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Introduction 

The primary aim of the book was the observation of tasks, which are basically of numerical nature and can arise 

in many different programming problems. The first approach was to find and analyse general algorithms, which 

are useful in the solution in many cases. However, some particular tasks have quite general methods so they 

deserve an overview. The secondary goal was improving the skills in parallel algorithmic thinking. 

The recently appeared hardwares provide wide possibilities to increase efficiency so that one cannot eliminate 

them (supercomputers, multicore processors, FPGA, videoprocessors). 

Of course, the different architectures require different approach. 

In the early ages, the development of computer architectures was directed to the uniformity and simplicity, 

whence the programming became more effective. Its turning point was the born of the Neumann architectures, 

when data and program was stored in the same place and the data processing were executed by a single unit. It 

was immediately recognized that some of the tasks should be separated from the central processing unit, to free 

it from the unimportant jobs. 

During the evolution of hardware more and more particular tasks were assigned to separate processing units. 

The peripheral devices, memory and other parts got their own simple controlling device. Later on, to speed up 

computations, a separated floating coprocessor and graphical unit has appeared. Finally the developers have 

realized that the further improvement of computing devices cannot be efficient by increasing the size and the 

speed of central processing units. Then the concept of multi-processing was introduced even to the magnitude of 

desktop computers. 

By the evolution of technology and production efficiency the difference between the components used in 

personal and supercomputers became more and more equalized. The reliability of the components used in 

desktop machines was approaching the supercomputers, while the volume of production made them relatively 

cheap. 

The evolution of operating systems also followed the extended requirements and possibilities. Multiuser and 

multitask systems emerged and since multicore processors appeared on the market, the operating systems were 

prepared for the use of them. 

The graphics controllers had the natural evolution to the parallel operations, since the algorithms solving graphic 

related tasks required a lot of computing resource and had a very efficient way to parallelize. 

Another concept was the base of the development of FPGAs. These are - with some limitations - freely 

configurable devices, where the computing units are not fixed in advance. 

Recently the mobile devices and small scale computers give a new acceleration to the development of 

computing architectures. Even with this small size, multicore systems are arising. 

The author thanks the TÁMOP project, the Synalorg Kft and the publisher (Typotex Kiadó) their help and 

support. 
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Chapter 1. Algorithm description 
models 

For the description of algorithms several methods were developed. One of the main groups is text-based, 

language-like, the other main group is the graphically represented descriptions. We will not deal with models of 

representations used mainly for theoretical observations (Turing machines, RAM machines, Markov algorithm 

etc.), we only use the more practical descriptions, closer to programming. 

The most widely used practical descriptions of algorithms is the most widely used are the so-called pseudocode, 

the flow chart and data flow graph representations. 

1. Pseudocode 

With the help of pseudocode we can describe the algorithms in the form of the usual imperative languages. 

Readers with some programming skills can use this tool very efficiently for the explanation of the operations 

and their orders in the algorithms. The deeper correspondences of the algorithms given by a pseudo code 

requires careful observations, however. 

The traditional sequential pseudo code can be extended to be suitable for the description of parallel algorithms. 

1. Assignment:  X←E ; the variable X gets the value of the expression E. 

Parallel version: X [1…n] ← E [1…n] 

2. Block of commands: Begin C1;C2;…;Ck End; groups the consecutive (blocks of) commands to be execute 

Parallel version: Begin C1∣ C2∣ …∣ Ck End; the commands execution order is arbitrary, even parallel 

3. Conditional execution: if B then C1 else C2; if the Boolean expression B is true, then C1, otherwise C2 is 

executed 

4. Loop: 

a. while B do C; while the Boolean expression B is true, repeats the execution of C 

b. for i ← 1...n do C; a repeats the execution of C for all i in the given range. 

Parallel version: 

pfor i ← 1...n do C; executes C for all i independently, in the same time 

5. Procedure call: name (arg1 ,…, argn); executes the algorithm described by "name" with arguments arg1 ,…, 

argn 

Using these elementary building blocks practically any algorithm can be constructed. However, if the 

description of a particular algorithm requires, temporally defined extensions can be used. 

The following is the well-known bubble sort algorithm's parallel version: 

 

        for k ← 0 … n-2 do 

        If k is even then 

           
            If A[2i] > A[2i+1] then  

                Swap A[2i] ↔ A[2i+1] 

    else 

           
          If A[2i+1] > A[2i+2] then 
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              Swap A[2i+1] ↔ A[2i+2] 

        endfor 

         

2. Representation of algorithms by graphs 

One of the most important aim of the representation by graph is that we try to give the relationships of the 

algorithms during the description phase. 

According to the first generation of the programming languages, in practice, the representation of algorithms by 

flow charts was very usual. 

2.1. Flow charts: 

The flow chart is basically a directed graph, its vertices represent the instructions, its arcs the sequentialness. 

In case of simple algorithms the interdependence of the instruction execution can be represented very 

expressively by it, but because of the spreading of the structural programming languages its usability has been 

reduced, as some kinds of flow chart structures are very difficult to be converted into program structures. (Like 

jumping from one loop to another, for example. This can make a well-structured program completely broken, 

controlling will become untraceable.) 

The following flow chart shows the algorithm of bubble sort. 

 

Flow chart of bubble sort 

Though the algorithm is well interpretable due to the flow chart, it is not completely clear how to write a C 

program of it. 
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It is also difficult to say what kind of parallelizing steps can be used. 

2.2. Parallel flow charts: 

We can generalize the flow chart model in the direction of parallelizing. Basically, the directed arcs are 

expressing the sequentialness of the instructions here too, but we have to introduce the parametrical arc as well 

(that is belonging to the parallel loop). With this we can express that we are executing the instructions in the 

quantity of the parametrical arc. 

In the following data flow graph we can see the parallelized algorithm of the bubble sort. 

 

Paralle bubble sort 

From here we have one more generalizing step to the data flow graph. In this model the interdependence of the 

instructions is completed with the representation of the possible data flows. 

2.3. Data flow graphs: 

In a data flow graph, like before, the instructions are in the vertices, which are called actors. 

The arcs of the graphs are not representing a simple sequentialness, but the real data flow possibility. Basically 

we can consider them data channels, thus the functionality of the algorithm represented by the graph can be 

examined by graph-theoretic tools. (The determination of the time complexity will be reduced to the searching 

of the longest path and the capacitance of the graph will get a meaning, in case of the so-called “pipeline” 

operation. Then we can start the compution on the new input before getting the result of the precedent 

compution.) We call the data packets flowing in the graph tokens. 

An actor will become active (allowed), if there are available tokens completing the conditions given on the 

inputs. 

When a node of the graph becomes active, it starts working immediately, executes the dedicated operation, and 

puts the result as a token on the output arc. On one output arc there can be several tokens, but their processing 

order has to be the same as their creation order. (So the arcs can be considered a kind of FIFO data storage.) 
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Data flow graph of addition 

 

Data flow graph of conditional 

We can relate different conditions to each component of the data flow graph, thus we get different models of 

computations. 

In the most simple case we do not allow feedback in the graph (directed acyclic). For example choosing the 

minimum. 

In more complex models we allow feedback, but we can require for example that an actor starts to work only if 

there is no token on the output arcs. (So the previous output has already been processed by the actor.) 
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Chapter 2. Complexity theory 

The complexity theory deals with the properties of algortithms, depending on the input data. The most 

frequently used and observed such property is time complexity. This is basically the theoretical correspondence 

of running time. For the precise development we will need some basic definition. 

1. The order of growth of functions 

Since algorithms in general do not solve a single task but a class of tasks, the complexity measure is not a single 

number but a function depending on the input. In most of the cases we cannot - or simply we do not want to - 

determine the precise formula of the function. Thus, basically we will use a formula, with that we can easily 

separate the most important, the most steeply growing component of the function. 
 

Definition: 

Let f : ℕ → ℝ+ be a function. The set 

O (f) = { g ∣  ∃  c > 0, N > 0, g (n) < c · f (n), ∀  n > N } 

is called the class of functions which belongs to the order of growth of functionf. 

If g ∈  O (f), then we say that "gis a bigOf" function. 

Remark: 
 

In order to make the order of growth explicit, we should suppose that f is monotonically increasing, but it is not 

necessary. This assumption would make a lot of examinations unnecessarily complicated, thus making them 

harder to understand. 

Based on the definition, the most evident example is that of a function bounded from above by another one. But 

in fact it is not necessary. In the following we will observe through some graphic example what the order of 

growth expresses for the first view. 

Example 1 

g(n) < f (n), ∀  n ∈  ℕ. 
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g (n) < f (n),∀  n ∈  ℕ 

Example 2 

g (n) < f (n), if n > N, for small n-s we do not care about the relations of the functions. 

 

g (n) < f (n),∀  n > N 

Example 3 

g (n) > f (n) ∀  n ∈  ℕ, but if we multiple f by a c constant, it will not be smaller than g. 

 

General g ∈  O (f) 
 

Remark: 

Instead of g ∈  O (f) in some circumstances the traditional g = O (f) notation is used. 
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To express the order of growth more precisely we can use other definitions as well. Some of these will be given 

in the next few pages, examinating some of their basic properties. 
 

Definition: 

Let f : ℕ → ℝ+ be a function. The set Θ (f) = { g ∣  ∃  c1, c2 > 0, N > 0, c1f (n) < g (n) < c2f (n), ha n > N } is 

called the class of functions which belongs to the exact order of growth of functionf. 

Properties: 
 

1. Let f,g : ℕ → ℝ+ be two functions. Then 

g ∈  Θ (f) if and only if f ∈  Θ (g). 

2. Let f,g : ℕ → ℝ+ be two functions. Then 

g ∈  Θ (f) if and only if g ∈  O (f) és f ∈  O (g) 

 

Definition: 

Let f : ℕ → ℝ+ be a function. The set o (f) = { g ∣  ∀  c > 0, ∃  N > 0, g (n) < c f (n), if n > N } is called the 

class of functions with order of growth less thanf. 

If g ∈  O (f), we say that "gis a smallO f " function. 

Properties: 
 

1. Let f,g ∶  ℕ → ℝ+ be two functions. Then g (n) ∈  o (f (n)) if and only if  

2. Let f : ℕ → ℝ+ be a function. Then O (f (n)) = Θ (f (n)) ∪  o (f). 

3. Let f : ℕ → ℝ+ be a function. Then Θ (f (n)) ∩ o (f (n)) = ∅ . 

1.1. Complexity concepts 

As we mentioned at the beginnig of the chapter, the properties of the algorithms can be described by different 

complexity measures. In the following these are defined. 

