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Preface

This coursebook is intended to serve the education of students of biology studying prob-
ability theory and biostatistics.

During the mathematical education of students of biology, little time can be devoted
to teaching the basics of probability theory. This fact in itself makes it necessary to
discuss probability theory at some length before statistical studies. However, for students
of biology a certain amount of knowledge of probability theory is also very important for
its own sake, since a stochastic way of thinking and learning about stochastic models are
indispensable in several fields of biology. To some extent all this refers to the statistics
education of students of chemistry as well. According to what has been said, in the
first part of the book the basics of probability theory are discussed in the framework of a
material planned for about a semester. The second part of the book having approximately
the same length is about mathematical statistics. We also aimed to provide a material
that is completely learnable in two semesters. When writing the book, we relied on our
educational experience obtained in several decades of teaching probability theory and
biostatistics. In view of the knowledge and needs of the students, both parts have been
illustrated with plenty of biological examples and figures.

The beginning part (basics of probability theory) and the continuation (multivari-
ate probability theory, biostatistics) of this book are treated somewhat differently. The
reason is that the beginning of the book, being part of the compulsory courses of mathe-
matics for biology students, is the work of the second author, while the further chapters,
being part of two optional third-year courses, are the work of the first author.

We thank the translator, Ágnes Havasi, assistant lecturer for her thorough work and
several stylistic advices, and Éva Valkó, PhD student for the careful preparation of some
of the figures.

We express our special thanks to Márta Ladányi, associate professor (Corvinus Uni-
versity, Budapest, Faculty of Horticultural Science, Department of Mathematics and
Informatics) for her conscientious revision of the book and considerably large number of
her valuable suggestions.

We thank Katalin Fried, associate professor for her help during the preparation of
this book.
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We appreciate if the Reader lets us know his/her potential critical remarks, sugges-
tions for improvement or other comments.

Budapest, August, 2013. The authors
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Part I

Probability theory
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Chapter 1

Event algebra

Probability theory is concerned with the analysis of phenomena that take place in in-
deterministic, in other words random circumstances. In this chapter we briefly discuss
random events and experiments on random events.

1.1 Experiments, sample space

Natural phenomena can be classified into two groups. The first group contains those
phenomena which take place in the same way, i.e., produce the same outcome under
the same given conditions. These phenomena are called deterministic, and such are for
example free fall and the day and night cycle.

In the other group of phenomena, the circumstances that are (or can be) taken into
account do not determine uniquely the outcome of the phenomenon, i.e., the outcome
cannot be predicted before the occurrence of the phenomenon. These are called random
(or stochastic) phenomena. A random phenomenon can either be created by us or ob-
served. An example for the former one is the roll of a die, and for the latter one the
determination of the height of a randomly chosen person. In the sequel we will only
consider random phenomena which occur frequently or can be repeated several times, in
industrial applications these are called random mass phenomena. Random phenomena
may result in several different outcomes, however, the attribute ”random” does not mean
that the outcome has no cause, it only means that we cannot or do not wish to take into
account all the existing circumstances.

An observation or (random) experiment regarding a random event results in a so-
called elementary event. The set of the possible elementary events will be referred to
as sample space and denoted by Ω. If the outcome of the experiment is the elementary
event ω, then we can say that ω occurs in the given experiment.

During each experiment, i.e., each time the studied random phenomenon occurs, the
outcome is one of the possible outcomes, or, to put it differently, exactly one elementary
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event occurs. Some subsets of the sample space are the so-called (observable) events, see
below.

Example 1.1. (a) Roll of a die. A die is a cube with its six faces showing 1, 2, 3, 4, 5
and 6 dots. Let the experiment be as follows: we roll a die, and when it has fallen
down we observe the number of dots on its upper face. We define six outcomes or
elementary events, namely:

ω1 := the roll is a 1, ω2 := the roll is a 2,
ω3 := the roll is a 3, ω4 := the roll is a 4,
ω5 := the roll is a 5, ω6 := the roll is a 6.

So, the sample space has six elements, Ω = {ω1, ω2, ω3, ω4, ω5, ω6}.

(b) During the experiment we roll the die mentioned in the previous point, but now we
only register if the number of dots on the upper face is even or odd. The observed
outcomes are:

ω̃1 := the roll is an even number, ω̃2 := the roll is an odd number.

In this experiment the sample space has two elements, Ω̃ = {ω̃1, ω̃2}.

(c) Coin flipping. We flip a coin, and when it has fallen down, we examine which side
is facing up (heads or tails). This experiment has two possible outcomes:

h := the face-up side is head, t := the face-up side is tail.

The sample space has again two elements, Ω = {h, t}.

(d) Let the experiment be that we place an insect trap, and in an hour’s time we examine
whether it has caught any specimen of three studied species (A,B,C). The sample
space can be

Ω := {∅, {A}, {B}, {C}, {A,B}, {A,C}, {B,C}, {A,B,C}} ,

where, e.g., {A,C} denotes that in the trap there are specimens from species A and
C, but not from species B. The sample space is the power set of the set containing
the three species {A,B,C}, and it consists of 9 elements. �
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1.2 Events

During an experiment we are mostly unable to observe and at the same time uninterested
in exactly which elementary event is the outcome.

By event (or observable event) we mean certain subsets of the sample space Ω. So
every event is a set of elementary events.

Two notable events are the certain event (Ω) and the impossible event (∅).

Example 1.2. In the case of the coin flip the sample space Ω = {h, t} has the subsets
∅, {h}, {t}, Ω, which can be taken for (observable) events. �

We will need some further notions related to events.
In a given experiment an event occurs if the outcome of the experiment is any of the

elementary events corresponding to the given event.

The certain event occurs when any elementary event of the set Ω occurs. Since
this happens any time that the experiment is performed, the certain event always (i.e.,
”certainly”) occurs.

The impossible event occurs when an elementary event belonging to the empty set
occurs. The empty set has no elements, so the impossible event never occurs when the
experiment is performed. This explains its name.

Example 1.3. In the example of rolling a die:

E1 := the roll is an even number that is greater than 2,
E2 := the roll is at least a 4, but not a 5,
E3 := the roll is a 4 or a 6.

The above three events are identical, or in other words, equal, since all occur when we
roll a 4 or a 6. That is, E1 = E2 = E3 = {4, 6}.

This example also shows that the same event can be formulated in different ways. �

We say that the occurrence of event E implies the occurrence of event F if in each
experiment where E occurs F also occurs. Since every event is a set of elementary
events, this means that every elementary event in E is an element of event F as well,
i.e., E is a subset of F . Therefore, if the occurrence of E implies the occurrence of F ,
the notation E ⊂ F is used.

Two events are mutually exclusive if they cannot occur at the same time. A finite
set of events are called pairwise mutually exclusive if no two of the elements can occur
at the same time. A finite set of events form a complete set of events if they are pair-
wise mutually exclusive, and one of them definitely occurs any time the experiment is
performed.
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Example 1.4. Consider the roll of a die.

(a) Mutually exclusive events are

E1 := the roll is an even number, E2 := the roll is a 1.

(b) Pairwise mutually exclusive events are

E1 := the roll is an even number, E2 := the roll is a 1,
E3 := the roll is a 3.

(c) The following events form a complete set of events:

E1 := the roll is an even number, E2 := the roll is a 1,
E3 := the roll is a 3, E4 := the roll is a 5. �

1.3 Operations on events

We know the union, intersection and difference of sets and the complement of a set. Since
events are certain subsets of the sample space, we can perform set operations on them.
The notations conventionally used for events differ from the corresponding notations of
set theory. At the end of this chapter we give the set-theoretic analogues of all operations
with notations.

If an event of the sample space Ω is E ⊂ Ω, then the complement or opposite of event
E is the event that occurs when E does not occur. Notation: E.

The complement of the certain event is the impossible event, and the complement of
the impossible event is the certain event, i.e., Ω = ∅ and ∅ = Ω.

Set operations are commonly illustrated by Venn diagrams, therefore we will also
use them for operations on events. Let the sample space be a rectangle Ω, and let the
experiment be choosing a point of this rectangle. The complement of event E ⊂ Ω is the
difference Ω \ E, since the complement event means choosing a point which belongs to
Ω, but does not belong to E (see Fig. 1.1).

Further operations on events will also be illustrated on this experiment.

Example 1.5. In the example of rolling a die:

E := the roll is an even number, E = the roll is an odd number,
F := the roll is a 6, F = the roll is a 1, 2, 3, 4 or 5. �
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Figure 1.1: Complement of an event.

For a given sample space, any event and its complement (E, E) form a complete set of
events consisting of two events, that is to say Ω = E ∪ E.

If E and F are events in the same sample space, then the sum of E and F is defined
as the event that occurs when event E or event F occurs. Notation: E + F (see Fig.
1.2).

In the definition of the sum the connective or is understood in the inclusive sense,
i.e., the sum of two events can occur in three ways: either E occurs and F does not
occur, or F occurs and E does not occur, or both occur. That is to say E + F occurs if
at least one of event E and event F occurs.
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Figure 1.2: The sum of events.

We can formulate this more generally: if E1, E2, . . . , En are events in the same sample
space, then let their sum be the event that occurs when any one of the listed events occurs.
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Notation:
n∑
i=1

Ei or E1 + . . .+ En.

If E1, E2, . . . form an infinite sequence of events in the same sample space, then their
sum is defined as the event that occurs when any one of the listed events occurs. Notation:
∞∑
i=1

Ei or E1 + E2 + . . .

If E and F are events in the same sample space, then their product is the event that
occurs when both events occur. The product is denoted by E · F or, briefly, EF (see
Fig. 1.3).

Ω

E

F

EF
�
��
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��

�
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�
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��

�
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�

�
��

�
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��

Figure 1.3: The product of events.

If E1, . . . , En are events in the same sample space, then let their product be the event

that occurs when all the listed events occur. Notation:
n∏
i=1

Ei or E1 · . . . · En.

The events E and F are mutually exclusive if and only if EF = ∅, since both mean
that the two events cannot occur at the same time.

If E and F are events in the same sample space, then the difference of these events is
defined as the event that occurs when E occurs, but F does not occur. Notation: E−F
(see Fig. 1.4).

Example 1.6. In the example of rolling a die:

E := the roll is an even number,
F := the roll is a number that is smaller than 3,

then

E + F = the roll is an even number or a number that is smaller than 3
= the roll is a 1, 2, 4 or 6,
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Figure 1.4: The difference of events.

EF = the roll is an even number and its value is smaller than 3 = the roll is a 2,

E − F = the roll is an even number and its value is not smaller than 3
= the roll is a 4 or a 6. �

In the following table we list the operations on events and the corresponding opera-
tions on sets:

Operations on events, notations: Operations on sets, notations:

complement, E
sum, E + F
product, EF
difference, E − F

complement, Ec

union, E ∪ F
intersection, E ∩ F
difference, E \ F

If E1, E2, . . . , En form a finite sequence of events in the same sample space, then the
related de Morgan’s laws read as

E1 + . . .+ En = E1 · . . . · En, E1 · . . . · En = E1 + . . .+ En.

Example 1.7. In a study area three insect species (A,B,C) can be found. We place an
insect trap, and after some time we look at the insects that have been caught. Let

E1 := a specimen of species A can be found in the trap,
E2 := a specimen of species B can be found in the trap,
E3 := a specimen of species C can be found in the trap.

By using the events E1, E2, E3 and the operations, we give the following events:

14



(a) There is no specimen of species A in the trap = E1.

There is no specimen of species B in the trap = E2.

There is no specimen of species C in the trap = E3.

(b) There is no insect in the trap = E1 E2 E3.

(c) There is an insect in the trap = E1 + E2 + E3.

(d) There are only specimens of a single species in the trap = E1 E2 E3 + E1 E2 E3 +
E1 E2 E3.

(e) There are specimens of two species in the trap = E1 E2 E3 +E1 E2 E3 +E1 E2 E3.

(f) There are specimens of all the three species in the trap = E1E2E3.

(g) Application of de Morgans’ law: There are specimens of at most two species in the
trap. (There are no specimen or are specimens of one or two species but not of all
the three species in the trap.) E1E2E3 = E1 + E2 + E3. �

1.4 Event algebra

In an experiment we can choose the set of events within certain bounds. Every event in
such a set of events should be observable, that is we should be able to decide whether
the given event has occurred during the experiment. On the other hand, the set of
events should be sufficiently large so that we can mathematically formulate all questions
that arise in connection with the experiment. If the sample space consists of an infinite
number of elementary events, then it can cause mathematical difficulties to assign a
probability function to the set of events that is in accordance with our experiences.

We require that the results of the operations performed on the events (complement,
sum, product, difference) are themselves events. To put this requirement differently, the
set of events should be closed with respect to the operations. Moreover, we would like
the certain event and the impossible event to be indeed events. In the general case we do
not demand that subsets of the sample space with exactly one element be events. Our
expectations for the set of events are satisfied by the following so-called event algebra.

If Ω is the sample space, then a set A, consisting of certain subsets of Ω, is an event
algebra if the following three statements hold:

(a) Ω ∈ A.

(b) For all E ∈ A, E ∈ A.

(c) If for all i ∈ N+, Ei ∈ A, then
∞∑
i=1

Ei ∈ A.
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An event algebra with the above three properties is called a sigma algebra.

16



Chapter 2

Probability

In this chapter first we introduce the notion of relative frequency. With the help of
this, we define the intuitive notion of probability, which will be followed by its axiomatic
introduction. Then we deal with probability spaces, and, finally, summarize the basic
relations that are valid for probability.

2.1 Relative frequency, probability

When an experiment is performed ”independently”several times, we talk about a sequence
of experiments. The independent execution of the experiments intuitively means that
the outcome of any execution of the experiment is not influenced by the outcome of any
other execution of the experiment. For example, when flipping a coin or rolling a die,
the thrown object should rotate sufficiently many times so that its earlier position does
not influence noticeably the outcome of the given toss. Later we will exactly define what
is meant by the independent execution of the experiments (see Section 3.6).

Let us perform the experiment n times independently, and observe how many times
a given event E occurs. Let us denote this number by k (or kE), and call it the frequency
of event E.

The ratio k
n

shows in what proportion event E has occurred during the n executions
of the experiment. This ratio is called the relative frequency of event E.

Example 2.1. When flipping a coin, let us use the notation h if after the flip the face-up
side is ”head”, and the notation t if after the flip the face-up side is ”tail”. We flip a coin
20 times one after the other ”independently”, and let the finite sequence of outcomes be

t t h t h t t h t t h t h h h t h h t t.

The frequency of the side ”head” is 9, and its relative frequency is 9
20

= 0.45. Denote the
frequency of the side ”head” in the nth flip by kn, then its relative frequency is kn

n
, where
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n = 1, 2, . . . , 20. The 20-element finite sequence of relative frequencies of the side ”head”
in the above sequence of experiment is

0
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. �

Example 2.2. The following three sequences of experiments on coin flips are also inter-
esting from a historical point of view. The results of the experiments are given in Table
2.1. �

name of experimenter, number of frequency relative frequency
year of birth and death flips of heads of heads

Georges Buffon (1707-1788) 4040 2048 0.5080
Karl Pearson (1857-1936) 12000 6019 0.5016
Karl Pearson (1857-1936) 24000 12012 0.5005

Table 2.1: Data of three sequences of experiments on coin flips.

On the basis of our experiences obtained in the experiments the probability of an event
can intuitively be given as the number around which the relative frequencies oscillate.

In problems arising in practice, we do not usually know the probability of an event. In
such a case, for want of anything better, the relative frequency obtained during a consid-
erably large sequence of experiments can be considered as the (approximate) probability
of the given event.

The above notion of probability is only intuitive because in it we find the undefined
notion of the oscillation of relative frequencies.

Let A be an event algebra on the sample space Ω. The function P : A → R is called
probability function if the following three statements are satisfied:

(a) For all events E ∈ A, P (E) ≥ 0.

(b) P (Ω) = 1.

(c) If for all i ∈ N+, Ei ∈ A, moreover, if E1, E2, . . . form a sequence of pairwise

mutually exclusive events, then P

(
∞∑
i=1

Ei

)
=
∞∑
i=1

P (Ei).

(So, in the case of a(n infinite) sequence of pairwise mutually exclusive events,
the probability that one of the events occurs is equal to the sum of the (infinite)
series of the probabilities of the events. This is called sigma additivity of P , where
’sigma’ is for ’infinite’.)
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If E ∈ A is an event, then the number P (E) assigned to it is called the probability of
event E.

Condition (c) can be applied also for a finite sequence of pairwise mutually exclusive
events. That is to say, if with condition (c) P (En+1) = P (En+2) = . . . = 0 holds, then we

get that for pairwise mutually exclusive events E1, . . . , En, P

(
n∑
i=1

Ei

)
=

n∑
i=1

P (Ei). This

is what we call the additivity of probability function. If n = 2, then for two mutually
exclusive events E1 and E2 the above condition yields P (E1 + E2) = P (E1) + P (E2).

If the sample space is finite, then the sequence of events in condition (c) is the
impossible event with a finite number of exceptions. Therefore, in a finite sample space
sigma additivity is identical to the additivity of function P .

In the definition of probability the requirements (a), (b) and (c) are called Kol-
mogorov’s axioms of probability. All statements valid for probability can be derived from
these axioms.

2.2 Probability space

The triplet of a given sample space Ω, the event algebra A consisting of certain subsets
of Ω and the probability function P defined on the event algebra A is called Kolmogorov
probability space (or probability space), and is denoted as (Ω,A, P ).

In the case of an experiment, the sample space Ω consists of the possible outcomes
of the experiment. The choice of the event algebra is our decision. It is worthwhile to
choose one which consists of observable events and which allows us to formulate all arising
problems, but it should not be too large, which would cause mathematical difficulties
in the definition of the probability function. The probabilities of the events should be
defined in accordance with our experience.

There are different possibilities to assume a probability function for a given sample
space and event algebra. For example, in the case of rolling a die there can be different
probabilities when the die is fair and when it has an inhomogeneous mass distribution.

In the following, we present some frequently encountered types of probability spaces.

2.2.1 Classical probability spaces

Several experiments have a finite number of outcomes, and in many cases we can notice
that all outcomes have the same chance of occurring. This is the case when we flip
a coin or roll a die, provided that the coin has the shape of a straight cylinder and
a homogeneous mass distribution, and the die has the shape of a cube and also has a
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homogeneous mass distribution. Such a coin or cube is called fair. The so-called classical
probability space is created with the aim of describing experiments of this kind.

The triplet (Ω,A, P ) is called classical probability space if the sample space Ω is a
finite set, with each subset being an event, i.e., A is the power set of Ω, moreover, the
probability function is

P (E) :=
the number of elementary events in E

the number of elementary events in Ω
, E ⊂ Ω. (2.1)

Remark : This formula can be derived from the facts that the sample space is finite and
all the elementary events have the same chance of occurring. Determining the numerator
and the denominator is a combinatorial problem.

Example 2.3. (Famous classical probability spaces)

(a) In the example of the coin flip (see also Example 1.1(c)) let the sample space be
Ω := {h, t}, let the event algebra be defined as the power set of Ω, i.e., A :=
{∅, {h}, {t}, {h, t}}, and the probabilities of the events as

P (∅) := 0, P ({h}) :=
1

2
, P ({t}) :=

1

2
, P ({h, t}) := 1.

(b) In the example of rolling a die (see also Example 1.1(a)), by denoting the outcomes
by the numbers of dots on the face-up side, the sample space is Ω := {1, 2, 3, 4, 5, 6},
let the event algebra be the power set of Ω, which has 26 = 64 elements, and let
the probability of an event E be P (E) := k

6
if E occurs in the case of k elementary

events, i.e., if the number of elementary events of E is k. �

In a classical probability space pairwise mutually exclusive events cannot form an
infinite sequence, therefore in the classical case instead of sigma additivity it is enough
to require the additivity of probability function.

Choosing an element randomly from a given set means that all the elements have the
same chance of being chosen. If the sample space is a finite set, then the experiment is
described by a classical probability space. If the sample space is infinite, then a random
choice can only be supposed to have zero probability (see the Remark below formula
(2.1) and Example 4.5).

Example 2.4. An urn contains N balls, K of them are red, and N −K are green. We
independently draw n balls at random, one after the other, in each case replacing the ball
before the next independent draw. This procedure is called sampling with replacement.
What is the probability that k red balls are drawn following this procedure?
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Solution: The experiment is drawing n balls one after the other with replacement.
The outcomes are variations with repetition of size n of the N balls in the urn, and the
number of these variations is Nn. If we draw k red balls and n − k green balls, then
the order of colours is again a permutation with repetition, the number of these orders
being n!

k! (n−k)! =
(
n
k

)
. For each order of colours the order of the red balls as well the order

of the green balls is a variation with repetition, so the number of possible orders of the
red balls is Kk, and that of the green balls is (N −K)n−k. Any order of drawing of the
red balls can be combined with any order of drawing of the green balls, therefore we can
draw k red balls in

(
n
k

)
Kk(N −K)n−k ways.

By the assumption that the experiment is described by a classical probability space,
the probability that k red balls are drawn (Ek) is

P (Ek) =

(
n
k

)
Kk(N −K)n−k

Nn
=

(
n

k

)(
K

N

)k (
1− K

N

)n−k
, k = 0, 1, . . . , n. �

The product of probability spaces

For describing the independent execution of experiments we will need to introduce the
notion of the product of probability spaces. First we define the product of classical
probability spaces, and then the product of arbitrary ones.

Let (Ω1,A1, P1) and (Ω2,A2, P2) be classical probability spaces. We define the product
of these probability spaces as the probability space (Ω,A, P ) if its sample space is the
set Ω := Ω1×Ω2, its event algebra A consists of all subsets of the product sample space
Ω, and its probability function is

P : A → R, P (E) :=
|E|
|Ω|

, E ∈ A,

where |E| denotes the number of elementary events in E.
Here the Cartesian product Ω = Ω1×Ω2 consists of all those ordered pairs (ω1, ω2) for

which ω1 ∈ Ω1 and ω2 ∈ Ω2. The product space is a classical probability space defined
on the Cartesian product of the two sample spaces Ω = Ω1 × Ω2.

If E1 ∈ A1 and E2 ∈ A2, then the probability of event E1 × E2 of the product is

P (E1 × E2) =
|E1 × E2|
|Ω1 × Ω2|

=
|E1| · |E2|
|Ω1| · |Ω2|

=
|E1|
|Ω1|
· |E2|
|Ω2|

= P1(E1) · P2(E2).

We remark that an event of the product space cannot always be given as the Cartesian
product of two events.

If two probability spaces are not classical, their product can nevertheless be defined.
Let the sample space of the product (Ω,A, P ) of probability spaces (Ω1,A1, P1) and
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(Ω2,A2, P2) be Ω := Ω1 × Ω2. Let A be the smallest event algebra containing the set
{E1 × E2 : E1 ∈ A1, E2 ∈ A2} (one can show that it exists). It can be proven that the
function

P0(E1 × E2) := P1(E1) · P2(E2), E1 ∈ A1, E2 ∈ A2

has exactly one extension to the event algebra A, this will be the probability function P
of the product.

2.2.2 Finite probability spaces

The outcomes of an experiment do not always have the same chance of occurring. If the
experiment has a finite number of outcomes, then the probability function can be given
in terms of the probabilities of the events consisting of a single elementary event.

The triplet (Ω,A, P ) is called a finite probability space if the sample space Ω is a
finite set, the event algebra A is the power set of Ω, and the probability function is as
follows: If Ω = {ω1, . . . , ωn}, and p1, . . . , pn are given non-negative real numbers which
add up to 1, then in case E := {ωi1 , . . . , ωij} ⊂ Ω let

P (E) := pi1 + . . .+ pij ,

i.e., let the probability of E be the sum of the probabilities of the elementary events in
E.

Then the probabilities of the sets containing exactly one elementary event are

P ({ω1}) = p1, . . . , P ({ωn}) = pn.

Example 2.5. It is known that both the shape and the colour of a pea seed are determined
by a dominant and a recessive allele. The round shape is given by the dominant allele
A, and the (alternative) wrinkly shape by the recessive allele a; the yellow colour is given
by the dominant allele B, and the (alternative) green colour by the recessive allele b.
Regarding shape and colour, the genotype of an individual can be AB, Ab, aB or ab. In
Mendel’s hybrid crossing we mate parental gametes of such genotypes (see Table 2.2).
If the sample space of the experiment is chosen as the Cartesian product of the set of
genotypes {AB,Ab, aB, ab} with itself, which has 16 elements, then, according to the
experiences, this hybrid crossing experiment is described by a classical probability space.
This is identical to the product of the classical probability space defined on the set of
genotypes {AB,Ab, aB, ab} with itself.

The offspring can have the following four phenotypes:

ω1 := round shaped and yellow, ω2 := round shaped and green,
ω3 := wrinkly and yellow, ω4 := wrinkly and green,
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AB Ab aB ab

AB (AB,AB) (Ab,AB) (aB,AB) (ab, AB)
Ab (AB,Ab) (Ab,Ab) (aB,Ab) (ab, Ab)
aB (AB, aB) (Ab, aB) (aB, aB) (ab, aB)
ab (AB, ab) (Ab, ab) (aB, ab) (ab, ab)

Table 2.2: Mendel’s hybrid crossing experiment.

where

ω1 = {(AB,AB), (AB,Ab), (AB, aB), (AB, ab), (Ab,AB), (Ab, aB), (aB,AB),
(aB,Ab), (ab, AB)}

ω2 = {(Ab,Ab), (Ab, ab), (ab, Ab)}, ω3 = {(aB, aB), (aB, ab), (ab, aB)},
ω4 = {(ab, ab)}.

Considering the set of phenotypes Ωf := {ω1, ω2, ω3, ω4} as a new sample space and its
power set as a new event algebra, by introducing the numbers

p1 :=
9

16
, p2 :=

3

16
, p3 :=

3

16
, p4 :=

1

16

let the probability of event E := {ωi1 , . . . , ωij} ⊂ Ωf be

P (E) := pi1 + . . .+ pij .

In this manner we have obtained a finite, but not classical probability space defined on
the sample space Ωf consisting of four elements. Then the probabilities of the events
containing exactly one elementary event are

P ({ω1}) := p1 = 9
16
, P ({ω2}) := p2 = 3

16
, P ({ω3}) := p3 = 3

16
, P ({ω4}) := p4 = 1

16
,

and for example

P (round shaped) = P ({ω1, ω2}) = p1 + p2 =
3

4
,

P (green) = P ({ω2, ω4}) = p2 + p4 =
1

4
. �

2.2.3 Geometric probability spaces

One-dimensional geometric probability space

Let the sample space Ω be the interval [a, b], a < b, a, b ∈ R, the event algebra A is the
smallest sigma algebra which contains all subintervals of [a, b] (see Section 1.4), and let
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the probability function be

P (E) :=
the length of E

the length of [a, b]
, where E ∈ A

and the length of an arbitrary interval with endpoints x and y (x ≤ y) is y− x while the
length function is sigma additive (see Section 2.1).

Example 2.6. The trains of a tram run every 10 minutes. If someone arrives at a tram
station without knowing the schedule, what is the probability that they wait for the tram
at least 9 minutes?

Solution: The sample space is Ω := [0, 10], the event under consideration is E :=
[9, 10]. By assuming a one-dimensional probability space

0 9 10

Ω E

Figure 2.1: The sample space of Example 2.6 and the event under consideration.

P (E) =
the length of [9, 10]

the length of [0, 10]
=

1

10
. �

Two-dimensional geometric probability space

Let the sample space Ω be a plain figure, the event algebraA is the smallest sigma algebra
which contains all rectangles or all circles contained by Ω (see Section 1.4). (Note that
these two definitions result in the same sigma algebra.) Let the probability function be

P (E) :=
the area of E

the area of Ω
, where E ∈ A

and the area of a rectangle and a circle are defined as usual while the area function is
sigma additive (see Section 2.1).

Example 2.7. In the woods we follow the movement of two animals. A clearing is
visited by both animals each morning between 9 and 12 o’clock. If both arrive at random,
and spend there half an hour, what is the probability that both can be found there at the
same time?

Solution: Let us measure the time from 9 o’clock, and denote the arrival time of
one of the animals by x, and that of the other by y. The outcome of the experiment
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is (x, y), the sample space is Ω := [9, 12] × [9, 12]. The two animals are at the clearing
simultaneously at some time if the difference between their times of arrival is at most
half an hour, i.e., |x − y| ≤ 1

2
. This is equivalent to x − 1

2
≤ y ≤ x + 1

2
. The event in

question is

E :=

{
(x, y) ∈ Ω : x− 1

2
≤ y ≤ x+

1

2

}
,

see Fig. 2.2. By assuming a two-dimensional probability field,
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2
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2

Figure 2.2: The sample space of Example 2.7 and the event under consideration.

P (E) =
the area of E

the area of Ω
=

9− 25
4

9
=

11

36
≈ 0.306. �

2.3 Some simple statements related to probability

The following statements are valid for any probability space (Ω,A, P ):

(i) P (∅) = 0, P (Ω) = 1.

(ii) For all events E, 0 ≤ P (E) ≤ 1.

(iii) If for the events E and F , E ⊂ F , then P (E) ≤ P (F ) (the probability is a
monotone increasing function of the event).
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(iv) For all events E, P (E) = 1− P (E).

(v) If for the events E and F , E ⊂ F , then P (F − E) = P (F )− P (E).

(vi) For all events E and F , P (F − E) = P (F )− P (EF ).

(vii) For all events E and F , P (E + F ) = P (E) + P (F )− P (EF ).

(viii) If E1, . . . , En form a complete set of events, then P (E1) + . . .+ P (En) = 1.

By definition, P (Ω) = 1, and we have seen that P (∅) = 0. The impossible event
∅ is not the only event which can have zero probability. For example, in a geometric
probability space choosing a given point x is not the impossible event, it still has zero
probability since the length of the interval [x, x] is x − x = 0 (see Section 2.2.3 with
Example 2.6). Similarly, if the probability of an event is 1, it does not necessarily mean
that it is the certain event Ω. Again, in a geometric probability space the probability
that we do not choose a given point is 1, however, this is not the certain event.

However, in a classical probability space only the impossible event has a probability
of 0, and only the certain event has a probability of 1.

Example 2.8. In a Drosophila population 40% of the individuals have a wing mutation,
20% of them have an eye mutation, and 12% have both wing and eye mutations.

(a) What is the probability that a randomly chosen individual of this population has at
least one of the mutations?

(b) What is the probability that a randomly chosen individual of this population has
exactly one of the mutations?

Solution: Let E be the event that a randomly chosen individual in the population
has a wing mutation, and F be the event that it has an eye mutation. According to the
example, P (E) = 0.4, P (F ) = 0.2.

(a) P (E + F ) = P (E) + P (F )− P (EF ) = 0.48 (see property (vii) in Section 2.3).

(b) On the basis of EF + EF = E + F − EF and EF ⊂ E + F

P (EF + EF ) = P (E + F − EF ) = P (E + F )− P (EF ) = 0.48− 0.12 = 0.36

(see property (v) in Section 2.3). �
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Chapter 3

Conditional probability, independent
events

In this chapter we introduce the notion of conditional probability. Then we present three
methods which enable us to determine the probability of events by means of conditional
probabilities. Finally, we discuss the independence of events and experiments.

3.1 Conditional probability

Let F be an event with positive probability in a given probability space. The conditional
probability of event E in the same probability space given F is defined as the ratio

P (E|F ) :=
P (EF )

P (F )
.

(E|F is to be read as ”E given F”.) The event F is called condition.

It can be shown that if F is an event with positive probability in the probability space
(Ω,A, P ), then the function E 7→ P (E|F ), E ∈ A is also a probability function on A,
so it possesses the following three properties:

(a) For all events E ∈ A, P (E|F ) ≥ 0.

(b) P (Ω|F ) = 1.

(c) If for all i ∈ N+, Ei ∈ A, and E1, E2, . . . form a sequence of pairwise mutually

exclusive events, then P

(
∞∑
i=1

Ei | F
)

=
∞∑
i=1

P (Ei|F ).

Since conditional probability is a probability function in case of a given condition,
therefore it satisfies the statements in Section 2.3. Below we list some of these statements.
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In the probability space (Ω,A, P ) let F ∈ A be an event with positive probability.
Then the following statements are valid:

(i) For all events E ∈ A, 0 ≤ P (E|F ) ≤ 1.

(ii) For all events E ∈ A and F ⊂ E, P (E|F ) = 1.

(iii) For all events E ∈ A, P (E|F ) = 1− P (E|F ).

(iv) For pairwise mutually exclusive events E1, E2, . . . ∈ A,

P (E1 + E2 + . . .) = P (E1|F ) + P (E2|F ) + . . .

Example 3.1. Families with two children can be classified into four groups concern-
ing the sexes of the children if we take into account the order of births. By denot-
ing the birth of a boy by b, and the birth of a girl by g, the sample space is Ω :=
{(b, b), (b, g), (g, b), (g, g)}. Assume that the four events have the same chance of occur-
ring. What is the probability that in a randomly chosen family with two children both
children are boys provided that there is a boy in the family?

Solution: If

E := both children are boys, F := there is a boy in the family,

then
E = {(b, b)}, F = {(b, b), (b, g), (g, b)}.

Obviously, EF = E, therefore

P (both children are boys provided that there is a boy in the family)

= P (E|F ) =
P (EF )

P (F )
=

1
4
3
4

=
1

3
.

We can get to the same result by the following simple reasoning. Due to the assump-
tion we exclude the outcome (g, g) from the four possible outcomes, and we see that from
the remaining three outcomes one is favourable. �

Example 3.2. At a job skill test 6 persons out of 100 suffer from physical handicap and
4 from sensory handicap. Both handicaps were detected in one person.

(a) What is the probability that a randomly selected person suffering from physical hand-
icap suffers from sensory handicap as well?

(b) What is the probability that a randomly chosen person who does not suffer from
sensory handicap does not suffer from physical handicap?
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Solution: Let

E1 := the selected person suffers from physical handicap,
E2 := the selected person suffers from sensory handicap.

(a) P (E2|E1) = 1
5
.

(b) P (E1|E2) = 91
96

.

3.2 The product rule

If E and F are events in the same probability space, moreover, F has a positive proba-
bility, then due to the definition P (E|F ) = P (EF )

P (F )
we have

P (EF ) = P (E|F ) P (F ).

Furthermore, if E, F and G are events in the same probability space, and FG has
positive probability, then due to the definition P (E|FG) = P (EFG)

P (FG)
and by applying the

previous formula for the two events F and G we obtain the equality

P (EFG) = P (E|FG) P (FG) = P (E|FG) P (F |G) P (G).

A similar, so-called product rule is also valid for more events.

Example 3.3. At a workplace the ratio of the women workers is 0.86. It is known that
15% of the women working there suffer from pollen allergy. What is the probability that
a randomly chosen worker is a women suffering from pollen allergy?

Solution: We assume that the selection of the worker is described by a classical
probability space. Let

E := having pollen allergy, F := the worker is a woman.

We seek P (EF ), which is

P (EF ) = P (E|F ) P (F ) = 0.15 · 0.86 ≈ 0.129. �

3.3 The total probability theorem

In applications it often happens that we cannot determine directly the probability of
an event, but we know its conditional probabilities given other events. If all the events
in a complete set of events have positive and known probabilities, and we know the
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conditional probability of an event given each event of the complete set, then the total
probability theorem allows us to calculate the probability of the given event.

If the events F1, F2, . . . , Fn with positive probabilities form a complete set of events
in a probability space, then the probability of any event E can be given as

P (E) = P (E|F1) · P (F1) + . . .+ P (E|Fn) · P (Fn),

i.e.,

P (E) =
n∑
i=1

P (E|Fi) · P (Fi).

In a particular case of the theorem the complete set of events consists of two elements
(F and F ).

If F and F are events with positive probabilities, then for any event E the equality

P (E) = P (E|F ) · P (F ) + P (E|F ) · P (F )

holds.

Ω

E

F1 F2

F3 F4
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EF4
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Figure 3.1: Events in the total probability theorem for n = 4.

Example 3.4. At a school a flu epidemic rages. The first-year students go to three
classes, 25 to class 1.A, 25 to class 1.B, 24 to class 1.C. In class 1.A 0.4%, in class 1.B
0.56%, and in class 1.C 0.46% of the pupils have got the flu. What is the probability that
a randomly chosen first-year student has got the flu?

Solution: Let E := the pupil has the flu, and let

F1 := the pupil goes to class 1.A, F2 := the pupil goes to class 1.B,
F3 := the pupil goes to class 1.C.
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In the example
P (F1) = 25

74
, P (F2) = 25

74
, P (F3) = 24

74
,

moreover,
P (E|F1) = 0.4, P (E|F2) = 0.56, P (E|F3) = 0.5.

