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I. Introduction 

What takes place in a moving fluid when concentration or property differ-

ences are present has been described in Chapter 2. There, mixing is considered 

to be a process in which progressively greater uniformity is obtained as a 

result of various types of fluid motion such as laminar flow, turbulent flow, 

and molecular diffusion. 

In this chapter, simplified methods are used to describe what takes place in 

vessels in which fluid motion that is induced by moving propellers, turbines, 

or jets of fluid is used to promote mixing. The relationships of fluid velocities, 
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flow rates, and flow patterns in vessels to the mixing process are discussed. 
Correlations are presented for predicting the flow produced by impellers and 
the time to obtain an arbitrary uniformity in batch mixing operations. 
Methods are presented for predicting the effects of mixing in an agitated 
vessel on changes in concentration or properties in a continuous stream of 
fluid entering and leaving the agitated vessel. 

II. Relationships between Flow Patterns, Fluid Velocities, 
Flow Rates, and Mixing 

The forces applied by an agitator moving in a fluid contained in a vessel 
maintain a flow pattern in the fluid. If the flow pattern is laminar, the direc-
tions and magnitudes of velocities at each point in the vessel are constant 
or there is a regular periodic variation. If the flow pattern is turbulent, there 
is an average direction and magnitude of velocity at each point and a random 
variation in these values with time due to turbulent velocity fluctuations. 

These movements interchange fluid between different parts of the vessel. 
If fluid properties are not the same at these different locations, this interchange 
of fluid reduces the difference in the properties. Such a process makes macro-
samples of the fluid more uniform in properties or composition. 

When fluid with varying properties is fed continuously to an agitated vessel, 
the magnitude of these variations is lower in the effluent stream than in the 
entering stream. When a small quantity of fluid is added in a short time to an 
agitated vessel already filled with another fluid, an initial difference in com-
position or properties will be reduced. 

These continuous and batch mixing operations are influenced by the flow 
rates, velocities, and flow patterns of the fluid within an agitated vessel. 
Higher velocities provide faster reduction of concentration or property 
differences. Some flow patterns are better suited than others for distributing 
fluid added to the vessel throughout all parts of the vessel. If velocities are 
relatively low in a region of the vessel, and fluid does not enter and leave 
readily, that region is relatively stagnant and the flow pattern is unsuited to 
mixing uniformly and rapidly throughout the vessel. 

III. Impeller Discharge Rates 

A . THEORETICAL RELATIONSHIPS 

The relationships between impeller geometry, rotational speed, and other 
variables have been studied in detail for centrifugal pumps (S3, W3). The basic 
principles which relate head developed, fluid velocities, flow rates, power 
consumption, and equipment geometry are applicable also to rotating 
impellers in agitated vessels. In this section are described the theoretical and 
empirical relationships which have been obtained by various investigators 
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r + (œr-kœr)2 

(2) 

vr 
= vw sin β (3) 

Vc COS OL = kœr (4) 

vr 
= sin β\/(kœr)2 tan α + (œr — kœr)2 

(5) 

VP = œr (6) 

where 

vc = fluid velocity leaving the periphery of an impeller, ft./min., 
k = ratio of tangential fluid velocity at the periphery of an impeller to the 

peripheral impeller velocity, 
r = radial distance from center of rotation, ft., 

vp = peripheral impeller velocity, ft./min., 

between discharge velocities and flow rates, impeller geometry and rotational 
speed. 

1. Curved-Blade Turbines 

In Fig. 1 are shown the velocity vectors at the periphery of a curved-blade 
turbine impeller. The following equations can be written from inspection of 
this diagram: 
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FIG. 1. Discharge velocity for a curved-blade turbine. 
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vr = radial velocity component, ft./min., 
vw = fluid velocity relative to impeller blade tip, ft./min., 

ol = angle between velocity vectors, vc and vp9 

β — angle between impeller tip and velocity vector, vp9 

ω = angular velocity, radians/min. 

An equation relating velocities and theoretical head developed by a rotating 
impeller can be derived from an angular momentum balance. The time rate 
of change of angular momentum of the fluid passing through the impeller is 
equal to the torque, Tf, or moment of the forces applied to the fluid by the 
impeller surfaces, 

Tf = QPœkr*/gc (7) 
where 

gc = gravitational conversion factor, 115,900 ( lb. / lb^) (f t . /min. 2) , 
Q = impeller discharge rate, cu. ft./min., 
ρ = fluid density, lb./(cu. ft.). 

In writing this equation, the angular momentum of fluid entering the 
impeller was assumed to be zero. If both sides of Eq. (7) are multiplied by the 
impeller rotational speed, ω , the following relationship is obtained. 

7 > = QPkœ*r*lgc (8) 

The left side of this equation is the power consumption, P , of the agitator. If 
fluid friction losses are assumed to be zero, this power can also be expressed 
as follows : 

Ρ = QpH (9) 

where Η = theoretical impeller head, ft. 

From Eqs. (8) and (9), 

H = kœ2r2/gc (10) 

This theoretical head, H, appears at the impeller periphery as kinetic and static 
heads if there are no friction losses in the impeller. The kinetic head is v2J2gc 

and the static head is that due to centrifugal force on the liquid at the impeller 
periphery, (kwr)2/2gc. Therefore, 

H = v\l2gc + (kœry/2gc (11) 

and 

ko?r2\gc = v2J2gc + (kœryi2gc (12) 

When vw, ve, and cos α are eliminated from Eqs. (1), (2), (4), (6), and (12), the 
following relationship is obtained : 

vr = wr^2k{\-k) (13) 
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Q = n2bND2^2k(\-k) (21) 
or 

NQ = n2(b/D)j2k(l-k) (22) 
where 

NQ = QjND* (23) 

Similarly, from Eq. (16), 

NQ = w%b/D) sin β^Ι-k2 (24) 

From Eqs. (9), (10), and (19) a simple relationship between power consump-
tion, flow from an impeller, and the ratio of tangential fluid velocity to impeller 
peripheral speed can be derived : 

Ρ = 7T2QpkN2D2/gc (25) 

A relationship between k and OL can be obtained from Eqs. (4) and (12) by 
elimination of vc. 

t an 2 a = 2(1-k)/k (14) 

That angle β is also a function of k can be shown by eliminating vr and vw 

from Eqs. (2), (3), and (13). 

t an 2 β = 2kl(\-k) (15) 

Therefore k, a, and β are not independent. If t an 2 α from Eq. (14) is sub-
stituted in Eq. (5), Eq. (16) is obtained: 

vr = corsin jSVf^ (16) 

This is the equation given by Van de Vusse (VI) for a curved-blade turbine. 
The radial pumping capacity of an impeller in an agitated vessel is cal-

culated from the following equation : 

Q = 2iTbrvr (17) 

where b = axial impeller blade width, ft. 
Then, by substitution of vr from Eq. (13), 

Q = 2nb<or2J2k(l-k) (18) 
Since 

ω = 2πΝ (19) 
and 

r = D/2 (20) 
where 

Ν = agitator rotational speed, r.p.m., 
D = agitator diameter, ft. 

Then, 
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If each side of this equation is divided by n2kpN3D5 the following relationship 
is obtained after rearranging terms : 

QjND3 = gcP/(^kPN*D*) (26) 

or 

NQ = Nplv*k (27) 

where 

Np = gcPipN*D5 (28) 

Equation (27) was derived from relationships that are independent of the 
type of impeller. However, zero friction losses were assumed for fluid passing 
through an impeller and the fluid entering the impeller was assumed to be not 
rotating. 

Equations (22) and (24) require modification for application to impellers 
in agitated vessels because (a) the flow from actual impellers is distorted by the 
use of relatively few blades or vanes, (b) part of the kinetic and static heads is 
dissipated by turbulent motion and viscous drag, and (c) the fluid does not 
have zero rotational velocity entering the impeller as assumed in Eqs. (7), 
(8), (10), and (11) unless the vessel is baffled. The use of baffles at the vessel 
walls will affect the extent of turbulent and viscous drag. The values of k will 
approach 1 when no baffles are used, and k will become smaller when baffles 
are present. In some cases, k may be as small as 0.1 according to estimates of 
k from Eq. (27) and NPINQ from Tables I and IV. 

The following two basic principles were used to obtain a relationship 
between impeller rotational speed and radial flow rate of fluid: 

(a) The rate of change of angular momentum of the fluid passing through 
an impeller is equal to the torque required to rotate the impeller. 

(b) The theoretical fluid head induced by the impeller is equal to the 
static head plus the kinetic head of the fluid at the exit of the impeller. 

These same principles apply to impellers with pitched blades and they have 
been applied to obtain relationships between torque, thrust, and rotational 
speeds for propellers and other axial flow impellers (W3). However, these 
relationships do not appear in any agitation references. 

2. Pitched-Blade Turbines 

Van de Vusse (VI) describes a method of estimating the discharge velocity 
and flow rate from an impeller with inclined blades. A single blade and the 
velocity vectors in a plane tangent to the circular path of the tip of this blade 
are illustrated in Fig. 2. In this figure, vp is the peripheral blade velocity, ω/·, 
and y is the angle of pitch of the blade face. The absolute velocity of the liquid 
is vL. The difference (vp — vL)\s the velocity of the liquid relative to the blade. 
Velocity components of the fluid approaching the blade which are in an axial 
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Impeller 

Symbol0 Descripton DjT b\D NP NPINQ NSex ΙΟ-

a 16-Flat-blade turbine 0.513 0.20 1.08 0.33 3.3 Ι 

b 16-Flat-blade turbine 0.513 0.20 1.06 0.33 3.2 1 

Ci 8-Flat-blade turbine 0.513 0.10 0.81 0.25 3.2 1 
c2 8-Flat-blade turbine 0.513 0.20 0.95 0.34 2.8 1 

Cz 8-Flat-blade turbine 0.513 0.30 1.04 0.47 2.2 1 

Ci 8-Flat-blade turbine 0.513 0.40 1.07 0.59 1.8 1 

di 8-Curved-blade turbine 0.513 0.20 0.88 0.43 2 1 

d2 8-Curved-blade turbine 0.513 0.20 0.71 0.43 1.7 1 

dt 8-Curved-blade turbine 0.513 0.20 0.55 0.37 1.5 1 

d* 8-Curved-blade turbine 0.513 0.20 1.06 0.27 3.9 1 

ei 8-Flat-blade turbine 
(f of corners cut off) 

0.513 0.20 0.84 0.24 3.5 1 

e* of corners cut off) 0.513 0.40 1.05 0.51 2.1 1 
( J of corners cut off) 0.513 0.40 1.04 0.46 2.3 1 

ei 8-Flat-blade turbine 
C| of corners cut off) 

0.513 0.40 0.99 0.46 2.2 1 

I (Corners widened) 0.513 0.20 1.09 0.46 2.4 1 

f Raised blade turbine 0.513 0.20 0.94 0.28 3.4 1 

g 8-Blade arrowhead turbine 0.513 0.20 0.95 0.26 3.7 1 
h 3-Flat-blade turbine 

(similar to cx) 0.489 0.10 0.60 0.19 3.2 1 
i Pfaudler-type impeller 0.489 0.10 0.37 0.23 1.6 1 

j 8-Blade, pitched-vane-type 
impeller 0.513 0.20 0.44 0.34 1.3 1 

8-Pitched-blade turbine (y= 90°) 0.513 0.20 0.95 0.34 2.8 1 

k2 8-Pitched-blade turbine (y= 60°) 0.513 0.17 0.84 0.36 2.3 1 

k, 8-Pitched-blade turbine (y= 45°) 0.513 0.14 0.72 0.31 2.3 1 

k* 8-Pitched-blade turbine (y= 30°) 0.513 0.10 0.51 0.30 1.7 1 

Pi 8-Flat-blade turbine 0.308 0.33 2.17 1.23 1.8 0.37 

o 2 8-Flat-blade turbine0 0.718 0.14 0.57 0.144 4 2 

1 Rotating disk 0.513 — 0.045 0.031 1.45 2.1 

a From Nagata et al (NI). 
b See Fig. 7. 
c Similar to c2 but D = 42 cm. 

or radial direction are neglected or assumed to be zero. The fluid is assumed 

to leave the blade in a direction parallel to the face of the blade. The magni-

tude of this velocity in a plane which is perpendicular to the plane of the blade 

and parallel to the axis of rotation of the blade is equal to (vp — vL) cos γ. The 

vertical component of this velocity relative to the blade is (vp — vL) sin γ cos γ 

and the tangential component is (vp — vL) cos 2 y. The velocity of the latter 

relative to the liquid approaching the blade is vp — (vp — vL) cos 2 γ — νL which 

TABLE I 

Discharge Performance of Impellers in an Unbaffled Vessel* 
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FIG. 2. Discharge velocity for a pitched-blade turbine (radial view of blade). 

is equal to (vp — vL) sin2 y. The radial velocity of fluid leaving the inclined 
blade was assumed by Van de Vusse to be equal to the tangential velocity of 
fluid leaving the blade minus the tangential velocity of fluid entering. This 
radial velocity is (vp — vL) sin2 y. N o experimental basis for this assumption 
was presented by Van de Vusse. 

If all fluid leaving the impeller has an axial velocity equal to (vp — vL) cos y 
sin y or (ω — œL)r cos y sin y where œLr = vL, then the axial flow rate is 

r 

ôaxiai = / ( ω - *»ΰ cos y sin γ 2nndr (29) 
ο 

Ôaxiai = (ω - ( π / 1 2 ) / ) 3 sin y cos y (30) 

The radial discharge flow rate is 

ôradiai = Op ~ H) (sin2 y)b*D (31) 

ôradial = (Φ) (ω " « J (sin2 y ) è £ 2 (32) 

Since 

Q = Ôaxiai + ôradial (33) 

where g is the total flow rate, 

QjND3 = (1 - £ ) π 2 [(1/6) sin y cos y + (b/D) sin2y] (34) 

This equation was modified by Van de Vusse for use in correlations of mixing 
time [see Eq. (62)]. 

5. Propellers 

Van de Vusse (VI) derived a flow equation for a marine propeller in a 
similar way. In this case, the angle, y, is a function of the radial distance from 
the axis of rotation. 

tan y = p/2nr (35) 
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where ρ is the propeller pitch. Pitch is related to sin γ and cos γ as follows : 

sin γ = PKP2 + 4π 2Γ 2)* (36) 

cos γ = 2nr/(p2 + 4ΤΓ2α·2)* (37) 

When these expressions for sin γ and cos γ are substituted in Eq. (29), the 
axial flow rate is 

r 

ôaxial = 4π*(ω - oL)p J"[r»/(p« + 4*V)]<fr (38) 
0 

Ôaxia. = l /8(« - « L ) ( /> /£ )£ 3 [1 - (p2l"2D*)ln (1 + T T ^ / p 2 ) ] (39) 

If pi D = 1 a n d o j L = 0, 

QvJNB* = 0.60 (40) 

If a propeller displaced fluid for a distance equal to its pitch per revolution 
with no slip, the volumetric discharge rate, Q, would be 

Q = (n/4)D2pN (41) 

Brothman et al. (B3) recommended using 0*6 of this flow rate. Then for ρ = d, 

QjND3 = 0.47 (42) 

which is smaller than the value of 0.60 obtained from Eq. (39) when pjD = 1 
and cu L = 0. 

B. EXPERIMENTAL, IMPELLER DISCHARGE RATES 

1. Discharge Rates From Velocity Data 

Nagata et al. (NI , N2, N3) have studied velocities, flow rates, and flow 
patterns extensively for rotating impellers. Data were reported for 30 different 
impellers in baffled and unbaffled vessels for Reynolds numbers from 10 to 
105. In all cases, the impellers were located halfway between the liquid surface 
and the bottom of the vessel. A 23-in. diam. vessel was used for the baffled and 
unbaffled tests at high Reynolds number (approximately 105). 

For water velocity measurements at high Reynolds number, two types of 
velocity measuring tubes were used. The direction of flow was measured by 
two parallel, adjacent, 2-mm. diam. tubes connected to a manometer. When 
the direction of the tubes and the flow of liquid were the same, there was no 
difference in the manometer fluid levels. Velocity measurements were made by 
a single 5-mm. o.d. Pitot tube oriented in the direction indicated by the zero 
manometer reading for the parallel tubes. 

For measurements at intermediate and low Reynolds numbers, a photo-
graphic method was used in which a plane beam of light was projected through 
various sections of an 11.8-in. diam. vessel. This method is similar to that used 
by Sachs and Rushton (SI). Fine particles, such as naphthalene powder 
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suspended in the liquid, reflected the light. Photographs were taken of the 
trajectories of the gleaming particles and were used to calculate directions and 
velocities of the liquid in which the particles were suspended. 

Pitot tube and photographic data were obtained only for the upper half 
of the vessel. The velocities in the lower half of the vessel were assumed to be 
similar to those in the upper half. 

Typical velocity data are shown in Figs. 3 , 4 , and 5 . As expected for an 

Vt, cm/sec. 

29.25 

FIG. 3. Tangential velocities produced by turbine (a) in an unbaffled vessel at 72 r.p.m. 
Turbine is located halfway between the water surface and the bottom of the vessel (Nl). 

unbaffled vessel, tangential-velocity components are high relative to radial 
and axial components. Throughout the region above and below the rotating 
impeller, the tangential-velocity component is proportional to the distance 
from the center of the agitator shaft as shown in Fig. 3 . Radial velocity 
components are toward the vessel wall in the region between the upper and 
lower edges of the impeller and are toward the agitator shaft in all other 
regions as shown in Fig. 4 . The axial velocity component plot, Fig. 5 , shows 
that fluid moves away from the impeller at the vessel wall and in part of the 
region above the impeller. The fluid returns to the impeller in the annulus 
between the dotted lines shown in Fig. 5 . and in the annulus adjacent to the 
agitator shaft. N o explanation is offered by Nagata for the upward flow in 
part of the zone above the impeller. 

The combined radial and axial flow produced by each impeller was cal-
culated from velocity data by integration of the velocity data at the locations 
in the vessel shown in Fig. 6. The distances, Zs and rs, were arbitrarily selected 
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Vr, cm./sec. 

29.25 

8 20 26 29.25 12 16 
r,cm. 

FIG. 4. Radial velocities produced by turbine (a) in an unbaffled vessel at 72 r.p.m. 
Turbine is located halfway between the water surface and the bottom of the vessel (Nl) . 

Ν =72 r.p.m. 

Î6 1 ' « 2 5 0 1 0 

r, cm 
FIG. 5. Axial velocities produced by turbine (a) in an unbaffled vessel at 72 r.p.m. 

Turbine is located halfway between the water surface and the bottom of the vessel (Nl). 
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FIG. 6. Reference points for calculating impeller discharge rates from velocities in 
unbaffled vessels (Nl). 

to permit defining the discharge flow, Ql9 from the impeller as follows : 

Qi = 4*rsj vrdZ (43) 

The flow, g 3 , moving toward the impeller can be computed as follows : 

Zs rs 

Qs = 4*rs j vrdZ + 4 π j rvzdr (44) 
zp 0 

Since flow toward the impeller is equal to the flow away from the impeller, 

03 = Qv 
The flow, Q29 up the vessel wall can be calculated from : 

Q2 = 4njv2rdr (45) 

The center of secondary circulation (r 0, Z 0 ) is located from the experimental 
velocity data ; (r 0, Z 0 ) is the point where both radial and axial components of 
velocity are zero. 

Nagata et al. expressed the flow rate, Ql9 in dimensionless form as follows: 

NQ = QJNB* (46) 

The Reynolds numbers and power numbers corresponding to each co-
efficient of impeller discharge, NQ, are presented in Table I. The letters a, b, 
c, etc., identify the impellers pictured in Fig. 7. 

