
CHAPTER 1 

THE NORMAL-COORDINATE METHOD FOR POLYMER CHAINS 
IN DILUTE SOLUTION* 

The method of normal coordinate analysis is the newest, and perhaps the 

most powerful, of the mathematical tools that have been applied to the 

theory of high polymers. I t was introduced only a few years ago b y Bueche
1 

and Rouse, Jr.,
2
 working independently. However, normal coordinate anal-

ysis has had a long history in other branches of mathematical physics.
2
* 

Perhaps the genesis of the method goes back to Sir Isaac Newton 's theory 

of sound. A t that time the theory of differential equations was not yet 

developed—in fact calculus itself had only just been invented—and New-

ton was forced to use an artifice to describe the propagation of sound 

through an elastic medium such as air. His artifice consisted of represent-

ing the continuous medium b y a chain of weights connected b y springs. 

The sound wave was assumed to propagate down this chain, and in this 

way the problem of the modes in which such a chain could vibrate came to 

the fore. 

A fairly complete discussion of this problem was accomplished a few 

years later b y two Swiss mathematicians, John and Daniel Bernoulli, in a 
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correspondence beginning about 1727. They explicitly discussed the nor-

mal vibrations, i.e., the ones which would perpetuate themselves down the 

chain without change of type, and they worked this problem out in quite 

complete detail. Since that time the analysis of complex systems of masses 

and springs, and sometimes including damping forces in addition, has usu-

ally been reduced b y means of a normal-coordinate analysis. 

On the other hand, the dynamical theory of the specific heat of solid sub-

stances, which was founded b y Debye and b y Born and von Karman in the 

early part of this century, is essentially a theory of the normal vibrations 

of the crystal lattice. Likewise, the normal coordinate theory has been very 

important—in fact, absolutely necessary—in discussing the design of elec-

trical filter apparatus for communications equipment. 

Despite the fact that this problem is well known to almost any student of 

advanced physics, until very recently it remained unused in the field of 

high polymers. The mathematical theory of high polymer chains probably 

dates from the pioneering work of Meyer , Mark, and Guth over twenty 

years ago. Since that time it has been recognized that the model of a chain 

of weights connected b y springs is a fair representation of the actual high 

polymer chain. N o w such a chain is, of course, very similar to the chain 

which was discussed by Newton in 1686. There is one difference however, 

and this difference, which is much more serious in appearance than in ac-

tuality, undoubtedly kept people from applying the method of normal 

coordinates to high polymer chains. The difference lies in the fact that the 

typical high polymer chain is represented by a freely coiling chain with the 

universal joints joining the springs, whereas the chains which are discussed 

in the problems of classical physics are chains arranged in a definite linear 

framework in space. N o w we shall see shortly that if one assumes that the 

springs of the high polymer chain have zero equilibrium length—and this, 

in fact, is just the assumption that one wants to make—then it makes no 

difference whether the chain is coiling or whether it is rigid. The state of 

each spring is described by the vector distance between its ends. Likewise, 

since it is a H o o k e d law spring, the force between its ends is proportional 

to this length vector, and both the force and the length vectors project upon 

the coordinate axes in the same way. Therefore, the projection of each 

spring upon each coordinate axis acts just as if it were an identical spring 

laid out along this axis. The chain as a whole can be represented as three 

identical chains, but in each case stretched out along one of the three co -

ordinate axes. These chains, of course, are each of the classical type. 

II. The Elastic Dumbbell 

N o w let us study the particulars of our model more closely. B y way of 

introduction, let us first take a very simple model, one that consists of only 
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"MONOMER" 

^universal joints 

"POLYMER" 
FIG. 1. Two idealized molecular models, whose motions can be given exact mathe-

matical treatment. 

ONE SPRING AND TWO BEADS. THIS IS THE OBJECT DEPICTED AT THE TOP OF F IG . 1, 

LABELED THERE " M O N O M E R . " W E ASSUME THAT THE SPRINGS HAVE ZERO EQUILIBRIUM 

LENGTH. THIS DOES NOT MEAN, OF COURSE, THAT THE MOLECULE WHICH THIS OBJECT 

REPRESENTS WILL HAVE ZERO LENGTH, BECAUSE THERMAL MOTION GENERALLY KEEPS 

THIS SPRING EXPANDED TO SOME EXTENT. A T FIRST, HOWEVER, LET US CONSIDER THE 

EQUATIONS OF MOTION NEGLECTING THERMAL AGITATION. 