By applying the total probability theorem,

P (E) = P (E|F1) · P (F1) + P (E|F2) · P (F2) + P (E|F3) · P (F3)

= 0.4 · 25

74
+ 0.56 · 25

74
+ 0.5 · 24

74
≈ 0.486.

By another method: collecting the data in a table:

1.A 1.B 1.C 1.

flu 10 14 12 36
no flu 15 11 12 38

all pupils 25 25 24 74

If we assume a classical probability space, then

P (a randomly chosen first-year pupil has the flu) =
36

74
≈ 0.486. �

3.4 Bayes’ theorem

In many cases it is not the probability of an event which we are interested in, but the
question of what role the occurrence of another event has played in the occurrence of the
given event.

Consider a given probability space, and assume that an event E with positive prob-
ability occurs during the experiment. Let F be an event with positive probability in the
same probability space, and assume that its complement event has positive probability,
too. Then the conditional probability of event F given event E is

P (F |E) =
P (FE)

P (E)
=
P (EF )

P (E)
=

P (E|F ) · P (F )

P (E|F ) · P (F ) + P (E|F ) · P (F )
. (3.1)

Here we first used the definition of conditional probability, then the commutativity of
a product of events, finally, in the numerator we applied the product rule, and in the
denominator the total probability theorem.

In this manner we can get the conditional probability P (F |E) in reverse order of the
events from the conditional probabilities P (E|F ) in the original order of the events, such
as P (E|F ), and the probability of events F and F .
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A generalization of formula (3.1) to a complete set of events is the so-called Bayes’
theorem.

For an event E with positive probability and events F1, . . . , Fn with positive proba-
bilities that form a complete set of events we have

P (Fi|E) =
P (E|Fi) · P (Fi)

P (E|F1) · P (F1) + . . .+ P (E|Fn) · P (Fn)
,

i.e.,

P (Fi|E) =
P (E|Fi) · P (Fi)
n∑
j=1

P (E|Fj) · P (Fj)

, i = 1, . . . , n.

Bayes’ theorem gives the answer to the question of what is the probability that the
condition Fi occurs when event E occurs. That is why this theorem is also refereed to
as the probability theorem of causes.

The probabilities P (Fi) are called a priori (meaning ”from the earlier”) probabilities,
because they are a priori given. (These probabilities are given numbers in the probability
space chosen for the experiment, and do not depend on the concrete execution of the
experiment, and so on whether the event E has occurred). We only learn if the event E
has occurred when the experiment has been executed, that is why we call the probabilities
P (Fi|E) a posteriori probabilities.

Example 3.5. In a town there is an equal number of men and women. From 100 men
5 are red-green colour deficient on an average, while from 10, 000 women there are 25.
We choose a red-green colour deficient person at random. What is the probability that
the chosen person is a man?

Solution: Let

C := the person is red-green colour deficient,
M := the person is a man, W := the person is a woman.

By assuming a classical probability space, according to the example P (M) = P (W ) = 1
2
,

moreover,

P (C|M) =
5

100
, P (C|W ) =

25

10, 000
.

By using Bayes’ theorem,

P (M |C) =
P (C|M) · P (M)

P (C|M) · P (M) + P (C|W ) · P (W )
=

5
100
· 1
2

5
100
· 1
2

+ 25
10,000

· 1
2

=
500

525
≈ 0.952.
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We can also answer the question without using conditional probabilities: If there are
n men and the same number of women in the town, then we can construct the following
table:

M W

C 5
100
n 25

10,000
n 525

10,000
n

C
n n

The data of the red-green colour deficient people are given in the second row. The number
of possibilities to choose a man is 5

100
n, the total number of possibilities is 525

10,000
n. By

assuming a classical probability space,

P (the chosen red-green colour deficient person is a man) =
5

100
n

525
10,000

n
=

500

525
.

We remark that in this example the conditional probability P (M |C) expresses the
proportion of men among the red-green colour deficient people. �

3.5 Independent events

In everyday language two events are called independent if the occurrence of any one of
them has no influence on the occurrence of the other. This, however, cannot be used as
a mathematical definition.

In a probability space the event E is called independent of the event F in the same
probability space having a positive probability if P (E|F ) = P (E).

This definition means that the conditional probability of event E given event F equals
the original (i.e., non-conditional) probability of E.

If event E is independent of event F having positive probability, then writing the
definition of conditional probability into the equality

P (E|F ) = P (E)

we have
P (EF )

P (F )
= P (E),

then by multiplying with the denominator, we obtain the formula

P (EF ) = P (E) P (F ). (3.2)
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If the probability of event E is also positive, then dividing the formula (3.2) by it we get
the expression

P (F |E) =
P (FE)

P (E)
= P (F ),

so, event F is independent of event E.

The equality (3.2) is symmetrical with respect to the two events, therefore the in-
dependence of events is defined as follows: Events E and F are called independent if
P (EF ) = P (E) P (F ).

According to the above definition, the independence of events E and F with positive
probabilities is equivalent to E being independent of F , and, at the same time, to F
being independent of E.

Two mutually exclusive events with positive probabilities are never independent,
since if EF = ∅, then P (EF ) = P (∅) = 0, while P (E) P (F ) > 0, therefore P (EF ) 6=
P (E) P (F ).

Example 3.6. Assume that boys and girls have the same chance of being born and stay-
ing alive until a given age. The following two events relating to that age are independent
in a family with three children:

E := there are both boys and girls in the family,
F := there is at most one boy in the family.

Solution: Listing the sexes of the children in the order of births, we have

Ω := {(b, b, b), (b, b, g), (b, g, b), (g, b, b), (b, g, g), (g, b, g), (g, g, b), (g, g, g)},
E = {(b, b, g), (b, g, b), (g, b, b), (b, g, g), (g, b, g), (g, g, b)},
F = {(b, g, g), (g, b, g), (g, g, b), (g, g, g)},
EF = {(b, g, g), (g, b, g), (g, g, b)}.

The experiment is described by a classical probability space, and the probabilities of the
above events in the sample space Ω consisting of eight elements are

P (E) =
|E|
|Ω|

=
3

4
, P (F ) =

|F |
|Ω|

=
1

2
, P (EF ) =

|EF |
|Ω|

=
3

8
,

therefore,

P (EF ) =
3

8
=

3

4
· 1

2
= P (E) P (F ).

So the two events are independent.

The intuitive meaning of the result is as follows. If we learn that there is at most one
boy in a family, then we cannot use this information to ”find out” whether there is a boy
in the family at all or not. �
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If E and F are independent events, then so are E and F , F and E as well as E and
F .

We will need the notion of independence for more events, too. This will not be defined
as the pairwise independence of the events (when any two of the events are independent,
see equality (3.2)), nor by the requirement that the probability of the product of events
be equal to the product of the probabilities.

In a probability space the events E1, E2, . . . , En are called mutually independent if
by selecting any number of them arbitrarily, the probability of their product is equal to
the product of probabilities of the selected events, i.e.,

P (EiEj) = P (Ei) P (Ej), 1 ≤ i < j ≤ n

P (EiEjEk) = P (Ei) P (Ej) P (Ek), 1 ≤ i < j < k ≤ n
...

P (E1E2 . . . En) = P (E1) P (E2) . . . P (En).

If E1, E2, . . . , En are mutually independent events then they are pairwise independent.

3.6 Independent experiments

If we roll a red and a green die at the same time, we consider these two experiments as
independent, which means that the outcome of any of the two experiments has no effect
on the outcome of the other. In Section 3.5 we defined the independence of events for
the case where the events belong to the same probability space, and at the end of Section
2.2.1 we gave the product of two probability spaces. On the basis of these antecedents
we can define the notion of independent experiments.

Let (Ω1,A1, P1), . . . , (Ωn,An, Pn) be probability spaces (assigned to certain experi-
ments). The sample space Ω := Ω1×. . .×Ωn of the product (Ω,A, P ) of these probability
spaces consists of all those ordered n-tuples (ω1, . . . , ωn) for which ω1 ∈ Ω1, . . . , ωn ∈ Ωn.
Let A be the smallest event algebra that contains all sets of the form E1 × . . . × En
where E1 ∈ A1, . . . , En ∈ An.(One can prove that such an event algebra exists and it is
unique.) A usually contains further sets, differing from those as E1 × . . .× En. Let the
probability function be the function P : A → R for which

P (E1 × . . .× En) = P1(E1) · . . . · Pn(En), E1 ∈ A1, . . . , En ∈ An. (3.3)

(One can show that exactly one probability function P exists with this property.)

If the above n experiments are regarded as one combined experiment, then its sam-
ple space is Ω. To the events of each experiment we assign an event of the combined
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experiment as follows:

E1 7→ Ê1 := E1 × Ω2 × . . .× Ωn,

E2 7→ Ê2 := Ω1 × E2 × Ω3 × . . .× Ωn,
...

En 7→ Ên := Ω1 × . . .× Ωn−1 × En.

For example, in the combined experiment the event Ê1 occurs if and only if event E1 in
the first experiment occurs, moreover,

P (Ê1) = P1(E1) · P2(Ω2) · . . . · Pn(Ωn) = P1(E1).

In the product of probability spaces, formula (3.3) valid for the probability function
shows that the product of probability spaces is suitable for the description of ”indepen-
dently” executed experiments. Therefore, in the sequel a finite number of experiments
are called independent experiments if the requirement (3.3) is satisfied.

In some of the previous examples (Example 2.4, Example 2.5, Example 3.1, Example
3.6) the probability space is the product of simpler classical probability spaces.

Bernoulli trials

Let E be an event of probability p in the probability space (Ω,A, P ) describing an
experiment. Let n be a given positive integer and 0 ≤ k ≤ n an integer. If the experiment
is independently executed n times, then what is the probability that event E occurs k
times?

The sequence of experiments is described by the n-fold product of the probability
space (Ω,A, P ) with itself, which will be denoted by (Ω̂, Â, P̂ ). Let Ek ∈ Â be the event
that E occurs k times in the sequence of experiments. There are

(
n
k

)
ways to choose

those k executions of the given experiment where event E occurs. Each possibility
means such an event in the product space which is the Cartesian product of k events E
and n − k events E. According to the definition of P̂ the probability of each of these
events is pk(1−p)n−k. Since the

(
n
k

)
events of the product space given above are pairwise

mutually exclusive, therefore, due to the additivity of the probability P̂ ,

P̂ (Ek) =

(
n

k

)
pk(1− p)n−k.

Example 3.7. Let a ball be drawn randomly from an urn containing K red balls and
N−K green balls. If event E means that we draw a red ball, then P (E) = K

N
. In this case,

on the basis of the above considerations, the probability that we draw a red ball k times

during n independent executions of the experiment is P̂ (Ek) =
(
n
k

) (
K
N

)k (
1− K

N

)n−k
.
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The result is the same as that obtained in Example 2.4, where we worked in a classical
probability space on the sample space Ω̂ := Ω × . . . × Ω having the form of an n-fold
Cartesian product. This probability space is identical to the n-fold product of the classical
probability space, given on the sample space Ω, with itself. �

3.7 Exercises

1. In a study area three insect species (A,B,C) can be found. We place an insect
trap, and after some time we look at the insects that have been caught. Let

E1 := a specimen of species A can be found in the trap, P (E1) := 0.1,
E2 := a specimen of species B can be found in the trap, P (E2) := 0.2,
E3 := a specimen of species C can be found in the trap, P (E3) := 0.3.

Assuming that the events E1, E2, E3 are independent, find the probability of the
following events:

(a) There is no specimen of species A in the trap.
There is no specimen of species B in the trap.
There is no specimen of species C in the trap.

(b) There is an insect in the trap.

(c) There is no insect in the trap.

(d) There are specimens of all the three species in the trap.

(e) There are specimens of at most two species in the trap.

(Cf. Example 1.7.)

Solution:

(a) P (E1) = 1−P (E1) = 0.9, P (E2) = 1−P (E2) = 0.8, P (E3) = 1−P (E3) = 0.7.

(b) P (E1 + E2 + E3) = P (E1 + E2) + P (E3)− P ((E1 + E2)E3)
=
(
P (E1) + P (E2)− P (E1E2)

)
+ P (E3)− P (E1E3 + E2E3)

= P (E1)+P (E2)−P (E1)P (E2)+P (E3)−
(
P (E1E3)+P (E2E3)−P (E1E2E3)

)
= P (E1) + P (E2) + P (E3)− P (E1)P (E2)− P (E1)P (E3)− P (E2)P (E3)
+P (E1)P (E2)P (E3) = 0.496.

(c) P (E1 E2 E3) = P (E1 + E2 + E3) = 1− P (E1 + E2 + E3) = 0.504.

(d) P (E1E2E3) = P (E1)P (E2)P (E3) = 0.006.

(e) P (E1E2E3) = 1− P (E1E2E3) = 0.994. �
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2. The following table contains data from a study describing the relationship between
lung cancer and smoking as a risk factor. Let us consider the relative frequencies
of the events as their probabilities.

(a) Determine the probability that a randomly chosen person has lung cancer
provided that he or she smokes / does not smoke.

(b) Calculate the relative risk of smoking, i.e., the ratio

P (has lung cancer | smokes)

P (has lung cancer | does not smoke)
.

S S

C 483 76

C 982 1412

S := the person smokes,
C := the person has lung cancer.

Solution:

(a)
P (the chosen person has lung cancer provided that he or she smokes)

= P (C|S) =
483

483 + 982
≈ 0.330.

P (the chosen person has lung cancer provided that he or she does not smoke)

= P (C|S) =
76

76 + 1412
≈ 0.051.

(b) The relative risk of smoking is
P (C|S)

P (C|S)
≈ 0.330

0.051
≈ 6.471. �

Remark : Let the set of individuals involved in a biological experiment be Ω, on
the subset E of Ω a given treatment is applied, and E is the control group. If
we observe two kinds of results during the treatment (F and F , e.g., recovery and
deterioration or survival and death), then it is customary to arrange the data in
the following so-called contingency table:

E E

F |EF | |EF | |F |
F EF |E F | |F |

|E| |E| |Ω|

3. In the 1980’s a lung screening detected 90% of TB infections, and in 1% of all cases
it indicated infection falsely. At that time the proportion of the infected people
was 5 · 10−4 in the whole population.
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(a) At that time what was the probability that the screening result was positive
provided that the examined person was infected? (This is called sensitivity of
the examination.)

(b) At that time what was the probability that the screening result was negative
provided that the examined person was healthy? (This is called specificity of
the examination.)

(c) At that time what was the probability that a positive screening result detected
the infection?

(d) How do you explain that in those years among 23 people with a positive screen-
ing result there was one infected on an average? How could this proportion
have been improved?

Solution: Let E: the person is infected, F : the result of the screening is positive.

(a) The sensitivity is P (F |E) = 0.9.

(b) On the basis of the property of conditional probability given the complement
event, for the specificity we obtain P (F |E) = 1− P (F |E) = 1− 0.01 = 0.99.

(c) We seek P (E|F ). By applying Bayes’ theorem,

P (E|F ) =
P (F |E) · P (E)

P (F |E) · P (E) + P (F |E) · P (E)

=
0.9 · 5·10−4

0.9 · 5 · 10−4 + 0.01 · (1− 5 · 10−4)
≈ 0.043.

(d) Since
1

0.043
≈ 23, at that time among 23 people with a positive screening

result there was one infected on an average. The proportion of the infected
people among those with a positive screening result is independent of the size
of the population. For example, the table for 10, 000, 000 residents looks like
this:

infected (E) healthy (E)

positive (F ) 4500 99, 950 104, 450

negative (F )
5000 9, 995, 000 10, 000, 000

The proportion of infected among those with a positive result is 4500 : 104, 450 ≈
0.043. By increasing the sensitivity of the screening to the maximal value of
1, the proportion would only slightly improve (5000 : 104, 450 ≈ 0.048). We
could more effectively improve this proportion by increasing the specificity.
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For instance, if the screening had falsely detected the infection in only 0.1%
of the cases instead of 1%, then by assuming the original sensitivity and the
original proportion of infected, the proportion of the infected people among
those with a positive result would have been 4500 : 14, 495 ≈ 0.310, which is
approximately 7.2 times greater than the original proportion. �

4. In a large population, from the alleles A and a belonging to an autosomal locus the
relative frequency of the dominant allele A is p. By assuming total panmixie and the
absence of selection, find the relative frequencies of the zygotes’ (and individuals’)
genotypes in the next generation.

Solution: During the formation of zygote both parents give a single allele to the
offspring. The possible outcomes are A and a, so the sample space is Ω0 := {A, a},
the event algebra A0 is the power set of Ω0, and the values of the probability
function P0 : A0 → R are

P0(∅) = 0, P0({A}) = p, P0({a}) = 1− p =: q, P0(Ω) = 1.

Denote the product of the probability space (Ω0,A0, P0) with itself by (Ω̂, Â, P̂ ),
which, according to the experience, describes the genotype of the zygote under the
given conditions. On the sample space

Ω̂ = {(A♂, A♀), (A♂, a♀), (a♂, A♀), (a♂, a♀)}

by the identification of the pairs of alleles (A♂, a♀) and (a♂, A♀) as

(A♂, A♀) 7→ AA, (A♂, a♀) 7→ Aa, (a♂, A♀) 7→ Aa, (a♂, a♀) 7→ aa

we obtain a finite probability space on the sample space

Ω := {AA,Aa, aa}

consisting of three elements, where the values of the probability function P on the
sets containing exactly one elementary event are

P ({AA}) = p2, P ({Aa}) = 2pq, P ({aa}) = q2,

independently of the proportions of genotypes AA, Aa, aa in the parent generation,
and, consequently, the latter proportions do not change in the following generations
any more (Hardy–Weinberg’s law). �
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Chapter 4

Random variables

In the previous chapters random phenomena were investigated in an elementary ap-
proach. Now our knowledge will be extended by applying further tools of mathematical
analysis. We introduce the notion of random variable, and then we deal with functions
and numbers characterizing random variables.

4.1 Random variables

In the applications of probability theory, we often encounter experiments where we can
assign expediently a number to every possible outcome, see the example below. In
other cases we have to transform random phenomenon to scalars because of the original
elements of the probability space are unknown.

If A is an event algebra given on Ω, then the function X : Ω→ R is called a random
variable if for all intervals I ⊂ R the preimage

X−1(I) := {ω ∈ Ω : X(ω) ∈ I}

is an event in the set A.

In other experiments we can naturally assign n-tuples to the outcomes, more pre-
cisely, the vector of these numbers. For these cases the notion of random vector will be
introduced (see Chapter 6).

Example 4.1. Consider families with four children. Taking into account the sexes and
the order of births of the children, these families can be classified into 24 = 16 types,
inasmuch as the first, the second, the third and the fourth child can be either a boy or a
girl. On the sample space

Ω := {(b, b, b, b), (b, b, b, g), (b, b, g, b), (b, g, b, b), (g, b, b, b), . . . , (g, g, g, g)}
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let the function X : Ω → R be the random variable that assigns to each type of families
the number of boys in the given family. Then

X :

(b, b, b, b) 7→ 4,

(b, b, b, g), (b, b, g, b), (b, g, b, b), (g, b, b, b) 7→ 3,

(b, b, g, g), (b, g, b, g), (b, g, g, b), (g, b, b, g), (g, b, g, b), (g, g, b, b) 7→ 2,

(b, g, g, g), (g, b, g, g), (g, g, b, g), (g, g, g, b) 7→ 1,

(g, g, g, g) 7→ 0.

Other two random variables are

Y := 4−X, which means the number of girls in the family,
Z := |2X − 4|, which gives the absolute difference between the numbers

of boys and girls in the family. �

It is easy to show that if X is a random variable and a is a real number, then aX is also
a random variable and if Y is a random variable and b is a real number, then aX+ bY is
also a random variable. Moreover, if X, Y are random variables in the same probability
space and f is a real valued continuous function of two variables, then f ◦ (X, Y ) is also
a random variable in the same probability space.

In a wider sense the value of a random variable as a function can be a rank, that is an
element of an ordinal scale (ordinal or rank-valued random variable). In other cases the
value of the random variable represents a qualitative category (categorical or qualitative
random variable.) Both of these types of random variables will occur in the book.

4.2 The distribution function

If (Ω,A, P ) is a probability space, and X : Ω → R is a random variable, then with the
aim of investigating X, we introduce a simpler function, which will be defined on the set
of real numbers.

The distribution function of random variable X is the function

FX : R→ R, FX(x) := P (X < x), x ∈ R,

where P (X < x) is the probability that the value of the random variable X falls into the
interval (−∞, x). We often use the shorter symbol F , only.
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Example 4.2. In the example of rolling a die, we can define X as follows: let the value
of function X be x if the roll is an x, where x = 1, 2, 3, 4, 5, 6. Then the distribution
function of X is

F (x) =



0, if x ≤ 1,

1
6
, if 1 < x ≤ 2,

2
6
, if 2 < x ≤ 3,

3
6
, if 3 < x ≤ 4,

4
6
, if 4 < x ≤ 5,

5
6
, if 5 < x ≤ 6,

1, if 6 < x.

For example, if 2 < x ≤ 3, then X < x expresses that the roll is a 1 or a 2, therefore

P (X < x) = P (the roll is a 1 or a 2) =
2

6
.

The graph of the distribution function is shown in Fig. 4.1. (Note that the two axes are
scaled differently, just as in several further plots.) �
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Figure 4.1: The graph of the distribution function of random variable X in Example 4.2.

Example 4.3. Consider the one-dimensional geometric probability space on the interval
[a, b] (see Section 2.2.3). Let X be the random variable which assigns to each point of
the interval the value of that point:

X : [a, b]→ [a, b], X(ω) := ω.
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The distribution function of X is

F (x) :=


0 if x ≤ a,
x−a
b−a if a < x ≤ b,

1 if b < x.

Solution: Indeed, if x < a, then X < x is the impossible event, whose probability is
0. If a < x ≤ b, then

F (x) = P (X < x) =
the length of [a, x)

the length of [a, b]
=
x− a
b− a

.

If b < x, then X < x is the certain event, whose probability is 1. The graph of the
distribution function is shown in Fig. 4.2. �
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Figure 4.2: The graph of the distribution function of random variable X in Example 4.3.

The distribution function F of any random variable is

(i) monotone increasing,

(ii) continuous from the left,

(iii) lim
x→−∞

F (x) = 0 and lim
x→+∞

F (x) = 1.

Conversely, if the function F : R → R has properties (i)-(iii) then there exists a
random variable in the one-dimensional probability space defined on the interval (0, 1)
whose distribution function is F .
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By using the distribution function, we can calculate the probability that the random
variable X takes a value from a given interval.

If F is the distribution function of the random variable X, and x < y are given real
numbers, then

(i) P (X ≤ x) = lim
x+0

F, (ii) P (X ≥ x) = 1− F (x),

(iii) P (x ≤ X < y) = F (y)− F (x).
(4.1)

4.3 Independent random variables

Earlier, we defined the independence of events and experiments. Now we are about to
define the independence of random variables.

Let X and Y be random variables defined on the same probability space. These two
random variables are called independent if for all real numbers x and y the events X < x
and Y < y are independent, i.e.,

P (X < x, Y < y) = P (X < x) · P (Y < y).

The random variables X1, . . . , Xn defined on the same probability space are called
independent if for all real numbers x1, . . . , xn the events X1 < x1, . . . , Xn < xn are
independent, i.e.,

P (X1 < x1, . . . , Xn < xn) = P (X1 < x1) · . . . · P (Xn < xn).

4.4 Discrete random variables

A random variable has a discrete distribution if the set of values of the random variable
occurring with positive probability is countable, i.e., if these values can be listed in a
finite or infinite sequence. In this case the random variable is called discrete random
variable.

If the sample space is countable, then any random variable defined on it has a discrete
distribution. Therefore, in the case of rolling a die or flipping a coin all random variables
are of this kind.

Example 4.4. The distribution of the random variable in Example 4.1 is discrete, while
that in Example 4.3 is not discrete. �
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Let X be a discrete random variable with the values x1, x2, . . . occurring with positive
probabilities. Denote by pi the probability thatX takes the value xi, that is, pi := P (X =
xi), i = 1, 2, . . .. By discrete probability distribution (of the random variable X) we mean
the finite or infinite sequence consisting of its values and the corresponding probabilities:
(x1, p1), (x2, p2), . . .

Remark : For testing the independence of discrete random variables there is a simpler
way than applying the definition.

Let X and Y be discrete random variables for which

R(X) = {x1, x2, . . .}, R(Y ) = {y1, y2, . . .}.

These two random variables are independent if and only if

P (X = xi, Y = yj) = P (X = xi) · P (Y = yj)

for all indices i and j.

4.5 Continuous random variables

Some random variables cannot be described by specifying the possible values of the
random variable and their (positive) probabilities.

Note: The function f : R→ R is said to be piecewise continuous if it is continuous on
all finite subintervals of its domain except for a finite number of points, and at the points
of discontinuity it has both a finite left-hand side and a finite right-hand side limit.

We say that the random variable X has a continuous distribution if there exists a
piecewise continuous function f : R→ R (called the density function of X) whose integral
function is the distribution function F of the random variable:

F (x) =

x∫
−∞

f(t) dt, x ∈ R.

Graphically, in the case of a continuous random variable the probability can be given as
the area of the domain enclosed by the graph of the density function and the horizontal
axis.

Example 4.5. The continuous random variable X in Example 4.3 has the density func-
tion

f : R→ R, f(t) :=

{
1
b−a , if t ∈ [a, b],

0, if t 6∈ [a, b]. �
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The distribution function F of any continuous random variable X is continuous, and
consequently for all real number x, P (X = x) = 0 (see properties 4.1).

The distribution function of a continuous random variable is differentiable with the
exception of a finite number of points, and its derivative is the density function.

So, the probability that a continuous random variable takes a given value is zero.

If the distribution function of a continuous random variable X is F , its density
function is f , and x < y are real numbers, then

P (x < X < y) = P (x ≤ X < y) = P (x < X ≤ y) = P (x ≤ X ≤ y)

= F (y)− F (x) =

y∫
x

f(t) dt.

Any density function f is

(i) a non-negative function

(ii) whose improper integral on the set of real numbers is
+∞∫
−∞

f(t) dt = 1.

Conversely, if f : R → R is a non-negative function for which
+∞∫
−∞

f(t) dt = 1 holds

then there exists a random variable with density function f .

We can illustrate a continuous random variable in two ways: we can plot its distri-
bution function and its density function (see Fig. 4.3). This latter is in most cases more
characteristic than the graph of the distribution function.

Figure 4.3: Two ways of illustrating a continuous random variable.

The function F : R → R is called a continuous probability distribution if F is the
distribution function of a continuous random variable, i.e., there exists a piecewise con-

47



tinuous function f : R→ R such that

F (x) =

x∫
−∞

f, x ∈ R.

This probability distribution is also called the continuous distribution of density function
f .

There exist random variables that are neither discrete, nor continuous. However,
in applications we usually encounter these two types, therefore we only deal with such
distributions.

4.6 Empirical distribution function, density histogram

In practice, we cannot usually determine theoretically the distribution function of a
random variable, therefore we approximate it.

Let (Ω,A, P ) be the probability space belonging to an experiment, and X a ran-
dom variable defined on the sample space Ω. By executing the experiment n times
independently, let us denote the finite sequence of the observations by x1, . . . , xn. The
distribution function

Fn : R→ R, Fn(x) :=
|{i : xi < x}|

n

is called empirical distribution function. (Here |{i : xi < x}| denotes the number of
observations smaller than x.)

Let us put the values of the random variable in increasing order, and denote the
obtained finite sequence by x∗1 ≤ . . . ≤ x∗n. Then we can write

Fn(x) =


0 if x ≤ x∗1,
j
n

if x∗j < x ≤ x∗j+1, j = 1, . . . , n− 1,

1 if x∗n < x.

Every empirical distribution function is a step function. We expect that performing
the experiment sufficiently many times we obtain an empirical distribution function that
approximates the (theoretical) distribution function of the given random variable ”well”.

Now we explain what we mean by discretization. If [a, b) is an interval that contains
all the above values x1, . . . , xn, moreover, a = c0 < c1 < . . . < cr = b is a partition of the
interval, then let
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N1 be the number of values xi, i = 1, . . . , n that fall into the subinterval [c0, c1),
N2 be the number of values xi, i = 1, . . . , n that fall into the subinterval [c1, c2),
...
Nr be the number of values xi, i = 1, . . . , n that fall into the subinterval [cr−1, cr).

Let us draw a rectangle of height Ni
n(ci−ci−1)

above the section [ci−1, ci] for all i = 1, . . . , r.
The obtained figure is called density histogram. For an example see Fig. 4.5.

We remark that the intervals [ci−1, ci), i = 1, 2, . . . , r are called class intervals, and
are usually but not necessarily chosen to be of equal length.

The function

fn : R→ R, fn(x) :=

{
Ni

n(ci−ci−1)
if ci−1 ≤ x < ci,

0 if x < c0 or cr ≤ x

is called empirical density function.

The range of a discrete random variable may be finite (often as a result of discretiza-
tion of a continuous distribution), but it contains ”too many” elements. An example
is the body mass or body height of individuals, measured in a given unit of measure,
e.g., in cm-s, in a large population. In this case it may be worthwhile to approximate
the distribution of the random variable by a continuous distribution, i.e., to seek such a

piecewise continuous function f : R → R for which F (x) :=
x∫
−∞

f(t) dt, x ∈ R approx-

imates the distribution function of the given random variable ”well”. The question of
when an approximation can be considered as appropriate and under what condition this
holds is a subject of mathematical statistics.

Note that we often need to approximate also a continuous distribution by ”discretiza-
tion” under which we mean that we create a partition of the range X described above
and consider the probabilities of {X ∈ [cj−1, cj)}.

Example 4.6. If an experiment has been executed six times, and the obtained values of
the random variable are x1 = 3.1, x2 = 1.8, x3 = 2.5, x4 = 3.6, x5 = 2.5 and x6 = 4.3,
then we get the empirical distribution function F6 shown in Fig. 4.4.

All the above six values of the random variable fall into the interval [1, 5). If this
interval is divided into four class intervals of equal length with the partition c0 := 1,
c1 = 2, . . . , c4 = 5, then we obtain the density histogram and empirical density function
shown in Fig. 4.5. �
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Figure 4.4: The graph of the empirical probability distribution and the empirical distri-
bution function in Example 4.6.

Figure 4.5: The density histogram and the graph of the empirical density function in
Example 4.6.

4.7 Expected value

In the present and the following two sections, we discuss scalars for random variables
that have an expressive meaning, and possess some favourable properties, relatively easy
to define.

The expected value of the discrete random variable X with probability distribution
(x1, p1), . . . , (xn, pn) is defined as

E(X) := p1x1 + . . .+ pnxn =
n∑
i=1

pixi.

In case the distribution is given by the infinite sequence (x1, p1), (x2, p2), . . . the ex-
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pected value is defined as

E(X) := p1x1 + p2x2 + . . . =
∞∑
i=1

pixi,

provided that the infinite series is absolutely convergent.

In case all the values of a discrete random variable are non-negative then its expected
value can be regarded as plus infinity.

Example 4.7. In the example of rolling a die, for the random variable X(ω) := ω,
ω = 1, . . . , 6, which gives the value of the roll, we have

E(X) =
1

6
· 1 +

1

6
· 2 +

1

6
· 3 +

1

6
· 4 +

1

6
· 5 +

1

6
· 6 =

7

2
. �

Let us denote the density function of the continuous random variable X by f . Let
the expected value of X be defined as

E(X) :=

+∞∫
−∞

xf(x) dx, (4.2)

provided that the improper integral is absolutely convergent.

We remark that the expected value of a discrete random variable is a weighted average
of the values of the random variable, while that of a continuous random variable is the
horizontal coordinate of the centre of gravity of the shape enclosed by the graph of the
density function and the horizontal axis.

Example 4.8. Consider the one-dimensional geometric probability space on the interval
[a, b] ⊂ R. Let X : [a, b]→ R be the random variable naturally belonging to this probability
space, which assigns to each randomly chosen point the value of that point, i.e., X(x) :=
x, x ∈ [a, b]. Show that the expected value of X is the midpoint of the interval, namely
a+b
2

.

Solution: According to Example 4.5, X has a continuous distribution, and its density
function is

f : R→ R, f(x) :=

{
1
b−a if x ∈ [a, b],

0 if x 6∈ [a, b].

From formula (4.2) we have

E(X) =

+∞∫
−∞

xf(x) dx =

b∫
a

x

b− a
dx =

1

b− a

b∫
a

x dx =
1

b− a

[
x2

2

]b
a

=
a+ b

2
.
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We obtained that the expected value of a point chosen randomly from the interval [a, b]
according to the one-dimensional geometric probability space is the midpoint of the
interval. �

In the following we list some of those properties of the expected value that are valid
for all random variables.

The expected value is a linear function of the random variable:

(i) If the random variable X has an expected value, then its multiplication with a con-
stant c also has an expected value, namely

E(cX) = cE(X)

( the expected value is homogeneous).

(ii) If X and Y are random variables defined in a probability space, and both have an
expected value, then their sum also has an expected value, namely,

E(X + Y ) = E(X) + E(Y )

( the expected value is additive).

Let X and Y be random variables defined in a probability space.

(iii) If X is constant with its value c, then E(X) = c.

(iv) If X is bounded, for example a ≤ X ≤ b, and it has an expected value, then
a ≤ E(X) ≤ b.

(v) If 0 ≤ X, and the random variable X has an expected value, then 0 ≤ E(X).

(vi) If X ≤ Y , and both random variables have an expected value, then E(X) ≤ E(Y ).

(vii) If the random variable X has an expected value, then E(X − E(X)) = 0.

The following statement refers to the expected value of a product of independent
random variables.

(viii) Let X and Y be independent random variables in a probability space, both with an
expected value. Then the product random variable XY also has an expected value,
namely

E(XY ) = E(X) · E(Y ).
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4.8 Further quantities characterizing the mean of

random variables

The expected value is not necessarily taken by the random variable, see Example 4.9.
What is more, it is not its middle value in the sense that the random variable would
take smaller and greater values than the expected value with equal probability. It is
not necessarily true for a discrete random variable that it takes the expected value with
the greatest probability. In case of a continuous random variable the probability that
any given value occurs is zero. From a certain point of view a random variable can be
characterized expediently by a number that satisfies one of the latter conditions, the first
being called median, the second being called mode.

The median of a random variable X will be defined in three different ways corre-
sponding to the different numbers of solutions to the equation F (x̃) = 1

2
, where F is the

distribution function of X:
If the equation F (x̃) = 1

2
has exactly one solution, then x̃ is called the median of the

random variable.
If the value of F is 1

2
on the interval (a, b] of positive length which is the largest left

half-open interval with this property, then let the median of X be the midpoint of this
interval, a+b

2
.

If F does not take the value 1
2
, but it jumps over it, then let the median of the random

variable be the location of the jump, i.e., the real number x̃ for which

P (X < x̃) <
1

2
and P (X > x̃) <

1

2
.

Fig. 4.6 illustrates the definition of the median.

Figure 4.6: Illustration of the median in the three possible cases.

The mode is defined for discrete and continuous random variables.
The mode of a discrete random variable is the value of the random variable with

the greatest probability. (Since this probability may belong to several different values, a
random variable can have more than one modes.)

A more general definition can be the following. Assume that we can order the values
of a random variable X in the monotone increasing sequence x1 < x2 < x3 < . . .,
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moreover, pi := P (X = xi), i = 1, 2, . . . Then xj is a generalized mode if pj is at least
as large as the neighboring probabilities pj−1 and pj+1. (If j = 1, then the condition
p1 ≥ p2 has to be satisfied.)

By mode of a continuous random variable we mean the maximum points of its density
function, more generally, its local maximum points.

If a random variable has a single mode, then the random variable is called unimodal,
if it has two modes, it is called bimodal, etc.

The median approximately ”halves” the probability distribution. However, if we wish
”to cut” the distribution by some probability value 0 < p < 1 in the proportion p : 1− p,
then we get to the notion of p-quantile. This can be defined similarly to the median, for
three different cases of the distribution function. In the case which is most important
for the applications, the definition is as follows:

If the distribution function F of the random variable X is continuous, and xp is the
unique number for which F (xp) = p, then the number xp is called the p-quantile of X.

If n is a positive integer and 1 ≤ k ≤ n− 1 is a positive integer, then the k
n
-quantile

is frequently referred to as the kth 1
n

-quantile. The 1
4
-quantile is also called quartile, and

the 1
10

-quantile is called decile. (The second quartile is the median.)

4.9 Variance

Values of random variables with the same expected value can deviate differently from the
common expected value. We would like to introduce a number in order to characterize the
dispersion of the values of the random variable X around the expected value E(X). The
expected value of X−E(X) is not a suitable measure, since, as we mentioned in Section
4.7, it is equal to zero. The value E(|X − E(X)|) is difficult to discuss mathematically.
An appropriate measure is the following.