A solving algorithm of a problem during the solution may use different resources, and the quantity of these 

resources, of course, depends on the incoming data. For a unique approach it is usual to distinguish one of the 

properties of the incoming data - generally the most expressive -, the quantity or the size. If we know these 

pieces of information, we define the quantity of the necessary resources. After all we may use further 

refinements and may examine quantities that we get from the worst, average, or some special assumption. For 

more simplicity (and to make the calculation more simple), in general it is not usual to give the exact 

dependence, only the order of growth of the dependence. (Of course the saying "the exception proves the rule" 

stands for that as well: sometimes we can define quite exact connections.) 

Definition: 
 

Complexity of some resource of an algorithm: 

Let Σ be a finite alphabet, A an algorithm and e a given resource. Assume that A executes some well-defined 

sequence of operation on an arbitrary w ∈  Σ* input that needs E (w) unit of the resource type e). 
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Then the complexity of the algorithm that belongs to resource e: 

fe (n) = max { E (w) ∣  w ∈  Σ*, l (w) ≤ n}. 

In the followings we will look over the complexity concepts that belong to the most important resources. 

The complexities that are used for the most common, sequential algorithms: 
 

1. Time complexity 

This is one - and the most important - property of the algorithms. With it we want to express how a concrete 

implementation changes the running time. Generally it is the number of operations that we need during the 

execution of an algorithm. 

Remark: 
 

We have to be careful with the notion of time complexity as the different definitions can give different values. 

One of the most precise models of description of algorithms is the Turing-machine. By that the time 

complexity can be expressed precisely, but we have to describe the algorithms in a very complicated way. 

The RAM-machine model is more clear and is closer to programming, but gives the opportunity to represent 

arbitrary big numbers in each memory cell or we can reach an arbitrary far point of the memory during the 

same period of time as the close ones. 

In practice the most common description uses a pseudocode. The problem is that in this case we consider every 

command equally important and that can change the real value of the time complexity. 

 

2. Space complexity 

It expresses the data storage needs that come up by the algorithm while solving the problem. We express that 

with an elementary unit as well. 

Remark: 
 

The Turing-machine model gives the most exact definition in this case, too. As for the RAM-machine the 

problem is that in one cell we can represent an arbitrarily big number. If not every memory cell contains 

valuable data, then the number of the used cells or the value of the biggest address is the necessary space. At 

other models with network-like behaviour the real space complexity can be fully hidden because of the 

communication skew. 

 

3. Program complexity 

It is noteworthy, but in the case of sequential algorithms it does not have that big importance. It expresses the 

size of the solving algorithm, with some elementary unit. 

Remark: 
 

Contrary to these two previous properties, the program complexity is independent from the size of the problem. 

In practice that size of program, because of the physical bounds, is not independent from the input size. 
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We can represent the non-sequential algorithms in several models as well. In each model new complexity 

mesurements can be defined as a consequence of parallelity. Like before, we will give the number of necessary 

resources referring to an elementary unit. 
 

1. Complete time complexity 

Basically this is the time complexity of sequential algorithms, we express it with the number of all the executed 

operation and data movement. 

 

2. Absolute time complexity 

It gives the "time" that has passed from the beginning to the end of the computation of the algorithm, by the 

number of commands. The operations executed simoultaneously are not counted as different operations. 

 

3. Time complexity of threads 

If it can be interpreted in the given algorithm model, it gives the different threads' time complexity. This is 

tipically used in the models describing systems with multiple processors 

 

4. Complete space complexity 

Like the complete time complexity, it is the data storage source need of an algorithm. 

 

5. Space complexity of threads 

It is the corressponding definition of time complexity of threads, if independent computing threads and 

independent usage of space can be interpreted. 

 

6. Processor complexity (~number of threads) 

If we can define some computing unit in the model, the pocessor complexity expresses the quantity of it. 

 

7. Communication complexity 

If the computation described in the model can be assigned to different counting units, each of them may need 

the results given by other counting units. The mesure of this data is the communication complexity. 

A property, very close to the complexity concepts, is the parallel efficiency of an algorithm. With that we can 

describe how the algorithm speeds up the calculation by paralellizing. 

Definition: 
 

Let A be an algorithm, T (n) be the complete time complexity, t (n) be the absoulte time complexity. The 

 value is the algorithm's parallel efficiency. 

Between the parallel efficiency and the processor complexity the following relation holds. 

Theorem: 
 



 Complexity theory  

 10  
Created by XMLmind XSL-FO Converter. 

Let A be an algorithm, H (n) be the parallel efficiency of the algorithm, P (n) be the processor complexity. 

Then H (n) ≤ P (n). 

Definition: 
 

Let A be an algorithm, P (n) be its processor complexity and H (n) be its parallel efficiency. The  

value is the algorithm's processor efficiency. 

Remark: 
 

The processor efficiency expresses how much of the operating time of the processors the algorithm uses during 

the operation. The value can be at most 1. 
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Chapter 3. Basic algorithms 

1. Searching 

The problem of searching means that we have to find an element or set of elements with some explicite or 

implicite property in a given datastructure. An explicite property can be, for instance, a given value, while 

implicite property can be, for instance, the minimality. 

To find a given number in an array is a very straightforward task with a sequential algorithm.. With the use of a 

single loop the search can be done with n comparisons, where n is the size of the input array. 

For the parallel solution, regard the following scheme: 

We create a chain of processors that are able to execute the necessary comparison command, and give a number 

according to their index in the array. All processors can drive the common bus on the following way: the one 

with smaller index can block the bus arriving from the ones with greater index. 

 

Bus structure of parallel search 

The operation is the following: every processor gets the member of the array with the same index and the 

number we are searching for. All of them compare the numbers they have and if any of them find equality, then 

block the bus and write their index value to it. At the end of the bus, we only see the smallest value index that is 

placed there. If there are no coincidences, then we see the bus empty. 

This system finds the number with one simultaneous comparison. 

Searching for the minimal element of an array is slightly more difficult. 

The corresponding sequential algorithm has the same complexity, but the idea above cannot be applied for 

parallel execution. 

Here we can apply the "divide and conquer" method and obtain the following algorithm. 

Partition the array into two (equal) parts and determine the minimum of both of them. The global minimum is 

the smaller of the two local ones. Applying the same idea recursively we can get the global minimum. 

The algorithm: 

 

        RekursiveMinimum( A[1…n] ) 

         

        if n = 1 then 

        return A[1] 

        else 

             
 

            return min{m1,m2} 

        endif 

         

        end 
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The sequential execution of the algorithm requires T (n) = n - 1 comparisons, as before, thus the complete time 

complexity is n - 1. We may observe, however, that the computation of m1 and m2 can be done simultaneously. 

Then the time complexity of the algorithm is t (n) = log(n) only, while the processor complexity is . 

The algorithm has an iterative resolution. The data movement can be represented by a data flow graph. 

 

Data flow graph of parallel search for minimum 

2. Sorting 

We can draw it up in the following way: 
 

Let A be a set with a ≤ sorting relation, and T [1…n] be an array, such that its elements are from the set A. 

Let’s sort the elements of the array T such that T[i] ≤ T[i+1] be true for all i∈  {1,…,n - 1}. During the sorting 

the elements cannot disappear and new ones cannot be created. 

--------------------------------------------- 

In: n, A [n], x 

Out: B [n], where ∀ i ∈  {1,…,n - 1}: B [i] ≤ B [i + 1], and ∃ π permutation, such that ∀ i ∈  {1,…,n}: A [i] = B 

[π (i)]. 

In the case of the general sorting algorithms we have a particular situation. The sorting belongs to the class of 

problems, for which we can prove exact lower bound of the time complexity. 
 

Theorem: Let R be a general sorting algorithm with t(n) time complexity. Then n · log(n) ∈  O (t (n)). 

This means that a general sorting algorithm cannot be faster than c · n · log(n) . 

Several known algorithms reach this theoretical bound, so according to a constant factor, it gives an exact lower 

bound to the time complexity. 

One of these algorithms is the merge sort. 
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2.1. Merge sort 

This method is based on the idea of "divide and conquer". 

 

ÖFR(n, A) 

1.         

2.        

3.  

The algorithm of the merging: 

       

        ÖF(n,A,B)              // A and B sorted 

        1. i ← 1 

                                   j ← 1 

                                   k ← 1 

        2. while (i ≤ n) or (j ≤ n) do 

        3.    if (j > n) then 

        4.        C[k] ← A[i]  

                                   i ← i+1 

        5.    else if (i > n) then 

        6.        C[k] ← A[j]  

                                   j ← j+1 

        7.    else if (A[i] < B[j]) then 

        8.        C[k] ← A[i] 

                                   i ← i+1 

        9.    else  

        10.       C[k] ← A[j]  

                                   j ← j+1 

        11.    endif; endif; endif 

        12.    k ← k+1 

        13. endwhile 

                 

We assume that the two input sets have the same amount of elements, but it works very similarly in case of 

different number of elements. 
 

Example: Let’s sort the array 

 

By analyzing the algorithm of merging, we can see that it is a typical sequential procedure, with parallelizing we 

cannot make it a lot faster. (A minimal acceleration is possible if we have already done the comparison of the 

next elements with the pipeline theory while executing the data movement.) 

Real growth can only be realized by the reconsidering of the merging. 

2.2. Batcher’s even–odd sort 

This procedure makes the tight cross-section of the algorithm, the merging more effective. 
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A big advantage is that its steps can be parallelized. 

Let A[1…n] and B[1…n] be two sorted arrays with the same number of element. For the sake of simplicity let’s 

assume that n = 2k, with some positive integer k. 

The used algorithm is the following: We create two new arrays from each original array, the sequences of the 

even and odd indexed elements, and with the merging of these, we will get sorted arrays with very good 

properties. 

 

        BÖF(n,A,B)         //   és   rendezett 

        1. if n > 1 then  

        2.           

        3.     

        4.    pfor i ← 1…n do 

        5.       C[2i-1] ← min{C1[i],C2[i]} 

                                  C[2i] ← max{C1[i],C2[i]} 

        6.    endpfor 

        7.  else 

        8.    C[1] ← min{A[1],B[1]} 

                                  C[2] ← max{A[1],B[2]} 

         

                 

The result of the merge is in C. 
 

Theorem: 

The Batcher’s merging is correct, so it creates a sorted array from the elements of the two original arrays. 