W E WILL SUPPOSE THAT THIS MONOMER OBJECT, WHICH MIGHT ALSO BE CALLED AN 

ELASTIC DUMBBELL, IS EXTENDED IN A VISCOUS LIQUID WHICH IMPEDES ITS MOTION. 

THERE ARE THEN THREE TYPES OF FORCES AND REACTIONS THAT WE HAVE TO CONSIDER: 

THE FORCE DUE TO THE EXTENSION OF THE SPRING, THE FORCE CAUSED B Y THE VIS-

COSITY OF THE LIQUID WHEN ONE OF THE BEADS MOVES THROUGH IT, AND THE INERTIAL 

REACTION CAUSED B Y THE MASSES OF THE BEADS. O N THE MOLECULAR SCALE THE IN-

ERTIAL REACTIONS TEND TO BE VERY MUCH SMALLER THAN THE OTHER TWO FORCES, AND 

FOR THIS REASON WE SHALL NEGLECT THEM COMPLETELY. 

W E SHALL ASSUME THAT THE VISCOUS DRAG ON THE MOTION OF ONE OF THE BEADS 

CAN BE REPRESENTED SIMPLY B Y A FORCE PROPORTIONAL TO THE VELOCITY OF THE 

BEAD AND IN THE REVERSE DIRECTION. W I T H THIS VERY REASONABLE ASSUMPTION 

WE GET THE TWO FOLLOWING EQUATIONS OF MOTION FOR BEADS ONE AND TWO: 

T H E LEFT-HAND SIDE OF THESE EQUATIONS REPRESENTS THE VISCOUS DRAG WITH A 

RESISTANCE COEFFICIENT P. T H E VELOCITIES OF THE BEADS IN THE ^-DIRECTION ARE 

pxi = FXÏ = -g(xi - x*), 

P±2 = FX2 = -g(x2 - Xl). 

( T H E DOT REPRESENTS A DERIVATIVE WITH RESPECT TO TIME.) 

(1) 
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Χι and χ2, respectively. These must be equal to the forces on the beads 
Fxi and Fx2 which are, in turn, equal to the forces exerted by the springs; 
the latter are given by the right-hand side of the equation, with g the force 
constant and Χχ and x2 the -̂coordinates of the two beads. 

Now this set of simultaneous differential equations can be solved easily 
by adding and subtracting the two equations to produce two new equations. 
In this process two quantities naturally make their appearance. These 
quantities are £o and £1 as given below. 

Xl + x2 

( 2 ) 

Xl — %2 

The first is, except for a normalization factor, the mean coordinate of the 
elastic dumbbell. The other is, except for the same factor, the length of the 
dumbbell. By adding the two equations, we get the following differential 
equation for ξ0, which is easily solved to get a result that £0 is a constant: 

έο = 0; & = constant. ( 3 ) 

In other words, the center of mass of the dumbbell does not move, as of 
course it should not, since there is no force acting on the center of mass. 
By subtracting the two equations we get the following for £ x, and this again 
has the simple solution given below: 

= -(2FLF/p)&; & = à' exp [(-2g/p)t] ( 4 ) 

The quantity ξ ι , therefore, decreases exponentially from its initial value 
ξι' toward 0. The two quantities £0 and ξ ι , which so markedly simplify the 
original set of equations, are the normal coordinates of this system. 

We are now in a position to be more realistic about our model and intro-
duce thermal agitation or Brownian motion. At the same time, with no in-
crease in complication, we may put our model in a flowing liquid, one that 
is undergoing shear as a liquid would, for example, in conventional vis-
cometer. Consider the situation in Fig. 2 , in which our dumbbell molecule 
is shown with arrows representing the flow of liquid. The liquid is flowing 
in the ^-direction with a velocity gradient in the ̂ -direction. (For simplicity, 
we ignore the ?/-axis.) The equations of motion amplified by the addition 
of the Brownian motion and the shear-rate terms are the following: 

pxi = Fxl = -kT - g(Xl - x2) + Kzi , dXi 

P±2 = F l 2 = -kT - g(x2 - xi) + Kz2. 
0X2 

( 5 ) 
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K21 and Kz 2 are the shear-rate terms, Κ being the rate of shear. The partial 