The variance of the random variable X is defined as

D2(X) := E([X − E(X)]2),

and its standard deviation as

D(X) :=
√
D2(X) =

√
E([X − E(X)2]),

provided that both X and [X − E(X)]2 have an expected value.

One should note that the existence of D2(X) implies the existence of E(X). At the
same time, the converse statement does not hold.

A greater standard deviation expresses a greater average dispersion from the expected
value.
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We remark that in case the non-negative random variable [X−E(X)]2 does not have
an expected value, the standard deviation of X can be regarded as plus infinity.

The following useful formula traces the calculation of variance back to the determi-
nation of two expected values.

If X is a random variable, and the random variable X2 has an expected value, then
X has both an expected value and a variance, the latter being

D2(X) = E(X2)− (E(X))2. (4.3)

Example 4.9. In the example of rolling a die, for the random variable X(ω) := ω,
ω = 1, . . . , 6, which gives the value of the roll, we have E(X) = 7

2
(see Example 4.7) and

E(X2) =
1

6
· 12 +

1

6
· 22 +

1

6
· 32 +

1

6
· 42 +

1

6
· 52 +

1

6
· 62 =

91

6
.

This implies

D2(X) = E(X2)− (E(X))2 =
91

6
−
(

7

2

)2

=
35

12
, D(X) =

√
35

12
. �

According to the above considerations, the standard deviation is a measure of the
dispersion of the range of a random variable around its expected value. Therefore, we
intuitively expect that a constant random variable should have zero standard deviation,
by shifting the range the standard deviation should not change, and by stretching the
range by a positive number from the origin of the real line the standard deviation should
also be multiplied by this positive number. The following statement shows that our
expectations are fulfilled.

Let c be a real number and let X be a random variable then the following statements
are valid.

(i) If X = c constant, then it has a variance, namely, D2(X) = 0.

(ii) If the random variable X has a variance, then the random variable X + c also has
a variance, namely, D2(X + c) = D2(X).

(iii) If the random variable X has a variance, then the random variable cX also has a
variance, namely, D2(cX) = c2D2(X).

Let X, Y be independent random variables in a probability space, both having a
variance. Then the random variable X + Y also has a variance, and it satisfies the
equality

D2(X + Y ) = D2(X) +D2(Y ). (4.4)
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An important case is where all the random variables X1, . . . , Xn have the same stan-
dard deviation. If σ := D(X1) = . . . = D(Xn), then

D(X1 + . . .+Xn) =
√
D2(X1) + . . .+D2(Xn) =

√
nσ.

One can see that the standard deviation of the sum increases at a slower and slower pace
as the number of terms increases (see also in Section 8.1).

If the random variable X is bounded, and the smallest closed interval for which
P (a ≤ X ≤ b) = 1 is the interval [a, b], then the size of the random variable or the size
of the probability distribution of the random variable X is defined as the length b− a of
the interval.
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Chapter 5

Frequently applied probability
distributions

In this chapter, we present the probability distributions frequently encountered in bio-
logical applications.

We recall that by defining a probability distribution one does not need to specify a
probability space. In the case of discrete distributions we give the values of the random
variable with the corresponding positive probabilities. Continuous distributions will be
described by their density functions. We give the expected value and the variance of the
distributions.

5.1 Discrete probability distributions

5.1.1 The discrete uniform distribution

The discrete random variable X has a discrete uniform distribution with parameters
x1, x2, . . . , xn if its values with positive probability are R(X) := {x1, . . . , xn}, and to
every value the same probability belongs, i.e., p1 = . . . = pn = 1

n
.

We gained a probability distribution indeed, since pk ≥ 0, k = 1, . . . , n and
n∑
k=1

pk = 1.

The expected value of the distribution is

E(X) =
1

n

n∑
k=1

xk,

and its variance is

D2(X) =
1

n

n∑
k=1

x2k −
1

n2

(
n∑
k=1

xk

)2

.
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We remark that if the range of the random variable is a countably infinite set, then
its elements cannot have the same probability, because if those were either positive, or
0, the sum of the probabilities would not be equal to 1, but to +∞ or 0, respectively.

Example 5.1. In the example of rolling a die, for the random variable X(ω) := ω,

ω = 1, . . . , 6, the expected value and the variance are E(X) = 7
2

and D2(X) =
√

35
12

(see

Examples 4.7 and 4.9).

5.1.2 The binomial distribution

Let n be a positive integer, and 0 < p < 1 a real number. We say that the random
variable X has a binomial distribution with parameters (n, p) if

xk := k, pk :=

(
n

k

)
pk(1− p)n−k, k = 0, 1, . . . , n.

An illustration of the binomial distribution for n = 20 and three different values of
parameter p is shown in Fig. 5.1.
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Figure 5.1: Binomial distribution with three different parameters p in the case n = 20.

It is worth introducing the notation q := 1 − p, and then we have pk =
(
n
k

)
pkqn−k,

k = 0, 1, . . . , n.
We really gained a probability distribution because the probabilities are non-negative,

and, according to the binomial theorem,
n∑
k=0

pk =
n∑
k=0

(
n

k

)
pkqn−k = (p+ q)2 = 1.
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The expected value and variance of the binomial distribution are

E(X) = np, D2(X) = np(1− p).

If np is an integer, then the distribution is unimodal and pnp is the greatest probability
value, if np is not an integer, then either one or both of the two neighbouring integers is
(are) the index (indices) of maximal probability.

In Example 2.4 on the sampling with replacement the number of the selected red
balls, and in Section 3.6, in Bernoulli trials the number of occurrences of the given event
with the corresponding probabilities follow a binomial distribution.

5.1.3 The hypergeometric distribution

Let N be a positive integer, K and n be non-negative integers, moreover, n ≤ N and
K ≤ N . We say that the random variable X has a hypergeometric distribution with
parameters (N,K, n) if

xk := k, pk :=

(
K
k

)(
N−K
n−k

)(
N
n

) , k = 0, . . . , n.

We remind that
(
r
s

)
= 0 if r < s, and so there may be probability values that are equal

to 0.
We have really obtained a probability distribution, since all the probabilities are

non-negative, and one can show that their sum is equal to 1.

The expected value and variance of the distribution are

E(X) = n
K

N
, D2(X) = n

K

N

(
1− K

N

)(
1− n− 1

N − 1

)
.

The probabilities of the hypergeometric distribution with parameters (N,K, n) are
well approximated by the corresponding probabilities of the binomial distribution with
parameters (n, K

N
) if K and N − K are large, and n is small. The expected values of

both distributions are equal to nK
N

.

Example 5.2. An urn contains K white and N − K green balls. We draw n balls at
random without replacement sampling without replacement. Then, the probability that

k red balls will be drawn is pk =
(Kk)(N−Kn−k )

(Nn)
, k = 0, . . . , n.
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5.1.4 Poisson distribution

Let λ be a positive real parameter. We say the the random variable X has a Poisson
distribution with parameter λ if

xk := k, pk := e−λ
λk

k!
, k = 0, 1, 2, . . .

This is a probability distribution indeed because the probabilities are non-negative,
and their sum is

∞∑
k=0

λk

k!
e−λ = e−λ

∞∑
k=0

λk

k!
= e−λeλ = 1,

since, from the Taylor series expansion of the exponential function with base e of centre

0, the sum
∞∑
k=0

λk

k!
equals eλ.

An illustration of Poisson distribution with different parameters is shown in Fig. 5.2.
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Figure 5.2: Poisson distribution with three different parameters λ.

The expected value and variance of the distribution are

E(X) = λ, D2(X) = λ.

Therefore, Poisson distribution is completely determined by its expected value.
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If the expected value of λ is not an integer, then p[λ] is the greatest probability, so
the distribution is unimodal with mode [λ] ([λ] denotes the integer part of λ). If λ is an
integer, then pλ = pλ−1 is the greatest probability, so the distribution is bimodal, with λ
and λ− 1 being its two modes.

Poisson distribution is often encountered in the applications. The number of ”rare
events”, i.e., when the number of possible events is large and each of them is rare (for
example, the number of a given type of blood cells in a small part of view of a microscope,
the number of individuals of a plant species in a randomly chosen sample quadrat in a
meadow or the number of tiny particles floating in a randomly chosen unit volume of the
air or water) often follow a Poisson distribution.

Example 5.3. The relative frequency of a disease is 0.005 in the population. We as-
sume that the cases of the individual people are independent events. We determine the
probability that exactly 2 people get the disease in a village with 1000 inhabitants. We
calculate the expected value and the standard deviation of the number of the diseased
people. Then we compare the results with those obtained by Poisson approximation.

Solution: Let Ω be the set of inhabitants in the given village, and, in the classical
probability space defined on it, let the random variable be the number of the diseased
people in the village, which will be denoted by X1. This random variable has a binomial
distribution with parameters n := 1000 and p := 0.005.

The probability that exactly 2 people get the disease in this village is

P (X1 = 2) =

(
1000

2

)
· 0.0052 · 0.995998 ≈ 0.0839.

The expected value and standard deviation of the diseased villagers are

E(X1) = np = 5, D(X1) =
√
np(1− p) ≈ 2.230.

By Poisson approximation: Let λ := np = 5 and let X2 be a random variable having
a Poisson distribution with parameter λ, then

P (X2 = 2) = e−5
52

2
≈ 0.0842,

moreover,
E(X2) = λ = 5, D(X2) =

√
λ ≈ 2.236.

So the error of the approximation by Poisson distribution has an order of magnitude
of 10−3. �

In the previous example the binomial distribution was ”well”approximated by Poisson
distribution. This is always the case when the parameter n of the binomial distribution
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is ”sufficiently large”, and its parameter p is ”sufficiently small”. The reason for this is
that Poisson distribution can be obtained from the binomial distribution by taking its
limit as follows:

If λ is a given positive number, pn := λ
n

, and p
(n)
0 , . . . , p

(n)
n denote the probabilities of

the binomial distribution with parameters (n, pn), then

lim
n→∞

p
(n)
k =

λk

k!
e−λ, k = 0, 1, 2, . . . ,

so the limit is the probability of Poisson distribution with parameter λ corresponding to
the same index.

We remark that the binomial and Poisson distribution in this statement have the
same expected value, since

Ebinomial = npn = λ = EPoisson.

Furthermore, if n→∞, then pn = λ
n
→ 0, therefore

Dbinomial =
√
npn(1− pn) =

√
λ(1− pn)→

√
λ = DPoisson.

5.1.5 The geometric distribution

Let 0 < p < 1 be a real number. We say that the random variable X has a geometric
distribution with parameter p if

xk := k, pk := (1− p)k−1p, k = 1, 2, . . .

It is again worth introducing the notation q := 1 − p, then pk = qk−1p, k = 1, 2, . . .
We really gained a probability distribution because the probabilities are non-negative,
and, by using the sum of the geometric series of quotient q,

∞∑
k=1

qk−1p = p
∞∑
k=1

qk−1 = p · 1

1− q
= 1.

The expected value and variance of the distribution are

E(X) =
1

p
, D2(X) =

1− p
p2

.

Example 5.4. Let E be an event with probability p in the probability space (Ω,A, P ).
We repeatedly execute the experiment independently until event E occurs. The number
of executions of the experiment is a random variable having a geometric distribution with
parameter p.
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Solution: Indeed, if the experiment has been executed k times, and it was the last
time that E first occurred, then the first k−1 times E occurred, the probability of which
is 1− p. Due to the independence of the experiments,

P (E first occurred in the kth experiment) = (1− p)k−1p.

We remark that if we denote the number of the executed experiments by X, then the
sum of the events

X = 0, X = 1, X = 2, . . . (5.1)

is not the impossible event, since it can happen that for any positive integer n event E
does not occur in the nth iteration of the experiment. On the other hand, the sum of the
probabilities of events (5.1) is equal to 1, therefore the probability that ”E never occurs
in an infinite sequence of independent experiments” is 0. �

5.1.6 The negative binomial distribution

Let n be a non-negative integer, and 0 < p < 1 a real number. We say that the random
variable X has a negative binomial distribution with parameters (n, p) if

xk := n+ k, pk :=

(
n+ k − 1

k

)
(1− p)kpn, k = 0, 1, 2, . . .

The notation q := 1−p can again be used, and then pk =
(
n+k−1

k

)
qkpn, k = 0, 1, 2, . . .

It is easy to show that we gained a probability distribution indeed. The expected value
and variance are

E(X) =
n

p
, D2(X) =

n(1− p)
p2

.

Example 5.5. Assume that in a population the children born one after the other are
boys with probability p (and girls with probability 1 − p). For a given positive integer n
let X be the random variable that gives which child is the nth boy. Then X has negative
binomial distribution with parametrs (n, p).

5.2 Continuous distributions

5.2.1 The continuous uniform distribution

We say that the random variable X has a continuous uniform distribution in the interval
[a, b], or, with parameters a, b if its density function is

f : R→ R, f(x) :=

{
1
b−a , if x ∈ [a, b],

0, if x /∈ [a, b].
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Its expected value and variance are

E(X) =
a+ b

2
, D2(X) =

(b− a)2

12
.

5.2.2 The normal distribution

By given positive real numbers m and σ, the random variable X is said to have a normal
distribution with parameters (m,σ) if its density function is

f : R→ R, f(x) :=
1√
2πσ

e−
(x−m)2

2σ2 , x ∈ R.

The expected value of X is m, and its variance is σ2.

The graph of this density function is a so-called Gaussian or bell-shaped curve with
its maximum point x = m. The standard deviation σ characterizes the shape of the
curve, namely, a greater standard deviation results in a flatter bell-shaped curve, see
Fig. 5.3. For the density functions f1, f2, f3 shown in the figure and having the same
parameter m and different parameters σ1, σ2, σ3, we have σ1 < σ2 < σ3.

-

6

x

f(x)

f1

f2

f3

m

Figure 5.3: Graphs of the density functions of the normal distribution with the same
expected value x = m and increasing standard deviations σ1 < σ2 < σ3.

If a quantitative biological character is determined by the additive effect of several
simple alternatives (for example, genes generating small effects, or many environmental
effects that can be regarded as alternative), then the distribution of the given character
can usually be ”well” approximated by a normal distribution. This is confirmed by the
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central limit theorem (see the end of this Section). Examples include several polygenic
and quantitative characters in a sufficiently large population, for example, the different
body sizes, the daily milk production, the annual crop yield, and even the intelligence
quotient.

Remark : The normal distribution generally does not describe precisely the given
biological quantity, since for example the latter one cannot have negative values in most
cases.

A particular role is played by the standard normal distribution with expected value
0 and a standard deviation of 1. It has the density function

ϕ : R→ R, ϕ(x) :=
1√
2π

e−
x2

2 , x ∈ R,

and its distribution function is denoted by Φ, so Φ(x) :=
x∫
−∞

ϕ, x ∈ R. Φ is not an

elementary function. Its tabulated values are given in Table I. This table only contains
the Φ values for non-negative arguments. Due to the symmetry of the density function
ϕ, we obviously have Φ(0) = 1

2
, moreover,

Φ(z) = 1− Φ(−z), z ∈ R. (5.2)

(see Fig. 5.4).
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Figure 5.4: Illustration of the formula (5.2) for z < 0.

The latter formula can obviously be applied when z is negative.

If F is the distribution function of the normal distribution with parameters (m,σ),
then

F (x) = Φ

(
x−m
σ

)
, x ∈ R.

The transformation from x to x−m
σ

is called z-transformation. By using this transforma-
tion, if X is normally distributed with parameters (m,σ), then, due to the definition of
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the distribution function and formulae (4.1), for all real numbers x and y the following
equalities hold:

P (X < y) = F (y) = Φ
(
y−m
σ

)
,

P (X > x) = 1− P (X < x) = 1− F (x) = 1− Φ
(
x−m
σ

)
,

P (x < X < y) = F (y)− F (x) = Φ
(
y−m
σ

)
− Φ

(
x−m
σ

)
.

(5.3)

Example 5.6. The duration of normal human pregnancy follows an approximately nor-
mal distribution, it lasts 280 days on an average, and has a standard deviation of 10
days. In what percentage of the healthy pregnant women is it expected that they bear
their babies at least one week before the average time of pregnancy?

We can consider as particularly late-born those 10% of the healthy women’s babies
who are born latest. At least how many days later are these babies born than the average
time of pregnancy?

Solution: If X denotes the duration of pregnancy, then the probability in question is

P (X ≤ 273) = Φ

(
273− 280

10

)
= Φ(−0.7) = 1− Φ(0.7) = 1− 0.7580 = 0.2420,

so it is expected in 24.2% of the healthy pregnancies that a woman bears her baby at
least one week earlier than the average.

To answer the other question we seek the value x for which P (X ≥ x) = 0.1.

0.1 = P (X ≥ x) = 1− P (X < x) = 1− Φ

(
x− 280

10

)
,

therefore

Φ

(
x− 280

10

)
= 0.9.

From Table I one can make out Φ(1.28) = 0.8997 ≈ 0.9, which, due to the strict mono-
tonicity and the continuity of function Φ, implies that x−280

10
≈ 1.28, and so x ≈ 292.8.

According to the result, the latest born 10% of the babies spend previously at least 292.8
days in the uterus. �

Example 5.7. If X is a normally distributed random variable with parameters (m,σ),
then

P (m− σ < X < m+ σ) = 0.6826,
P (m− 2σ < X < m+ 2σ) = 0.9544,
P (m− 3σ < X < m+ 3σ) = 0.9974.

So the probability that the values of X deviate from its expected value less than the
standard deviation is less than 0.32, the probability that the values of X deviate from its
expected value more than twice the standard deviation is less than 0.05, and the probability
that the values of X deviate from its expected value more than three times the standard
deviation is less than 0.01
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Solution: On the basis of the third formula of (5.3), identity (5.2), and then Table I,

P (m− σ < X < m+ σ) = Φ

(
(m+ σ)−m

σ

)
− Φ

(
(m− σ)−m

σ

)
= Φ(1)− Φ(−1) = 2Φ(1)− 1 = 0.6826.

Similarly,
P (m− 2σ < X < m+ 2σ) = 2Φ(2)− 1 = 0.9544,

and
P (m− 3σ < X < m+ 3σ) = 2Φ(3)− 1 = 0.9974. �

The central limit theorem

In a probability space, let X1, X2, . . . be a sequence of independent random variables of
the same distribution which have the same expected value and standard deviation, namely

m := E(Xn), σ := D(Xn), n ∈ N+.

For the random variable Yn := X1 + . . . + Xn, n ∈ N+ the equality E(Yn) = nm holds
due to the additivity of the expected value, furthermore, from formula (4.4) we have
D(Yn) =

√
nσ. We introduce the random variable

Zn :=
Yn − E(Yn)

D(Yn)
=
Yn − nm√

nσ

called the standardized random variable of Yn, which has expected value 0 and a standard
deviation of 1.

The theorem states the following. If Fn denotes the distribution function of Zn, then
for any real number x

lim
n→∞

Fn(x) = Φ(x),

i.e., the pointwise limit of the distribution function of Zn is the distribution function of
the standard normal distribution as n→∞.

It is a consequence of this theorem that the probabilities of the binomial distribution
can be approximated by the density function of the normal distribution with expected
value and standard deviation of the given distribution: If n is a sufficiently large positive
integer, and k is such an integer for which 0 ≤ k ≤ n and 0 < p < 1, then for the
probability p

(n)
k of the binomial distribution with parameters (n, p) we have

p
(n)
k =

(
n

k

)
pk(1− p)n−k ≈ 1√

2πσ
e−

(k−m)2

2σ2 ,

where m := np and σ :=
√
np(1− p).
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5.2.3 The lognormal distribution

In case of a real parameter m and a positive real parameter σ the random variable X
is said to have a lognormal distribution with parameters (m,σ) if X is positive and the
composition ln ◦X is a normally distributed random variable with parameters (m,σ). Its
expected value and variance are

E(X) = em+σ2

2 , D2(X) = e2m+σ2

(eσ
2 − 1).

This distribution arises, for example, in some species abundance distribution models in
statistical ecology and in stochastic breakage processes.

The following five distributions are essential in statistics and consequently in bio-
statistics.

5.2.4 The chi-squared distribution

For a given positive integer n the random variable X is said to have a chi-squared dis-
tribution with parameter n if it is the sum of squares of n independent random variables
of standard normal distribution. The expected value and variance of X are

E(X) = n, D2(X) = 2n.

5.2.5 The t-distribution

For a given positive integer n the random variable X is said to have a t- or Student’s
distribution with parameter n if there exist a random variable Y of standard normal
distribution and a random variable Z of chi-squared distribution with parameter n for
which

X =

√
n Y

Z
.

The expected value of X with Student’s distribution exists for n ≥ 2, and its variance
exists for n ≥ 3, namely,

E(X) = 0, D2(X) =
n

n− 2
.

The t-distribution with parameter 1 is called Cauchy distribution, and its density
function is

f : R→ R, f(x) :=
1

π

1

1 + x2
, x ∈ R.
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5.2.6 The F-distribution

Let m and n be positive integers. We say that the random variable X has an F -
or (Fisher’s) distribution with parameters (m,n) if there exist a random variable Y
of chi-squared distribution with parameter m and a random variable Z of chi-squared
distribution with parameter n for which

X =
1
m
Y

1
n
Z
.

The expected value of X with F -distribution exists for n ≥ 3, and its variance exists for
n ≥ 5, namely,

E(X) =
n

n− 2
, D2(X) =

2n2(m+ n− 2)

m(n− 2)2(n− 4)
.

5.2.7 The exponential distribution

For a given positive number λ the random variable X with density function

f : R→ R, f(x) :=

{
λe−λx if x > 0,

0 if x ≤ 0

is said to have an exponential distribution with parameter λ.

The distribution function of this random variable is

F : R→ R, F (x) =

{
1− e−λx if x > 0,

0 if x ≤ 0.

Its expected value and variance are

E(X) =
1

λ
, D2(X) =

1

λ2
.

A typical density and distribution function of this distribution is shown in Fig. 5.5.

The random variable X is called memoryless if for all positive real numbers x and y

P (X ≥ x+ y |X ≥ y) = P (X ≥ x).

If X denotes ”lifetime”, then, due to the formula, the probability that the given
individual lives for a further time x is independent of their age (i.e., of the fact that they
have already lived for a time y)).

A continuous distribution is memoryless if and only if it is an exponential distribu-
tion.

This property of the exponential distribution is in the background of its widespread
application in natural sciences, among others, in biological models.
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Figure 5.5: The graph of the distribution function and density function of an exponen-
tially distributed random variable with parameter λ.

Example 5.8. The lifetime of the individuals of a species follows an exponential distri-
bution, with an average lifetime of 60 years. What percentage of the individuals live for
at least 60 years?

Solution: If X denotes the lifetime of a randomly chosen individual in years, then
E(X) = 60, the parameter of the exponential distribution is 1

60
, and

P (X ≥ 60) = 1− P (X < 60) = 1−
(

1− e−
1
60
·60
)

= e−1 ≈ 0.368.

So, 36.8% of the individuals live for at least 60 years. �

5.2.8 The gamma distribution

For a positive integer n and a positive real parameter λ the random variable X is said
to have a gamma distribution with parameters (n, λ) if its density function is

f : R→ R, f(x) :=

{
λnxn−1

(n−1)! e
−λx if x > 0,

0 if x ≤ 0.

Its expected value and variance are

E(X) =
n

λ
, D2(X) =

n

λ2
.

We remark that the sum of n independent exponentially distributed random variables
with parameter λ defined in a given probability space has a gamma distribution with
parameters (n, λ).
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Chapter 6

Random vectors

On a given probability space (Ω,A, P ) a finite sequence of random variables

(X1, X2, . . . , Xr)

is called a random vector or vector of random variables (the expression multivariate or
multidimensional random variable is also usual). The finite sequence of the random
variables assigns an r-tuple of numbers to a given element ω of Ω (see Fig. 6.1).

-

6

Ω

rω

-
X2(ω)

6X1(ω)

r (X1(ω), X2(ω))

Figure 6.1: The concept of the random vector represented expressively in a two-
dimensional space (see Example 6.1).

Example 6.1. Let the observations be certain ”random” pairs of observations or data
(e.g., body height and body weight). We have a sample space Ω and define the function
as

X : Ω→ R2, ω 7→ (height, weight) = (X1, X2),
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where X1 and X2 are random variables on Ω. �

Having the random variables X1, X2, . . . , Xr on Ω, we introduce the so-called joint
distribution function of X1, X2, . . . , Xr as

F (x1, x2, . . . , xr) := P (X1 < x1, X2 < x2, . . . , Xr < xr), xi ∈ R, i = 1, 2, . . . , r.

If all of the components X1, X2, . . . , Xr are continuous, then there exists a related multi-
dimensional density function f(x1, x2, . . . , xr) as well. Fig. 6.4 shows the graph of such
a density function.

Example 6.2. (a) In a human population let the two random variables, assigned to
each other (!), be the weight of a mother and the weight of her newborn.

(b) The components of a three-dimensional vector of random variables can be the pH,
the water content and the humus content of randomly chosen samples of soils.

(c) Let the random variables X1, X2, . . . , Xr in a given sampling area be the abundance
of the first, second,. . . and rth plant species, respectively. In this case the ordered
tuple of random variables (X1, X2, . . . , Xr) is an r-dimensional vector of random
variables. �

If the components are independent, then the joint distribution function can be written
as

P (X1 < x1) · P (X2 < x2) · . . . · P (Xr < xr) = F1(x1)F2(x2) . . . Fr(xr),

where Fi is the distribution function of the ith component Xi. Moreover, for continu-
ous random variables X1, X2, . . . , Xr the multidimensional density function satisfies the
relationship

f(x1, x2, . . . , xr) = f1(x1)f(x2) . . . f(xr),

where fi is the density function of the ith component.
If the components are discrete random variables, and X1 takes the values x11, x12, . . . ,

x1k1 , X2 takes the values x21, x22, . . . , x2k2 , . . . , Xr takes the values xr1, xr2, . . . , xrkr ,
etc., all with positive probability, then we define joint probabilities as P (X1 = x1i, X2 =
x2j, . . . , Xr = xrm), where 1 ≤ i ≤ k1, 1 ≤ j ≤ k2, . . . , 1 ≤ m ≤ kr (see Fig. 6.2). In
case the component random variables are independent (see Section 4.3), so

P (X1 = x1i, X2 = x2j, . . . , Xr = xrm) = P (X1 = x1i)P (X2 = x2j) . . . P (Xr = xrm).
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Figure 6.2: Joint probabilities of a two-dimensional discrete distribution.

6.1 Some concepts related to the multivariate, spe-

cifically bivariate distributions

Note that the distribution function F (X1 < x1, X2 < +∞) can be identified with the
distribution function FX1 of X1.

Moreover, F (X1 < x1, X2 < +∞) is the so called marginal distribution of (X1, X2)
with respect to the component X1.

In particular, if (X, Y ) has a discrete distribution and it takes the values (xi, yj)
(i = 1, 2, . . . , n; j = 1, 2, . . . ,m) with positive probabilities, then

P (X = xi, Y < +∞)

= P (X = xi, Y = y1) + P (X = xi, Y = y2) + . . .+ P (X = xi, Y = ym)

= pi1 + pi2 + . . .+ pim (≤ 1).

This sum is usually denoted by pi•, i = 1, 2, . . . , n. Similarly, P (X < +∞, Y = yj) =
p1j + p2j + . . . + pnj =: p•j. The sequences p1•, p2•, . . . , pn• and p•1, p•2, . . . , p•m are
the marginal probability distributions. The marginal probabilities obviously satisfy the
equality

n∑
i=1

pi• =
m∑
j=1

p•j = 1.
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y1 y2 y3 . . . ym
∑

x1 p11 p12 p13 . . . p1m p1•
x2 p21 p22 p23 . . . p2m p2•
x3 p31 p32 p33 . . . p3m p3•
...

...
...

...
. . .

...
...

xn pn1 pn2 pn3 . . . pnm pn•∑
p•1 p•2 p•3 . . . p•m 1

Table 6.1: The probability distribution of a bivariate discrete distribution with the
marginal probabilities.

Contingency tables

Take a look at the table containing the above quantities (Table 6.1):
Let us construct a similar table for the corresponding observations, where we record

the number of each case after making N independent observations: fij is the number
of cases where the first random variable takes the values xi, and the second takes the
values yj (i = 1, 2, . . . , n, j = 1, 2, . . . ,m), see Table 6.2 with the marginal frequencies
corresponding to the marginal probabilities.

y1 y2 . . . ym
∑

x1 f11 f12 . . . f1m f1•
x2 f21 f22 . . . f2m f2•
...

...
...

. . .
...

...
xn fn1 fn2 . . . fnm fn•

f•1 f•2 . . . f•m N

Table 6.2: Contingency table of the observations on a bivariate discrete distribution.

Tables of this kind are called (bivariate) contingency tables (cf. the remark after
Exercise 2 in Section 3.7). From a contingency table we can already get some overview

of the basic features of a bivariate distribution. For example, the relative frequency
fij
N

is an approximation of the probability pij, etc.
If the joint distribution function F (x, y) is continuous, then after classifying the possi-

ble values into (discrete) classes (called as ’discretization’), we can get again a contingency
table (Table 6.3).

For further contingency tables see Section 9.2.1.
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values y of Y

values
x of X

y < y1 y1 ≤ y < y2 . . . ym < y
∑

x < x1 f11 f12 . . . f1m f1•
x1 ≤ x < x2 f21 f22 . . . f2m f2•

...
...

...
. . .

...
...

xn < x fn1 fn2 . . . fnm fn•

f•1 f•2 . . . f•m N

Table 6.3: Contigency table of the observations on a bivariate continuous distribution
after discretization.

6.2 Stochastic relationship between the components

of a random vector

Earlier we dealt with the question of independence of random variables defined on a given
probability space. Now we are going to deal with the dependence of random variables
(defined on the same probability space) and introduce the most commonly used measures
of the dependence.

In Fig. 6.3 we show examples of samples, i.e., pairs of observed values (xi, yi) which
inform us on typical types of dependence of the vector components. Case a) illustrates
a remarkable but relatively uncertain dependence. Case b) infers about a small scale,
but clearcut dependence. Case c) illustrates a case where the values of Y are probably
independent of the values of X, but the dispersion of Y depends on the value of X. Case
d) suggests independence.

6.2.1 Covariance and linear correlation coefficient

First we prove the following statement :
If X and Y are independent random variables, then X − a and Y − b are also inde-

pendent (a and b are arbitrary real numbers).

Proof : Notice that

P (X − a < x, Y − b < y) = P (X < x+ a, Y < y + b).

Since X and Y are supposed to be independent, the latter equals

P (X < x+ a) · P (Y < y + b),

which can be written as P (X − a < x) · P (Y − b < y), proving the statement. �
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Figure 6.3: Scatter plots suggesting different kinds of stochastic relations (see the text).

Naturally, X + a and Y + b are independent according to similar argumentation.

In the following, we suppose that there exist a finite variance and consequently a
finite expected value of the random variable.

So if X and Y are independent, then X −E(X) and Y −E(Y ) are also independent.
Then by property (viii) of the expected value (see Section 4.7) is:

E([X − E(X)][Y − E(Y )]) = E([X − E(X)]) · E([Y − E(Y )]).

The latter factors are equal to 0 due to another mentioned property of the expected
value.

To summarize, if X and Y are independent, the quantity defined by

Cov(X, Y ) := E([X − E(X)][Y − E(Y )]),

called covariance, equals 0.

The following two relations (without proof) are frequently referred to:
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(i) |Cov(X, Y )| ≤ D(X) ·D(Y ).

(ii) If X and Y are related as Y = a+ bX, then

Cov(X, Y ) =

{
D(X)D(Y ), if 0 < b

−D(X)D(Y ), if b < 0.

According to this, the quotient

r(X, Y ) :=
Cov(X, Y )

D(X) ·D(Y )
,

called linear correlation coefficient (or briefly correlation coefficient) satisfies:

(i) r(X, Y ) = 0, if X and Y are independent, see above.

Incidentally for the bivariate normal distribution (see below) the converse statement
is also true, namely, if r(X, Y ) = 0, then X and Y are independent. However, we stress
that from r(X, Y ) = 0 the independency of the variables does not generally follow.

(ii) |r(X, Y )|


≤ 1 in all cases

= 1, if Y = a+ bX and 0 < b

= −1, if Y = a+ bX and b < 0.

The correlation coefficient is one of the most important measures of the dependence
between two random variables, which is theoretically established especially when (X, Y )
is a bivariate random variable with normal distribution. However, the application of the
correlation coefficient r is rather widespread also in other cases.

We will deal with the estimation of the correlation coefficient r on the basis of observa-
tions in Section 8.2.4. It will also be helpful in understanding the concept of correlation.

6.2.2 Rank correlation coefficients

In many cases, we can observe a random variable on a so-called ordinal scale, where only
the ranks of the observed values are indicated. We can think, e.g., about the evaluation or
ranking of different wines. In extreme cases we can only define such attributes as ”better”
and ”worse”, but the attribute of ”how much better (or worse)” cannot be quantified. In
such cases the correlation coefficient r cannot be used to measure the dependence.

Tied ranks: Often some members of the increasingly ordered sequence are ordered
identically. In such cases we use so-called tied ranks, which are the average ranks that
would be assigned to these elements in the same ”common” position in an increasing
sequence. The concept is illustrated by the following example: if the (increasingly)
ordered sequence is 19, 20, 21, 23, 23, 23, 23, 25, then the ranks assigned to the elements
are as follows: 1, 2, 3, 4+5+6+7

4
= 5.5, 5.5, 5.5, 5.5, 8.
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Spearman’s rank correlation coefficient

If the random variables X and Y can only be measured on an ordinal scale, then we use
the ranks of the observations xi, yi, i = 1, 2, . . . , n yielding the empiric or sample-defined
formula of Spearman’s rank correlation coefficient, the formula of which can be taken
also for a so-called point estimate, see Section 8.2.4:

%̂ :=

n∑
i=1

(ri − r)(si − s)√
n∑
i=1

(ri − r)2
n∑
i=1

(si − s)2
, (6.1)

where n is the sample size, (ri, si) is the ith observation, r and s are the related sample
means. (The hat here, as usual, indicates that the related quantity is an estimate based
on a sample.) Similarly to the correlation coefficient, it is true that −1 ≤ %̂ ≤ 1.

Instead of the correlation coefficient r, Spearman’s rank correlation coefficient is an
appropriate measure of the stochastic relationship between two random variables even if
X and Y cannot be assumed to be normally distributed.

Kendall’s rank correlation coefficient

In some cases where, instead of the difference from the average, see formula (6.1), we
only want to take into account the same sign of the differences, the following measure
can be applied.

Create the following sample-defined quantity τ̂ for the observations (ri, si), i = 1, 2,
. . . , n (the meaning of ri and si is the same as in the case of Spearman’s rank correlation
coefficient):

τ̂ :=
A−B
n(n−1)

2

; (6.2)

where A is the number of cases where the product (ri − rj)(si − sj) (1 ≤ i < j ≤ n)
is positive, and B is the number of cases where the product is not positive (A is called
concordance.) In the case of tied ranks the formula is more complicated, and we do not
deal with this case. The above formula of τ̂ can be taken also for a point estimate.

One can note that the total number of indices i and j, 1 ≤ i < j ≤ n, is n(n−1)
2

,
which can be proved easily. Then, A−B in formula (6.2) is divided actually by the total
number of the products. It is easy to prove that if xi−xj and yi− yj have the same sign

for every pair i, j (i < j), then A = n(n−1)
2

and B = 0, but if the signs are opposite for

every pair i, j, then A = 0 and B = n(n−1)
2

. In the first case τ̂ = 1, in the second case
τ̂ = −1. And if the number of equal and opposite signs are almost the same, then τ̂ ≈ 0.
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Since B = n(n−1)
2
− A, it is true that

τ̂ =
A−

(
n(n−1)

2
− A

)
n(n−1)

2

=
4A

n(n− 1)
− 1. (6.3)

We will show a numerical example in Section 8.2.4.

For the investigation of the stochastic relationship between the random variables X
and Y this measure of correlation is also often used.

6.3 Frequently used multivariate or multidimensional

distributions

6.3.1 Polynomial or multinomial distribution

Range of parameters: r = 1, 2, . . ., n = 1, 2, . . ., 0 < pi < 1, i = 1, 2, . . . , r, p1 + . . .+pr =
1.

The vector of random variables (X1, X2, . . . , Xr) has a polynomial or multinomial
distribution if

P (X1 = k1, X2 = k2, . . . , Xr = kr) := P (k1, k2,, . . . , kr) := n!
k1!k2!...kr!

pk1
1 p

k2
2 . . . pkrr ,

k1 = 0, 1, 2, ..., n, k2 = 0, 1, 2, ..., n, . . . , kr = 0, 1, 2, ..., n, k1 + k2 + . . .+ kr = n.
(6.4)

This distribution is a generalization of the binomial distribution to the case of more
than two possible outcomes (see Section 5.1.2).