Proof. 
 

It is clear that the algorithm is swapping the elements, so a new value cannot get in nor can disappear from the 

array. In this way the correctness of the merging depends on the following: the instructions executed in step 4 

should put the array-elements on the correct position. 

The elements C [2i-1] and C [2i] are on the correct place relating to each other, we only have to prove that 

there cannot be a bigger element before them, and a smaller element after them. 

Before the pair of C [2i-1] and C [2i] there can only be such kind of elements that were the elements of arrays 

C1 and C2 with the indexes j < i. Then it is clear that C1 [j] < C1 [i] and C2 [j] < C2 [i] ∀  0<j<i, so we only have 

to concede that C2 [j] < C1 [i] and C1 [j] < C2 [i] ∀  0<j<i. 

C1 was created by the merging of the sorted arrays A1 and B2 

√ 

2.3. Full comparison matrix sort 

For the sorting we will create an n×n processor matrix. 

The processors in the intersection will compare the elements corresponding to its row- and column index. If in 

this comparison the element corresponding to the row index is bigger, it will send 1 to the adder collecting data 

from the column, otherwise it sends 0. At the bottom of the column there will be the sum of these values. If we 

assume that the members of the array to sort are pairwise different, then the sum represents the index of position 

where the member, corresponding to the column, should be placed. The algortihm has time complexity 

O(log(n)), while it uses O(n2) processors. 
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2.4. Multiple term addition 

The algorithm of addition can be parallelized in a similar way as searching the minimal element. The 

fenomenon of "divide and conquer" can be applied in the same way. 

 

        RekurzívÖsszeg( A[1…n] ) 

         

        if n=1 then 

            return A[1] 

        else 

                                     
 

            return s1 + s2 

        endif 

         

        end 

         

In accordance, an iterative forward propagation algorithm can be constructed, whose data flow graph is similar 

to the one of minimum search: 

 

Adder with multiple addend 

The time complexity is O(log(n)) and processor complexity is . 

Remark: 
 

By the use of a particular hardware, multi term addition can be computed considerably faster, than by iteration 

of two term additions. 

This comes from the following observation: 

The execution speed of the operation is determined by the speed of the ripple of the carry emerging during 

addition of digits. 

Assume, we want to add the n digit numbers A,B, and C. Then the result of the operations executed on the 
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single digit numbers A[i]+B[i]+C[i] are two digit numbers, which can be written in the form . Then 

instead of completing the operation by adding the carry, we create two separate numbers and from the array of 

carries and the simple sums, accordingly. To have the correct place of value, should be shifted. Thus we 

created 2 numbers from the 3 original, but with a much faster operation. We may repeat the above steps if we 

have more addend. Finally we add by the usual addition method the two resulting numbers. 

 

Carry save adder: 3 inputs 2 outputs 
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Chapter 4. Linear algebra 

When we want to give the results in a numeric form (so not symbolic), one of the most frequent method is the 

usage of linear algebraic tools. A lot of problems can be solved by solving linear equations or some linear 

algebraic problem. 

The easy usage of the linear algebra is that it is universal. A lot of structures can be written down with linear 

algebraic tools. In this note we will not describe its systematic structure, we suppose that the reader has the 

appropriate backgroud knowledge. At most of the problems we will use the well-known particular model where 

we consider the vectors as n-tuples. 

1. Basic operations with vectors 

Accordingly the basic operations are the sum of vectors, multiplying with a number and the inner product of 

vectors. From these we spawn the other necessary operations, such as multiplication of matrixes, elimination 

steps, determinant computation, and other more complex problems. 

Assume that we have an n dimensional vector over the real numbers. Then our vectors can be interpreted in the 

form a ∈  ℝn. They can be given as n-tuple, so they will be a = (a1,…,an). 

Then for the sum of vectors the following will be true. 

Let a = (a1,…,an) and b = (b1,…,bn). The vector c = a + b can be computed by the formula ci= ai + bi, so c = (a1 + 

b1,… ,an + bn). It is clear that the computation of the components ci can be done completely independently from 

each other, so the addition operation can be done in one step with n processors. 

Of course the subtraction of vectors can be done in the same way. 

An other basic operation is the multiplication of a vector by a number. 

Let a=(a1,…,an) be a vector and α be a number. The result of the operation b = α · a can be computed by the 

formula bi = α · ai, so it is b = (α · a1,… ,α · an). Similarly to the addition, it can also be done in one step with n 

processors. 

The third basic operation is the inner product of vectors. 

Let a=(a1,…,an) and b=(b1,…,bn). The inner product s = a · b can be computed by the formula . 

Obviously the elementary multiplication operations can be done in the same time, independently from each 

other, while the addition operations can be done only with the multiple member sum (discussed in the previous 

chapter), in log(n) time. The number of the used processors is determined by the number of multiplications, so 

we will need n. 

2. Complex operations 

Multiplication of a matrix and a vector. 

Let a=(a1,…,an) be a vector and M=(mi,j) where i∈  {1,… ,m} and j∈  {1,… ,n} be a m x n matrix. The vector b = 

M·aT can be computed by the formula , where i∈  {1,… ,m}. In an other way ci= a· Mi, where 

Mi is the row i of matrix M. 

We can see that the values ci can be computed independently from each other, so the parallel time complexity of 

all the computations is the same as the time complexity of the inner product a· Mi. As it was O(log(n)), thus we 

will get the same here. Accordingly, the number of the used processors is n · m. 

Multiplication of a matrix by another one. 
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Let A=(ai,j) and B=(bj,l) where i∈  {1,… ,m}, j∈  {1,… ,n} and l∈  {1,… ,k} is a m x n-typed and a n x k-typed 

matrix. The matrix C = A· B can be computed by the formula , where i∈  {1,… ,m} and l∈  

{1,… ,k}. In an other way , where ai is the row i of the matrix A and  is the column l of matrix B. 

Similarly to the previous operation, the values ci,l can be computed independently from each other, so the 

parallel time complexity of all of the computations is the same as the time complexity of the computation of the 

inner products , so O(log(n)). The number of used processors is n· m· k. 

3. The Gauss elimination 

The Gauss elimination is one of the solving methods of the linear equations, but its expansion will make it a 

universal tool, so it will be appropriate to solve other problems as well. 

The general form of linear equations: 

a1,1x1+⋯+a1,nxn= b1 

… 

am,1x1+⋯+am,nxn= bm 

where x1,…,xn are the unknowns, the ai,j numbers are the coefficients of the unknowns, b1,…,bm are the "right 

sides" of the equations, i.e. the constants. 

The equations can be written by a matrix-formalism in the following way: 

A·xT=bT. 

The theory of the Gauss-elimination is based on the elimination of the unknowns one after the other, until we 

can clearly determine their possible values. This contains of course the case when a variable has an infinite 

number of values, or if it cannot get any values. 

The elimination of the variables will be done in the following way: we subtract one of the equations (multiplied 

by the appropriate number) from another, where the multiplier is such that the coefficient of the chosen variable 

would 0 in the result. Like this we will get equations that are equivalent to the original ones, which means that 

the solutions are the same, – including the case when there is no solution. 

Definition: 
 

We say that twosystem of equations are equivalent if their solutions are the same. 

Definition: 
 

Two matrixes are equivalent if the corresponding system of equations are equivalent. 

In the previous general form of equations we subtract the first equation multiplied by  from the second, 

multiplied by  from the third, and so on. By this operations, from the second equation we have eliminated 

the variable x1 from the equations. Of course these operations can only be done if the corresponding coefficients 

are not 0. If any of them were 0, we would solve the problem with a step that will be described later. 

After the first step of the elimination we will get the following modified equations: 
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In the next step we subtract the second equation multiplied by the appropriate numbers from the third, the fourth 

and the other equations, and we do the same thing with the other equations. As a result we will get similar 

equations to the following: 

 

The final form of the equations depends on a lot of things, for example the relation between m and n. 

The elimination procedure is done here. 

After that the determination of the values of the variables, so the solution can come. 

If n=m, then the last equation is a linear equation with one variable, and the value of the variable can be 

determined. Placing this to the previous equation, we will get an other equation that has only one variable that 

can be solved easily. Continuing this, we can compute the values of the variables after each other in an iterative 

way. 

If m<n, then the last equation will be linear and will contain multiple variables. Their variables xm+1,… ,xn can be 

placed on the right side, like that we will get a parametric expression for xm where xm+1,… ,xn, and the appropriate 

symbols will be the parameters. 

From now on, similarly to the previous case, we can get the values of the other variables. 

If m>n, then the last - or maybe some previous - equation will have no variables, so it is 0. Then the equations 

will have a solution if, and only if on the right side of the equation there is 0 as well. 

The steps of the Gauss-elimination examined so far will get us to the equations of the desired form, but there can 

be a case when it cannot be continued. It happens when the coefficent of the next variable to be eliminated is 0. 

In this case instead of this variable we eliminate the first that does not have 0 coefficient. If the equation does 

not contain any variables, we put it to the last row, and we do the same things with the next one. If there is no 

more equations that contain a variable, the procedure is done. 

Before the exact definition of the algorithm we will present a more general problem. 

As we have already said it before, the linear equations can be written in the form of matrix equations. Assume, 

we have the matrix equation 

A·xT=bT. 

Then create the following matrix: 

M=A∣ bT, 

where Mi,j= Ai,j, if j≤ n and Mi,n+1= bi. 

The steps of the Gauss elimination are the same as the operations executed on the matrix M. 

Let the rows of matrix M be mi (i = 1,… ,m), the columns be , (j = 1,…,n+1). 

The elementary elimination step: 
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, the subtraction of the row i.. (with the appropriate coefficient) from the row l., so the 

elimination of the variable i from the row l. 

Denote it by GE(i,l). If we interpret this as a vector operation, basically this is the multiplication of a vector by a 

number, and the subtraction of the two vectors. According to what we said in the beginning of the chapter, the 

time complexity of the operation is O(1), its processor complexity is O(n). 

Column swap: 

The swap of the columns . 

Denote the procedure by GOCs(j,k). It can be executed in a constant time with m processor, so its time 

complexity is O(1), its processor complexity is O(m). 

Row swap: 

Swap of rows ml and mi. 

Denote the procedure by GSCs(l,i). It can be executed in a constant time with n processors, so its time 

complexity is O(1), its processor complexity is O(n). 

The aim of the general Gauss-elimination: to create an equivalent trapezoidal matrix. 