Nagata et al. used the ratio NP/NQ as a measure of impeller discharge 
performance: 

NPINQ = (gcPj pN3D5)l (QJN D 3) = gcP/pN^Q, (47) 
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(α) 16 Flat-Blade (t>) 16 Flat-Blade (θ) 8 Flat-Blade (d) 8 Curved-Blade (β) 8 F lot-Β laded 
Turbine Turbine Turbine Turbine Turbine 

Corners Cut Off 

ι ι ι 1 (l 

j 7.5 cm. 

1- D -I ^22·5 cm-| Αβ- L 30 cm. -*j 

D - 3 0 c m . D = 30cm. D = 30 cm. D - 30 cm. ( e , ) b / K = 0.20 c/. = 1 / 3 
b = 6 c m . b - 6 cm. (C, ) b = 3 cm. (d, ) £,= 40° (,,)^ =0.20 C /b = 1/8 

(C2) b = 6 cm. ( d 2) ^ = 60° Mhfa = 0.20 c^ = 1/6 
(C,) b = 9 cm. «,) /?'= 80° (β 4) b/K = 0.20 CA = 1/4 
(C4) b = 12 cm. ( « 0 / 9= -60° 

Roised-Blode , . 8 Blade-Arrow Curved-Raised Pitched 8 Pitched-Blade 8 Flat-Bladed 
( f ) Turbine W Head Turbine (l) Turbine (j ) Vane Type (K) Turbine (]) Turbine 

Ϊ Impel 1er Corners Widened 

D = 30cm. D = 28.6 cm. ^ ™' on . D « 30 cm. 

b = 6cm. D = 30cm. b = 6 cm. b= 3 cm. D = 30 cm. b « 6 cm. 

b = 6cm. (k,) y » 90° (k,) y = 45° 

(k2) y = 60° (k4) y = 30° 

FIG. 7. Impellers used by Nagata et al. (NI, N2, N3). 
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This ratio is proportional to the power per unit flow rate of fluid discharged by 
an impeller when pN2D2 is the same for all impellers. If HQp from Eq. (9) is 
substituted for Ρ in Eq. (47), a relationship is obtained between velocity head, 
H, and the ratio NPjNQ 

NPINQ = gcHI(N2D2) (48) 

The ratio, NPjNQ, is also proportional to the theoretical velocity head, H9 

of fluid discharged by an impeller if ND or peripheral velocity is constant. 
The experimentally measured discharge rates were widely different for the 

various impellers studied. The discharge rates for the data in Table I range 
from 0.069 to 0.43 ft.3/sec. Since turbulence will extend to a larger fraction of 
the vessel for an impeller which produces a high discharge rate than for an 
impeller which produces a low one, the flow conditions in the vessel can be 
different for two impellers at the same Reynolds number. 

An appropriate basis of comparison of impeller discharge performance is 
the power required for each impeller at the same discharge rate. The data in 
Table I were used to calculate the power needed for a 0.265 ft.3/sec. discharge 
rate. In Table II are shown the results of these calculations. Assuming that 
NP and NQ do not change with NRe was necessary in obtaining the values 
shown. 

The following conclusions can be drawn on the basis of the data in Table II 
for an unbaffled vessel : 

1. Using a disk to support impeller blades has no significant effect on the 
power required to obtain the same discharge rate (see a and b in Table II). 

2. Increasing axial blade width, b9 markedly increases impeller discharge 
efficiency as measured by power to obtain the same discharge rate (see 
cl9 c29 c 3, and c 4) . 

3. Curving the impeller blades increases discharge efficiency ( c 2, dl9 d29 d3). 
Curving the blades in the direction of rotation decreases efficiency 
(see i/4, and c 2) . 

4. Cutting off the corners of the blades at the periphery of the impeller 
decreases efficiency (compare e1 and c2). 

5. Moving the tips of the blades axially relative to the impeller hub 
decreases efficiency ( / a n d c2). 

6. An "arrowhead" turbine is less efficient than a flat-bladed turbine 
(g and c2). 

7. A pitched-vane impeller is more efficient than a turbine impeller (j and c2) 
8. Increasing impeller diameter decreases discharge efficiency (pl9 c29 o2). 
9. A rotating disk (q) has very poor discharge efficiency. 
Further velocity data in unbaffled vessels were obtained by Nagata et al. 

(N3) for Reynolds numbers from 10 to 105. The effect of changing Reynolds 
number on typical velocity data for impeller c2 is shown in Figs. 8 and 9 for 
tangential and radial velocity components. The tangential and radial velocities 
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TABLE II 
Impeller Discharge Performance at the Same Discharge Ratea in an Unbaffled Vessel 

Impeller 

Power 
Symbol6 Description (ft.-lb./sec.) 

a 16-Flat-blade turbine 1.15 
b 16-Flat-blade turbine 1.13 
Ci 8-Flat-blade turbine 1.98 

8-Flat-blade turbine 0.93 
8-Flat-blade turbine 0.38 

c4 8-Flat-blade turbine 0.198 

dx 8-Curved-blade turbine 0.42 
d2 8-Curved-blade turbine 0.34 
dt 8-Curved-blade turbine 0.42 
d* 8-Curved-blade turbine 2.1 
ex 8-Flat-blade turbine 

(f of corners cut off) 
of corners cut off) 

2.3 

e% 

(f of corners cut off) 
of corners cut off) 0.31 

e3 of corners cut off) 0.41 
of corners cut off) 0.39 

I (Corners widened) 0.43 

f Raised blade turbine with 8 blades 1.65 

g 8-Blade arrowhead turbine 2.1 
h 8-Flat-blade turbine 3.8 
i Curved raised-blade turbine (Pfaudler) 1.31 

J 8-Blade, pitched-vane-type impeller 0.43 
kx 8-Pitched-blade turbine (y = 90°) 0.93 
k2 8-Pitched-blade turbine (y = 60°) 0.69 
k3 8-Pitched-blade turbine (y = 45°) 0.93 
k, 8-Pitched-blade turbine (y = 30°) 0.73 

Px 8-Flat-blade turbine 0.34 
o 2 

8-Flat-blade turbine 1.89 

Q Rotating disk 58 

a 0.265 ft.3/sec. 
b See Fig. 7. 

decrease considerably at locations remote from the impeller as Reynolds 
number decreases. At low Reynolds numbers, the flow is laminar throughout 
the vessel ; at intermediate values, the flow near the impeller may be turbulent 
and laminar in remote parts of the vessel. As Reynolds number increases 
further, the size of the turbulent region will increase until it includes the whole 
vessel. At low Reynolds numbers, momentum transfer is by viscous drag and 
there is only small radial and axial circulation of fluid. This secondary 
circulation increases as Reynolds number increases. 

Values of NP and NQ for three impellers, c2, b\ and d2, are presented in Fig. 
10 as a function of Reynolds number. The number of blades of impeller b' 
are half those of impeller b in Fig. 7. Here NQ rises with Reynolds number 



FIG. 8. Effect of Reynolds number on tangential velocities produced by turbine (c2) in an unbaffled vessel. 
Here Ζ is the vertical distance above the center of the turbine blades (N3). 
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FIG. 9. Effect of Reynolds number on radial velocities produced by turbine (c2) in an 
unbaffled vessel. Here Ζ is the vertical distance above the center of the turbine blades (N3). 

when NRe is less than 102 and approaches a constant value for NRe above 103. 
Aiba (A2) has studied the effects of changing rotational speed and fluid 

viscosity on tangential velocities in a baffled and in an unbaffled 11 J-in. diam. 
vessel with a 2-bladed, 4f-in. diam. impeller (b = f-in.) located l rV in . above 
the vessel bottom. He obtained fluid velocities from measurements of the 
displacement of a steel ball suspended in the vessel by a thin wire. Fluid 
velocity was calculated from equations relating displacement of the ball and 
fluid velocity. The displacement of the ball from an equilibrium position at 
zero fluid velocity was determined from a calibration curve of counting rate of 
a Geiger tube and distance from the steel ball containing a small amount of 
cobalt 60. 

The results are shown in Figs. 11 and 12 for a level 3 in. above the impeller. 
The curve for velocities in the unbaffled vessel in Fig. 11 is similar to Fig. 8. 
The points in this figure cover a range of NRe from 12,000 to 36,000 due to a 
rotational speed range of 50 to 150 r.p.m. For this range of rotational speeds, 
all points lie on the same curve and the velocity of the fluid is proportional to 
the impeller tip speed. The data in Fig. 8 indicate that a further increase in 
rotational speed does not change this proportionality between tangential 

0 01 02 0.3(14 0 Oi 02 03 04 05 06 0 Q1 02 03 04 05 OS 

I — ι — τ — ι — ι ι — ι — ι — ι — ι — j — ι ι—ι—r ι ι — | — ι 
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FIG. 10. Correlation of discharge coefficients with Reynolds number for impellers in an 
unbaffled vessel (N3). 

FIG. 11. Effect of impeller rotational speed on tangential velocities at Reynolds numbers 
greater than 12,000. NRc = 12,000 at Ν = 50 r.p.m. and NRe = 36,000 at Ν = 150 r.p.m. 
(A2). 
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0.6 ι 

fluid velocity and impeller rotational speed. However, a large reduction of 
rotational speed or an increase in fluid viscosity which results in laminar flow 
and a NRC below 1000 results in a changing ratio of vtn/ND as impeller rota-
tional speed is changed. This effect is illustrated in Fig. 12 for NRE from 67 to 
270 and in Fig. 8 for NRQ from 14 to 830. 

Nagata et ah (N2) determined the effect of adding baffles for six impellers 
under turbulent flow conditions. The flow pattern is more erratic with baffles 
than without baffles. Periodically, vortices are shed by the impeller and by the 
baffles. The centers of some of these eddies rotate slowly about the agitator shaft. 

Typical average radial, tangential, and axial velocities for plane IV oriented 
as shown in Fig. 13 are shown in Figs. 14 to 17. 

Tangential velocities are greatly decreased by insertion of baffles and both 
radial and axial velocities are increased. These effects are illustrated in Fig. 17. 
Aiba (A2) found a similar effect (Fig. 11). At one location inside the agitator 
periphery, the direction of flow is opposite to the impeller blades. This opposite 
flow is stated by Nagata, et al to be due to eddies which are caused by tangen-
tial flow past the baffle plates. The eddies near the baffle plates die out rapidly 
but a smaller, more stable eddy is induced near the shaft by this temporary 
eddy. 

The impeller discharge rate, Ql9 and the axial circulation, Q2, were 
calculated for flows produced by impellers in a vessel with 8 baffles at each of 
the planes I, II, III, and IV shown in Fig. 13. These flows are defined by Fig. 
18 and the following equations: 
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Fig. 13. Baffled vessel used by Nagata et al. (N2) for velocity measurements. 

Q1 = 4nrsjvrdZ (49) 
ο 

02 = 4TT j vzrdr (50) 
ro 

where r 0, Z, Z p , and rs are defined in Fig. 18. The line B' — B" is a streamline 
through the upper corner of the impeller. The distance rs is arbitrarily chosen 
slightly larger than the impeller radius. As in Eqs. (43) and (45), the flows Qx 

and Q2 are the total flows for both upper and lower halves of the vessel. Values 
of Qx and Q2 were calculated for each of the four reference planes I, II, III , 
and IV. Then the average Qx and Q2 were calculated. The results of these 
calculations are shown in Table III. The ratio of Q2/Q1 with baffles was found 
to be 1.8. Sachs and Rushton (SI) report a value of 1.96 for this ratio. An 
average value of Q2\Qx for a 16-blade paddle (a in Fig. 7) without baffles was, 
reported by Nagata (Nl ) to be 1.9 for various rotational speeds. Apparently 
fluid entrained by the stream leaving an impeller is not affected appreciably 
by the presence of baffles. 
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Plane IV — yr cm/sec 
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FIG. 14. Radial velocities produced by a turbine (c2) at 73 r.p.m. in a baffled vessel. 
Turbine is located halfway between the water surface and the bottom of the vessel (N2). 

TABLE III 

Impeller Discharge Rate and Circulation Rate in Baffled Vessels" 

Impeller Discharge performance 

Symbol 
Ν <2i <22 

Symbol Description (r.p.m.) (liters/sec.) (liters/sec.) β2/<2ι 

c2 8-Flat-blade turbine 73 44 75 1.7 
d2 8-Curved-blade turbine 73 39 73 1.85 
g 8-Blade-arrowhead turbine 71 26.5 46.5 1.75 
J 8-Blade, pitched-vane-type 

impeller 72 25 44 1.75 
aFrom Nagata et al. (N2). 
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CVp N-73rpm. 
Γ Η Plane IV 
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FIG. 15. Tangential velocities produced by a turbine (r2) at 73 r.p.m. in a baffled vessel. 
Turbine is located halfway between the water surface and the bottom of the vessel ( N 2 ) . 

Data on the effect of baffles on impeller radial discharge, Ql9 are summarized 
in Table IV. The NQ values with baffles are 2 to 4 times the NQ values without 
baffles. For the same impeller diameters and rotational speeds, the NQ values 
are proportional to the discharge rate, Qx. The NP values are higher with baffles 
than without baffles. However, when the power to produce the same arbitrary, 
radial, discharge rate, of 0.265 ft.3/sec. is calculated for each impeller, one-
sixth to one-half the power is required when baffles are used than when the 
same impeller is used with no baffles. The use of baffles increases the efficiency 
of obtaining a desired impeller discharge rate. The data in Table IV also show 
that the impellers which are more efficient in an unbaffled vessel are more 
efficient in a baffled vessel. 

Norwood and Metzner (N4) present a correlation of flow from 6-blade 
turbines in baffled, cylindrical vessels. In all cases, the following dimensions 
and ratios were the same. 
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Τ = 11.3 in. 
b/D = 1/5 

Baffle width = 0.1 Γ 
ZJT = 0.35 

ZJT = 2.8 

where Zi = distance of impeller center above the bottom of the vessel, 
ZL = liquid depth. The impeller diameters ranged from 2 to 6 in., rotational 
speeds from 75 to 2300 r.p.m., and viscosities from 1 to 1780 cp. These 
conditions provided Reynolds numbers from 36 to 1.7 χ 104. 

A thermistor probe was used in a Wheatstone bridge circuit for velocity 
measurement. The resistance of the thermistor was calibrated as a function of 
liquid velocity, viscosity, and density, using photographic measurements of 
velocity (M2, SI) in the region of a turbine impeller. 

The flow rates were obtained by integration of the probe-measured velocity 
data using Eq. (43). In this case rs was selected where vz was zero. 

FIG. 16. Axial velocities produced by a turbine (c2) at 7 3 r.p.m. in a baffled vessel. 
Turbine is located halfway between the water surface and the bottom of the vessel ( N 2 ) . 
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FIG. 17. Effect of baffles on velocities produced by a turbine (c2) at 72 r.p.m. Turbine 
is located halfway between the water surface and the bottom of the vessel (N2). 

The volumetric flow data were correlated by the following equation with an 
average deviation of 9.7% : 

Q = ΟΑΙΖΝΏ^Ώ^ρΙμ)™ (1 - &2) 0· 5 (51) 

For water agitated by a 6-in. diam. turbine with k = 0, bjD = 1/5, p = 62.4, 
and /x = 0.040 lb./(ft.) (min.) 

Q/ND* = 2.9 (52) 

2. Directly Measured Discharge Rates 

Rushton et al. (R3) measured the flow from propellers and turbines by 
placing the impeller near an orifice at the lower end of a draft tube which 
extended above the surface of the fluid in the vessel. The orifice diameter and 
distance from the impeller were selected to obtain maximum flow. Water was 
added to the draft tube at a rate which kept the level the same inside and out-
side the draft tube. An outlet at the top of the tank allowed the water to leave 
as fast as water was added to the draft tube. The rate of flow of water added to 
the draft tube was assumed to be the total discharge flow from a propeller. 
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Ζ 

FIG. 18. Reference points for calculating impeller discharge rates or velocities in baffled 
vessels ( N 2 ) . 

For a turbine, half of the turbine flow came from below the turbine and half 
from above through the draft tube. 

The propeller discharge performance data may be expressed in the form 

Q/ND2p = 0.42 (53) 
where ρ is the propeller pitch. 

However, the average deviation of values of this constant was 0.06 for eight 
propellers from 3f to 12f in. diam. The results are correlated better by the 
equation 

Q/ND2 = 0.26 (54) 

In this case, the average deviation of the constant is 0.02. 
In a later paper, Rushton and Oldshue (R4) reported that further experi-

mental results showed that the flow from geometrically similar marine pro-
pellers varied as Z>3. No data were presented to support the equation given. 

Q/ND3 = 0.40 (55) 

Sachs and Rushton (SI) present discharge data for a 4-blade turbine. In this 
case 

Q/ND* = 0.47 (56) 



TABLE IV 

Effect of Baffles on Impeller Discharge Performance" 

Impeller type Flat blades Curved blades Arrowhead Pitched-vane Pitched blades Flat blades 
Impeller Symbol 8 J PI 
Baffles 8 0 8 0 8 0 8 0 8 0 8 0 

NQ 1.34 0.34 1.20 0.43 0.83 0.26 0.78 0.34 0.87 0.31 2.9 1.23 
NP 9.5 0.95 3.8 0.71 7.7 0.95 1.05 0.44 2.8 0.72 14.2 2.17 
NPINQ 7.1 2.8 3.2 1.7 9.3 3.7 1.3 1.3 3.2 2.3 4.9 1.8 

Power, ft. lb./sec. for 0*265 ft.3/sec. 0.15 0.93 0.083 0.34 0.515 2.08 0.086 0.43 0.165 0.93 0.170 0.34 
NBE x ΙΟ"5 1.3 1.0 1.3 1.0 1.0 1.0 1.0 1.0 1.3 1.0 0.76 0.37 

"From Nagata ET AL (N2). 
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Rushton et al. (R3) obtained flow data for a 6-in. diam. turbine in a baifled 
vessel using a draft tube to measure flow. The following equations summarize 
the results; 

3. Discharge Rates From Tracer Circulation Times 

Marr (Ml ) made measurements of the times for a rubber particle with a 
density nearly the same as water to make successive passes through a horizon-
tal plane perpendicular to the shaft at the center of a propeller. The measured 
times were made up of the relatively short times for the particle to move from 
the propeller through the part of the vessel below the propeller, and the longer 
times for transit through the part of the vessel above the propeller. The flow 
produced by the propeller is given by the total fluid volume in the vessel 
divided by the average transit or circulation time for the rubber particle to 
pass through the propeller cross section through all parts of the vessel and 
back through the propeller cross section. The flow rate obtained in this way 
does not include the fluid entrained by the jet leaving the propeller. 

These measurements were made using water in an l l j - i n . i.d. cylindrical 
vessel with three vertical baffles. Five sizes of propellers from 2\ in. to 5 in. 
diam. were used 4f in. above the bottom of the vessel. The fluid volumes 
ranged from 0.53 to 0.73 cu. ft. and the propeller speeds from 300 to 900 r.p.m. 

Marr selected a value for Q/ND3 of 0.61 from the tests with a volume of 
0.53 cu. ft. Higher values of Q/ND* obtained at larger fluid volumes were 
attributed to regions in the vessel where the fluid velocity was too low to 
assume that the rubber particle with a specific gravity of 0.98 was unaffected 
by gravitational force. 

By using a different type of tracer method, Holmes et al. (HI) obtained data 
on circulation times which were used to calculate turbine discharge rates for 
water and aqueous glycerine solutions. They injected a pulse of sulfuric acid 
into the center of the turbine and measured the electrical conductivity of the 
fluid leaving the turbine periphery. Peaks of decreasing amplitude were ob-
served each time the pulse passed by the conductivity measuring probe. The 
time intervals between adjacent peaks were averaged to obtain a time of 
transit or circulation time, 9C. 