The components Xi are not independent since for instance X1 + . . .+Xr = n.

Example 6.3. Let the probabilities of the events E1, E2, . . . , Er as a partition of Ω be
p1, p2, . . . , pr. Let us make n independent observations. Let Xi be the number of random
occurrences of event Ei, i = 1, 2, . . . , r. Then the random vector (X1, X2, . . . , Xr) will
have a distribution according to the formula (6.4). �

Example 6.4. Suppose a population of N individuals, where Ni individuals have prop-

erty i, i = 1, 2, . . . , r (
r∑
i=1

Nr = N). Let us choose independently n individuals with

replacement. Then the probability that the number of individuals in the sample with n
elements having property i is ki, i = 1, , 2, . . . , r, ki = 0, 1, 2, ..., n, k1 + k2 + . . .+ kr = n,
has a polynomial distribution with parameters r, n, pi = Ni

N
, i = 1, 2, . . . , r according to

formula (6.4). �
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6.3.2 Multivariate hypergeometric distribution

Range of parameters: n, r, N1, N2, . . . , Nr are positive integers.
The vector of random variables (X1, X2, . . . , Xr) has a multivariate hypergeometric

probability distribution if

P (k1, k2, . . . , kr) :=

(
N1

k1

)(
N2

k2

)
. . .
(
Nr
kr

)(
N
n

)
holds, where n ≤ N , k1 = 0, 1, 2, . . . , n, k2 = 0, 1, 2, . . . , n, . . . kr = 0, 1, 2, . . . , n, k1+k2+
. . .+ kr = n, N1 +N2 + . . .+Nr = N . According to this equality, here the components
are not independent, either. We remark that each Xi has a hypergeometric distribution
(cf. Section 5.1.3).

Example 6.5. Let us consider a population of N individuals, where Ni is the number

of individuals with property i, i = 1, 2, . . . , r (
r∑
i=1

Nr = N). Let us choose independently

and without replacement (or drawing out simultaneously, making a sample without re-
placement) n(≤ N) individuals. Then, the probability that the number of individuals with
property i equals ki in the sample, ki = 0, 1, 2, . . . , n, i = 1, 2, . . . , r, k1+k2+ . . .+kr = n,
is the following:

P (k1, k2, . . . , kr) =

(
N1

k1

)(
N2

k2

)
. . .
(
Nr
kr

)(
N
n

) ,

since there are
(
Ni
ki

)
ways to choose ki individuals with property i from the Ni individuals,

and the number of all the possible choices is
(
N
n

)
. �

6.3.3 Multivariate or multidimensional normal distribution

We say that an r-dimensional continuous random variable (X1, X2, . . . , Xr) has an r-
dimensional normal distribution if all the possible linear combinations of the components
(i.e., any arbitrary sum a1X1 + a2X2 + . . .+ arXr, so among others (!) the sum 0 ·X1 +
0 ·X2 + . . .+ 0 ·Xi−1 + 1 ·Xi + 0 ·Xi+1 + . . .+ 0 ·Xr, namely, also the component Xi)
has a normal distribution.

The graph of the density function of the two-dimensional normal distribution is a so-
called bell-shaped surface (Fig. 6.4). Characteristically, the contour lines of this surface
are ellipses (Fig. 6.5).

6.3.4 The regression line

Every cross-section of the bell-shaped surface by a plane parallel to the y axis at distance
x (x ∈ R) from this axis and perpendicular to the (x, y) plane results in a bell-shaped
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Figure 6.4: A bell-shaped surface as the graph of a two-dimensional normal distribution
with g-curves, see the text. In the present case the components depend on each other.

curve. Multiplying the ordinates of these curves gx by appropriate constants one gets
graphs of density functions of one-variable normal distributions. Further, the maximum
points of the curves gx form a straight line in the (x, y) plane. This line y = ax + b is
called the regression line of Y with respect to X. In a similar way, the maximum points
of the similarly formed curves gy form a line x = a∗y+b∗ in the (y, x) plane. This straight
line is called the regression line of X with respect to Y . Both the gx and gy curves can
be observed on the bell-shaped surface in Fig. 6.4.

It is a remarkable fact that the regression line of X with respect to Y and at the
same time the regression line of Y with respect to X have a slope of 0 if and only if X
and Y are independent random variables.

It is also well known that

a = r
D(X)

D(Y )
, b = E(Y )− aE(X)

and

a∗ = r
D(Y )

D(X)
, b∗ = E(X)− a∗E(Y )

holds, where r is the correlation coefficient.
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Figure 6.5: Contour lines of a bell-shaped surface. In the present case the components
depend on each other.

It is easy to prove that the two regression lines intersect at the point (E(X), E(Y ))
of the (x, y) plane.

Further important properties of the multidimensional normal distribution in statistics
and biometrics cannot be discussed here in detail.

We will deal with the regression line in Chapter 7, too.
Point estimates of the parameters of the regression line from observations will be

discussed in Section 8.2.3.
Keep in mind that the question of the regression line basically arises in the case of

components of the bivariate normal distribution, mainly related to the problem topic 2,
see below.
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Chapter 7

Regression analysis

Regression analysis is a tool to solve several statistical problems. We will mention two
very different problem topics that belong here. These, including many variants, occur
very often in the statistical practice.

Problem topic 1

Let x(1), x(2), . . . , x(n) be known values of a quantitative characteristic. The assumption
within the model is that to every value x(i) a random variable Yx(i) is assigned with
expected value E(Yx(i)). Suppose that m(i) independent observations

yx(i),1, yx(i),2, . . . , yx(i),m(i), i = 1, . . . , n

(Fig. 7.1 a),b)) are known for the random variable Yx(i). On the other hand, as-
sume that a parametric family of functions f(x, a, b, c, . . .) is given on the basis of
some principle or knowledge, where, by a suitable choice of parameters a′, b′, c′, . . .
E(Yx) ≈ f(x, a′, b′, c′, . . .) for every actually possible value of x (see Fig. 7.1). (The
measure of the approximation can be another question.) For example, if according to
the model (!) f(x, a, b, . . .) = ax+ b, then for suitable values a′ and b′, E(Yx) ≈ a′x+ b′.
Or, if according to the model f(x, a, b, . . .) = eax+b, then for suitable values a′, b′

E(Yx) ≈ ea
′x+b′ . The relation f(x, a, b, c, . . .) ≈ E(Yx) is the actual model.

We can see an example for a particular case in Fig. 7.2.

As we mentioned, in the case of problem topic 1) the function f is not necessarily
considered as given by some kind of probability theory argument. Sometimes it happens
though that without adequate information the relationship between x(i) and E(Yx(i)) is
simply considered to be linear as a ”golden mean”, so we define the model f(x, a, b) =
ax+ b with unknown parameters a and b. For the estimation of parameters a and b see
Section 8.2.3.
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Figure 7.1: Illustrations for problem topic 1 (see the text). •: Observed values yx(i),j, ◦:
Expected values E(Yx(i)). In Fig. 7.1 a) graphs of density functions have been plotted
by the assumption of continuous random variables. For f(x, a, b, c, . . .) see the text. Fig.
7.1 b) illustrates a case where for every i, m(i) = 1, i.e., for every i, a single observation
occurred.
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Figure 7.2: The relationship between the water temperature and the duration of instar
stadium in the case of the snail Patella ulyssiponensis [RIB][page 56].

Problem topic 2

This problem topic is in several respects closely related to what we said about the mul-
tivariate, for example the bivariate normal distribution.
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In this case we deal with the components of a probability vector. The normal distri-
bution of the components are often, but not necessarily assumed.

In the simplest case the probability vector is two-dimensional again. The analysis is
based on the set of pairs of observations (xi, yi) on the random vector (X, Y ). Here xi is
a random, so not settable observation on the random variable X, and the same can be
said about the corresponding observation yi.

Let us consider the linear approximation Y ≈ aX + b. (In the case of the bivariate
normal distribution this approximation is already obvious in the spirit of what we said
about the regression line (see Section 6.3.4).) However, we can also consider a nonlinear,
for example exponential, or any other plausible or at least acceptable regression function
f . So the approximation is Y ≈ f(X, a, b, c, . . .). After fixing the type of regression we
can deal with the question of the parameters. In the simplest case we assume that f is
a linear function.

We define the parameters amin and bmin by the condition that the mean of the
random variable (Y − (aX + b))2 of the squared difference should be minimal. This is
the principle of least squares. The requirement defines a and b usually uniquely.

The straight line satisfying the above optimality criterion is also called a (linear) re-
gression line (see problem topic 1), more precisely, the regression line of Y corresponding
to X.

The experimental aspect of the problem topic is as follows: Given the observations
(xi, yi), i = 1, 2, . . . , n, find the straight line y = αminx+ βmin for which the sum of the

squared differences
n∑
i=1

(yi − (αxi + β))2 is minimal (see Fig. 7.3). Finally, we take αmin

for an â estimate of a and βmin for a b̂ estimate for b.

Similarly we can talk about the regression line x = α̂∗y+ β̂∗ of X with respect to Y .
(In problem topic 1 this is not possible.) To discuss this, one only needs to switch the
roles of X and Y , and respectively of xi and yi. The two regression lines intersect each
other at the point (E(X), E(Y )), and the fitted lines at the point (x, y).

We will return to getting the estimates â and b̂ in Section 8.2.3.
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Figure 7.3: The sum of the lengths of the vertical segments is minimal for the fitted line
y = αminx+ βmin and x = α∗miny + β∗min, respectively.
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Part II

Biostatistics
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Introduction

Probability theory and mathematical statistics are in a specific relation, which is rather
difficult to circumscribe. No doubt that the questions and problems of statistics can
mostly be traced back to problems of the applications of probability theory. Moreover,
biostatistics or biometry, i.e., the biological application of mathematical statistics, is
itself a huge and complicated branch of the statistical science.

The questions to be discussed in the sequel are well-known not only in biological
statistics, but also in the general statistical practice, and so the knowledge of these
consitutes part of the general intelligence in natural science. According to this, the
material of this part of the book just slightly differs from a statistical book intended
for students participating in an elementary course of mathematics. The specification for
biostatistics and biometry is only reflected in the material of the examples. Otherwise,
we have been trying to maintain a good balance between the theoretical part and the
practical details and exercises. Regarding the latter ones, it would have been useful to
include statistical software packages, too. However, the limits of this book did not allow
this.

Similarly to the accepted common style of statistical books, at some places we only
give a recipe-like description of the statistical procedures.

We did not include a very lengthy list of references, however, we can refer to the great
opportunities that the various internet browsers provide.

The nature of the subject is well characterized by the expressions ”sufficiently”,
”mostly”, ”usually”, ”generally” etc. that the Reader will come across frequently in this
part of the book. In purely mathematical texts such expressions would rarely have
place. We provide some statistical tables, necessary in many cases for the solution of the
exercises, although these tables are already easily available on the internet, too.

Solving the exercises sometimes requires relatively lengthy calculations, which can
be executed by applying the EXCEL software, or special calculator programs, freely
available on the internet.
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Chapter 8

Estimation theory

Introduction

A most typical goal of statistics is to estimate certain parameters of a random variable.
One of the most frequently arising problems - even in biostatistics - is the estimation
of the expected value and the standard deviation. More specifically, in this case these
parameters are to be estimated from a set of independent samples, or briefly sample,
obtained for the random variable. By estimation we mean the specification of either a
random value, or a random interval that contains the real value with prescribed proba-
bility. For example, we would like to reveal the expected value and standard deviation
of the individual lifetime of a species of insects as a random variable on the basis of the
observed lifetime of some individuals. We get an estimate of 18.4 days for the expected
value. However, another kind of estimation can be as follows: ”the expected value is
between 13 and 27 days with a probability of 0.95”.

Naturally, in what follows we can only give a basic insight into the topic. We assume
that the random variables in question will always have a finite standard deviation, and
so an expected value as well (cf. Section 4.9).

8.1 Point estimation of the expected value and the

variance

Point estimation generally means the estimation of an unknown value by some number.
As opposed to this, in the case of interval estimation we specify a random interval which
contains the unknown value with prescribed probability.

Let us perform n independent experiments (observations) with respect to the random
variable X. This should be viewed as if during the first, second, etc. experiment we
would obtain observations (so-called sample elements) by ”independent”experiments with
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respect to the independent random variables X1, X2, . . . , Xn having the same distribution
as X. The result is the set of observed values x1, x2, . . . , xn called sample. Then, taking
into account the same distribution - and so the same expected value - of the random
variables Xi, the expected value of the mean

X :=
X1 +X2 + . . .+Xn

n

(which is a random variable, a kind of sample statistic) is:

E(X) = E

(
X1 +X2 + . . .+Xn

n

)
=
E(X1) + E(X2) + . . .+ E(Xn)

n
= E(X).

(The term sample statistic originates from the fact that its observation depends on the
observed values or sample elements of the original random variable X.)

The latter equality reveals the favourable property of the mean random variable X
that its expected value is the same as the original expected value. In general, if the
expected value of a random variable, used for the estimation of a parameter, is exactly
the parameter to be estimated, then the estimating random variable is called an unbiased
estimating function. According to the above considerations, the sample mean

x :=
x1 + x2 + . . .+ xn

n

that is, an observation with respect to X is used as a point estimate of the corresponding
parameter, in our case the expected value E(X).

Example 8.1. Rolling a die five times, let the independent random variables X1, X2,
X3, X4, X5 be the results of the tossing. Let the observations be: x1 = 2, x2 = 4,
x3 = x5 = 3, x4 = 5. Then the observation with respect to the random variable X, which
is the estimating function itself, i.e., the sample mean, is x = 17

5
. �

Example 8.2. Let us average the numbers of eggs found in the nests of a bird species at
five different habitats as observations with respect to a random variable. In what aspect
does this averaging fail to meet the above described requirements?

Solution: The random variables in question cannot be ”strictly” considered as (inde-
pendent) repetitions of one random variable for several reasons (spatial differences, etc.)
Therefore, the mean cannot strictly be regarded as a mean of observations with respect
to independent random variables, either. �

It can be important to estimate the standard devitation and variance of the mean X
itself. On the basis of the independence of the sample random variables X1, X2, . . . , Xn

(see above) and the properties of the variance, valid in this case (cf. Section 4.9):

D2(X) = D2

(
X1 +X2 + . . .+Xn

n

)
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=
1

n2

(
D2(X1) +D2(X2) + . . .+D2(Xn)

)
=
D2(X)

n
.

So, the variance of the mean - which is seemingly less than the original variance - de-
creases as the number n of the observations increases, and it tends to zero as n tends
to infinity. Therefore, it is desirable to estimate the expected value as the mean of as
many observations as possible. We remark that the standard deviation D(X)√

n
of the mean

random variable X is also referred to as standard error of the mean in the literature.
Let us now estimate the variance D2(X) of X. Consider the random variable

SS =
n∑
i=1

(Xi −X)2

called briefly sum of squares. Let us deal with the random variable SS
n

= MSSn called
briefly mean of squares, which is a commonly applied estimating function of the variance
of X. It is easy to show that for n ≥ 2

E(SS) = (n− 1)D2(X).

Therefore,

E

(
SS

n− 1

)
= D2(X).

Hence, it is the quantity called briefly corrected mean of squares MSS∗ = SS
n−1 (and

not the random variable SS
n

) for which it is true that its expected value is the variance
D2(X) of the original random variable, so it is an unbiased estimating function of the
latter. (The sign ∗ refers to the fact that the original MSS has been corrected.) The
observation with respect to the MSS∗, i.e.,

mss∗ =

n∑
i=1

(xi − x)2

n− 1

is called corrected empirical variance.

Example 8.3. In the previous Example 8.1 with the five cube tosses

mss∗ =

(
2− 17

5

)2
+
(
4− 17

5

)2
+ 2 ·

(
3− 17

5

)2
+
(
5− 17

5

)2
4

=
5.20

4
= 1.30,

while for the mss we obtain 5.2
5

= 1.04. �

Remarks : It can happen that a sequence of estimation functions Yn, n = 1, 2, . . . with
respect to a given parameter is such that the estimation functions are unbiased ”in the
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limit as n → ∞”. Then the sequence of estimation functions is called consistent. The
above sequence of estimates MSS = SS

n
, n = 1, 2, . . . possesses this property, since

E

(
SS

n

)
= E

(
SS

n− 1

n− 1

n

)
= D2(X) · n− 1

n
−→
n→∞

D2(X).

(Attention! SS
n−1 is an unbiased estimate of the variance D2(X), however,

√
SS
n−1 is a

biased estimation function of the standard deviation
√
D2(X) = D(X).)

We mention the notion of efficiency of an unbiased estimate. With some simplifi-
cation, we say that regarding the unbiased estimates K1 and K2, referring to the same
parameter, K1 has a greater efficiency than K2 if D2(K1) < D2(K2).

The random variables and quantities, introduced above, have several different nota-
tions in the biometric literature. We try to avoid the special notations. At the same time,
it is sometimes more expedient not to insist on a completely unified system of notations.
For example, in some topics the notation σ is often used instead of the symbol D as with
the normal distribution, see Section 5.2.2.

8.2 Interval estimations, confidence intervals

In the previous section, point estimates were given for the expected value, variance
and standard deviation of a given random variable. In the case of interval estimation,
however, a random interval is determined which contains a parameter a of a random
variable, or some value a in general, with prescribed probability. In some cases the width
of the interval is not a random variable, only the centre of it. In other cases the width
of the interval is also a random variable, see below. In general, let the interval (α1, α2)
with random boudary points be such that it contains the parameter a to be estimated
with probability 1 − p, or, in other words, it does not contain it with probability p (p
is some prescribed small positive value in practice). Then the interval (α1, α2) is called
confidence interval at the confidence level 1−p, cf. Fig. 8.1. In this manner the boundary
points α1, α2 of the above confidence interval are random variables.

8.2.1 Confidence interval for the expected value of a normally
distributed random variable with unknown standard de-
viation

We are seeking such a random confidence interval which contains the unknown expected
value m with probability 1 − p, in other words, at a confidence level of 1 − p. Such an
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P (a < α1) =: p1 P (α1 < a < α2) = 1− (p1 + p2) P (α2 < a) =: p2

α1 α2

Figure 8.1: Confidence interval (α1, α2) for the value a at a confidence level of 1 − p
(p := p1 + p2). The values α1 and α1, as boundary points, are random variables.

interval can be found in the following way. Consider the random variable

tn−1 = t =
√
n

n∑
i=1

Xi
n
−m

√
MSS∗

=
√
n

X −m√
MSS∗

where n is the sample size, and
√
MSS∗ is the square root of the corrected empirical

variance as a random variable. It is known that, since X is of normal distribution, the
sample statistic tn−1 has t-distribution with parameter n−1. Now, for a random variable
tk having t-distribution with parameter k, the value tk,p that satisfies the equality

P (−tk,p < tk < tk,p) = 1− p (8.1)

for a given p is uniquely determined. Here the formula (8.1) is equivalent to

P (tk,p < tk) =
p

2
(8.2)

since the probability density function of tk is symmetric with respect to the vertical axis.
The values tk,p, satisfying the ”two-sided” relationship (8.1) can be found for different

values of k and p in tabular form in the literature, see Table II. For example, this table
tells us that the value of t3,0.10, belonging to the values k = 3 and p = 0.10 is 2.353.
From this P (−2.353 < t3 < 2.353) = 0.90.

Remark : Sometimes we may need such a ”one-sided” value t∗k,p for which we have

P (tk < t∗k,p) = 1− p (8.3)

(see for example the relation for the one-sided t-test in 9.1.1). However, since then
P (t∗k,p < tk) = p, and from formula (8.2) P (tk,2p < tk) = p also holds, it follows that

t∗k,p = tk,2p. (8.4)

Consequently, in the ”one-sided”case the same interval boundary belongs to a probability
value half as large as in the two-sided case.
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Example 8.4. Let again k = 3, and p = 0.05. Find the value t∗3, 0.05 from Table II.

Solution: The required value is t∗3, 0.05 = 2.353 (see Fig. 8.2). �

We remark that, in view of its application in hypothesis tests, Table II is also called
the table of critical t-values. See for example: t-tests, 9.1.1, 9.1.2, etc.
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Figure 8.2: Graph of the probability density function of t-distribution with parameter
k = 3. The values −t3, 0.05, t3, 0.05 and t∗3, 0.05 = t3, 0.10 are displayed. The area under the
graph between the values −t3, 0.05 and t3, 0.05 is 0.95.

Given the value tn−1,p, one can easily determine the two boundary values of the
confidence interval. For, the following events concerning the random variable tn−1 =√
n X−m√

MSS∗
are the same:

−tn−1,p <
√
n

X −m√
MSS∗

< tn−1,p

(the probability of this event is 1− p according to the formula (8.1)),

√
MSS∗√
n

(−tn−1,p) < X −m <

√
MSS∗√
n

tn−1,p,

X + tn−1,p

√
MSS∗√
n

> m > X − tn−1,p
√
MSS∗√
n

,

X −
√
MSS∗√
n

tn−1,p < m < X +

√
MSS∗√
n

tn−1,p.
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Hence, the value of m lies in the interval with random centre X and random radius

tn−1,p

√
MSS∗√
n

with probability 1−p. The realization of this random interval provided by our observation
is the following confidence interval:(

x−
√
mss∗√
n

tn−1,p, x+

√
mss∗√
n

tn−1,p

)
(8.5)

By increasing sample size n, the boundaries of the confidence interval get closer and
closer to the sample mean. (It is also instructive to consider how the radius of the
interval changes as p is increased.)

Note that the two boundaries are special in the sense that they are opposite numbers.
We can principally select other values tp1 and tp2 , too, for which P (tp1 < tn−1 < tp2).
However, without going into details, we note that the previous boundaries are more
advantageous, since the width of the interval is minimal in this case.

We assumed that the random variable X in question has a normal distribution. How-
ever, it is an important circumstance that the above estimation procedure is not sensitive
to small deviations from the normal distribution. This fact significantly enhances the
applicability of the estimation.

Example 8.5. On an agricultural peafield, observations of the weight of the crop (in 10
g-s) - an approximately normally distributed random variable - in eight randomly chosen
areas of 1 m2, were as follows: 13, 16, 10, 14, 15, 13, 11 and 14 [SVA][page 47]. Find
the confidence interval of the expected value m of the crop weight at a confidence level of
1− p = 0.99.

Solution: According to formula (8.5), let us calculate the sample mean x, the t value
corresponding to the sample size n = 8, and the corrected empirical variance mss∗. The
results are: x = 106

8
= 13.25, from Table II t7,0.01 = 3.50,

mss∗ =
(13− 13.25)2 + . . .+ (14− 13.25)2

7
= 3.929.

The radius of the confidence interval is
√

3.929
8
· 3.50 = 2.453. The confidence interval is

(13.25− 2.453, 13.25 + 2.453) = (10.797, 15.703). �

Example 8.6. In a plant population we investigated the normality of the distribution
of the plant height on the basis of presumably independent observations of 219 plants,
according to the description in Section 9.2.1 We came to the conclusion that the data
are (approximately) normally distributed. The sample mean was x = 43.11, and the
estimate for the standard deviation was

√
mss∗ = 5.464. Find the confidence interval of

the expected value m of the plant height at a confidence level of 1− p = 0.95.
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Solution: From formula (8.5), the centre of the confidence interval is the value

x = 43.11, while its radius is
√
mss∗√
n

t218,0.05. Taking into account the fact that the t-
distribution with parameter value 218 can be well approximated by t-distribution with
parameter ∞, we can calculate with the value of ”t∞,0.05”, which, from the last row of
Table II, is 1.96 (see also Remark 3 below). Consequently,

√
mss∗√
n

t218,0.05 ≈
√
mss∗√
n

t∞,0.05 =
5.469√

219
· 1.96 = 0.724.

This means that the confidence interval for the expected value m is: (x − 0.724, x +
0.724) = (42.39, 43.83). So, the true value of m lies in the interval with centre 43.11 and
radius 0.724 with a probability of 1− p = 0.95.

Remarks on the example

1. Take into account that we assumed the approximately normal distribution of the
plant height.

2. If the prescribed confidence level were 1 − p = 0.99, then we should calculate
with the value t∞,0.01 = 2.576, and the centre of the confidence interval would
be the same as above, however (obviously!) its radius would be larger, namely
0.370 · 2.576 = 0.953.

3. Returning to the large parameter value in the previous example, in the case of
such a parameter the t-distribution can be well approximated with the standard
normal distribution, and we can refer the value t∗k, p

2
≈ t∗∞, p

2
for a large k to this

distribution, according to which the relation

P (t∞ > t∗∞, p
2
) = P (t∞ > t∞,p) = P (t∞ > up) = 1− Φ(up) =

p

2

holds (with t∞ being the t-distribution in the limit as its parameter tends to ∞,
and Φ being the standard normal distribution). From this we have

Φ(up) = 1− p

2
(8.6)

(cf. Fig. 8.3). For example t∞,0.05 = u0,05 = 1.96 (see Tables I and II). �

8.2.2 Confidence interval for the probability of an event

Assume that in the Bernoulli trials the event having the unknown probability P occured
k times during the n independent experiments (0 ≤ k ≤ n). Then an obvious point
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Figure 8.3: Explanation for the value up. ϕ is the probability density function of the
standard normal distribution, cf. Fig. 5.4.

estimate of P is the relative frequency as a random variable. We seek the values p̂1 and
p̂2 such that at a confidence level of 1− p we have

P (p̂1 < P < p̂2) = 1− p.

(The assumption does not guarantee here that p̂1 and p̂2 are unique.)
Let us only sketch a good approximate solution of the problem by a large value of n.

There exist better estimation procedure, which are, however, much more complicated.
An estimate can be given with the knowledge of up (see Example 8.6 of Section 8.2.1,

Remark 3) for p̂1 and p̂2 as follows (without proof):

p̂1,2 ≈
k

n
± up√

n

√
k

n

(
1− k

n

)
.

(Both p̂1 and p̂2 are observations with regard to a random variable, since k is a random
variable.) In case of a small sample size n, the measure of the approximation is not
sufficient; therefore one should apply another kind of approximation, not discussed here.

Example 8.7. We performed 100 independent observations with respect to the occurence
of an event. The event occured 7 times. Determine the confidence interval for the
probability P of the occurence of the event at a confidence level of 1− p = 0.90.

Solution: We require that P (p̂1 < P < p̂2) = 0.9 holds; then p = 0.10. k
n

= 7
100

=
0.07. Let us first determine up from the last row of Table II. The latter comes from
the equation Φ(u0.10) = 1 − 0.05 = 0.95. From (the last row of) Table II up ≈ 1.645.
Therefore,

p̂1,2 = 0.07± 1.645√
100

√
0.07 · 0.93 = 0.07± 0.04197.

From here the required confidence interval with centre 0.07 at a confidence level of
1− p = 0.90 is: (0.02803; 0.11197). �
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8.2.3 Point estimation for the parameters of the linear regres-
sion

The question can be treated in the same way for both types of regression lines, introduced
in connection with problems 1) and 2) in Chapter 7. In case 2) we are concerned only
with the regression line of X with respect to Y , cf. Chapter 7.

Take into account, however, that the regression line can only be interpreted well if the
arising two-variable random variable has a normal or approximately normal distribution.

The task is to obtain the â and b̂ estimates on the parameters a and b of the regression
line y = ax + b on the basis of the independent observations or sample xi, yi, i =
1, 2, . . . , n. The estimates of the parameters of the regression line x = a∗y + b∗ can be
obtained by changing the role of the variables xi and yi, discussed below.

As stated above (Chapter 7), the estimates α and β of parameters a and b will be
obtained by minimizing the sum divided by n

1

n

n∑
i=1

(yi − (αxi + β))2.

This mean squared deviation can be proved to be minimal if α and β are chosen as the
following values â and b̂:

â =

n
n∑
i=1

xiyi −
n∑
i=1

xi
n∑
i=1

yi

n
n∑
i=1

x2i −
(

n∑
i=1

xi

)2 =

n∑
i=1

(yi − y)(xi − x)

n∑
i=1

(xi − x)2
, b̂ = y − â x. (8.7)

So the equation of the regression line with parameters estimated according to formula
(8.7) reads

y = â x+ b̂.

It is important to note that, according to the description in Chapter 7, the values xi
have no probabilistic meaning in the case of problem topic 1) (!).

Examples

Problem topic 1.

Example 8.8. Adrenaline injection shortens the time elapsing from nerve stimulation
to muscle contraction. Estimate the parameters of the regression line between the in-
jected quantity of adrenaline X (µg) and the shortening of the time elapsed for muscle
contraction (msec) as two random variables on the basis of 23 observations given in the
first two columns of Table 8.1.
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xi yi x2i xiyi
35 19 1225 665
35 −1 1225 −35
35 −24 1225 −840
35 9 1225 315
35 14 1225 490

200 16 40000 3200
200 24 40000 4800
200 30 40000 6000
200 14 40000 2800
200 18 40000 3600
200 −9 40000 −1800
200 22 40000 4400
500 10 250000 5000
500 51 250000 25500
500 50 250000 25000
500 30 250000 15000
500 22 250000 11000
500 44 250000 22000

1000 48 1000000 48000
1000 55 1000000 55000
1000 55 1000000 55000
1000 81 1000000 81000
1000 40 1000000 40000

Table 8.1: Dose of adrenaline (µg,x) and shortening of the time elapsed to muscle con-
traction (msec,y) data [HAJ][page 280] and details of the computation.

Solution: The details of the computations, necessary for the application of formula

(8.7), are:
n∑
i=1

xi = 9575,
n∑
i=1

yi = 618,
n∑
i=1

x2i = 6786125,
n∑
i=1

xiyi = 406095. From this,

taking into account the value n = 23 and using formula (8.7) we have: â = 0.0531, b̂ =
4.764, and so the regression line with the estimated parameters is: y = 0.0531x+ 4.764.

The result can also be given (by omitting the units of measure) as follows:

Shortening of the time elapsed to muscle contraction ≈ 0.0531 · adrenaline dose + 4.743.

The observations (xi, yi) and the fitted regression line are shown in Fig. 8.4. �

Example 8.9. During a botanical observation, data were collected about the logarithm
of the leaf number y of individuals of a duckweed species of different ages (x, days), as
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Figure 8.4: Data on the adrenaline dose x (µg) and the shortening of time y (msec) of
muscle contraction and the fitted regression line.

shown in Table 8.2. Estimate the parameters of the regression line between the natural
logarithm y of the leaf number and the age x.

xi yi x2i xiyi
1 2.0 1 2
2 2.1 4 4.2
3 2.23 9 6.69
7 2.82 49 19.74∑

13 9.15 63 32.63

Table 8.2: Data and details of the computation for Example 8.9.

Solution: As a result of the calculation we obtain, taking into account the value n = 4
and using formula (8.7), â = 0.139, b̂ = 1.834, so the regression line with the estimated
parameters is: y = 0.139x+ 1.834.

The data pairs and the fitted regression line can be seen in Fig. 8.5.
Remark : From the regression equation, by denoting the leaf number by z we get

y = ln z = 0.139x+ 1.834,

or, in other form:
z = e1.834 · e0.139x = 6.259 · e0.139x.

In principle, it would be more correct to deal directly with the parameter estimation of
the exponential relationship (without details). �

Problem topic 2
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Figure 8.5: The linear regression line fitted to the logarithmed duckweed leaf number y
vs. age x.

Example 8.10. In an agricultural study, the lengths of wheatspikes (x,cm) and the
numbers of grains contained in them (y) were studied. The results are given in the
first columns of Table 8.3. Estimate the parameters of the linear regression between the
length of wheatspikes and the number of grains.

Solution: On the basis of the details of the computation, corresponding to formula
(8.7) and with the notations used there (the sample size is 9): â = 5.761. In a similar
manner, b̂ = 271

9
− 5.761 · 74.9

9
= −17.833.

The regression line with the estimated parameters is

y = 5.761x− 17.833,

or, in other form:

number of grains = 5.761 · length of wheatspike− 17.833,

cf. Fig. 8.6. �
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i xi yi xiyi x2i
1 10.2 41 418.2 104.04
2 9.5 38 361 90.25
3 8.6 29 249.4 73.96
4 8.3 33 273.9 68.89
5 8.1 30 243 65.61
6 8.1 28 226.8 65.61
7 7.7 22 169.4 59.29
8 7.3 24 175.2 53.29
9 7.1 26 184.6 50.41∑

74.9 271 2301.5 631.35

Table 8.3: Lengths of wheatspikes x (cm) and the numbers of grains (y) [SVA][page 277]
with the details of the computation, necessary for the parameters of the linear regression.

... -

6
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y = 5.761x− 17.833

x, cm

y, number of grains
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40

20

Figure 8.6: Wheatspike lengths x (cm) and numbers of grains y with the fitted regression
line.

Example 8.11. For 32 newborn babies, the first two columns of Table 8.4 show the birth
weight x (measured in ounces, cf. 1ounce=28.35g) and the weight growth y (cm) between
the 70th and the 100th day after birth, in proportion to the birth weight. Calculate the
parameters of the linear regression between the birth weight and the relative weight growth
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and vice versa.

xi yi xiyi x2i y2i
72 68 4896 5184 4624

112 63 7056 12544 3969
111 66 7326 12321 4356
107 72 7704 11449 5184
119 52 6188 14161 2704
92 75 6900 8464 5625

126 76 9576 15876 5776
80 118 9440 6400 13924
81 120 9720 6561 14400
84 114 9576 7056 12996

115 29 3335 13225 841
118 42 4956 13924 1764
128 48 6144 16384 2304
128 50 6400 16384 2500
123 69 8487 15129 4761
116 59 6844 13456 3481
125 27 3375 15625 729
126 60 7560 15876 3600
122 71 8662 14884 5041
126 88 11088 15876 7744
127 63 8001 16129 3969
86 88 7568 7396 7744

142 53 7526 20164 2809
132 50 6600 17424 2500
87 111 9657 7569 12321

123 59 7257 15129 3481
133 76 10108 17689 5776
106 72 7632 11236 5184
103 90 9270 10609 8100
118 68 8024 13924 4624
114 93 10602 12996 8649
94 91 8554 8836 8281

Table 8.4: Data pairs for the birth weight (x, ounces) and relative weight growth (y, cm)
for newborn babies [ARM][page 154] with details of the calculation.
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Solution: The details of the calculations, necessary for the application of formula
(8.7), are:

32∑
i=1

xi = 3576,
32∑
i=1

yi = 2281,
32∑
i=1

x2i = 409880,
32∑
i=1

xiyi = 246032,
32∑
i=1

y2i = 179761.

From these, having n = 32, we obtain: â = −0.8643, b̂ = 167.87, â′ = −0.517, b̂′ =
148.576. The first regression line with the estimated parameters has the form y =
−0.8643x + 167.87. The other regression line with the estimated parameters is x =
−0.517y + 148.576. Assuming the knowledge of the mathematical background, we can
also give the two results in the following form (by omitting the units of measure):

relative weight growth ≈ −0.8643 · birth weight + 167.87,

birth weight ≈ 0.517 · relative weight growth + 148.576.

The point diagram and the two fitted straight lines for the data pairs (xi, yi) are shown
in Fig. 8.7.

Remark : We could appreciate this result even more if we had information on the
normality of the two-variable (birth weight, relative weight growth) distribution, cf.
Section 6.3.4. �

8.2.4 Point estimations of the correlation coefficients

The ”empirical formula” of the estimate of the correlation coefficient r based on n inde-
pendent pairs of observations (xi, yi) reads:

r̂ =

n∑
i=1

(xi − x)(yi − y)√
n∑
i=1

(xi − x)2
n∑
i=1

(yi − y)2
. (8.8)

We remind (cf. Section 6.2.1) that the correlation coefficient r provides sufficient infor-
mation on the measure of dependence of the components of the random variable first
and foremost in case of a two-variable normal distribution.

Examples

Example 8.12. Determine the empirical value (estimate) of the correlation coefficient
r for the data of Example 8.11 on the birth weight and relative weight growth data, see
Table 8.4.
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Figure 8.7: The connection of birth weight x and relative weight growth y with the
regression lines.

Solution: The details of the calculation, needed for the application of formula (8.8),
are:

32∑
i=1

(xi − x)2 = 10265.00,
32∑
i=1

(yi − y)2 = 17168.47,
32∑
i=1

(xi − x)(yi − y) = −8869.75.