 

Trapezoidal matrix shapes 

Definition: 
 

An M matrix is trapezoid if for all i∈  {1,…,m-1} it is true that if in mi the first j elements are 0, and the j+1. is 

not, then in mi+1 the first j+1 elements are 0, and the j+2. is not. 

Definition: 
 

A special case of the trapezoid matrixes is when n=m, and there are no rows that contain only 0-s. A matrix like 

that is called triangle-shaped. 

As a generalisation we can say upper and lower tirangle matrix, depending on where we find the 0 elements, on 

the upper or on the lower side of the matrix. 
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Lower triangle matrix 

 

Upper triangle matrix 

Definition: 
 

If a matrix is an upper and lower triangle-shaped matrix in the same time, it is called a diagonal matrix. 

The algorithm of the Gauss elimination can be written due to the previously defined procedures in the following 

way: 

In: n,m,M[m,n]. 

Out: M '[m,n], where M ' is trapezoid and is equivalent to M. 

 

     1. X ← [1,… ,n].  // Az X tömböt feltöltjük az 

                                    // 1,… ,n számokkal   

     2. i ← 1 

     3. im ← m 

     4. while i≤ i_m do 

     5.    j ← i 

     6.    while j ≤ n and mi,j  = 0 do 

     7.       j ← j+1 

     8.    endwhile 

     9.    if j > n then 

     10.       GSCs(i,i_m) 

     11.       im ← im-1 

     12.    else 

     13.       if j > i then 

     14.          GOCs(i,j) 

     15.       endif 

     16.       for k ← i+1 … im do 

     17.          GE(i,k) 

     18.       endfor 

     19.       i ← i+1 

     20.    endif 

     21. endwhile 

 

Theorem: 
 

Let T(m,n) be the sequential time complexity of the algorithm. Then T(m,n)∈  O(m2n). 

Proof: 
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The number of the operations to be executed is determined by triple level embedded loops. The outermost one 

starts in row 4, and in the worst case it persists m times. The next level starts in row 16, and in the worst case it 

persists m-i-1 times. The most inner loop is represented by the procedure in row 17, in which the number of 

operations is n-i. Then the number of all operations is less than m·m·n.√ 

Theorem: 
 

With the appropriate parallelizing, the Tp (m,n) time complexity of the algorithm it is true that Tp (m,n)∈  O(m). 

Then O(m·n) processors are necessary. 

Proof: 
 

According to those we have said previously, GOCs, GSCs and GE can be computed in 0(1) time, with m, n and 

n processors, respectively. 

As the for loop starting in row 16 executes operation on independent data, its procedrue calls can be executed 

in the same time. 

So the execution of the loop can be done in 0(1) time, with (m-i)·n processors. If we add the sources used by 

the most outer loop, we will get the statement of the theorem. 

Problem: 

Let's show that if we organize the loops well,  processors are enough, while the running time does not 

change. 

The algorithm will terminate in every case, since it works with the embedding of finite loops. Its output is 

definitely a trapezoid matrix, since if mi,i≠0 then mi,j=0, if j>i. If mi,i ≠ 0 due to the functioning of the algorithm 

mi-1,i-1 are not 0 neither and if mi,i = 0, then mi = 0 (the whole row is 0). As the executed operations are doing 

equivalent transformations of the matrix, the following can be said. 

Theorem: 
 

For every matrix there exists a trapezoid matrix that is equivalent to the original matrix. 

With the presented algorithm we can realize the Gauss elimination in a very effective way, on parallel 

architectured systems. As with that a lot of other computation can be done, obviously their efficiency will be 

better as well. For example the determinant-computation, the determination of the rank, the inversion. 
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Chapter 5. Fast Fourier 
Transformation 

The Fast Fourier Transformation is a particular linear transformation, which can be formalized as a matrix by 

vector multiplication. However, a separate chapter is devoted to the theory of FFT, since the importance and 

nice computability makes it more interesting. 

In general, a time dependent signal may be decomposed to the superposition of signals of different fequency and 

phase. Fourier-Transformation is a mapping, to achieve the mentioned decomposition. Obviously, the iverse of 

it serves the opposit mapping. 

The Fourier Transformation plays an important role at processing one or multidiminsional signals and at 

analysis of complex systems. The significant components and observed parameters can be highlited with the 

help of it. 

1. Continuous Fourier Transformation 

The generalization of linear algebra let us consider a real funcion f:ℝ→ℝ as a vector and the set of real 

functions with the pointwise addition and multiplication by a number as a vector space. The inner product of 

two functions f,g is defined by . Let M:ℝ → ℝ be a function. As an analogy with the vectors 

defined as n-tuples, we may regard the integral 

 

as a matrix multiplication. Here the tth row of the matrix is the function M(t·x). It is known that for a fixed 

vector b the inner product a·b is proportional to the component of in the direction of b. If the length of b is 1, 

then it gives exactly the length of the component parallel to b. 

Let M(t) = e-i·t, where i is the imaginary unit (i2 = -1). We may change the real base field of our vector space to 

the field of complex number, the main behaviours of it remain. The function M has an interesting property: the 

real part of it is the cosine, while the imaginary part is the sine function. Thus, if we apply the transformation 

defined above to a function, then - after normalization - we get the sine and cosine components, with different 

frequency. 

Definition: 
 

Let f : ℝ → ℝ be a function. The function 

 

is called the Fourier Transform of f. 

The inverse transformation has the following nice property. 

Theorem: 
 

Let f : ℝ → ℝ be a function and let f be its Fourier Transform. 

Then 
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It means that the inverse can be computed basically by the same operation. 

However, the integral in the definition does not exist for all function, but only those which have inner product 

by themselves (not infinite). These functions are actually the functions having quadratic integral. 

During signal processing this woud be useless, since this property does not hold, for a lot of functions. For this 

reason, in the critical cases a modified Fourier Transformation is used, defined for periodic functions. 

Then the range of the integral is bounded to an interval, which is assumed to be the period of the function. Then 

practically all functions can have a Fourier Transform. 

2. DFT - Discrete Fourier Transformation 

The continuous Fourier Transformation, discussed in the previous part, is very efficient when theoretic 

observations are made and general, abstract results are expected. However,in the case of practical problems, we 

work with some discretization of the observed system, thus the Fourier Transformation should be discretized, 

too. Now we return from the vector space of continuous functions to the previously used finite dimensional 

vector spaces. Thus, the signal to proceed, is a vector in the form a = (a1,…,an). However, we will keep the 

complex base field, because of the properties of the transormation. 

During the chapter we will use the sign i not for indices, but for the imaginary unit. 

Definition: 
 

Let a=(a0,…,an-1) ∈  ℂ n be a vector. The vector b = (b0,…,bn-1) is the Discrete Fourier Transform of a, if it 

satisfies 

 

Remark: 
 

There are no normalization in the definition of the Discrete Fourier Transformation, thus the results are not the 

coefficients of the (discrete) sine and cosine functions (called the amlitude), but a multiple of them. The factor 

of multiplication is . 

Similarly to the continuous case, we may reconstruct the signal from the spectral decomposition, i.e. from the 

values of transformation. 

Theorem: 
 

Let a,b ∈  ℂ n be two vectors such that 

 

Then 
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The factor  in the formula is necessary, because of the missing normalization of DFT. 

The matrix corresponding to the transformation is 

 

where 

 

By the use of the matrix Dn the Discerete Fourier Transformation can be written as 

bT = Dn·aT 

As we have seen in the chapter "Linear Algebra", the Discrete Fourier Transformation can be computed in 

O(log n) time with n2 processors. 

3. FFT - Fast Fourier Transformation. 

The Fast Fourier Transformation is a function actually the same as Discrete Fourier Transformation. The only - 

but very significant - difference is the execution of its steps. The Fast Fourier Transformation - according to the 

particular structure of its matrix of transformation - uses considerably fewer operations during its computation. 

However, the speed up of the transformation and the reduction of the number of operations requires some 

compromise. The Fast Fourier Transformation can be applied only if the number of base points satisfies some 

condition. For instance, the simplest such assumption is that n sould be a power of 2. 

During the computation of Fast Fourier Transformation (regardless of the practical application and meaning of 

the operation) basically a multiplication M should be computed, where M is a matrix of size n x n and a is an n 

dimensional vector. The exclusivity of the transformation depends on the structure of matrix M. 

The matrix of transformation is similar to the following: 

 

Let n = 2s and M = mj,k. Then M can be constructed by the recurzive definition below: 

 

      for k ← 1,… ,n-1 

          m0,k = m0,0  

       

      for l ← 1,…,s 

         for j ← 2l-1,… ,2l-1 

            for k ← 0,… ,n-1 

                

In other words, the recursion is the following: 

1. The rows with indices 2l-1 are given by the proper periodic alternation of 1 and -1; 

2. The rest of the rows are the composition of them: 

m2
l
-1+k= m2

l
-1x mk, where a x b = (a0·b0,… ,an-1·bn-1) and k<2l-1. 

We may apply similar recursion for the Discrete Fourier Transformation, too. The coefficient matrix of the DFT 

was shown to be 
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By this relation, for the components of the matrix we get 

, 

and since 

eπ·i=-1, 

thus 

. 

By the first property, all coefficient of Dn can be expressed as a power of d1,1, thus for the sake of simplicity we 

will use the notation d=d1,1. 

The second property allows us to write M in a simplified way and accordingly a recursive relation. 

Using the previuos notation, the structure of D8 is 

 

Using the fact that d4 = -1, the matrix looks 

 

For the components of Discrete Fourier Transformation 

bT = Dn·aT, 

i.e. 

 

We may divide the above expression to even and odd indices terms: 
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All odd terms contain a factor dl, which can be collected: 

 

Introducing the notation f = d2, one gets 

 

Since 

 

thus 

 

which means f is the base component of the Discrete Fourier Transformation of size . This yields 

fk,l= fk·l, 

where 

 

Denote by a0 the vector of components with even indices and by a1 the vector of components with odd indices of 

a, i.e. 

 

Using this notation, the components of the Discrete Fourier Transform are 

 

Since , thus  implies 

 

and 
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Let . Then 

 

Introducing the notations 

 

and 

 

we obtain 

 

and 

 

Hence, we found that for computing the Discrete Fourier Transformation of size n, it is enough to compute two 

DFTs of size , whence by simple combinations the components of the original vector can be achieved. 

 

Based on the above observations, the Discrete Fourier Transformation can be computed by the following 

recursive algorithm. This and its variants are called the FAST Fourier Transformation. 

