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The present work discusses a segment of the calculational model of reactor calculation,
the so called global reactor calculation. The design, the surveillance, safety analysis, the
control, and the economic operation is based on models of the nuclear reactor. The models
are complex, they require a large amount of input data ranging from the fine details of the
geometry to the detailed isotope compositions of the various reactor materials. The input
data feed a physical model describing the neutron population in the reactor core. Unfortu-
nately the equations of reactor physics have only numerical solutions in the applications, so
the reactor models are computer programs.

The global reactor calculation is the last element of a computation chain which starts
with the processing of nuclear data library and continues with the fuel cell calculations, the
fuel assembly calculation. All the above mentioned elements contribute to the success or
failure of the global calculation.

The present work focuses on the physical and mathematical models of the reactor calcula-
tion. The mathematical models determine the problem to be solved, in details the equation,
the boundary condition, the numerical procedure used to determine the solution. A prac-
tical problem, like the assessment of safety, requires the solution of several mathematical
problems. Those working in the nuclear industry, or for a nuclear safety authority, should
understand the nature and limit of the involved models.

The Reader is assumed to be familiar with the operation of a nuclear reactor. The treatise
focuses on the following topics:

1. The physical and mathematical models used in the global reactor calculation.

2. Provision of input data for the global reactor calculation.

3. The diffusion equation is the corner stone hence we discuss the diffusion theory in
details through four Chapters.

4. The numerical methods used to solve the fundamental equations i.e. the Boltzmann
equation and the diffusion equation are only mentioned shortly.

5. The iteration process deals with some general problems of large linear equation systems.

6. Immediate applications of the global reactor calculations in the evaluation of in-core
measurement processing, in the reactor control and operation as well as in assessing
safety issues are dealt with separately.

7. Additional operational questions, like fuel cycle optimization, stability problems, ma-
nagement of transient processes are mentioned only in short.

The material assumes the Reader to be familiar with the basic techniques of linear al-
gebra and matrices, probability theory and statistics, as well as basics of functional analysis.
The fission process, the neutron-nucleus interaction, the cross-section of a nuclear reaction
is assumed to be known from former nuclear physics studies. Some topics of the applied ma-
thematical tools are summarized in the Appendices. Section 2. is based on the contribution
provided by János Végh (Centre of Energy Research, Hungarian Academy of Sciences)
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1. fejezet

What is a Nuclear Reactor?
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The subject of the present work is the nuclear reactor in which a part of the binding
energy of a fissionable nucleus is released in a process called fission. The energy release
is accompanied by radioactive radiations. The binding energy is 107 times larger than the
energy released in chemical reactions therefore the power density in a nuclear reactor is also
larger than in the traditional power plants.

Nuclear reactors are classified by their usage as

• energy production;

• propulsion;

• heat source;

• hydrogen production;

• transmutation;

• research;

• education and training.

Energy production takes place in a nuclear power plant, nuclear propulsion is used in ships.
Nuclear reactor appears as heat source in district heating plants. Immediate hydrogen pro-
duction is a recently developing application. The transmutation is a research topic aiming
at reducing the storage time of high activity nuclear waste. A nuclear reactor is used as a
neutron source in the structure research of complex biological materials, or, in the research
of the catalysis. Reactors small in size and low in power are used in education and training.

The heart of the nuclear reactor is the fission process. Some nuclei absorb a neutron
and the excitation caused by the binding energy of the absorbed neutron suffices to excite
the newly formed nucleus so that it splits into fragments. The process is shown in Fig. 1.1.
Some of the fissionable nuclei emit also one or more neutrons. That led Leo Szilárd to the
idea that self-sustaining fission, the so called chain reaction, can be established. The fission
of 235U shown in Fig. 1.1, results in two fragments of more or less equal mass, and two- or
three neutrons. To obtain self-sustaining fission, one needs to arrange the material in such
a structure that allows for the neutrons to hit another 235U nucleus before being absorbed
by another nucleus. The distribution of the energy released in fission is shown in Table 1.1.

1.1. ábra. Fission process (source: Encyclopedia of Science, internet)
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Kinetic energy of fission fragments 162 MeV
Beta decay energy 5 MeV
Gamma decay energy 5 Mev
Neutrino energy 11 MeV
Energy of fission neutrons 6 MeV
Instantaneous gamma-ray energy 6 MeV
Total fission energy 195 MeV

1.1. táblázat. Distribution of fission energy

We see from the table that majority of the energy appears as kinetic energy, i.e. as heat.
In order to produce energy, we have to achieve not only the self sustaining fission but also
removing the generated heat. In addition, the power released from fission should be kept at
a constant level, thus the energy production is also a regulation problem.

The next Chapter gives an overview of nuclear reactors.
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2. fejezet

Nuclear Reactors

2.1. Nuclear reactors for electricity production

2.1.1. Fundamentals of nuclear energy production
In this chapter a general overview of the technology applied for energy production in nuclear
power stations is outlined, starting with processes taking place in the active core, continuing
with heat exchange in the steam generator and ending with the generator supplying electricity
to the grid. Description of the various phases of the nuclear fuel cycle is also given, detailing
the history of the uranium ore from the mine to the final spent fuel storage, as well as
discussing differences between UO2 and MOX fuel. The purpose is to illustrate the main
steps in the technology of nuclear electricity production, therefore other type of plants (e.g.
for provision of process heat) are not treated here.

Basic principles

The basic process utilized for energy production in any nuclear power station is the controlled
and self-sustaining chain reaction of fissile nuclei. The heat generated in the chain reaction
is removed by an appropriate coolant material and after suitable conversion the thermal
energy is used for producing electricity. The nuclear fuel resides in the so called active core,
the fuel consists of fissile isotopes, as well as fertile isotopes that can produce fissile isotopes
through nuclear reactions. Generally the fissile material in the fuel is constituted by uranium
or by an uranium-plutonium mixture (the latter is called MOX fuel). In nature there exists
only one isotope, namely 235U, which undergoes fission induced by low energy (thermal)
neutrons, but unfortunately this isotope constitutes only 0,72% of natural uranium. The
vast majority (99,275%) of natural uranium is constituted by the 238U isotope: high energy
(fast) neutrons induce fission in it, but a self-sustaining chain reaction cannot be maintained
in an active core constructed solely from 238U isotope. In the industrial practice the following
fissile isotopes are utilized most commonly: 235U, 239Pu, 241Pu and 233U. In nature there
exist two important fertile isotopes, 238U and 232Th. The first one produces 239Pu after
a neutron-capture event, while the thorium isotope produces 233U. The 241Pu isotope is
produced when the 240Pu artificial (i.e. not existing in the nature) fertile isotope undergoes
a neutron-capture event. The isotope 240Pu is created by a similar process from 239Pu (see
[6] and [7] for details).

Heat is produced by various processes in the active core of a reactor:
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• High energy fission products slowdown in the fuel, in the structural materials and
in the coolant, and during this process the kinetic energy of the fission products is
transformed to heat (thermal energy).

• The gamma radiation produced during the fission process is absorbed and its energy
is transformed to heat.

• Heat is also produced by the radioactive decay of the fission products.

The released energy is very large: the energy released during the fission of a single gram
of 235U is equivalent to the energy released by burning 3 metric tons of high quality coal.

Reactors commonly operated in nuclear power stations can be classified according to
various principles. One possible approach is the classification according to the energy of the
neutrons inducing fission in the reactor:

• The chain reaction in the "thermal reactors" is maintained by low energy neutrons,
slowed down to the thermal energy region. The vast majority of the energy producing
reactors of today belongs to this class. In order to slow down the high energy neutrons
produced in the fission process, these reactor types use a so called moderator material
(mainly light water or heavy water or graphite is applied as moderator). Thermal
neutrons have a very advantageous feature: when fissile isotopes (e.g. 235U or 239Pu)
are bombarded by thermal neutrons, these isotopes undergo induced fission with much
higher probability compared to the case of fast neutrons. This circumstance makes it
possible to use low (<5%) enriched uranium, or even natural uranium as fuel material.

• The chain reaction in the so called "fast reactors" is maintained by high energy neutrons
without slowing down, as produced in the fission process. These reactor types do not
use moderator and the coolant must not slow down the neutrons either (special coolant
applicable in fast reactors is the liquid sodium, for example). Fast reactors use higher
fuel enrichment (figures around 20% are typical) in order to compensate the high
neutron capture effect (i.e. neutron absorption) of the 238U isotope.

Another commonly used method is to classify according to the material of the moderator
used to slow down the neutrons. Generally the following classes are defined:

• Light-water (H2O) moderated reactors (this is the most widely used type, and generally
these reactors use light-water as a coolant, as well), see Fig 2.1.

• Heavy-water (D2O) moderated reactors (e.g. CANDU, developed by AECL, Canada).

• Graphite moderated reactors (e.g. Advanced Gas Cooled Reactor, AGR).

• Light element (lithium or beryllium) moderated reactors (e.g. Molten Salt Reactor).

Another classification method distinguishes between the reactor types according to the
coolant material used for core cooling. According to this method the following types are
defined:

• Light-water cooled reactors have two basic types, the pressurized water and the boiling
water reactors, Figure 2.1. illustrates the operating scheme of these two types. The
water in a pressurized reactor is kept at sufficiently high pressure, to prevent boiling
even at the high operation temperature. The coolant flows through the core, then it
is led into a large heat exchanger called steam generator, where the coolant looses a
considerable fraction of its energy and produces steam. The steam is led to a steam

12



2.1. ábra. Operating scheme of the two most widely used light-water cooled reactor type [8]

turbine and the turbine drives a generator producing electricity. There are no steam
generators in a boiling water reactor, because the coolant reaches the boiling state
within the active core and this steam is led directly to the turbine.

• In gas cooled reactors the heat is removed from the core by an inert gas, e.g. helium
or carbon dioxide. The cooling gas either directly drives a special turbine, or the gas is
used for producing steam in a steam generator and the steam is led to a conventional
steam turbine.

• Liquid metal (sodium or lead) coolants are used in fast reactors, because these materials
are good coolants, but bad moderators, i.e. they do not slow neutrons down.

• Molten salt is used as coolant medium in molten salt reactors (MSR), generally lithium
or beryllium salts formed with fluoride are applicable for industrial purposes.

It is also common to define "reactor generations" according to the time interval when reactors
were developed and constructed. Reactor generations are treated in 2.2 in detail.

Nuclear fuel cycle

Figure 2.2 shows the history of the uranium ore from the mine to the storage place of
radioactive waste or to the fuel reprocessing facility. The history of uranium from the
uranium mine to the final spent fuel storage facility or to the reprocessing factory is a long,
multi-step process, containing complex chemical, mechanical and other industrial engineering
operations. This process is generally called nuclear fuel cycle. Two fuel cycle types are
distinguished, depending on what happens with the spent fuel removed from the nuclear
power station after the fuel utilization is over. In the so called "open" fuel cycle the fuel is not
reprocessed, but after a sufficiently long storage period it is placed in a storage place specially
designed and constructed for the safe storage of highly radioactive spent fuel elements. The
vast majority of the present nuclear power stations uses this open fuel cycle approach, despite
the fact that there is no final spent fuel storage facility in any country yet (design and
construction works are going on in several countries). In the so called "closed" fuel cycle the
spent fuel is reprocessed in a special factory. During reprocessing plutonium and uranium is
extracted from the fuel by using chemical methods, later these materials are used to fabricate
new fuel elements. The result is the MOX fuel, see Figure 2.2. In the "closed" cycle the
highly radioactive waste - remaining after reprocessing - must be stored at a suitable final
repository. In the following Subsections a short description of the "open" fuel cycle is given.
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2.2. ábra. The general scheme of the nuclear fuel cycle ([9])
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Uranium mining

As of today, the mining of uranium ore is carried out by using three different methods.
Open-pit mines are set up at those places where the uranium ore is abundant in layers
close to the surface of the Earth. Deep pit mines are constructed at those places where the
layers rich in uranium ore are located deep (sometimes several hundred meters) below the
surface. Recently the application of a novel method is spreading: the basic principle of this
"in situ leaching" method is that a liquid substance containing acidic or alkaline chemicals is
being pumped below the surface, into the rock layer containing the uranium ore. The liquid
- among others - dissolves the minerals containing uranium, then this liquid (containing
dissolved uranium ore) is taken back to the surface where it is further processed to extract
uranium. The waste liquid substance remaining after the processing is pumped back, under
the surface of the soil. This method does not cause "landscape wounds" as open pit mines
do not produce the large amount of waste rock, a well-known characteristics of deep pit
mines. In the first phase of processing the uranium ore obtained from the mine is taken
through the usual ore processing steps: it is milled into small pieces in an ore mill, then it is
selected, cleaned and dried. At the end of this process a fine powder substance is obtained,
it is already suitable to start chemical processing, consisting of the following steps:

• by using a suitable chemical solvent material, the uranium present in the ore-powder
is solved into an alkaline, acidic or peroxide solution,

• the uranium solution is then separated from the other components,

• in the last step the uranium is precipitated and the precipitate is dried.

The dried uranium precipitate usually has bright yellowish color, this is why the end-product
got its well-known name "yellowcake". The uranium heavy metal content of the yellowcake is
at least 70%, but for practical reasons its further processing is carried out in U3O8 compound
form, containing more than 80% uranium.

Uranium enrichment

The next step in the fuel fabrication process is uranium enrichment. "Enrichment" in this
context means "increasing the concentration of the 235U isotope in the uranium". However,
yellowcake is not an appropriate substance to be used for the enrichment process, so first
it is converted to uranium hexafluoride (UF6) gas. This gas can be enriched in two very
different processes: one of the methods relies on diffusion, while the other uses centrifuges,
but both methods utilize the small mass difference between the 235U and the 238U isotopes.
In case the UF6 gas diffuses through a porous wall, then the UF6 molecules containing
the lighter 235U isotope move faster and on the other side of the wall their concentration
will be higher than that of the UF6 molecules containing the more heavy 238U isotope. In
an industrial application the gas molecules are driven through the porous wall by a high-
pressure compressor and the system consists of many diffusion stages. The gas depleted in
the 235U isotope is taken back to the previous stages, while the gas enriched in the 235U
isotope is forwarded to the next diffusion stages. The parameter called enrichment ratio,
characterizing how effectively the enrichment process works, is very small for the gas-diffusion
method, therefore approximately 1400 or 1500 diffusion stages are required to achieve the
required 4% enrichment (it must be noted that the relative abundance of the 235U isotope
is only 0.72% in the natural uranium).

Gas-centrifuges utilize the fact that the centrifugal force acting on a gas molecule with
a larger mass is larger compared to a lighter gas molecule. Due to this effect UF6 molecules

15



containing the more heavy 238U isotopes tend to increase in number at the outer wall of
the centrifuge, while UF6 molecules with the lighter 235U isotope are more abundant in the
region around the middle of the centrifuge. An industrial gas centrifuge is a long vertical
cylinder, placed in a closed tank and rotating with very high speed in vacuum. The system
is fed by UF6 gas and as a result of the fast centrifuging the concentration of the more heavy
UF6 molecules is increasing towards the outer wall of the centrifuge. In the long cylinder
the flow paths are arranged in such a manner, that the more heavy gas moves towards the
bottom of the tank, while the lighter gas moves to the top, allowing a proper separation
of the "products" at the bottom and at the top of the centrifuge, respectively. The gas
enriched in the 235U isotope is fed to the next centrifugal-stage, while the gas depleted in
the 235U isotope is taken back to the beginning of the whole process. At the end of the
above described process, 10-15% of the original uranium quantity is obtained as enriched
uranium, while 85-90% remains as depleted uranium (note that the 235U concentration in
the depleted uranium is much lower than 0.72% characterizing natural uranium). Note that
the enrichment ratio of one stage in the centrifugal method is significantly higher than that
is for the diffusion method.