From this, r̂ = −0.66824. Since the values of r and r̂ are always in the interval [−1, 1],
and r equals 0 in case of independency, the result shows moderate correlation, especially
if we can assume that the distribution of the random vector variable (birth weight,
weight growth) is normal or close to normal. Fortunately, the correlation coefficient is a
relatively ”robust” measure, which can often be applied even in spite of the common and
frequent shortcomings of the data. The observed values are plotted in Fig. 8.7. �
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Example 8.13. The numbers of bird species and the geographical north latitudes at-
tributed to the sample areas are given in Table 8.5, see also Fig. 8.8. Estimate the
corrrelation coefficient r.

xi yi
39.217 128

38.8 137
39.467 108
38.958 118

38.6 135
38.583 94
39.733 113
38.033 118

38.9 96
39.533 98
39.133 121
38.317 152
38.333 108
38.367 118

37.2 157
37.967 125
37.667 114

Table 8.5: Relationship between the geographical north latitude xi (degrees) and the
number of bird species (yi) [MCD][page 215].

Solution: The details of the calculation, needed for the application of formula (8.8),
are:

17∑
i=1

(xi − x)2 = 7.5717,
17∑
i=1

(yi − y)2 = 5118.00,
17∑
i=1

(xi − x)(yi − y) = −91.085.

From here we get r̂ = −0.4629. The result reflects a moderate negative correlation.
Remark : Note that here the geographical coordinates have been considered as obser-

vations with respect to a random variable. This suggests that the observation locations
could be selected to a certain extent ”at random”. Another problem is that the number
of species is in fact a discrete random variable. Furthermore, we do not know whether
the distribution of the random variable (geographical latitude, number of species) is close
to normal. We deliberately chose such an example where the nature of the data requires
some carefulness. �
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Figure 8.8: Geographical latitude x vs. number of species y.

Point estimation of Spearman’s rank correlation coefficient

For this estimation one can use the empirical (and, at the same time, estimation) formula

%̂ =

N∑
i=1

(ri − r)(si − s)√
N∑
i=1

(ri − r)2
N∑
i=1

(si − s)2

(cf. Section 6.2.2). It can be written in the simpler form

%̂ = 1−
6

n∑
i=1

(ri − si)2

n3 − n
(8.9)

as well. The estimate is biased.

Point estimation of Kendall’s rank correlation coefficient

For this estimation one can use the empirical formula

τ̂ =
4A

n(n− 1)
− 1 (8.10)

(cf. Section 6.2.2), which is an unbiased point estimate. (Remember that for the sake of
simplicity τ was only defined above for untied ranks.)
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Examples

Example 8.14. The level of professional knowledge and suitability of ten university
students were ranked by a specialist. The data is contained in Table 8.6.

(student identifier) A B C D E F G H I J
rank of knowledge, ri 4 10 3 1 9 2 6 7 8 5
rank of suitability, si 5 8 6 2 10 3 9 4 7 1

Table 8.6: Ranking the knowledge and suitability of people [ARM][page 405].

The data pairs (ri, si) are plotted on a point diagram in Fig. 8.9.
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Figure 8.9: Relationship between the level of knowledge (r) and suitability (s).

Estimate Spearman’s % and Kendall’s τ rank correlation coefficients between the level
of knowledge and the suitability.

Solution: For the determination (estimation) of Spearman’s rank correlation coeffi-
cient we can use formula (8.9). First calculate the quantities ri − si. These are −1, 2,
−3, −1, −1, −1, −3, 3, 1, 4 (in order of succession). The square sum of these data is
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52. Since N = 10,

%̂ = 1− 6 · 52

990
= 0.685.

To determine (estimate) Kendall’s coefficient we should re-order the data according to
the increasing rank of one of the variables:

1 2 3 4 5 6 7 8 9 10
2 3 6 5 1 9 4 7 10 8

It is easy to see that the number A can be obtained if going along the upper row we
count the number of cases where the rank in the lower row is exceeded by the rank to
the right of it. According to this, A = 8 + 7 + 4 + 4 + 5 + 1 + 3 + 2 + 0 + 0 = 34. Hence,
on the basis of formula (8.10)

τ̂ =
136

90
− 1 = 0.511.

Taking into account that both rank correlation coefficients are located in the interval
(−1, 1) and that their expected value is 0 in case of independency, in our case both rank
correlation coefficients reveal a moderate positive stochastic relationship. �

Example 8.15. An experiment was designed to study in how many days rats can be
trained to be able to orient in a labyrinth, and how many mistakes they do daily on an
average. The data is contained in Table 8.7. Estimate Spearman’s correlation coefficient
%.

Solution: The pairs of ranks from Table 8.7, suitably ordered, are:

1 2 3 4 5 6 7 8 9 10
3.5 1 2 3.5 6 6 6 8 10 9

This yields
10∑
i=1

(ri− si)2 = 12.5. By using formula (8.9), the estimate of Spearman’s rank

correlation coefficient is %̂ = 1 − 6·12,5
990

= 0.924. The result clearly suggests a positive
relationship. �
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index of
rat
(i)

average no. of
mistakes

(xi)

rank of xi
(ri)

no. of days
needed

(yi)

rank of yi
(si)

(ri − si)2

1 11 1 10 3.5 6.25
2 15 3 7 2 1
3 18 4 10 3.5 0.25
4 28 8 21 8 0
5 27 7 16 6 1
6 21 5 16 6 1
7 12 2 5 1 1
8 43 10 24 9 1
9 25 6 16 6 0
10 39 9 28 10 1

Table 8.7: Data for Example 8.15 [HAJ][page 244].
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Chapter 9

Hypothesis testing

Introduction

When examining a hypothesis or an assumption, we can decide about accepting or re-
jecting them on the basis of certain observations. Assume for example that we would
like to decide whether a coin is fair. Let us flip the coin n times, and note the number of
”heads”. If the coin is fair, then in most cases the proportion of ”heads” will be close to n

2
.

So, if we experience the latter case, then we should probably accept the hypothesis that
the coin is fair, i.e., we will not reject it (the question of which of the two expressions
is better to use here is conceptional). However, if the number of ”heads” ”significantly
differs” from n

2
, then we reject the hypothesis that the coin is fair. We can also think

of hypotheses of completely different nature. We may assume, for example, the guilt
of a prisoner at the bar, a certain illness of a person, etc. The hypothesis which, as a
null hypothesis, is always contrasted to some alternative hypothesis (see below), is often
denoted as H0. The alternative hypothesis is usually denoted by H1. A given hypothesis
H0 can be contrasted with different alternative hypotheses. In the simplest case H1 is the
opposite of the statement involved in H0. Then H1 is sometimes not even mentioned. If
we can set several alternative hypotheses H1, H

′
1, H

′′
1 , . . . depending on the nature of the

problem, then the pairs H0 vs. H1, H0 vs. H
′
1, H0 vs. H

′′
1 , . . . impose different hypothesis

tests. So, the choice of the alternative hypothesis depends of the given circumstances
and the raised statistical question. Since, as it was said, the alternative hypothesis is not
necessarily the negation of H0, in certain cases the rejection of H0 does not automatically
mean that the alternative hypothesis can be accepted.

It should be noted that several basic questions arise in connection with the above
concepts, which we cannot mention and discuss here (cf. with the Neyman–Pearson
problem and the hypothesis conception of R. A. Fisher, and their relationship).

On the basis of what has been said above, our decision can be based on a random
observational result. In the decision process we can make two kinds of errors. It can
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happen that a true hypothesis (more precisely, a hypothesis of ”true” logical value) is
rejected. This is called type I error (error of the first kind). In this case, provided that
the alternative hypothesis is the negation of the null hypothesis, at the same time –
falsely – we accept as a consequence the alternative hypothesis. In the other case H0 is
false, we still accept it, falsely. The latter type of error is called type II error (error of
the second kind) (cf. Table 9.1).

H0 is
accepted rejected

true right decision type I error
H0

false type II error right decision

Table 9.1: For the explanation of type I and type II errors.

Some examples of null hypotheses H0 from the field of mathematical statistics:

(a) some parameter, e.g., the expected value m of a certain random variable is equal to
0.5

(b) for the previous parameter m: 3 < m < 6

(c) by the coin flip, the probability p of heads is p = 0.5.

Examples for alternative hypotheses in the above case (a):

H1 : m 6= 0.5 H
′

1 : m < 0.5 H
′′

1 : m > 0.6.

Examples for the previous notions

Consider the hypothesis H0 concerning the fairness of a coin (P (heads = 0.5)) on the
basis of 6 flips. The alternative hypothesis H1 is: ”H0 is not true, i.e., the coin is unfair”.
The latter alternative hypothesis, in a bit awkward terms, is two-sided in the sense that
there is no specification of the direction of any difference from 0.5. Taking into account
this, we perform the following two-sided test. We choose the decision strategy that in
case the observation with regard to the result of the flip, i.e., the number of ”heads” falls
into the interval [2, 4], then we will accept the hypothesis. If, however, the result of the
flip falls outside of this interval, then we will reject the hypothesis. So, the interval [2, 4]
(together with its boundaries) is the region of acceptance, while the region of rejection
as two sides of the acceptance region is the union of the intervals [0, 1] and [5, 6]. This
is why this type of tests is called two-sided tests. Now, if the hypothesis H0 is true, i.e.,
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the coin is fair, then, in view of n = 6, p = 1
2
, the result of the flip, i.e., the observation,

falls into the interval [2, 4] with a probability of

P (2) + P (3) + P (4) =

(
6
2

)
26

+

(
6
3

)
26

+

(
6
4

)
26

= 0.78125

and falls outside of it with a probability of 0.21875. This means that in case the hypoth-
esis H0 is true, we will take a good decision with a probability of 0.78125, and we will
make a type I error with a probability of 0.21875. (It is worth examining the probability
of the type I error also for the case where the coin is still fair, but the region of acceptance
is the interval [3, 5].) The case where the hypothesis H0 is false is more complicated. The
reason is that the extent of ”falseness” plays an essential role in the probability of the
type II error. For example, if the coin only slightly differs from the regular shape, then
the observation falls into the region of acceptance with a probability of approximately
0.78125 again, which means that H0 will be accepted (even if it is false), and so we make
the type II error, the probability of which is 0.78125 (abnormally big). If by ”falseness”
we mean a kind of concrete deformity of the coin, and the alternative hypothesis is aimed
at this, then in a given, concrete case we can give the concrete probability of the type
II error. However, if the deformity is rather uncertain, then the probability of the type
II error cannot usually be given. In connection with this, we remark that, due to the
usually undetermined nature of the probability of the type II error, it would in fact be
better to talk about not rejecting the hypothesis H0 rather than accepting the hypothesis.

A decision about the null hypothesis H0 is made mostly on the basis of some obser-
vation of a random variable Y as sample statistic, in our case, test statistic. An example
is the ratio of the results ”heads” and ”tails”. Namely, if according to a previously fixed
strategy the observed sample value y of Y falls into a region A, called region of accep-
tance, then the hypothesis H0 will be accepted against H1. In the opposite case, where y
falls outside the region of acceptance, called region of rejection or critical region, the hy-
pothesis will be rejected. The region of acceptance is usually fixed in such a way that the
probability α of the type I error is some previously fixed (small) value. The probability
that our decision is right provided H0 is right (!), i.e., the probability that we avoid the
type I error is obviously 1−α in this case, which probability is called significance level of
the test. When carrying out a statistical test, this level 1− α is to be determined before
the observation and the decision. In practice, α is usually 0.99 or 0.95, occasionally 0.90.

When defining the region of acceptance, we should, of course, take into account the
concrete alternative hypothesis (see below).

Deciding about the type of the region of acceptance (and consequently the region
of rejection, too) is usually a complicated question, and it can significantly depend on
whether the alternative hypothesis H1 is one-sided or two-sided. All this will soon be
illustrated with several examples.
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In some cases it is hard and senseless to insist on the question of one-sidedness or two-
sidedness of a hypothesis. In contrast, for tests is generally a straightforward concept such
a classification. Namely, in case of a one-sided (one-tailed) test the region of rejection
falls onto a simple tail of the (discrete) probability distribution or density function. In
case of two-sided (two-tailed) tests the region of rejection falls onto two ”tails” of the
probability distribution or density function.

In the case of a two-sided alternative hypothesis or two-sided test the region of ac-
ceptance is very often chosen as an interval (acrit, bcrit) or [acrit, bcrit], and the region
of rejection is the set (−∞, acrit]∪ [bcrit,+∞) or (−∞, acrit)∪ (bcrit,+∞), cf. Fig. 9.1.
Here acrit and bcrit are the critical values corresponding to the significance level of the
test. If the significance level is 1 − α then it is more expedient to use the notations
acrit,α1

, bcrit,α2
, where α = α1 + α2. Then for the test statistic Y we have

P (acrit,α1
< Y < bcrit,α2

|H0) = 1− α

and
P (Y < acrit,α1

|H0) + P (bcrit,α2
< Y |H0) = α1 + α2 = α.

Often α1 and α2 are chosen such that P (Y < acrit,α1
|H0) = P (bcrit,α2

< Y |H0) = α
2

holds.

-
acrit,α1

bcrit,α2first part
of the region
of rejection

second part
of the region
of rejection

region of acceptance

Figure 9.1: Critical values, region of acceptance and regions of rejection.

Note that the equality P (acrit,α1
< Y < bcrit,α2

|H0) = 1 − α itself does not usu-
ally determine uniquely the values acrit,α1

, bcrit,α2
(cf. Fig. 9.2), unless there is some

relationship between them.

Such a relationship does hold in some important cases. For example, if the probability
density function is symmetrical to zero, then (for a reason, not discussed in detail here)

the region of acceptance should be chosen as
(
−acrit,α

2
, acrit,α

2

)
.

All this is true for the t-distributions and the standard normal distribution, which
are common test statistics in the cases where H0 holds.

Instead of H0, we often indicate the concrete null hypothesis by the formula. This
reads for example as m = m0 (see below), then, instead of the previous formula, we may
write:

P (acrit,α1
< Y < bcrit,α2

|m = m0) = 1− α.
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f

Figure 9.2: Area under the graph of the probability density function f for the test statistic
Y , and the area of size 1 − α between the two pairs of critical values, corresponding to
the same significance level of 1− α.

In another typical case with one-sided tests, where the hypothesis and the alternative
hypothesis both are one-sided, the alternative hypothesis is usually also one-sided, the
region of acceptance is of the form (−∞, acrit,α

2
) or (acrit,α

2
,+∞) (cf. Fig. 9.3).

-
acrit,αregion of acceptance region of rejection

the test statistic falls here with a
probability of 1− α

the test statistic falls here with a
probability of α

Figure 9.3: The region of acceptance (−∞, acrit,α) and the region of rejection
(acrit,α,+∞) with the critical value acrit,α in a one-sided test. If the significance level
of the test is 1− α, then for the test statistic Y we have P (Y < acrit,α|H0) = 1− α and
P (acrit,α < Y |H0) = α.

In the following in most cases we will not write crit in the index, writing only aα, etc.

Example for a one-sided test and a region of acceptance

In the previous example it is a natural alternative hypothesis that the shape of the coin is
unfair. Most frequently, we tacitly mean the hypothesis H1: ”H0 is not true”. Naturally,
there are other possibilities as well. For example, by the coin flip an alternative hypothesis
can be the following H

′
1: ”the coin has been manipulated so that the probability of the

result ”heads” is 0.6”, see the above example. Here we only remark that we have to choose
a different decision strategy when we test H0 against H1 than if we test it against H

′
1,

see later in this section in connection with the one-sided and two-sided tests.
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”p-value” test

In hypothesis tests, very often the basis of the decision strategy is the so-called p-value.
This latter is the probability that – if the null hypothesis is true – the value of the test
statistic as a random variable is not ”more extreme”, e.g., greater than the value of the
test statistic as observed on the sample.

So, then

p := P (value of test statistic ≤ observed value|H0 is true).

For example, in case the region of rejection is of the type (−∞, critical value), the null
hypothesis is rejected or accepted at the given significance level depending on whether the
observed p-value does not exceed the critical value corresponding to the given significance
level or whether it exceeds this critical value. It is obvious that this decision strategy is
in fact the same as that introduced above, at the most it is more ”tempting” to change
the critical value or the significance level for the justification of some preconception. We
only dealt with the application of the p-value because it is often mentioned.

A hypothesis or alternative hypothesis is also commonly called one-sided or two-sided,
see above, although these attributes are not so unequivocal as in the cases of one-sided
and two-sided tests. For example, the hypothesis H0 : m1 ≤ a can be called one-sided,
while the alternative hypothesis H1 : m1 6= a two-sided (see also above).

Sometimes it happens that we apply a one-sided test or a one-sided critical region for
a null hypothesis that is neither really one-sided, nor two-sided, see for example Section
9.2.1.

We can distinguish between simple and composite hypotheses. For example, H0 :
m1 = a is a simple hypothesis, while H

′
0 : m1 6= a is a composite hypothesis.

An example for the role of the alternative hypothesis

As we mentioned above, the alternative hypothesis can influence the choice between a
one-sided and a two-sided test. To shed light on this question, we consider the following
example.

On the individuals of a subspecies A one can observe the realization of a certain
continuous quantitative character G with the probability density function gA shown in
Fig. 9.4.

Let us make a decision for the sake of simplicity from the G-value (= g) of only
one sample (element) about the hypothesis H0 that the sample is from subspecies A,
contrasted with the alternative hypothesis H1 below. An important circumstance is that
there is a decision constraint between H0 and H1 as well as between H0 and H

′
1 (see

below). In connection with this, let us choose the regions of rejection as (−∞, gcrit 1)
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Figure 9.4: Illustration for the role of the alternative hypothesis in decision making. The
observed g value in no way supports the validity of the density function gB against gA.

and (gcrit 2,+∞). (The assembly of the two regions is a two-sided critical region, so the
test is a two-sided test.) Assume that g falls into the region of rejection (−∞, gcrit 1).
Therefore we reject the hypothesis H0. Of course, in the present case we tacitly assumed
that the alternative hypothesis H1 is as follows: ”H0 does not hold (i.e., the sample is not
from subspecies A)”. However, if the alternative hypothesis is H

′
1: ”the sample originates

from subspecies B”, and the individuals of B have a density function gB with reference
to the character G (see Fig. 9.4), then the concrete location of the point g in no way
supports the rejection of H0 (against H1), i.e., the acceptance of H

′
1, since the position

of g obviously less supports H
′
1 than H0.

As mentioned, we have no possibility to touch upon all essential aspects of hypothesis
tests. We only mention two questions [VIN][page 115].
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If H0 is a composite hypothesis, for example m < m0 for the expected value m, then
of course for each concrete partial hypothesis m′ < m0 the test statistic may have a
different distribution. So, in case H0 holds, the critical region corresponding to the given
significance level can be different in each case (see all this in connection with the concrete
case of the one-sided t-test in Section 9.1.1).

Somewhat similarly, the probability of the type II error is unambiguous only if the
alternative hypothesis H1 is simple.

9.1 Parametric statistical tests

In the following points we will first deal with so-called parametric tests, where the hy-
pothesis refers to the parameters of a parametric distribution family, such as for example
the mean or the standard deviation of the normal distribution or in other cases the
parameter of the exponential distribution.

9.1.1 One-sample t-test

Assume that X is a normally distributed random variable with the unknown parame-
ters m and σ. According to our hypothesis, the expected value m is equal to a given
hypothetic value m0 (i.e., H0 : m = m0). Let the (two-sided) alternative hypothesis be
H1 : m 6= m0. Let X1, X2, . . . , Xn be the random variables corresponding to the first,
second, . . . , nth independent sample, respectively. It is known that the random variable

t :=
√
n
X −m0√
MSS∗

=
√
n

n∑
i=1

Xi

n
−m0√√√√√ n∑

i=1

Xi−
n∑
i=1

Xi

n


2

n−1

as test statistic follows a t-distribution with parameter n − 1 if H0 holds, i.e., if the
expected value of X is m0 (here the notation t is only locally used for this test statistic).

Let us determine the significance level at 1−α. Since we did not pay attention to the
direction of the potential deviation of m from m0, we speak of a two-sided hypothesis
H0 and apply a two-sided test. Furthermore, for optimalization reasons, we introduce
a symmetrical critical region. From Table II, by the given parameter n − 1 we get
the critical value tn−1,α (and simultaneously −tn−1,α), for which, denoting by tn−1 the
t-distributed random variable with parameter n− 1, we have

P (−tn−1,α < tn−1 < tn−1,α) = 1− α,

in other form
P (tn−1 < −tn−1,α or tn−1,α < tn−1) = α.
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Consider now the concrete observation

t′ :=
√
n
x−m0√
mss∗

, (9.1)

originating from the sample. If this value is smaller than −tn−1,α or greater than tn−1,α,
then according to our decision strategy we will – falsely – reject H0. The probability of
the type I error is then α in case H0 holds, which condition should be emphasized. The
probability of the right decision in case H0 holds is 1− α (cf. Fig. 9.5). The probability
of the type II error could only be investigated if we more closely specified the alternative
hypothesis. The details of this question are discussed in statistical works.

Remark : However, if the alternative hypothesis is for example H
′
1 : m0 < m (one-

sided alternative hypothesis), then we make a one-sided test if we introduce the one-sided
critical region (t∗n−1,α,+∞), where for t∗n−1,α we have P (tn−1 > t∗n−1,α) = α; cf. formula
(8.3), with α instead of p. We emphasize that the definition and calculation of the critical
values tn−1,α and t∗n−1,α is similar to those of the values tn−1,p and t∗n−1,p introduced in
Section 8.2.1, and so

t∗n−1,α = tn−1,2α (9.2)

(see Fig. 9.5).

-

6

area = α
2area = α

2

area = 1− α

�
��B
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�
�
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x

f(x)

0 tn−1,0.05−tn−1,0.05 t∗n−1,0.05

Figure 9.5: Graph of the probability density function of a t-distribution with parameter
n− 1, critical values, regions of acceptance and rejection for a two-sided test at a signif-
icance level of 1 − α = 0.95 (cf. also Fig. 8.2). For the meaning of t∗ see formula (8.3).

Remark : Most statistical, biometric works also deal with the case where the standard
deviation of a normally distributed random variable is known. Since it rarely arises in
biology, here we omit the discussion of this case.
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Example 9.1. In a psychological experiment, by given experimental conditions, eight
persons moved an object to the following distance in cm (”independent observations”):
22.1, 20.1, 20.5, 16.6, 22.2, 18.7, 20.6, 20.6. The distance of the movement is ap-
proximately normally distributed, and from earlier experiences the expected value was
assumed to be m = 20.0 cm (Hajtman 1971, page 100). Let us test the null hypothe-
sis H0 : m = 20.0 against the (two-sided) alternative hypothesis H1 : m 6= 20.0 by a
two-sided one-sample t-test at a significance level of 1− α = 0.95.

Solution: The parameter of the test statistic is: 8 − 1 = 7. The critical value
for the two-sided test according to Table II is: t7,0.05 = 2.365. The necessary details
of the calculation: Mean: 20.175, mss∗ = 23.2348

7
= 3.3193,

√
mss∗ = 1.82189. t′ =√

8 · 20.175−20.0
1.82189

= 0.27168. The critical value is greater than the (positive) value of the
test statistic t′. Therefore we accept the null hypothesis. �

Remark : We assumed the approximate normal distribution of the random variable.
This can be tested by the chi-squared test, to be introduced in Section 9.2.1. However, the
deviation from normality just slightly influences the applicability of the test. Therefore,
t-tests are so-called robust tests (see also Section 9.1.2).

Example 9.2. During a pedagogic survey, after an intensive preparation of university
students from a given topic, the students obtained the following scores (x): 62, 92, 75,
68, 83, 95. On the basis of earlier experiences the distribution of the results is close to
normal with an expected value of 70. Assume that the expected value m has increased.
The better efficiency of the intensive preparation can be checked by testing the following
pair of hypotheses: H0 : m = 70, H1 : m > 70 (the latter is based on the assumption
that the expected value m can only increase). (Then the rejection of H0 can justify the
original assumption at a given significance level.) Let us apply a one-sample t-test at a
significance level of α = 0.90.

Solution: In view of the pair of hypotheses, we perform a one-sided test. The (one-
sided) critical region from Table II, on the basis of formula (9.2) is t∗5,0.10 = t5,0.20 = 1.476.
So the region of rejection is (1.476,+∞). The details of the calculation, necessary for the
determination of the test statistic t′ (see formula (9.1)) are: x−m = 79.17− 70 = 9.17,

(mss∗)
1
2 =

(
(62−79.17)2+...+(95−79.17)2

5

) 1
2

= 13.167. From here t′ =
√

6 ·
(

9.17
13.167

)
= 1.706.

The latter value falls into the region of rejection, therefore the hypothesis H0 is rejected
at a significance level of 1− α, and we can decide for the hypothesis H1 : m > 70. �

9.1.2 Two-sample t-test

As an introduction, consider the scheme shown in Fig. 9.6, where the independent ob-
servations • and ◦ originate from two kinds of population (say, two populations exposed
to different ”influences” or ”treatments”).
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Figure 9.6: Illustration for the introduction of the questions arising in a two-sample
t-test.

Let us raise the following question: Is the deviation of the mean values of ◦ and •
more convincing in case a) or in case b)? The answer may be that due to the smaller
dispersion the difference of the two means is more convincing in case b), because the
dispersions of the observations are smaller here. A similar question can be put regarding
the relationship of b) and c), where we can consider case c) more convincing due to the
greater difference between the means (by approximately the same dispersion). We can
establish that both the dispersions and the difference between the means may have an
important role in the judgement. All this is reflected by the formula of the test statistic,
to be introduced below.

Moving to the concrete discussion, let us consider two given normally distributed ran-
dom variables X and Y , having the same unknown standard deviation. The hypothesis
H0:the expected values mX and mY are equal, i.e., H0 : mX = mY . Let the (two-sided)
alternative hypothesis be H1 : mX 6= mY , i.e., ”H0 does not hold”. Denote the sample
sizes by nX and nY . Let the two sample mean random variables be X and Y . One can
prove that in case H0 holds, the random variable (test statistic)

t :=

√
nX · nY (nX + nY − 2)

nX + nY
· X − Y√

(nX − 1)MSS∗X + (nY − 1)MSS∗Y

has a t−distribution with parameter n − 2 = nX + nY − 2 (tn−2-distribution), where
n := nX + nY (here we use the notation t for the test statistic only locally again).
Similarly to the one-sided t-test, we carry out a two-sided t-test in view of the alternative
hypothesis H1 being two-sided. We will introduce a symmetrical critical region again.
Similarly to the previous case, we determine the critical value tn−2,α for the two-sided
test corresponding to the prescribed significance level 1− α, for which

P (−tn−2,α < t < tn−2,α|mX = mY ) = P (−tn−2,α < tn−2 < tn−2,α) = 1− α,

and then we follow our earlier decision strategy. Namely, if the observation

t′ :=

√
nX · nY (nX + nY − 2)

nX + nY
· x− y√

(nX − 1)mss∗X + (nY − 1)mss∗Y
(9.3)
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for the random variable t falls outside the region of acceptance (−tn−2,α, tn−2,α), then
the hypothesis mX = mY will be rejected at the significance level 1 − α, however if the
observation t′ falls into the region of acceptance (−tn−2,α, tn−2,α), then the hypothesis
will be accepted at the significance level 1− α.

Remark : It is worth observing how the width of the interval (−tn−2,α, tn−2,α) changes
as a function of the sample size and the parameter.

If the alternative hypothesis is, for example, the one-sided alternative hypothesis
H
′
1 : m0 < m, then we make a one-sided test, where we introduce the one-sided critical

region (t∗n−2,α,+∞), for which P (tn−2 > t∗n−2,α) = α (cf. formula (8.3)).

As mentioned in connection with Example 9.1 in Section 9.1.1, the two-sample t-test
is a robust test.

Example 9.3. For the soluble nitrogen concentration of independent soil samples at 14,
independently chosen sites in two periods the following measurement results were obtained
[SVA][page 59]:

period (x) 2.2 1.7 2.0 1.4 1.6 1.8
period (y) 2.6 2.3 1.9 2.6 1.7 2.1 1.8 1.9.

We assume that the concentrations in the different periods are approximately normally
distributed random variables with approximately the same standard deviations. Let us
test the null hypothesis that the expected values of the nitrogen concentrations in the
two periods are equal (H0 : mx = my) by a two-sample t-test at a significance level of
1− α = 0.99. Let the alternative hypothesis be: H1 : mx 6= my.

Solution: In view of the given two-sided alternative hypothesis we make a two-sided
test. Then the determination of the region of acceptance can be as follows. From Table
II, by the parameter value n = nx+ny−2 = 12 the critical t-value is t12,0.01 = 3.055. The
determination of the region of acceptance: (−3.055, 3.055). The details of the calculation
necessary to determine the test statistic t′ (cf. formula (9.3)) are: x = 1.783, y = 2.112,
5 · mss∗x = (2.2 − 1.783)2 + . . . + (1.8 − 1.783)2 = 0.408, 7 · mss∗y = 0.869. Therefore

t′ =
√

6·8·12
14
· 1.783−2.112√

0.408+0.869
= −1.87. The latter value falls into the region of acceptance,

and so we accept (do not reject) the null hypothesis. �

Example 9.4. In an experiment the age of sexual maturity (in days) was studied in two
populations of Daphnia longispina (a species of water fleas). The results are contained
in Table 9.2 (Izsák – Juhász-Nagy – Varga 1982, page 627).

By means of a two-sided, two-sample t-test at a significance level of 1 − α = 0.95
we should test the hypothesis that the expected value of the age of sexual maturity as a
random variable is the same in the two populations (alternative hypothesis H1: ”H0 does
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not hold”). We suppose that the age of sexual maturity has an approximately normal
distribution in the two populations. Assume that we can accept the hypothesis that the
standard deviations are the same by making an F -test at a suitable significance level (see
below) (the data in the table does not seem to contradict this).

xi yi (xi − xave)2 (yi − yave)2

7.2 8.8 0.098596 1.544694
7.1 7.5 0.171396 0.003265
9.1 7.7 2.515396 0.020408
7.2 7.6 0.098596 0.001837
7.3 7.4 0.045796 0.024694
7.2 6.7 0.098596 0.734694
7.5 7.2 0.000196 0.127551∑

52.6 52.9 3.028572 2.457143

Table 9.2: In the first two columns: ages of sexual maturity of Daphnia individuals (xi
and yi, respectively): details of the calculations.

Solution: First of all we determine the region of acceptance at the significance level
1 − α = 0.95. From Table II, for parameter n = nX + nY − 2 = 7 + 7 − 2 = 12 in
the two-sided test we have t12,0.05 = 2.179. The details of the calculation for the test
statistic are: x = 7, 514, y = 7.557, mss∗X = 0.5048, mss∗Y = 0.4095. The value of the
observation t′ is: 0.119. Since the absolute value of the latter is smaller than the critical
value, we accept the hypothesis against the alternative hypothesis H1 at a significance
level of 0.95. �

9.1.3 Welch-test

In the case of the two-sample t-test we assumed the equality or closeness of the standard
deviations of the normally distributed random variables X and Y . If the latter assump-
tion cannot be made, then we can test the hypothesis H0 : mX = mY by applying the
test statistic D (Welch test, d-test). (The condition of normality should not be taken
strictly; this test is also robust.) The observation d referring to D on the basis of the
independent observations x1, x2, . . . , xnX and y1, y2, . . . , ynY is:

d :=
x− y√

mss1
nX

+ mss2
nY

,

where nX and nY are the two sample sizes, x and y are the two sample means, while
mss1 and mss2 are the two means of squares. Let the (two-sided) alternative hypothesis
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now be H1 : mX 6= mY , in other words: ”H0 does not hold”. In view of the latter, we
apply a two-sided test again (cf. the cases in Sections 9.1.1 and 9.1.2). If nX and nY
are sufficiently large, then, in case H0 holds, the random variable D approximately has
a t-distribution with parameter f , where

f ≈

(
mss1
nX

+ mss2
nY

)2
(
mss1
nX

)2

nX−1
+

(
mss2
nY

)2

nY −1

. (9.4)

This is what the determination of the calculation of the two-sided critical value t (as well
as the value d) is based on at a given significance level with the help of the t-table (Table
II), containing the critical values.

If nX and nY are sufficiently large, then so is f , and hence the test statistic tf , in case
H0 holds, is approximately of standard normal distribution, and then the critical values
are simpler to determine, see the calculation of up from formula (8.3), using α instead of
p.

Remark : If the distribution of a test statistic tends to a referred distribution as the
sample size n→∞, then the test is called asymptotic test.

Example 9.5. We would like to test the hypothesis that the mean (expected) value of
the concentration of glutamic acid in the urine of chimpanzees and gorillas is the same.
According to the F -test, to be discussed in Section 9.1.4, at a significance level of 0.99
we reject the hypothesis that the standard deviations of the two samples are equal (see
Example 9.7). Therefore, we cannot apply the two-sample t-test for testing the null
hypothesis. Let the (two-sided) alternative hypothesis here, as several times above, be the
negation of H0.

Solution: Let us apply the d-test at a significance level of 1 − α = 0.90. The data
needed to determine the parameter of the corresponding distribution (see Example 9.7)
are: nX = 37, nY = 6, x = 0.115, y = 0.511,

mss1 =
0.0107 · 36

37
= 0.01041, mss2 =

0.124 · 5
6

= 0.10333.

The approximate parameter value by formula (9.4) is:

f =

(
0.01041

37
+ 0.10333

6

)2
( 0.01041

37 )
2

36
+

( 0.10333
6 )

2

5

= 5.16 ≈ 5.

From the t-table (Table II) it can be established that the critical value of the two-sided
test at the given significance level is t5,0.10 = 2.015. On the other hand, the value of the
test statistic is

d =
0.115− 0.511√
0.01041

37
+ 0.10333

6

= −2.993.
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The absolute value of the latter is greater than the critical value, therefore we reject the
hypothesis that the mean concentrations are equal at a significance level of 1−α = 0.90.
�

9.1.4 F-test

An important chapter in the investigation of relations between h random variables is
based on the analysis of standard deviation or variance (see ANOVA, Section 9.1.6).
During its application we usually have to assume the normal distribution of h random
variables and the equality of their standard deviations. In statistics the application of
the F -test is considerably widespread.

Consider the normally distributed and independent random variables X and Y . Their
expected values and standard deviations σX := D(X), σY := D(Y ) are unknown. We
wish to decide about the hypothesis H0 : σX = σY at a significance level of 1 − α. We
choose the two-sided hypothesis H1 : σX 6= σY as alternative hypothesis, in other cases
the one-sided hypothesis H

′
1 : σY < σX (or H

′′
1 : σX < σY ).

It is known that in case the null hypothesis holds, the test statistic

F :=
MSS∗X
MSS∗Y

has an F -distribution with parameters nX − 1 , nY − 1, where nX and nY are the two
sample sizes (for details see [VIN][page 125]. (The notation F is used locally for the test
statistic.)

The question of critical regions is more complicated than before, partly because the
density function of the test statistic F is not symmetrical (cf. Fig. 9.7).

We keep from the previous practice – at a significance level of 1−α and seemingly in
a straightforward way – that we specify such critical values a1 and a2 as boundaries of
the region (interval) of acceptance that the area under the density function on the ”left
of” a1 be equal to the area on the ”right of” a2 (cf. Fig. 9.7):

P (F < a1) = P (a2 < F ) =
α

2

(here we ignore the notation of the parameters for simplicity).
Finally, when testing the hypothesis at a significance level of 1−α we in fact examine

if the observation

f :=
mss∗X
mss∗Y

for the random variable F falls into the region of acceptance (a1, a2). However, it is
known from the literature that the relation a2 = 1

a1
happens to be valid (which implies
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Figure 9.7: Graph of the probability density function of the test statistic F of a given
parameter with indication of the critical values a1 and a2 = 1

a1
at a significance level of

1− α.

a1 < 1 < a2 due to a1 < a2). Consequently, the event ”
mss∗X
mss∗Y

is smaller than a1 or greater

than a2” is the same as the event ”the maximum of
mss∗X
mss∗Y

and its reciprocal is greater

than a2”. From this follows that the probability of this latter event is α.
So, a good decision strategy for the originally two-sided hypothesis may be the fol-

lowing one-sided test. Suppose that the ratio which is greater than 1 exceeds the value
Ff1,f2,α, where f1, f2 are the parameters belonging to the numerator and denominator
of the ratio, respectively. Then the hypothesis H0 : σX = σY is rejected against the
alternative hypothesis H1 : σX 6= σY in an actually one-sided test test at a significance
level of 1 − α, otherwise we accept it. The critical value Ff1,f2,α can be looked up from
the corresponding table (Table III). For example, if f1 = 5, f2 = 7, then at a significance
level of α = 0.05 the critical value is F5,7,0.05 = 3.97.