 

      FFT(n,a)                 // Input: n and a = (a0,… ,an-1) 
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      1.  

      2. if n = 1 then 

      3.    b ← a 

      4. else 

      5.    a0 ← (a0,a2,…,an-2) 

      6.    a1 ← (a1,a3,…,an-1) 

      7.     

      8.     

      9.    for   do 

      10.        

      11.        

      12.    endfor 

      13. endif  

      14. return(b)                 // Output: b = (b0,… ,bn-1) 

      15. end 

                 

Theorem: 
 

Let Tm (n) be the number of multiplications, Ta (n) is the number of additions while Tp (n) is the parallel time 

complexity (additions and multiplications together) of the algorithm FFT() applied on data of size n. 

Then 

 

 

and 

 

The parallel execution of the algorithm requires n processors. 

Proof: 
 

By the algorithm Tm (1) = 0 and 

 

for all n=2l, where 0≤l. 

Here the term  comes from the lines 7 and 8 of the algorithm and the term  obtained from the lines 

9-12. 

Then 

Tm (2)= 2·Tm (1)+1 = 1 
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Tm (4)= 2·Tm (2)+2 =2(2·Tm (1)+1)+2 = 4·Tm (1)+2+2 = 4 

Tm (8)= 2·Tm (4)+4 =2(2·Tm (2)+2)+4 = 2(2(2·Tm (1)+1)+2)+4 = 8·Tm (1)+ 4+4+4=12. 

We may observe that, if n > 1, then 

 

We prove it by induction. 

For n=2 we have 

 

If n > 2, then assume that the statement is true for all argument less than n. Then 

 

which proves that the statement is true for n, too. Hence, by induction  follows, for all n=2n. 

The relation for Ta (n) can be proven similarly, using the fact that 

Ta (1) = 0 

and for all 1<n, 

 

Hence one can conjecture that 

Ta (n)= n·log(n), 

which can be proved by induction. 

Now, turn to Tp (n)., We find that 

Tp (0) 

and for all 1<n=2l, we have 
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This comes from the fact that lines 7 and 8 can be executed simultaneously, since the work on independent 

data. The loop in lines 9-12 can be executed parallel, by the same reason. The term 2 comes from the 

observation that in lines 10-11, the operations + and · can be executed only one after the other. 

Thus 

Tp (1) = 0 

Tp (2) = Tp (1)+2 = 2 

Tp (4) = Tp (2)+2 = 4 

Tp (8) = Tp (4)+2 = 6, 

i.e. 

Tp (n)= 2·log(n). 

Similarly as before, this can be proven by induction. 

The commands in lines 10-11 requires the most processors, whence we find is enough. √ 
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The data flow graph of FFT 
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Chapter 6. Long arithmetic 

When one uses high precision computations or building cryptographic systems, there is a need for the possibility 

to make computations on numbers, greater than the usual word size. For this we need particular methods to 

develop. 

For the computations with high precision numbers there is a natural way of storing the data, namely the digital 

representation. The digits are stored in an array and the base of the number system is chosen to be related to the 

word length of the given hardware structure. 

When, for instance, the registers store k-bit numbers, while we would like to work on n > k-bit ones, then we 

will use arrays of size  with members of k-bit numbers. The member with the least index contains the 

digit with the least value. According to this representation, we can regard the computations as we would do it on 

l digits numbers of base 2k. 

1. Addition 

We will assume during the computations that the data we use are at most n-bit long and even intermediate data 

remains below this limit. The registers are k-bit ones, consequently the arrays have length . The 

traditional sequential algorithm of addition is the following: 

 

        Addition 

        In: A,B                  // Arrays 

        Out: S                   // Array 

        1. c ← 0 

        2. for i ← 0,… ,n-1 do 

        3.    (S[i],c) ← A[i]+ B[i]+c    

        4. endfor 

        5. S[n] ← c 

The algortihm does not seem to be easy to parallelize, since the loop in lines 2-4. always uses the carry, 

computed in the previous iteration. 

Examine now the mechanism of addition carefully. 

When does a carry arise at a given digit? The answer is that when A[i]+B[i]+c ≥ 2k. If we assume the digits 

appear with equal probabilty, then approximately in half of the cases. 

To prove this, we can have the following thoughts: 

The number of different pairs of digits are N = 2k·2k. Let 0 ≥ a,b < 2k two one digit numbers such that 2k ≤ a+b, 

which means that by the addition of the two numbers a carry appears. Furthermore, let a'=2k-1-aand b'=2k-1-b. 

Since 2k-1 is odd, thus a≠a' and b≠b', which means that the pair (a,b) is different from the pair (a',b'). Applying 

2k ≤ a+b, we may write: 

a'+b'= 2k-1-a + 2k-1-b = 2·2k-2-(a+b) ≤ 2·2k-2-2k = 2k-2, 

that is for every pair (a,b) causing a carry, there exists a unique pair (a',b'), which does not have a carry. The 

opposite is not necessarily true. Reversing the sequence of inequalities, we can prove only that for every pair 

(a,b) such that a'+b'≤ 2k-2, there exists a unique pair (a,b) with the property 2k ≤ a+b. This means that the 

number of pairs causing a carry is equal to the number of pairs having a sum less than 2k-1. 

For those pairs (a,b) that satisfy a+b = 2k-1, we get a'+b' = 2k-1. The number of pairs with this property is 2k. (Of 

course a can be chosen arbitrarily and b is determined by 2k-1-a.) Denote by N' the number of pairs, causing a 

carry, we get 

N = 2·N' + 2k, 
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which means 

 

Hence, the probability of appearing a pair causing a carry is 

 

If k = 64, i.e. we work with 64-bit registers, then p is rather close to . 

Furthermore, one can find that if on a given place value i the inequality 2k ≤ A[i]+B[i] holds, then independently 

of the value of c, a carry appears, while if the inequality A[i]+B[i]≤ 2k-2 holds, then independently of the value 

of c, there are no carries. The only undetermined case is when A[i]+B[i] = 2k-1. But the probability of appearing 

such a pair is , which is not significant, if k is large enough. 

By the above thoughts, we can construct the following algorithm: 

 

             

            Parallel Addition 

            In: A,B                  // Arrays 

            Out: S                       // Array 

            1. pfor i ← 0,… ,n-1 do 

            2.    (S[i],f[i]) ← A[i] + B[i] 

                                             // S[i] is the sum   

                                             // f[i] is the carry   

            3. endfor 

            4. S[n] ← 0 

            5. while f ≠ [0,…,0] do 

            6.    pfor i ← 1,… ,n do 

            7.        (S[i],f[i]) ← S[i] + f[i-1]    

            8.    endpfor 

            9. endwhile 

             

The algorithm uses n processors and even it is clear that the worst case time complexity is n, but the probability 

of repeating the loop at lines 5-9. more than once, is in the magnitude of , which means it is negligable. 

The algorithm can be improved to decrease the worst case complexity, but the architecture to apply would be so 

much complicated that it has only a theoretic advantage. (See e.g. the concept of carry select adder.) 

We have seen in Chapter "Basic algorithms" how to add more than two numbers. What can be done, if we 

would like to add more than two numbers whit multiple precision? Rearranging the operational order we can 

achieve a significant speedup. If the carry is not inserted immediately to the next digit, but accumulated and 

added only at the end of the complete operation, then the time complexity became somewhat better. 

 

            Addition of more than two numbers 

            In: A1,A2,… ,Am  

            Out:     

            1. pfor i ← 0,… ,n-1 do 

            2.    S[i],f[i])←Σ_(j=1)^mA_j[i]  

            3. endfor 

            4. S[n] ← 0 

            5. while f ≠ [0,…,0] do 

            6.    pfor i← 1,… ,n do 
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            7.        (S[i],f[i])← S[i] + f[i-1]    

            8.    endpfor 

            9. endwhile 

             

The carry f[i], computed in line 2. can have the value between 0 and m-1. Then, the probability of the case that 

the loop at lines 5-9. should be repeated more than once, is in the magnitude of . Since the number of addend 

is strictly less than 2k, thus the previous probability is still close to 0. 

The time complexity of the algorithm essentially depends on the execution of line 2. If we apply here the binary 

tree addition method studied before, then the time complexity is around log(m), while the number of necessary 

processors is  

2. Multiplication 

We describe here the well known, iterative accumulative multiplication. Basically, this is the method we studied 

in elementary school, with the small modification that we do not write separately the intermediate results, 

obtained from the multiplication by a single digit, but we add it to an accumulator array. 

 

Iterative multiplication 

            In: A,B                  

            Out: S 

            1. Cl ← [0,…,0]         // initialization of 

            2. Cu ← [0,…,0]         // accumulators 

            3. for i ← n-1 ,…,0 do 

            4.    pfor j ← 0,…,2n-1 do 

            5.       (tu [j],tl [j]) ← A[j]·B[i] 

                                        // tu are the upper, tl are the lower 

                                        // digits of the products 

            6.       (Cu [j],Cl [j]) ← tl [j]+tu [j-1]+Cl [j-1]+Cu [j-2] 

            7.    endpfor 

            8. endfor 

            9. while Cu ≠ [0,…,0] do 

            10.    pfor i ← 1,… ,n do 

            11.       (Cu [i],Cl [i]) ← Cl [i] + Cu [i-1]    

            12.    endpfor 

            13. endwhile 

             

As we have seen at the algorithm of addition, the probability of repeated execution of lines 9-13 is low. 

The average time complexity of the algorithm is O(n), while the processor complexity is 2n. 

With an icrease of the number of the used processors we may improve the time complexity, if we execute the 

loop beginning at line 3 in parallel: 

 

            Modified multiplication 

            In: A,B                  

            Out: S 

            1. pfor i ← 0,…,n-1 do 

            2.    pfor j #← 0,…,n-1 do 

            3.       (tu [j,i],tl [j,i]) ← A[j]·B[i] 

            4.    endpfor 

            5. endpfor 

            10. pfor i ← 0,… ,2n-1 do 

            12.     

            13. endfor 

            14. while Cu ≠ [0,…,0] do 

            15.    pfor i ← 1,… ,n do 

            16.       (Cu [i],Cl [i]) ← Cl [i] + Cu [i-1]    

            17.    endpfor 
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            18. endwhile 

             

The number of necessary processors are O(n2), while the time complexity is O(log(n)), thanks to the operations 

in lines 10-13. Here we excluded again the repeated execution of lines 14-18. 