In these experiments, 8 | , 23 J , and 3 9 \ in. diam. flat-bottomed vessels were 
used in which: (a) the liquid depths were equal to the vessel diameter; (b) a 
6-blade disk turbine was used with a diameter: blade length: blade height 
ratio of 20: 5: 4; (c) equal volumes of liquid were above and below the 

For 3 blades, Q/ND3 = 0.50 

For 4 blades, Q/ND3 = 0.59 

(57) 

(58) 

Q/ND3 = 0.61 (59a) 
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Curved-blade turbine Q/ND* = ^(bjD) sinjS-y/l-A:2 (24) 
Q/NDZ = Tr\b/D) \/2k(\-k) (21) 

Flat-blade turbine Q/ND* = 0.418(6//)) (1 -*)°-5(Z)0-V//*)0'5 (51) 
Pitched-blade impeller Q/ND* = ττ2(1 —k) (1/6 sin γ cos y + bjD sin2y) (34) 
Propeller Q/ND* = llS(a>-a>L)(plD)D* [1 - ( p ^ D 2 ) \ n (1 + π2D*/p2)] (39) 

the left-hand side of the equation. The value of k which appears in many of 
these equations must be obtained from experimental data. Equation (27) 
provides a method of estimating k. 

k = NPli^NQ (27) 

As a basis for comparing the discharge rates for impellers by the various 
methods, values of the dimensionless flow rate, Q/ND3, have been calculated 
using the equations in Table V and the results of various experimental studies. 
The values of QjND3 and conditions of operation are presented in Table VI. 

The values of QjND3 for propellers range from 0.40 to 0.61 when deter-
mined experimentally. The value of 0.60 predicted from Eq. (39) derived by 
Van de Vusse assumed ω J ω = 0, and pjD = 1. 

turbine; (d) four vertical baffles were used which were 0.1 of the vessel diam-
eter. 

Holmes et al found that 
ΝΘΧΌ/Τ)2 = 0.85 ± 0.05 (59b) 

above Reynolds numbers of 104. The value of 0C in this relationship can be 
used to calculate the liquid pumping or discharge rate of the turbine. The 
pumping rate, qp9 is equal to the tank volume, ττΖ)3/4, divided by the average 
time, 0C, for tracer to pass from the turbine periphery through the liquid in the 
vessel and back to the turbine periphery. 

Q = (πΓ 3/4)/(0.85Γ 2/ΑΦ 2) = Q.93ND3(TjD) (59c) 

When TjD = 2.0, Q = 1.9ND3 and for TjD = 3.0, Q = 2.87V/). These 
results compare favorably with those of Norwood and Metzner as shown by 
Eq. (52). Although the ratio, TjD, does not appear in Eq. (51), the results of 
Holmes, et al indicate it should. 

C . COMMENTS ON IMPELLER DISCHARGE DATA 

The equations which have been developed for flow from impellers are 
summarized in Table V. In all cases, a dimensionless flow rate, Q/ND3, is on 

TABLE V 

Summary of Equations for Flow from Impellers 

Eq 
Impeller type Equation 



TABLE VI 

Comparison of Discharge Rates of Impellers 

No. of No. of Speed NREX Eq. or 
Impeller type blades D\Ta b\Db ZJT ZL\T

d baffles D(in.) r.p.s. 10~5 Table Ref. 

Propeller (pe) 3 e 6 1.6 0.40 (55) (R4) 
Propeller (p = 1) 3 0.2-0.6 0.4-0.8 0.7-1.1 3 2-5 5-15 0.4-2 0.61 (59a) (Ml) 
Propeller 3 0.17-0.6 4 3.6-12.3 2-15 0.42/ (53) (R3) 
Propeller (p = 1) 3 e 0.47 (42) (B3) 
Propeller (p — 1) 3 e 0.60 (40) (VI) 
Turbine 4 1/6 1/5 0.45 1.33 4 6 5-7 1-1.7 0.59 (58) (R3) 
Turbine 3 1/6 1/5 0.45 1.33 4 6 6-10 1.5-2 0.50 (58) (R3) 
Turbine 4 0.35 1/5 0.35 1.04 4 4 1.7-3.3 0.17-0.34 0.47 (SI) 
Turbine 6 0.53 1/5 0.35 2.8 e 6 2.9 (51) (N4) 
Turbine 6 0.50 1/5 0.50 1 4 10 1.9 (59c) (HI) 
Turbine, c2 8 0.51 1/5 0.50 1 8 11.8 1.45 1.3 1.34 IV (N2) 
Turbine, c2 1/5 e 1.25 (21,27) 
Turbine, p x 8 0.31 1/3 0.50 1 8 7.1 2.3 0.76 2.9 IV (N2) 
Turbine, ρ λ 1/5 e 2.3 (21,27) 
Pitched blade, kz 8 0.51 0.14 0.50 1 8 11.8 1.3 0.87 IV (N2) 
Pitched blade, k3 0.14 1 (34,27) (VI) 
Turbine, d2 8 0.51 1/5 0.50 1 8 11.8 1.3 1.2 IV (N2) 
Turbine, d2 1/5 1.26 (21,27) 

a DjT — ratio of impeller diam. to vessel diam. 
b b\D — ratio of blade width to impeller diam. 
c ZJT — ratio of axial distance from impeller center to bottom of vessel to vessel diam. 
d ZjjT — ratio of liquid depth to vessel diam. 
e Not specified. 

N0 = 0-42 ND2p. κ> 
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The values of QjND3 for turbines cover a wide range from 0.5 to 2.9. Some 
of this spread is due to differences in D/T, in the number of turbine blades, and 
in the use of curved blades or pitched blades. 

In general, good agreement is obtained between experimental values of 
Q/ND3 summarized in Table VI and calculated values using the equations 
shown in Table V if k is estimated from Eq. (27). For example, when k is 
calculated for impeller c29 from NPjNQ in Table IV and Eq. (27), NQ = 1.25 
from Eqs. (21) and (23). This value is 7% smaller than the experimental value 
of 1.34. For turbines, pl9 QjND3 calculated in the same way is 2.3 which is 
20% smaller than the experimental value of 2.9 in Table IV. 

Calculating a value of QjND3 for the pitched-blade turbine &3, using Eqs. 
(27) and (34) yields a value of 1 which is 15% higher than the experimental 
value of 0.87 in Table IV. Calculating a value of QjND3 for the curved-blade 
turbine, d29 by means of Eq. (21), yields a value of 1.26 which is close to the 
experimental value of 1.2 in Table IV. 

The present state of development of knowledge of agitator impeller dis-
charge rates is as follows : 

1. In addition to rotational speed and impeller diameter, discharge rates of 
fluid from rotating impellers in vessels are affected by axial blade width, 
number of blades, curvature or pitch of blades, and the ratio of impeller 
to fluid rotational velocity. 

2. Fluid discharge rates have not been calculated from theoretical relation-
ships but have been obtained from experimental measurements. 

3. The discharge coefficient NQ = QjND3 is a useful dimensionless group 
for correlating impeller discharge data. For a marine propeller, NQ = 

0.5 is recommended in baffled vessels. For a 6-blade turbine with 
bjD = i in baffled vessels, NQ = 0.93 {TjD) is recommended. 

Further development of theoretical and experimental relationships for 
discharge rates from impellers are needed as indicated below: 

1. Experimental data should be obtained to provide comparisons with 
theoretical velocity and flow relationships. 

2. The effects of impeller type, number of impellers, baffles, and propor-
tions on velocity and flow data should be explored further. 

3. The effects of fluid properties and rotational speed should be developed 
further for baffled vessels. Correlations of NQ should be obtained for a 
wide range of NRe for commonly used types of impellers in baffled 
vessels. 

IV. Batch Mixing in Agitated Vessels 

If two miscible fluids differing in concentration of a tracer substance or 
differing in a property such as refractive index are stirred in a vessel, the 
initial difference will be reduced with time, and all parts of the fluid will 
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approach the same concentration of property. The time required for obtaining 
an arbitrarily selected spread of concentrations or properties at selected loca-
tions in the vessel depends on the fluid flow pattern and velocities which, in 
turn, depend on the vessel and agitator configuration, on the velocity of 
moving parts, and upon fluid properties. 

In this section are described the empirical correlations that have been 
developed by various investigators to relate batch mixing time and various 
operating and equipment variables or parameters. Although statistical 
methods can be used to define uniformity of composition or properties, and the 
time to obtain a desired uniformity, most investigators have used simplified 
definitions of mixing times and methods of obtaining mixing data. 

A. CORRELATION OF MIXING TIMES AND IMPELLER DISCHARGE RATES 

Van de Vusse (VI) developed correlations of variables which affect batch 
mixing times. He used a Schlieren method to determine when refractive index 
differences disappeared. Differences in refractive index between nearby 
points in the fluid in the vessel result in bending of the light beam and shadows 
appear on a screen which are related to the refractive index pattern. Van de 
Vusse selected the time for these shadows to disappear as his mixing time. He 
used either water and dilute acetic acid or water and dilute solutions of glycerol 
in water. Initially, the two liquids formed two clearly defined layers. In some 
cases, a small quantity of liquid was injected while the agitator was running. 

Van de Vusse developed correlations of mixing times using the following 
dimensionless groups : 

OQjV = number of circulations of fluid to obtain a desired uniform-

D2N2p/gZLAp = ratio of kinetic head to static head (a modified Froude 
number) 

DjT = ratio of impeller diameter to vessel diameter 
ZJT = ratio of fluid depth to vessel diameter 

Experimental mixing-time data were obtained using the type of agitators 
shown in Fig. 19 in an unbaifled vessel. For each of the types of impellers, an 
appropriate expression for Q was used as shown in the following equations: 

Two-blade paddle: QozND2bn2 (60) 

Propeller: QozND2p (61) 

Pitched-blade paddle: Q oc ND2biT2 s in m γ (62) 

Curved-blade turbine: Q oc ND2bn2 sin β (63) 

Ό2ΝΡΙμ 
ity 
Ν* Re 

These relationships are simplified forms of Eqs. (24), (34), and (39) in 
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Table V. Since these expressions do not give the values of ζ>, but are only 
proportional to g , the dimensionless groups, QQjV, derived from them are 
proportional to the number of circulations of fluid corresponding to the time 
for mixing, 0. The dimensionless groups corresponding to 6Q/V are listed 
below : 

Two-blade paddle: BND2b\V 
Propeller: 9ND2pjV 
Pitched-blade paddle: 6ND2b ( s in m y)\V 
Curved-blade turbine: 6ND2b (sin y)\V 

Van de Vusse found from his experimental data that 

mi V) cc (pD*N*lgZLbp)-** (64) 

for the four types of impellers used. The values of the exponent ranged from 
— 0.25 for the propeller to —0.35 for a pitched-blade paddle. A paddle with 
vertical blades and the curved-blade turbine correlations had exponents of 
— 0.30. If baffles were used, this exponent would probably be smaller because 
gravitational forces would have less effect on the flow pattern of fluid in the 
agitated vessel. 

Van de Vusse found that OQjV was also a function of NRe. A typical 
correlation involving NRe is shown in Fig. 20. At NRe greater than 105, for 
propellers 

(eND2plV)(PD
2N2lgZLàp)0-25 = 9 (65) 

FIG. 19. Impellers used by Van de Vusse ( V I ) . 
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At NRc smaller than 103 the value of the ordinate in Fig. 20 became much 
larger than 9. The ratios (DjT) and ZJT were the same for the tests plotted in 
Fig. 20. 

B . TURBINE AND PROPELLER MIXING 

Kramers et al (K2) studied the mixing of weak and concentrated KC1 
solutions using the propellers and turbines shown in Fig. 21. Two sizes of 
vessels were used (10.5 in. and 21.0 in. diam.) with baffles arranged as shown 
in Fig. 22. 

A water solution with 2.5 to 3 gm. KC1 per liter was placed in the vessel 
first. Then, KC1 solution containing 100 gm./liter of KC1 was added at the 
liquid surface, halfway between the vessel wall and the axis of the vessel. In the 
smaller vessel, 10 ml. of KC1 solution were added and, in the larger vessel, 
80 ml. were added. 

One electrical conductivity cell was located one-eighth of the vessel diameter 

4 6 8 10 20 40 60 80IOO 200 300 
2 2 2 0 / AND ρ \ / PH D \ 

V V )\&pqczj 

FIG. 20. Correlation of mixing times for a propeller in an unbaffled vessel. [From Van 
de Vusse (VI) with different nomenclature.] 
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below the surface and another cell was one-eighth of the vessel diameter above 
the bottom of the vessel as shown in Fig. 23. These sample cells were made of a 
few turns of platinum wire forming a cylinder 1 in. by 1 in. as one electrode 
and a coaxial platinum wire as the other electrode. Both cells formed part of a 
Wheatstone bridge circuit as shown in Fig. 23. 

rS ». 

, 1 

1 t 

Β 

FIG. 21. Agitators used by Kramers et al (K2). 
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Fig. 22. Baffled vessels used by Kramers et al. (K2). 
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FIG. 23. Method of measuring fluctuations in electrical conductivity. [From Kramers 
<?/a/.(K2).] 

The time of mixing, Θ, was selected to be the time for concentration varia-
tions to become less than 0 . 1 % of the average KC1 concentration. Examples of 
concentration fluctuations are shown in Fig. 24. 

Each test was repeated 15 times and an average mixing time, θ, was cal-
culated. A difference of 10% between two 0-values is significant. 

In preliminary tests in which one conductivity cell was located in turn at 
several positions in the vessel, KC1 concentration was found to be uniform 
first near the impeller. This region of uniformity then grew larger and spread 
throughout the vessel. 

The mixing time, 0, was found to be inversely proportional to the agitator 
rotational speed, N. In Fig. 25 are shown examples of this relationship. The 
product (Νθ) was found to be constant within ± 10% for 7VR e's between 
45,000 to 200,000. The value of (ΝΘ) was found to be a function of type of 
impeller, impeller location, and baffle location. 

In Table VII are presented values of (ΝΘ) for a propeller on a vertical shaft. 
Lower values of (ΝΘ) were obtained as the distance between the propeller 
shaft and the vessel axis was increased, and as the height of the propeller 
above the bot tom of the vessel was increased. 

Mixing time results for a propeller on an inclined shaft are presented in 
Table VIII. The effects of changing the angle of inclination are small. In this 
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FIG. 24. Method of determining mixing time. [From Kramers et al. (K2).] 
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FIG. 25. Relationship between mixing time, 0, and propeller rotational speed, N. [From 
Kramers et al. (K2).] 



4. Mixing in Agitated Vessels 215 

TABLE VII 

Number of Revolutions for Mixing with a Propeller Agitator* on a Vertical Shaft in an 
Unbaffled Vessel6 

Distance between Propeller height, Z, Vessel diam. 
shaft and vessel axes T/4 3TJ8 T/2 T(ft.) 

0 133 121 130 1.05 
177 176 2.1 

778 182 121 117 1.05 
218 161 142 2.1 

7)4 157 135 92 1.05 
145 140 110 2.1 

57716 112 92 90 1.05 

a D = T/4 
b From Kramers et al (K2). 

TABLE VIII 

Number of Revolutions for Mixing with a Propeller* on a Sloped, Off-Center Shaft in an 
Unbaffled Vessel6 

Distance between vessel 
Angle between axis and a vertical plane Vessel diam. No. of 

shaft and vertical through axis of agitator shaft T(ft) revolutions for mixing 

30° 0 1.05 80 
30° 0 2.1 89 
30° Γ/4 2.1 110 
15° 0 2.1 94 
15° T/4 2.1 110 

a D — T/4, Z, = T/2, distance between center of propeller and a plane through the vessel 
axis perpendicular to a vertical plane through the axis of the agitator shaft is T/4. 
b From Kramers et al (K2). 

case, a higher value of (ΝΘ) was obtained when the distance between the 
vessel axis and a vertical plane through the agitator shaft was increased. 

The effect of baffles is shown in Tables IX and X. For a propeller, baffles 
touching the vessel walls are slightly more effective than baffles moved a dis-
tance 0.1 Γ toward the axis of the vessel. Baffles at the bot tom of the vessel are 
less effective than wall baffles. However, for a turbine, as shown in Table X, 
baffles 0.1 Γ from the vessel walls are more effective than baffles at the vessel 
walls. 

Propeller and turbine mixing performances are compared in Table X. The 
values of (ΝΘ) were found to be the same or lower for a turbine than for a 
propeller. However, the energy (ΡΘ) required to mix appears to be higher for 
a turbine than for a propeller. 

ΡΘ = 0PN*D5NPlgc = (ΘΝ) (NP)pN2D"lgc (66a) 
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Vessel Distance of propeller6 

diam. Baffles from vessel bottom, Z, 
(ft.) T/4 3 Τ/8 T/2 

1.05 At wall (Fig. 22a) 93 90 91 
2.1 At wall (Fig. 22a) — 100 92 
2.1 O.lTfrom wall (Fig. 22b) — 119 103 
1.05 On bottom of vessel (Fig. 22c) 107 175 140 

a From Kramers et al (K2). 
b D = ΤΙ Α. 

TABLE Χ 

Effect of Impeller Types and Baffles on the Number of Revolutions for Mixing0 

Distance of impeller 
Impeller type Baffles from vessel bottom, Z, 

Τ/4 3T/8 (T/2) 

Propeller6 (Fig. 21a) None — 177 176 
Propeller6 (Fig. 21a) At wall (Fig. 22a) — 100 92 
Propeller6 (Fig. 21a) 0.1 Γ from wall (Fig. 22b) — 119 103 
Turbine6 (Fig. 21b) At wall (Fig. 22a) 113 118 140 
Turbine6 (Fig. 21b) 0.1 Γ from wall (Fig. 22b) 75 80 86 
Turbine6 (Fig. 21c) 0.1 Γ from wall (Fig. 22b) 63 — 65 

a From Kramers et al. (K2). 
6 D = Γ/4. 

For the same ρ, N, and D the energy for mixing, ΡΘ, is proportional to 
(ΘΝ) (NP). For a propeller in a baffled vessel (ΘΝ) (NP) is approximately 40, 
but the lowest value of (ΘΝ) (NP) for the turbines is 300. 

This result may be due to the type of flow pattern produced by a turbine. 
The stream of liquid leaving a turbine is split into two parts when it reaches the 
vessel wall. One part circulates through the part of the vessel above the turbine 
and the other part circulates in the vessel below the turbine. Liquid does not 
move as easily from the upper circulating stream to the lower as it moves 
within the upper or lower circulating stream. If KC1 is added to the surface of 
the liquid in a vessel agitated by a turbine, the KC1 will probably reach the 
conductivity cell near the bottom of the vessel more slowly than it would if 
a propeller were used. 

Norwood and Metzner (N4) studied the mixing of acid and base solutions in 
water by turbine agitators in baffled vessels. [Similar data which are consistent 
with Norwood's data are presented by Biggs (B2).] Each of the turbines had 
six flat blades with bjD = 1/5 and were located 3 5 % of the distance from the 

TABLE IX 

Effect of Baffles and Propeller Location on the Number of Revolutions for Mixing* 
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vessel bottom to the upper liquid surface. The radial dimension of the baffles 
was 0.1Γ. The vessels ranged from 5.67 to 15.5 in. diam., the turbines from 
2 in. to 6-in. diam. and fluid depths from 6 to 12 in. 

Mixing times were measured by adding a basic solution with a methyl red 
indicator to the vessel first. Then, an equivalent amount of acid solution was 
added to the vessel at a point near the rotating agitator. Right after addition of 
the acid, the region at the impeller appeared red in color and the solution 
throughout the rest of the vessel was yellow. The time for the last perceptible 
red color to disappear was measured. The red color disappeared last at the 
impeller because that is where an excess of acid was added initially and per-
sisted the longest. 