derivative terms account for the Brownian motion. These require some 

explanation. It would seem, at first sight, impossible to introduce Brownian 

motion, which is a random agitation, into our equations which, up to now, 

at least, have been completely determined. This is, indeed, only possible 

if we average over the motions of the large number of identical particles, 

and it is in this sense that our equation must now be interpreted. The ±\ 

and ±2 now become the average motions of particles 1 and 2 in an ensemble 

of a large number of identical molecules. Under these conditions, we know 

how to handle the problem of Brownian motion. Brownian motion simply 

causes diffusion in the ordinary sense, and diffusion obeys Fick's Law; i.e., 

there is a current which flows from regions of high concentration to regions 

of low concentration, the strength of the current being proportional to the 

gradient of the concentration multiplied b y kT. This is the origin of the 

first terms on the right of equations (5) . The function ψ is the concentration 

generalized so that it includes both the concentration of particles 1 and 

particles 2. This function ψ is commonly called the distribution function of 

the system. 

Z-AXIS 

FLUID VELOCITY 
* Χ Ζ 

X - A X I S 

FIG. 2 . A model molecule in two-dimensional shearing flow 
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These new, and more complicated, equations of motion still can be sim-

plified by means of the normal-coordinate transformation. The results 

of the transformation are the following: 

Ρίο = -kT —— 

. Zl — Z2 

Once again £0 occurs in one equation only with itself, and & occurs only 

with itself and with ft. This mixing of £1 and f ι turns out to be harmless. 

The divergence of the rates of flow of the particles is set equal to the rate 

of accumulation of the particles at a given point to give a second-order 

differential equation of the familiar type encountered in diffusion theory. 

From this the unknown function ψ can be determined. I t would take us too 

far afield to give the details of the solution of this equation, since the 

interested reader may find it in the original literature. It is worth noting, 

however, that the equation for the problem in hand, the elastic dumbbell 

molecule in a shearing fluid, can be solved exactly without recourse to ap-

proximation. (This was first accomplished, I believe, by J. J. Hermanns.
3
) 

Quantities of particular interest are the mean square extensions of the 

molecules along the coordinate axes. These are proportional to the mean 

squares of the normal coordinates £1 and ft, and expressions for them as 

calculated from the differential equation are given below. 

(Îi2)av = (kT/2g)(l + KP/g) (7) 

(fi2)av = kT/2g (8) 

(Îiri)av = kT Kp/2g2 = 2kT Kr/g (9) 

τ = P/2g (10) 

W e see that, as we predicted originally, the mean square extension of this 

elastic dumbbell is not zero. It is, in fact, proportional to the temperature 

and inversely proportional to the strength of the spring. Furthermore, the 

mean square extension along the x-axis increases with rate of shear. A t the 

same time the average of the cross product term £if ι , which is zero when the 

rate of shear is zero, increases proportionately to the rate of shear. The net 

result is that the molecule extends along a diagonal line inclined somewhat 

to the x-axis. 

* J. J. Hermanns, Ree. trav. chim. 63, 219 (1944). 
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A further important quantity is the relaxation time r. If we return to 

equation (4) , which describes the relaxation of the molecule in the simple 

case where Brownian motion is neglected, we see that the coefficient of time 

in the exponential has the dimensions of reciprocal time, and this is, in fact, 

the reciprocal of the relaxation time of this simple model ; i.e., it is the re-

ciprocal of the time needed for the dumbbell to relax to a length which is 

1/e of the initial value. This same quantity, the relaxation time, which is 

equal to p/2g, appears in our equations where Brownian motions have been 

considered. In fact, the variable that appears in the mean square extension 

is just the product of the rate of shear and the relaxation time. In other 

words, the rate of shear is essentially measured in units of the relaxation 

time. 

The relaxation time that we have been talking about is associated with 

the normal coordinate one. There is another relaxation time associated with 

normal coordinate zero; however, this relaxation time happens to be in-

finite. In general, there will be one relaxation time associated with each 

normal coordinate, since the original differential equation separates into as 

many new equations as there are normal coordinates. Later, when we take 

more complicated models, we will find that there will be many relaxation 

times of importance. 