In a one-sided test, if the significance level is 1 − α and the null hypothesis is for
instance H

′
0 : σX < σY , and the alternative hypothesis is H

′
1 : σY < σX , then the routine

procedure is as follows. If mss∗Y < mss∗X , then we reject H
′
0 and accept H

′
1. However, if

mss∗X ≤ mss∗Y , then we accept H
′
0 if the ratio

mss∗Y
mss∗X

exceeds the critical value Ff1,f2,α in

Table III, where the parameters f1 and f2 belong to Y and X, respectively.

The F -test is by far not a robust test, i.e., it cannot be applied to distributions
significantly different from a normal one.

Example 9.6. 10 female and 8 male cockroaches of the same age were deprived of food,
and their times of survival x and y (in days) were measured. The mean survival times
were x = 8.5 and y = 4.8. For the observation of the females the corrected empirical
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variance was mss∗x = 3.6, while for the males mss∗y = 0.9. By assuming approximately
normal distribution of the survival times within each sex (!), let us make a two-sided
F -test at a significance level of 1 − α = 0.95 in order to check the null hypothesis that
the standard deviations are the same, i.e., H0 : σX = σY by the two-sided alternative
hypothesis H1 : σx 6= σy.

Solution: The critical value depends on whether the relation 1 <
mss∗y
mss∗x

or 1 < mss∗x
mss∗y

holds. Since now the latter one is true, the pair of parameters fx, fy is 9, 7. The
corresponding critical value for a one-sided test and for 1 − α = 0.95 is F9,7,0.05 = 3.68
(see Table III).

The observed value of the test statistic is 3.6
0.9

= 4.0. The latter one exceeds the
critical value of 3.68. According to this, we reject the null hypothesis that the standard
deviations are the same at the given significance level 0.95.

If the null hypothesis and the alternative hypothesis were H
′
0 : σx < σy, H

′
1 : σy < σx

then due to mss∗y < mss∗x, we would at once reject H
′
0 and accept H

′
1. However, for

the hypotheses H
′′
0 : σy < σx, H

′′
1 : σx < σy at the same significance level H

′′
0 would be

accepted, since mss∗y < mss∗x and mss∗x
mss∗y

= 4.0 > 3.68. �

Example 9.7. When examining the glutamic acid concentration in the urine of two
primate species (gorilla (x) and chimpanzee (y)), the results are contained in Table 9.3.

sample size
(number of individuals)

n

corrected
empirical variance

mss∗

chimpanzee nx = 37 mss∗x = 0.0107
gorilla ny = 6 mss∗y = 0.124

Table 9.3: Some intermediate results of the calculation when applying the F -test, see
Example 9.7.

We assume the normality of the measurements within each species. Let us check the
null hypothesis that the standard deviations are the same for the two species by using the
two-sided F -test at a significance level of 1− α = 0.99 against the alternative hypothesis
H1 : σx 6= σy.

Solution: We can find the required critical value at the pair of parameters (5, 36).
According to Table III, F5,36,0.01 = 3.60. The observation with regard to the test statistic
F is: f = 0.124

0.0107
= 11.589. This value is greater than the critical value 3.60. Therefore,

at a significance level of 0.99, we reject the null hypothesis that the standard deviations
are equal. �
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9.1.5 Bartlett’s test

We deal with the null hypothesis that k normally distributed random variablesX1, . . . , Xk

have the same standard deviation. We may need this test during the analysis of variance
(see below). So, the null hypothesis is:

H0 : D(X1) = . . . = D(Xk).

The alternative hypothesis may be for example: H1:”H0 does not hold”.
Denote the sizes of the independent samples with regard to the random variables

by n1, . . . , nk, and their sum by n. Let us denote the corrected means of squares by
MSS∗1 , . . . ,MSS∗k . We introduce the random variable SS∗′ as follows:

SS∗′ :=
1

n− k

k∑
i=1

(ni − 1)MSS∗i .

Moreover, let fi := ni − 1, f :=
k∑
i=1

fi.

It is known that, by the notation

c := 1 +
1

3(k − 1)

((
k∑
i=1

1

fi

)
− 1

f

)
,

the random variable

K2 :=
2.3026

c

(
(n− k) log10 SS

∗′ −
k∑
i=1

(ni − 1) log10MSS∗i

)
has an approximately chi-squared distribution with parameter k − 1 in case H0 holds.
(The approximation is acceptable if ni ≥ 4, i = 1, . . . , k.)

After calculating the test statistic K2 the (one-sided) test at a significance level of
1 − α is carried out by examining whether for the observation k2 of K2 the relation
k2 ≤ χ2

k−1,α holds, where the latter one-sided crtitical value, defined by the relationship

P (χ2
k−1 < χ2

k−1,α) = α

can be looked up in Table IV. Here χ2
k−1 stands for the chi-squared distribution with

parameter k− 1. (See also Section 9.2.1 below in connection with the fact that not only
in one-sided tests is a one-sided critical region used.) We remark that the critical value
χ2
k−1,α often arises in connection with the chi-squared distribution, see the chi-squared

test in Section 9.2.1. If k2 ≤ χ2
k−1,α, then we accept the null hypothesis, otherwise we

reject it.
The Bartlett test is not robust, therefore it is only recommended for approximately

normally distributed random variables.
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Example 9.8. Certain quantitative characteritics of five cultivated varieties of wheat
were registered in n1, n2, . . . , n5 experimental plots. It can be assumed that the charac-
teristic within a plot has approximately normal distribution. The numbers of plots and
the sums of squares of the data of the plots for a given variety of wheat are shown in
the second and third columns of Table 9.4. Let us test the null hypothesis that the stan-
dard deviations for the different varieties are the same by using the Bartlett test at a
significance level of 1− α = 0.95.

i ni
sum of squares

ssi

mss∗i
(= ssi

ni−1)
(ni − 1) log10mss

∗
i

1
fi

1 16 23.1 1.54 2.81 0.0666
2 17 18.2 1.14 0.91 0.0625
3 40 29.0 0.74 −5.02 0.0256
4 38 28.5 0.77 −4.19 0.027
5 19 33.2 1.84 4.79 0.0555∑

130 132.0 −0.72 0.2374

Table 9.4: The data of the plots and the details of the calculation necessary for the
Bartlett’s test (see Example 9.8).

Solution: Since 1 − α = 0.95 and k − 1 = 4, the critical value from Table IV is
χ2
4,0.05 = 9.49.

The details of the calculation of the test statistic are: f = 125, ss∗′ = 132
130

= 1.0154,
c = 1 + 1

3·4

(
0.237− 1

125

)
= 1.019, K2 = 2.3026

1.019
(125 · log10 1.0154 − (−0.72)) = 3.502.

The latter value is smaller than the critical value, therefore the null hypothesis that the
standard deviations are the same can be accepted at a significance level of 1−α = 0.95.
�

9.1.6 Analysis of variance (ANOVA)

Introduction

In Section 9.1.2 we discussed the two-sample t-test. The null hypothesis was that the
expected values of two normally distributed random variables are equal with the assump-
tion that their standard deviations are the same. The extended versions of this topic
are investigated by the analysis of variance. Classicaly, here we only deal with normally
distributed random variables with the same standard deviation again (the standard de-
viation is usually unknown). However, even by this strict limitation, the application of
ANOVA is very widespread in agricultural statistics [HL][Chapter 5] as well as in some
other areas, see e.g., [VAR][Chapters 13-16].
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One-way analysis of variance

The conceptional background is as follows. Certain groups of individuals has gone,
through different ”influences” or ”treatments”. It should be emphasized that in general
it is not obligatory that the value or, level of some quantitative characteristic in which
the treatments do differ, like different doses for example; that case will be dealt with
in the Section Covariance analysis shortly. We investigate whether the different treat-
ments have different impacts on a certain quantitative characteristic, measurable on the
individuals.

As an example, let us consider the following case.
Assume that ten varieties of wheat originating from different climatic regions, but

having the same genetic background, have been sowed in ten plots of an experimental
site during several years. We study the potential impact of the origin of the grains
on the yield. More precisely, we set up the hypothesis that the localisation of plots
(cf. ”influences” or ”treatments”) has no significant impact on the yield. The intuitive
background of the statistical analysis is as follows: If the variability arising from the
localisation of the grains is small in comparison with the variability arising at the fixed
place of origin, then the impact of the origin on the yield difference is not significant.
(cf. with the argumentation at the two-sample t-test, Section 9.1.2). The alternative
hypothesis may be: The origin significantly influences the yield. This hypothesis may be
justified if the variability with respect to the origin constitutes a great proportion of the
total variability. It is worth mentioning that the random variables introduced during the
statistical test to be discussed soon will be assumed to have normal distribution.

First of all let us introduce some notations.
Denote the number of groups by h. (In the previous example h = 10.) In group i

there are n(i) observations (in the previous example this corresponds to the number of

years in the study). We denote the observations by x
(i)
1 , . . . , x

(i)
l , . . . , x

(i)

n(i) , i = 1, . . . , h.

The total number of observations is n = n(1) + . . .+ n(h).

Observations within a group can be considered as n(i) independent observations with
respect to the random variable X(i) , or – and this is perhaps the more suitable approach
– observations with respect to certain independent random variables X

(i)
1 , . . . , X

(i)
l of the

same distribution. The mean random variable in the ith group is denoted by X
(i)

, while
the corresponding observation by x(i). The random variable of the total mean reads:

X =
h∑
i=1

n(i)∑
l=1

X
(i)
l

n
with corresponding observation x =

h∑
i=1

n(i)∑
l=1

x
(i)
l

n
.

The total sum of squares is:

SStotal := SSt :=
h∑
i=1

n(i)∑
l=1

(
Xl −X

)2
.
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Consider now the so-called outer or between sum of squares, a random variable
defined as the sum of squared differences between the group means and the total mean,
weighted by the number of elements in the groups:

SSbetween := SSk :=
h∑
i=1

n(i)
(
X

(i) −X
)2
. (9.5)

We define the inner or residual sum of squares as the sum of squared differences
between the random variable within the group and the group mean:

SSresidual := SSr :=
h∑
i=1

n(i)∑
l=1

(
X

(i)
l −X

(i)
)2
. (9.6)

We obtain the observations ssk and ssr, corresponding to the random variables SSk and
SSr by using a similar convention as earlier, by replacing the variable symbols X with
x.

The same system of notations will be used further on.
We should remark at this point that from elementary algebraic considerations the

following well-know relation, called variance decomposition holds:

SSt = SSk + SSr. (9.7)

This is of great importance in view of the applicability of the Fisher–Cochran theorem,
cited below (without going into details, see [VIN][p. 165]).

Returning to our model, in the above we talked about the quantitative random vari-
ables X

(i)
l , which belong to the individuals, and which we would like to analyse.

The (linear) model for our purpose reads:

X
(i)
l = µ+ a(i) + ε

(i)
l , i = 1, . . . , h, l = 1, . . . , n(i). (9.8)

Here a(i) is the ”impact of the ith treatment”, and the actual random variable is the
error term ε

(i)
l , which is a normally distributed random variable for all i and l with

zero expected value and the same standard deviation. (Note that the random variables

X
(i)
l , in view of ε

(i)
l , are of normal distribution with the same standard deviation, so the

conditions for the applicability of ANOVA are met (without going into details). The
model can be put in the following form, too:

E(X
(i)
l ) = E(X(i)) = µ+ a(i), i = 1, . . . , h.

The null hypothesis is:
H0 : a(1) = . . . = a(h),
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i.e., according to the null hypothesis the treatments have the same impact (or, if one
of the ”treatment” is a so-called ”control” without any intervention, in other words the
treatments have no effect).

Here and in the sequel the alternative hypothesis is defined as the two-sided hypothesis
H1:”H0 does not hold”, which is the simplest choice.

Testing the null hypothesis

Let us prepare the variance-like random variables

MSSk :=
SSk
h− 1

and MSSr :=
SSr
n− h

obtained from the sums by dividing by h − 1 and n − h, which can be considered as
parameters.

On the basis of the Fisher–Cochran theorem [VIN][Section 6.1], which is of central
importance in variance analysis, one can show that the ratio

MSSk
MSSr

(9.9)

is an F -distributed random variable with parameters (h − 1, n − h) if the hypothesis
H0 holds. This allows us to test the null hypothesis by using the two-sided F -test as
described in Section 9.1.4. So, let us consider the observations mssr = ssk

h−1 and ssr
n−k with

respect to MSSk and MSSr, and compare the maximum of the ratios mssk
mssr

and mssr
mssk

with the critical value of the F -distribution at a suitable significance level of 1− α.
If we decide to reject the hypothesis H0, then we can propose some tests for the

expected values a(i).

We note that the variance analysis for a single factor in the case of two groups and
the above null hypothesis is equivalent to the two-sample t-test.

The Kruskal–Wallis’ test, discussed in Section 10.3, refers to a similar model, but
it is based on quantitative characteristics as ranks, and so is also applicable to random
variables measured on ordinal scale.

Example 9.9. Assume that the following measurement results are known, similar to the
data in Example 9.8:

Group 1 4.1 3.1 2.0 3.3 4.7 n(1) = 5

Group 2 5.3 2.9 6.4 4.8 n(2) = 4

Group 3 5.3 3.7 7.1 5.8 n(3) = 4

Group 4 7.1 6.0 4.1 6.2 7.1 7.3 n(4) = 6

Group 5 8.3 9.5 7.4 6.8 7.7 7.1 8.2 n(5) = 7
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Thus, the total sample size is n = 26, and the number of groups is h = 5.
Assume that, on the basis of the result of an earlier study, we accept that the obser-

vations with respect to quantitative characteristics within the groups are the realizations
of normally distributed random variables with the same standard deviation, which corre-
sponds to our expectations about the model. Particularly, for the lth observation of group
i (see formula (9.8)):

X
(i)
l = µ+ a(i) + ε

(i)
l , i = 1, . . . , 5, l = 1, . . . , n(i) (9.10)

So, the null hypothesis H0 is that the group effects a(i), i = 1, . . . , 5 are the same. We test
the null hypothesis at a significance level of 1− α = 0.95. Let the alternative hypothesis
be H1:”H0 does not hold”.

Solution: According to the above considerations, regarding the critical value, we
should determine the ratio mssk

mssr
. Below we will see that mssk

mssr
is the maximum. Therefore,

we look up the critical value for the pair of parameters (4, 21) at a significance level of
0.95, which is 2.84 from Table III.

The calculation of the test statistic is as follows: The observation for the test statistic
by formula (9.9) is:

mssk
mssr

=
ssk
h−1
ssr
n−h

.

Let us calculate the observation for the outer sum of squares (cf. formula (9.5)):

ssk =
s∑
i=1

n(i)(x(i) − x)2.

The results of the calculations:

x =
151.3

26
= 5.819, x(1) = 3.44, x(2) = 4.85, x(3) = 5.475, x(4) = 6.30, x(5) = 7.857.

Then
ssk = 5 · (3.44− 5.819)2 + . . .+ 7 · (7.857− 5.819)2 = 62.99.

The quantity ssr as the sum of squared differences within the groups: (cf. formula (9.6)):

ssr =
5∑
l=1

(x
(1)
l − x

(1))2 +
4∑
l=1

(x
(2)
l − x

(2)) + . . .+
7∑
l=1

(x
(5)
l − x

(5))2

= 4.232 + . . .+ 4.937 = 28.723.

So the value of the test statistic is:

mssk
mssr

=
ssk
4
ssr
21

= 11.51,
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which is really greater than its reciprocal.

Since the value of the test statistic exceeds the critical value of F4,21,0.05 = 2.84, we re-
ject the null hypothesis that the group effects are the same. Following this establishment
we could analyse the group effects. �

ANOVA for testing linear regression

A classical application of the analysis of variance for a single factor is testing the hy-
pothesis that the linear regression y = ax + b is absent, i.e., a = 0. We emphasize that
nonlinear regression is precluded from the assumptions. We briefly introduce the proce-
dure, which is mostly applied in connection with problem topic 1 of Chapter 7 and by
accepting the conditions, mentioned there, for the variables. (In Section 11.1 we mention
further methods, also suitable for testing the hypothesis a = 0 (vs. H1 : a 6= 0).)

It is worth mentioning that the values xi in connection with problem topic 1 can be
considered as treatment levels (of a single factor) during the hypothesis test, but their
sizes are not taken into account here.

Consider the fitted regression line ŷ = âx + b̂, where â and b̂ have been obtained by
fitting a straight line to the pairs of points (xi, yi), i = 1, . . . , n. So, the function value
of âxi + b̂ is ŷi (see Fig. 9.8).

-

6

s

s s
c

x

y

x1 x2 x3

y2

ŷ2

ŷ = âx+ b̂

(x2, y2)

(x2, ŷ2)

Figure 9.8: Illustration of the differences related to the linear regression.
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Then the following decomposition is easy to check:
n∑
i=1

(yi − y)2 =
n∑
i=1

(ŷi − y)2 +
n∑
i=1

(yi − ŷi)2,

i.e.,
sstotal = ssregression + ssresidual.

So the total sum of squares sstotal is made up of the sum of squares relating to the
regression (the ”impacts” related to the ”levels” xi) ssregression and the sum of squares

relating to the deviations from linearity sserror = ssresidual (cf. formula (9.7)). Then,
according to the principle of ANOVA, the observation

mssr
msse

=

ssregression
1

ssresidual
n−2

is a realisation of the F -distribution with parameters (1, n−2) if the hypothesisH0 : a = 0
is true. As an alternative hypothesis we can consider the hypothesis H1 :”H0 does not
hold” (the slope of the regression line is not zero). According to this, applying the
two-sided t-test at a prescribed significance level 1 − α we accept or reject the hypoth-
esis depending on whether the observation does not reach or exceeds the corresponding
critical level.

Example 9.10. In Example 8.8 a point estimate was given for the parameters of the
linear regression between the shortening of the time of muscle contraction y and the
adrenaline level x. The equation of the fitted regression line (i.e., that corresponding to
the estimated parameters) is ŷ = 0.053x+4.743. We emphasize that nonlinear regression
was precluded from the assumptions.

Examine by analysis of variance the significance of the deviation of the (true) pa-
rameter a from 0 at a significance level of 1− α = 0.95. Here we give again the needed
observational data from Table 8.1 of Section 8.2.3 in the first two columns of Table 9.5.

Solution: We mention in advance (see below) that the ratio
mssregression
mssresidual

is greater

than one (see below), therefore the critical value at the level α = 0.05 is that belonging
to the pair of parameters (1, 21) in Table III, and this value is 4.32.

The mean value of the 23 observations is equal to: y = 618
23

= 26.87. From the
regression estimation the values ŷi are found in the third column of Table 9.5 and the
sums of squares in the 4th and 5th columns. The observation for the test statistic:

mssregression

mssresidual
=

7894.25
4553.47

21

= 36.41.

Since the observation for the test statistic exceeds the critical value, at a significance
level of 0.95 we reject the hypothesis that the coefficient a is zero, in other words, we
decide for the existence of the linear regression. �
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xi yi ŷi (ŷi − y)2 (ŷi − yi)2

35 19 6.602 410.79 153.71
35 −1 6.602 410.79 57.79
35 −24 6.602 410.79 936.48
35 9 6.602 410.79 5.75
35 14 6.602 410.79 54.74

200 16 15.36 132.48 0.417
200 24 15.36 132.48 74.60
200 30 15.36 132.48 214.24
200 14 15.36 132.48 1.86
200 18 15.36 132.48 6.95
200 −9 15.36 132.48 593.56
200 22 15.36 132.48 44.5
500 10 31.29 19.54 453.39
500 51 31.29 19.54 388.37
500 50 31.29 19.54 349.95
500 30 31.29 19.54 1.67
500 22 31.29 19.54 86.36
500 44 31.29 19.54 161.47

1000 48 57.84 959.14 96.88
1000 55 57.84 959.14 8.08
1000 55 57.84 959.14 8.08
1000 81 57.84 959.14 536.25
1000 40 57.84 959.14 318.37∑
9575 618 7894.25 4553.47

Table 9.5: Data and details of the computation for the test of linear regression by analysis
of variance between the shortening of the time of muscle contraction (msec) and the
adrenaline dose (µg) (see Example 9.10).

Two-way analysis of variance

The analysis of variance is applicable for testing several other hypotheses as well. From
these we mention one which can be considered as an extension of the analysis of variance
for a single factor. The related hypothesis test – as usually in an analysis of variance –
refers to a certain model problem again, cf. the Introduction of Section 9.1.6.

As an extension of the one-way model, now we assume two groups of different effects or
treatments aimed at the individuals. One ”treatment”can be for example the localisation
by plots, another one may correspond to certain genotypes. Another case can be where
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the individuals are exposed to different ”levels” of two different kinds of treatment. For
example, in an agronomic experiment the levels of the first ”treatment” may correspond
to the different levels of precipitation, while the levels of the other ”treatment” can be
the different quantities of nitrogen fertilizer.

Let the groups of the first type be indexed by the number i(= 1, . . . , h), and the
groups of the other type by the number j(= 1, . . . ,m). So, the individuals are exposed
to a given pair of effects i, j. Accordingly, for a given pair of levels of effects i, j, we
make an observation on the lth exposed individual with respect to the random variable
X

(i,j)
l , l = 1, . . . , gij. (For simplicity of the discussion, we often assume that the number

of events, or observations within the goup (i, j) is constant for all pairs i, j: n(i,j) = g.)

The (linear) model is:

X
(i,j)
l = µ+a(i)+b(j)+c(i,j)+ε

(i,j)
l , i = 1, . . . , h, j = 1, . . . ,m, l = 1, . . . , gij. (9.11)

We preclude the possibility of nonlinear regression again.
So, here a(i) and b(j) express the deterministic group effects in the first and in the sec-

ond groups of treatments by the ”levels of effect” i and j, and c(i,j) is also a deterministic
term, originating from the interaction of the two groups of the treatments. The ”actual”
random variable, i.e., the error term ε

(i,j)
l is a normally distributed random variable with

expected value 0 and the same, but unknown standard deviation for all possible i, j and
l. Thus the random variables X

(i,j)
l satisfy the condition, mentioned in the Introduction

of Section 9.1.6, that the tested random variables are normally distributed with the same
standard deviation. According to the linear model, the expected value E(X(i,j)) of the

random variable X
(i,j)
l reads as

E(X
(i,j)
l ) = E(X(i,j)) = µ+a(i)+b(j)+c(i,j), i = 1, . . . , h, j = 1, . . . ,m, l = 1, . . . , gij.

If we preclude the existence of interactions, then the model is called double (or two-way,
two-factor) classification without interaction, otherwise double classification with inter-
action. We remark that the model without interaction is also different from the model
of single classification, since in the case of double classification there is a different sum
of squares for the first and for the second group of treatments, and different hypotheses
are set for the effects in the first and in the second group. In what follows, we only deal
with the model version which does not preclude interactions.

Testing the interaction

The null hypothesis expresses that the interactions c(i,j) in formula (9.11) are zero:

H0 : c(i,j) = 0, i = 1, . . . , h, j = 1, . . . ,m.

The alternative hypothesis can be H1:”H0 does not hold”.
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By means of elementary algebra one can prove that the following relation holds for
the total sum of squares (observation) (remember that for simplicity, the number of
observations g was assumed to be equal for all (i, j)):

sst =
h∑
i=1

m∑
j=1

g∑
l=1

(xijl − x•••)2 = mg
h∑
i=1

(xi•• − x•••)2 + +hg
m∑
j=1

(x•j• − x•••)2

+g
h∑
i=1

m∑
j=1

(xij• − xi•• − x•j• + x•••)
2+ +

h∑
i=1

m∑
j=1

g∑
l=1

(xijl − xij•)2,
(9.12)

where x••• is the total sample mean, and xi••, x•j•, xij• are the corresponding sample
group means.

Let us denote the four terms on the right-hand side of (9.12) successively by ss1, ss2,
ss3, ss4. One can show that the corresponding random variables have the parameters
h − 1, m − 1, (h − 1)(m − 1), hm(g − 1), respectively. So, from the Fisher–Cochran
theorem (see above) the observation

ss3
(h−1)(m−1)

ss4
hm(g−1)

(9.13)

is a realization of the F -distributed random variable
SS3

(h−1)(m−1)
SS4

hm(g−1)

with parameters (h− 1)(m− 1), hm(g − 1) if the null hypothesis is true.
From Table III we can determine the critical value at a given significance level 1−α,

similarly to the above paragraphs of Section 9.1.6. The test statistic here is also the
formula (9.13). If the value of the test statistic is smaller (greater) than the critical
value, we accept (reject) the hypothesis H0 that (all) interactions are zero.

If the hypothesis is accepted (there are no interactions), we can deal with testing the
hypotheses on the group effects a(1) = a(2) = . . . = a(n) and b(1) = b(2) = . . . = b(m) (cf.
[VIN][Section 3.4].

Example 9.11. [VIN][page 187] Two kinds of effects were analysed at four and three
levels, respectively. 100 observations were made for each pair of effects at the given levels
(g = 100). So the total number of observations is 12 · 100 = 1200. Table 9.6 contains,
among others, the means xij• for the pairs (i, j) of the effect levels. In connection with
the model

Xijl = µ+ a(i) + b(j) + c(i,j) + εijl,

we would like to test the hypothesis

H0 : c(i,j) = 0, i = 1, 2, 3, j = 1, 2, 3, 4,

related to the interaction, at a significance level of 1− α = 0.95.
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Solution: Let us first of all determine the critical value. In our case (h−1)(m−1) = 6
and hm(g − 1) = 1188. So the critical value is found in Table III, in the part α = 0.05,
in column 6, and row ∞: there is its estimated value 2.09.

For the determination of the quantities in formula (9.12) let us first calculate the
partial means xi•• and x•j•. The result of the calculation is given in Table 9.6.

a(1) a(2) a(3) a(4) B

b(1) x11• = 2.130 x12• = 0.870 x13• = 1.105 x14• = 2.081 x1•• = 1.547

b(2) x21• = 1.371 x22• = 0.491 x23• = 1.627 x24• = 1.299 x2•• = 1.197

b(3) x31• = 2.136 x32• = 0.354 x33• = 1.963 x34• = 2.226 x3•• = 1.670

A x•1• = 1.879 x•2• = 0.572 x•3• = 1.565 x•4• = 1.869 x••• = 1.471

Table 9.6: Partial results for testing the interactions in the ANOVA model.

As far as the means in column B and row A are concerned, it is clear that for example
100∑
l=1

x11l = 100x11•, therefore the total row sum for i = 1 is 100 · (x11•+x12•+x13•+x14•),

which, divided by the sample size 400, yields x1••. We obtain the further elements of
column A and row B in a similar way, just like the total mean x••• in the right bottom
corner of the table.

These partial results are already enough to calculate the value ss3 in formula (9.13).
In our case it is 92.0. By further calculation we get that the value of the sum of squares

ss4 is equal to 9675.56. The value of the test statistic in formula (9.13) is
92.00

6
9675.56

1188

= 1.88.

This is smaller than the critical value of 2.10. Thus, at the given level we accept the
hypothesis about the absense of interaction. By this simplification we could now deal
with the linear regression for the two kinds of effects. We omit this investigation due to
the limitations of the size of this book. �

Analysis of covariance

In Sections One way analysis of variance and Two way analysis of variance we remarked
that in the fundamental case the groups are not based on the ”levels”of some quantitative
characteristic. However, it is also possible. Then the effects of the ”levels”, in other
words, the role of the quantitative accompanying variable can be analysed by regression
test within a group or pair of groups (see Section 9.1.6). Nevertheless, the effect of the
quantitative factor can also be studied within the framework of the analysis of variance,
by the so-called analysis of covariance.

In the simplest case where there is one (qualitative) factor and one accompanying
variable the model has the following form:

X(i,j) = µ+ a(i) + bxi,j + εi,j, i = 1, . . . , h, j = 1, . . . , n(i),
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where xi,j is the jth accompanying variable (this is not a random variable!) in the
presence of the ith effect, b is the regression coefficient, εi,j is a normally distributed
random variable with zero expected value and the same standard deviation for all i and
j, while a(i) is the ith group effect, i = 1, . . . , h.

The hypotheses on the group effects and b are as follows:

Ha : a(1) = ... = a(h), Hb : b = 0.

The hypothesis Ha can be tested also in this case by an F -test, on the basis of suitable
critical values. The decision about the hypothesis Hb can be made also on the basis of
the observations (see Section 9.1.6).

9.2 Non-parametric statistical tests

So far we have been dealing with such tests where the hypothesis was related to param-
eters of a parametric distribution family (namely, the family of two-parameter normal
distributions). In a wide range of tests one cannot state that the studied random variable
or variables are normally, or perhaps exponentially distributed. In the more general case,
such a wide class of distributions are to be taken into consideration [VV][page 29] the
elements of which cannot be determined by a finite number of parameters. An example
is the family of continuous distributions. Often – as opposed to parametric tests – the
test is not even aimed at a parameter value. In other tests we do not specify a fam-
ily of distributions because we do not have enough information about the distribution
of the random variable (or variables) in question. In all of these cases we talk about
non-parametric problems, non-parametric tests.

We reckon among these some further tests, e.g., those referring to the equality of the
medians of some distributions.

It should be mentioned that one cannot separate clearly the scopes of parametric and
non-parametric tests.

9.2.1 Hypothesis testing based on chi-squared tests

Introduction

Consider the complete set of events A1, A2, . . . , Ar. Let us assign to them some proba-
bilities p1, p2, . . . , pr (then we have p1 + p2 + . . .+ pr = 1). Here the events are related to
some random variable (possibly a qualitative one).

Let us make a fixed number n of independent observations with regard to the events.
Assume that the event Ai occurs f(i) times (f(i) is a random variable), then for the
random variables f(1), f(2), . . . , f(r) we have f(1) + f(2) + . . .+ f(r) = n. It is easy to
show that E(f(i)) = npi for all i. Denote by fi the observation for the random variable
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f(i) (f1 + f2 + . . .+ fr = n). Since the events A1, . . . , Ar are often considered as certain
”cells”, npi is often called theoretical cell frequency, and fi is called observed or empirical
cell frequency. In connection with the random variables f(i) we introduce the random
variable

χ2 :=
r∑
i=1

(f(i)− npi)2

npi

with locally valid notation. As it is known, the distribution of the latter by n → ∞ is
an asymptotically chi-squared distribution with parameter r − 1. Then

r∑
i=1

(fi − npi)2

npi
(9.14)

is an observation with regard to the previous random variable χ2, which comes from an
approximately chi-squared distribution with parameter r− 1 for sufficiently large values
of n, as we have seen.

On the other hand, let the hypothetical (e.g., estimated) probabilities of the events
Ai be denoted by p′i for all i. This is what the null hypothesis refers to, i.e., H0 : P (A1) =
p′1, . . . , P (Ar) = p′r. Now, if H0 holds, then for all i, npi = np′i and then the observation
(9.14) really originates from the mentioned random variable of chi-squared distribution.
Moreover, if the hypothetical probabilities p′i result from estimates p̂i obtained by the
use of s parameters, namely they are maximum likelihood estimates (such estimates are
the sample mean for the expected value or the mean sum of squares mss for the variance
in the case of normal distribution, and the sample mean for the parameter λ in the case
of Poisson distribution ([VIN][Section 4.7.1])), then the above random variable χ2 has
an asymptotically chi-squared distribution with parameter r − 1− s as n→∞.

Note that other, similar statistics also lead to asymptotically chi-squared distribu-
tions, see for example the test statistic applied in homogeneity tests below.

This is the basis of the hypothesis test where the null hypothesis H0 : P (Ai) = pi,
i = 1, 2, . . . , r is checked at a significance level of 1 − α. An alternative hypothesis can
be H1:”H0 does not hold”.

Remarks :

1. As opposed to the previous part, here it does not make sense to talk about a two-
sided, let alone a one-sided hypothesis.) First we determine the (one-sided) critical
value χ2

r−1,α or χ2
r−1−s,α for the chi-squared distribution with parameter r − 1 at a

significance level of 1 − α (parameters different from r − 1 should be specified in
each case during the tests, see below).

2. For example, if there is no need for an estimation (e.g., the null hypothesis is that
the coin is fair, then we can simply consider P (tails) = 0.5 as the null hypothesis),
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then s = 0, and so r−1 is the suitable parameter. Thus – for reasons which cannot
be specified here – it is customary to apply a one-sided chi-squared test (although
we do not speak about a one-sided hypothesis), so the region of rejection is an
interval of the type (χ2

r−1,α,∞) or (χ2
r−1−s,α,∞).

On the other hand, we examine if the value of the observation

r∑
i=1

(fi − np̂i)2

np̂i

on the test statistic χ2 is smaller or greater than the critical value. In the first case,
we accept the hypothesis at a significance level of 1 − α while in the second case
we reject it (cf. Fig. 9.9).

Figure 9.9: Probability density functions for chi-squared distributions of different pa-
rameters and critical values at a significance level of 1−α = 0.95, namely χ2

1,0.05 = 3.84,
χ2
5,0.05 = 11.1, χ2

10,0.05 = 18.3, χ2
20,0.05 = 31.4.

Requirements on the cell frequencies

Due to the fact that the test statistic χ2 is only asymptotically of chi-squared distri-
bution, the number n of the observations should be considerably large. However, we can
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expect a good approximation even for a large n only if each theoretical cell frequency
npi is greater than 10, or – as a less strict condition – at least greater than 5 (in some
cases it may even be smaller). An even more relaxed condition is that the theoretical cell
frequency be greater than 5 at least in four fifths of the cells. Particularly, if the number
of cells is four, then all theoretical cell frequencies should reach the value of 5. Another
similarly common expectation is that all the observed cell frequencies fi should reach
the value of 10. If we wish to keep to these requirements – at least approximately – and
those are not automatically satisfied, then we may satisfy the requirements by unifying
the cells or increasing the sample size (the latter is more desirable). For any case, the
previous requirements and the modes of satisfying them are not solidly based in several
aspects, and not fully standardizable. The proper application of the test requires some
experience.

The chi-squared test is one of the most widely used non-parametric tests. Its areas
of application will be discussed in the following part.

Goodness-of-fit test

We wish to study if the distribution of a given random variable X is the same as a given
distribution F (x). (In some sense we touched upon this question in the Introduction of
Section 9.2.1.) So, the hypothesis is:

H0 : P (X < x) = F (x), x ∈ R.

The alternative hypothesis can be, e.g., H1 : P (X < x) 6= F (x) for some x (”H0 does not
hold”).

Let us make r disjoint quantitative classes with respect to the range of X in such a way
that we get a complete set of events. In case of a discrete distribution, these classes can
be the possible values of X or groups of these values. In case of a continuous distribution
the above qualitative classes often correspond to the neighbouring intervals (−∞, a1),
[a1, a2), [a2, a3), . . . , [ar−2, ar−1), [ar−1,+∞). We can also write (a1, a2), . . . instead of
[a1, a2), . . . too, if the probability that the random variable falls on the division point is not
positive. For a continuous random variable this condition indeed holds. The hypothetical
values pi are: pi = P (X ∈ Ai), i = 1, 2, . . . , r. Let us fix the significance level 1 − α
of the test, and then look up the critical value χ2

r−1,α from the corresponding table
(Table IV). Perform n independent observations x1, x2, . . . , xn for the random variable
X, and observe the number fi of falling into category i (observed cell frequencies). Then
determine the observation

r∑
i=1

(fi − npi)2

npi

with respect to the test statistic χ2. If this latter is smaller than the (one-sided) critical
chi-squared value, then we accept the hypothesis H0 at a significance level of 1 − α,
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otherwise we reject it.

Remarks :
Kolmogorov’s test, to be introduced in Section 10.1, is also suitable for a goodness-

of-fit test.
The studied random variable can as well be a qualitative random variable having

fictive values, just like in the example below.

Example 9.12. In order the check the fairness of a coin, we observed the outcomes of
120 flips. We counted 80 ”heads”. Examine the hypothesis that the coin is fair by using
the chi-squared test at a significance level of 1− α = 0.95.

(We suggest that the Reader should take a stand on the fairness of the coin on the
basis of the above result before performing the statistical test!)

Solution: The number of categories is r = 2 (heads – tails). According to the
hypothesis of the fairness p′1 := P (”tails”) = 1

2
, p′2 := P (”heads”) = 1

2
.

The critical value (see Table IV): χ2
1,0.05 = 3.84. The value of the test statistic:

χ2 =
(80− 120 · 0.5)2

120 · 0.5
+

(40− 120 · 0.5)2

120 · 0.5
= 13.33.

The latter is greater than the critical value, therefore we reject the hypothesis that the
coin is fair.

Remark : In case of a slightly unfair coin our data would lead to the same conclusion
(rejecting the fairness), but then the latter conclusion would be right. �

Example 9.13. In order to check the regularity of a cube we made 120 observations
with regard to the result of the roll (the sides of the cube were denoted by the figures
1, . . . , 6, only for identification). The following summarized results were obtained: (X is
the random variable corresponding to the result of the roll):

side identifier, i 1 2 3 4 5 6

p′i = P (X = i) (if the cube is regular) 1
6

1
6

1
6

1
6

1
6

1
6

theoretical cell frequency, 120pi 20 20 20 20 20 20
observed cell frequency, fi 24 15 15 19 25 22

Examine the hypothesis that the cube is regular by applying the chi-squared test at a
significance level of 1− α = 0.99.