Norwood and Metzner correlated their mixing time data for turbines in a 
manner similar to that used by Fox and Gex (F3) for propellers (see Section 
IV, C). In Fig. 26 is shown the correlation obtained by Norwood and Metzner. 

CM 

Ρ 

10 ΙΟ2 ΙΟ3 ΙΟ4 ΙΟ5 ΙΟ6 

Ρ2Νρ 
Η-

FIG. 2 6 . Correlation of mixing times for turbines in baffled vessels. [From Norwood and 
Metzner ( N 4 ) with different nomenclature.] 

Both Fox and Gex and Norwood and Metzner used Ό2ΝρΙμ as the abscissa. 
The ordinates are similar except for the exponent of DjT as shown by Fox and 
Gex and Norwood and Metzner. 

Fox and Gex : 

(ΝΘ) (DITy^l(N2Dlg)llQ (ZJT)1'2 

Norwood and Metzner : 

(ΝΘ) (DIT)2l(N2Dlg)116 (zjry2 

The numerical values of the ordinates are different at the same Reynolds 
numbers. At NRe lower than 103, the propeller correlation has higher ordinate 
values and at higher NRc than 104 the turbine has higher ordinate values. 
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FIG. 27. Relationship between power number and mixing time correlations. [From 
Norwood and Metzner (N4).] 

slope of mixing time and power curves at Reynolds numbers of 400 and 1200. 
Such a correspondence is reasonable since both mixing time and power depend 
on fluid patterns, velocities, and fluid properties. A change in flow pattern will 
result in a change in power and in mixing time. 

Norwood and Metzner observed that below NRe = 8 the fluid in the 
vessel is in laminar flow. As the Reynolds number is increased, turbulence is 
observed first in the region close to the impeller. Turbulence does not spread 
to all parts of the vessel until the Reynolds number is almost 105. The power 
correlation curve does not become flat until the Reynolds number is 104. 

Norwood and Metzner's mixing data for turbines can be compared with the 
data of Kramers, et al. (K2). In one case from Table Χ, Νθ= 118, DjT = 1/4, 
Z\LT = 1, Τ = 21 in. If 7VRe = 105 and Ν = 234 r.p.m., then 

{Nd){DITYI{N*Dlgfi\ZLIT) = 9 

Norwood and Metzner show a value of 5 for the ordinate at NRe = 105. 
The larger value of 9 was probably obtained because the conductivity cells 

in the tests of Kramers et al. were located one above the turbine and one 
below, and because KC1 was added in the upper part of the vessel. In Norwood 
and Metzner's acid-base mixing tests, the second reactant was added at the 

There is no reason to expect the propeller and turbine correlations to be the 
same. 

Norwood and Metzner point out some significant relationships between the 
shapes of mixing time correlations, power correlations, and flow patterns 
observed in agitated vessels. As shown in Fig. 27, there are changes in the 
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turbine and had no more difficulty reaching the lower half of the vessel than 
it did reaching the upper half. 

Prochazka and Landau(Pl ) used conductivity measurements to obtain batch 
mixing times when a pulse of electrolyte was added to a baffled vessel. Three 
types of impellers were used: (a) a 6-blade disk-type turbine with diameter: 
blade length: blade height proportional to 1: 1/4: 1/5; (b) a 45° pitched-blade 
turbine (4 blades) with a projected vertical blade height of 0.177Z); and (c) a 
3-blade marine propeller with a constant pitch equal to the propeller diameter. 
Impeller and vessel diameters are listed in the accompanying tabulation. 

Type of impeller 
Impeller diam. 

(in.) 
Vessel diam. 

(in.) 

Propeller 2.17 8.3 
Pitched-blade turbine 2.76 13 

Turbine 4.33, 7.28 21.6 

In all cases, the liquid depth was equal to the vessel diameter. Four baffles 
were used with a radial width of one-twelfth of the vessel diameter. The 
impellers were located midway between the top and bottom of the aqueous 
NaCl or glycerine solutions used in the vessels. The pulse was added at the 
surface of the liquid and a conductivity probe was located at the impeller 
level, midway between an adjacent pair of baffles and T\ 10 from the vessel wall. 

Prochazka and Landau used the following function as a measure of 
concentration uniformity : 

X = [\x - xk\l(xk - xp)) (66b) 

where 

η = number of replications of a pulse-mixing experiment (usually 20), 
χ = recording galvanometer scale reading at time, 0, 

xk = final reading after galvanometer variations cease, 
xp = galvanometer reading just before adding pulse. 

The ratio in brackets in Eq. (66b) is the fraction of the change in galvanom-
eter reading which takes place in time, Θ. The variable, X, is an average 
fraction completion of a change in electrolyte concentration θ units after a 
pulse is added. 

Equations (66c), (66d), and (66e) were obtained by a statistical analysis of 
the experimental data 

Propeller: Νθ = 3.48 (T/D)205 l og 1 0 (2 .0/*) (66c) 

Pitched-blade turbine: ΝΘ = 2.02 (T/D)220 l og 1 0 (2.0/X) (66d) 

Turbine : ΝΘ = 0.905 (T/D)257 l og 1 0 (2.0/ X) (66e) 

These equations are applicable when NRe > 104. 
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Good agreement between Prochazka and Landau (PI) and the results of 
Kramers et al. (K2) is obtained when the values, TjD = 4 and X = 0.069 
which are applicable to their propeller tests are substituted in Eq. (66c). Then 
ΝΘ = 88, which is close to ΝΘ = 92 in Table IX. 

The data which Holmes, et al. (HI) obtained on tracer-pulse circulation 
times for a 6-blade turbine can be used to calculate batch mixing times. In the 
tests and equipment which are described in Section III, B, 3, a constant 
electrical conductivity was reached after five conductivity peaks occurred. 
The batch mixing time, 0, is then five times the interval ,0,·, between adjacent 
peaks. 

0 = 50; (66f) 

MiDITf = 0.85 (66g) 

ΝΘ = 4.25(r/D)2 (66h) 

From Norwood and Metzner's mixing time correlation (Fig. 26), 

(ΝΘ) (D/Ty {N*Dlgr« {ZJT) = 5 (66i) 

when NRc > 104. If ZL = Γ, Ν = 500 r.p.m., D = 1.5 ft. and g = 115,900 
ft./min.2 

ΝΘ = 4(Γ/Ζ))2 (67) 

This agreement between Eqs. (66h) and (67) is a coincidence because 
different measuring methods were used and the impeller locations were 
different. Holmes et al. (HI) used an impeller which was halfway between the 
top and bottom of the liquid in the vessel. Norwood and Metzner's impeller 
(N4) was 35% of the liquid depth. Holmes et al. state that when this lower 
impeller position is used, the conductivity peaks in the upper half of the vessel 
coincide with the valleys of the conductivity curve for the lower half of the 
vessel. Under these conditions, they state they observe a shorter mixing time, 
but they present no data. For this reason, Norwood and Metzner's mixing 
times would be appreciably shorter than those of Holmes et al. if Norwood 
and Metzner had used conductivity measurements with an electrolyte pulse. 
But their use of an acid-base-indicator method would tend to increase the time 
to get uniformity and compensate for the decrease due to impeller location 
differences. 

Marr (Ml ) developed an equation for concentration changes in a batch 
mixing operation in a propeller or turbine agitated vessel. He assumed that 
fluid movement in a stirred vessel consists of essentially perfect mixing in a 
very small region around the stirrer, and circulation through the rest of the 
vessel back to the stirrer. Various paths followed by the fluid required a range 
of times of travel. 
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He assumed that the concentration of tracer at the stirrer is the summation 
of a series of terms. 

CB(S) = (ACB) [G(S) + G*(S) + . . . G"(S) + . . . ] (68) 
where 

CB(S) = Laplace transform (Tl) of CB(t)9 

C*(0 = function describing time variation of CB9 

G(S) = transfer function (Cl , M3) for flow of fluid from the impeller 
and return, 

ACB = a quantity proportional to the disturbance in CB, 
CB = concentration of B, lb. moles/cu. ft. 

Equation (68) can be written as : 

Marr selected the following function for G(S) which he stated was consistent 
with the results of his experiments : 

G(S) = 1/[(Κ5/2β') + l ] 2 (70) 

where VjQ' is the average time for fluid in the agitated vessel to be circulated 
by an impeller. By substitution of Eq. (70) in Eq. (69), 

From Eq. (71), the following equation is obtained by an inverse Laplace 
transformation : 

CB(t) = (àCB)Q'IV[\ - exp ( - MQ'IV)] (72) 
and 

CB(™\~JB(t)
 = exp (-4θΰΊν) (73) 

An experimental batch mixing time is the time, 0, for the left side of this 
equation to approach an arbitrary small value. Then, from Eq. (73) 

V 
θ oc — or dQ'jV = constant (74) 

This relationship is found in Van de Vusse's results when Ap is constant. 
Since 

Q' az (ND3) M(NRe)] (75) 
Then, 

(6ND3IV) oc [φ(Νκ&)] (76) 

Marr made experimental measurements of batch mixing time using a 
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phenolphthalein indicator, N a O H and HC1 solutions. First, N a O H and 
indicator were added to the vessel with the agitator in motion. Then, HC1 
solution was added adjacent to the impeller and the time for the red color to 
disappear was measured. 

An 11.5-in. i.d. glass vessel with three 1 J - in . wide, vertical baffles was used 
in these experiments. The rotating agitators were centered in the vessel. 
Agitator diameter, rotational speed, liquid depth, and the vertical distance of 
the agitator above the bot tom of the vessel were varied. 

In one series of tests with a propeller, Marr confirmed the finding of 
Kramers et al (K2) that θ was proportional to l/N. The results of these tests 
are shown in Fig. 28. This proportionality is equivalent to the relationship 
shown in Eq. (74) since Q' oc ND3 and 

V T3 1 
oc - - oc n oc — 

Q' ND3 Ν 
(77) 

In further experiments with a propeller, Marr studied the effect of liquid 
depth on mixing times. He observed that the flow pattern changes as liquid 
depth is increased in the manner indicated by Fig. 29. These changes in flow 
pattern are believed to be the cause of the breaks in the correlation lines when 
(ΘΝ) is plotted against liquid volume, V, as shown in Fig. 30. 

The results of Marr 's experimental measurements of mixing times for pro-
pellers are summarized in Table XI. The value of the ratio, ΘΝϋ3/ V depends 
on the propeller diameter and the distance from the vessel bottom to the 
propeller. Since Q is proportional to ND3, the ratio, 6ND3IV, is proportional 

4 0 Τ 
2-1/2 in.propeller 
4.7in. from tank bottom 

Tank volume : 1267 cu.in. 
Liquid depth: 12.2 in. 

FIG. 28. Relationship between mixing time and propeller rotational speed. [From Marr 
(Ml).] 
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FIG. 29. Flow patterns in propeller-stirred vessels. [From Marr (Ml).] 
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to the number of tank volumes pumped to obtain the uniformity of concentra-
tion equivalent to the phenolphthalein end point. If Q = 0.61 ND3 [Eq. (59)] 
is assumed and Q' = 1.8β (Table III), then Q' = I AND3 and 

OQ'jV = lAdND3/V (78) 

The number of tank volumes circulated or the number of times the tank 
contents must be turned over is 1.1 times the value of 0ND3jV from Table XI. 
In those cases in which the number of tank volumes circulated is less than two, 
the value of dQ'/VsQems too small. 

TABLE XI 

Propeller Mixing Timesa 

Propeller 
Diam. (in.) ZJD 6ND*/V 

5 0.95 3.08 
Ή 1.04 2.45 
4 1.19 2.22 
5 1.36 2.62 
3 1.58 1.57 
4 1.70 1.77 
2 i 1.89 1.76 
3 2.26 1.28 
4 2.30 1.95 
3 3.07 1.35 

"From Marr (Ml). 

In addition to using propellers, Marr carried out a limited number of 
mixing tests with turbines. Some of Marr 's data on mixing with turbines can 
be compared with Norwood and Metzner's correlation (Fig. 26). Marr found 
ΝΘ = 51.9 at Ν = 720 r.p.m. for a 3-in. diam. turbine and ΝΘ = 22.2 at 
Ν = 408 r.p.m. for a 4-in. turbine. In Marr 's tests, ZL = 12.2 in., bjD = 16, 
Τ = 11.5 in., and NRe = 70,000. 

The values of the ordinate 

(ΝΘ) (DITfl(N*Dlg)v« (ZJT)* 

in Norwood and Metzner's correlation (Fig. 26) are 3.3 and 2.9, respectively, 
for Marr 's 3 in. and 4 in. turbine data. In Fig. 26, the ordinate for Norwood 
and Metzner's correlation is 4 at NRe = 70,000. Therefore, Marr 's results 
agree roughly with Norwood and Metzner's results for mixing with turbines. 

Marr 's mixing time data can be compared also with data for similar 
propeller and turbine agitated vessels obtained by Kramers et al. Marr used 
a 3-in. diam., 6-blade turbine in a 11.25-in. diam. baffled vessel. He found 
dND3jV = 1.11. Kramers found for DjT = 1/4 that (ΘΝ) = 1 1 8 when the 
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distance of the turbine from the bot tom of the vessel was 3Γ/8 and Τ — 21 in. 
For these conditions, Kramers ' data yield 6ND*IV = 2.35. The larger value 
was obtained by Kramers because of the location of the conductivity cells and 
the point of addition of KC1 as explained above in comparing Norwood and 
Metzner's data with the data of Kramers et al 

A similar comparison can be made for Kramers ' and Marr ' s propeller 
mixing data. Marr obtained values of 1.3 to 1.6 for flNZ^/Fwhen DjT = 0.26. 
Kramers obtained (ΘΝ) values of 90 to 100 for tests in which DjT = 14. The 
corresponding values of 07VZ)3/Kare 1.8 to 2.0. The larger values obtained by 
Kramers are probably due to adding the KC1 at the upper surface of the 
liquid instead of at the propeller as Marr did. 

C. SIDE-ENTERING, PROPELLER MIXING 

Fox and Gex (F3) developed a correlation of mixing times for propeller 
agitation of vessels. Cylindrical vessels were used with diameters of 1 /2 to 14 ft. 
The three smaller tanks were glass and the two larger tanks were steel. 
Propeller diameters ranged from 1 to 22 in. For all propellers, ρ = D. The 
locations of the agitators were not specified but have been stated (F4) to be 
positioned so that no general swirl or rotation was produced. 

In the 14-ft. diam. vessel, a small amount of hardened oil was added to 
15,000 gal. of unhardened oil, then the agitation was started. Samples (20 cc.) 
were taken from each of three sample ports and analyzed for iodine value. 
A plot of iodine value versus time was used to determine the time taken for 
the variation in iodine value to become as small as the error in the analyzer. 

In the smaller vessels, the time for neutralization of HC1 by an equivalent 
amount of N a O H was measured. Phenolphthalein was used to permit visual 
observation of the disappearance of red color. In these tests, agitation was 
started prior to adding the reactants. The phenolphthalein indicator produced 
a red color throughout the alkaline solution initially present in the vessel. 
When acid was added at a point on the surface where it would be quickly 
drawn into the region near the impeller, this region was rendered colorless. 

A range of fluid viscosities from 0.5 to 400 cp. was obtained by using water 
and water solutions of glycerol or carboxymethyl cellulose. 

Norwood and Metzner's technique of adding acid to a basic solution with 
methyl red indicator made visible the mixing process at the impeller since 
methyl red is yellow in basic solution and red in acid solution. Fox and Gex's 
technique, on the other hand, made visible the mixing process in the more 
remote parts of the vessel. The difference in location where the last red color 
disappeared is due to the different indicators used. 

Fox and Gex determined experimentally the separate effects on mixing time 
of each of the following variables: propellar diameter, D, rotational speed, 
N9 depth of liquid in the tank, Z L , and liquid viscosity, μ. They obtained the 
following equations for turbulent and laminar flow, respectively: 
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θ = f(Z%, Τ, N~h/>, D-1*, μ", ρ', g") 

θ = f(Z?, Τ, Ν-ι%, D-"*, μ", ρ', g") 

(79) 

(80) 

The exponents κ, e, and η were found by dimensional analysis, and the 
variables were rearranged to obtain the following equations for turbulent 
and laminar flow, respectively. 

θ = 

θ = 

Ν&Νϋψ g* 

C2Z%T 

(81) 

(82) 
NRe(ND*)'AgA 

A plot of the experimental data was prepared by Fox and Gex in terms of 
[Θ(ΝΌ2)Η gH]IZl{2T\s. NRe. This plot is presented in Fig. 31. A line of slope 
— 1 is drawn through the points in the laminar flow region, and a line of slope 
— 1 /6 through the points in the turbulent flow region. 

The variables in the ordinate can be rearranged to obtain a function of 
several dimensionless groups 

θ(Νϋ2)"Α gy« _ (ΝΘ) (D/T) _ (ΝΘ) ( D / J H 
(83) 

(N*Dlg)'A(ZLID)^ {WD\gYXZL\T)K 

The dimensionless group (ΝΘ) is similar to the group (OQIV) used by Van 
de Vusse in Eq. (64). Since Q is proportional to ND3, then 

(OQIV) oc [eND3j(nl4)D2ZL oc ΘΝ] (84) 

Propeller Reynolds number = 

FIG. 31. Propeller mixing time correlation. [From Fox and Gex (F3) with different 
nomenclature.] 
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MS)©-? gcdt 
where 

F = inertia force due to change in momentum, Mv, 
gc = gravitational conversion factor, 115,900, (lb./lb.f) (ft.)/(min.)2, 
M = mass, lb., 

t = time, min., 
υ = velocity, ft./min., 

W = mass rate of flow, lb./min., 
d(Mv)\dt = rate of change of momentum, 

dM/dt = rate of change of mass, or rate of mass flow, lb./min. 

The last term in these equations is called momentum flux. If Wis expressed 
in terms of v, 

Wvjgc = PAv2/gc = pnDWI4gc (86) 

Since the fluid velocities leaving an impeller are proportional to the peripheral 
velocity, which in turn is equal to πΝΏ, then v2 is proportional to N2D2jgc 

and momentum flux, Af0, or inertia force is proportional to p(ND2)2jgc. 

For laminar flow, the viscous force or momentum flux, M 0 , is proportional 

to(»D)/ i /g c. 
The ratio of the turbulent and viscous momentum fluxes or forces is pro-

portional to Ό2ν2ρΙνΌμ, which is a Reynolds number. Equations (81) and (82) 
can be rearranged as shown for turbulent and laminar flow respectively: 

Qzffr 1 \_ 
Θ = (Ό2ΝρΙμ)1Α(ΝΌ2)νγΑ °° (ΝΌψ °° ( M 0)

5 / Î2 ( } 

CZ^T 1 1 
Θ = (Ό2ΝΡΙμ){ΝΏψ^ 00 (ΝΏψί ^ (Âf^* ( 8 8) 

Equations (87) and (88) show that mixing time, θ, is the same for different 
N's and D's if M 0 , Γ, Z L , and μ/ρ remain the same and the same flow regime is 
retained. 

Rushton (R2) studied the mixing of miscible liquids in large tanks agitated 
by a side-entering propeller. Mixing data are presented for three cases: 

a. A 24-in. diam. propeller in a 65-ft. diam. tank, 40 ft. deep. 
b. A 26-in. diam. propeller in a 65-ft. diam. tank, 40 ft. deep. 
c. A 28-in. diam. propeller in a 120-ft. diam. tank, 39 ft. deep. 