III. The Elastic Chain 

W e can polymerize the simple model of the elastic dumbbell into a long 

chain, as shown in the second half of Fig. 1. This chain is a rather realistic 

model of a real polymer chain. 

T o justify this statement, I should point out that the distribution func-

tion for the end-to-end length of one of our hypothetical springs is, in fact, 

of the same mathematical form as the distribution function of the end-to-

end length of a chain of rigid bonds joined b y freely rotating joints. This 

form is the Gaussian distribution function, usually taken as a starting point 

in any investigation of the theory of a polymer chain. 

The chain containing many units has, of course, many internal coordin-

ates, and these can be transformed into many normal coordinates. A few 

of the simplest of these are shown in Fig. 3. As before, there is a normal 

coordinate which simply represents a translation of the center of mass of 

the molecule. The next least complicated coordinate is one in which the 

ends of the molecule move in opposite directions while the center stands 

still, and this is analogous to the coordinate ξι that we had before. 

Then there are more complicated coordinates to which we had no analogy 

before; these have two, three, or more nodes, and they can be visualized as 

being related to the normal vibrations of the stretched string studied b y 

students in elementary physics classes. As in the simple case that we have 
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FIG. 3. Schematic representation of the first four normal modes of a chain mole-
cule. 

already discussed, however, the use of these coordinates allows the compli-
cated differential equation of the whole chain to be separated into a non-
interacting set of equations, each one of which is quite simple and can be 
easily solved. 

There is another complication that should be mentioned at this point. 
A molecule suspended in a liquid and exerting forces on the liquid causes 
the liquid to flow, and these currents in the liquid influence the motions of 
other parts of the same molecule. The situation is shown in Fig. 4, where a 
particular bead shown at the center of the figure is acted on by a force which 
drags i t toward the right. I t , in turn, sets up currents in the liquid around 
i t which are indicated by the curved arrows on the left-hand side of the 
picture. Unfortunately, an exact description of this situation makes the 
equations of motion too complicated to be solved. However, i f we approxi-
mate the curvilinear flow field, which is shown in the left side of the figure, 
by a rectilinear flow field, shown on the right side of the figure, the equa-
tions become simple enough to be solved with hardly any more difficulty 
than would have been encountered if this flow complication had been neg-
lected completely. The replacement of the curvilinear flow field by an appro-
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TRUE FLOW FIELD 

\ APPROXIMATIONS 

FIG. 4 . Replacement of the exact flow field (left) around a moving bead by approxi-
mate rectilinear flow fields valid for limited regions (right). 

priate rectilinear flow field is essentially the approximation that Kirk-

wood and Riseman made in their theory of intrinsic viscosity. (See below.) 

N o w let us look at the results of this theory for the high polymer chain. 

One of the most interesting quantities is the intrinsic viscosity. Since we 

have a theory that includes relaxation effects, we can calculate intrinsic 

viscosity for a molecule suspended in oscillating shear as well as in the more 

usual case of steady-state shear. The results, which show the effect of the 

various relaxation processes quite clearly, are presented in Fig. 5, where the 

viscosity is plotted as a function of the frequency of the oscillating shear on 

a logarithmic scale. The total viscosity falls from a low-frequency plateau 

to another plateau at very high frequencies; the latter plateau is just the 

viscosity of the solvent. 

T o understand what is going on, one need only consider what the molecu-

lar processes are in these two extremes. A t low frequency (or steady flow) 

the molecules are being extended b y the shear rate, but at the same time 

they are revolving slowly in the flow gradient. The result is that the energy 

which is put into them is gradually dissipated b y the slippage of the mole-

cule through the fluid. Therefore, energy is lost and a true viscosity appears. 

A t high frequencies, on the other hand, the molecules, which are essen-

tially springlike, are extended slightly in one phase of the motion. However, 

before they have a chance to dissipate the energy stored in this extension, 

the motion reverses itself and the energy stored in the springs is given back 

to the fluid. There is thus very little energy loss and the viscosity is very 

small. Instead, a modulus of elasticity appears which corresponds to the 

springlike action of the molecules. (We d o not show the modulus here.) 
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Τ 

LOG FREQUENCY 

FIG. 5. The real part of the complex viscosity of an isolated chain molecule and 
its decomposition into contributions from the various normal modes of relaxation. 