Fuel production

After achieving the targeted enrichment (around 4%) fluorine is removed from the UF6

gas, and the remaining powdery enriched uranium is taken to the next phase of the fuel
fabrication process. In this phase first ceramic tablets are made from the powder, then fuel
rods are constructed from the tablets and several fuel rods are assembled into a so called
fuel assembly (see Figure 2.3). Finally these fuel assemblies are loaded into the active core
of the reactor of the nuclear power station. The rods are arranged within the fuel assembly
in a lattice (grid). Assemblies have lower- and upper rod-fastening structures and coolant
flow-guides, as well as several axial spacer grids in order to keep the geometry of the fuel
lattice (see Figure 2.3). In the first manufacturing step the uranium powder is pressed to
small, cylindrical tablets (these are often called fuel pellets) by using a power metallurgy
technology called sintering. Afterwards ceramic pellets are carefully selected according to
size and weight, then they are positioned into a long zirconium-alloy tube. Finally the tube
is filled with inert gas (helium) and hermetically sealed. This tubular structure constitutes
the so called fuel rod. Zirconium is a suitable material, because it does not absorb neutrons,
therefore it does not influence the neutron balance of the core. Ceramic pellets themselves
retain the solid fission products produced in the chain reaction, and the primary barrier to
prevent the emission of gaseous fission products is the cladding of the fuel rod.

As of today, the vast majority of nuclear fuel utilized in the nuclear power stations all
over the world is low-enriched (<5%) uranium dioxide used in the form of ceramic pellets.
However, recently some countries (e.g. France, United Kingdom and Japan) gradually star-
ted to use a new type of fuel, which is called "mixed oxide" (MOX) fuel. The fraction of
MOX is not yet significant in the fuel market, according to the numbers of WANO, in 2009
MOX represented only 2% of the manufactured new fuel. The "mixed oxide" name refers
to the fact, that this fuel contains various fissile and fertile isotopes. The most important
component of the mixture is plutonium, which is either mixed with natural uranium or with
depleted uranium obtained from reprocessing or as a by-product of the enrichment process.
Plutonium is either obtained through spent fuel reprocessing or from the final dismantling
of military nuclear warheads (see the "Megatons to Megawatts" Russian-USA program).

It is a general practice to load 33% or 50% MOX fuel into the active core, but some
modern reactor designs can operate even with 100% MOX core. Main differences between
MOX and UO2 fuel characteristics are as follows:
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2.3. ábra. Main steps in the nuclear fuel fabrication process

• Due to the higher neutron absorption of plutonium, modifications are necessary in the
reactor control system if MOX is used (e.g. more control organs are required).

• The MOX fuel pellet has lower heat conductivity coefficient than the UO2 tablet,
therefore it has higher temperature. This must be taken into account when reactor
safety and operation limits are determined.

• The MOX fuel rod has higher fission gas release rate then its UO2 counterpart, therefore
lower maximum burnup levels are achievable with this type of fuel.

During its utilization period approximately 30% of the plutonium originally present in the
MOX fuel is burnt out. In today’s thermal reactors the plutonium is utilized only one time,
as reprocessed product. After its energy production period is over, the burnt out MOX fuel
is not reprocessed in a second round, rather it is stored as spent fuel.

Utilization and final disposal of nuclear fuel

The fuel assembly represents the basic transport unit of the nuclear fuel, fresh and spent fuel
is handled in this form, as well. For example, the length of a VVER-440 fuel assembly is 2.5
m, it contains 126 fuel rods and there are altogether 349 assemblies in the core. Assemblies
reside 4 or 5 years in the core, it depends on the type of the fuel and the reactor. During this
period, as a result of nuclear reactions, the uranium content of the fuel gradually decreases,
this process is called burnup. In order to compensate the effects caused by the burnup
the active core is periodically reshuffled (generally reshuffling is performed after 12, 18 or
24 months of continuous operation). During core reshuffling the fuel assemblies with the
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2.4. ábra. The four generation of nuclear power reactors

highest burnup are removed from the core and they are replaced by fresh fuel with zero
burnup. This reshuffling is called "refuelling", and the time period between two consecutive
refuelling outages is usually called "fuel cycle". The removed burnt fuel is stored for some
years close to the reactor in a special storage place called spent fuel storage pool. During this
storage period the fuel is kept under water and at the end of the storage the heat production
of the fuel decreases to a very low level allowing the transfer of the fuel assemblies to a dry
storage facility. In the dry storage facility the spent fuel can be kept safely for decades and
its further processing depends on the fuel cycle policy of the owner nuclear utility. In case of
an open cycle, at the end of the process spent fuel assemblies are shipped to a final storage
place, which generally means a deep geological repository. In case of a closed cycle, spent
fuel assemblies are shipped to a reprocessing factory where assemblies are dismantled and
pellets are removed from the fuel rods. Then pellets are dissolved in a chemical process to
extract uranium and plutonium from the tablets, and finally the extracted fissile and fertile
isotopes are used to fabricate MOX fuel elements. Reprocessing also produces a significant
amount of highly radioactive waste, this is also stored in a final repository, generally in a
vitrified form.

2.2. Nuclear power plant types and generations
It is common to distinguish four reactor generations in the development process of nuclear
power stations (see Figure 2.4).

2.2.1. Generation I - prototype and demonstration reactors
The development history of nuclear power stations can be divided into four distinct periods
or generations. Generation I contained small scale prototype or demonstration reactors using
various technology: the first unit at Obninsk (Soviet Union, 1954) applied graphite moderator
and light-water cooling, the Shippingport unit (USA, 1957) had a light-water cooled, thermal
breeder reactor, Dresden 1 (USA, 1960) operated the first commercial boiling water reactor,
Fermi 1 (USA, 1957) utilized a fast breeder reactor for energy production, while Magnox
reactors (UK, 1956) had graphite moderator and CO2 gas cooling. These units were built in

18



the 1950s and 1960s and most of them are already closed and decommissioned (apart from
some old Magnox units still running in the UK).

2.2.2. Generation II - the power reactors operated today
Generation II reactors were designed in the 1970s and 1980s, based on the experience obta-
ined with Generation I prototype units. During the intense development work several, more
or less standard designs were established. The most important types are the pressurized
water reactor (PWR), the boiling water reactor (BWR) and the heavy-water moderated,
natural uranium fueled CANDU reactor. Needless to say that the vast majority of the cur-
rently operated units belongs to Generation II. If classified according to type, the majority
belongs to the PWR or BWR class, but a considerable number of units is operated with the
Canadian CANDU technology, as well. In March 2012, all over the World 436 units were
operated supplying altogether 370.5 GW net electric power, 68% of the reactors were PWR,
21% were BWR and 11% were other types (see 2.5). It must be noted that the Russian-design
VVER units belong to the PWR class.

2.2.3. Generation III - the reactors available for construction today
After the severe accidents at Three Mile Island (1979, USA) and Chernobyl (1986, Soviet
Union) significant efforts were concentrated to develop new reactor designs all over the
World. The basic aim of the design work was to create reactors having considerably better
safety indicators than those valid for Generation II types. Generation III was established
in the 1990s, mainly through an evolutionary development process starting from selected
Generation II reactors. The most important design target was to reduce the probability
of severe accidents, as well as to mitigate the consequences of the severe accidents, if they
happened. Recently it is common to mention some advanced Generation III designs as
Generation III+ reactors. As a rule these Gen III+ reactors apply more passive safety
systems than other Gen III designs, to increase the reliability of the safety systems and
to decrease core damage frequency. Passive safety systems are extremely reliable, because
they use only "natural" driving forces during their functioning. It means that they are
operated by gravity, natural circulation or driven by the energy of compressed gas. Due to
their operating principles passive systems do not require emergency power supply, and this
feature is a considerable advantage in several aspects. The first Generation III units were
put into operation in Japan as early as 1996, these were ABWR (Advanced BWR) reactors
designed by General Electric and constructed by Hitachi and Toshiba. Today several Gen
III types of later design are available on the World market for construction. The most
important currently available ("ready for shipment and construction") reactor types are as
follows: EPR (European Pressurized Water Reactor) by Areva, AP1000 (Advanced PWR)
by Toshiba-Westinghouse, APR-1400 (Advanced Pressurized Reactor) by KEPCO, large
APWR (Advanced PWR) by Mitsubishi, ATMEA1 by Areva and Mitsubishi, MIR-1200
(VVER-1200) by Atomstrojexport. In addition to these PWR types, there are some advanced
BWR designs on the market, such as ESBWR (Economic Simplified BWR) and ABWR by
General Electric, Hitachi and Toshiba, KERENA by Areva (formerly known as Siedewasser
Reactor-1000 by Siemens). Atomic Energy of Canada Ltd. also offers a new, higher power
and modernized version of its CANDU design under the name of Advanced CANDU Reactor
(ACR).
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2.2.4. Generation IV - the reactors of the future
The Gen IV project aimed to develop Generation IV reactors was launched in 2000. The basic
aim of the development is to create inherently safe reactor types, surpassing present types in
practically all aspects of nuclear safety, economical operation, radioactive waste production,
as well as proliferation resistance. It is envisaged that some of the Gen IV reactor types
presently in the conceptual design phase will be ready for commercial deployment after 2030.
In the framework of Generation IV project the following reactor types are being developed:
(see [11]):

• sodium cooled fast reactor (SFR)

• gas cooled fast reactor (GFR)

• lead-bismuth cooled fast reactor (LFR)

• high temperature gas cooled thermal reactor (VHTR)

• molten-salt cooled reactor (MSR)

• supercritical pressure, water-cooled reactor (SCWR)

All above listed Gen IV types share ambitious common requirements for safety, reliabi-
lity, economical and environment-friendly operation, minimization of radioactive waste, and
impossibility to use the technology for military purposes. It is also a common target to
operate these reactors in a closed fuel cycle. Considering the present status of the associated
R&D work it can be firmly stated that none of these reactors can be commercialized before
2030. In the near future the number of investigated Gen IV types will be decreased and the
research work will concentrate on only few (two or three) selected designs to ensure success.

As it was stated earlier, on the present World market only Gen III reactors are available:
Gen II types are not manufactured any more and one must wait for the Gen IV reactors
about two additional decades.

In the further treatment only Generation III PWR types will be discussed, because the
PWR type gradually became dominant on the market. Reasons for this dominance are
manifold. First of all, PWRs have some design features that makes them superior to BWRs.
A PWR unit has three cooling circuits, while a BWR has only two. This technological
difference results a considerable difference between the available cooling water inventories, it
is mainly due to the large (in certain cases extremely large) water inventory present in PWR
steam generators. Larger cooling water masses generally ensure better responses during
large transients, i.e. a PWR plant reacts to turbine trips, pipe breaks or even loss of coolant
accidents in a more balanced way with larger safety margins during the transient. Another
important difference is connected to the reactor pressure vessel (RPV) penetrations: in a
BWR control rods are inserted to the core through the bottom of the RPV, while advanced
PWR vessels have no penetrations at their bottom part at all. If a core melt accident
does happen, in a PWR there are viable means to keep the molten core within the RPV
(e.g. by cooling the external wall of the vessel via flooding the reactor cavity by a large
amount of water). In a BWR this is not practicable, since the corium will sooner or later
pass through the RPV bottom penetrations, and no external cooling can prevent that to
happen. An additional fact supporting the PWR type is modern containment technology.
Some Generation III PWRs have an extremely robust double containment, constructed with
the latest pre-stressed concrete technology. These containments are so strong that they can
withstand the crash of a large commercial airplane without loosing critical safety functions.
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2.5. ábra. Operation scheme of a pressurized water reactor ([13]-[20])

BWR type containments generally have smaller volumes than PWR types and the smaller
volume allows faster internal pressure build-up.

As it was mentioned earlier, in March 2012 about 68% of the operating reactors belonged
to the PWR type. The PWR dominance is even more pronounced if new builds are cons-
idered: 63 new units were under construction in March 2012, and 82% of these units were of
PWR type. The tendency is quite clear and one may forecast even more PWRs to be built
after Fukushima.

2.3. Technology of nuclear power stations with PWR tech-
nology

The present Chapter outlines the main features of the PWR technology, it details the main
parts of the nuclear steam generation facility and their operating principles, main buildings
of the nuclear power station and describes various possible solutions to ensure site specific
ultimate heat sink. Basic features of safety principles applied during plant design are also
given briefly (e.g. defense in depth, redundancy, diversity, physical separation) in order to
illustrate that the risk represented by Generation III reactors is so small that it is close to the
reasonably achievable minimum. In the treatment the emphasis is on Generation III PWRs,
concentrating on novel technological solutions developed to achieve a high operational safety
level, as well as designs to avoid severe accidents and mitigate their consequences.

The operation scheme of an advanced, large PWR nuclear power station is shown in Fig.
2.5. Legend: 1 - pressurizer, 2 - reactor coolant pump, 3 - primary circuit, 4 - reactor, 5
- secondary circuit, 6 - control assemblies, 7 - steam generator, 8 - turbine, 9 - generator
+ exciter, 10 - condenser, 11 - cooling water (delivers heat to the ultimate heat sink), 12 -
feedwater pump.

The heat production unit of the plant is the reactor, in a PWR type plant the heat is
transferred from the reactor to the ultimate heat sink by a cooling system consisting of three
cooling circuits. The large amount of heat produced in the active core during the nuclear
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fission process is removed by demineralized water circulating in a closed cooling loop called
primary circuit. The pressure in the primary circuit is kept by the pressurizer at such a
value that the water does not boil even at the high nominal temperature (this is the origin
of the "pressurized water reactor" name). The primary circuit must be operated with a very
high cooling water flow rate, since the core can have a thermal power value more than 4000
MW. The number of primary circulating loops depends on the design, modern Gen III types
generally apply 2, 3 or 4 loop arrangements. The heated up primary circuit cooling water
transfers energy to another closed cooling loop called secondary circuit. The heat transfer
takes place in very large heat exchangers called steam generators and the generated steam
is used to drive a steam turbine. Rotation of the turbine produces electric current in the
coupled generator by electromagnetic induction. Finally, through switches and transformers
the produced electricity is fed into the national electric grid, where generally 400 kV high
voltage level is used.

The exhaust steam leaving the low pressure turbine is condensed to water in the conden-
ser, using the cooling effect of the ultimate heat sink. The ultimate heat sink can be water
(taken from the sea, a lake, or a river) or air, if a cooling tower is used. This tertiary cooling
circuit is an open circuit, because the large amount of cooling water taken from the water
source is led back to the source, although at somewhat higher temperature. The condensed
water is heated up and pumped back to the steam generators by using the feedwater pumps.

In addition to the above described main systems the nuclear steam generating system
has various auxiliary systems, as well. These auxiliary systems serve for safety purposes,
enhance the performance of the plant or clean the above mentioned three cooling circuits.
In the following subchapters we illustrate the details of the three cooling circuits with data
taken from a large PWR.

2.3.1. Primary circuit
The core is housed by a large vertical, cylindrical steel tank called reactor pressure vessel
(RPV). The RPV is made of special steel, for the largest reactors its wall can be as thick as
25 cm in the core region and its outer diameter can be more than 500 cm.