The propeller locations and sampling points are shown in Figs. 32 and 33. 

for geometrically similar equipment. In such a case, DzjT2ZL is constant. 
The term ND2 in the left of Eq. (83) can be interpreted in terms of momen-

tum flux or as an inertia force due to the rate of change of momentum. 
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In all cases, the propeller rotational speed was 420 r.p.m. Petroleum oils of 
different density were mixed by starting the agitator after the layers of strati-
fied liquids were placed in the tank. 

Samples were taken for density measurement at intervals after agitation was 
started. The time to obtain the same fluid density at all levels in the tank was 
noted. No spread in density at the completion of mixing was specified, so the 
spread can be assumed to be the reproducibility of the method used in measur-
ing the density in units of A.P.1. degrees. 

The results of a test in which four components of different density were 
mixed in a 65-ft. diam. tank using a 24-in. diam. propeller are shown in Fig. 
34. Twelve hours were required for all samples to have the same density. 
These curves show that there is very little change in density of an upper stratum 
of liquid until all samples taken at the lower sampling levels have become the 
same. Apparently, movement of fluid occurs only in the lowest stratum of 
liquid and only the next higher layer is mixed with this layer. 

A similar test was made in the same tank with a 26-in. diam. propeller 
instead of a 24-in. diam. propeller. In this case, the discharge from the pro-
peller is increased 27% and the velocity is increased by 8%. A mixing time of 

LIQUID LEVEL 

Γ 3 7 FT. 
30 

SAMPLE 
POINTS 20 40 FT 

12 

MIXER 

SAMPLE 
POINTS-

MIXER 
CLOCKWISE 
ROTATION 

FIG. 32. Location of propeller mixer and sample points used by Rushton (R2) in a 20,000-
barrel tank. [From Petroleum Refiner with permission of the Gulf Publishing Co., Houston, 
Texas, copyrighted 1954.] 
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γ - LIQUID LEVEL 

ROTATION 1 ^ 

FIG. 33. Location of propeller mixer used by Rushton (R2) in a 80,000-barrel tank. 
[From Petroleum Refiner with permission of the Gulf Publishing Co., Houston, Texas, 
copyrighted 1954]. 

TIME, HOURS 

FIG. 34. Mixing of furnace oil in a 20,000-barrel tank with a 10 h.p. side-entering pro-
peller (R2). [From Petroleum Refiner with permission of the Gulf Publishing Co., Houston, 
Texas, copyrighted 1954]. 
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3 hr. was obtained. Apparently, the higher velocity provided further penetra-
tion of moving fluid into the next higher layer of slightly lower density. More 
rapid mixing of these adjacent layers of different density occurred and the 
total time to obtain uniform densities was greatly reduced. 

Mixing of two liquids with different tetraethyl lead (T.E.L.) content was 
carried out in a 120-ft. diam. tank, 39 ft. deep, with a 28-in. diam. propeller as 
shown in Fig. 33. Three sample locations were used and the time to obtain the 
same T.E.L. content was determined as shown in Fig. 35. 

15.25 

3.0 

2.5 

< 
2.0 

0.5 h 

«—-TEL ADDITION— 

\ 

- 2 FT. 

20 FT.—γ 

L-37 FT. 

à = 37 FT LEVEL 
Δ = 20 FT. LEVEL 
ο = 2 FT. LEVEL 
• = ALL EQUAL 

MIXER STARTED Γ COMPLETELY MIXED 

ι ι ι ι I 
10 

TIME, HOURS 

FIG. 35. Mixing of tetraethyl lead with gasoline in an 80,000-barrel tank with a side-
entering propeller. Mixer was started after filling tank (R2). [From Petroleum Refiner 
with permission of the Gulf Publishing Co., Houston, Texas, copyrighted 1954.] 

In this case, uniform T.E.L. concentrations were obtained after 2 hr. This 
relatively short mixing time is indicative of a small density difference between 
the liquids containing high and low T.E.L. concentrations. 

If Eq. (55) is used to estimate the fluid discharge rate from a 28-in. propeller 
at 420 r.p.m., 2130 cu. ft./min. is obtained. This moving stream of liquid will 
entrain additional liquid as it moves across the bottom of the 120-ft. diam. 
tank. If a flow of liquid is entrained equal to the propeller discharge rate, 
104 min. would be required to circulate the contents of the 442,000-cu. ft. 
tank once. That relatively complete mixing can be obtained by circulating the 
vessel contents a little more than once is surprising. 

Wilson (W2) describes the results of tests in which different density petro-
leum liquids are mixed in large tanks. The propellers were located as shown in 
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Fig. 36. In one case, a single 26-in. diam. propeller was used in a 110 ft. diam. 
tank 48 ft. deep. In the other case, two 26-in. diam. propellers were used in a 
120-ft. diam. tank, 54 ft. deep. In both tanks, the centers of the propellers were 
32 in. from the tank wall and 36 in. above the tank floor. 

The results of the mixing tests are presented in Tables XII and XIII . The 
mixing times shown in the last column are the times required to reduce the 
initial density differences in the tank from the initial to the final differences 
shown in columns 4 and 5. Sample locations were not specified. These mixing 
times correspond to the time required for movement of liquid to be initiated 
at the top level of the oil in the tank if the tank contained layers of two or more 
oils of different density. When the 48-ft. deep tank was filled with a single oil 
of uniform density, liquid movement at the upper surface was initiated in 15 
to 30 min. after starting the propellers. Not all the mixing times presented in 
Tables XII and XIII are on the same basis since the final density differences 
range from 0 to 1.2°A.P.I. An additional period of time that than shown 
would be needed to reduce a 1.2°A.P.I. spread in density to an effectively 

// 
/// 

48 ft. deep 

80,000 Barrel tank 

122,000 Barrel tank 

54 ft. deep 

FIG. 36. Location of propeller mixers. [From Wilson (W2).] 
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0°A.P.I. spread. Insufficient data are presented by Wilson to estimate the 
mixing times required to obtain the same final density spread. 

Both Rushton (R2) and Wilson (W2) report that mixing proceeds more 
rapidly, as expected, if the propellers are rotating while the tanks are being 
filled. The result of a mixing test in which agitation is carried on while 
adding the components to be mixed is shown in Fig. 37. A uniform mixture 
was obtained 1 hr. after addition of T.E.L. was completed. A comparable 
mixing operation in which agitation was not started until all components were 
present in the tank is shown in Fig. 35. In the latter case, 2 hr. were required 
for mixing. 

TABLE XII 

Side-Entering Propeller Mixing in an 80,000-Barrel Tank" 

Initial density Final density 
Test Av. viscosity at Av. density at difference difference Mixing 
no. test temp, (cp) test temp. in tank in tank time (min.) 

(°A.P.I.) (°A.P.I.) (°A.P.I.) 

7 8.3 32 0.2 0 11 
19 5.9 38.3 0.3 0 17 
10 4.4 39.2 0.3 0 30 
22 6.2 37 0.1 0 50 
12 5.5 36.2 0.5 0.1 66 
18 5.1 36.7 2.1 0.1 210 
6 3.3 42 2.9 0.1 540 

21 11.6 32 15.4 0.2 5500 

aF r o m Wilson (W2). 

TABLE XIII 

Side-Entering Propeller Mixing in a 122,000-Barrel Tanka 

Initial density Final density 
Test Av. viscosity at Av. density at difference difference Mixing 
no. test temp. test temp. in tank in tank time (hr.) 

(cp.) (°A.P.I.) (°A.P.I.) (°A.P.I.) 

11 3 42.8 0.3 0 0.22 
17 6.3 34.9 0.3 0 0.50 
14 1.1 47.1 0.7 0.1 0.80 
15 2.2 46.2 1.3 0.5 1.7 
8 2.4 37.2 1.1 0 1.8 

16 2.2 44.9 4.0 1.2 10.5 
9 1.7 50.3 7.6 0.8 27 

20 2.7 44.4 7.8 0.4 29 

a From Wilson (W2). 
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TIME, HOURS 

FIG. 37. Mixing of tetraethyl lead with gasoline in an 80,000-barrel tank with a side-
entering propeller. Mixer was operating while rilling tank (R2). [From Petroleum Refiner 
with permission of the Gulf Publishing Co., Houston, Texas, copyrighted 1954.] 

Oldshue et al. (02) present correlations of variables for mixing of liquids 
of different density in tanks agitated by square-pitch, side-entering, propellers. 
The propellers were located near the bot tom of the tank. In most 
tests, the axis of rotation was 7 to 10° from a tank diameter passing 
through the point where the agitator shaft entered the vessel. Stratified layers 
of water with different temperatures were placed in the vessel. Cold water was 
added first then a layer of warmer water was added using a float to spread the 
warmer water sideways across the interface between the cold and warm 
water. The propeller was started after the tank was filled. Agitation was con-
tinued until thermocouples located in the tank read the same. The results of 
such a test are shown in Fig. 38. In this case, nearly 240 min. (4 hr.) were 
required for obtaining uniform temperatures. To extend the range of density 
differences, salt solutions at different temperatures and concentrations were 
mixed in some of the tests. 

In one series of tests in a 20-ft. diam. tank, the rotational speed of a 1-ft. 
diam. propeller was varied. All mixing times were corrected to the same ratio 
of Δρ/p = 0.02. A plot of θ versus horsepower consumed by the agitator is 
shown in Fig. 39. The correlation line in Fig. 39 has a slope of — 1. This 
indicates that (ΘΡ) is constant or the total work done to obtain temperature 
uniformity remains the same. The agitator Reynolds numbers for these tests 
are greater than 105. 
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BOTTOM T.C. 
DISTANCE, NO. 

Ο 4 0 80 120 160 20 0 2 4 0 280 
T I M E , m i n . 

FIG. 38 . Mixing of different temperature fluids in a 20-ft. diam. tank with a side-entering 
propeller. Liquid depth, 20 ft. Initial temperature interface, 16 ft. [From Oldshue, et al 
(02).l 
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From Fox and Gex's correlation (Fig. 31) at Reynolds numbers less than 
ΙΟ4, (ΝΘ) is inversely proportional to Reynolds number or 

(ΝΘ) oc μ/Ώ2ΝΡ (89) 
Then, (ΘΝ2) is constant. 

If Ρ oc N2, which is true for laminar flow, then (ΘΡ) is constant. Thus, 
Oldshue and Gretton obtain the same relationship for NRe greater than 105 

that Fox and Gex do for NRe less than 104. Furthermore, Fox and Gex do not 
find (BP) constant at Reynolds numbers greater than 104. Why these results 
differ is not apparent. 

The effect of varying the direction of the axis of rotation of a side-entering 
propeller was studied (02) . The results in Table XIV show that the optimum 
angle relative to a horizontal plane is near 0°. The optimum angle of the 
agitator shaft relative to a diameter of the tank passing through the point 
where the propeller shaft enters the vessel was found to be 7 to 10° in a counter-
clockwise direction from this diameter. For this configuration, the propeller 
should rotate clockwise when viewed from the motor. 

TABLE XIV 

Mixing with a Propeller Agitator* on a Sloped, Off-Center Shaft in an Unbaffled Vessel, 
Effect of Shaft-Entry Angle on Mixing Time6 (Minutes) 

Angle to leftc Angle to right0 

Angle up from of vessel diam. of vessel diam. 
horizontal through shaft through shaft 

20° 10° 0° 10° 20° 

10° — — 124 — — 

0° 195 78 105 235 284 
- 5 ° — — 155 — — 

- 10° — — 144 — — 

a Τ = 4.5 ft;. D/T = 0.06; Apjp = 0.02; ZL = 4.5ft.; power = 0.0011 hp. 
b From Oldshue, et al. (ΟΙ). 
0 When looking from the impeller toward the center of the vessel. 

Plots of mixing time versus density difference, Δρ/ρ, were prepared on log-
log coordinates. A correlating line with a slope of 0.9 was obtained as shown 
in Fig. 40. Before plotting, the data were corrected to the same power con-
sumption using the relationship obtained in Fig. 39. 

Increasing impeller diameter was found to decrease mixing time as shown in 
Fig. 41. The lines shown have a slope of —2.3. The data were corrected to a 
constant value of power consumption and Δρ/ρ using the slopes shown in 
Figs. 39 and 40. This effect of impeller diameter can be compared with the 
effect of impeller diameter obtained by Fox and Gex. 

From Eq. (87) 
θ oc N-v*D-l% (90) 
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200 

DENSITY D I F F E R E N C E , 

FIG. 4 0 . Effect of fluid density difference on mixing time at constant power for a side-
entering propeller. Vessel diam., 5 4 in., DjT = 0 . 0 6 , ZJT = 1, ZJZL = 0 . 1 , Ρ = 0 . 0 0 1 3 h.p. 
[From Oldshue et al. ( 0 2 ) with different nomenclature.] 

if Z L , T, p , and μ are constant. Under turbulent flow conditions at constant 
power consumption, 

Ν oc D-y* (91) 

Therefore, from Eqs. (90) and (91) 

θ oc D-5/l* (92) 

Equation (92) was derived from Fox and Gex's correlation in Fig. 31 for no 
difference in the density of the liquids being mixed. Equation (92) shows a 
much smaller effect of increasing propeller diameter than Oldshue et al. in 
Fig. 41. None of the propeller mixing time data obtained by Marr (Ml ) , 
Fox and Gex (F3), Rushton (R2), Wilson (W2), and by Oldshue et al. (02) are 
directly comparable because of differences in propeller location and in the 
spread of densities of the liquids mixed. Nevertheless, a summary of typical 
mixing time data and conditions of operation is presented in Table XV. 

Rushton's data in the first two rows show a large decrease in mixing time 
from 720 to 180 min. when the agitator diameter is increased from 2 to 2.16 ft. 
at the same rotational speed. Apparently, the liquid momentum forces for 
the 2-ft. diam. propeller are not great enough to overcome the gravitational 
forces associated with the 3.4°A.P.I. density differences in the liquids being 
mixed. Under these circumstances, the moving, higher density stream of 
liquid does not penetrate far enough into the adjacent higher layer of lower 
density liquid. Entrainment of the lower density liquid, then, becomes rela-
tively slow. 

3001 1 1 1 1 
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lOl I I 1 I I I 

O.OI 0.02 0.04 0.06 0.08 0.1 02 
D/T 

FIG. 41. Effect of ratio of impeller diameter to tank diameter on mixing time for a side-
entering propeller. Line 1: vessel diam., 240 in., ZJT = 1, ZJZL = 0.1, Δρ/ρ = 0.02, 
Ρ = 0.08 hp. Line 2: vessel diam., 54 in., ZJT= 1,ZJZZ = 0.1, Δρ/Ρ\ = 0.02, P=0.001 hp. 
[From Oldshue et al. (02) with different nomenclature.] 

The circulation time for the mixing test in the third line of Table XV is 
larger than the mixing time. This circulation time was calculated from the 
ratio of vessel volume to calculated liquid discharge rate from the propeller. 
If the circulation time is calculated from the ratio of the vessel volume to the 
total flow from the impeller including the flow induced by the fluid stream 
leaving the propeller, the flow induced by the propeller will probably be at 
least 4 times the propeller discharge rate and the circulation time will be smaller 
than the mixing time. 

Wilson's data in the fourth line are roughly consistent with Rushton 's 
result in the second line. The mixing times are 2.0 and 2.3 times the circulation 
times for fluid discharged from the propellers. This ratio is lower for Wilson 
probably because of a lower density difference. 

The longer mixing time obtained by Wilson in the 120-ft. diam. tank is 
probably due to the higher difference in the density of the liquids mixed in the 
120-ft. diam. tank than were mixed in the 110-ft. diam. tank. 



TABLE XV 

Mixing with Side-Entering Propellers 

Fluid Propeller Circu-
Tank Tank Av. fluid density lation Mixing 
diam. vol. density spread Diam. Speed Power Discharge0 time time 

(ft.) (cu. ft.) (°A.P.I.) (°A.P.I.) (ft.) (r.p.m.) (hp.) (cu. ft./min.) (min.) (min.) Ref. 

65 133,000 30.3* 
r 3.4 \ 

\ 0.04e J 
2 

65 133,000 30.36 3.4 2.16 
120 442,000 — — 2.33 
110 456,000 42 2.9 2.16 
120 612,000 44.9 4 2.16e 

20 6,280 62.4' 0.02c 0.67 

420 9.6 1340 99 720 Rushton (R2)d 

420 14 1700 78 180 Rushton (R2)d 

420 20.3 2130 207 120 Rushton (R2)d 

420 — 1700 268 540 Wilson (W2) 
420 — 3400* 180 630 Wilson (W2) 
490 0.08 58 108 510 Oldshue et al. (02) 

« Q = 0.40ΛΉ3. 
b Four components used as shown in Fig. 34. 
e Fractional density difference: ΔΡ\Ρ. 
d From Petroleum Refiner with permission of the Gulf Publishing Co., Houston, Texas, Copyrighted 1954. 
e Two propellers used. See Fig. 36. 
' Lb./cu. ft. 
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D . JET MIXING IN VESSELS 

Circulation of liquid in a vessel with the objective of making the properties 
or concentrations uniform can be obtained by using a pump which draws 
fluid from the vessel and returns the fluid to a nozzle. The jet of fluid from the 
nozzle induces a flow of liquid in the vessel and produces a circulation pattern 
which can reduce concentration, property, or temperature gradients. 

Fossett and Prosser (F2) studied the mixing of an aqueous N a 2 C 0 3 solution 
in tanks by jets. Initially, they carried out tests in a 5-ft. diam. tank, 3 ft. deep, 
in which a single jet was located as shown in Fig. 42. Water was used at a depth 

FIG. 42. Location of nozzle and sample point in jet mixing of liquid in a vessel. [From 
Fossett and Prosser (F2).] 

A pair of electrodes was located in the vessel at the point X in Fig. 42. A 
second pair was located outside the vessel in a sample of N a 2 C 0 3 solution 
whose concentration was the expected final average in the vessel. These two 
electrodes were used as arms in an a.c. bridge circuit in which a galvanometer 
was used to detect unbalanced bridge potential. The galvanometer deflection 
was calibrated in terms of electrolyte concentration. The time for mixing 
was the time for injecting the N a 2 C 0 3 solution, plus the time to obtain the 
final average electrolyte concentration as judged by a zero galvanometer 
deflection. 

Fossett and Prosser presented the results of their tests in the 5-ft. diam. 

of 10. l i n . 
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vessel as a plot of per cent of final N a C 0 3 concentration versus (0'VQvj)/T2 

(see Fig. 43), where 

Τ = vessel diameter , ft., 

Q = jet fluid discharge rate, cu. ft./min., 

Vj = jet discharge velocity, ft./min., 

0' = mixing time plus time to inject fluids to be mixed, min. 

As shown in Table XVI, the ratio (6'VQvj)jT2 was found to be roughly 

FIG. 43. Jet mixing of liquids in vessels. The Δ on each curve shows completion of injection 
of solution. The numbers above the curves are the test numbers in Table XVI. [From Fossett 
and Prosser (F2).] 

TABLE XVI 

Jet Mixing of Fluids in a Vessel* 

No. and Velocity Vol. of Time (sec.) Reynolds 
Test diam. of head, flow, number at (O'VQv,) 
no. nozzles vjl2gc (cu. ft./sec.) Injection nozzle 

(in.) (ft.) Injection plus mixing 

3 Two, 0.075 47 0.0030 180 500 28,000 8 
4 Two, 0.075 170 0.0058 90 210 53,000 7 
5 Two, 0.075 170 0.0058 90 180 53,000 6 

15 One, 0.075 49 0.0015 600 780 28,000 9b 

18 One, 0.075 14.6 0.00083 700 1,100 16,000 7 
6 Two, 0.225 46 0.031 50 170 83,000 9 
7 Two, 0.025 42 0.00032 1,200 1,900 8,700 10* 

a From Fossett and Prosser (F2). 
b In these tests, the period of injection was relatively long, and this increased θ'. 