There are several more sophisticated sequential algorithms for multiplication, which are much more efficient 

when we use numbers with many digits. Such an algorithm, for instance, is Karatsuba's method, which uses the 

general idea "divide and conquer". Even more efficient, but for longer numbers, the method of Schönhage and 

Strassen, which uses Fast Fourier Transformation. Both methods are easy to parallelize, thus in the case of large 

numbers, relatively high speedup or reduction of processorss can be achieved. 

3. Division 

Discussing the integer division method, we can start again from the algorithm studied in elementary school. The 

basic idea, is that we always try to execute division only on a prefix of the dividand and iteratively, extending it 

digit by digit to reach the complete result. 

 

            Iterative digit extension intger division 

            In: A,B 

            Out: Q,R                // A = Q⋅  B + R, ahol 0≤ R < B 
            1. R← [0,…,0] 

            2. for i← n-1,… ,0 do 

            3.   t← 0 

            4.   if R≥ B then 

            5.       t← QuotientEstimate(R,B) 

            6.       R← R-q ⋅  B 
            7.    endif 

            8.    Q[i]← t 

            9.    pfor j← 0,…,n-1 do 

            10.       R[i+1]← R[i] 

            11.    endpfor 

            12.    R[0]← 0 

            13. endfor 

             

We have used the not precisely described QuotientEstimate procedure in the algorithm, which is actually a 

method to find the next digit of the quotient by the knowledge of R and B, using only partial information. There 

are many ways to do this. For instance, it is possible to give an estimate using the first few digits only. Or it is 

also possible to find the largest single digit number b such that R and b·B have the same length. Then the 

division is executed on  instead of . Clearly the result is the same, but the estimation is much simpler, 

since the highest value digit of b·B is surely at least 2k-1, i.e. the half of the base of the number system. Then 

dividing by the first digit gives an approximately good result. 

Example: 
 

Let A = 168 and B = 19. The quotient of A and A is 8 with remainder 16. When we try to estimate it by the first 

digit division, we get 1 , which is quite a rude estimate. 

The largest digit for multiplying B such that it remains in the same size is 5. Then we have the division 840:95. 

Then the first digit trial gives the value 84:9 equal to 9, which has only difference 1 from the real result. 

The time complexity of the algorithm is O(n), which cannot be improved significantly, because of the loop 

beggining at line 2. cannot be parallelized, it always uses the results of the previous iteration steps. The prcessor 

complexity is O(n). 

If the number of digits are more than a few, division can be replaced by the multiplication by the reciprocal 

value of B. The value of  can be computed relatively fast by Newton's iteration method. Then obtaining 
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 is done by the multiplication . The main advantage is that there is no need for real division. We can 

solve the task by some multiplication only. Since the multiplication is well parallelizable and the Newton 

approximation can be sped up significantly, reciprocal multiplication method can be very efficient for large 

numbers. 

4. Exponentiation 

The task of exponentiation is to determine an for given a and a. By definition we need n-1 multiplication. 

We may observe, however, that to compute a4, we need less than 3 operations, using the fact a4= (a2)2. Since a 

squareing can be solved by a single operation, the value of a4 is determinable by 2 multiplication. 

Similarly, every power with exponent in the form n = 2k can b rewritten to , which yields k 

operations only to execute. 

In the case of general n we can apply the following ideas: 

Write n in binary form: . Then 

 

Since ni∈  {0,1}, therefore as an exponent it yields only a selection: we should multiply or not by the 

corresponding power of a. 

The algorithm: 

 

            Fast exponentiation 

            In: A,n 

            Out: An 

            1. c ← 1 

            2. s ← A 

            3. N ← n 

            4. while 0<N do 

                5.    d ← N mod 2 

                6.      

                7.    if d=1 then 

                8.       c ← c·s 

                9.    endif 

                10.    s ← s2 

                11. endwhile 

                 

The lines 5-6 and 7-10 can be executed in parallel. 

The time complexita of the algorithm is O(log(n)), while it uses 2m processors. Here m is the number of 

processors, used at multiplication. 

One can prove that the time complexity cannot be improved, even if we use more processors. 

Theorem: 
 

There is no algorithm that computes a^n with time complexity better than log(n). 

Proof: 
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Let 

P(k) = 

{n ∣  anis computable by not more than k multiplication}. 

Clearly P(0) = {0,1}, P(1) = {0,1,2}, P(2) = {0,1,2,3,4} … 

One can prove that max(P(k)) = 2k. 

For P(0), it is clear. Assume that the statement is true for arguments less than or equal to some k. 

Then max(P(k)) = 2k, whence max(P(k+1)) ≥ 2k+1, since it can be computed from 2k by a single squaring. 

However, it cannot be larger, since the multiple of two numbers, not greater than 2k is at most 2k+1. √ 
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Chapter 7. Interpolation 

One of the basic tasks of numerical computations is to compute the values of a given funcion at all or some 

particular points, if we don't know the explicit form of the function, or its precise calculation is too complicate 

and time consuming. There are many solutions for it to choose from. 

If we know in advance, which function values should be used and as the number of them is not so big, we may 

store the precalculated data in a table. 

If there is no way to store every necessary value, we can have a satisfactory result in many cases by the 

estimation of values in question. We can use the known or estimated values of the function at some points. By 

these values, we may estimate the function by a simpler expression at other points. This method is called 

interpolation. 

In general sense, the Fourier Transformation together with its inverse is a kind of tool for interpolation, too. 

The most simple interpolating functions are polynomials. The degree of the used polynomials has an effect on 

the quality of the interpolation. The higher the degree is the better the estimation, as we would expect. But of 

course, with higher degree the polynomials, the space and time complexity of the computations are increasing. 

Furthermore, if the number of known values of the function is limited, then the degree of the polymomial cannot 

be increased arbitrarily. (Or it can, but no sense.) 

Since, in general, the interpolating function should be determined only a few times, in comparison to the number 

of times we apply it, the fast computation of it has not so big relevance. This is why we do not make a big effort 

in this direction, we only lay down the theoretic background. 

1. Polynomial interpolation 

Let x0,…,xn∈ℝ be pairwise different numbers and f(x):ℝ←ℝ. By a polynomial interpolation we search for a 

polynomial p(x) such that it satisfies the condition 

p(xi)= f(xi)i = 0,…,n. 

The numbers x0,…,xn are called base points. Without loss of generality, we may assume that xi<xi+1 for all i = 

0,…,n-1. Then hi= xi+1-xi is the ith gap. In the particular case, when the gaps are equal, we say that the base 

points are equidistributed. 

In the theory of polynomials, it is well known that a real polynomial of degree n is uniquely determined by its 

values at x+1 different points, independently from the position of the points. This implies the following 

Theorem: 
 

The polynomial interpolation task on n+1 base points has a unique polynomial solution of degree at most n. 

There are many ways to determine the coefficients of the interpolating polynomial. It can be reduced, for 

instance, to the solution of a system of n+1 linear equations with n+1 unknown. 

Denote by p0,p1,…,pn the coefficients of the interpolating polynomial. Then 

p(x)= p0+p1·x+p2·x2+⋯+pn·xn. 

Substiuting the base points, we obtain the following: 

 

Let M = mi,j, where i,j∈  {0,…,n} and  and let b = (f(x0),…,f(xn)). Using the notation pXXX = (p0,…,pn) the 

following is true: 
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bT = M·XXXpT. 

This system of equations can be solved by the discussed methods in a simple way. 

By the previous theorem, we find that the system of equations has a unique solution. Thus we know that in any 

case, Gauss elimination results in triangle shape matrix. 

There are more sophisticated methods for determining interpolating polynomials, which can significantly 

increase the efficiency of the computations. 

In the task of interpolation we can require not only the value to be fixed, but the derivatives, too. This will not 

make the task much more complicated. The system of assumptions varies such that not only f (xi)= p(xi), but f 

'(xi)= p'(xi) also generates linear equations. Clearly, the degree of the interpolating polynomial will increase with 

the number of equations we introduce. 
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Chapter 8. Iterations 

Applying numerical methods, in most of the cases, instead of computing exactly the required value, some 

approximate ones are determined. The advantage of this is the easier computation, but the error generated by the 

computation, can be disturbing. In many of the cases it causes no serious problems, but if we have to compute 

further with the inaccurate value, the existing error may propagate and even be increased. 

The different tasks for approximation the goal is mostly to determine some numbers, function values or zeros, 

by some iterative method. In contrast with other numeric computational problems, iterations do not provide a 

fixed result, but depending on the number of iteration steps and the method we use, worse or better 

approximation of the value in question is computed. 

1. Computing constants 

One of the most well known tasks is, for instance, the determination of π with a suitable amount of digits. In the 

most of the practical cases, it is satisfactory to compute only for a few decimal digits, or if we need more precise 

representation, to store in a table and just read it when becomes necessary. In some computational environment 

(e.g. mobil devices) it is possible that we only have a very limited storage capacity and thus it is better to 

recompute in the case of need. 

Recently the computation of π for a huge amount of digits is a kind of benchmark for computer architectures or 

is done just to reach the limits. 

There are many approximation formulas for the computation of π. 

Some of the traditional ones are the following: 

Leibniz formula: 

 

William Brouncker's continued fraction form: 

 

Chebisev series: 

 

Bailey-Borwein-Plouffe formula: 

 

Many of the generating formulas provide the result in a form of an infinite series, which has a natural way to 

compute in parallel, applying the parallel summation method described in Chapter "Basic algorithms". 

Similar formulas can be given, for instance, for the determination of the base number of the natural logarithm, 

but in most of the cases this constant is not so interesting in itself, but because of the functions based on it. 

2. Zeros of a function 

Regard the following task: 
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Let the continuous function f on the inteval [a,b] be given such that there exists a0∈  [a,b], for which f(a0)= 0. 

Determine one or more points in the interval such that the function takes 0. 

One may try to solve the problem by tools of algebra or analysis, but in many cases, it causes difficulties, or we 

definitely need numeric solutions, not a symbolic one. 

Numeric solutions, however, in general cannot be given in the form of a fraction. We can only compute an 

approximate value. 

For searching the roots, there are several methods. Most of them apply some iterative ways an approximating 

sequence, which have a limited error. 

2.1. Interval halving method 

This is one of the most simple, but effective methods for computing approximate values of zeros of a function. 

The main idea of the method is that we start from two initial approximation points, with the property 

f(x1)·f(x2)<0 (which means that the function changes its sign between the two points). 