The inner surface of the vessel is coated by a special stainless steel called "plating" to
ensure anti-corrosion protection. Modern pressure vessels are designed to have at least 60
years service time, this is ensured by using low carbon austenitic steel alloys as vessel material
(this material has low radiation embrittlement behavior). The radiation damage of the RPV
wall can be further reduced by a special device called heavy reflector: this steel structure
surrounds the core and by reflecting the neutrons back to the core region it decreases the
fast neutron flux reaching (and damaging) the wall. The integrity of the RPV is enhanced
by the fact that there are no penetrations at the bottom of the vessel and there is no vertical
welding at all. Cold leg inlet and hot leg outlet nozzles are located in the upper part of the
vessel, their number depends on the number of loops and the design of the primary circuit:
there exist designs where there are four cold legs and two hot legs, but in the majority of
the reactors the number of hot legs is equal to the number of cold legs. The heat generated
in the core is removed by the cooling loops connected to the vessel. The structure of the
cooling loops is identical, but one of the loops has an extra equipment called pressurizer,
which takes care of the pressure control of the entire primary circuit. When the pressure
decreases large heaters are switched on automatically, to keep the pressure at the setpoint
(large PWRs operate at 155 or 160 bar nominal pressure). If the primary pressure increases
then cold water is injected from one of the cold legs into the pressurizer to lower the pressure
according to the setpoint. The circulation of the coolant in the cooling loops is maintained
by high-capacity centrifugal pumps called main coolant pumps. The heated up coolant leaves
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the pressure vessel through the hot leg nozzles and enters the steam generators. These are
large heat exchangers where the heated up primary coolant transfers a large fraction of its
energy to the cooling water on the secondary side (this cooling water is called "feedwater").
The cooled down primary coolant is pumped back to the pressure vessel through the cold
legs by the main coolant pumps. On the secondary side the feedwater evaporates in the
boiling process and the generated steam is led to the steam turbine.

2.3.2. Secondary circuit
The secondary circuit converts the heat produced in the reactor to kinetic and then to electric
energy. The feedwater is heated up to boiling by the hot primary water circulating in the
steam generator heat exchanger tubes. The steam leaving the steam generator is led to the
turbine and rotates the turbine blades by using its kinetic energy. Generation III plants
generally have one large turbine, with one high pressure and three low pressure stages and
the tendency is to apply "slow" (1500 rpm for 50 Hz grids) machines. In the high pressure
stage the steam temperature decreases and its moisture content increases, for this reason
a moisture separator and reheater equipment must be applied before the first low pressure
stage. This equipment removes water droplets from the steam (these droplets can damage
turbine blades) and heats up the steam above the saturation temperature.

2.4. Safety philosophy - defense in depth principle for
Generation III plants

The "defense in depth" (often abbreviated as "DiD") principle was already used during the
design of the very first nuclear power plants and during the coming decades this principle
became a very effective design tool from safety point of view. The proper application of this
principle ensures the prevention of various postulated accidents and helps the mitigation
of the consequences of severe accidents. Traditionally, when applying the DiD principle,
designers tied the postulated accidents and severe accidents to a specific event happened
in the technology, called initiating event. Initiating events were selected according to their
frequency of occurrence and various DiD levels were defined according to the hypothetical
"progression" of the accident: for example if the first level failed then the second level
took over, etc. The basic rationale behind this level system was to ensure redundancy, in
order to maintain critical safety functions* as long as possible during the escalation of an
accident (*critical safety functions are subcriticality, fuel cooling and limiting radioactive
releases). The original concept of DiD contained three levels (details can be found in Ref.
[17], [18], [19]): As a further development, in the nineties the so called "beyond design
basis accident" (BDBA) category was introduced. Basically those accidents belong to this
category, that were not included in the original plant design base, such as accidents resulting
as a consequence of multiple failures and severe accidents. In order to handle this new
category systematically, two new levels of defense were introduced, see Table 2.2.

2.4.1. Application of defense in depth for new reactor designs
The defense in depth concept proposed for the new reactor designs already contains five
levels of defense (see [18] for details):

1. Level 1. The aim is to prevent deviations from normal operation and faulty actua-
tions. That goal is achieved by conservative design, high quality construction and safe
operation.
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2.1. táblázat. Defense in depth concept
Level of de-
fense

Basic aim of level Means for achieving
basic aim

Corresponding
plant states

Level 1 Prevention of devi-
ations from normal
operation and pre-
vention of faulty ac-
tuation

Conservative de-
sign, high quality
construction and
safe operation

Normal operation

Original
plant design
state

Level 2 Detection of ab-
normal plant states
and prevention of
anticipated opera-
tional occurrences
from developing
into design basis
accidents

Control, limitation
and protection sys-
tems, monitoring
systems, operating
procedures

Anticipated opera-
tional occurrences

Level 3 Handling design
basis accidents
according to the
plant design

Safety systems
handling design
basis accidents,
emergency operat-
ing procedures

Design basis acci-
dents (postulated
individual initiat-
ing events)

2.2. táblázat. Additional defense in depth levels
Level of de-
fense

Basic aim of
the level

Means for achieving
basic aim

Corresponding
plant states

Beyond de-
sign basis
scenarios

Level 4 Prevention
of BDBA si-
tuations and
mitigation of
their conse-
quences

Application of ad-
ditional measures
and devices, and
accident manag-
ement guides

Multiple failures,
severe accidents

Accident
mitigation
plan

Level 5 Mitigation of
radiological
consequen-
ces in case
of large
radioactive
releases

On-site and off-site
emergency mitiga-
tion measures
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2. Level 2. The aim is to detect abnormal plant states and anticipated operational occur-
rences from developing into design basis accidents. That goal is achieved by protection
systems, monitoring systems, operating procedures.

3. Level 3. The aim is to handle an accident in order to limit radioactive releases and to
prevent core damage. The goal is achieved by safety systems and emergency operating
procedures.

4. Level 4. The aim is to limit radioactive releases and to prevent core damage. The
goal is achieved by safety systems and emergency operating procedures dedicated for
handling design base accidents.

5. Level 5.The aim is to mitigate radiological consequences of large radioactive releases.
The goal is achieved by prevention measures in the plant’s vicinity.

As a consequence of the new design philosophy, the design base of the new reactors
includes such accidents that are considered as BDBA events for the presently operating
plants (such events are for example the accidents resulting from multiple failures). This
means, that for the presently operating plants and for the new designs the meaning of the
"beyond design basis accidents" category is different. A further enhancement is the fact
that while for the present reactors the DiD deals with the nuclear fuel mainly in those plant
states when the fuel resides in the reactor, then for the new designs it includes all possible
states of the nuclear fuel (e.g. it includes also those situations when the fuel is stored in the
spent fuel storage pool). Characteristic multiple failure cases are, for example:

• anticipated transients without scram (ATWS events),

• station blackout,

• total loss of feedwater,

• small-break LOCA with loss of medium-head safety injection or loss of low-head safety
injection system,

• small-break LOCA with loss of component cooling system

• total loss of the spent fuel storage pool cooling system.

The safety analysis of postulated initiating events - combined with the fulfilment of the
single failure criterion - can prove the correct functioning of the design solutions applied to
ensure proper redundancy. In addition, the analysis of multiple failure scenarios provides
information on the fact, whether diverse design solutions applied on the third level of DiD
function properly or not.

2.4.2. Special safety design features of Generation III reactors
The most important design features of Generation III reactors are as follows (see e.g. Ref.
[13]):

• There is a strong tendency for equipment standardization, system simplification and
more robust manufacturing practice, and for a significant reduction of the number
of plant components. This tendency reduces the number of potential failure modes
(according to the "simpler is safer" principle) and potentially reduces licensing and
construction time.
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2.6. ábra. Comparison of selected features of currently operating reactors with the features
of EPR ([14])

• Enhanced safety features, achieved mainly by applying passive safety systems. Basic
safety design targets defined by nuclear utilities in the European Utility Requirements
(EUR) document are fulfilled by these Generation III plants with large margins.

• Basic safety design targets are as follows: CDF (core damage frequency) 10−5 /year
and LRF (Large Release Frequency) 10−6 /year.

• The design service time of these units is generally 60 years and the design load factor
exceeds 90% (the latter was achieved by enhancing system maintainability and by
shortening the time required for refueling).

• The maneuverability of the plants was enhanced significantly, to ensure flexible and
safe plant reaction to fast changes in grid load requirements, by controlling the power
of the unit and the grid frequency.

• The nuclear fuel was enhanced, as well, resulting in higher fuel burnup levels and more
economic fuel utilization. These enhancements result less radioactive waste per unit
energy production.

Figure 2.6 shows the comparison of the Generation II reactors currently in operation and
the EPR unit:

Generation III reactor design improvements were mainly concentrated on two basic areas:
to avoid hypothetical severe accidents and to mitigate their consequences if they happened.
New designs contain solutions that prevent the dispersion of radioactive materials into the
environment even during severe accident scenarios. One frequently used solution is the so
called "core catcher" aimed to prevent the melt-through of the concrete located below the
reactor pressure vessel during severe accidents with core melt. The core catcher utilizes spe-
cial compartments located at the bottom of the reactor cavity in order to spread the molten
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2.7. ábra. Scheme of the EPR "core catcher" ([14])

core to facilitate its cooling-down. These compartments may also contain special materials
(tiles) that prevent corium-concrete interaction to happen. Cooling and stabilization of the
spread corium is carried out by a passive method, using water inventory of a very large water
tank located inside the containment. The water is led from this tank to the spread corium
by gravitational flooding (see Figure 2.7). Long term cooling of the containment system
is then performed by using a high-capacity spray system. This design solution is applied
in the standard EPR, ATMEA1 and MIR-1200 units. The standard design of the Korean
APR-1400 unit does not contain a core catcher, but the version to be shipped for European
installations will be constructed with core catcher.

The AP1000 design uses a different approach called "in-vessel retention" to handle the
molten core during severe accidents. The basic aim of the Westinghouse-approach is to keep
the molten core inside the pressure vessel. This is achieved by an external cooling of the
vessel, the cooling is ensured by flooding the reactor cavity with a large amount of water.
The water surrounding the external wall of the pressure vessel provides an intense cooling
to the vessel, while the evaporated water escapes to the internal area of the containment
(see Figure 2.8). Continuous cooling water supply is ensured by a passive - gravitational -
method, using the water inventory of a large water tank located inside the containment (see
[8-10] for details). Note that the standard design of the Korean APR-1400 reactor uses a
similar solution.

The containment is a very important part of the plants’ defense in depth, since it rep-
resents the last barrier between radioactive materials and the environment. Generation III
reactor designs introduced several innovative solutions to reinforce the containment retent-
ion capabilities, as well as to maintain the long term integrity of the containment structure.
One remarkable approach is the AP1000 passive containment that is designed to be intact
even during severe accidents and thus prevents the dispersal of radioactive materials. The
ultimate heat sink is ensured by a passive containment cooling system: in the first phase
of an accident this system ensures that the containment pressure remains below its design
limit, then it provides a gradual containment pressure decrease. The heat generated within
the containment is primarily removed by the internal - stainless steel - containment wall, the
wall itself is being cooled by air driven by natural circulation. If required, this air cooling
is backed up by water cooling exerted on the external surface of the containment wall, the
makeup of cooling water is ensured by a passive - gravitational - method, using the water
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2.8. ábra. Cooling of the external surface of the vessel by flooding the reactor cavity ([16])

inventory of a large water tank located at the top of the containment.
The integrity of the containment is also protected by special devices intended to handle

the hydrogen generated in large quantities during severe accidents. Hydrogen is mixed with
the containment air and when its concentration reaches a certain value it may explode and
this explosion may damage or destroy the structure of the containment. Two basic methods
are used to prevent this explosion: the passive method utilizes catalytic recombiners, while
the active method uses hydrogen burners. The catalytic recombiners continuously eliminate
the hydrogen from the containment atmosphere, thus ensuring that the hydrogen cannot
reach its critical concentration in any region of the containment. Active hydrogen burners
are usually located in the "dome" (upper part) of the containment and they are operated
from time to time to decrease the amount of hydrogen in the containment atmosphere.

The containment design takes into account external threats due to natural phenomena
such as earthquakes and extreme weather conditions, as well as threats due to human ac-
tivities, with the airplane crash event at the first place. In most countries recent safety
regulations demand that the containment be able to withstand the effect resulting from the
impact of a large passenger airplane. Regulations prescribe that the unit shall reach safe
shut-down state after such an event, despite extensive fires that can potentially be ignited
by the large amount of liquid fuel (kerosene) spilled out in the crash. The effectiveness of
the increased containment protection measures can be illustrated by the fact that the EPR
containment is designed to withstand the crash of an Airbus A380, the largest passenger
carrier plane of today.

As the result of the above outlined safety design enhancements, Generation III reactors
do not exert a substantial influence on the public and on the environment even in those
extremely improbable cases, when a severe accident does occur.
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2.5. Problems
1. Compare the PWR and BWR technology. Which one is simpler? Find their respective

advantages and disadvantages.

2. Compare the advantage and disadvantage of the following coolants: natural water,
heavy water, graphite.

3. How is the initial excess reactivity compensated? What are the characteristics of each
compensation?

4. What is the possible fuel of the fission power plants? Is it possible to produce fissionable
material in a nuclear power plant?

5. What was the motivation of the search for new nuclear power plant generations?

6. How is realized the defense in depth principle in a nuclear power plant?

7. Estimate the amount of spent fuel required in your country to produce the average per
capita electric power. Compare it to the required amount of coal, wood, oil or gas.

8. What do you think, which technological units determine the life time of a nuclear power
plant?

9. What is the approximate share in the nuclear energy production of the following items:
investment, operation, and fuel?

10. Is the nuclear power plant suitable for the so called load follow operation, when the
produced electric power is decreased or increased according to the actual energy de-
mand?
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3. fejezet

On Reactor models

When speaking of reactor models, one may have in mind various aspects of the energy
production: how to achieve or maintain the self-sustaining fission, how to provide lasting
heat balance, how to control various aspects of heat production. In the first subsection of
the next Section we present a simple model.

3.1. Control theory models
Let us consider a device D that we regulate by an m parameter vector u = (u1, u2, . . . , um).
Let vector x = (x1, x2, . . . , xn) characterize the possible states of D. But we get information
on D only by measurements, and the measured quantities are y = (y1, y2, . . . , yp). In the
frame of system theory, the following relationship is assumed between x,u, and y:

dx

dt
= Ax + Bu (3.1)

and
dy

dt
= Cx +Du. (3.2)

Operators A,B, and C,D depend on the properties of D.
When they are linear operators, e.g. matrices, model (3.1), (3.2) are called linear model.

Since u is independent of D, it may be applicable to influence the behavior of D. In control
theory, it is studied whether it is possible to give a regulation u(t) to move the system into
a predetermined state.

There are several forms of modeling D. Some of the most frequently used models include:

• linear algebra model: A,B, C are represented by matrices;

• differential equation model: A,B, C are represented by differential operators;

• integral equation model: A,B, C are represented by integral operators;

• feed-back model: when the regulation u is formed from the system state x or the
observed y.

In connection with the model (3.1)-(3.2) the following questions have to be investigated:
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1. realization problem: it should be investigated if the relevant features of D are repro-
duced by the model (3.1)-(3.2). This is an ubiquitous problem of model making. The
usual technique is to study simple states of D and to compare the behavior of the real
model to the behavior of the mathematical model. This process is called benchmarking.

2. Observability. In control theory, observability is a measure for how well internal states
of a system can be inferred by knowledge of its external outputs

3. Controllability describes the existence of an external input u such that it moves the
internal state x of D from any initial state xi to any final state xf in a finite time
interval.

Systems can be built by coupling subsystems. System theory is capable of modeling not only
small biological entities like a cell or a bacterium but such a complex phenomenon like the
economy or human society.

3.1.1. A simple system theoretic model of a reactor
The following model is taken from Ref. [4]. Our model reactor is a thin rod of length a.
In the rod the neutrons move with unit velocity along the rod. When a neutron collides
with a nucleus of an atom in the rod, the neutron is instantaneously replaced by 0, 1, . . . , N
neutrons with respective probabilities ck, k = 0, 1, . . . , N . Casti’s simple model is necessarily
a probabilistic one.

The collisions follow Poisson distribution so the probability of a collision in the interval
(x, x+ ∆) is ∆/λ, where λ is the mean free path of the neutron in the rod. The no collision
probability under a path of length s is e−s/λ. When the neutron arrives at the end of the
rod, it leaks out.

The simple reactor is triggered by a single neutron (input) and its output is the number of
neutrons alive after infinitely long time. The input-output relation, the heart of the system
theoretic model, is derived below.