The curve of viscosity versus frequency is actually a composite curve 

made up of the contributions of the various relaxation processes corre-

sponding to the various normal coordinates. These are indicated in detail 

in Fig. 5. About half of the total viscosity is caused b y the motions of the 

simplest of the normal coordinates, the one in which the two ends move in 

opposite directions. The more complicated types of motion contribute in 

successively smaller portions to the total viscosity. It is also noteworthy 

that the relaxation times of these various normal coordinates are different, 

the simplest normal coordinate having a longer relaxation time than the 

more complicated ones. 

A comparison of this theory with experiments is shown in Fig. 6 and 

Table I. Figure 6 shows experimental curves of viscosity versus frequency 

as determined b y Rouse and Sittel
4
 on solutions of various samples of poly-

styrene in toluene. The general agreement in regard to the form of the curve 

is noteworthy. Furthermore, the relaxation times taken from experimental 

curves are quite close to those calculated theoretically. This comparison is 

shown in Table I. 

The theory provides a formula which connects the relaxation time with 

the viscosity of the solution and with known numerical constants. The times 

calculated from this formula are shown in the next to the last column of 

this table with the measured experimental times in the last column. It can 

be seen that while the agreement is not perfect, there is a systematic differ-

ence between the theoretical and observed times amounting to about 50 % ; 

« P. E. Rouse, Jr. and K. Sittel, J. Appl. Phys. 24, 690 (1953) . 
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FIG. 6. Experimental viscosity versus frequency for polystyrene solutions. From 
Rouse and Sittel.

4 

TABLE I 

RELAXATION TIMES OF POLYSTYRENE IN TOLUENE*
1 

Tltheor = 0.422 M(Vep/C)VBoiWRT> 

M Cyg./mL VBP/C Ti theor , StC. Τ \ exper , S€C» 

6,200,000 0.00144 1470 0.81 Χ 10"
3
 1.22 Χ 10"

3 

520,000 0.0089 225 10.3 Χ 10"
6
 16.8 X 10~

e 

253,000 0.0148 134 3.00 X 10~
e
 4.8 X 10"

e 

β
 Reference 4. 

6
 Reference 6. 

but this is, in fact, quite small compared with the total range of variation 
among polymers of different molecular weights. 

The difference between the theoretical and experimental times may re-
flect inadequacies in the theory or may perhaps even be due to experimental 
complications. It will be necessary for further investigation to settle this 
point. However, we could point out one source of difficulty which, in fact, 
has considerable interest of its own. 

In Fig. 7 are shown the relaxation curves for the viscosity of solutions of 
two polymers of the same molecular weight but of which one is a narrow 
fraction and the other has a broad distribution corresponding to that pro-
duced in many common types of polymerizations. It can be seen that the 
apparent ri's of these two materials would differ considerably even though 
a certain average relaxation time might be the same. 

Although the experiments of Rouse and Sittel were performed on frac-
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REAL PART OF INTRINSIC VISCOSITY FOR 
MONO- AND POLY- DISPERSE POLYMERS 

NARROW FRACTION 

^ S ^ ' N A T U R A L " DISTRIBUTION, 

V \ f ( n ) « n e "
n
'

n o 

LOG FREQUENCY 

FIG. 7. Real part of the intrinsic viscosity against the logarithm of the frequency 
for a polymer with a uniform molecular weight and for one with a molecular weight 
distribution. 

tionated materials, the efficiency of fractionation in general, and of the 

fractionation employed in this case in particular, is unknown. Therefore, 

we are not at all sure that the curve that they actually obtained corresponds 

to the narrow fraction curve of Fig. 7 or to something more like the broader 

curve. And in this fact lies a possible source of the discrepancy in the re-

laxation times. On the other hand, when we find out more about this sub-

ject we may be able to use the difference between curves of materials of 

different molecular weight distributions to discover something about the 

molecular weight distributions. 

Before we leave the subject of the intrinsic viscosity, another interesting 

point deserves mention. Some years ago, Kirkwood and Riseman
5
 derived 

a much quoted relation between the intrinsic viscosity in steady flow 

[η]ο and certain molecular constants, namely, the molecular weight M and 

6
 J. G. Kirkwood and J. Riseman, J. Chem. Phys. 16, 565 (1948). 
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the root-mean-square distance between the ends of the chain L. W e can 

easily derive a similar formula from our theory
6
 and this is given here. 