Solution: The number of categories: r = 6. The (one-sided) critical value: χ2
5,0.01 =

15.1. The value of the test statistic:

χ2 =
1

120 · 1
6

(
(20− 24)2 + 25 + 25 + 1 + 25 + 4

)
= 4.8.
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The latter is smaller than the critical value, therefore we accept the hypothesis that the
cube is regular. �

Standing by the above hypothesis testing, in some cases the probabilities pi are ap-
proximated by estimation, namely the maximum likelihood estimation, of the s param-
eters of the distribution from the sample (cf. the Introduction of Section 9.2.1).

Calculate the observed value

r∑
i=1

(fi − np̂i)2

np̂i

for the corresponding test statistic χ2.
Fix the significance level 1− α of the test, and then look up the (one-sided) critical

value χ2
r−1−s,α from the corresponding table (Table IV). If the value of the observation

is smaller than the critical value, then we accept the hypothesis at a significance level of
1− α, otherwise we reject it.

Example 9.14. On an area, to be studied from a botanic point of view, individuals of a
plant species were counted in 147 randomly and independently chosen equal-sized sample
quadrats.

( Remark: due to the independent sampling, we cannot exclude the presence of over-
lapping sample quadrats.)

The results are shown in the second and third columns of Table 9.7.
Let us check the hypothesis that the number of individuals in a quadrat as a random

variable has Poisson distribution, i.e., H0 : pk = λk

k!
e−λ, k = 0, 1, 2, . . ., by using the

chi-squared test at a significance level of 1− α = 0.90. Let the alternative hypothesis be
H1:”H0 does not hold”.

Solution: The number of classes corresponding here to discrete quantities is r = 8,
the number of necessary parameter estimates is 1. The parameter λ is estimated by the
sample mean, since for the Poisson distribution the parameter λ is equal to the expected
value (cf. Section 5.1.4). It is known that the maximum likelihood estimate of the latter
is the sample mean, which is a function of the number of individuals being the only (!)
observed parameter. Therefore, the test statistic χ2 to be calculated has approximately
chi-squared distribution with parameter 8−1−1 = 6. The critical value at the significance
level of 1 − α = 0.90 is χ2

6,0.10 = 10.6 (see Table IV). Consequently, if the value of the
test statistic is smaller that the latter value, then we accept the hypothesis, otherwise
we reject it. The details of the calculation are given in the fourth-sixth columns of Table
9.7. On the basis of the data the estimation of the mean number of individuals in a
quadrat, and at the same time the estimate λ is 147

293
= 1.99. Since 5.681 (see Table 9.7)
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i
quantity class

ki

number of observations
fi

fiki p̂i = λ̂kie−λ̂

ki!
(fi−147p̂i)2

147p̂i

0 0 16 0 0.137 0.851
1 1 41 41 0.272 0.026
2 2 49 98 0.271 2.108
3 3 20 60 0.180 1.577
4 4 14 56 0.089 0.064
5 5 5 25 0.036 0.016
6 6 1 6 0.012 0.331
7 7 1 7 0.003 0.709∑

: 147
∑

: 293
∑

: 1
∑

: χ2 = 5.681

Table 9.7: Frequencies of quadrats containing a given number of individual plants (Ex-
ample 9.14).

is smaller than 10.6, at a significance level of 1 − α = 0.90, we accept that the number
of individuals in a quadrat has Poisson distribution.

Let us also solve the problem by satisfying the requirement described in the Remark
of Introduction of Section 9.2.1 namely, that all the observed cell frequencies reach the
value of 10. To this aim we unite classes 4-7. The observed cell frequency belonging to
the united class or cell is: f ′5 = 21. The value p̂′5 belonging to the united cell is the sum

of the original values p̂4, p̂5, p̂6 and p̂7: 0.140. Moreover,
(f ′5−147p̂′5)2

147p̂′5
= 0.008571. The

value of χ2 is: 0.851 + . . . + 1.577 + 0.00857 = 4.571. Now the parameter is 5 − 2, the
critical value χ2

3,0.10 by parameter 3 at a significance level of 1− α = 0.90 from Table IV
is 6.25, and so the value 4.571 of the test statistic is smaller. Therefore we accept H0

also in this case. �

Normality test

We examine the hypothesis that X is normally distributed. On the basis of our previous
considerations, let us test the particular hypothesis at a significance level of 1 − α that
the studied random variable X is normally distributed. First let us make the indepen-
dent observations x1, x2, . . . , xn with respect to the continuous random variable X, then
classify the observations into the r intervals (−∞, a1), [a1, a2), . . . , [ar−1,+∞). Assume
that the numbers of observations falling into the classes are f1, f2, . . . , fr (observed cell
frequencies).

From the sample we calculate the sample mean x =: m̂ as estimate of the expected
value m and the empirical standard deviation

√
mss =: σ̂ (both are maximum likelihood

estimates, required for the applicability of the test, cf. the Introduction of Section 9.2.1).
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It is easy to show that if a random variable Y is normally distributed with parameters
m̂ and σ̂, then the corresponding observation falls into the ith interval with probability

p̂i = Φ

(
ai − m̂
σ̂

)
− Φ

(
ai−1 − m̂

σ̂

)
,

i = 1, 2, . . . , r (see formula (5.3)). Namely, the difference between the above two function
values of the standard normal distribution Φ is the probability that

ai−1 − m̂
σ̂

≤ Y − m̂
σ̂

<
ai − m̂
σ̂

,

but this event is equivalent to the event ai−1 ≤ Y < ai, which means that Y falls into
the ith interval.

Now we can already calculate the (estimated) theoretical cell frequencies, and deter-
mine the observation for the test statistic χ2. If the significance level is 1− α, then the
critical (one-sided) chi-squared value is χ2

r−3,α, since now the number s of the estimated
parameters is 2.

We remark that normality testing has several methods which take into account the
special properties of the distribution as well, and so are more efficient.

Example 9.15. In a survey, the resting pulse per minute was measured for n = 65
female athletes. The results can be considered as independent observations. The re-
sults with the class frequencies are given in the second and third columns of Table 9.8.
Test the hypothesis that the pulse rate at rest is approximately normally distributed at a
significance level of 1− α = 0.95.

Remark: We can only talk about approximately normal distribution, since (a) the
pulse rate can only assume a positive value, however, for a normally distributed random
variable X the event X < 0 has a positive probability,

(b) the measured pulse rate can only be an integer, while the normal distribution is
continuous.

Values outside the range of the upper and lower boundaries of the classes have not
been registered. In order to estimate the parameters, all values falling into a class have
been replaced by the class mean. Moreover, at first sight it could seem obvious to choose
the value 63 instead of 63.5 as a class mean in the frequency class [62-65) in Table 9.8,
since only the values 62, 63 and 64 can fall into this class because the measured pulse rate
is an integer. The same holds for the other class means. However, further considerations,
not discussed in detail here, make it more suitable to use the class means given in the
table.

Solution: The number of classes is r = 9, the number of necessary parameter esti-
mations is 2 (we want to estimate the expected value m and the standard deviation σ).
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Therefore the test statistic χ2 to be applied has approximately chi-squared distribution
with parameter 9 − 1 − 2 = 6. The (one-sided) critical value at a significance level of
0.95 is χ6,0.05 = 12.6 (see Table IV). Thus, if the value of the test statistic is smaller
than 12.6, we will accept the hypothesis, otherwise we will reject it. The details of the
calculation of the maximum likelihood estimation of parameters m̂ = x and σ̂ =

√
mss

can be found in columns 4-6 of Table 9.8, while the details of the calculation of the test
statistic χ2 are given in the corresponding columns of Table 9.9.

i
frequency class

x0i − x1i
class frequency

fi

class mean
xi

fixi fi(xi − 74.72)2

1 [62–65) 3 63.5 190.5 377.7
2 [65–68) 6 66.5 399.0 405.4
3 [68–71) 8 69.5 556.0 218.0
4 [71–74) 12 72.5 870.0 59.1
5 [74–77) 14 75.5 1057.0 8.5
6 [77–80) 10 78.5 785.0 142.9
7 [80–83) 7 81.5 570.5 321.8
8 [83–86) 3 84.5 253.5 286.9
9 [86–89) 2 87.5 175.0 326.7∑

: 65
∑

: 4856.5
∑

: 2147.0

Table 9.8: Statistics for athletes’ pulse rate at rest, Example 9.15.

For the calculation of the values p̂i the table of Φ values (Table I) was used. For a
negative argument z the relation Φ(z) = 1 − Φ(−z) was applied (see formula (5.2) in

Section 5.2.2). m̂ = x̃ = 4856.5
65

= 74.72, ˜̂σ =
√

2147
65

= 5.75; here the symbol ˜ refers

to the fact that we had to use the centres of the related classes instead of the original
values, which causes some bias.

The calculated test statistic χ2 = 1.074 is smaller than the critical value χ6,0.05 = 12.6,
so we accept the hypothesis at a significance level of 1− α = 0.95.

We ignored the requirement for the oberved cell frequencies, and treated also the
requirements (cf. Table 9.9, column 65p̂i) for the (estimated) theoretical cell frequencies
flexibly, and so we did not combine cells. �

Test of independence of random variables

Consider the pair of the given random variables X and Y . Similarly to Section 9.2.1 any
member of the pair can be a qualitative variable. We wish to test the independence of
X and Y .
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i

upper
class

boundary
x1i

fi

transformed upper
class boundary

zi = x1i−74.72
5.75

Φ(zi)

p̂i = Φ(zi)− Φ(zi−1)

(i = 1, 2, . . . , 8)
(z0 = −∞)

65p̂i
(fi−65p̂i)2

65p̂i

1 65 3 −1.69 0.046 0.045 2.93 0.002
2 68 6 −1.17 0.121 0.076 4.94 0.227
3 71 8 −0.65 0.258 0.137 8.91 0.092
4 74 12 −0.13 0.452 0.194 12.61 0.030
5 77 14 0.40 0.655 0.203 13.20 0.049
6 80 10 0.92 0.821 0.166 10.79 0.058
7 83 7 1.44 0.925 0.104 6.76 0.009
8 86 3 1.96 0.975 0.050 3.25 0.019
9 89 2 2.48 0.993 0.018 1.17 0.589

χ2 = 1.074

Table 9.9: Details of the calculation in the normality test. The original data can be
found in Table 9.8.

Appoint or consider as given two complete sets of events A1, A2, . . . , Ar, and B1,
B2, . . . , Bs for the random variables as described in the Introduction of Section 9.2.1.
In the case of the ”usual”, real-valued random variables here it is also customary to
divide the real line into r neighbouring intervals (−∞, a1), [a1, a2), . . . , [ar−1,+∞) and
s neighbouring intervals (−∞, b1), (b1, b2), . . . , (bs−1,+∞), respectively, where the events
Ai, and Bj mean that the observations fall into these intervals. Assume that P (X ∈
Ai) = P (Ai) = pi, i = 1, 2, . . . , r and P (Y ∈ Bj) = P (Bj) = p′j, j = 1, 2, . . . , s. We
restrict the independence of the two random variables to the events Ai, Bj and AiBj,
i = 1, 2, . . . , r, j = 1, 2, . . . , s, in other words, we formulate it for the random variables
X̃ and Ỹ , leading to the probability distributions p1, p2, . . . , pr and p′1, p

′
2, . . . , p

′
s (!), the

independence hypothesis of which can be formulated as

H0 : P (X ∈ Ai, Y ∈ Bj) = P (X ∈ Ai) · P (Y ∈ Bj) for all pairs i, j.

Let the alternative hypothesis be H1:”H0 does not hold”.

Assume that we have the pairs of quantitative or qualitative data (xi, yi), i =
1, 2, . . . , n with respect to the independent observations. Let us construct a contin-
gency table (see also Section 6.1) on the basis of the number fij of those cases where
the observation of X led to the occurrence of Ai, and the observation of Y to the occur-

rence of Bj, i = 1, 2, . . . , r, j = 1, 2, . . . , s (Table 9.10);
r∑
i=1

s∑
j=1

fij = n is the number of

observations.
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A1 A2 A3 A4

B1 f11 f12 f13 f14 f1•
B2 f21 f22 f23 f24 f2•
B3 f31 f32 f33 f34 f3•

f•1 f•2 f•3 f•4 n

Table 9.10: Contingency table with the observed cell frequencies and the marginal fre-
quencies with r = 4, s = 3.

Denote the number of occurrences of the events Ai and Bj by fi• and f•j, respectively.
These are obtained by adding up the entries in the corresponding rows and columns:

fi• = fi1 + fi2 + . . .+ fis,

f•j = f1j + f2j + . . .+ frj,

i = 1, 2, . . . , r, j = 1, 2, . . . , s.

The frequencies fi• and f•j are called marginal frequencies, cf. Section 6.1. The

frequencies fij are the observed cell frequencies, and the ratios
fi•·f•j
n

are the expected
theoretical cell frequencies in case H0 holds. The latter name is explained by the fact
that, if H0 is true, i.e., X and Y are independent, then relying on the approximations
fi•
n
≈ P (Ai),

f•j
n
≈ P (Bj), the probability P (AiBj) equals P (Ai) · P (Bj) in case H0

holds. Thus, after n independent repetitions the expected value of the cell frequency can
be estimated as

eij := n
fi•
n
· f•j
n

=
fi•f•j
n

, i = 1, 2, . . . , r, j = 1, 2, . . . , s.

One can verify that if the random variables X and Y are independent, then the test
statistic (with the local notation χ2)

χ2 :=
r∑
i=1

s∑
j=1

(
fij − fi•f•j

n

)2
fi•f•j
n

has an asymptotically chi-squares distribution with parameter (r− 1)(s− 1) as n→∞.
As far as the parameter is concerned, the cross-classification of the events leads to rs
categories. (On the other hand, the numbers of estimations of the marginal probabilities
are r− 1 and s− 1, taking into account that in the first case we do not need to estimate
due to p1+p2+ . . .+pr = 1, and the same holds for the probabilities p′. So the estimation
involves (r−1)+(s−1) parameters. We have rs−1−((r−1)+(s−1)) = (r−1)(s−1).)
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On this basis we can determine the critical value and we decide about the hypothesis
of the independence. Concretely, determine at a significance level of 1 − α the (one-
sided) critical value χ2

(r−1)(s−1),α from the corresponding Table IV, then examine if the

value of the test statistic χ2 is smaller or greater than that. In the first case we accept
the hypothesis H0 at the significance level 1− α, otherwise we reject it.

In case of categorical random variables r = s = 2 is especially common. The observed
cell frequencies of the 2×2 contingency table are often denoted simply as a, b, c, d (Table
9.11).

B B

A a b a+ b

A c d c+ d

a+ c b+ d a+ b+ c+ d

Table 9.11: A 2× 2 contingency table.

In this simple case it is easy to show that the observed value of the test statistic χ2

can be written in the form

n(ad− bc)2

(a+ b)(c+ d)(a+ c)(b+ d)
. (9.15)

The parameter of the test statistic is (2− 1)(2− 1) = 1.
During the application of the test in practice, one should be careful with the cell

frequencies. Particularly, none of the theoretical cell frequencies should be ideally smaller
than 5.

Example 9.16. In a human population the colour of hair and the sex of 300 randomly
and independently chosen people were registered. The result (Table 9.12) was the 300
independent observations for the pair of random variables (X, Y ) := (colour of hair, sex).

We would like to check the assumption, considered as hypothesis H0, at a significance
level of 1−α = 0.95, that the colour of hair is independent of the sex. (H1:”H0 does not
hold”.)

Solution: First, we note that some arbitrarily assigned values of X and Y are irrele-
vant. The calculation can be based on the case numbers.

In this manner we trace back the task to studying the independence of X and Y . The
parameter of the test statistic χ2 is (4− 1)(2− 1) = 3. The (one-sided) critical value at
a significance level of 1 − α = 0.95, by the parameter 3 (see Table IV) is χ3,0.05 = 7.81.
The details of the calculation are given in Table 9.13.
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black brown red blond

man 32 43 9 16 100
woman 55 65 16 64 200

87 108 25 80 300

Table 9.12: Contingency table for studying the independence between colour of hair and
sex. Data for Example 9.16.

theoretical cell frequency

eij = fi•f•i
300

(fij−eij)2
eij

Y = 1

X = 1
X = 2
X = 3
X = 4

29.00
36.00
8.33
26.67

0.31
1.36
0.05
4.27

Y = 2

X = 1
X = 2
X = 3
X = 4

58.00
72.00
16.67
53.33

0.16
0.68
0.03
2.13∑

: χ2 = 8.99

Table 9.13: Details of the calculation for testing the hypothesis that the colour of hair
and sex are independent (Example 9.16). The original data are given in Table 9.12.

Since the observed value of the test statistic χ2 is 8.99, which is greater than the
critical value 7.81, we reject the independence hypothesis at a significance level of 0.95.

Remark : We did not need to combine cells; we may ignore that one of the observed
cell frequencies is only 9 (and so does not reach 10). �

Example 9.17. For vaccination against a disease the numbers of cases with marginal
frequencies are given in Table 9.14

Let us examine the null hypothesis that the vaccination and the susceptibility to the
disease are independent by using the chi-squared test at a significance level of 0.99. (The
major requirement for the applicability of the test is satisfied in case all the theoretical
cell frequencies exceed the value of 5. Indeed, now we have

149 · 20

281
= 10.05, 149 · 261

281
= 138.39, 132 · 20

281
= 9.39, 132 · 261

281
= 122.60.)

Solution: The critical value (from Table IV) is χ1,0.01 = 6.63. According to formula
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disease (+/−)
+ −

vaccination + 5 144 149
(+/−) − 15 117 132

20 261 281

Table 9.14: Data for studying the relationship between vaccination and disease, Example
9.17.

(9.15), for the value of the test statistic we obtain

χ2 =
281 · (5 · 117− 144 · 15)2

149 · 132 · 20 · 261
= 6.79.

The latter exceeds the critical value, therefore the null hypothesis that the vaccination
and the disease are independent is rejected at a significance level of 0.99 which indicates
that vaccinated people are less susceptible to the disease. �

Example 9.18. Two different diseases appeared on the plant individuals of a stand. The
severity of both diseases can be weak, average or strong. The results of the survey on the
disease are given in Table 9.15. We wish to study at a significance level of 0.95 the null
hypothesis that the severity levels of the two diseases are independent.

severity of disease 1 disease 1
weak strong average altogether

severity weak 34 18 24 76
of strong 24 40 49 113

disease 2 average 42 30 39 111

disease 2 altogether 100 88 112
∑

: 300

Table 9.15: Numbers of cases with respect to the severity of plant diseases, Example
9.18.

Solution: Since the number of categories with both diseases is 3, the critical value at
a significance level of 0.95 with parameter (r − 1)(s− 1) = 4 is χ2

4,0.05 = 9.49.

The details of the calculations of the test statistic can be found in Table 9.16.
Since the value of the test statistic exceeds the critical value, the null hypothesis

about the independence of the severity of the diseases is rejected at a significance level
of 0.95. �
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observed
cell frequency

fij

theoretical
cell frequency

f̂ij

(fij−f̂ij)2

f̂ij

34 25.33 2.97
18 22.29 0.83
24 28.37 0.67
24 37.67 4.96
40 33.15 1.42
42 37.00 0.68
30 32.56 0.20
39 41.44 0.14∑

: 12.96

Table 9.16: Details of the calculations for the chi-squared test, Example 9.18.

Test of homogeneity

We study the hypothesis that for given random variables X and Y the corresponding
distributions F (x) and G(x) are equal: H0 : P (X < x) = P (Y < x), x ∈ R.

The alternative hypothesis can be: ”H0 does not hold”.

Assume that the numbers of observations falling into class Ai (mentioned in the
Introduction of Section 9.2.1) is obsX,i =: oX,i and oY,i, respectively, for the random
variables X and Y on the basis of the corresponding nX and nY independent observations,
i = 1, 2, . . . , r. If H0 holds then the two kinds of expected or theoretical frequency in
the different classes are

eX,i = (oX,i + oY,i)
nX
n

and eY,i = (oX,i + oY,i)
nY
n
, i = 1, 2, . . . ,

since oX,i and oY,i are case numbers of altogether n observations for random variables of
the same distribution.

The (observed) value of the test statistic (with the local notation χ2) is

χ2 :=
r∑
i=1

(oX,i − eX,i)2

eX,i
+

r∑
i=1

(oY,i − eY,i)2

eY,i
.

If the null hypothesis holds, then for large n and m the test statistic has a chi-squared
distribution with parameter r−1. Therefore, after specifying the significance level 1−α,
we perform a chi-squared test for the homogeneity hypothesis, too. The (one-sided)
critical value at the significance level 1− α is χ2

r−1,α, as above.
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i
frequency

class

number of athletes
in group 1,

fi

number of athletes
in group 2,

gi

1 [62–65) 4 3
2 [65–68) 8 6
3 [68–71) 8 8
4 [71–74) 10 12
5 [74–77) 11 14
6 [77–80) 11 10
7 [80–83) 6 7
8 [83–86) 2 3
9 [86–89) 0 2

Table 9.17: Frequencies for the pulse rate per minute, Example 9.19.

Example 9.19. Table 9.17 contains data on resting pulse rates in two groups of athletes.
Let us make a homogeneity test at a significance level of 1 − α = 0.95 in order to

check the hypothesis that the pulse rates as random variables have the same distribution
in the two groups.

Solution: For the applicability of the chi-squared test we first combine the first two
classes and the last three classes (as a compromise, we do not contract any other classes,
since it would decrease the efficiency of the test). The combined cell frequencies can be
seen in Table 9.18. We can establish that the desired cell properties are satisfied, see the
first four columns of the table.

oX,i oY,i eX,i eY,i (oX,i − eX,i)2/eX,i (oY,i − eY,i)2/eY,i
12 9 10.08 10.92 0.365714 0.337582
8 8 7.68 8.32 0.013333 0.012308
10 12 10.56 11.44 0.029697 0.027413
11 14 12 13 0.083333 0.076923
11 10 10.08 10.92 0.083968 0.077509
8 12 9.6 10.4 0.266667 0.246154∑

: 0.842713
∑

: 0.777889

Table 9.18: Testing homogeneity. Data and details of the calculation. χ2 = 0.842 +
0.777 = 1.620, Example 9.19.

From Table IV, the critical value χ2
5,0.05 corresponding to the significance level 0.95
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and parameter r − 1 = 5 is 11.1.
By using the notations introduced in the description of homogeneity testing, we have

r = 6, n = 60, m = 65. The calculation of the test statistic: (780−540)2
21

= 2742.9; and
similarly, the further terms: 100.0; 222.7; 625.0; 629.8; 2000.0. Then the value of the
observation is:

2742.9 + 100.0 + 222.7 + 625.0 + 629.8 + 2000.0

60 · 65
= 1.620.

The critical value is greater than the value of the test statistic, therefore at a significance
level of 1− α = 0.95 we accept the hypothesis for homogeneity.

Remark : Note that here we did not rely on the knowledge of the nature of the
quantitative classes given in Table 9.17. �

For homogeneity testing one can also use the Mann-Whitney U -test, to be discussed
in Section 10.2, which is based on the ranks of the observed values, and so is applicable
to rank-valued random variables as well.
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Chapter 10

Further statistical tests for the
distribution and parameters of
random variables

Above, in connection with the applicability of the chi-squared test we emphasized the re-
quirements for the cell frequencies and the fact that the test statistic only approximately
has a chi-squared distribution. All this explains why other procedures are also used in
the hypothesis testing of distributions. Some will be reviewed in the sequel.

10.1 Kolmogorov test for checking the equality of a

continuous distribution function and a known

distribution function

This test is also known as the one-sample Kolmogorov–Smirnov test. First of all we
remark that further tests are also referred to as Kolgomorov test in the literature.

The null hypothesis, similarly to that in Section 9.2.1, is:

H0 : P (X < x) = G(x), x ∈ R,

i.e., the distribution function of the random variable X is G. The alternative hypothesis
can be for example H1:”H0 does not hold”.

The (two-sided) test is based on the empirical distribution function Fn(x), the defi-
nition of which reads (see Section 4.6)

Fn(x) =
number of observed values smaller than x

n
, x ∈ R.
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Figure 10.1: Explanatory sketch for the calculation of the difference between the empir-
ical (F5) and theoretical (F ) distribution functions.

Performing the two-sided test, let us first specify the significance level 1−α. From the
corresponding table (Table V) we look up the critical value Dn,α. Denote the increasing
sequence of the observed elements as x∗1, x

∗
1, . . . , x

∗
n. From this sequence let us determine

the values of the empirical distribution function Fn(x∗i ) and G(x∗i ) (i = 1, 2, . . . , n). Take
all the absolute values |Fn(x∗i )−G(x∗i )| and

∣∣Fn(x∗i )−G(x∗i+1)
∣∣ (the value of G(x∗n+1)

should be taken as 1), and then find the common maximum Dn of the two sequences
of values with respect to i. (At the points of discontinuity of the empirical distribution
function two kinds of differences are to be taken into account, cf. Fig. 10.1). If the
observation with respect to the test statistic Dn exceeds the critical value, then we reject
the hypothesis H0.

It is recommended to use a sample size greater than 20.

Remark : The two-sided Kolmogorov–Smirnov test can be applied if the null hypoth-
esis is the equality of two continuous distribution functions.

Example 10.1. From a sample containing eight sample elements we seek the answer at
a significance level of 1−α = 0.95 to the null hypothesis that the given sample originates
from a normally distributed random variable with expected value m = 11 and standard
deviation σ = 1. The inceasingly ordered eight observations can be found in the second
column of Table 10.1.

Solution: The required maximum as value of the test statistic is 0.459. On the other
hand, from Table V D8,0.05 = 0.457, which is smaller than the value of the test statistic.
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i x∗i F8(x
∗
i ) G(x∗1) |F8(x

∗
i )−G(x∗i )|

∣∣F8(x
∗
i )−G(x∗i+1)

∣∣
1 9.41 0.125† 0.056†† 0.069 0.015
2 9.92 0.250 0.140 0.110 0.459
3 11.55 0.375 0.709 0.334 0.351
4 11.60 0.500 0.726 0.226 0.267
5 11.73 0.625 0.767 0.142 0.216
6 12.00 0.750 0.841 0.091 0.105
7 12.06 0.875 0.855 0.020 0.103
8 13.02 1.000 0.978 0.022 0†††

Table 10.1: Data and details of the calculation for the Kolmogorov test. †: 0.125 = 1
8
,

under that 0.250 = 2
8
, etc., ††: since Φ

(
9.41−11

1

)
= Φ(−1.59) = 1−Φ(1.59) = 0.056, etc.,

†††: 1.0− 1.0.

Therefore, we reject the null hypothesis. (The example serves for illustration, and so we
ignored the requirement that the sample size should be greater than 20.) �

10.2 The Mann–Whitney test or Wilcoxon rank-sum

test

The null hypothesis H0 to be tested is

H0 : P (X < x) = P (Y < x), x ∈ R,

i.e., the unknown random variables X and Y have the same distribution. The alternative
hypothesis can be for example H1:”H0 does not hold”.

By this alternative hypothesis we will use the two-sided version of the test again.
As opposed to the above tests, this one can also be applied to ordinal (”rank-valued”)
random variables when the ranking of the sample elements, obtained by combination of
the two samples, is known (see below).

The statistical properties of the test strongly depend on certain properties of the two
random variables. Opinions about the applicability of the test vary in the literature
in spite of its widespread use. It can be better applied if the medians of X and Y
significantly differ, but in addition to this, X and Y mainly differs only in that Y can
be approximately considered as a ”shifted”X2 variable.

The test

Denote the sample sizes relating to X and Y by n and m, respectively. Specify the
significance level 1−α. Let us determine the critical value Un,m,α at the significance level
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1− α from the table of critical values of the two-sided test (Table VI)
Moreover, let the independent sample elements of X and Y be x1, x2, . . . , xn, y1, y2,

. . . , ym. From the unified sample we prepare the increasing sequence of length m+ n of
the sample elements. Then we sum up the ranks of the elements of one of the samples
in the unified sequence. The sum, which is a random variable, will be denoted by T1.
We calculate the rank sum for the other sample, too, and denote it by T2. Denote by
n∗ the size of the sample which provided the higher T -value, Tmax. Finally, make up the
random variable U := nm+ n∗ n

∗+1
2
− Tmax. (It is easy to show that the right-hand side

is always positive.) In case of tied ranks U should be calculated using the tied ranks of
the concerned data.

If, at the given significance level 1 − α, the observation u of the test statistic U
falls into the interval of acceptance (Un,m,α,+∞), then we accept the null hypothesis
at the significance level α, namely that the distributions against the given alternative
hypothesis H1 are the same, otherwise we reject it. (If the sample size is too small, then
the corresponding value is absent in the table due to the great uncertainty of the test.)

Example 10.2. The time elapsed until the registration of tumours was studied on rats
kept on normal and restricted calory diet. The observations are given in Table 10.2.

restricted calorie group control group
index of individual time (in days) index of individual time (in days)

1 199 1 68
2 126 2 112
3 81 3 112
4 50 4 80
5 51 5 90
6 63
7 71

Table 10.2: The time for tumour formation in rats, Example 10.2.

Examine by the two-sided Mann-Whitney U-test at the significance level 1−α = 0.95
the null hypothesis that the random time interval has the same distribution for the two
groups.

Solution: The sample sizes are n = 7, m = 5. The critical value from Table VI is
U7,5,0.05 = 5.

Write down the data by indicating the ranks as follows:

1 2 3 4 5 6 7 8 9 10 11 12
50 51 63 71 81 126 199

68 80 90 112 112
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We can establish that T1 = 1 + 2 + 3 + 5 + 7 + 11 + 12 = 41, T2 = 37, Tmax = 41, n∗ = 7.
According to this, the observation u of U is: u = 7 · 5 + 7 · 7+1

2
− 41 = 22. The latter

exceeds the critical value of 5, therefore we accept the null hypothesis at the significance
level of 0.95 that the distributions are the same.

Remark : As mentioned, for the formulation and solution of the task it would have
been enough to know the ranks and groups of the elements in the unified data set. �

10.3 Kruskal–Wallis test

This test, which is also based on ranks and so is applicable to ordinal variables as well,
is suitable for checking the identity of two or more, not necessarily normal distributions,
first of all in the following case:

Assume that k populations are given in the model, the individuals of which have
gone through an assumed ”effect” or ”treatment”, which, according to the hypothesis
H0, was the same within each group. Denote by Xij the random variable with respect
to the quantitative characteristic, observed on the jth individual of the ith population,
i = 1, 2, . . . , k, j = 1, 2, . . . , ni. According to the model, in many respects similar to that
introduced in Section 9.1.6 (see formula (9.8)):

Xij = µ+ τi + εij, i = 1, 2, . . . , k, j = 1, 2, . . . , ni,

where τi is the deterministic group effect or treatment effect resulting from the ith ”treat-
ment”, and the continuous random variables εij are independent random error terms with
the same distribution. Note that in the present test the normal distribution of the ran-
dom variables Xij (or εij) is not assumed.

So, the test is for the null hypothesis on the group effects, namely that there exists
no specific group effect or treatment effect, i.e.,

H0 : τ1 = τ2 = . . . = τk.

The alternative hypothesis can be H1:”H0 does not hold”.

The test

Let us specify the significance level 1−α of the test. We can look up the (one-sided) crit-
ical value hn1,n2,...,nk,k,α for the parameter set (α, n1, n2, . . . , nk, k) from the corresponding
table. However, if even the smallest value ni is sufficiently large, then the test statistic
H (see below) has approximately a chi-squared distribution with parameter k−1, so the
critical value can be practically approximated by the critical value χ2

k−1,α.

The region of acceptance is ([0, hn1,n2,...,nk,k,α), or the interval (0, χ2
k−1,α). We reject

the hypothesis H0 if for the observation h of the statistic H we have

hk,n1,n2,...,nk,α < h, or χ2
k−1,α < h.
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As for the test statistic H, let the total sample size be N = n1 + n2 + . . . + nk and
denote by xij the observation with respect to the random variable Xij. The test statistic
is the random variable

H :=
12

N(N + 1)

k∑
i=1

R2
i

ni
− 3(N + 1),

where Ri =
ni∑
j=1

rij, and the random variable rij is the rank of xij in the unified sequence

of the increasingly ordered N observations. In case of tied ranks U should be calculated
using the tied ranks of the concerned data.

Example 10.3. Observations have been collected for the dust sensitivity Xij as a random
variable in the following three groups (of ”treatment”): a) healthy people b) people having
some other respiratory disease, c) people suffering from asbestosis. The observations are
given in Table 10.3.

j
i = 1

(healthy)
i = 2

(other respiratory disease)
i = 3

(asbestosis)

1 2.9 3.8 2.8
2 3.0 2.7 3.4
3 2.5 4.0 3.7
4 2.6 2.4 2.2
5 3.2 2.0

Table 10.3: Results of the dust sensitivity study [VV][page 107] for Example 10.3.

According to the applied model the dust sensitivity can be written as:

Xij = µ+ τi + εij,

where τi is the ith group effect, and the error terms εij are independent random variables
of the same distribution.

The null hypothesis H0 is: the group effects τi (i = 1, 2, 3) do not differ. Let the
alternative hypothesis be H1:”H0 does not hold”.

Let us test the null hypothesis at a significance level of 1− α = 0.90.

Solution: In this case k = 3, α = 0.10, n1 = n3 = 5, n2 = 4. Let the critical value be
approximated by χ2

2,0.10 (cf. the above considerations). From Table IV it is χ2
2,0.10 = 4.61.

For the calculation of the test statistic let us first put the observed values in ascending
order:

2.0 2.2 2.4 2.5 2.6 2.7 2.8 2.9 3.0 3.2 3.4 3.7 3.8 4.0.

162



The sum of ranks in the first group is: R1 = 4 + 5 + 8 + 9 + 10 = 36. Similarly, R2 = 36,
R3 = 33.

The value of the test statistic:

H =
12

14.15

(
362

5
+

362

4
+

332

5

)
− 3 · 15 = 0.771.

Since the latter is smaller than the critical value, the hypothesis H0 that the three
group effects are identical is accepted against the alternative hypothesis H1 at the given
significance level. �
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Chapter 11

Further tests on correlation

Testing the significance of dependence between random variables by analysing biological
observations is a rather common task. Numerous statistical methods have been elabo-
rated for testing the dependence. Special methods can be applied in case of rank-valued
random variables. A similarly frequent problem is testing the change in the strength of
dependence in case of different pairs of random variables. Some of the most frequently
used methods regarding these questions is reviewed briefly in the present section.

11.1 Testing whether the correlation coefficient is

zero

A frequent task regarding a two-variable random distribution (X, Y ) is checking the
two-sided null hypothesis

H0 : r := r(X, Y ) = 0

against, for example, the alternative hypothesis H1 : r 6= 0.
In case of a two-variable normal distribution this test is equivalent to testing the

independence of the random variables, for in this case zero correlation is equivalent to
independence, cf. Section 6.2.1. Although testing the independence can be performed
also by applying a chi-squared test, the investigation discussed in the recent section is
similarly frequently used.

The point estimate r̂ with respect to r is the random variable, in another respect an
observation, see Section 8.2.4:

r̂ :=

n∑
i=1

(xi − x)(yi − y)√
n∑
i=1

(xi − x)2
√

n∑
i=1

(yi − y)2
,

164



where x and y are the two sample means as estimates of the expected values E(X) and
E(Y ).

It is known that the random variable

t :=
r̂
√
n− 2√

1− r̂2

(in local notation) has approximately t-distribution with parameter n−2 if the hypothesis
H0 holds. The random variable t will be chosen as test statistic as follows. By taking t
as an observation:

t′ :=
r̂
√
n− 2√

1− r̂2
. (11.1)

From the fact that the test statistic t′ has approximately t-distribution with parameter
n− 2 in case H0 : r = 0 is true it follows that there is a possible procedure for the two-
sided test corresponding to the given alternative hypothesis: If for t′ and the two-sided
critical values we have −tn−2,α < t′ < tn−2,α, then we accept H0 at a significance level of
1−α against H1 (the region of acceptance is the interval (−tn−2,α, tn−2,α). Otherwise we
reject the hypothesis H0. If the sample size n is sufficiently large then, instead of tn−2,α,
we can use the critical value t∞,α = uα as a good approximation. On the other hand,
from the critical value tn−2,α we can calculate directly the critical value of r̂ as well for
a given n.