We introduce a single neutron moving to the right at t = 0 at x. Let u(x) be the
probability that at t =∞ at least one neutron is alive. When at t = 0 we start a neutron at
x to the left, the probability that at t =∞ at least one neutron is alive be v(x). A neutron
emerging from a collision moves to the left/right with the probability 1/2. We introduce the
extinction probability p(y) as

p(y) =

N∑
k=0

ckpk(y) (3.3)

where pk(y) is the probability that all of the k new born neutrons extinct before causing
fission. Then if no neutrons are alive at t =∞ they either leaked out or vanished therefore

1− u(x) = e−(a−x)/λ +

∫ a

x

e−(y−x)/λp(y)dy/λ. (3.4)

With k neutrons produced, (
k

n

)(
1

2

)k
is the probability that n will move to the right and the rest to the left. The extinction
probability is then

(1− u(y))
n

(1− v(y))
k−n

.
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A similar equation holds for v(x). Let

z(x) = (u(x) + v(x))/2, (3.5)

and the following equation holds for z(x):

z(x) =

∫ a

0

E(x, y)G(z(y))dy, 0 ≤ x ≤ a, (3.6)

where
E(x, y) =

1

2λ
e−|x−y|/λ (3.7)

and

G(r) = cr −
N∑
k=2

ck[ck(1− r)k − 1 + kr] = 1−
N∑
k=0

ck(1− r)k, (3.8)

c =

N∑
k=1

kck (3.9)

is the average neutron number multiplication. When c < 1 the reactor is subcritical, when
c = 1 critical and with c > 1 supercritical.

Equation (3.6) is a nonlinear relationship between the input and the output. It can be
shown that (3.6) is equivalent to the following nonlinear differential equation:

−d
2z

dx2
+

z

λ2
=
G(z(x))

λ2
, 0 < x < a (3.10)

with the boundary conditions

z′(0)− z(0)

λ
= 0; z′(a) +

z(a)

λ
= 0. (3.11)

The model is simple, the reactor has two features: the mean free math λ and the number
of secondary neutrons per collision, see (3.9). The Reader may compare this simple model
with the one given in the subsequent Section.

3.1.2. Control theory model
The reader may have noted, control theory is a part of the system theory. When the system
is sufficiently simple, there is a hope that we can solve this problem: what kind of regulation
is needed to achieve a given behavior of a given device? When the system is simple, it can
be modeled by simple techniques, like linear differential or integral equations although even
those simple models address serious theoretical problems.

Our starting point is a simple differential equation with one parameter, and using classical
examples we study the behavior of the solutions in terms of the value of that parameter. We
present a few basic terms used in uncertainty and stability analysis. Consider the following
ordinary differential equation:

dr

dt
= −(Γr + r3). (3.12)

Here Γ is the free parameter. When Γ > 0 the solution has a fixed point (attractor) it is the
origin because from any starting point r → 0 when t → ∞. This case is shown in Fig. 3.1.
When Γ < 0 the solution winds up on a circle of radius

√
|Γ|. This case is shown in Fig.
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3.1. ábra. Attractor

3.2. ábra. Limit Cycle
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3.2.
There are situations, when the iteration ends up not in a single point of the phase space

but in a bounded region. The state of the studied system crosses every point of the strange
attractor but there is no subset in the strange attractor which would enclose the orbit of the
system.

We seek characteristics by which a given map can be classified. Since the numerical
solution is actually an iteration, it is usual to consider the following map:

xn+1 = f(xn), n = 0, 1, 2, . . . . (3.13)

The iteration usually maps a vector to vector, hence f : Rm → Rm for some positive integer
m. The result of the iteration depends on the initial point x0 and the map f . The stability
of the map f is characterized by the Liapunov exponent. We start the iteration from x0 and
x0 + ε. When f is continuous, f(x0) and f(x0 + ε) are close. Applying that thought of line
to the iteration process, the Liapunov exponent λ0(x0) is defined as

λ(x0) = lim
N→∞

1

N
log

∣∣∣∣ ddx0
fN (x0)

∣∣∣∣ = lim
N→∞

1

N
log
∣∣uN−1
i=0 f ′(x1)

∣∣
= lim
N→∞

1

N

N−1∑
i=0

log |f ′(x)| .
(3.14)

It can be shown [26], that the mean loss of information ∆I is connected to the Liapunov
exponent as

λ(x0) = (log 2)|∆I|. (3.15)

In stability studies, a real reactor is too complex to be studied in its full complexity,
therefore so called reduced order models [24] are used. Reduced order means a simplified
description of the relevant feed-back processes, so that the resulting ordinary differential
equation set is tractable by simple techniques. Below we present [25] a simple mathematical
model formulated as a regulation problem.

Let the unknown vector be x = (x1, x2, . . . , x5) and we write its evolution in time as

dx

dt
= G(a,x) (3.16)

where G = (G1, G2, . . . , G5) is a nonlinear expression of x, the constant vector a = (a1, a2,
. . . , a11) depends on the physical properties of the process to be modeled. The reduce order
model we are going to discuss, is the following:

dx1

dt
dx2

dt
dx3

dt
dx4

dt
dx5

dt

 =


x1(a1x4 + a2x3 − a3)/a4 + a5x2 + (a1x4 + a2x3)/a4

x1a3/a4 − a5x2

a6(x1 + a7H(t))− a8x3

x5

−a9x5 − a10x4 − a11x3

 . (3.17)

Here H(t) is Heaviside’s step function. The first order differential equation set is nonlinear
because of the terms a1x1x4 and a2x1x3 in the first equation.

The stability of the solution depends on the eigenvalues of the matrix

Lij =
∂Gi(x)

∂xj
, 1 ≤ i, j ≤ 5. (3.18)
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That matrix is

Lij =


(a1x4 + a2x3 − a3)/a4 a5 a2x1 + a2/a4 a1x1 + a1/a4 0

a3/a4 −a5 0 0 0
a6 0 −a8 0 0
0 0 0 0 1
0 0 −a11 −a10 −a9

 . (3.19)

As we see, the derivative matrix L depends on the solution. In the linear approximation,
the stability is analyzed as follows. Assume that we have a solution x0 of the problem

0 = G(a,x0), (3.20)

then x0 is an equilibrium solution as it never quits that point. The equilibrium solution
depends on the parameter vector a. The solution of (3.16) is called stable if a solution
starting in the vicinity of an equilibrium solution remains close to it. This is the case when
all the eigenvalues of matrix L have negative real parts.

Unfortunately only numerical calculations are available, the eigenvalue problem requires
solving fifth order equations. The problem becomes a control problem, however, when we
assume that one of the parameters can be varied. We return to the problem in the Chapter
where kinetics is discussed.

3.2. Physical model
In the history, the favored models varied as our understanding of the natural laws has been
evolving. Today engineers prefer to build small mockup models of a dam, or a bridge to study
specific problems. When the motions of various mechanical systems have been understood,
engineers built mechanical models1. Later, when the electric circuitries became available,
electric models have been built. Today the computer simulation is in fashion, like the Monte
Carlo method.

The equation governing the neutron distribution involves cross-sections that depend on
the neutron energy. A good example of model making is the variety of models elaborated
to specific parts of the neutron spectrum. Those models have made it possible to acquire
effective models in the entire energy spectrum. Those models are discussed in Chapter 5.

Whatever is the model we use, its aptness basically depends on the understanding of
the physical processes which determine the relevant phenomena of the device under conside-
ration. Unfortunately it is a less attractive and laborious task, but there is no alternative
but to lay down a solid model based on the latest achievements of science. Such a model is
described in the following Sections.

3.3. Realistic reactor models
The simple model of Section 3.1.1 accounts for the criticality, but to design and manage the
reactor operation, one needs a more realistic model. In order to assess what one has to know
to design the reactor operation, we have to go back to the description of the physical process
of fission.

There are free neutrons in the reactor, they collide with the nucleus of the fuel and of the
other materials, and some collisions lead to fission and neutron release. Self-sustaining fission
requires fissionable material (fuel) and free neutrons. The neutron population is described
by the Boltzmann transport equation.

1Maxwell studied the electromagnetism on mechanical models.
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3.4. Nuclear physics of fission
Reactor physics is based on the nuclear physics, such basic quantities as decay constant,
cross-section, reaction energy, reaction mechanism, etc. are defined and provided by nuclear
physics. It is therefore important to get acquainted with the basics of nuclear physics. This
Chapter presents the fundamentals of nuclear physics used throughout the theoretical and
experimental reactor physics.

3.4.1. Nuclear Properties
This Section describes the basic measurable properties of the nucleus in a nutshell. The most
important properties including the composition of the nucleus, its electric charge, radius,
mass, binding energy, excited and ground states. The above mentioned features are the
static properties of a nucleus.

Composition and mass of stable nuclei

After the discovery of the neutron (in 1932, James Chadwick) the nuclear structure was
complete: the nucleus consists of protons and neutrons bound by the short-range attractive
nuclear force. So a nucleus can be identified clearly by the number of its protons and
neutrons. The number of protons is denoted Z, which equals to the atomic number in the
periodic table. The chemical features of the atom is determined by Z. The number of
neutrons is denoted N , and the mass number A which is the number of nucleons in the
nucleus is A = Z +N . The specification of a nucleus is

A
ZXN (3.21)

where X is the symbol for the chemical element. Naturally an element occurring in the
nature may have different mass numbers referring to different number of neutrons in the
nucleus. These nuclei are called isotopes. The different isotopes may be either stable or
unstable against radioactive decay (see below), for example the three hydrogen isotopes
are: 1

1H is stable (hydrogen), 2
1H1 is stable (deuteron) and 3

1H2 is unstable (triton). Nuclear
physics point of view there are special formation of nuclei, which have the same mass number
(A =constant), this are called isobars.

Let us now consider the total energy and total mass of a nucleus. Consider a nucleus
made up from Z protons and A− Z neutrons. In the first approximation, the total mass of
the nucleus is the sum of the total mass of the protons plus the total mass of the neutrons:

Zmp + (A− Z)mn, (3.22)

where mp and mn is the mass of the free proton and of the free neutron, respectively. But
in the nucleus the nucleons are in bound state thus the total mass of the bound system of
nucleons will be less than the total mass of the free particles would be:

M (Z,A) = Zmp + (A− Z)mn −B (Z,A) /c2, (3.23)

where B (Z,A) is the binding energy of the nucleus with mass number A and atomic number
Z. The factor B (Z,A) /c2 is known as the mass defect of the nucleus. The fundamental
reason for the mass defect is Albert Einstein’s famous formula E = mc2, expressing the
equivalence of energy and mass.
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The nuclear binding energy

The formal definition of the nuclear binding energy is derived from the strong nuclear force
and is the energy required to disassemble a nucleus into free, unbound nucleons. After
rearranging (3.23), we obtain an expression for the binding energy:

B (Z,A) = [Zmp + (A− Z)mn −M (Z,A)] c2. (3.24)

(3.24) shows that the binding energy to depend on two independent variables: the mass
number and the atomic number. In nuclear physics, the binding energy per nucleon (or the
mean binding energy) is used:

ε (Z,A) =
B (Z,A)

A
. (3.25)

Figure 3.3 shows the ε (Z,A) of β-stable nuclei as a function of the mass number A. The
β-stable means that the function of the binding energy per nucleon of the variable Z is close
to the local maximum. In general, the greater is the binding energy per nucleon, the more
stable is the nucleus. The function of ε (Z,A) is saturated about 7 to 8 MeV/nucleon values.
In the range above A = 20 the binding energy per nucleon can be seen roughly constant
around 8 MeV with a maximum of about 8.8 MeV, and decreasing monotonically to about 7.5
MeV at A ∼= 240. The binding energy per nucleon curve is rapidly rising between A = 1 and
A = 30 with a superimposed oscillation (for example at 4He and 16O). The oscillation is due
to the high stability of nuclei at the number of nucleons (either protons or neutrons) equal
to 2, 8, 20, 28, 50, 82, 126. These numbers are known as magic numbers in nuclear physics.
When nuclei have equal neutron number and proton (atomic) number, and that number is
one of the magic numbers, are called "double magic", and are especially stable against decay.

It follows from the definition of the binding energy that the energy of nucleus is less than
zero (just like the gravitational energy of the planets in the solar system), and the binding
energy is given by

E = −B (Z,A) . (3.26)

Every physical system, thus also the nucleus, minimize its total energy. This manifests in a
maximal binding energy.

The liquid drop model of the nucleus

The liquid drop model is based on the observation that the nucleus and the liquid droplet
are similar, both are incompressible: ρ ≈ constant in the asymptotic region r � R and the
attractive interaction between the their components are short-ranged forces. The radius of
nucleus: R = 1.25 · 10−13A1/3 cm, where A is the mass number [37],[38],[39].

It follows that the short-ranged nuclear interaction between nucleons must be limited to
the nearest neighbors. So the total binding energy would increase as the total number of
nucleons increases, the binding energy must include a term Bv, which is proportional to the
volume of the nucleus. For this component of binding energy we may write

Bv = avA, (3.27)

where av is an empirically determined constant and we have used the relation V ∼ A. This
term is called volume energy .

Nucleons close to the surface must be more weakly bound as they have less neighbors
than those in the inner region of the nucleus. That weakening in the binding energy is given
by

Bs = −asA2/3, (3.28)
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3.3. ábra. The nuclear binding energy per nucleon
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where we exploited the relation R2 ∼ S ∼ A2/3. This term is called surface energy , which
corresponds to the surface tension of a liquid drop.

Protons, having positive electric charges, repel each other by the electrostatic Coulomb
potential. The repulsive force depends on the charge distribution, if the nucleus is considered
as a homogeneous sphere with a net charge Ze and radius R ∼ A1/3, according to the
electrostatic theory the total electrostatic energy is given by

Bc = −ac
Z(Z − 1)

A1/3
≈ −ac

Z2

A1/3
, (3.29)

where ac includes the electron charge e, and the r0 parameter from radius of nuclei:

ac =
3

5

e2

r0
, (3.30)

this relation holds in the center of mass coordinate system. The obtained approximation is
suitable for heavy nuclei. This term is referred to as Coulomb energy , which also weakens
the binding energy.

There are two more terms influencing the binding energy. One of them expresses the
effect of neutron excess, because the excess number of neutrons over the number of protons
can destabilize the nucleus [37] (this phenomenon can be observed in the fission fragments).
This may be written as

Ba = −aa
(N − Z)

2

A
, (3.31)

aa being an empirical constant. It is known as asymmetry energy . The last term in the
binding energy is called pairing energy . The nuclei are found to display a systematic trend
in that those having even-even number of neutrons and protons (e-e nuclei) are more stable
than even-odd, or, odd-even number of neutrons and protons (o-e nuclei), and those having
odd-odd Z and N are mainly unstable [37]. Taking into account that pairing effect a new
term Bp is added to the binding energy formula:

Bp = apδ(Z,A)A−3/4, (3.32)

where

δ(Z,A) =


+1 for e-e nuclei
0 for o-e nuclei
−1 for o-o nuclei

(3.33)

Finally adding all the terms together, we get the semi-empirical binding energy formula:

B(Z,A) = avA− asA2/3 − ac
Z(Z − 1)

A1/3
− aa

(N − Z)
2

A
+ apδ(Z,A)A−3/4, (3.34)

which is often referred to as Bethe-Weizsacker formula. The incorporated empirical constants
in this formula are numerically determined by fitting [37]:

av ≈ 14.1 MeV
as ≈ 13 MeV
ac ≈ 0.595 MeV
aa ≈ 19 MeV
av ≈ 33.5 MeV

(3.35)
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The Bethe-Weizsacker formula generally furnishes values of binding energies within 1 percent
of values determined experimentally. Discrepancies of fitted and measured binding energies
have been observed for magic nuclei having a specific number of neutrons and protons. The
shell model is more appropriate to determine the binding energy of those nuclei.