Mo = 2.84 X 1 0
2 3

L
3
/ M . (11) 

The only difference between this formula and Kirkwood and Riseman's 

original result is in the numerical constant, which is 2.84 in our case and 

was originally found to be 3.6 b y Kirkwood and Riseman. A subsequent 

revision of some details of the calculations b y Kirkwood and associates
7 

reduced this constant to about 3.4, and later Auer and Gardner
8
 showed 

that another method of carrying out the mathematical details gave the 

value of 2.90. The latter is very close to our value of 2.84. The small re-

maining discrepancy can be attributed to some minor differences in the 

models which could probably be removed if someone were sufficiently in-

terested to do so. 

I think this result is interesting in two ways. First, it shows an unexpected 

dividend of the normal-coordinate method, in that it was possible to o b -

tain a more accurate result than the original Kirkwood and Riseman one 

with less labor, principally as a result of the simplifications obtained b y 

transforming from the ordinary coordinates into the normal ones. 

A further matter of interest is the question of whether this value of 2.84 

is in accord with experimental facts. The determination of the experimental 

value, which has been pursued in particular b y Flory and his co-workers, 

is subject to some uncertainty, and over the past two years the experimental 

value has shown a tendency to rise. The most recent value of which I am 

aware
9
 is, in fact, 2.5, with an estimated error of perhaps 10 %. W e can say, 

therefore, that the theoretical and experimental values are now almost in 

agreement with each other. 

I should now like to make a few remarks about branched molecules. The 

possibility of branching in polymer chains has been a rather mysterious sub-

ject until recently, and one which has been blamed for all sorts of discrep-

ancies between accepted ideas and experimental results. In the last few 

years mathematical analysis of the properties to be expected in branched 

molecules has made it possible to begin to dispel some of this mystery. 

Some time ago a calculation was made of the quantity which might be 

called the mean square radius of the branched molecule. This is a quantity 

which, in principle, is measurable b y light-scattering. In practice, however, 

« Β. Η. Zimm, J. Chem. Phys. 24 , 269 (1956). 
7
 J. G. Kirkwood, R. W. Zwanzig, and R. J. Plock, / . Chem. Phys. 23 , 213 (1955). 
» P. L. Auer and C. S. Gardner, J. Chem. Phys. 23 , 1545 (1955). 
9
 S. Newman, W. R. Krigbaum, C. Laugier and P. J. Flory, J. Polymer Sei. 14, 

451 (1954). 
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T A B L E I I 

THEORETICAL INTRINSIC VISCOSITIES AND RADII OF MOLECULES WITH ONE BRANCH 

POINT AND / ARMS OF EQUAL LENGTH COMPARED TO THOSE OF A LINEAR 

MOLECULE OF THE SAME MOLECULAR WEIGHT
0 

No. of arms, f Mean square radius ratio Viscosity ratio 

1 and 2 (1.000) (1.000) 
3 0.778 0.907 
4 0.625 0.814 
8 0.344 0.632 

° Reference 9a. 

the measurement has turned out not to be very useful, probably because the 

result depends on the degree of polydispersity, which is usually unknown. 

I t has been observed experimentally that the relation between the in-

trinsic viscosity and the weight-average molecular weight depends upon 

the extent of branching. Therefore, if the theoretical relation between these 

quantities could be obtained, it would offer a means of determining the 

amount of branching. W e have already seen that we were able to find this 

relation in the case of linear polymers. Calculation of this relation for 

branched polymers has turned up some rather surprising results.
9a 

W e have already seen that the intrinsic viscosity in the case of linear 

polymers depends upon the three-halves power of the mean square radius 

of the molecule. W e might expect, therefore, that the same relation would 

hold true in the case of branched polymers; and, in fact, this hypothesis 

was proposed b y Flory. However reasonable this hypothesis may seem on a 

dimensional basis, the actual calculations have not borne it out. In fact, 

the results given in Table I I indicate that the intrinsic viscosity varies 

more nearly with the square root of the mean square radius as the number 

of branch points in the molecule is increased at constant molecular weight. 

I t is rather difficult to give a convincing explanation of this result in a 

few words, since the actual flow of liquid through the molecule is a rather 

complicated process. Nevertheless, the theoretical calculations are strikingly 

well confirmed b y experiment. 