 

Algorithm (Interval halving): 

In: x1< x2                    // initial values 

ε > 0                              // error bound 

X ← (x1,x2)  

while (X[2] - X[1] > ε) do 

     
 

    if  f(t)⋅ f(X[1]) < 0 then 
        X[2]∶ = t 
    else 

        X[1]∶ = t 
    endif 

endwhile 

 

The speed of convergence of the method is quite satisfactory. In every iteration step, the error of approximation 

is nearly divided by two. 

This means that if we want to have an approximation with 100-bit precision, then we have to apply 

approximately 100 iteration steps. The actual value depends also on the initial values. 
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Interval halving 

Initial pair: (x1,x2); after one iteration step:(x2,x3) 

2.2. Linear approximation 

This method is a refinement of interval halving. The new approximating point is not the middle point of the 

initial interval, but selected by a proper weighting. 

The weigths are computed from the values of the function at the two initial points. Geometrically it corrresponds 

to the line, crossing the two points of the function at the initial iteration points. The new iteration point is at the 

zero of this line - he intersection with the x axis. 
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Linear approximation 

This method approximates the zero in many cases, inparticular, when the approximation is rather accurate and 

the function is close to a linear one. 

2.3. Newton's method 

Newton' method (in other words Newton–Raphson method) is one of the most efficient methods, for computing 

the approximate zeros of real functions. In many of the cases the Newton's method converges very fast, but only 

in the case, when the initial value is properly choosen. In some cases, with wrong selection of initial values, 

Newton's method can lead to a failure. Then we need some control mechanisms to prevent fake convergence. 

The basic idea is that from the initial approximation values we determine the tangent line of the function curve 

and the intersection of this line is the new approximation point. 

 

Newton's method 

2.4. Multidimensional Newton's method. 
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Newton's method can be applied for functions with more than one variables. Then of course, instead of the 

derivatives, we have to use partial derivatives and instead of tangent line, we will have tangent hyperplanes. 

(The best linear approximation of the function in the first order.) 

2.5. Parallel approximations 

The methods above are typical sequential ones, since the approximation points are derived from some other 

points, with worse approximation property. Hence, these methods cannot be parallelized in a simple way. 

We may modify, however, the algorithms for using the ability for parallel computations. The modified 

algorithms will not improve as much as the number of processors increase, but the speed of convergence can be 

risen. 

1. Interval division method 

The method is a generalization of the interval halving method. We divide the initial interval uniformly by n>1 

points. We use separate processors for the evaluation of the function in a given point. The new bounds of the 

approximating interval is the two points which have alternating signs. Thus the number of iteration steps is 

reduced to . Here is the expected precision. 

2. Simultaneous approximation 

Applying independent approximation methods, reaching a suitable precision, we select the best approximation 

of the zero of the function. 
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Chapter 9. Computation of 
polynomial evaluation 

Let 

p(x) = pnxn + pn-1 xn-1+⋯+p0 

be given a polynomial. 

Task: determine the substitution value p(a) for a given a. 

If we apply the definition and want to compute the evaluation according to it, we have to compute the values 

a^2,a^3,… ,a^n and the combination of them by the proper coefficients. The computations, we have to make, 

can be given by the following recurrence relation: 

 

Polynomial evaluation 

     A0:= 1   

     R0:= 0  

     Ri+1:= Ri+ pi·AiAi+1:= Ai·a 

The result of the computation are in Rn+1. 

The time complexity of the method is 2n related to multiplications and n related to additions. The space 

complexity is constant, the intermediate results (Ri and Ai) are stored until the next operation. 

Another suitable method is the so called Horner-scheme. 

The idea is that we apply a recurrence relation on the intermediate results: 

 

Horner-scheme 

H0:= pnHi+1:= Hi·a + pn-i 

for which one can prove 

Hn= p(a). 

The time complexity of the computation is multiplication and n addition. The space complexity arises from the 

need of storing Hi until the next iteration step. This is independent of n, e.g. it is a constant. 

There is a natural idea for parallelization of the first method, by the application of parallel addition. But this is 

only possible, if the powers of a are available for all n=1,...,n exponent, in advance. 

1. Computing the set of powers of a with exponents 
1,…,n 

The basic idea is that the powers of a with exponent of a power of 2 is computed at every iteration step, and then 

all powers with smaller exponents are multiplied simultaneously by it. In this way we produce all powers 

necessary for the next step. 

A0:= {1}  

     E0:= aAi+1:= Ai∪ (Ai·Ei)  // - simultaneous multiplication 

      

Theorem: 
 

For all i the set Ai= {1,a,a2,a3,… ,a2i-1)}. 
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Proof: 
 

By induction. 

Since we apply squaring in every iteration step for computing E_i, thus one can see that 

E0= a,E1= a2,E2= a4,… ,Ei= a2i. (x1) 

For the sets Ai we find: 

1. If i=0 then A0= {1}, which corresponds to the statement. 

2. Assume that for a given i = k the statement is true. We will prove that it is true for i = k+1, too. 

The assumption says 

Ak= {1,a,a2,a3,… ,a2k-1} and by (x1) we know Ek= a2k. 

Applying the definition of Ak+1 one gets 

 

From 1. and 2. the statment of the teorem follows by induction. √ 

The time complexity of the algorithm corresponding to the multiplication operation is i. 

If we express the time complexity with the original input argument of the task, we have the following: 

We want to compute the set {1,a,a2,… ,an}. For simplicity, assume n = 2k-1. By the previous statement, this can 

be solved in k = log n time. 

The processor complexity is 2i-1, with the original input argument: . 

Theorem: 
 

The time complexity of the computation of an is at least O(log n). 

Proof: 
 

Denote by Ri the set of exponents k such that ak can be computed in i parallel steps. 

Then R0= {0,1} since there is no need for any operation to compute a0= 1 and a1= a. 

If we have an algorithm which needs at least i steps to compute the power ak, then this algorithm should 

multiply such two numbers in the last step, for which at least one of them needs i-1 steps to compute. 

Otherwise, if both of them can be computed in i-2 parallel steps, then only one more operation is necessary for 

the computation of ak, which means that ak is computable in i-1 parallel steps. But this contradicts to the 

assumption that we need at least i steps to compute ak. 

Consequently, for any n ∈  Ri it is true that either n ∈  Ri-1, or ∃ n1,n2∈  Ri-1 such that n = n1+ n2. 
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Hence Ri= Ri-1∪  (Ri-1+ Ri-1). (The sum of two sets of numbers consists of the numbers obtained by sums of all 

possible pairs: H1 + H2 = {a1 + a2∣ a1 ∈  H1a2 ∈  H2}.) 

Clearly, since 0 ∈  Rj for all j, thus we may simplify the previous expression: 

Ri= Ri-1+ Ri-1. 

Then max(Ri)= max(Ri-1)+ max(Ri-1)= 2 max(Ri-1) 

Since max(R_0)=1, thus max(Ri)=2i 

If n ∈  Ri, then n ≤max(Ri), whence 

log n ≤ log(max(Ri))= i. 

In other words, if i < log n, then n ∉  Ri. 

By the definition of Ri this means that an cannot be computed in less than log n parallel steps. √ 

Corollary: 
 

Since even to compute a single power we need at least log n parallel steps, the computation of {1,a,a2,…,an} 

cannot be done in fewer steps. This means that there are no faster parallel algorithms for the computation of all 

powers. 

2. Parallel polynomial evaluation 

Since the construction of the set A={1,a,a2,…,an} requires log n operations in parallel, for the computation of 

p(a) one has to produce the set {p0,p1a,p2a2,…,pnan}, which can be done in one parallel step. The sum of these 

numbers can be produced by a parallel adder in steps. Altogether it requires 2log n+1 parallel operations. 

The sequential execution of the Horner method has a speedup of factor 2 compared to the solution derived from 

the definition. 

The question is whether the parallelized Horner scheme still has the advantage compared to the other method. 

For simplicity, assume that n = 2k-1. 

Since the Horner's method is basically a recursive algorithm, the intermediate results are depending sequentially, 

so there is no way to skip or eliminate any of them. 

Accordingly, if we would like to paralellize, the structure of execution should be changed. The modification 

stands of dividing the main task into smaller subtasks and deriving the solution from the solutions of subtasks. 

From the coefficients of p(x) we create the two half polynomial (using that n = 2k-1): 

q1(x) = p2
k
-1x2k-1-1+⋯+p2

k-1 

and 

q0(x) = p2
k-1

-1x2k-1-1+⋯+p0. 

Then p(x) = q1(x)x2k-1+q0(x). 

Repeating the partitioning to q1 and q0 we arrive to the following algorithm: 

APower(n,a) 

if n<2 then 

                                    r ← a 

else  
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endif 

return r 

end 

 

RHorner (p,n,a) 

if n<2 then  

                                    r ← p1*a + p0 

else  

q1(x) = p2
k
-1x

2k-1-1+⋯+p2
k-1             //simultaneous 

q0(x) = p2
k-1

-1x
2k-1-1+⋯+p0   // simultaneous 

                       r∶ = A1* A + A0 

endif 

return r 

end 

 

The parallel time complexity of the algorithm is 2 log n, thus it is not better than the method discussed before. 

Further, the processor complexity is still . It has however, some advantage: the data movement can be 

simplified significantly. 
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Chapter 10. Monte Carlo method 

The main idea behind the Monte Carlo method is that when we want to determine a well defined but difficult to 

compute approximate value, then we do not use the given formula, but by some secondary property we take 

random samples and from these samples we estimate the value in question. For example, assume that we have a 

closed planar curve and we would like to determine the area of the region bounded by the curve. We can do this 

by applying some elementary, or if the curve is a more complex one, then by some integral computational 

method. If the given curve is so complicated that even the calculation of its integral is difficult, then we may use 

the following idea: 

Denote by A the area of the curve we want to estimate. Determine a rectangle with a well computable area T and 

which covers completely the closed curve. Generate a sequence of suitable random points of a proper length that 

is uniformly distributed in the rectangle. Assume that the length of the sequence is N. Count the cases, when a 

point is inside the closed curve. Denote this value by D. Then the following correspondence holds: 

D/N ≅ A/T, 

whence 

A ≅ (T·D)/N. 

 

Monte Carlo method for computing area 

If the boundary curve of the region is smooth enough, the length of the point sequence is large enough and its 

distribution is approximately uniform, the obtained estimate for the area is quite good. Observations, related to 

the suitability and the error of approximation can be found in e.g. [6]. 

For the algorithm we fix some important things. 

Let the boundary curve be given by the following: 

Let g: ℝxℝ → ℝ be a function. The boundary of the curve contains exactly the pairs (x,y) such that g(x,y)=0. 