The radioactive decay law

The radioactivity was discovered in 1896 by Henry Becquerel. He found that photographic
materials wrapped in black paper, i.e. isolated from light, blackened when brought close to
uranium salts. These salts were emitting radiations, that could pass through paper and were
absorbed by the photographic emulsion. In the next few years other researchers discovered
that different types of decay can occur. The Curies were the first to isolate a new element
called the polonium, and to separate the new element from barium. In the years following
1899 Rutherford and his colleagues showed that the radioactive radiations have three different
components, α-, β- and γ-radiation.

The radioactive (unstable) nuclei can be described by the mean lifetime, designated by
τ . The mean lifetime means the average time of an unstable nucleus before decay. This is a
random variable, but the decay constant more directly carries the random purport: it gives
the probability that the nucleus decays in unit time. It is given by

λ =
1

τ
, (3.36)

in 1/s unit. It follows that it is impossible to say exactly when a nucleus decays.
A large population of radioactive atoms (nuclei) is needed to define average quantities.

Let us consider a homogenous radioactive material containing a large number N(t) of nuclei.
The N(t) function decreases monotonous, because the radioactive nuclei are continuously
decaying. The probability of nucleus decaying per ∆t time is given by λ ·∆t, therefore the
number of decayed nuclei from N(t) per ∆t time is equal to N(t) · λ ·∆t. The decrease of
N(t) is

N(t+ ∆t)−N(t) = −λN(t) ·∆t, (3.37)

the negative sign indicates that N decreases with time. After reordering, we obtain

N(t+ ∆t)−N(t)

∆t
= −λN(t), (3.38)

We have in limit ∆t→ 0, the above expression is given by

dN(t)

dt
= −λN(t). (3.39)

This is the differential equation of decay. The solution of equation (3.39) is simple, the
integration of this differential equation with initial condition N(0) = N0 gives:

N (t) = N0e
−λt = N0e

− t
τ . (3.40)

(3.40) is called exponential decay law. In practice, it is much easier to measure the activity
A (t) than N(t), where

A (t) = λN (t) , (3.41)

after multiplying the (3.39) with λ the exponential decay law for the activity is given as

A (t) = A0e
−λt = A0e

− t
τ . (3.42)
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The SI unit of radioactive activity is the becquerel (Bq), 1 Bq is one decay per second.
Therefore the activity A gives the number of decays per second.

It is convenient to define a special quantity T1/2 which corresponds to the mean time
required for the activity (or number of nuclei) to reduce to one half of its value. This is
called the half-life. Substituting N = N0

2 at t = T1/2 in relation (3.40) shows that

T1/2 =
ln (2)

λ
. (3.43)

It is associated with the statistically random behavior of the population of nuclei. In conse-
quence, predictions using half-life is less accurate for small number of atoms.

The chains of radioactive decays

Now we consider the case of a chain of two decays: one nuclide 1 decaying into another 2 by
one process, then 2 decaying into another 3 by a second process, where 3 is a stable nuclide.
The process is

1→ 2→ 3 (3.44)

We assume that N1 = N10, N2 = N20 = 0 and N3 = N30 = 0 at the time t = 0, the decay
constants of 1 nuclide (it is referred to parent nuclide) and 2 nuclide (it is referred to daughter
nuclide) are λ1 and λ2 and naturally λ1 6= λ2. The equation for change of parent nuclei is

dN1 (t)

dt
= −λ1N1 (t) , (3.45)

for daughter nuclei is
dN2 (t)

dt
= −λ2N2 (t) + λ1N1 (t) . (3.46)

and finally the equation for the stable isotope is

dN3 (t)

dt
= λ2N2 (t) . (3.47)

The solution of (3.45) is already known from equation (3.39)

N1 (t) = N10e
−λ1t, (3.48)

so re-writing equation (3.46)

dN2 (t)

dt
= −λ2N2 (t) + λ1N10e

−λ1t. (3.49)

The solution of this inhomogeneous differential equation with the boundary conditions N1 =
N10 and N2 = 0 at time t = 0 is

N2 (t) =
λ1

λ2 − λ1
N10

(
e−λ1t − e−λ2t

)
. (3.50)

Using the definition of activity 3.41 gives a relation for the daughter activity:

A2 (t) =
λ2

λ2 − λ1
110

(
e−λ1t − e−λ2t

)
, (3.51)
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where A2 (t) = λ2N2 (t) and 1A0 = λ1N10. After reordering may be written

A2 (t) = A1 (t)
λ2

λ2 − λ1

(
1− e−(λ2−λ1)t

)
. (3.52)

Let us now consider the daughter activity in special cases. The first case is when the
decay constant of parent nuclide is less than decay constant of daughter nuclide λ2 > λ1.
Then the exponent factor is positive all the time in (3.52) (λ2 − λ1) > 0, so after a sufficiently
long time the exponential factor approaches to zero in this expression. In this asymptotic
limit the (3.52) can be written as

A2 (t) ≈ A1 (t)
λ2

λ2 − λ1
. (3.53)

The next case when the inequality between parent and daughter decay constant is much
stronger than in the previous case: λ2 � λ1. In this case we may use relation (λ2 − λ1) > 0,
of course. However, due to the stronger condition we may write

λ2

λ2 − λ1
=

1

1− λ1

λ2

≈ 1. (3.54)

Using this approximation in expression (3.53), we obtain

A2 (t) ≈ A1 (t) . (3.55)

This case is called secular equilibrium .
Finally we consider the general case, which includes any number of consecutive decays in

a decay chain, i.e.
A1 → A2 → · · · → Ai → · · · → AM (3.56)

where M is the number of decays. Ni denotes the number of nuclide of i-th isotope, the
population equation for Ni nuclide is given by

dNi (t)

dt
= −λiNi (t) + λi−1Ni−1 (t) . (3.57)

The initial conditions are N1 = Ni0 and Ni = 0 if N ≥ i > 1 at the reference time t = 0.
The general solution to the recursive problem are given by Bateman’s equations [40]:

NM (t) =
N10

λM

M∑
i=1

cie
−λit (3.58)

ci =

M∏
j=1,i6=j

λj
λj − λi

(3.59)

These solutions are useful in burn-up problems.

3.4.2. Nuclear reactions
General description and Energetics of nuclear reactions

The nuclear reactions are formally considered as a process in which two nuclei and either
subatomic particles (for examples neutrons, protons, electrons) collide to produce two or
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more new particles (nuclei), which are different from the initial particles. The standard
notation of nuclear reaction which involves two initial and two produced particles is

a+A → b+B

A (a, b) B (3.60)

In nuclear reactions one of the initial particle is referred as a projectile, while the other
is taken a target, for example in above process the projectile is a while the target is A.
The nuclear reactions are caused by strong- (or other words nuclear), electromagnetic- and
weak-interactions between the collided particles.

The fundamental principle of conservation laws has a decisive influence upon the nuc-
lear reactions, so the reactions are categorized as forbidden and allowed reactions. Most
important conservation quantities are:

• energy

• momentum

• angular-momentum

• parity (except for weak-interaction)

• electric charge

• number of barions (neutrons, protons, etc)

• number of leptons (electron, neutrino, etc)

We consider the energetics in this section. Most nuclear reactions involve two-body
interactions as showed the relation (3.60). Because of energy conservation the total energy
of initial and final system must be equal, it follows that

E(a) + E(A) = E(b) + E(B), (3.61)

using the relation E(i) = E
(i)
kin + E

(i)
0 , (3.61) may be written as(

E
(a)
kin + E

(a)
0

)
+
(
E

(A)
kin + E

(A)
0

)
=
(
E

(b)
kin + E

(b)
0

)
+
(
E

(B)
kin + E

(B)
0

)
, (3.62)

where Ekin is the kinetic energy of the particle (can be relativistic or non-relativistic), E0 =
m0c

2 is the rest energy of particle, c is velocity of light in vacuum. Separating the variables,
we can re-write this equation(

E
(b)
kin + E

(B)
kin

)
−
(
E

(a)
kin + E

(A)
kin

)
=
(
E

(a)
0 + E

(A)
0

)
−
(
E

(b)
0 + E

(B)
0

)
. (3.63)

Now we can introduce a new variable Q, it is defined by

Q =
(
E

(a)
0 + E

(A)
0

)
−
(
E

(b)
0 + E

(B)
0

)
, (3.64)

it is called reaction energy, whence(
E

(b)
kin + E

(B)
kin

)
= Q+

(
E

(a)
kin + E

(A)
kin

)
. (3.65)

The reaction energy is the energy, which is released in nuclear reaction, the definition and
relation (3.24) follow that Q involves the changing of binding energy between the initial and
final system. The (3.64) model- and coordinate-system–independent formula can be applied
to all types of two-body nuclear reaction processes. Q can be utilized for:
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• Q = 0 −→ E
(initial)
kin = E

(final)
kin and a = c, b = d: elastic scattering, in which collided

particles keep their identity, and the total kinetic energy remains.

• Q 6= 0 −→ E
(initial)
kin < E

(final)
kin but a = c, b = d: inelastic scattering, in which in which

collided particles keep their identity, but the total kinetic energy changes by Q, where
Q is equal to excitation energy given to the target nucleus.

• Q < 0 −→ E
(initial)
kin < E

(final)
kin but a 6= c, b 6= d: endothermic reaction: which is

energy-absorbing process

• Q > 0 −→ E
(initial)
kin > E

(final)
kin but a 6= c, b 6= d: exothermic reaction: which is

energy-producing interaction

The endothermic reactions are special among the nuclear processes, because the minimal
incident energy is required for the reaction to take place. This minimal energy is called
threshold energy Ethres. It follows the connection between Q value and initial velocities
depends on the choice of coordinate system [37]. Finally we show some nuclear reactions
from the Q point of view:

3He+ n → 3H + p+ (Q = 764 keV) (3.66)
6Li+2 H → 24He+ (Q = 22.4 MeV) (3.67)
12C +2 H → 13N + n+ (Q = −3.82 MeV) (3.68)

Direct and compound nucleus reactions

The nuclear reactions may also be classified according to reaction mechanism, which have two
possible ways: the direct and the compound nuclear reactions. In the direct reactions (for
example A(a, b)B) the interaction between two collided nuclei is considered to be a single
very quick event, these characteristic time is about 10−22 s. The energy and momentum
transfer are relatively small. The angular distribution of direction of reaction products is
significantly different from the uniform distribution (anisotropic process), therefore the cross
section strongly dependents on the "scattering" angular (it means the angular between the
direction of incident particle (a) and direction of outgoing particle (b)). Generally, the
forward scattering is typical.

In the case of compound nuclear reactions the process will be a two-step, schematically:
a+A→ C → b+B, first step the compound nucleus C is created by collision of a and A, than
second step the compound nucleus in the excited state decays to possible ways. These decay
differs from the radioactive decay, because this is determined by nuclear interaction, thus in
this case two or more nuclei (nucleons) are produced. The first theory of compound nuclear
reactions were developed by N. Bohr. The characteristic time of interaction is equal to the
lifetime of compound nucleus (10−15s−10−19s) which is compared to the time for the incident
energy to be shared among nucleus C, therefore particle a has energy transfers with nucleons
in the target nucleus A. Thus the nucleus C forgets that which was the incident particle,
in other words nucleus C retains no memory of how it was formed. Another consequence
the final state is independent of the initial state. The angular distribution of direction of
outgoing reaction products is approximately uniform, the cross section weakly depends on
the angular (isotropic process).

Reaction cross sections

Nuclear reactions are stochastic processes described by statistical laws. A single elemen-
tary reaction is characterized by the transition probability and the cross-section, these can
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be determined[37] by using quantum mechanics. The solutions of the quantum mechanics
problems are not the subject of this book, so we introduce the cross section with a simple
physical meaning. Accordingly the cross section gives the amount of reactions (R) occur per
second while φ incident particles collide with the surface element of target:

R = σNtφ, (3.69)

where Nt is the number of target nucleus, φ denotes the flux of incident particle in dimension
cm−2s and R is the reaction rate in dimension s−1. So σ is a physical quantity which
determines the probability of a nuclear reaction event. Based on these the cross section is
defined as

σ =
R

Ntφ
. (3.70)

σ is usually called microscopic cross-section. The unit of the cross-section is area cm2, but in
nuclear and reactor physics is also used the barn unit. One barn is equal to 10−24cm2. Note
that the cross-section is not identical with the surface of the target nucleus, the latter being
a geometric data whereas the former depends strongly on the total initial kinetic energy of
the projectile, in the laboratory coordinate system where the target nucleus is at rest.

For the experimental determination of a cross-section, a thin target is manufactured from
the homogeneous material made of the target nuclei and the attenuation of the projectile
beam Φ through a target of thickness x is measured. Let the number of target nuclei per
unit volume be N , then the number of target atoms in an infinitesimal dx thick layer parallel
to the the surface of the target is Ndx. The number of reactions is R = ΦNσdx per unit
surface and per unit time in this layer. Obviously the attenuation of the projectile beam
equals to R:

dΦ = −Φ (x)Nσdx. (3.71)

Integrating this equation, we obtain

Φ (x) = Φ0e
−Nσx = Φ0e

−Σx, (3.72)

the initial condition is Φ(0) = Φ0. This is the exponential attenuation law. In (3.72) a new
variable has been introduced: Σ = Nσ, where N is the nuclide density of the target. Σ is
usually called macroscopic cross-section, its dimension is cm−1. Let ρ designate the density
of the target material. To determine N , we have to recall 2 that NAv = 6.023 · 1023 atom is
in A gram material hence

N =
ρ

A
NAv. (3.73)

The target may contain several isotopes, the macroscopic cross-section is the sum of the
cross-sections of the isotopes:

Σ = N1σ1 +N2σ2 + . . . , (3.74)

where Ni is the number of nuclei per unit volume of isotope i, σi is the microscopic cross-
section of isotope i.

The material under consideration may be a chemical compound in which the constituting
atoms have a fixed ratio. LetM be the molecular weight and the compound contain ni atoms
of type i. Then

Σ =
ρNAv
M

∑
i

niσi, (3.75)

2NAv is the Avogadro constant.

45



where σi is the microscopic cross-section of isotope i.
Let us now consider the main reaction types. The same reaction partners can produce

several different nuclear reactions however, these reactions are mutually exclusive, distinct
events. If different reactions are induced by the same projectile then Φ and N cannot change
in (3.70), thus the total reaction rate Rt is given by

Rt = R1 +R2 +R3 + . . . , (3.76)

using 3.70 in the above relation, we find that the microscopic cross-sections are additive:

σt = σ1 + σ2 + σ3 + . . . , (3.77)

where σi designates the microscopic cross-section for reaction of type i and σt is the total
microscopic cross-section. In the general case when a homogeneous material contains several
chemical compounds and all the different nuclei are involved in the compounds have some
disjoint reaction with the same projectile (for example neutron), the Σt can be written

Σt =
∑
i

ρiNAv
Mi

σit, (3.78)

where ρi is the partial density of nuclei of type i, σit is the total microscopic cross-section of
nuclei of type i (3.77).

In nuclear and reactor physics the most important nuclear reaction types are the neutron-
nucleus interactions, where the neutron is referred to projectile. The likelihood of interaction
between an incident neutron and a target nuclide is characterized by the total microscopic
cross section σt. Two possible things can happen in the neutron-nucleus interaction, on one
hand an incident neutron bounces off the target and continues moving, that interaction is
called scattering. On the other hand the neutron may be absorbed in the target nucleus,
that interaction is called absorption. The total cross-section is the sum of the scattering σs
and absorption σa cross-sections.

σt = σs + σa. (3.79)

The following reactions are distinguished within the main interaction types:

1. the inelastic scattering reaction with cross-section σs,e, in which the total kinetic energy
is preserved in the scattering;

2. the elastic scattering reaction with cross-section σs,in, in which the total kinetic energy
is reduced;

3. the capture process with cross-section σc, in which the incident neutron is absorbed in
target without fission, but produced other particle (for examples proton (n, p), gamma
photon (n, γ), deuteron (n, d), another neutron (n, n′), etc.) ;

4. the fission reaction with cross-section σf , which that we will discuss in detail in the
next Section.

