J 3 0 = 2.1 x I0" 6 * 57. 

^ 4 0
 = 1.43 x JO" 6* 10% 

J 5o = O . 2 0 * I O " 6 ± 3 0 % 

C7] 

None of the tesseral harmonics has yet been ascertained with 
certainty (26). 

Mechanization of the Gravity Field for Navigation 

The inclusion of the gravitational forces in the mechaniza-
tion of the guidance system of a ballistic booster is con-
ceptually simple. Since many boosters fly nominal trajector-
ies, the gravity computations could be contained in the 
perturbation coefficients, relative to the nominal trajectory. 
Indeed, if the steering were tight enough to cause small 
departures from the nominal trajectory, compared to the space 
variation of gravity, the gravity computations could be 
included as a simple, precomputed offset of the target. 

Hence, the remainder of this discussion revolves around the 
case of an aircraft, ship, or land navigation system (and 
perhaps of a booster using explicit guidance) that travels 
over random paths and must in some way store G (R) in an on-
board memory. Fig. 2 indicates that the simple gravity 
models are inadequate only for navigation to less than 
0.2 nautical mile, on the average, depending on the magnitude 
of the horizontal anomalies in the region of alignment and 
flight. The vast majority of these systems is characterized 
by a Schüler-tuned level platform, although azimuth is often 
oriented at the designer's convenience. It is usually 
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convenient to mechanize such systems in terms of the gravity 
vertical, not gravitational vertical, since the components of 
the centripetal acceleration need not be mechanized, and the 
nominal horizontal components of g are zero. For these types 
of navigation systems, the horizontal components (defined 
below) of gravity and gravitation in geocentric and geographic 
coordinates arte of interest. The vertical component of 
gravity or gravitation need not be mechanized accurately, 
since the otherwise unstable vertical channel is typically 
barometrically stabilized. 

Fig. 5 shows the surface of Earth, a geoid, and a reference 
ellipsoid. The coordinates of the vehicle at Ρ can be 
specified in spherical or geographic coordinates. In 
spherical, r, FS c, and Λ are the geocentric radius vector 
(OP), the geocentric latitude, and east longitude. In 
geodetic, h, Φ ̂ , and X are the height (CP) above the refer-
ence ellipsoid (measured normal to the reference ellipsoid), 
the geodetic latitude, and east longitude. The author 
suggests the term "geographic coordinates" for geodetic 
coordinates in which the center of the reference ellipsoid is 
at the mass center of Earth. In geographic coordinates, 
ĵ <P would become g. is^the astronomic latitude of P, 
defined as the angle between g and the plane of the Equator. 
In all contemporary coordinate systems, the astronomic 
meridian of Greenwich is the origin of longitude. Should the 
absolute prime deflection of the vertical at Greenwich be 
nonzero (perhaps a few seconds are arc), the entire world 
longitude scale would be-slightly distorted. 

The observed potential V (Eq. 6 ) , expressed in geocentric 
coordinates, can be transformed to geographic coordinates by 
means of the transformation 

Γ COS <F>C r (F>? + h) COS ß?) 

Γ sin ΦΖ -(BC +h) sin Φ3 [ 8$ 

where Ρ = AC is the prime (east-west) radius of curvature of 
the reference ellipsoid, and BC = 0^ ( 1 - θ ̂ )· The gravity 
potential is 

and V in geographic coordinates is 

3 , l 3 . ί> I 2 , 4 1 â_ 
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in which a circumflex accent indicates a unit vector p m Is 
the meridian radius of curvature of the reference ellipsoid 

p 

( * « u ( l -€ 2 s.n 2?9% M 
a, p, and € are the semimajor axis, semilatus rectum, and 
eccentricity respectively of a meridian section of the refer-
ence ellipsoid. The flattening f, sometimes called the 
ellipticity, is approximately eV2 . 

By taking and W in spherical and geographic coordi-
nates and working out the detailed algebra (as in Ref. 22), 
the systematic horizontal components of gravity and 
gravitation are found to be 

9^ = - 5.44 (j) s in 2 ̂  cm/s ec2
 é 5 χ \ 0

 5

g 

0< h< 35 naut miles J 

<V9* 1.171 sin 2φ [l + 0.0335 sin 2^-2./8(|)]cm/5ec 2f I0'5g 

0<h< 35 naut miles 

-3.30 s/n 20 c ctn/sec2 ± I0~5g ^ 

These are the worldwide gravity and gravitational models for 
Earth. It is evident that the average worldwide gravity 
vector lies along the normal to the ellipsoid below 35 
nautical miles altitude, within 3> x 10-5g. 