4. Mixing in Agitated Vessels 241 

For the vessel used experimentally by Fossett and Prosser to obtain Eq. 
(93), d0 = 0.075 in. a n d Z L = 10.1 in. Then, 6Q/V = 0.03 or 3 % of the liquid 

constant with an average value of 8. The time of injection of N a 2 C 0 3 was 
about half of the total time of injection and mixing. 

(Θ'Λ/QvÏIT* = 8 (93) 

The ratio (0'VQVj)IT2 is related to dimensionless groups of variables used 
by Fox and Gex and by Van de Vusse. If Q from the following equation: 

Q = Vjdfrl4 (94) 

is substituted in (Θ'Λ/QVj)jT2, the following dimensionless group is obtained: 
e'Vjd0IT

2, where d0 is the nozzle or jet diameter. 
If d0/ris constant, d'vj/T is obtained which is equivalent to (ΘΝ) in Fox and 

Gex's correlation (Fig. 31) for impeller agitation as shown below: 

(ΘΝ)(ϋΙΤ)κ(θνρ/Τ) (95) 

Vp = TTDN 

Van de Vusse used the dimensionless group 9Q/V in correlating mixing 
times. If Q oc #Z) 3, t r ien 

θ<2ΐνοζθνρΙΤ (96) 

The method of correlation of Fossett and Prosser's jet mixing data, then, is 
similar to the methods used by Van de Vusse, and Fox and Gex. 

Part of the dimensionless group, (0'VQvj)IT2 can be interpreted also in 
terms of momentum flux as done by Fox and Gex. From Eqs. (84) to (86), 
momentum flux, M0 is proportional to p(ND2)2jgc for a stream produced by 
a propeller. Similarly, 

M0 oc (vjd0)
2

Plgc (97) 

for a jet of liquid. Therefore, at constant ρ 

Θ'Λ/Ο^ΙΤ2 oc O'VvfdllT2 oc e'^WQjT
2 (98) 

These relationships imply that mixing times will be the same for jets of differ-
ent diameter if the effluent jet velocities are adjusted to provide the same 
momentum flux, M 0 . 

The fraction of the liquid in a vessel which must be pumped through a 
nozzle to obtain uniformity in the vessel can be estimated from Eq. (93) by 
substituting 0 = 1 / 2 0' 

eVQvjIT2 = 4 (99) 

From Eqs. (94) and (99), the following relationship can be derived: 

0QIV= 8rf 0/ (V^)(Z L) (100) 
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Fig. 4 4 . Effect of liquid density difference on jet velocity needed for mixing liquids in a 
vessel. [From Fossett and Prosser ( F 2 ) with different nomenclature.] 

in the vessel was passed through the nozzle to obtain uniformity. If Q' = 30Q9 

dQ'jV = 0.9. Since the contents of the vessel must be circulated several times 
to obtain uniformity, the experimental constants in Eqs. (93) and (99) are 
probably too low. 

Fossett and Prosser found that when the fluid entering the vessel as a jet 
is more dense than the fluid in the vessel, the jet will not penetrate to the upper 
surface of the liquid in the vessel at low rates of flow in the jet. Apparently, the 
vertical liquid velocity at remote distances from the nozzle becomes too low 
for the inertial force (momentum flux) to exceed gravitational forces on the 
rising more dense fluid. 

Fossett and Prosser developed a correlation of variables affecting the 
velocity needed to insure that the fluid from the jet reaches the upper surface 
of the liquid in the vessel. In the tests on which the correlation was based, 
dyed liquid was admitted in the jet and the jet velocity was increased in steps 
until dyed liquid reached the upper surface. 

The results of these tests are presented in Fig. 44 in which ZJd0 is plotted 
versus 

υ/ sin2 (φ + 5) 

( A P / P ) Z L 
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The velocity, Vj, in this dimensionless group is the lowest velocity needed to 
obtain liquid movement at the surface. The angle φ is the angle (in degrees) 
of the jet axis with respect to a horizontal plane. If Z L , d 0, φ, Δ/ο, and ρ are 
known, Fig. 44 provides a basis for predicting the jet velocity, vj9 to be sure 
entering liquid reaches the upper liquid surface. Above a value of ZJd0 = 100, 
the value of the abscissa is constant for each Δρ/ρ. 

The theoretical height to which a rising increment of fluid will rise in a 
fluid of lower density is 

ι/;· sin2 (φ+ 5) 

IgAp/p 

where vy is the vertical component of the velocity of the jet, φ is the angle of 
the axis of the jet with respect to horizontal, and 5° is added to φ because of the 
expansion of the jet stream as it entrains liquid. 

Fox and Gex (F3) also developed a correlation of batch mixing times for 
jet agitation of vessels. Cylindrical vessels were used with diameters from 1 to 
14 ft. The locations of the jet nozzles were not specified for the 1- and 5-ft. 
diam. vessels. In the 14-ft. diam. vessel, the nozzle was 2 ft. above the bottom 
of the vessel at the cylindrical wall. An extension of the centerline of the nozzle 
passed through the axis of the vessel at 45°. 

The experimental methods were the same as those used in their study of 
batch mixing with propellers. A correlation of the data obtained was also 
developed in a similar manner, and the following equations were obtained for 
turbulent and laminar flow, respectively: 

CZZ^T 

" ( 1 0 1) 

" NUKvjd^ ( 1 0 2) 

A plot of the experimental data was prepared by Fox and Gex in terms of 
(y}d^gA\Zx^T vs. NRe on log-log graph paper. This plot is presented in 
Fig. 45. A line with slope, —4/3, is drawn through the points in the laminar 
flow region and a line with slope —1/6 through the points in the turbulent 
flow region. This correlation is similar to the correlation for propeller mixing 
shown in Fig. 31. 

The variables in the ordinate can be rearranged to obtain a function of 
several dimensionless groups as shown by Eq. (103). 

The dimensionless group (Ovj/T) is similar to the dimensionless group (ΝΘ) 
in Eq. (83) for batch mixing in a vessel agitated by a propeller. 
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(104) 

(105a) 

where d0 is proportional to T. 

Fossett and Prosser's results for jet mixing can be compared with the Fox 
and Gex correlation in Fig. 45 by calculating values of the Fox and Gex 
coordinates from the Fossett and Prosser data in Table XVI. The results for 
tests 15 and 18 are compared in the accompanying tabulation with values of 
the ordinate read from Fig. 45 at the same 7VRe. 

Ν** 
(Θυ,-Ιάο) (dJT) 

(vf!gdo)y*(ZL/d0YA 

Fossett and Prosser, Table XVI, test 15 28,000 34 
Fox and Gex, Figure 45 28,000 21 
Fossett and Prosser, Table XVI, test 18 16,000 50. 
Fox and Gex, Figure 45 16,000 24 

The Fox and Gex correlation (Fig. 45) predicts lower ordinate values than 
those calculated from Fossett and Prosser's data (Table XVI). 

Okita and Oyama (Ol) made jet mixing tests which are similar to those of 
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Fossett and Prosser. Two conductivity probes were used in a Wheatstone 
bridge to determine the time to obtain the same conductivity at the two probe 
locations after injection of a pulse of NaCl solution as a tracer. Two sizes of 
cylindrical vessels were used, 15.7-in. and 39.4-in. diam. Ratios of nozzle to 
tank diameters ranged from 0.032 to 0.0025. 

For Reynolds numbers greater than 5 χ 103, Okita and Oyama's mixing 
time data are correlated by the following equations : 

(dQjV) = 5.2d0IZ1ATy* (105b) 

If d0/ZL = 0.02 and ZL = T, from Eq. (105b) 

OQjV = 0.10 (105c) 

This equation agrees with Eq. (100) of Fossett and Prosser when d0/ZL = 0-02 

6QIV = 0.09 (105d) 

E. SCALE-UP OF BATCH MIXING PERFORMANCE 

Prediction of the time for obtaining property or concentration uniformity 
in a batch mixing operation can be based on model theory. If the appropriate 
dimensionless groups of the significant variables are used, a relationship 
between mixing times in model and prototype can be obtained for geometric-
ally similar equipment. 

(ΘΝ) = Λ(ϋ*ΝΡΙμ), (N'D/g), (Aplp), (Dmp/^)] (106) 

In the last dimensionless group Dm is molecular diffusivity. 

If jet mixing is used instead of a rotating impeller, Ν is replaced by Vj/d0 in 
the above dimensionless groups. 

According to model theory, (ΘΝ) will have the same value in two sizes of 
geometrically similar equipment if the values of the other groups are also the 
same. For equal Reynolds numbers and equal Froude numbers, 

D?PillH = £tWi*2 (107) 

According to this equation, the fluid must be changed to one of higher 
viscosity or lower density as equipment size is increased. 

Finding fluids which will meet the conditions imposed by Eq. (107) and 
also provide the same Δρ/ρ and Schmidt number, (Dmp/jLt), will be nearly 
impossible. 

Prediction of mixing times in large equipment can also be based on correla-
tions of mixing time data such as those developed by Van de Vusse (Fig. 20), 
Fox and Gex (Figs. 31 and 45), and by Norwood and Metzner (Fig. 26). 

The effects of equipment size on the rotational speed needed for the same 
mixing time obtained by various investigators are summarized in Table XVII. 
The relationships between rotational speed and equipment sizes in the first 
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Table XVII 
Effect of Equipment Size on Rotational Speed Needed for the Same Mixing Time" 

Relationship 
between Ν and D Equipment ΔΡ Equation Investigator 

Noc D~y* Propellers, no baffles Not zero (65) Van de Vusse 
NooD-01to-02 Paddles, turbines Not zero (64) Van de Vusse 
Ν — constant Propellers, paddles, 

turbines Zero — Van de Vusse 
NocD-y* Propellers Zero (81) Fox and Gex 
Ν oc Dy* Turbines Zero Fig. 26 Norwood and Metzner 

a In geometrically similar equipment with a turbulent fluid flow pattern. 

column of Table XVII were derived from the correlations or equations listed 
in the fourth column, assuming geometrically similar equipment. For example, 
if all the variables in Eq. (65) are constant except N9 D9 p9 V, and Z L , then, for 
geometrically similar equipment, 

Ν oc (N2D)-1A (108) 

and 
Ν oc D-y* (109) 

The relationships in Table XVII show that the rotational speed to obtain 
the same batch mixing time is changed by a small power of the increase in 
linear equipment dimension as equipment size is changed. Some investigators 
found a slight decrease in rotational speed, and one a moderate increase. 

Marr did not study the effect of equipment size on mixing time, but Eq. (76) 
developed by Marr is consistent with the other relationships in Table XVII. 

Kramers et al. included two vessel sizes in their investigation of batch 
mixing times. The data in Tables VII and VIII show that a slight increase in 
rotational speed is needed to obtain the same mixing time in larger vessels. 

If (ΝΘ) is assumed to be constant and NP also is assumed to be constant as 
dimensions are increased for geometrically similar equipment, the following 
relationships can be derived : 

ΡΘ = NpepN3D5/g (110) 

ΡΘ 
jr3ocN*D* (111) 

Equation (111) can be interpreted that the energy per unit volume is 
constant when the peripheral velocity of the agitator blades and ρ are constant 
in geometrically similar equipment. Under these conditions, θ is proportional 
to Tor D since (ΘΝ) is constant. 

If Ν and NP are constant as equipment size is increased while maintaining 
geometric similarity, the power required is related to equipment size as shown 
in Eq.(112) 

Ρ = NPpNBD5/g oc D5 (112) 
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This relationship is approached at high values of NRe where (ΘΝ) and NP are 

nearly constant. 

F . COMMENTS ON BATCH MIXING 

The present state of development of batch mixing knowledge can be 
summarized as follows : 

1. A simplified criterion is usually used to characterize batch mixing perform-
ance. This criterion is the time needed to obtain an arbitrary but consistent 
uniformity of concentration or properties in all parts of the fluid in a vessel. 
In some cases, the molecular diffusion step is included in batch mixing times 
and in other cases it is not. The use of a simplified criterion such as a batch 
mixing time appears justified, because simultaneous sampling or measurements 
at many locations in a vessel to obtain a direct measure of uniformity as a 
function of time greatly increases the difficulty of obtaining experimental 
mixing-time data. Unfortunately, the uniformity corresponding to a batch 
mixing time is not defined quantitatively for most mixing-time correlations. 
This reduces their value. 

2. Methods of correlating batch mixing times have been developed for 
Newtonian fluids in laminar and in turbulent flow. Important variables which 
affect mixing time are : 

a. Equipment configuration, type, and proportions. 
b . Equipment size. 
c. Velocity or rotational speed. 
d. Fluid properties such as viscosity and density. 
e. Method of adding the components to be mixed. 
f. The criterion used to judge mixing time. 

3. Significant dimensionless groups used for correlating mixing times are 
(ΘΝ), (Ώ2ΝρΙμ\ (Δρ/ρ) and (N2D/g). Under some circumstances the last of 
these groups may become unimportant. These conditions are not well defined. 

4 . Batch mixing time in an impeller agitated vessel is related to the fluid 
circulation rate induced by the impeller. Under some conditions, eQ'/Vmay 
be considered constant. 

5. Correlations for predicting mixing times have been developed for the 
methods of agitation listed below: 

a. Propeller: Fox and Gex (Fig. 31). 
b . Turbine : Norwood and Metzner (Fig. 26). 
c. Jet : Fossett and Prosser [Eq. (100)] or Okita and Oyama [Eq. (105b)] 

for NRe > 104. 
6. The correlations of Fox and Gex and of Norwood and Metzner should 

be extended to include the effects of changes in molecular diffusion, and in 
density difference between the components being mixed. 
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7. Correlations should be developed for mixing times for specific non-
Newtonian fluids when mixed in equipment suitable for these materials. 

8. The transient behavior of local properties or concentrations in a batch 
mixing operation cannot be predicted from fundamental hydrodynamic 
equations. An empirical approach is used because of the complexity of the 
flow patterns in commonly used types of agitated vessels. 

V. Continuous Mixing in Agitated Vessels 

When fluid passes continuously through a vessel agitated mechanically or 
by the inertia of the entering fluid, the feed stream is mixed with fluid already 
in the vessel. If a single entering stream has steady or time invariant properties, 
all points in the vessel will have the same properties and the exit stream will 
show no variation in properties unless a chemical reaction occurs. If the 
entering stream has varying properties or composition, the magnitude and 
time behavior of the properties or concentration in the vessel and in the 
effluent stream will not be the same as the time behavior in the entering 
stream. Variations in the feed stream may be random or may be simpler types 
of change such as a sine wave, a pulse, a step, or a steady change in con-
centration or property. 

The major effect of the fluid motion in the vessel on the concentration or 
property transient entering in the feed stream is to reduce the magnitude and 
rate of change of the property and, in most cases, to delay the change in the 
effluent stream relative to the change which occurred in the entering stream. 
There may be some changes in effluent stream concentration caused by turbu-
lence in the fluid in the agitated vessel. For example, if two different streams 
with invariant properties are fed to an agitated vessel, the exit stream may show 
some variations in properties due to turbulence. 

A. EFFECT OF FLOW PATTERN ON CONTINUOUS MIXING 

The manner in which a concentration or property transient is altered by an 
agitated vessel depends on the flow pattern of fluid moving in the vessel. 
Consider a propeller in the center of a baffled cylindrical vessel with a feed 
stream introduced on the suction side of the propeller and the effluent stream 
leaving at the bot tom of the vessel in the center as shown in Fig. 46. In such 
a case, part of the entering stream can leave the vessel without mixing 
appreciably with fluid in the upper part of the vessel. Rapid changes in the 
feed stream properties will pass through the vessel with less attenuation than 
in a vessel in which the feed is instantaneously mixed throughout the vessel. 
The latter condition is often called " ideal" or "perfect" mixing, even though 
complete attenuation of feed stream property variations is not obtained. 

A turbine in a baffled vessel produces a flow pattern with two regions (Fig. 
47). Fluid is circulated in the part of the vessel above the center of the turbine 
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FEED 

EFFLUENT 
FIG. 46. Flow pattern in a propeller-agitated vessel. 

and a separate circulation pattern is produced in the part of the vessel below 
the turbine. Fluid does not pass from one of these zones to the other as readily 
as it circulates within each zone. For this reason, when the feed enters the 
upper zone and leaves the vessel from the lower zone, no direct bypassing 
will occur from inlet to outlet. In such a case, with rapid concentration 
changes in the feed stream, greater attenuation can occur than a perfectly 
mixed vessel could provide. 

Similarly, the manner in which a concentration transient is altered by a 
combination of agitated vessels is affected by the flow between vessels as well 
as within each vessel. Agitated vessels may be arranged so that a feed stream 
passes through the vessels in series or in parallel. Side streams bypass one or 
more of the vessels, or carry part of the effluent stream directly back to the 
feed stream. Velocity-distance lag or dead time may be involved in these 
bypassing or recycle streams. In such cases, a period of time is needed for a 
change to move between two points equal to the distance divided by the velo-
city of flow. In addition, whether the flow within these streams is laminar or 
turbulent can have an effect on concentration or property transients. 

The flow pattern in combination of vessels or within a vessel may be said 
to operate on a concentration transient. Since the flow pattern remains the 
same, the nature of this operation is the same regardless of the type of 
concentration transient. In many cases, these physical operations can be 
described by mathematical relationships called "transfer functions." The 
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f EFFLUENT 

FIG. 47. Flow pattern in a turbine-agitated vessel. 

mathematical representations of the entering property or concentration tran-
sients are called "forcing functions" (CI). 

For some idealized flow patterns, the effects of these flow patterns on 
concentration and property transients can be predicted theoretically. Such 
cases include the following: 

1. A single, perfectly mixed vessel. 
2. Two or more perfectly mixed vessels in series or in parallel (LI). 
3. Combinations of two or more perfectly mixed vessels with external 

bypassing or recycling streams and with velocity-distance lag (LI) . 

For actual flow patterns which cannot be approximated by a combination of 
the above cases, experimental methods must be used to obtain relationships 
between input and output stream, concentration, or property transients. 

B. APPLICATIONS OF CONTINUOUS MIXING 

Continuous mixing data of the types described above can be used for pre-
dicting the magnitude of reduction in amplitude of input disturbances (LI , 
R l , W l , W2) and for predicting automatic control characteristics of systems 
involving concentration and property variations (CI). When reaction kinetic 
data are available, such information can also be used in predicting the extent 
of chemical reactions in flow systems (LI , V2). 
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C . THEORETICAL CONTINUOUS MIXING RELATIONSHIPS 

The prediction of theoretical transient behavior of concentration in a 
flow system is based on material balances. Consider two perfectly mixed 
vessels in series with a recycle stream from the exit of the second vessel to the 
inlet of the first as shown in Fig. 48. The following material balances can be 
written in terms of the entering flow, qF, recycle flow, iqF9 concentration, C 0, 
entering vessel 1, and concentrations, Q and C 2, leaving the vessels with 
volumes F 2 a n d V2: 

qFCF+ iqFC2 = (i + l)qFC0 (113) 

(i + 1)<7FC0 - (i + 1 ) ^ Q = (114) 

(i + \)qFCx - (i + l)qFC2 = (115) 
at 

where Cl9 C 2, CF9 and C 0 are defined in Fig. 48. 

c, 
v 2 

c2 ^ 
(i + DqF 

v 2 

(i + DqF 

FIG. 4 8 . Flow diagram for two perfectly mixed vessels in series with a recycle stream. 

If CF is a function of time which can readily be represented mathematically, 
C 2 can be found from these equations as a function of time. Several methods 
are available for obtaining either mathematical or numerical relationships 
between C 2 and time for such cases. 