The points with property g(x,y) < 0 are inside, those with the property g(x,y) > 0 are outside of the region. 

Let 

x0 = min {x ∣  g(x,y) = 0}, 
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x1 = max {x ∣  g(x,y) = 0}, 

y0 = min {y ∣  g(x,y) = 0}, 

y1 = max {y ∣  g(x,y) = 0}, 

and 

RandomPont(x0,y0,x1,y1) is a random point generator, which produces uniformly distributed random points on the 

rectangle, determined by its two vertices (x0,y0),(x1,y1). 

Algorithm (Monte Carlo Area) 

 

In: g(x,y),x_0,y_0,x_1,y_1,N  

Out: A+ε (where ε is the more or less known error) 

 

1. s ← 0 

2. for i ← 1… N do 

3.     p:= RandomPont(x0,y0,x1,y1) 

4.     if g(p) ≤ 0 then 

5.         s ← s+1 

6.     endif 

7. endfor 

8. a ← s/((x1 - x0)·(y1 - y0)) 

9. return a 

Since the algorithm contains only a single loop, its time complexity is O(N). 

However, because of its particular structure, the algorithm can be paralellized very efficiently: 

assume we have M processors. 

Let RMA(g,x0,y0,x1,y1,N) be the Monte Carlo Area computing algorithm. 

Algorithm (Parallel Monte Carlo Area) 

 

In: g(x,y),x0,y0,x1,y1,N 

Out: A+ε (where ε is the more or less known error) 

             

1. n ← N/M  

2. pfor i ← 1… M do 

3.     s[i] ← RMT(g,x0,y0,x1,y1,n) 

4. endpfor 

5. S ← psum(s[],1… M) 

6. a ← S/M 

7. return a 

One should assume on the random number generators that they are completely uncorrelated. 

The time complexity of the algorithm is O(N/M+log M), since the time complexity of the parallel loop in lines 

2-4 is the same as the time complexity of RMT(.), which is equal to O(n) and the time complexity of psum(.) is 

O(log M). 

If we have arbitrary amount of processors, the optimal value can be computed by the following: 

Search the minimum of the function f(x) = N/x + log x in the interval x=1...N. 

For this, we determine when its derivatives 

f '(x) = -N/x2 + 1/x, 

vanish. 

Hence we get 
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-N/x2 + 1/x = 0. 

Since x ≠ 0, we may multiply by x2: 

-N + x = 0, 

which means 

x = N. 

It is easy to check that f'(x) changes it sign at N, actually from the negative side to the positive. It means that f(x) 

has a minimum at N. This fits our expectation that the time complexity is minimal, when we use N processors. 
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Chapter 11. Random number 
generators 

As we have seen in the previous chapter, random numbers play an important role in the solution of some tasks. 

One of the possibilities for turning an algorithm to parallel is applying randomization and dividing into 

independent parts. In fact it is an interesting generalization of the "Divide and Conquer" fenomenon. However, 

even if we can find the right way to randomize our algorithm, the problem is still there, how to construct a 

suitable sequence of random numbers. The meaning of "suitable" depends mainly on the task to solve. When we 

produce a sequence in a deterministic way by some algorithm, then of course we cannot call it random, but if we 

observe some properties of the sequence, it is similar to a real random one. To make a difference from the true 

random sequences, the construction method of such a sequence is called pseudorandom number generator, while 

the sequence itself is a pseudorandom number sequence. Since in our work we only deal with pseudorandom 

sequences, for simplicity, we will call them random sequences, without mentioning the attribute "pseudo". 

There are several ways to create random number sequences. One of those is the method of linear recurrence 

sequences. 

1. Linear recurrence sequences (LRS) 

The sequences generated by linear recurrence are among the most frequently applied ones, thanks to the ease of 

construction and the property that there is no need for storing huge amount of data and no need for extensive 

computation. As we will see later, these properties can be improved by parallelization. 

Definition: 
 

Let k be a positive integer, a0,a1,… ,ak-1,u0,u1,… ,uk-1∈  ℤ , 

and suppose that 

un+k = ak-1·un+k-1+ ak-2·un+k-2+⋯+ a1·un+1+ a0·un 

holds for n ≥ k. 

Then the sequence un is called a linear recurring sequence. 

k is the order of the recurrence, 

u_0,u_1,...,u_k-1 are the initial values of the sequence and 

a0,a2,...,ak-1 are the coefficients of the sequence. 

The vector  is called the nth state vector of the sequence. 

The matrix 

 

is the so called companion matrix. 

Lemma: 
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Let un be a linear recurrence sequence,  is its state vector and M(u) is the corresponding companion 

matrix. Then 

. 

Proof: 
 

By the definition of companion matrix 

 

Hence we get 

 

 

 

which can be proven for general n by a simple induction. √ 

Example: 
 

Let k=2, a0 = a1 = 1, u0 = 0 and u1 = 1. 

The seuence defined by these arguments are called Fibonacci sequence. 

The first few members of the sequence are 

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, ... 

Definition: 
 

Let m be a positive integer, such that m > 1. 

The sequence xn = un mod m is called the reduced sequence of un modulo m. 

Example: 
 

Let k=2, a0 = a1 = 1, u0 = 0, u1 = 1 and m = 2. 

The first few members of the sequence xn = un mod 2 are 

0, 1, 1, 0, 1, 1, 0, 1, 1, 0, 1, 0, ... 

We may observe that the different members are repeated systematically. 

Definition: 
 

The sequence un is called periodic, if ∃  p,p0 integers, such that 0<p and un = un+p, ∀  n ≥ p0. 
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p is called the period length, while p0 is called the length of the preperiod of the sequence. 

If p0=0, then the sequence is called purely periodic. 

Theorem: 
 

Let un be a linear recurrence sequence, 1<m is an integer and xn is the reduced sequence of un modulo m. 

Proof: 
 

Since the members of xn are from a finite set, thus the vector (xn,xn+1,…,xn+k-1) created from the consecutive 

elements of it, can take only a finitely many different values. A suitable long sequence contains two indices i<j, 

such that 

(xi,xi+1,…,xi+k-1) = (xj,xj+1,…,xj+k-1). 

Then by the generating recurrence relation 

(xi+1,xi+2,…,xi+k) = (xj+1,xj+2,…,xj+k) . 

Iteratively applying this rule, we get xi+m = xj+m, for all 0 ≤ m. This exactly means that the sequence is periodic. √ 

Definition: 
 

Let xn be a periodic sequence mod m, p be the period length while p0 is the length of its preperiod. We say that 

xn is uniformly distributed, if every residue appears in the same number in one period. 

More formally: let 

R(s,a)= Card {i ∣ a = xi,s ≤ i < s+p}. 

We say that xn is uniformly distributed, if 

 and ∀  0 ≤ a<m. 

Example: 
 

We saw that the Fibonacci sequence is purely periodic modulo 2 and it has period length 3. We may observe 

further that it is not uniformly distributed. 

Remark: 
 

General conditions on uniform distribution for linear recurrence sequences can be found in [6], [7], [1] and [2]. 

The period length of a linear recurrence sequence is closely related to the order of its recurrence relation. If we 

would like to have a sequence with better properties, we should try to find higher order recurrences. By the 

definition, we may construct the following algorithm: 

 

Linear Recurring Sequence 

In: A = [a0,…,ak-1], U = [u0,…,uk-1] m 

Out: un                 // A linear recurrence sequence  

 1. while not end() do 

 2.    pfor i← 0,…,k-1 do 
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 3.       M[i]← A[i]·U[i] mod m 

 4.    endpfor 

 5.     

 6.    pfor i← 1,…,k-1 do 

 7.       A[i-1]← A[i] 

 8.    endpfor 

 9.    A[k-1]← m 

10.    return (m) 

11. endwhile 

 

The behaviour of the algorithm is corresponding to the following picture: 

 

Linear recurring sequence with shift register 

Once we have started the algorithm, it keeps producing random numbers consequtively, until we terminate. In 

line 10. the algorithm sends the random numbers to the output, in the form of a data stream. But then, the time 

complexity of the algorithm cannot be defined in the usual way. We may observe, however, how long it takes to 

produce a single random number. By the properties of the applied parallel cycles, one can see that the number of 

steps do not depend on the size of the input, except one line. This particular line is the 5. Here we have to 

compute a sum of many members, which requires O(log(k)) operations, by the previous chapters. The 

summation can be solved by the following architecture: 

 

Parallel adder for linear recurrence sequences 

The number of necessary processors are k, because of the amount of the multiplications. (For the additions, one 

needs only  processors.) 

Rearranging the operations and storing some particular intermediate results, we may reduce the time complextiy 

corresponding to the generation for a single random number, without increasing the number of processors. 

For this, we need the following 
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Theorem: 
 

Let u be linear recurring sequence, defined by the recurrence 

un+k=ak-1un+k-1+⋯+a0un (1) 

and let us define the sequence of vectors v by: 

v0
n=a0un-1 

v1
n=a0un-2+a1un-1 

… 

vk-2
n=a0un-k+1+⋯+ad-2un-1 

vk-1
n=a0un-k+⋯+ak-2un-2+ak-1un-1. 

Then 

un=vk-1
n (2) 

and 

vi
n=vi-1

n-1+aiun-1. (3) 

Proof: 
 

Substitute n-k to n in (1). Then we get 

un=ak-1un-1+⋯+a0un-k. (4) 

By definition, the right-hand side of the equation is vk-1
n, which proves (2). 

Let fix i. 

Substitute the definition of vi-1
n to (3). Then we arrive exactly to the definition of vi

n and thus (3) is proven. √ 

By the theorem we can construct the following algorithm: 

 

Modified Linear Recurring Sequence 

In: A = [a0,…,ak-1], U = [u0,…,uk-1] m 

Out: un                 // A LRS  

 1. pfor i ← 0,…,k-1 do 

 2.     

 3. endpfor 

 4. while not end() do 

 5.    pfor i ← 0,…,k-1 do 

 6.       V[i] ← V[i-1]+A[i]·V[k-1] mod m 

 7.    endpfor 

 8.    return (V[k-1]) 

 9. endwhile 

 

The lines 1-3. are some initial stepsthat should be executed only once during the run of the algorithm. The time 

complexity of lines 5-8. are constant, thus the time of the generation of a random number does not depend on 

the order of the recurrence. The number of necessary processors are still k. 

The data flow graph of the algorithm is the following: 
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Parallel linear recurrence sequence 
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