Thus the σt can be written
σt = σs,e + σs,in + σc + σf . (3.80)

where σc + σf = σa because the incident neutron disappears in both reaction processes.
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Neutron induced direct reactions

The neutron-nucleus reactions without resonances (see below) can be approximately written
by first-order time dependent perturbation theory in quantum mechanics. In this model the
cross section of A(a, b)B direct reaction can be written (see details in [37]) as

σ(a,b) = C
P 2
b

vavb
, (3.81)

where C denotes a special constant, which includes the quantum mechanical details, va is
velocity of projectile, vb and Pb are the velocity and momentum of outgoing particle b, respec-
tively. (3.81) formula is true if conditions MA � ma and MB � mb are satisfied, and the
interaction operator is approximately constant at infinitesimal energy interval [Eb, Eb + dEb].
Below is shown the cross section of some of the neutron induced nuclear reaction (without
resonances).

The first reaction type is the (n, γ) in other words γ-absorbtion. This process usually is
strongly exothermic, thus around Q ∼ 1MeV energy produced, which shared between the
γ-photon and remanent nuclide. Can be seen from (3.81) that the cross section decreases
when the speed of neutron (as incident particle) increases, so this reaction preference for very
slow neutrons which are called thermal neutrons. The average energy of thermal neutrons
Ẽ ' 0.025eV . The reaction energy is much more than initial neutron energy Q � Ẽ,
therefore neutron energy cannot affect the energy of the γ−photon, so can be considered to
P 2
γ /vγ = const. Finally the cross-section of (n, γ) can be written

σ(n,γ) = C
P 2
γ

vnvγ
∼ 1

vn
. (3.82)

This formula is known as "1/v" cross section.
An other process is (n, n) elastic scattering. If the MA mass of target nucleus is greater

than mn neutron mass then the scattering cannot alter the (vn) absolute value of neutron
speed can only alter the direction of moving, that is va = vb = vn. The cross section
approximately can be

σ(n,n) = C
P 2
n

vnvn
= C

m2
nv

2
n

v2
n

= Cm2
n = const. (3.83)

Interesting process when the incident neutron knocks out another bounded neutron from
the target nucleus: (n, n′). Consider just threshold process in which the incoming neutron
energy En is just greater than the binding energy E∗ of bounded neutron. In this case the
outgoing neutron point of view the speed of incoming neutron is regarded as be constant, so
the cross section

σ(n,n′) = C
P 2
n′

vnv′n
∼ v′n ∼

√
En − E∗, (3.84)

where we used the energy conversation law En = E′n + E∗, the reaction energy is negligible
in threshold process.

A similar process in which the incoming neutron knocks out a bounded proton (n, p)
or a nuclear cluster (for example α-cluster) (n, α). The difference is that in those cases
the outgoing particle has electric charge, thus these must go through the Coulomb-barrier of
remanent nucleus. So we have to complement the (3.84) formula the factor Tb which describes
how particle b can go through the Coulomb-barrier. In case of the threshold process the cross
section of (n, p):

σ(n,p) = CTp
P 2
p

vnvp
∼ Tpvp ∼ Tp

√
En − E∗, (3.85)
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where Tp is depends on the energy of proton.
As we have previously mentioned, the cross-section may depend strongly on the neutron’s

kinetic energy or neutron speed. For example, the cross section can be, at low energies, either
near or equal to zero. Such an example can be seen in the fission cross-section of 238U , see
Fig. 3.4. On the other hand, the cross-section usually has a number of local maxima which
may be considerable larger than the cross-sections at most of the energies. An example for
that can be observed in the fission cross-section of 235U in Fig. 3.4.

Resonances and compound nucleus interactions

At intermediate energies i.e. in the range 1 eV ≤ E ≤ 10 keV , there can be resonances
in the cross-sections, which are actually peaks where the cross-section strongly jumps to
a higher value (up to several 100 times) from the background at inside of narrow energy
range. The reason is the result of the neutron-nucleon collision, the compound nucleus gets
into one of its excited states. The excitation energy equals the En kinetic energy of the
incident neutron[[37],[38]]). Then the energy of resonance Er = ~ωr (using Planck’s relation,
where ~ = h

2π is reduced Planck constant) is equal to the kinetic energy of neutron En.
This phenomenon may be similar to the classical physics known as excited oscillator, where
the oscillator is excited by external periodic force with frequency ω. If the frequency ω is
near (or equal) to the resonance frequency ω0 of oscillator, large amplitude oscillation can
be produced by the external force. The amplitude corresponds to the cross section in this
analogy.

Let E be the kinetic energy of the neutron (in the laboratory system), Er be the energy
of resonance, then the cross section of reaction type i near resonance is given by single level
Breit-Wigner formula [37]

σi (E) = σl
ΓΓi

(E − Er)2
+
(

Γ
2

)2 , (3.86)

where Γ it the total resonance width (FWHM)3, Γi is the partial width of reaction i (i can be
scattering, capture or fission), σl = π

k2n
(2l + 1) is the maximum value of total cross section at

E = Er and kn is the wave number of incoming neutron. Actually the Breit-Wigner formula
describes the cross section of emergence of compound nucleus from the collided particles.
Hence we have the opportunity to characterize the compound nucleus reactions.

As we mentioned the typical compound nuclear reactions looks like this: a+ A → C →
b+ B. The final state is not definite, it depends on the excited state of compound nucleus.
Similarly to the resonance the formation of the C compound nucleus can be written as

σa+A→C (E) =
π

k2
a

ΓΓi

(E − Er)2
+
(

Γ
2

)2 , (3.87)

where index i is specialized by the initial reaction in which produced the compound nucleus
(for example a+A) and Γ =

∑
i Γi. The second stage is decay of the compound nucleus:

PC→b+B =
Γj
Γ
, (3.88)

where index j denotes the one of the possible final state of decay (for example b + B). So
the cross section of total process can be written as

σcomp(a,b) (E) = σa+A→C (E)PC→b+B =
π

k2
a

ΓiΓj

(E − Er)2
+
(

Γ
2

)2 . (3.89)

3FWHM- Full Width at Half Maximum
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This result shows similarity between the resonance and compound nucleus reaction, so in
any case the resonance is considered as formation of compound nucleus.

In thermal reactors, primarily the resonances of the even-even nuclei are significant, these
nuclei such as 238U , 232Th,240Pu etc., but can not be disregarded the even-odd nuclei, for
example 235U ,239U . Resonances play an outstanding role in the description of the slowing
down of neutrons.

The nuclear fission

In nuclear physics nuclear fission is a special nuclear reaction in which the nucleus of an
atom splits into smaller parts (lighter nuclei), often producing free neutrons and high energy
photons (in the form of gamma rays), and releasing a very large amount of energy. It is
schematically shown in figure 1.1.

The energetic preference for nuclei to fission can be understood from the binding energy
per nucleon, see Fig. 3.3. A heavy nucleus with Z ≥ 90 has a binding energy of about
7.6 MeV/nucleon. If 238U splits two equal fragments with A ' 119 [39], their binding energy
per nucleon would be about 8.5 MeV. The energy must be released in splitting of 238U from
(3.64):

Q = ∆E = E
(

238U
)
− 2 · E

(
119Pb

)
= −B

(
238U

)
+ 2 ·B

(
119Pb

)
, (3.90)

i.e.:
∆E = −238 · 7.6 + 2 · 119 · 8.5 = 214 MeV. (3.91)

As we see, the fission of a heavy nucleus is an exothermic reaction, where the released reaction
energy can appear both as neutron, β and γ emission (∼ 10%) and as kinetic energy of the
fragments (∼ 80%).

The spontaneous fission of 238U is very rare event. What inhibits the fission process?
The answer is the Coulomb barrier. If a 238U is divided into two equal fragments that are
just touching at their surfaces, the Coulomb barrier is 250 MeV [[39]]. But the released
reaction energy is just 214 MeV, so the Coulomb barrier can prevent the fragments from
disruption, therefore the likelihood of fission process is determined by quantum mechanics
tunneling as the Gamow-factor . The energy difference is required for the spontaneous fission
is called as activation energy. With those nuclei which in separated states do not have energy
enough to cross the Coulomb barrier, the spontaneous fission is rare or not observable.
Notwithstanding, absorption of a small amount of energy, such as from a free neutron or a
γ photon, may create an intermediate, quasi bound state called (compound nucleus). The
compound nucleus may have larger energy than the the Coulomb barrier so the fission process
may occur. This process is usually known as induced fission.

The simplest and most instructive description of fission is obtainable from the liquid
drop model of nucleus. The ground state nucleus has spherical geometry in the model.
Absorbing an incident particle, for example a neutron, the nucleus gets into an excited state.
Then the nucleus stretches while the volume remains constant, but the deformation changes
the surface and Coulomb terms in (3.34). The deformed nucleus may be represented as a
rotational ellipsoid, let ε designate the distortion parameter (deviation from the sphere),
then the ellipsoid axes are given by

a = R (1 + ε) (3.92)

b = R (1 + ε)
−1/2

, (3.93)

where R is the radius of the non-deformed nucleus. As the volume is constant:

R3 = ab2. (3.94)
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After the deformation the surface is

S = 4πR2

(
1 +

2

5
ε2
)

which reduces the binding energy while the surface energy increases in contrast to the Cou-
lomb term, which is multiplied by the factor

(
1− 1

5ε
2
)
increasing the binding energy [39].

Taken into account all these, the deformation energy is

∆E = B (ε)−B (ε = 0) =

(
−2

5
asA

2/3 +
1

3
acZ

2A−1/3

)
ε2, (3.95)

where we have used the semi-empirical mass formula (3.34). If the second term is larger
than the first, the activation energy is negative, then arbitrary small deformation produces
energy. Such a nucleus is unstable against this deformation and the spontaneous fission is
possible. Therefore the condition for spontaneous fission is(

2

5
asA

2/3 >
1

3
acZ

2A−1/3

)
ε2, (3.96)

using the numerical values from Ref.[39]

Z2

A
> 47. (3.97)

Among other things, this is the reason that the periodic system includes finite number of
elements.

The cross section of induced fission reaction strongly depends on the energy variable
and the type of isotopes (composition of nuclide). For example the 235U is already split
by absorption a low-energy neutron, but the splitting of 238U requires high-energy neutron
absorption, although the activation energy is the same in both cases, it is shown in Figure
3.4. The latter process is a threshold reaction. The reason is that the fission of 235U includes
transition from even-odd nucleus (235U+n) to even-even nucleus ((236U)), because the even-
even nuclei are more bounded than even-odd nuclei so energy is gained in this process which
is enough to fission process. In contrast the fission of 238U includes transition from even-even
nucleus (238U + n) to even-odd nucleus (239U), where the final state is less bounded than
the initial state, so there is no energy release. In this case the energy required for fission is
provided by the absorption of high-energy neutron.

The fission fragments and other particles (as neutrons, β and γ particles, etc.) are emitted
in fission process. The typical neutron-induced fission is

235U + n→93 Rb+141 Cs+ 2n+ energy. (3.98)

Nevertheless the fission products are not determined, there are a lot of possible final states
in a fission process, this is typical of the compound nucleus reactions. The distribution of
masses of two fission products are shown in Figure 3.5. The distribution is approximately
symmetric about the nearly equal fragments (A1 ≈ A3). The fragments are extremely rich in
neutrons, so the fragments are typically unstable against β−-decay. Besides the fragments,
one or more neutrons appear at the instant of fission, in this manner the neutron excess is
reduced. These neutrons are known as the prompt neutrons. The number of prompt neutrons
is determined by the types of the two fission fragments, so may vary in each fission event.
The average number of prompt neutrons ν is characteristic of particular fission process. For
example the experimentally observed value of ν are 2.42 for 235U , 2.86 for 239Pu [39], [37].
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3.4. ábra. The neutron induced fission process

In addition to the prompt neutron, so-called delayed neutrons are also emitted in a fission
process. These neutrons are emitted after the β-decay of fragments. The fragments will often
be in an excited state even after the β-decay, a part of the the excitation energy is released
by neutron emission.

3.5. The physical background of chain reaction
The volume in which the energy is produced in a nuclear power plant is called core. The
energy is produced by fission [2]. In the reactor core, neutrons are either bound in a nucleus
or in a free state. The free neutrons behave like a dilute gas in which the neutron-neutron
collisions are negligible, the neutron-nucleus collisions dominate. The quantitative descript-
ion of the neutron gas is based on the concept of cross-section introduced in the previous
Section.

In reactor physics, the neutron-nucleus reactions are classified according to their effect
on the number of neutrons. Each reaction type is characterized by a cross-section. The
cross-sections are:

1. the capture cross-section Σc is associated with the reaction when the neutron is cap-
tured and a new nucleus is formed. Details are given in the first Subsection of Section
3.3.

2. the scattering cross-section Σs is associated with such neutron-nucleus collision from
which one neutron emerges. If the kinetic energies of the neutron and nucleus is
preserved the scattering is elastic, otherwise inelastic.

3. in the fission, the neutron-nucleus collision is inelastic, the binding energy of the neut-
ron excites the nucleus, which eventually splits into two parts, and in the reaction also a
random number of neutrons are emitted. Usually in the neutron balance only the mean
value ν of the released neutrons is used unless we are interested in the fluctuations of
the neutron density.
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3.5. ábra. The distribution of fragments for neutron induced fission process

4. The cross-sections of the (n, 2n), (n, 3n) reactions are usually negligible, but in specific
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problems they may have to taken into account.

We have to generalize the description of the neutron-nuclei interaction because in scatter-
ing and fission reactions neutrons may emerge. In those processes first a neutron is absorbed
in the collision event and one or more secondary particles are emitted. To account for the
mentioned collision types, we introduce two more terms in connection with the cross-section.
c(r, t) is the mean of secondary particles emitted in a collision event at (r,v) point of the
phase space and f(v → v′)d3v′ is the probability that any secondary particle emitted in
the collision of a neutron having velocity v will have velocity in d3v′ around v′. The fission
cross-section is often written as

Σf (E → E′,Ω→ Ω′) =
ν(E)f(E)Σf (E)

4π
, (3.99)

where f(E) is the fission spectrum because the angular distribution of the neutrons emerging
from fission is isotropic 4. The energy and angle distribution of neutrons emerging from
scattering is often written as

Σ(E → E′,Ω→ Ω′) = Σ(E → E′,ΩΩ′), (3.100)

because the angular distribution depends only on the angle between the neutron directions.
The scattering cross-section is

Σs(E,Ω) =

∫
dE

∫
dΩ′Σ(E → E′,Ω→ Ω′). (3.101)

The cross-section libraries give the cross-section in the center of mass coordinates. Not-
withstanding, in reactor physics, the laboratory coordinate system is used, in which the
neutron velocity is v and the nucleus velocity is V. The library data refer to the relative
velocity

vr = |v −V|.

To resolve the contradiction, we introduce the effective cross-section. The nucleus velocity
follows the Maxwell-Boltzmann distribution in thermal equilibrium. Let P (V)dV the pro-
bability density of the nucleus velocity being in d3V around V. The number of collisions
is ∫

vrσ(vr)P (V)d3V · dt

under dt time. The effective cross-section σeff is defined by

vσeff (v)dt =

∫
vrσ(vr)P (V)d3V · dt. (3.102)

Only the so called 1/v cross-section5 has the same σeff cross-section as the one given in the
library.

The kinetics of the neutron population is partly determined by the atom-neutron coll-
isions. In the interaction only the nucleus of the atom plays role but the position of the
nucleus is determined by the dimension of the atom. It is clear that the diameter of the
atom is determined by the state of the electron shell. The diameter of an atom is in the
order of 10−8 cm, that of the nucleus appr. 10−12 cm. That ratio is like a nut placed in the
middle of a stadium. Imagine an aligned string of atoms. One would think that the first

4An exception is the large crystal structure.
5When σ(vr) ∼ 1/vr the cross-section is of 1/v type.
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nucleus captures the neutron impinging from the direction of the atom string. But practi-
cally the 10000 times smaller nuclei are randomly distributed and each atom may enter into
a collision with a neutron unless the cross-section of the nucleus increases, which is the case
in the resonance capture. Then the self-shielding should be taken into account.