/. Classical Methods of Solving Differential Equations 

An analytical solution of the differential equations can be obtained for the 
desired forcing function and initial conditions. These methods are decribed 
by Trimmer (T2) and other mathematical references. 

2. Stepwise Numerical Calculation Methods 

A stepwise numerical calculation can be made by hand or by means of an 
electronic digital computer for the specific continuous mixing flow arrange-
ment desired. In such a stepwise calculation, the differential equations are 
approximated by finite difference equations and numerical values of CF are 
used at successive small time increments (Al , M3). For example, the finite 
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difference equations applicable to the operation shown in Fig. 48 are shown in 
Eqs. (116) and (117). 

V1C1(tk) - (1 + 0^(Δ0<%) + (l + i)qF(At)C0(tk) = (116) 

V2C2(tk) - 0 +i)qFmC2(tk) + (1 +0^(Δ0^(/,) = V2C2(tk+1) (117) 

In Eq. (116), the quantity of tracer present in vessel 1 at time, tk9 is ^ C ^ ) . 
The quantity of tracer removed from vessel 1 is (1 + i)qF(At)C1(tk). The 
quantity of tracer added to vessel 1 is (l + i)qF(At)C0(tk)9 and the quantity of 
tracer left in the vessel after these operations is V1C1(tk+1). The terms in Eq. 
(117) can be interpreted similarly. A material balance around the point where 
the recycle stream meets the feed stream is needed to calculate C0(tk) from 
values of CF(tk) and C2(tk). 

qFCF(tk) + iqFC2(tk) = (1 + i)qFC0(tk) (118) 

The value of C0(tk) is calculated from Eq. (118) and is used in Eq. (116) to 
obtain ^ ( ί Λ + 1) . Next, Eq. (117) is used to calculate C2(tk+1) and the sequence 
of steps is repeated. Equations (116) to (118) can be shown to be equivalent 
to Eqs. (113) to (115) a s A i - > 0 . 

3. Analog Computation 

Numerical values or plotted curves of C 0 versus time can be obtained by 
means of analog computers. Methods of using analogs of this type are des-
cribed by Fifer (F l ) . 

4. Laplace Transforms 

Laplace transforms can be used to obtain a mathematical relationship 
between exit concentration and time for various continuous flow systems such 
as those listed in Section V,A. As an example, consider the flow system shown 
in Fig. 48. The relationships between C 0, Cl9 and C2 can be expressed by the 
following transfer functions for perfectly stirred vessels in which concentra-
tion is the same throughout the vessel. 

Q ( 5 ) _ 1 

C0(S) r,S + 1 

C 2(5) 1 

(119) 

(120) 
Q ( 5 ) r2S + 1 

where S is the Laplace transform variable (Tl) , and 

T l = F i / a + O f r (121) 

r 2 = F 2/ ( l + 0 ^ (122) 

\ 
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A material balance at the point where the feed stream and recycle stream 
meet is presented below : 

qFCF + iqFC2 = (1 + i)qFC0 (113) 
of 

CF(S) + iC2(S) = (1 + i)C0(S) (123) 

Elimination of the variables C 0 and Q in Eqs. (119), (120) and (123) 
yields the following relationship: 

« 9 = l (124) 

and 

C 2(5) _ 1 

CAS) [ ^ ( 1 + OtflJS2 + V2)lqF]S + i 

For a step disturbance, C F(S ) = 1 jS and 

(125) 

C a ( 5) { [ ^ ( 1 + i)ti]S2 + [ (K a+ K2)A?F]S + 1}S ( 1 2 6) 

This equation is the same form as the following: 

Q ( 5) = S(t*S*+2tCS+\) ( 1 2 7) 

for which the inverse Laplace transform is 

C 2 ( t ) = 1 - [it/VÎ^ [exp (C//r)] sinh [ ( / / T ) V K + c o s ^ i ] 
when ζ > 1 (128) 

The time response of the system shown in Fig. 48 can be obtained from Eq. 
(128) by making the following substitutions: 

ζ = + VJI2] V 0 + 0 / ^ , (129) 

r = (llqFWv1VJ(l + i) (130) 

The response of the same system to other disturbances or forcing functions 
can be derived in a similar way. Forcing functions of interest are shown 
below (CI ) : 

Impulse: C F ( S ) = 1 (131) 

Pulse: C F(S ) = AC[1 - e x p ( -A*S)] /S (132) 

Sine wave: C F(S ) « 2nf/(S2+4n2f2) (133) 

Other examples of the use of Laplace transforms in predicting concentration 
transients are described by Van de Vusse (V2) and Sinclair (S2). 
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Since the response functions can become relatively complicated, numerical 
methods involving finite difference equations or analog methods will provide 
easier calculations of many specific cases. 

5 . Prediction of Response from Response to Other Forcing Functions 

The response of a flow system to one type of forcing function can also be 
predicted from the response of that system to another type of forcing function, 
if the equations relating the variables are linear differential equations with 
constant coefficients. For example, the response of a system to impulse 
forcing is the derivative of the response of the same system to step forcing. 
Hougen and Walsh ( H 2 ) describe a method of estimating the response of a 
system to sinusoidal forcing from the response of the same system to pulse 
forcing. Their method involves stepwise graphical integration of the input and 
output pulse data as a function of time. The results are presented as plots of 
output to input amplitude ratios at various forcing frequencies. The phase 
angles of input and output sine waves are also plotted as a function of the 
forcing frequency. 

D . EXPERIMENTAL CONTINUOUS MIXING DATA 

/. Air-Agitated Vessel with a Periodic Disturbance 

Visman and Van Krevelen ( V 3 ) studied the continuous mixing of constant-
amplitude constant-frequency fluctuations in K C 1 concentration by air-
agitated vessels. Two small glass vessels were used of the type shown in Fig. 
4 9 . One vessel had a volume of 8 .5 cc. and the other, 2 6 . 5 cc. In these vessels, 
an air lift was used to circulate liquid up the outside of a draft tube and down 
the center of the draft tube. The relation between the amount of air and the 
liquid circulation rate was determined by photographing the motion of fine 
solid particles suspended in the liquid. 

Fluctuations in K C 1 concentration from 0 . 1 5 normal to 0 . 2 5 normal with 
an average of 0 . 2 normal were introduced by rotating a stopcock in the feed 
lines as shown in Fig. 5 0 . The fluctuations of K C 1 concentration in the effluent 
stream were measured electrically by a conductivity cell using a Wheatstone 
bridge. The ratio of feed to effluent amplitudes of concentration fluctuation 
was calculated from data such as these. Each set of conditions used was 
repeated three times and an average amplitude ratio calculated. The variance 
(standard deviation squared) is the square of the amplitude ratio. 

The variables involved in Visman and Van Krevelen's experiments are 
listed below : 

/ = frequency of fluctuation, cycles/min., 
Q' = circulating liquid flow rate induced by the air lift, cu. ft./min., 

V = vessel volume, ft.3, 
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R - I = 0Λ5 (fVMiQ'lqpYKQ'pllwy (134) 

A correlation of the experimental data based on this equation is presented 
in Fig. 51. From these results can be deduced that R is independent of Q', 
since the variable, Q', cancels out of Eq. (134) and leaves the following re-
lationship: 

R - 1 = 0.l5(JVIqF)(qFpfrra)* (135) 

AIR'" XAIR 

FIG. 49. Air-agitated vessel used by Visman and Van Krevelan (V3). 

qF = feed rate, cu. ft./min., 
μ = liquid viscosity, lb./(ft. min.), 
p = liquid density, lb./cu. ft., 

ra = radial width of annulus, ft., 
R = ratio of variances of feed and discharge concentrations. 

These variables can be arranged in the following dimensionless groups: 

ifVjQ') = number of fluctuations during the time liquid is circulated 
once by the air lift in the vessel, 

(Q'lqF) = ratio of circulation rate by the air lift to the feed rate into the 
vessel, 

( ô 'ρ/μΌ = Reynolds number for circulation by the air lift. 

Visman and Van Krevelen state that the following equation relates these 
dimensionless groups : 



256 Joseph B. Gray 

WATER ^ MOTOR 

J E 3 
0.15 Ν KCI 

0.25 Ν KCI 

CONDUCTIVITY CELL 

AIR AIR 

FIG. 5 0 . Method of generating fluctuations in electrolyte concentration used by Visman 
and Van Krevelen ( V 3 ) . 

o.ooi ι 

( f V / Q ' ) ( Q , / q ^ l / 2( Q > / / x ^ ) , /2 

FIG. 5 1 . Correlation of continuous mixing performance of an air-agitated vessel. [Visman 
and Van Krevelen ( V 3 ) . ] 
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According to this equation, the ratio of feed and effluent stream concentration 
variances, R, increases as / and V increase and as qF is decreased. These 
qualitative effects would be expected. That R would be found to be indepen-
dent of Q' would not be expected, for the experimental values of Q'/qFmnged 
from 8 to as low as 1. Only at much larger values of Q'\qF would R be expected 
to be independent of Q\ 

Theoretically, for a single well-stirred vessel, the ratio of amplitudes of 
sinusoidal output to input stream variations, CJC0, is related to the average 
residence time of fluid in the vessel, τ, and the frequency, / , of the variations 
by the following equation : 

§ = V i +WT)2 ( 1 3 6 ) 

On log-log graph paper for values of (2nf τ)^> 1, a plot of CJC0 vs. 2 n f τ 
approaches a straight line through the point CJC0 = 1, ( 2 π / τ ) = 1 with a 
slope of — 1. 

The data of Visman and Van Krevelen can be plotted using the co-
ordinates, CJCQ and (2nf τ). These variables are related to those used by 
Visman and Van Krevelen as shown below: 

CJC0 = l/V-R (137) 

(2nfr) =27T(fV/Q')(Q'/qF) (138) 

Such a plot is presented in Fig. 52. The data points all lie well above the theo-
retical line from Eq. (136). The attenuation of the input amplitude of KCI 

i.o 

© β ^ ^ ^ ^ 
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FIG. 52. Comparison of experimental and theoretical correlations of continuous mixing 
performance. [Data from Visman and Van Krevelen (V3).] 
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variation which is less than theoretical is probably due to bypassing of some 
of the input streams to the effluent stream during the first few passes of fluid 
around the draft tube. 

2. Pitched-Blade Turbine-Agitated Vessel with a Step Disturbance 

Cholette and Cloutier (C2) present the results of continuous mixing experi-
ments in which the effect of agitator rotational speed on a step change in 
inlet-stream concentration was studied. A 30-in. diam., 30-in. deep, cylindrical 
tank was used as shown in Fig. 53. The impeller was a 2 2 %4-in. diam., 6-blade 
turbine with 45° blade pitch and 223^4-in. blade width. This impeller was 
rotated to pump liquid upward at the impeller. A f-in. feed pipe directed the 
stream toward the impeller from a position 6 in. below the impeller, which 
was 6 in. below the surface of the liquid in the vessel. Baffles were not used. 

At the start of a test, the vessel was filled with 1 /20 normal NaCl and the 
agitator started. Next, the flow of water was started suddenly at a rate of 
1.15 g.p.m. Samples of the effluent stream were taken at 5 min. intervals and 
the NaCl concentration was determined by titration with A g N 0 3 . 

The flow pattern produced in the liquid by the equipment shown in Fig. 53 
at low rotational speeds is one in which not all of the liquid is well mixed and, 
in addition, some of the entering liquid can pass relatively easily to the exit 
without mixing appreciably with liquid already in the vessel. Cholette and 

VARIABLE 
SPEED 

REDUCER • 

-•-OUTLET-: ^7 

-INLET 

FIG. 53. Turbine-agitated vessel. [From Cholette and Cloutier (C2).] 
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Cloutier derived a relationship between effluent concentration and time for 
such a case. They assumed a fraction, m9 of the total vessel volume, F, is 
perfectly mixed (the same concentration throughout V). A fraction, /, of the 
feed is assumed to enter the region of perfect mixing and a fraction (1 —/) is 
short-circuited directly to the effluent stream. The concentration at time, r, 
in the perfectly mixed zone is assumed to be C . The solution leaving the 
perfectly mixed zone is mixed with the part of the feed that short-circuits to 
give a solution with concentration, C, at the outlet of the system. 

A transient material balance for the perfectly mixed zone is shown below: 

iqFCFdt - iqFC dt = mVdC (139) 

where qF is the feed stream, flow rate and CF is the tracer concentration in the 
feed. When CF = 0, this equation becomes 

dC'jdt + (iqF\mV)C = 0 (140) 
and 

C 7 C , = e x p [ - | ^ ] (141) 

where C 0 is the initial concentration of tracer in the vessel. Since the fluid 
leaving the perfectly mixed zone is added to the fluid that short-circuits, 

(1 -i)qFCF + iqFC = qCF (142) 

but, since Cf = 0, then C = iC and 

C / C 0 = i exp ( - iqFt\m V) (143) 

A plot of C/CQ VS. t in semilog graph paper should yield a straight line with 
slope = — iqF\m Κ and an intercept with the >>-axis of /. 

Such a plot of experimental data is presented in Fig. 54 for the experiments 
described above. Values of i and m were calculated from the slopes and inter-
cepts of the lines drawn through the experimental points. A plot of the 
constants / and m against agitator rotational speed is shown in Fig. 55. At 
rotational speeds above 220 r.p.m., i and m have values of 1. Under these 
conditions, effectively no short-circuiting occurs and the concentration of 
tracer is uniform in all parts of the vessel. 

If N 0 = 1 for the type of impeller used by Cholette and Cloutier, the 
impeller discharge rate at 220 r.p.m. is 13 g.p.m. which is 12 times the feed 
rate of 1.15 g.p.m. The vessel contents are circulated by the impeller 12 times 
during the average residence time of 79.6 min. for fluid in the 90-gal. vessel. 
Apparently, a close approach to perfect mixing is easily obtained for long 
residence times. 

5 . Propeller-Agitated Vessel with a Pulse Disturbance 

Marr ( M l ) carried out continuous mixing tests in a 12-in. i.d., cylindrical, 
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FIG. 54. Typical response of a pitched-blade turbine-agitated vessel to a step disturbance 
in tracer concentration. [From Cholette and Cloutier (C2) with different nomenclature.] 

baffled vessel agitated by a marine propeller. Water was fed to the vessel 
continuously through a f- in. diameter pipe at a point near the upper (suction) 
side of the propeller which was, in most tests, 4 f in . above the 1-in. exit pipe 
at the center of the bot tom of the vessel. 

A pulse of 50 cc. of 38% HC1 was injected in about 1 sec. by a rubber syringe 
at the suction side of the propeller. A p H meter with electrodes in the effluent 
stream was used to measure tracer concentration leaving the vessel. The time 
constant of this instrument was roughly \ sec. The fluid transit time from the 
vessel to the p H electrodes was estimated to be 2 sec. The p H of the feed water 
was 5 or less. 

Typical results are presented in Figs. 56 and 57. The addition of a pulse of 
acid should decrease the p H then a rise in p H should follow as the feed flushes 
out the vessel. The data in Fig. 56 plot on straight lines, but those in Fig. 57 
do not. Marr offers the explanation that the flow pattern for the higher resi-
dence time (higher liquid level) tests in Fig. 57 was different from the flow 
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FIG. 55. Effect of agitator rotational speed on constants ι and m in Eq. (143). [From 
Cholette and Cloutier (C2).] 

pattern for the lower residence time tests in Fig. 56. The difference in flow 
pattern is illustrated in Fig. 29. The periodic deviations of p H from a smooth 
curve in Fig. 57 may be due to a small part of the acid pulse circulating slowly 
in the upper flow pattern shown in Fig. 29. 

The times to circulate the liquid in the vessel once can be estimated for the 
tests in Fig. 56 from 

Q = 0.61ΛΉ3 (59a) 

The results of these estimates are shown in Table XVIII. If the time for the 
propeller to circulate the contents of the vessel once is less than 3 sec , the 
entire liquid contents of the vessel are probably nearly the same p H at the 
10-sec. time of the first p H measurement in Figs. 56 and 57. A close approach 
to a first-order dilution process can be expected from this time until the acid 
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FIG. 57. Response of a propeller-agitated vessel to a pulse disturbance at greater liquid 
depths than those used in obtaining results shown in Fig. 56. [From Marr (Ml).] 

is flushed from the vessel if the circulation rate induced by the propeller is 
large relative to the feed stream flow rate. 

Marr derived an equation for the effluent stream concentration when a 
pulse concentration disturbance is introduced into the feed stream. A flow 
within the vessel was assumed as shown in Fig. 58. The blender in Fig. 58 
mixes the streams, qF and qF), instantaneously in a region of negligible 
volume. The distributor was assumed to have the following relationship 
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Impeller 
Propeller Rotational Liquid discharge*1 Circulation 

diam. (in.) speed (r.p.m.) vol. (cu. in.) (cu. in./sec.) time6 (sec.) 

5 500 780 638 0.7 
4 300 969 194 2.8 
3 700 875 191 2.5 

a Calculated from β = 0.61ND*. 
b Calculated from Κ/β' where β ' = 1.8β. 

between the concentration, C 5 , entering and CD, leaving the distributor: 

- D = 1 (144) 

where 

r = VI[2(qi-qF)] (145) 

Equation (144) is the transfer function of the distributor. 
A material balance around the blender is as follows : 

qtCB = qFCF + (q,-qF)CD (146) 

Rearrangement of the variables in Eq. (146) yields 

CF 1 - \{q1-qF)\qî\CD\CB 

If Cfl, CF, and CD are functions of time, 

CB(S) _ qF/qr 

CF(S) 1 - [(qj-qJIqAC^SyCsiS) 

(147) 

(148) 

INPUT OUTPUT 

BLENOER 

( « | - « F > 

OISTRIBUTOR 

FIG. 58. Flow diagram for continuous flow through an agitated vessel. [From Marr (Ml).] 

Table XVIII 

Circulation Times for Marr's Continuous Mixing Tests 
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Then from Eqs. (144), (145), and (148) 

CB(S) qFlqAS+2(qi-qF)IV]* 

CF(S) S 2 + [4(qf-qF)IV]S + 4[(< 7 /-< 7 f) /F]V/<7/ 
(149) 

Equation (149) is the transfer function for the flow diagram shown in Fig. 
(58). When the forcing function CF(S) is a pulse, 

CF(S) = ACF[l - e x p (-SAt)]/S (150) 

and when CF(S) is an impulse or a pulse with At = 0 

CAS) = mjq, (151) 

The responses to the forcing functions in Eqs. (150) and (151) are shown below 
for a pulse and an impulse, respectively : 

c (s) = ACp[l - c x p(-^ A Q] [s+2(?/-gF)/m<?F/<7/) Π 5 2 ϊ 
b K } 5 { 5 2 + 4 5 ( ^ - ^ ) / K + 4 [ ( ^ - ^ / n 2 ^ / } 1 ' 

r (S) = [S+ligr-q^/VYm^ 
* } S* + 4S(qi-qF)IV + A[(qi-qF)IVfqFlqi

 K > 

Marr gives the following expression for CB(t) corresponding to Eq. (153) 
for an impulse 

CB(t) = 2(m//g/) (qi-gFIV) (1 -qF\qjfA exp [^-q^t/V] 

χ sin h{[2(qi-qF)IV] Wl -q^t} (154) 

The right-hand side of this equation approaches the right-hand side of the 
following equation for a first-order process in a vessel with a volume of V: 

Ci(r) = (miIV)cxp(-qFt!V) (155) 

A typical response curve plotted from Eq. (154) is shown in Fig. 59. Values 
of qF = 20.4 cu. in. /sec, qt = 420 cu. in. /sec, and V = 780 cu. in. (for the 
uppermost curve in Fig. 56) were used in calculating values of CB(t). (For these 
flow rate units, t has units of sec.) The value of mi was assumed to be 1. A 
typical response curve has a value of zero for CB(t) at zero time, rises to a 
maximum and falls off as time increases. The initial rise in CB(t) at t = 0 due to 
direct bypassing from feed to outlet is not shown in Fig. 59. 