Reference Ellipsoid 

The geops, or gravity equipotentials of rotating Earth, 
have an irregular shape. Near the surface of Earth, the 

582 



GUIDANCE AND CONTROL 

dimensions of the geops are independent of the motions of the 

sun and moon within 3 in. (Ref. 22, p. U2). For mapping and 

gravimetric purposes, the equipotential designated as the 

geoid is represented by a simple geometric figure, usually an 

ellipsoid of rotation but sometimes a triaxial ellipsoid. 

The shape and size of the best fitting ellipsoid are deter-

mined by a number of related methods. 

The most sophisticated current criterion of the best 

ellipsoid is one that minimizes the mean square deflection of 

the vertical, taken over the area of the survey, by numericalf-

ly varying the size, shape, and center position of the 

ellipsoid. Clearly the best ellipsoids for different local 

surveys will themselves differ. Equally clearly, the final 

unremovable mean square deflection of the vertical will be 

smaller for a local survey than for a worldwide survey, since 

the former will fit the local area more exactly. It is note-

worthy that the navigator does not require position coordi-

nates on an optimum ellipsoid for which the mean square 

deflection is a true minimum. Any ellipsoid is satisfactory 

for navigation if all points on Earth are mapped onto the 

same ellipsoid and if the components of "g* and f[ are known 

in the geographic coordinate frame defined by that ellipsoid. 

In any event, since the longitudinal harmonics in Earth's 

gravitational field are not known and since few intercontin-

ental as'trogeodetic arcs are available, Earth is usually 

mapped onto a mathematically exact ellipsoid of rotation (the 

Soviet Union uses the triaxial Krasovsky ellipsoid). The 

geodesist attempts to place the center of this ellipsoid at 

the mass center of Earth and to align the axis of symmetry of 

the ellipsoid with the geographic polar axis of Earth. 

The geodesist can find the relative location of two fixed 

points on a well-surveyed land mass to within 20 meters, an 

ample accuracy for any navigation application. Relative 

locations between islands and continents can probably be 

specified to 300 meters, because of uncertainties in positions 

of the origins of the reference ellipsoids. The axis of a 

reference ellipsoid can be aligned with the spin axis of 

Earth within about 3 sec of arc (Ref. 27, p. 31)· 

The navigator does not ask that Earth be mapped onto the 
optimum ellipsoid; any ellipsoid is satisfactory if it is 
universally used. For navigation applications, all points 
on Earth should be mapped onto an ellipsoid whose dimensions, 
though not necessarily optimum, are mutually agreed upon. 
Gravimetric and satellite measurements should be used to 
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ascertain the proper deflection of the vertical and geoidal 
height needed at each national origin to retain the agreed-
upon center of the worldwide ellipsoid. 

Finally, the vector angular velocity of Earth and the vector 
gravity must be known in the geographic coordinates defined 
by the ellipsoid. The location of the center of the world-
wide ellipsoid relative to the mass center of Earth does not 
affect the position accuracy between points on the surface of 
Earth. However, it does slightly affect the mechanization of 
the inertial navigation equations. Because the center of the 
ellipsoid will rotate around the spin axis of Earth, a 
centripetal force field would be created which must be 
included in the navigation equations. For example, if a 
10~°g threshold is assumed for the accelerometers, the center 
of the worldwide ellipsoid may be no more then 2000 meters 
from the mass center of Earth. 

Anomalies and the Deflection of the Vertical 

To describe the local irregularities in the gravity field 
would require extremely high order terms in the potential 
expansion. Instead, the actual field is compared to a 
simple reference field. The forms of the comparison are a 
magnitude anomaly, compared to the reference field, and a 
deflection of the vertical. In classical geodesy, the 
directional reference at all altitudes is implicitly the 
normal to the reference ellipsoid. Obviously if a large 
altitude range must be encompassed, the local direction of 
the reference field would better serve this purpose. 

The actual values of the anomaly and deflection of the 
vertical depend on the selection of a reference field and/or 
reference ellipsoid. As noted in the previous section, the 
ability to choose a simple reference field to match the 
actual field improves as the area of interest decreases. 
Table 1 shows typical magnitude anomalies and deflections of 
the vertical on Earth. Horizontal gradients of the deflection 
of the vertical are not well documented. 

Inertial navigation system designers commonly think of the 
deflection of the vertical at sea as small, although the 
largest deflections occur in the vicinity of the giant under-
sea mountain ranges, large islands, and continental shelves 
that slope into deep ocean trenches. 