Remark : If n is small, then we can only consider relatively large values of r̂ as being
significantly different from zero. For example, if n = 10, then in the case of α = 0.05 the
critical value with respect to r̂ in absolute value is 0.632 according to the calculation. If
n = 33, then for α = 0.05 this critical value of r̂ is 0.344.

Example 11.1. In Example 8.13 we obtained the estimated value for the correlation
coefficient as −0.4629. The sample size was 17. Test the null hypothesis that the cor-
relation coefficient is zero at a significance level of 1 − α = 0.95 against the alternative
hypothesis H1 : r 6= 0.

Solution: The two-sided critical value is t15,0.05 = 2.131. The value of the test statistic
is:

t′ =
−0, 4629 ·

√
15√

1− 0, 46252
= −2, 0221.

The latter value falls into the region of acceptance (−2.131, 2.131), so we accept the null
hypothesis H0 : r = 0 against the above H1.
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11.2 Fisher’s transformation method for testing the

equality of two correlation coefficients

Now the null hypothesis is H0 : r1 = r2. The alternative hypothesis can be for instance
H1 : r1 6= r2. This test is also frequently used in case of normally distributed random
variables.

Denote the two sample sizes with respect to the random variables by n1 and n2. Let
us consider the so-called Fisher-transformed variables

F (r̂1) :=
1

2
ln

1 + r̂1
1− r̂1

, F (r̂2) :=
1

2
ln

1 + r̂2
1− r̂2

.

It is known that in case H0 : r1 = r2 is true, the random variable

z :=
F (r̂1)− F (r̂2)√

1
n1−3 + 1

n2−3

is approximately of standard normal distribution. In case of a two-sided test and a
significance level of 1 − α, zα is determined by the relation P (−zα < z < zα) = 1 − α,
i.e., Φ(zα) = 1 − α

2
due to the standard normal distribution of z (cf. the considerations

about the value up in Remark 3 after Example 8.6). From this relation the critical value
zα is easy to determine.

Example 11.2. In an experiment on learning processes, conducted on rats, the time
(in days) needed for learning a maze and the number of mistakes per day committed by
the individuals during the running have been studied in a control group and a trained
group. There were 10 animals in each groups (the equality of the two sample sizes has
no importance).

The null hypothesis was that the correlation coefficients between the time of learning
and the number of mistakes in the two groups (rcontrol = 0.934 and rtrained = 0.831)
do not differ significantly.

Examine the null hypothesis H0 at a significance level of 1 − α = 0.95 against the
above alternative hypothesis [HAJ][1968, page 256].

Solution: The critical value is u0.05 = 1.96 (cf. the previous Remark and the last
column of Table II). So the region of acceptance is (−1.96, 1.96).

The transformed correlation coefficients are:

1

2
ln

1 + 0.934

1− 0.934
= 1.689 and

1

2
ln

1 + 0.831

1− 0.831
= 1.191.

Therefore the observation z′ with respect to the test statistic z is:

z′ =
1.689− 1.191√

1
7

+ 1
7

= 0.932.
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The latter value falls into the region of acceptance, so we accept the null hypothesis H0

about the equality of the correlation coefficients against H1.

11.3 Testing whether Spearman’s rank correlation

coefficient is zero

The test described below can be applied for any two-dimensional random variable (X, Y )
by a sufficiently large number of observations n. One can use the analogue of the already
introduced test for the correlation coefficient r by replacing r̂ with %̂ in formula (11.1)
according to the notation introduced in Section 6.2.2. The (two-sided) critical values can
be determined by applying the t-table (Table II).

Example 11.3. In Example 8.15 we obtained the estimate (observation) of 0.924 for
Sperman’s rank correlation coefficient % for a sample of ten elements. Test the null
hypothesis H0 : % = 0 at a significance level of 1 − α = 0.95 against the alternative
hypothesis H1 : % 6= 0.

Solution: In view of the nature of the alternative hypothesis, we apply a two-sided
test. Since the random variable t′ in formula (11.1) has, to a good approximation, t-
distribution with parameter n− 2 = 8, the critical value in the two-sided test is t8,0.05 =
2.306, see Table II. So the region of acceptance is the interval (−2.306, 2.306).

The value of the test statistic is:

t′ = 0.923

√
8

1− 0.9232
= 6.784.

This falls outside the region of acceptance, therefore the null hypothesis H0 : % = 0 is to
be rejected against H1 at the significance level 0.95.

11.4 Testing whether Kendall’s rank correlation co-

efficient is zero

The test described below can be applied for any two-dimensional random variable (X, Y )
by a sufficiently large number of observations n, provided there are no equal values within
the two sequences of observations or tied ranks, see Section 6.2.2.

Let the null hypothesis be: H0 : τ = 0. The alternative hypothesis can be H1 : τ 6= 0.
Apply the level of significance 1− α in the two-level test.
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In Section 8.2.4 we introduced the point estimate τ̂ = 2(A−B)
n(n−1) (see that subsection for

the meaning of A and B). The test statistic is the random variable

K :=
A−B(

n(n−1)(2n+5)
18

)1/2 . (11.2)

For a sufficiently large n, K has approximately standard normal distribution if H0 is
true. Thus, by the above two-sided alternative hypothesis, the region of acceptance of
the two-sided test is approximately (−uα, uα), where Φ(uα) = 1− α

2
, see formula (8.6).

(If the non-negativity of τ is precluded, and so we formulate the one-sided alternative
hypothesis

H
′

1 : 0 < τ,

then we apply a one-sided test, where the critical region is the interval (−∞, u∗α) at a
significance level of α with Φ(u∗α) = 1− α.)

For the exact test where the possibility of approximation is ignored see [VV][Section
3.4.1].

Example 11.4. In Example 8.14 the value τ̂ was equal to 0.511. Test the null hypothesis
τ = 0 at a significance level of 1 − α = 0.95 and 1 − α = 0.99 against the alternative
hypothesis H1 : τ 6= 0, and then, against H

′
1, at a significance level of 1− α = 0.95.

Solution: The critical values for the two-sided test with respect to the standard
normal distribution at a significance level of 1 − α = 0.95 and 0.99 are 1.96 and 2.58,
respectively. The critical value for the one-sided test at a significance level of 0.95 is
1.65. In our case the number of sample elements is 10, A = 34, B = 11.

The value of the observation K ′ for the test statistic according to formula (11.2) is

K ′ =
23√
10·9·25

18

= 2.057.

The latter value is greater than 1.96 and smaller than 2.58, so we reject the null hypothesis
τ = 0 against H1 at a significance level of 0.95, and accept it at a significance level of 0.99.
We reject H0 against the alternative hypothesis H

′
1 at a significance level of 1−α = 0.95

in view of u∗0.05 = 1.65 and 1.65 < 2.057.
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Appendix A

Statistical tables

Table I. Values of the standard normal distribution function for non-negative arguments.

Table II. Critical values of the two-sided t-test for some significance levels and param-
eters.

Table III. Critical values of the one-sided F -test for some significance levels and param-
eters.

Table IV. Critical values of the chi-squared test for some significance levels and param-
eters.

Table V. Critical values of the Kolmogorov test for the significance level 0.05 and some
sample sizes.

Table VI. Critical values of the Mann–Whitney U -test or Wilcoxon rank-sum test for
some sample sizes with significance level 0.05.
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Table I. Values of the standard normal distribution

function for non-negative arguments x

x t = 0 t = 1 t = 2 t = 3 t = 4 t = 5 t = 6 t = 7 t = 8 t = 9

0.0t 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359
0.1t 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2t 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
0.3t 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.4t 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879
0.5t 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224
0.6t 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
0.7t 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852
0.8t 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.9t 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389
1.0t 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
1.1t 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830
1.2t 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
1.3t 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177
1.4t 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319
1.5t 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441
1.6t 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545
1.7t 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633
1.8t 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706
1.9t 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767
2.0t 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817
2.1t 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857
2.2t 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890
2.3t 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
2.4t 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936
2.5t 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
2.6t 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964
2.7t 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974
2.8t 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981
2.9t 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986
3.0t 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990
3.1t 0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 0.9992 0.9992 0.9993 0.9993
3.2t 0.9993 0.9993 0.9994 0.9994 0.9994 0.9994 0.9994 0.9995 0.9995 0.9995
3.3t 0.9995 0.9995 0.9995 0.9996 0.9996 0.9996 0.9996 0.9996 0.9996 0.9997
3.4t 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 0.9998

For negative x calculation can be based on the relation Φ(x) = 1− Φ(−x).
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Table II. Critical values tn,α of the two-sided t-test for

some significance levels α and parameters n

n α = 0.2 α = 0.1 α = 0.05 α = 0.02 α = 0.01

1 3.078 6.314 12.706 31.821 63.656
2 1.886 2.920 4.303 6.965 9.925
3 1.638 2.353 3.182 4.541 5.841
4 1.533 2.132 2.776 3.747 4.604
5 1.476 2.015 2.571 3.365 4.032
6 1.440 1.943 2.447 3.143 3.707
7 1.415 1.895 2.365 2.998 3.499
8 1.397 1.860 2.306 2.896 3.355
9 1.383 1.833 2.262 2.821 3.250
10 1.372 1.812 2.228 2.764 3.169
11 1.363 1.796 2.201 2.718 3.106
12 1.356 1.782 2.179 2.681 3.055
13 1.350 1.771 2.160 2.650 3.012
14 1.345 1.761 2.145 2.624 2.977
15 1.341 1.753 2.131 2.602 2.947
16 1.337 1.746 2.120 2.583 2.921
17 1.333 1.740 2.110 2.567 2.898
18 1.330 1.734 2.101 2.552 2.878
19 1.328 1.729 2.093 2.539 2.861
20 1.325 1.725 2.086 2.528 2.845
21 1.323 1.721 2.080 2.518 2.831
22 1.321 1.717 2.074 2.508 2.819
23 1.319 1.714 2.069 2.500 2.807
24 1.318 1.711 2.064 2.492 2.797
25 1.316 1.708 2.060 2.485 2.787
26 1.315 1.706 2.056 2.479 2.779
27 1.314 1.703 2.052 2.473 2.771
28 1.313 1.701 2.048 2.467 2.763
29 1.311 1.699 2.045 2.462 2.756
30 1.310 1.697 2.042 2.457 2.750
60 1.296 1.671 2.000 2.390 2.660
120 1.289 1.658 1.980 2.358 2.617
∞ 1.282 1.645 1.960 2.326 2.576
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Table III. Critical values Fn,m,α of the one-sided F -test

for some significance levels α and parameters (n,m) =

(f1, f2)

α = 0.05

m n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 n = 10

1 161.4476 199.5000 215.7073 224.5832 230.1619 233.9860 236.7684 238.8827 240.5433 241.8817
2 18.5128 19.0000 19.1643 19.2468 19.2964 19.3295 19.3532 19.3710 19.3848 19.3959
3 10.1280 9.5521 9.2766 9.1172 9.0135 8.9406 8.8867 8.8452 8.8123 8.7855
4 7.7086 6.9443 6.5914 6.3882 6.2561 6.1631 6.0942 6.0410 5.9988 5.9644
5 6.6079 5.7861 5.4095 5.1922 5.0503 4.9503 4.8759 4.8183 4.7725 4.7351
6 5.9874 5.1433 4.7571 4.5337 4.3874 4.2839 4.2067 4.1468 4.0990 4.0600
7 5.5914 4.7374 4.3468 4.1203 3.9715 3.8660 3.7870 3.7257 3.6767 3.6365
8 5.3177 4.4590 4.0662 3.8379 3.6875 3.5806 3.5005 3.4381 3.3881 3.3472
9 5.1174 4.2565 3.8625 3.6331 3.4817 3.3738 3.2927 3.2296 3.1789 3.1373
10 4.9646 4.1028 3.7083 3.4780 3.3258 3.2172 3.1355 3.0717 3.0204 2.9782
11 4.8443 3.9823 3.5874 3.3567 3.2039 3.0946 3.0123 2.9480 2.8962 2.8536
12 4.7472 3.8853 3.4903 3.2592 3.1059 2.9961 2.9134 2.8486 2.7964 2.7534
13 4.6672 3.8056 3.4105 3.1791 3.0254 2.9153 2.8321 2.7669 2.7144 2.6710
14 4.6001 3.7389 3.3439 3.1122 2.9582 2.8477 2.7642 2.6987 2.6458 2.6022
15 4.5431 3.6823 3.2874 3.0556 2.9013 2.7905 2.7066 2.6408 2.5876 2.5437
16 4.4940 3.6337 3.2389 3.0069 2.8524 2.7413 2.6572 2.5911 2.5377 2.4935
17 4.4513 3.5915 3.1968 2.9647 2.8100 2.6987 2.6143 2.5480 2.4943 2.4499
18 4.4139 3.5546 3.1599 2.9277 2.7729 2.6613 2.5767 2.5102 2.4563 2.4117
19 4.3807 3.5219 3.1274 2.8951 2.7401 2.6283 2.5435 2.4768 2.4227 2.3779
20 4.3512 3.4928 3.0984 2.8661 2.7109 2.5990 2.5140 2.4471 2.3928 2.3479
21 4.3248 3.4668 3.0725 2.8401 2.6848 2.5727 2.4876 2.4205 2.3660 2.3210
22 4.3009 3.4434 3.0491 2.8167 2.6613 2.5491 2.4638 2.3965 2.3419 2.2967
23 4.2793 3.4221 3.0280 2.7955 2.6400 2.5277 2.4422 2.3748 2.3201 2.2747
24 4.2597 3.4028 3.0088 2.7763 2.6207 2.5082 2.4226 2.3551 2.3002 2.2547
25 4.2417 3.3852 2.9912 2.7587 2.6030 2.4904 2.4047 2.3371 2.2821 2.2365
26 4.2252 3.3690 2.9752 2.7426 2.5868 2.4741 2.3883 2.3205 2.2655 2.2197
27 4.2100 3.3541 2.9604 2.7278 2.5719 2.4591 2.3732 2.3053 2.2501 2.2043
28 4.1960 3.3404 2.9467 2.7141 2.5581 2.4453 2.3593 2.2913 2.2360 2.1900
29 4.1830 3.3277 2.9340 2.7014 2.5454 2.4324 2.3463 2.2783 2.2229 2.1768
30 4.1709 3.3158 2.9223 2.6896 2.5336 2.4205 2.3343 2.2662 2.2107 2.1646
40 4.0847 3.2317 2.8387 2.6060 2.4495 2.3359 2.2490 2.1802 2.1240 2.0772
60 4.0012 3.1504 2.7581 2.5252 2.3683 2.2541 2.1665 2.0970 2.0401 1.9926
120 3.9201 3.0718 2.6802 2.4472 2.2899 2.1750 2.0868 2.0164 1.9588 1.9105
∞ 3.8415 2.9957 2.6049 2.3719 2.2141 2.0986 2.0096 1.9384 1.8799 1.8307
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m n = 12 n = 15 n = 20 n = 24 n = 30 n = 40 n = 60 n = 120 n =∞
1 243.9060 245.9499 248.0131 249.0518 250.0951 251.1432 252.1957 253.2529 254.3144
2 19.4125 19.4291 19.4458 19.4541 19.4624 19.4707 19.4791 19.4874 19.4957
3 8.7446 8.7029 8.6602 8.6385 8.6166 8.5944 8.5720 8.5494 8.5264
4 5.9117 5.8578 5.8025 5.7744 5.7459 5.7170 5.6877 5.6581 5.6281
5 4.6777 4.6188 4.5581 4.5272 4.4957 4.4638 4.4314 4.3985 4.3650
6 3.9999 3.9381 3.8742 3.8415 3.8082 3.7743 3.7398 3.7047 3.6689
7 3.5747 3.5107 3.4445 3.4105 3.3758 3.3404 3.3043 3.2674 3.2298
8 3.2839 3.2184 3.1503 3.1152 3.0794 3.0428 3.0053 2.9669 2.9276
9 3.0729 3.0061 2.9365 2.9005 2.8637 2.8259 2.7872 2.7475 2.7067
10 2.9130 2.8450 2.7740 2.7372 2.6996 2.6609 2.6211 2.5801 2.5379
11 2.7876 2.7186 2.6464 2.6090 2.5705 2.5309 2.4901 2.4480 2.4045
12 2.6866 2.6169 2.5436 2.5055 2.4663 2.4259 2.3842 2.3410 2.2962
13 2.6037 2.5331 2.4589 2.4202 2.3803 2.3392 2.2966 2.2524 2.2064
14 2.5342 2.4630 2.3879 2.3487 2.3082 2.2664 2.2229 2.1778 2.1307
15 2.4753 2.4034 2.3275 2.2878 2.2468 2.2043 2.1601 2.1141 2.0658
16 2.4247 2.3522 2.2756 2.2354 2.1938 2.1507 2.1058 2.0589 2.0096
17 2.3807 2.3077 2.2304 2.1898 2.1477 2.1040 2.0584 2.0107 1.9604
18 2.3421 2.2686 2.1906 2.1497 2.1071 2.0629 2.0166 1.9681 1.9168
19 2.3080 2.2341 2.1555 2.1141 2.0712 2.0264 1.9795 1.9302 1.8780
20 2.2776 2.2033 2.1242 2.0825 2.0391 1.9938 1.9464 1.8963 1.8432
21 2.2504 2.1757 2.0960 2.0540 2.0102 1.9645 1.9165 1.8657 1.8117
22 2.2258 2.1508 2.0707 2.0283 1.9842 1.9380 1.8894 1.8380 1.7831
23 2.2036 2.1282 2.0476 2.0050 1.9605 1.9139 1.8648 1.8128 1.7570
24 2.1834 2.1077 2.0267 1.9838 1.9390 1.8920 1.8424 1.7896 1.7330
25 2.1649 2.0889 2.0075 1.9643 1.9192 1.8718 1.8217 1.7684 1.7110
26 2.1479 2.0716 1.9898 1.9464 1.9010 1.8533 1.8027 1.7488 1.6906
27 2.1323 2.0558 1.9736 1.9299 1.8842 1.8361 1.7851 1.7306 1.6717
28 2.1179 2.0411 1.9586 1.9147 1.8687 1.8203 1.7689 1.7138 1.6541
29 2.1045 2.0275 1.9446 1.9005 1.8543 1.8055 1.7537 1.6981 1.6376
30 2.0921 2.0148 1.9317 1.8874 1.8409 1.7918 1.7396 1.6835 1.6223
40 2.0035 1.9245 1.8389 1.7929 1.7444 1.6928 1.6373 1.5766 1.5089
60 1.9174 1.8364 1.7480 1.7001 1.6491 1.5943 1.5343 1.4673 1.3893
120 1.8337 1.7505 1.6587 1.6084 1.5543 1.4952 1.4290 1.3519 1.2539
∞ 1.7522 1.6664 1.5705 1.5173 1.4591 1.3940 1.3180 1.2214 1.0000
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α = 0.01

m n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 n = 10

1 4052.181 4999.500 5403.352 5624.583 5763.650 5858.986 5928.356 5981.070 6022.473 6055.847
2 98.503 99.000 99.166 99.249 99.299 99.333 99.356 99.374 99.388 99.399
3 34.116 30.817 29.457 28.710 28.237 27.911 27.672 27.489 27.345 27.229
4 21.198 18.000 16.694 15.977 15.522 15.207 14.976 14.799 14.659 14.546
5 16.258 13.274 12.060 11.392 10.967 10.672 10.456 10.289 10.158 10.051
6 13.745 10.925 9.780 9.148 8.746 8.466 8.260 8.102 7.976 7.874
7 12.246 9.547 8.451 7.847 7.460 7.191 6.993 6.840 6.719 6.620
8 11.259 8.649 7.591 7.006 6.632 6.371 6.178 6.029 5.911 5.814
9 10.561 8.022 6.992 6.422 6.057 5.802 5.613 5.467 5.351 5.257
10 10.044 7.559 6.552 5.994 5.636 5.386 5.200 5.057 4.942 4.849
11 9.646 7.206 6.217 5.668 5.316 5.069 4.886 4.744 4.632 4.539
12 9.330 6.927 5.953 5.412 5.064 4.821 4.640 4.499 4.388 4.296
13 9.074 6.701 5.739 5.205 4.862 4.620 4.441 4.302 4.191 4.100
14 8.862 6.515 5.564 5.035 4.695 4.456 4.278 4.140 4.030 3.939
15 8.683 6.359 5.417 4.893 4.556 4.318 4.142 4.004 3.895 3.805
16 8.531 6.226 5.292 4.773 4.437 4.202 4.026 3.890 3.780 3.691
17 8.400 6.112 5.185 4.669 4.336 4.102 3.927 3.791 3.682 3.593
18 8.285 6.013 5.092 4.579 4.248 4.015 3.841 3.705 3.597 3.508
19 8.185 5.926 5.010 4.500 4.171 3.939 3.765 3.631 3.523 3.434
20 8.096 5.849 4.938 4.431 4.103 3.871 3.699 3.564 3.457 3.368
21 8.017 5.780 4.874 4.369 4.042 3.812 3.640 3.506 3.398 3.310
22 7.945 5.719 4.817 4.313 3.988 3.758 3.587 3.453 3.346 3.258
23 7.881 5.664 4.765 4.264 3.939 3.710 3.539 3.406 3.299 3.211
24 7.823 5.614 4.718 4.218 3.895 3.667 3.496 3.363 3.256 3.168
25 7.770 5.568 4.675 4.177 3.855 3.627 3.457 3.324 3.217 3.129
26 7.721 5.526 4.637 4.140 3.818 3.591 3.421 3.288 3.182 3.094
27 7.677 5.488 4.601 4.106 3.785 3.558 3.388 3.256 3.149 3.062
28 7.636 5.453 4.568 4.074 3.754 3.528 3.358 3.226 3.120 3.032
29 7.598 5.420 4.538 4.045 3.725 3.499 3.330 3.198 3.092 3.005
30 7.562 5.390 4.510 4.018 3.699 3.473 3.304 3.173 3.067 2.979
40 7.314 5.179 4.313 3.828 3.514 3.291 3.124 2.993 2.888 2.801
60 7.077 4.977 4.126 3.649 3.339 3.119 2.953 2.823 2.718 2.632
120 6.851 4.787 3.949 3.480 3.174 2.956 2.792 2.663 2.559 2.472
∞ 6.635 4.605 3.782 3.319 3.017 2.802 2.639 2.511 2.407 2.321
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m n = 12 n = 15 n = 20 n = 24 n = 30 n = 40 n = 60 n = 120 ∞
1 6106.321 6157.285 6208.730 6234.631 6260.649 6286.782 6313.030 6339.391 6365.864
2 99.416 99.433 99.449 99.458 99.466 99.474 99.482 99.491 99.499
3 27.052 26.872 26.690 26.598 26.505 26.411 26.316 26.221 26.125
4 14.374 14.198 14.020 13.929 13.838 13.745 13.652 13.558 13.463
5 9.888 9.722 9.553 9.466 9.379 9.291 9.202 9.112 9.020
6 7.718 7.559 7.396 7.313 7.229 7.143 7.057 6.969 6.880
7 6.469 6.314 6.155 6.074 5.992 5.908 5.824 5.737 5.650
8 5.667 5.515 5.359 5.279 5.198 5.116 5.032 4.946 4.859
9 5.111 4.962 4.808 4.729 4.649 4.567 4.483 4.398 4.311
10 4.706 4.558 4.405 4.327 4.247 4.165 4.082 3.996 3.909
11 4.397 4.251 4.099 4.021 3.941 3.860 3.776 3.690 3.602
12 4.155 4.010 3.858 3.780 3.701 3.619 3.535 3.449 3.361
13 3.960 3.815 3.665 3.587 3.507 3.425 3.341 3.255 3.165
14 3.800 3.656 3.505 3.427 3.348 3.266 3.181 3.094 3.004
15 3.666 3.522 3.372 3.294 3.214 3.132 3.047 2.959 2.868
16 3.553 3.409 3.259 3.181 3.101 3.018 2.933 2.845 2.753
17 3.455 3.312 3.162 3.084 3.003 2.920 2.835 2.746 2.653
18 3.371 3.227 3.077 2.999 2.919 2.835 2.749 2.660 2.566
19 3.297 3.153 3.003 2.925 2.844 2.761 2.674 2.584 2.489
20 3.231 3.088 2.938 2.859 2.778 2.695 2.608 2.517 2.421
21 3.173 3.030 2.880 2.801 2.720 2.636 2.548 2.457 2.360
22 3.121 2.978 2.827 2.749 2.667 2.583 2.495 2.403 2.305
23 3.074 2.931 2.781 2.702 2.620 2.535 2.447 2.354 2.256
24 3.032 2.889 2.738 2.659 2.577 2.492 2.403 2.310 2.211
25 2.993 2.850 2.699 2.620 2.538 2.453 2.364 2.270 2.169
26 2.958 2.815 2.664 2.585 2.503 2.417 2.327 2.233 2.131
27 2.926 2.783 2.632 2.552 2.470 2.384 2.294 2.198 2.097
28 2.896 2.753 2.602 2.522 2.440 2.354 2.263 2.167 2.064
29 2.868 2.726 2.574 2.495 2.412 2.325 2.234 2.138 2.034
30 2.843 2.700 2.549 2.469 2.386 2.299 2.208 2.111 2.006
40 2.665 2.522 2.369 2.288 2.203 2.114 2.019 1.917 1.805
60 2.496 2.352 2.198 2.115 2.028 1.936 1.836 1.726 1.601
120 2.336 2.192 2.035 1.950 1.860 1.763 1.656 1.533 1.381
∞ 2.185 2.039 1.878 1.791 1.696 1.592 1.473 1.325 1.000
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Table IV. Critical values χ2
m,α of the (one-sided) chi-

squared test for some significance levels α and param-

eters m

m α = 0.1 α = 0.05 α = 0.025 α = 0.01 α = 0.005

1 2.706 3.841 5.024 6.635 7.879
2 4.605 5.991 7.378 9.210 10.597
3 6.251 7.815 9.348 11.345 12.838
4 7.779 9.488 11.143 13.277 14.860
5 9.236 11.070 12.833 15.086 16.750
6 10.645 12.592 14.449 16.812 18.548
7 12.017 14.067 16.013 18.475 20.278
8 13.362 15.507 17.535 20.090 21.955
9 14.684 16.919 19.023 21.666 23.589

10 15.987 18.307 20.483 23.209 25.188
11 17.275 19.675 21.920 24.725 26.757
12 18.549 21.026 23.337 26.217 28.300
13 19.812 22.362 24.736 27.688 29.819
14 21.064 23.685 26.119 29.141 31.319
15 22.307 24.996 27.488 30.578 32.801
16 23.542 26.296 28.845 32.000 34.267
17 24.769 27.587 30.191 33.409 35.718
18 25.989 28.869 31.526 34.805 37.156
19 27.204 30.144 32.852 36.191 38.582
20 28.412 31.410 34.170 37.566 39.997
21 29.615 32.671 35.479 38.932 41.401
22 30.813 33.924 36.781 40.289 42.796
23 32.007 35.172 38.076 41.638 44.181
24 33.196 36.415 39.364 42.980 45.559
25 34.382 37.652 40.646 44.314 46.928
26 35.563 38.885 41.923 45.642 48.290
27 36.741 40.113 43.195 46.963 49.645
28 37.916 41.337 44.461 48.278 50.993
29 39.087 42.557 45.722 49.588 52.336
30 40.256 43.773 46.979 50.892 53.672
40 51.805 55.758 59.342 63.691 66.766
50 63.167 67.505 71.420 76.154 79.490
60 74.397 79.082 83.298 88.379 91.952
70 85.527 90.531 95.023 100.425 104.215
80 96.578 101.879 106.629 112.329 116.321
90 107.565 113.145 118.136 124.116 128.299
100 118.498 124.342 129.561 135.807 140.169
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Table V. Critical values Dn,α of the Kolmogorov test

for the significance level α = 0.05 and some sample

sizes n

n α = 0.20 α = 0.15 α = 0.10 α = 0.05 α = 0.01

1 0.900 0.925 0.950 0.975 0.995
2 0.684 0.726 0.776 0.842 0.929
3 0.565 0.597 0.642 0.708 0.828
4 0.494 0.525 0.564 0.624 0.733
5 0.446 0.474 0.510 0.565 0.669
6 0.410 0.436 0.470 0.521 0.618
7 0.381 0.405 0.438 0.486 0.577
8 0.358 0.381 0.411 0.457 0.543
9 0.339 0.360 0.388 0.432 0.514
10 0.322 0.342 0.368 0.410 0.490
11 0.307 0.326 0.352 0.391 0.468
12 0.295 0.313 0.338 0.375 0.450
13 0.284 0.302 0.325 0.361 0.4331
14 0.274 0.292 0.314 0.349 0.418
15 0.266 0.283 0.304 0.338 0.404
16 0.258 0.274 0.295 0.328 0.392
17 0.250 0.266 0.286 0.318 0.381
18 0.244 0.259 0.278 0.309 0.371
19 0.237 0.252 0.272 0.301 0.363
20 0.231 0.246 0.264 0.294 0.356
25 0.210 0.220 0.240 0.270 0.320
30 0.190 0.200 0.220 0.240 0.290
35 0.180 0.190 0.210 0.230 0.270

over 35 1.07√
n

1.14√
n

1.22√
n

1.36√
n

1.63√
n
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Table VI. Critical values Un,m,α of the Mann–Whitney

test or Wilcoxon rank-sum test for the significance

level α = 0.05 and some sample sizes n, m

n
5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

3 0 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9 9 10 10 11 11 12 13 13
4 1 2 3 4 4 5 6 7 8 9 10 11 11 12 13 14 15 16 17 17 18 19 20 21 22 23
5 2 3 5 6 7 8 9 11 12 13 14 15 17 18 19 20 22 23 24 25 27 28 29 30 32 33
6 5 6 8 10 11 13 14 16 17 19 21 22 24 25 27 29 30 32 33 35 37 38 40 42 43
7 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52 54
8 13 15 17 19 22 24 26 29 31 34 36 38 41 43 45 48 50 53 55 57 60 62 65
9 17 20 23 26 28 31 34 37 39 42 45 48 50 53 56 59 62 64 67 70 73 76
10 23 26 29 33 36 39 42 45 48 52 55 58 61 64 67 71 74 77 80 83 87
11 30 33 37 40 44 47 51 55 58 62 65 69 73 76 80 83 87 90 94 98
12 37 41 45 49 53 57 61 65 69 73 77 81 85 89 93 97 101 105 109
13 45 50 54 59 63 67 72 76 80 85 89 94 98 102 107 111 116 120
14 55 59 64 67 74 78 83 88 93 98 102 107 112 118 122 127 131

m 15 64 70 75 80 85 90 96 101 106 111 117 122 125 132 138 143
16 75 81 86 92 98 103 109 115 120 126 132 138 143 149 154
17 87 93 99 105 111 117 123 129 135 141 147 154 160 166
18 99 106 112 119 125 132 138 145 151 158 164 171 177
19 113 119 126 133 140 147 154 161 168 175 182 189
20 127 134 141 149 156 163 171 178 186 193 200
21 142 150 157 165 173 181 188 196 204 212
22 158 166 174 182 191 199 207 215 223
23 175 183 192 200 209 218 226 235
24 192 201 210 219 228 238 247
25 211 220 230 239 249 258
26 230 240 250 260 270
27 250 261 271 282
28 272 282 293
29 294 305
30 317
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Index

accompanying variable, 139
analysis of variance, 128, 129

one-way, 130
two-way, 136

ANOVA, 125, 129, 131

Bayes’ theorem, 31
bell-shaped curve, 81
bell-shaped surface, 80
Bernoulli trials, 36, 96
bimodal, 54, 61

central limit theorem, 65, 67
concordance, 78
conditional probability, 27
confidence interval, 92
confidence level, 92
consistent sequence of estimates, 92
contingency table, 38, 74
corrected empirical variance, 91
corrected mean of squares, 91, 128
correlation coefficient

Kendall’s rank, 78, 107
linear, 75, 77
rank, 77
Spearman’s rank, 78, 107

covariance, 75, 76
critical region, 113

one-sided, 116
symmetrical, 118
two-sided, 117

critical value, 114

de Morgan’s laws, 14
decision strategy, 112, 115, 119
density function, 46

empirical, 49
multidimensional, 72

density histogram, 48, 49
distribution (function), 42

binomial, 58
bivariate, 73
Cauchy, 68
chi-squared, 68
continuous, 46, 63
continuous uniform, 63
discrete, 46
discrete uniform, 57
empirical, 48, 157
exponential, 69
F -, 69
gamma, 70
geometric, 62
hypergeometric, 59
joint, 72
lognormal, 68
marginal, 73
multidimensional, 79
multidimensional normal, 80
multinomial, 79
multivariate, 79
multivariate hypergeometric, 80
multivariate normal, 80
negative binomial, 63
normal, 64
Poisson, 60
polynomial, 79

standard normal, 65
Student’s, 68
t-, 68

double classification with interaction, 137
double classification without interaction, 137

efficiency of an unbiased estimate, 92
empirical cell frequency, 141
error

of the first kind, 112
of the second kind, 112
type I, 112
type II, 112

error term, 131, 137
event algebra, 15
event(s)

certain, 10
complement of, 11
complete set of, 10
difference of, 13
elementary, 8
impossible, 10
independence of, 34
independent, 34
mutually exclusive, 10
observable, 10
opposite of, 11
pairwise mutually exclusive, 10
product of, 13
random, 8
sequence of, 27
sum of, 12

expected value, 50
experiment(s)

independent, 35
random, 8
sequence of, 17

Fisher’s transformation, 166
Fisher–Cochran theorem, 131, 138
frequency

expected, 154
marginal, 150
relative, 17
theoretical, 154

Gaussian curve, 64
group effect, 133, 137, 140, 161
group mean, 131

Hardy–Weinberg’s law, 40
hypothesis

accepting, 113
alternative, 111
alternative one-sided, 113, 115
alternative two-sided, 113
group effects, 138, 140, 161
null, 111
one-sided, 116
rejecting, 113
test, 111
two-sided, 112

implication, 10
implies, 10
influence, 120, 130
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interaction, 137
interval estimation, 89, 92
interval of acceptance, 114

joint probabilities, 72

least squares estimation, 85, 98
levels

of effect, 137
of treatment, 134

linear model, 131, 137

mean squared deviation, 98
measures of dependence, 75
median, 53, 159
memoryless random variable, 69
mode, 53

non-parametric statistical problems, 140
non-parametric statistical test, 140

observed cell frequency, 141

p-value, 116
p-value test, 116
piecewise continuous function, 46
point estimation, 78, 89, 90
principle of least squares, 85
probability

a posteriori, 32
a priori, 32
additivity of, 19
of an event, 18

probability function, 15, 18
probability space, 19

finite, 22
geometric, 23
Kolmogorov, 19
product of, 21

product rule, 29

quantile, 54
quartile, 54

random centre, 95
random error terms, 161
random interval, 89
random phenomenon, 8
random radius, 95
random variable(s), 41

categorical, 42
continuous, 46
discrete, 45
independent, 45
multidimensional, 71
multivariable, 71
ordinal, 42
rank-valued, 42, 156, 159, 164
vector of, 71

random vector, 71
region of acceptance, 112
region of rejection, 112
regression

analysis, 83
line, 81, 85, 98
linear, 102, 134

relative risk, 38
requirements on the cell frequencies, 142

sample, 89, 90
sample mean, 90, 121

group, 138
total, 138

sample statistic, 90, 113
sampling

with replacement, 20
without replacement, 59, 80

sensitivity, 39
sequence of estimates, 92
sigma additivity, 18

sigma algebra, 16
significance level (of the test), 113, 116
size of (the probability) distribution, 56
specificity, 39
standard deviation, 54
standard error of the mean, 91
step function, 48
sum of squares, 91

between, 131
inner, 131
outer, 131
residual, 131
total, 130

test
asymptotic, 124
Bartlett’s, 128
chi-squared, 140, 142
d-, 123
F -, 125
goodness-of-fit, 143
homogeneity, 154
independence of random variables, 148
Kendall’s rank correlation, 167
Kolmogorov, 157
Kolmogorov–Smirnov, 157
Kruskal–Wallis, 161
Mann–Whitney U-, 159
normality, 146
one-sided, 115
one-sample t-, 118
p-value, 116
parametric, 118
robust, 120
Spearman’s rank correlation, 167
statistic, 116
two-sample t-, 120
two-sided, 112
Welch, 123
Wilcoxon rank-sum, 159

test statistic, 113
testing

equality of r1 and r2, 166
hypothesis, 111
interaction, 137

theoretical cell frequency, 141
tied ranks, 77
total mean, 131
total probability theorem, 30
treatment, 120, 130, 131
treatment effect, 161

unbiased estimating function, 90
unimodal, 54

variance, 54
decomposition of, 131

variance of the mean, 90, 91

z-transformation, 65
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