The response function in Eq. (154) does not include the tracer which passes 
out with the effluent stream on its way to the distributor in Fig. 58. A fraction, 
qFjqI of the total quantity of tracer goes directly to the exit and a fraction 
(1 —qF\qi) goes to the distributor for the first pass of fluid around the internal 
circulation loop in Fig. 58. If the tracer quantity, mh is added during an inter-
val At, the amplitude of the initial pulse in the effluent stream is m^qjAt) 
lb. moles/cu. ft. This pulse of bypassed tracer can be high in concentration 
relative to the maximum concentration leaving the distributor. If the tracer 
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FIG. 59 . Pulse response of an agitated vessel calculated from Eq. ( 1 5 4 ) for qF = 2 0 . 4 cu. 
in./sec.,#7 = 4 2 0 cu. in., and V= 7 8 0 cu. in. 

quantity, mh is added in 1 sec , when ql = 420 cu. in . /sec, qF = 20.4 cu. 
in./sec. and V = 780 cu. in., concentration of bypassed tracer in the exit is 
mi/420 for a period of 1 sec. For the conditions used in plotting Fig. 59, the 
maximum effluent stream concentration for tracer which has passed through 
the distributor is 0.86/^/780. 

The location of the maximum CB(t) in Fig. 59 changes as the values of the 
constants are changed. The time at which the maximum occurs can be found 
by setting the derivative of CB(t) with respect to time from Eq. (154) equal to 
zero. Then, 

For the values of qF, qf and V used in Fig. 59, / m a x> = 2.2 sec. If qf is 210 
instead of 420, then i m ax = 4 sec. Thus, the time for the maximum C0(t) to 
appear increases as qj is decreased. The time for the response curve in Fig. 59 
to reach a maximum should correspond to the time for a very short pulse of 
tracer to be mixed uniformly throughout the vessel. 
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Marr took no data during the period of increasing tracer concentration in 
the effluent stream following the introduction of a pulse of tracer in the vessel. 
Predicted concentration behavior in this initial period is more sensitive to the 
type of model used than the period in which tracer concentration is decreasing 
in the effluent stream. 

The area under a curve of tracer concentration versus time is proportional 
to the quantity of tracer injected. The summation for all time intervals of 
average concentration during a short time interval times the feed rate times 
the length of the time interval is equal to the quantity of tracer injected. For 
this reason, all response curves following injection of a pulse of tracer should 
have the same area regardless of the mathematical model used or the value of 
qi\qF. If qi is lowered, a larger portion of the tracer bypasses the distributor and 
appears directly in the effluent stream. Under these conditions, the area under 
a curve plotted from Eq. (154) will be smaller as qf is decreased and the slopes 
of curves in the period of falling concentration of tracer will become smaller 
at equal times. 

For times greater than twice the time required for a maximum effluent 
tracer concentration to be obtained, Eq. (154) becomes 

C 0 ( 0 = ( 2 m / f e ) f e - ^ / n ( l - ^ / ) H 

e x p { [ ^ ^ (157) 

A plot of C o ( 0 versus time on semilog graph paper will be a straight line 
having a slope of 

- 2 [ ( ? , - f e ) / ( 2 - M 3 F 0 ] [ l - V r ^ - ^ / ] 
For a perfectly mixed vessel, 

C o ( 0 - ^ e x p f e r f / K ] (158) 

On semilogarithmic graph paper, a straight line will be obtained from Eq. 
(158) which will have a slope of —qF/2'303V. The ratio of slopes from Eq. 
(157) and (158) is shown below 

Slope ratio = ^ΙΖ3ή [i - Vl-gFlgÂ (159) 
QF 

When qj becomes large relative to qF, 

VI-VF/VI G - 4 F / 2 ? / ) 
and 

(Slope ratio) -*(l- tf F/ t f /) 

In Fig. 60 is shown a plot of the slope ratio versus qFlqt from Eq. (159). 
The experimental points were calculated using qF, N, and D in Eqs. (59a) and 
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FIG. 60 . Comparison of theoretical and experimental results for continuous mixing. 
[From Marr (Ml) with different nomenclature.] 

(159). A general trend of data is noted in the direction predicted. The results 
of the comparison should not be interpreted as confirmation of the mathe-
matical model which Marr has proposed. These results do not disagree with 
the model. Further work is needed to refine this comparison. 

The preceding information based on Marr ' s thesis can be used to estimate 
roughly the agitator rotational speed needed to obtain an approach to perfect 
mixing behavior as judged by how closely the effluent tracer concentration 
follows the values predicted by a first order or ideal mixing process. The 
greatest deviation from ideal mixing behavior occurs within a short time after 
a change is made in the tracer concentration. Equation (156) can be used to 
estimate for a given vessel volume, V, and feed rate, qF, the circulation rate, 
qh needed to get a moderately close approach to ideal, macroscale transient 
behavior within a period of time, r m a x, after a pulse change in tracer concen-
tration in the feed. Slower rates of change of tracer concentration than those 
in a pulse will provide a closer approach to ideal behavior. 

4. Turbine-Agitated Vessel with a Pulse Disturbance 

Conover (C3) developed a correlation of variables affecting a pulse of 
tracer passing through a continuously fed, turbine-agitated baffled vessel. 
He used a 20-in. i.d. cylindrical vessel with four If-in. wide, vertical baffles 
and a 6-blade turbine as shown in Fig. 61. Agitator speeds were varied from 
42 to 460 r.p.m. Water flow rates ranged from 3 to 7 g.p.m. The inlet was a 
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FIG. 6 1 . Mixing tank used by Conover ( C 3 ) . 

1-in. pipe with two 90° elbows near the middle of the tank to direct the enter-
ing water flow upward. 

Dye concentration in the entering and effluent streams were measured 
photometrically. A nigrosine dye solution was injected either directly into the 
tank at the liquid surface or into the feed line in about 1 sec. 

Conover assumed that the action of the agitated vessel on the tracer pulse 
could be represented by h, first-order series operations with the same time 
constant. The input was assumed to be an impulse of area, m^qp. The output 
concentration function is then 

™ilgF 

[(SAO+ir 
CiW - ΓΤΓ^ΛΤΤΤΛ (160) 

The inverse Laplace transform of Eq. (160) is 

r /t\ (mjqrtft*-1 exp (-at) . , 
Q ( 0 = - p ^ (161) 

where Γ(Η) is the gamma function of h (Kl ) . Setting the derivative of C\(r) 
with respect to t equal to zero and solving for / yields 

W . = (Λ-1) /α (162) 
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where / m a x. is the time for the peak or maximum concentration to be reached. 

, γ α - 1 1 λ - 1
 Λ—h h / ι \ ïh-iy-1 

milqF ~γ- e1 a {niilq^a - y -

then, 

(163) 

= [(aeî)l(h-l)]*"1 exp (-at) (164) 

[QCOLax 
The constants, α and Λ in Eq. (164) were evaluated by a least squares method 
using a digital computer. Correlations of a and h with the variables K, qF, and 
TV are presented in Figs. 62 and 63. 

According to the equation of line 1 in Fig. 62, \\a is proportional to the 
average residence time, V\qF of fluid in the vessel. According to Fig. 63, the 
operation approaches first order (A->1), as agitator rotational speed, TV, is 
increased and as residence time, V/qF, is increased. Higher than first-order 
performance is obtained as agitator rotational speed and residence time are 
decreased. 

Two correlation lines were obtained for a and h in Figs. 62 and 63. Conover 
pointed out that the tests correlated by line 2 in each figure have lower 
values of VjN than the tests correlated by line 1 in each figure. Apparently a 



small liquid volume and high agitator rotational speed resulted in a different 
flow pattern in the liquid and a different correlation line. 

The values of a and h from Figs. 62 and 63 can be used in Eq. (160) to 
predict the effect of the flow pattern in the agitated vessel on other forcing 
functions. The utility of these correlations would be extended if the effects of 
equipment size, fluid density, and fluid viscosity were studied and included in 
these correlations. 

In Fig. 64 are shown lines relating phase angle and magnitude ratio pre-
dicted by Eq. (160) for sinusoidally varying concentrations fed to an agitated 
vessel. The points in Fig. 64 were calculated by Conover directly from the 
impulse response data by an electronic digital computer using a Fourier 
transform method described by Draper et al (Dl ) . A similar plot, Fig. 65, 
based on data from Conover's thesis is presented by Hougen and Walsh 
(H2). The sinusoidal responses predicted by the two methods of calculation 
agree as indicated by the proximity of the points and lines. 

The frequency response data for an agitated vessel presented by Hougen 
and Walsh show a line with steeper slope than — 1 above a frequency corre-
sponding to 0.2 radians/sec. Thus, a greater attenuation of input disturbances is 
obtained than a first-order process if the fluctuation frequency is high enough. 

The turbine agitator that Conover used divided the vessel into a large 
mixing zone above the turbine and a small mixing zone below the turbine. The 
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feed entered the upper zone and the effluent stream was drawn from the lower 
zone. With this flow pattern, there would be a low degree of direct bypassing 
of the feed stream to the exit before the feed mixed with the fluid in the region 
above the impeller. Such a flow pattern would also explain the higher than 
first-order behavior at higher fluctuation frequencies. 

5. Jet-Stirred Vessel with a Step Disturbance 

Bartok et al (Bl) studied the effect of a jet-stirred vessel on a step change in 
tracer concentration in the feed stream. The type of vessel and method of 
injecting the feed stream is shown in Fig. 66. The feed entered the vessel 
through 16 tubes, each of which had eight 0.0135 in. holes, spaced \ in. 
apart which directed the feed stream in a tangential direction. The effluent 
stream left the vessel through sixty 0.0595 in. diam. holes. The vessel was 
3.5 in. i.d. and U 2 5 in. long with a volume of 161 cc. (about 10 cu. in.). 
The feed jets caused the fluid in the vessel to swirl. 

R — A 

I 
L-»-A SECTION A - A 

FIG. 66. Jet-stirred vessel. [From Bartok et al. (Bl).] 

Krypton 85 was used as a tracer in a stream of nitrogen flowing at 10 to 
400 cc./sec. The tracer stream was 2 % of the main stream and consisted of 
0.7% krypton. The concentration of tracer in the exit was measured by 
gamma-radiation scintillation probes on opposite sides of the exit line. The 
experimental conditions used are summarized in Table XIX. The time lags 
listed are equal to the inlet or outlet volumes (from the tracer injector outlet 
to the 0.0135-in. inlet tube holes or from the exit holes to the scintillation 
probes) divided by the flow rate of nitrogen. 

Typical results are shown in Fig. 67. The dashed line passing through 
(1, 0) is a plot of the equation for the effluent concentration, C, after a step 
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Av. Nitrogen Time lag (sec.) 
residence flow rate 
time (sec.) (cc./sec) Inlet Outlet 

0 . 4 0 4 0 7 . 0 0 . 0 2 0 . 1 3 

0 . 6 3 2 5 5 . 0 0 . 0 4 0 . 2 0 

0 . 7 9 2 0 3 . 0 0 . 0 5 0 . 2 6 

2 . 3 6 6 8 . 0 0 . 1 5 0 . 7 7 

3 . 9 5 4 0 . 7 0 . 2 5 1 .28 

1 5 . 5 0 1 0 . 4 0 . 9 6 5 . 0 3 

a From Bartok et al. (Bl). 

0 0.5 1.0 1.5 2.0 2.5 3.0 

* / f , TIME / AVERAGE TIME 

FIG. 67 . Continuous mixing in a jet-stirred vessel with a step disturbance in tracer con-
centration. [From Bartok et al. (Bl) with different nomenclature.] 

decrease from C 0 to 0 is made in entering concentration in a perfectly mixed 
vessel: 

Q/Co = e x p ( - < 7 F i / K ) (165) 

A better fit of the experimental data is provided by the solid line which 
assumes that 8 5 % of the vessel contents are perfectly stirred and 15% is plug 
flow in series with the stirred vessel. The equation relating outlet concentra-

Table XIX 

Experimental Conditions Used in Continuous Mixing Tests in a Jet-Stirred Vessel* 
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tion, CL9 initial concentration, C 0, fraction, w, of vessel volume which is 
perfectly stirred, flow rate, qF, total vessel volume, V, and time, t, is 

Q / C 0 - exp [ + (1 -m)lm] (166) 
L mV J 

Cholette and Cloutier (C2) derive this equation in a manner similar to the 
derivation of Eq. (143). The intercept of the solid line in Fig. 67 with CJCQ 
= 1.0 is 0.15, from which m = 0.85. When m is calculated from the slope of 

the line in Fig. 67, a value of 0.87 is obtained. 
Bartok et al. (Bl) point out that the fraction of the vessel volume in the 

annular space between the exit holes and the innermost four inlet tubes is 
15% of the vessel volume. This observation suggests that the fraction of the 
vessel with plug flow might be reduced further by more inlet tubes similar 
to the others but located closer to the exit holes. This change would reduce 
the fraction of vessel volume not occupied by feed jets. 

Bartok et al. also point out that the location of the correlation line of 
CJCQ VS. qFt/Vis independent of the average residence time over the 40-fold 
range studied. 

E . COMMENTS ON CONTINUOUS MIXING 

The present state of development of continuous mixing knowledge can be 
summarized as follows : 

1. The criterion used to characterize continuous mixing performance of an 
agitated vessel depends on the type of disturbance or variation in properties 
or concentration which enters the vessel in the input stream. 

a. For a random input variation, the ratio of concentration or property 
variances or standard deviations in the output and input stream can be 
used. 

b. For a pulse disturbance, the ratio of amplitudes of the maximum 
imput and output deviations can be used. The difference in time for 
the maximum to enter and leave is sometimes of interest. 

c. For sinusoidal variations, the ratio of amplitude in the leaving and 
entering streams, and the phase angle between them can be used. 

The ratio of the performance actually obtained using one of the criteria 
stated above to the performance theoretically predicted for perfect mixing or 
for an idealized flow pattern can be used as a measure of the performance of 
continuous mixing equipment. 

2. Ideal mixing performance can be predicted for various combinations of 
the following elements : 

a. one or more perfectly mixed vessels in series or in parallel with respect 
to fluid flowing through the vessels ; 

b . recycle of part of the effluent stream to any upstream location ; 
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c. bypassing of part of any stream to a downstream location ; 
d. transport lag or significant time of transit for fluid between vessels. 

The agitator rotational speed needed to approach ideal mixing performance in 
such cases depends on the operation carried out, the residence time in the 
vessel, the time scale of a disturbance, and the rate constants of any interfacial 
mass transfer operations or chemical reactions. 

3. Correlations of experimental data are not available for predicting con-
tinuous mixing performance. The following variables will probably be signifi-
cant in such correlations : 

a. equipment type and proportions ; 
b . equipment size; 
c. fluid residence times ; 
d. fluid velocity or agitator speed ; 
e. fluid properties such as density and viscosity ; 
f. the type of disturbance and some measure of the time scale such as 

frequency or duration. 
4. Further experimental data are needed to provide a basis for predicting 

the conditions needed to obtain a close approach to ideal continuous mixing 
behavior in systems involving agitated vessels. 

5. Further experimental data are needed to predict continuous mixing 
performance for commonly used types of equipment and commonly used 
operating conditions. Data are needed for laminar flow systems (Newtonian 
and non-Newtonian) as well as turbulent flow systems. Conover's correlations 
(Figs. 62 and 63) should be extended to include the effects of equipment size, 
fluid density, and viscosity. 

List of Symbols 

a a constant in Eq. (160) 
b blade width of impeller in direction parallel to the axis of rotation, ft. 
Β baffle width (radially), ft. 

CF feed concentration, lb. moles/cu. ft. 
C0 initial concentration, concentration in, lb. moles/cu. ft. 

Q , C2 concentration leaving vessel 1 or vessel 2, lb. moles/cu. ft. 
d0 jet diameter at nozzle, f t. 
D impeller diameter, ft. 

Dm molecular diffusivity, sq. ft./min. 
/ frequency, cycles per min. 
F force, lb.f 

g gravitational acceleration, ft./min.2 

gc conversion factor, 115,900 (lb./lb.,) (ft./min.2) 
h constant in Eqs. (160) to (164) 

H theoretical impeller head, (ft.) (lb.r)/(lb.) 
i fraction of feed entering perfectly mixed zone [Eqs. (139) to (143)]. or fraction of 

feed recycled [Eqs. (113) to (130)] 
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k ratio of tangential fluid velocity at the periphery of an impeller to the peripheral 
impeller velocity 

M0 momentum flux, lb^ 
M mass, lb. 
m fraction of total vessel volume that is perfectly mixed [Eq. (139)] 
nig quantity of tracer added during an impulse disturbance, lb. moles 
Ν agitator rotational speed, r.p.m. 

NFr Froude number, D2N/g, dimensionless 
Ν ρ power number, PgJ pN3D5, dimensionless 
Nq impeller discharge coefficient, Q/NDZ, dimensionless 

Nue Reynolds number, Ώ2Νρ/μ 
NSc Schmidt number, Dmplp 

ρ propeller pitch (distance moved by a propeller in one revolution for no slip 
relative to the fluid), ft. 

Ρ power, ft. lb. /min. 
Q impeller or jet discharge, cu. ft./min. [subscripts 1 and 2 refer to impeller dis-

charge defined by Eqs. (43) and (45), respectively, for an unbaffled vessel and by 
Eqs. (49) and (50) for a baffled vessel] 

Q' total circulation induced by an impeller (discharge plus entrained or induced flow), 
cu. ft./min. 

qF feed rate, cu. ft./min. 
qx internal circulation rate, cu. ft./min. 

r radial distance from the center of agitator shaft, ft. 
ra radial width of annulus, ft. 
R ratio of variances, dimensionless 
S Laplace transform variable, 1 /min. 
/ time, min. 

Τ tank or vessel diameter, ft. 
7> torque, (lb.,) (ft.) 
ν fluid velocity, ft./min. 

vc fluid velocity leaving impeller periphery, ft./min. 
Vj jet discharge velocity, ft./min. 

vL absolute velocity of liquid approaching agitator blade, ft./min. 
vp peripheral impeller velocity, ft./min. 
vr radial component of fluid velocity, ft. /min. 
vt tangential component of fluid velocity, ft./min. 
vz axial component of fluid velocity, ft./min. 
vw velocity of fluid relative to impeller blade tip (Fig. 1), ft. /min. 
V vessel volume, cu. ft. 

W weight rate of flow, lb./min. 
Ζ axial distance in vessel, ft. 
Z f distance from center of impeller to vessel bottom, ft. 

ZL fluid depth in vessel, ft. 
a angle between direction of fluid leaving tip of impeller and the tangent at the same 

point (Fig. 1) 
β angle between a tangent to the surface of a curved impeller blade at the periphery 

of the impeller and a tangent to the circular path followed by the impeller at the 
same point (Fig. 1) 

y angle between the plane of an inclined impeller blade and the plane in which the 
impeller rotates. 

ζ damping constant [Eq. (127)], dimensionless 
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θ mixing time, min. 
0C circulation time, min. 
0' mixing time plus time to inject fluids to be mixed, min. 
μ fluid viscosity, lb./(ft.) (min.) 
ρ fluid density, lb. /cu. ft. 
τ average residence time, min. 
Φ angle of jet axis relative to horizontal, degrees 
φ function of 
ω angular velocity of impeller, radians/min. 

ω ζ angular velocity of fluid at the periphery of an impeller, radians/min. 
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