Figure 8 shows some experimental results b y Schaefgen and Flory
10
 on 

polyamides. The straight line drawn through the circles representing the 

experiments on the linear molecule is an empirical relation between the 

viscosity and the molecular weight. The other two solid straight lines are 

displaced from it b y the square root of the mean square radius, as suggested 

b y our theory. It can be seen that these lines pass through the experimental 
9 o
 Β. H. Zimm and R. W. Kilb, J. Polymer Set. in press (1958). 

1 0
 J. R. Schaefgen and P. J. Flory, J. Am. Chem. Soc. 70, 2709 (1948). 
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FIG. 8. Experimental results of Schaefgen and Flory on the viscosity-molecular 
weight relation for linear and branched polyamides. See text. 

points on the branched molecules as well as could reasonably be expected. 
The dotted lines which represent the hypothesis that the viscosity depends 
upon the cube of the root-mean-square radius obviously do not fit the ex-
periments at all. 

Another subject that can be treated by the normal mode theory is the 
dependence of viscosity on the rate of shear. The first theory of the intrinsic 
viscosity gave no dependence of viscosity on the rate of shear at all. How-
ever, it has been subsequently found that refinement of the hydrodynamic 
interaction approximations does introduce a change of viscosity with the 
rate of shear. We mentioned before that the real curvilinear flow field of a 
liquid around a moving bead is replaced in our theory by a rectinlinear 
flow field. The strength of this rectilinear field is determined by the average 
distance between the two pairs of elements whose interaction is being con-
sidered. 

In the original simple theory an average value of this distance character-
istic of the molecule at rest was introduced. An obvious refinement would 
be to introduce the value of the distance calculated from the simple theory, 
a value which changes with the rate of shear, as we have seen above in the 
case of the simple elastic dumbbell model. When this is done, a dependence 
of viscosity upon the rate of shear appears which is, at least, rather like the 
experimental dependence; i.e., the viscosity at first decreases rather rapidly 
with increasing rate of shear and then levels off. Whether the dependence 
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is quantitatively exact has not yet been determined at the time of writing. 

The determination must await the results of some rather lengthy numerical 

computations. 

W e have described some of the interesting results that have been o b -

tained by the use of normal-mode theory. All of these problems have dealt 

with single, isolated chains which correspond in practice to dilute solutions 

of polymers. Some of our most important problems however, concern con-

centrated solutions or solid polymers where many chains are interacting at 

once. Normal-mode analysis has proved very useful in this field also, par-

ticularly in the hands of Bueche,
11
 who has applied it boldly and with con-

siderable success to the discussion of the viscoelastic behavior of rubber-

like materials. This field is less developed than dilute solution theory, 

however, in that the exact way in which the polymer chains couple mechani-

cally with each other is still rather mysterious. Mention should also be 

made of the extensive comparisons between theory and experiment b y 

Ferry and co-workers, which are conveniently summarized in recent re-

views.
12 

Finally we ought to mention that the present interest in the relaxation 

properties of dilute polymer solutions stems from the initial work of W . 0 . 

Baker, W . P. Mason, J. H . Heiss and H . J. McSkimin of the Bell Telephone 

Laboratories.
13 

Nomenclature 

c Concentration, weight per ζ Vertical coordinate 
unit volume r Vertical normal coordinate 

Fx\ , FX2 ^-components of mechanical V Viscosity 
force Specific viscosity 

L Root-mean-square distance Mo Intrinsic viscosity for steady 
between the ends of a poly- flow 
mer chain κ Shear rate 

M Molecular weight Horizontal normal coordinate 

R Gas constant per mole έ Rate of change of £ 

Τ Absolute temperature Ρ Resistance or frictional co-

0 Spring constant efficient 

k Boltzmann's constant τ Relaxation time 

t Time τι Longest relaxation time for a 

X Horizontal coordinate polymer chain 

X Rate of change of χ Φ Distribution function 
11
 F. Bueche, Λ App. Phys. 26, 738 (1955). 

12
 J. D. Ferry, Record Chem. Progr. (Kresge-Hooker Set. Lib.) 16, 85 (1955). 

1 3
 See, for example, W. O. Baker, W. P. Mason, and J. H. Heiss, J. Polymer Set. 8, 

129 (1952); H. J. McSkimin, / . Acoust. Soc. Am. 24, 355 (1952). 