It is also commonly believed, on the strength of 
observations of the small size of surface features', that the 
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deflection of the vertical decreases with altitude near 
Earth. However, the navigator sometimes forgets that such 
geophysical features extend down to the depth of isostatic 
compensation (about £0 miles). As a result, it is reasonable 
to expect large disturbances of the horizontal and vertical 
gravity fields within lo6 ft of Earth. 

Since it is impossible to establish astrogeodetic stations 
above Earth, the only feasible means of finding the deflection 
of the vertical at altitude is by computation from the 
Stokes-Vening-Meinesz procedure (2k)« Orlin (21) has per-
formed a typical calculation for a small region of Earth's 
surface and finds that the horizontal component of gravity 
can rise by as much as a factor of 8 at 20 miles altitude 
(21). At large distances from Earth, the anomalous horizontal 
component of gravitation, not of gravity, must go to zero as 
the field approaches that of a point mass (Fig. i|)# 

APPLICATIONS TO INERTIAL NAVIGATION 

The use of angular inertial sensors for navigation near 
Earth's surface is limited by the following: 

1) Earth-centered inertial space X^ has a maximum inertial 
angular velocity of 2 χ 10~6 deg/hr, which could be predicted 
to about 3 x ,10~H deg/hr if desired. 

2) Earth-centered, Earth-fixed space Y^ has an angular 
velocity relative to Xj_, whose components are l5.0l|107 deg/hr 
about the X^ axis, predictable to better than 10-5 deg/hr. 
The components in Earth-fixed axes are l£.0^107 deg/hr along 
Y^ and an essentially unpredictable component of angular 
velocity in the Y-j_ Y2 plane of as much as 5 x 10-5 deg/hr. 

3) Other limiting effects are shown in Fig. 1· 

It is doubtful if navigation near Earth will ever require 
inertial instruments more sensitive than 10-^ deg/hr. For 
interplanetary travel, the lower limit on the use of inertial 
sensors must rest on a fuller understanding of the relativis-
tic nature of angular inertial space* The fundamental 
limitations appear to lie below £ x 10" 7 deg/hr. 

Earth-bound navigation systems could use accelerometers as 
sensitive as 10~7g without the necessity for carrying an 
ephemeris of the sun or moon. However, for measurements 
below 5 x 10-5 to 10*"̂ g, the gravity anomalies in Earth's 
field must be considered. These are largest in mountainous 
areas (including oceans) and can increase nearly an order of 
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magnitude up to altitudes of tens of miles. Worldwide 
systematic variations in the horizontal components of gravity 
are smaller than 10~£g within 35> nautical miles of Earth. 
Hence, accelerometers for Earth-bound use, which are more 
sensitive then 10~5g, tend to measure the anomalous gravity 
field rather than vehicle accelerations. 

Ballistic missiles and space boosters, especially those 
using perturbation guidance systems, commonly fly within a 
few miles of a nominal trajectory. Consequently, if the 
gravitational anomaly is a known function of position along 
the nominal trajectory, the effect of the anomalous field 
could be included in the perturbation coefficients or used to 
offset the target. Explicit guidance systems must have means 
of storing the anomalies as functions of position, where they 
are significantly large. 

The computer capacity required to store empirical deflec-
tions of the vertical, for worldwide surface navigation, can 
be estimated as follows. Assuming the horizontal gradient to 
be such that one prime and one meridian deflection can 
characterize each l x l deg square on Earth's surface (within 
the desired accuracy), about 100,000 numbers (for ρ and ) 
are necessary to fully describe the anomalous horizontal m 

field. If 1% of these horizontal anomalies are significant, 
the storage capacity of the gravity-anomaly memory, for 
worldwide operation, must be 1000 numbers, each number being 
stored to an accuracy of no better than 3% (five bits). Of 
course, the required anomaly information is not available at 
this time. 

High speed aircraft guidance systems are relatively 
insensitive to anomalies, because during a flight the rapidly 
varying gravity anomalies cause neither significant error in 
the integrated accelerometer output nor appreciable disturb-
ance of the platform from its nominal orientation with 
respect to the radius vector or the normal to the reference 
ellipsoid. An exception arises during initial alignment, in 
which the significant local deflections of the vertical must 
be included. 

A slow moving vehicle, such as a ship, is always sensitive 
to local anomalies. Its inertial guidance system tends to 
follow the local variations in gravity precisely, unless 
they are programmed into the navigation system in regions of 
large deflection. 