The different reaction types exclude each other thus a neutron can enter into one given
nuclear reaction type. When we account for all the possible reaction types, however, we have
to add the cross-sections.

Individual nuclear reactions are random by the very nature of particle interactions. Rem-
ember, the cross-section is obtained from a large number of collision events, and says nothing
about individual collisions. (3.72) means that the number of neutrons avoiding a collision
with the host atoms exponentially decreases with the path of the neutron. This makes it
possible to give a probabilistic interpretation to (3.72). Follow the path of the neutron. The
fraction of neutrons suffering a collision between path s and s + ds is Σxds. The average
distance λx that a neutron will travel before being absorbed is

λx =

∫∞
0
se−ΣxsΣxds∫∞

0
e−ΣxsΣxds

=
1

Σx
, (3.103)

which is called mean free path or relaxation length (the average distance traveled by the
neutron without entering x type collision). Using the mean free path, (3.72) is rewritten as

φ(s) = φ0e
− s
λx . (3.104)

Now we are able to derive an equation for the neutron density. To this, first we have to
clear the details of neutron distribution. We consider the neutrons as classical particles that
can be characterized by specifying the particle position r and velocity v. Internal variables
of the neutron, like spin or polarization are assumed not to influence the motion. Our goal is
to find the neutron density function n(r,v, t) in the phase space spanned out by the neutron
position r and velocity v at time t. Let n(r,v, t)d3rd3v be the average number of neutrons in
the infinitesimal volume d3r about r having velocity in d3v about v at time t. The neutron
density N(r, t) at position r and time t is the integral of n(r,v, t):

N(r, t) =

∫
n(r,v, t)d3v, (3.105)

where the integration extends over the possible velocities. In cases it is expedient to use the
function

f(r,v, t) =
n(r,v, t)

N(r, t)
, (3.106)

the probability distribution or density function, which is normalized as∫
f(r,v, t)d3v = 1 (3.107)

for every r, t. n(r,v, t) and f(r,v, t) carry information only about the expected number of
neutrons in an infinitesimal volume d3rd3v of the phase space.

It is often convenient to use another independent variables in the phase space. We
introduce the

ω = (r, E,Ω) (3.108)

variable and then n(ω, t)d3rdE is the average number of neutrons in d3r about r with kinetic
energy in dE about E moving in direction Ω in solid angle dΩ. The neutron energy E and
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velocity v is related by the well known formula

E =
1

2
mnv2, (3.109)

where mn is the neutron mass. A few further useful concepts are the angular current density
j(r,v, t) by the definition

j(r,v, t)dSd3v = expected number of particles crossing area dS per second
with velocity v in d3v at time t., (3.110)

the net current density J(r, t) which is

J(r, t) =

∫
j(r,v, t)d3v =

∫
vn(r,v, t)d3v, (3.111)

and the partial current densities J±(r, t) at a surface S:

J±(r, t) = ±
∫
±

nSj(r,v, t)d3v (3.112)

where nS is the unit normal to S, and the integration is taken over only the neutron directions
in the positive or negative direction. Comparing (3.112) and (3.111) we find

nsJ(r, t) = J+ − J−. (3.113)

Now we derive an exact equation for the phase space density n(r,v, t). The distribution
in the phase space changes because the neutrons fly and collide with the nuclei of the host
material. Consider a neutron at point (r,v) at time t. After δt the neutron will be at
(r+δtv,v) and covers δtv distance. There are n(r,v, t) neutrons in the infinitesimal volume
d3rd3v, and after δt they either move to (r + δtv,v) or suffer a collision, therefore

n(r,v) = n(r + δtv,v)d3rd3v + vδt(Σt)n(, r,v, t)d3rd3v +Q(r,v, t)d3rd3v (3.114)

where Q(r,v, t) is the number of neutrons produced in the collisions. The source term Q has
contributions from the scattering and fission nuclear reactions, and from an external source
S:

Q(r,v, t) =S(r,v, t)δt+

∫
Σs(r,v

′ → v)v′n(r,v′, t)d3v′ · δt

+
f(v)

4π

∫
νΣf (r,v′, t)v′n(r,v′, t)d3v′ · δt.

(3.115)

Subtracting n(r,v, t) from both side and in the limit δt → 0 we get the neutron transport
equation:

∂n(r,v, t)

∂t
=− v∇n(r,v, t)− Σt(r,v, t)vn(r,v, t) + S(r,v, t)

+

∫
Σs(r,v

′ → v)v′n(r,v′, t)d3v′·

+
f(v)

4π

∫
νΣf (r,v′, t)v′n(r,v′, t)d3v′.

(3.116)
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The physical meanings of the terms on the right hand side are as follows. We rearrange
the term −v∇n(r,v, t) = −∇vn(r,v, t) and integrate it over an infinitesimal volume V :∫

V

−∇vn(r,v, t)d3r =

∮
∂V

vn(r,v, t)dS

what gives the number of neutrons leaving V per unit time. That quantity is called the
leakage. The term −Σt(r,v, t)vn(r,v, t) is the neutron loss at phase space point (r,v) due
to collisions, and is called removal. Note that the neutrons entering into a scattering reaction
reappear at another velocity in the source term. We remark here that the loss apart from
the scattering has two component: the capture, its cross-section is Σc and the fission with
cross-section Σf . Their sum is called absorption cross-section:

Σa = Σc + Σf . (3.117)

Accordingly, the total cross-section Σt has the following two components:

Σt = Σa + Σs, (3.118)

where at a given neutron energy E

Σs(E) =

∫ ∞
0

Σs(E → E′)dE′ (3.119)

The last three terms in (3.116) are the sources but only the first one is independent of
the neutron density, the other terms are the scattering source and the fission source.

The (3.116) is applicable if the assumptions we have made in the derivation are fulfilled:

• the neutron density is low and the neutron-neutron collisions can be neglected;

• the neutron density is large enough to speak of the mean value of neutron density and
neutron-host nuclei interactions. That assumption is needed to use the mean number
of secondary neutrons in the fission term.

• We assumed that the nuclear reactions are prompt, the neutrons emerging from fission
or scattering appear at the position of the collision. That assumption fails in kinetic
problems, see Chapter 8, Section 7.1.

The reaction rate, see (3.69), is proportional to vn(r,v, t) and because the reaction rates
are independent of the direction of v. We often deal with reaction rates so introduce the
neutron flux Φ(r, v, t) with the definition:

Φ(r, v, t) = v

∫
4π

n(r, v,Ω, t)dΩ, (3.120)

which is the distance traveled by the neutrons under unit time at position r having absolute
velocity v. The flux in energy variable is

Φ(r, E, t) =

∫
4π

vn(r, E,Ω)dΩ. (3.121)

Traditionally, the quantity
Φ(r, E,Ω, t) = vn(r, E,Ω, t) (3.122)
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Name Formula Interrelation
Angular flux Φ(r, E,Ω) -
Flux or scalar flux Φ(r, E) =

∫
4π

Φ(r, E,Ω)dΩ Φ(r, E) = 2(J+(r, E) + J−(r, E))
Normal component of net current Jn(r, E) =

∫
4π

ΩnΦ(r, E,ω)dΩ Jn(r, E) = J+(r, E)− J−(r, E)
Partial current (+n) J+(r, E) =

∫
Ωn>0

ΩnΦ(r, E,Ω)dΩ J+(r, E) = 1
4Φ(r, E) + 1

2Jn(r, E)

Partial current (−n) J−(r, E) = −
∫
Ωn<0

ΩnΦ(r, E,Ω)dΩ J−(r, E) = 1
4Φ(r, E)− 1

2Jn(r, E)

3.1. táblázat. Characteristics of the neutron distributions

is called angular flux, which gives the distance traveled under unit time by the neutrons
flying in direction Ω. The flux and the angular flux are related as

Φ(r, E, t) =

∫
4π

Φ(r, E,Ω)dΩ. (3.123)

Before passing on to the neutron balance, we summarize the relationships between the
characteristics of the neutron field using the (r, E,Ω, t) variables. In the table the partial
and net currents are given with respect to a surface, r is a point on that surface, n is the
outward normal to the surface, see Table 3.1.

The angular variable is a unit vector, its Cartesian components are

Ωx = sin θ cosϕ (3.124)
Ωy = sin θ sinϕ (3.125)
Ωz = cos θ. (3.126)

The infinitesimal element on the surface of the unit sphere is

dΩ = sin θdθdϕ. (3.127)

The following integrals are useful in the calculations:∫
4π

dΩ =

∫ π

0

∫ 2π

0

sinθdϕdθ = 4π

∫
4π

ΩdΩ = 0, (3.128)

∫
Ωz>0

ΩiΩidΩ =

∫
Ωz<0

ΩiΩidΩ =
2π

3
, i = x, y, z. (3.129)∫

Ωz>0

ΩiΩjdΩ =

∫
Ωz<0

ΩiΩjdΩ = 0; i 6= j. (3.130)∫
Ωz>0

ΩzdΩ = −
∫

Ωz<0

ΩzdΩ = π. (3.131)

It is convenient to introduce the neutron flux in (3.116). In the removal, scattering, and
fission terms we just replace vn, in the leakage term we substitute v = Ωv and multiply the
time derivative by v and divide it by v to arrive at

1

v

∂Φ(r,v, t)

∂t
=−Ω∇Φ(r,v, t)− Σt(r,v, t)Φ(r,v, t) + S(r,v, t)

+

∫
Σs(r,v

′ → v)Φ(r,v′, t)d3v′·

+
f(v)

4π

∫
νΣf (r,v′, t)Φ(r,v′, t)d3v′.

(3.132)
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Let us investigate the cross-sections in the transport equation more closely. As mentioned
above, we may sum the cross-sections of various isotopes. Thus a macroscopic cross-section
Σx in equation 3.132 is

Σx(r, E) =
∑
i

ni(r)σi(E). (3.133)

Such a physical feature of Σx as its variation with the energy, is determined by the micros-
copic cross-section. But the number of isotopes may vary between 3 and 150, the former
for example in the water moderator, which contains two hydrogen and one oxygen isotope,
the latter in a fuel where various fission products may be present. The nuclide density ni
depends on the temperature, the temperature depends on the position in the core. There-
fore it is not a trivial task how to determine the cross-sections effectively in the transport
equation. A further problem is that some cross-sections are used in different models and the
model may depend on the mass number, see the slowing down models. As we will see later,
a parametrized library is prepared, where it is easy to look up the actual cross-sections.

The neutron transport equation differs from the general particle transport equation (e.g.
photon transport, plasma transport) in the collision term, and in the force acting on the
particle. When the particle-particle interactions can not be neglected, the transport equation
becomes nonlinear.

3.5.1. The mathematical problem
Either form of the transport equation is linear, when Φ1 and Φ2 are solutions, so is c1Φ1 +
c2Φ2. Either form is an integro-differential equation as it contains derivation with respect to
time and space, and integrals over the energy. The differentials in the equations entail that
we have to fix an initial condition at every r and a boundary condition along the boundary
∂V of a volume V .

Symbolically the transport equation (3.132) has the following structure:

∂Φ(ω, t)

∂t
= −LΦ(ω, t)−RΦ(ω, t) + SΦ(ω, t) + FΦ(ω, t) + S(ω, t)

≡ T Φ(ω, t) + S(ω, t),
(3.134)

where L,R,S,F are the leakage, removal, scattering, and fission operators, respectively; and
S is the external source. We have introduced the T transport operator:

T = −L−R+ S + F , (3.135)

which is a linear operator and using T , we write the transport equation as

∂Φ(ω)

∂t
= T Φ(ω, t). (3.136)

Assume for a moment that ϕ is an eigenfunction of T :

T ϕ(ω) = τϕ(ω), (3.137)

then
Φ(ω, t) = eτtϕ(ω) (3.138)

is a solution of (3.136); here τ is an eigenvalue of the transport operator. When the eigen-
functions ϕ of T form a complete system, we can expand a possible solution Ψ(ω, t) in terms
of the eigenfunctions:

Ψ(ω, t) =
∑
i

ci(t)ϕi(ω), (3.139)
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where
ci(t) = ci(0)eτitϕi(ω). (3.140)

At t = 0 we also expand the given Φ(ω, 0) as

Φ(ω, 0) =
∑
i

ci(0)ϕi(ω). (3.141)

Order the eigenvalues in a monotonously decreasing order of Re(τi):

Φ(ω, t) = eτ0t
(
ci(0)e(τi−τ0)tϕi(ω)

)
. (3.142)

Because Re(τi − τ0) < 0 the exponentials are negative for i > 0, and

lim
t→∞

Φ(ω, t) = eτ0tϕ0(ω), (3.143)

i.e. the asymptotic form (c.f. Subsection XX) of the solution tends to the eigenfunction
ϕ0(ω). τ0, ϕ0(ω) are called the fundamental eigenvalue and the fundamental eigenfunction of
the transport operator. The material composition of V , the boundary condition along ∂V and
the initial condition together determine the fundamental eigenvalue τ0. When τ0 > 0, τ < 0
we call V supercritical and subcritical, respectively. When τ0 = 0, V is critical. Note that
in (3.136) the external source is zero.

The transport operator T has a fundamental eigenvalue which is real and the associated
eigenfuction is positive.

3.5.2. Boundary conditions
To obtain the boundary conditions along an internal boundary, we integrate the static (3.116)
over an ε thick box so that the upper half of the box is in material 1 the lower part in
material 2. Let the material interface be at rs. The time derivative is zero in a static case.
We integrate (3.116) over the box and in the resulting expression we let ε tend to zero. The
integrals involving the absorbtion, scattering, and fission will tend to zero. Only the leakage
term remains that can be transformed into a surface integral. The integrals over the faces
of length ε give zero, and remains two integrals, one over S1, that side of the box which lays
in material 1, that surface be at rs + 0. The other surface S2 be at rs − 0 and let that lay
in material 2. The integrated transport equation now takes the form

lim
ε→0

∫
S1

Ωn1Φ(ω)dS + lim
ε→0

∫
S2

Ωn2Φ(ω)dS = 0, (3.144)

where n1 and n2 are the outward normals to surfaces S1 and S2, respectively. Obviously
n1 = −n2. From (3.144), we get that at every rs point of the surface must hold

ΩnΦ(rs − 0,Ω) = ΩnΦ(rs + 0,Ω). (3.145)

Note that this expression entails that for Ωn 6= 0 the angular flux must be continuous:

Φ(rs + 0,Ω) = Φ(rs − 0,Ω), (3.146)

whereas when Ωn = 0 any finite discontinuity is allowed at the boundary rs.
There are to views regarding the internal boundary conditions. In the mathematical

literature, it is assumed that the cross-sections are smooth functions and the solution must
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belong to the class of smooth functions, usually continuous first derivative with respect to
spatial variables. In the physical literature, however, the volume under consideration is
composed of homogeneous material blocks, the cross-sections are discontinuous at material
boundaries, but the quantities having a physical meaning, obey some suitable continuity
condition.

The boundary values prescribed on the external boundary of V fall into one of the two
categories. The inhomogeneous boundary condition fixes a given entering current on the
boundary and the subcriticality theorem (see below) assures the existence and uniqueness of
the solution. The second category is the homogeneous boundary condition that sets a linear
relationship on the boundary between entering and exiting currents. The most general form
is

J−(ω) =

∫
∂V

∫
Ω′n>0

∫ ∞
0

(Ω′n(r′))Γ(ω;ω′)J+(ω′)dE′dΩ′d3r′, (3.147)

where Ωn(r) < 0, and J−(ω) is the entering current, which is a linear expression of the exiting
current at phase point ω′, the albedo matrix is Γ(ω;ω′). The general form considerably
reduces in the practical applications. We mention here four particular cases:

1. Black boundary condition: Γ ≡ 0, no neutrons enter into V through the boundary.

2. White boundary condition: Γ ≡ 1, all the exiting neutrons reenter V .

3. Reflective boundary condition: Γ(ω;ω′) = δω,ωr where δ is Kronecker’s delta function,
and ωr = ω − 2nω, the reflected direction of ω.