If an inertial platform is aligned without being offset by 
the amount of the deflection of the vertical relative to a 
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worldwide navigation ellipsoid, the platform orientation will 
be in error by: 1) meridian deflection of the vertical (/>m) 
about the east-west axis; 2) prime deflection of the vertical 
(̂ >p) about the north-south axis; and 3) an amount, /O tan 
, about the azimuth axis. 

The United States Coast and Geodetic Survey conventionally 
designates the prime and meridian deflections of the vertical 
as £ and η , respectively. 

Inertial navigation is likely to play an important role in 
navigation on the surfaces of the moon and planets as a 
supplement to electronic beacons, celestial navigation, and 
artificial Transit-type satellites. Hence, all the factors 
considered in this paper should be re-examined for each navi-
gable planet and satellite, with regard to angular velocity, 
gravity (flattening and anomalies), and astronomic precession. 
As in the case of Earth, these phenomena are not likely to 
cause any immediate limitation on the accuracy of present-
generation navigation systems. 
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Limi ta t ions 

Misal ignment between the a x i s of 
the re f erence e l l ip so id and the 
geographic po lar a x i s must be 
included in the mechanizat ion. 

Migration of E a r t h ' s pole must 
be included in the mechanizat ion. 

Spin r a t e f luctuations of E a r t h 
must be included. 

The conventional E a r t h - c e n t e r e d , 
inert ial ly nonrotating x. coordin-
ate f r a m e has an iner t ia l angular 
velocity, due to a s t r o n o m i c p r e -
c e s s i o n . 

The inert ia l and s i d e r e a l spin r a t e s 
differ. 

Re la t iv i s t i c Schiff p r e c e s s i o n on 
low-level E a r t h s a t e l l i t e . 

Schiff p r e c e s s i o n on E a r t h 

Star proper motion i s m e a s u r a b l e , 

Schiff p r o c e s s i o n on a so lar s y s t e m 
spacesh ip . 

E p h e m e r i s t ime is u n s a t i s f a c t o r y . 
Laws of dynamics in question. 
E r r o r in knowledge of a s t r o n o m i c 
p r e c e s sion. 

Sensor Uncertainty, deg/hr 

Fig. 1 Limitations on the use of angular inertial sensors 
for terrestrial inertial navigation 
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L i m i t a t i o n 

P o s i t i o n E r r o r , Naut Mi le 
, - 3 

1.0 0 . 1 10 10 

A c c e l e r o m e t e r T h r e s h o l d , g 

10 -4 10" 10 10 

G e o d e t i c i n f o r m a t i o n needed for 
a l i g n m e n t . 

D e f l e c t i o n s of the v e r t i c a l m u s t be 
m e c h a n i z e d en r o u t e . 

G e o d e t i c i n f o r m a t i o n needed to 
s p e c i f y i n t e r c o n t i n e n t a l d i s t a n c e s . 

A x e s of r e f e r e n c e e l l i p s o i d s not 
p a r a l l e l to e a c h o t h e r . 

G e o d e t i c i n f o r m a t i o n n e e d e d to 
s p e c i f y d i s t a n c e s on a land m a s s . 

E p h e m e r i s n e e d e d for n a v i g a t i o n on 
E a r t h 

A c c e l e r a t i o n of the c e n t e r of the 
r e f e r e n c e e l l i p s o i d m u s t be 
m e c h a n i z e d . 

Fig. 2 Limitations on measurement of position and 
acceleration for terrestrial inertial navigation 
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P R E C E S S I O N I N X j . X ^ P L A N E 

X. a r e "inert ia l ly nonrotat ing" but part ic ipate in the a s t r o n o m i c 

p r e c e s s i o n of the spin a x i s . 

Y. a r e E a r t h - fixed, ι 

θ is the angle of migrat ion of the pole . 

If X j is inert ia l ly nonrotating (a long a fixed equinox) , the f rame 

ro ta tes at 15.041068 deg /hr re la t ive to Χ. , and the component 

of p r e c e s s i o n in the , X^ plane ro ta te s in that p lane . 

If X^ is along the mean equinox, the Y. f r a m e ro ta te s at 15.041069 deg /hr 

re la t ive to Χ. , and no component of inert ial ra te e x i s t s along X j . 

Fig. 3 Operational Earth-centered inertial coordinate frame 
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PLANET 

CONSTANT V 

P L A N E T — * 

R
E 6 - 3 / 4 R 

CONSTANT U 

Fig. k Contours of constant V and U around an isolated 
rotating planet 
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GEOGRAPHIC POLAR AXIS 

Fig. 5 Reference ellipsoid whose center does not coincide 
with the mass center of Earth 
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