4. Local albedo: Γ = constant, a given fraction of the exiting neutrons returns to V .

5. Periodic boundary condition. Let V stand for the volume under consideration, such
that an approximate infinite volume can be created by repeating V . Let the boundary
∂V composed of faces and assume that face A is opposite to face B. The periodic
boundary condition assumes that faces A and B are adjacent and the corresponding
internal boundary condition should be applied to them.

Note that although the boundary condition has been formulated using partial currents,
using the relationships

J+(r, E) =
1

4
Φ(r, E) +

1

2
Jn(r, E) (3.148)

J−(r, E) =
1

4
Φ(r, E)− 1

2
Jn(r, E) (3.149)

any linear boundary condition relating the partial currents can be formulated as a relati-
onship between fluxes Φ(r, E) and the normal component of the net current Jn(r, E). A
particular case is the Γ = 1 when

Φ(r, E) = 0; r ∈ ∂V. (3.150)

Since Φ(r, E,Ω) ≥ 0 that is equivalent to no neutrons being at r. This assumption is
unphysical therefore the boundary condition is fixed not along the boundary but along an
extrapolated boundary r + λnr where λ is the extrapolation distance.

Taking into account the possible forms of the static transport equation (3.116) and the
boundary conditions, the possible particular cases fall into one of the following four categ-
ories:
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1. Homogeneous transport equation with homogeneous boundary condition when we solve

T Φ(ω) = 0; r ∈ V ; (3.151)

Φ(ω−) = ΓΦ(ω+), r ∈ ∂V, (3.152)

where Ωn < 0 in ω− i.e. the entering directions; and Ωn > 0 in ω+. Nontrivial
solution exists only if operator T maps some functions into zero, that requires some
relationship between the cross-sections. Such a V in which equations (3.151) and
(3.152) have non-trivial solutions is called critical. In order to make it possible to treat
non-critical V , we introduce a free parameter in T . Such a V is called conditionally
critical as it is critical at specific values of the parameter, see (3.163).

2. Homogeneous transport equation with inhomogeneous boundary condition when we
solve

T Φ(ω) = 0, r ∈ V ; (3.153)

Φ(ω−) = q(ω−), r ∈ ∂V, (3.154)

where q(ω−) is a given function. The problem has a solution that can be given with
the help of the Green’s function, see Chapter 11.

3. Inhomogeneous transport equation with source and homogeneous boundary condition
when we solve

T Φ(ω) = Q(ω) r ∈ V ; (3.155)

Φ(ω−) = ΓΦ(ω+), r ∈ ∂V, (3.156)

the solution can be given with the help of the Green’s function, see Chapter 11.

4. Inhomogeneous transport equation with inhomogeneous boundary condition when we
solve

T Φ(ω) = Q(ω)r ∈ V ; (3.157)

Φ(ω−) = q(ω−), r ∈ ∂V. (3.158)

By means of the linearity of the transport operator, the solution of (3.157)-(3.158) is
the sum of the solutions of problems (3.155)-(3.156) with Γ = 0 and (3.153)-(3.154).

The inhomogeneous problems are uniquely solvable when the source term satisfies some
conditions, see Chapter 11 for details.

Consider the time dependent transport equation

∂Φ(ω, t)

∂t
− T Φ(ω, t) = Q(ω, t) (3.159)

in a volume V . The initial condition is Φ(ω, t0) = 0 for r ∈ V . Note that operator T is
linear.

3.1 Theorem (Uniqueness theorem) [147][p.18] The neutron angular density within a
given volume V of space bounded by the surface ∂V is uniquely determined by

1. the initial angular density f(ω) in V ;

2. the sources Q(ω) in V ;

3. the angular density incident on ∂V .

61



Proof: Assume that we have two solutions of the time dependent transport equation with a
given source term Q(ω):

∂Φ1

∂t
+ T Φ1(ω) = Q(ω)r ∈ V ;

and
∂Φ2

∂t
+ T Φ2(ω) = Q(ω) r ∈ V ;

Subtracting the two equations, and using that operator T is linear, we see that

∂(Φ1(ω)− Φ2(ω))

∂t
− T (Φ1(ω)− Φ2(ω)) = 0, r ∈ V ; (3.160)

and the difference of the two solutions is identically zero in V at t0, and is also identically
zero along the boundary of V . Introducing

Ψ(ω, t) = Φ1(ω, t)− Φ2(ω, t) (3.161)

we multiply (3.160) by Ψ and integrate the resulting equation over t from t0 to t1 > t0, over
V , and over Ω. The resulting expression is quadratic in Ψ. This statement is not trivial for
the scattering term in T but there we can use the inequality∫ [

Ψ(r,Ω, t)−Ψ(r,Ω′, t)
]2
g(Ω,Ω′, r)dΩdΩ′ ≥ 0

provided g ≥ 0. From the terms involving time derivative, we get∫
1

2

(
Ψ2(r,Ω, t1)−Ψ2(r,Ω, t0)

)
d3rdΩ ≥ 0

because the angular flux is zero at t0. In a subcritical region, the other terms are all positive,
their sum is zero only when Ψ(ω) ≡ 0, from this follows Φ1(ω) = Φ2(ω). Otherwise, one
substitutes Ψ̃(r,Ω, t) → e−αtΨ(r,Ω, t) and the above presented procedure is applicable to
Ψ̃. Q.E.D.

In a stationary subcritical region the solution of the transport equation is also unique
[147][Chapter 2]:

3.2 Theorem (Subcriticality) Let volume V be subcritical. Then the flux distribution in
V is uniquely determined by the time-independent incident distribution.

Proof: We omit the integration over time in the proof of the Uniqueness theorem. Q.E.D.
The transport operator is linear, and it has a stationary solution only if its fundamental

eigenvalue is zero, see (3.143). Such a volume V in which the external source free transport
equation has a stationary solution is called critical volume. Any volume can be made con-
ditionally critical, if we introduce an additional parameter into the transport operator. Two
such eigenvalues are used in reactor physics: the time absorption and the effective multipli-
cation factor keff . The first one is an additive constant in the removal operator, we replace
R by R+ α:

(L+R+ α)Φ(ω) = FΦ(ω) (3.162)

and we seek an α by which (3.162) has non-trivial solution. V is called supercritical, critical,
and subcritical, when α > 0, α = 0, and α < 0, respectively. Any volume (i.e. subcritical,
critical, or supercritical) has a time absorption type eigenvalue.
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The second kind of eigenvalue is written in the form of a multiplier in the fission term,
using the substitution F → 1/keffF and we have to find keff with which the equation

(L+R)Φ(ω) =
1

keff
FΦ(ω). (3.163)

has non-trivial solution. When keff > 1, V is called supercritical, when keff = 1, critical,
when keff < 1, subcritical. If V has no fissionable material, the effective multiplication factor
can not be defined. The reactivity ρ is obtained from the keff by the following relation:

ρ = 1− 1

keff
(3.164)

therefore the reactivity of a subcritical/supercritical volume is negative/positive, and the
reactivity of a critical volume is zero. In neutron kinetics, see Chapter 7, Section 7.1, a new
unit for the criticality is introduced, it is measured in delayed neutron fraction unit.

In an industrial equipment, self-sustaining fission has to be established. As we have
seen in Fig. 1.1, this is possible if we have a large amount of fissionable nuclei arranged
in such a manner that the number of neutrons remains constant in time. That state is
called criticality, we discussed it in details in Chapter 3. In a thermal reactor, the criticality
can be estimated by the four-factor formula [2]. Estimate the number of neutrons in two
consecutive generations in an infinite in extent multiplying system. The neutrons emerging
from fission have large energies. Fast neutrons are absorbed both in 235U and 238U , let the
average number of secondary neutrons be ε which is defined as the ratio of the total number
of fast neutron produced by fissions due to neutrons of all energies to the number resulting
from thermal neutron fissions. The latter number is

η = ν
Σf

Σfuel
, (3.165)

where ν is the average number of fast neutrons released per slow neutron fission, Σf is is the
macroscopic cross-section for slow neutron fission, Σfuel is the total absorbtion cross-section
of thermal neutrons. When n thermal neutrons are captured in fuel, nηε fast neutrons are
produced. A fraction p < 1 of those neutrons escape capture while being slowed down,
thus nηεp neutrons become thermalized. A fraction f < 1 of the thermalized neutrons are
absorbed in fuel, thus the ratio of neutrons in two consecutive generations is

k = k∞ =
nηεpf

n
, (3.166)

which is just the multiplication factor. A further loss of neutrons is due to leakage. Let
P < 1 denote the non-leakage probability, i.e. the fraction of neutrons not leaking out. The
criticality condition is

k∞P = 1. (3.167)

This expression is suitable to comprehend the reactor operation but for core design the
four-factor formula is inappropriate.

Note that the equations of the neutron balance alone are linear, therefore the balance
equation in itself does not determine the power of the reactor. When the thermal-hydraulics
equations are also taken into account, the feedback makes the equations nonlinear and de-
termine the power level.

Nuclear reactors have been operated at various power levels. In research reactors or
training reactors the power is low as the main point is to carry out measurements or teaching
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reactor operation. The measurements on research reactors have played an important role
in checking the calculation methods (see validation and verification). When a new reactor
type emerges, possible cores are studied on zero or low power experimental facilities. This
has been the case among others with the source driven subcritical system [3].

Other research reactors serve as neutron source, the neutrons are exploited in a number
of experimental facilities installed around the research reactors. The experimental technique
has been applied in studying the structure of the matter (solid state physics, molecular
interactions, catalysts, large molecules, protein, lipid and other important compounds in
biology, new forms of matter like ferrofluids etc.).

3.5.3. Reactor control
The operator sitting in the control room is able to alter state of devices (open or close valves,
etc.) in the technology. Operator actions may affect:

• the position H of the control rods;

• the boron concentration cB in the coolant;

• the coolant flow rate G;

• the temperature of the inlet coolant Tin.

All the reactor parameters that the operator is capable of regulating must depend on the
mentioned four parameters. For example, to increase the reactor power, the operator may
withdraw the control rods. That increases the reactivity, the reactor power grows. The
growing power raises the average temperature in the core, that initiates a negative feedback.
At a given power level a new equilibrium is set up.

Now we are interested in the reactivity control, the most important reactor parameter
that should always be controllable. Clearly it means

ρ = ρ(H, cB , G, Tin). (3.168)

Every argument is in a noisy environment thus subject to fluctuations. Stable reactor ope-
rations require negative feedback, thus

∂ρ

∂H
< 0 (3.169)

meaning that insertion of a control rod should decrease the reactivity;

∂ρ

∂cB
< 0, (3.170)

adding boron to the coolant should decrease the reactivity. When the coolant flow rate is
reduced, the average temperature increases in the core, moreover, the change of the inlet
temperature also leads to an increase in the average temperature. The increased tempera-
ture may lead to bubbles appearing in the coolant. To account of that, two more partial
derivatives should provide negative feedback:

∂ρ

∂x
< 0 (3.171)

where x is the steam concentration in the coolant, and

∂ρ

∂Tav
< 0, (3.172)
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an increase in the average core temperature should lead to decreasing reactivity.
These are only the main design principles rendering stability to the reactor operation.

We only mention here that the temperature change leads to irreversible changes in the metal
structural elements, including the reactor vessel itself. The four arguments of the reactivity
in (3.168) clearly shows that remote technological elements may influence the reactivity.
Interested reader may find further details in the literature.

3.6. Alternative formulations
As we have seen, the neutron density is the solution of the Boltzmann equation (3.116),
which is an integro-differential equation. The features of the material types appear in the
macroscopic cross-sections. The macroscopic cross-sections depend on the neutron energy,
since the number of isotopes in a spent fuel may exceed one hundred, and there are energy
ranges where the cross-sections vary rapidly, the storage and retrieval of the cross-section has
to be carefully prepared. In the present Section, we discuss two equations which may serve
in some sense as alternative for the Boltzmann equation. The first one is the integral form of
the transport equation, but the second form discussed here, the so called adjoint transport
equation reflects a radically different physical model although it is mathematically strictly
related to the Boltzmann equation. The latter form is especially important in the pertur-
bation theory, the universal tool in the numerical discussion of the consequences following
minor alterations in geometry, material composition or temperature.

3.6.1. Integral transport equation
Formally, we can easily transform the integro-differential form of the transport equation
(3.116) into an integral equation. To this end we consider the neutron density in V , and
select a point r0 ∈ ∂V on the boundary and introduce the following distance and time:

t = t0 − s/v; r = r0 − sΩ, (3.173)

that means we consider a point r ∈ V and neutrons flying with velocity v from the boundary
point r0 towards r in the direction Ω. The neutron starting at t0 from the point r0 will
reach position r at time t given by (3.173). We show that

1

v

∂Φ(ω, t)

∂t
+ Ω∇Φ(ω, t) = −∂Φ(r,Ω, t)

∂s
.

Using the chain rule, and (3.173), we get the straightforward result:

∂Φ

∂s
=
∂Φ

∂t

dt

ds
+ ∇Φ

dr

ds
= −1

v

∂Φ

∂t
−Ω∇Φ.

That simple transformation can be used to write the transport equation for

Φ(r0 − sΩ,Ω, t0 −
s

v
)

and the resulting equation is

∂Φ(r0 − sΩ,Ω, t0 − s
v )

∂s
− ΣtΦ(r0 − sΩ,Ω, t0 −

s

v
) =

− 1

4π

(
SΦ
(
r0 − sΩ,Ω, t0 −

s

v

)
+ FΦ(r0 − sΩ,Ω, t0 −

s

v
) + S(r0 − sΩ,Ω, t0 −

s

v
)

)
.

(3.174)
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When r0,Ω and t0 are given, (3.174) is a first order ordinary differential equation, its solution
is

Φ

(
r0 − sΩ,Ω, t0 −

s

v

)
=

Φ(r0,Ω, t0)esΣt
1

4π

∫ s

0

− 1

4π

(
SΦ(r0 − s′Ω,Ω, t0 −

s′

v
)

+ FΦ
(
r0 − s′Ω,Ω, t0 −

s′

v

)
+ S(r0 − s′Ω,Ω, t0 −

s′

v
)

)
ds′.

(3.175)

Equation (3.175) has the following physical meaning. The neutrons at point r ∈ V can be
decomposed according to the place of the last collision. With regard to the free flight of
neutrons between collisions, the place of the collision must be along the straight line starting
from r and parallel to Ω.

Now we reverse the above reasoning. Consider the neutrons at position r ∈ V , their last
collision must happen at r − sΩ for 0 < s ≤ s0 where s0 is the distance between point r
and the closest boundary point in the direction Ω. The probability that no collision occurs
between r− sΩ and r is given by

e−Σopt(s
′,s) = exp−

∫ s

0

Σt(r− (s− s′)Ω)ds, (3.176)

where the exponent Σopt(s) in (3.176) is called the optical thickness length. Thus the flux
at r is

Φ(ω, t) =

∫ s0

0

exp−Σopt(s
′, s)Q

(
r− sΩ, E,Ω, t− s′ − s

v

)
ds′, (3.177)

where Q is the source term:

Q(r′, E, t) = S(r′, E,Ω, t) + (S(r′, E,Ω, t) + F(r′, E,Ω, t))Φ. (3.178)

Note that the scattering and fission operators contain an integration over the energy, thus
the source term at energy E may contain a contribution from E′ 6= E.

The integral form (3.177) of the transport equation also needs an initial condition and a
boundary condition along ∂V .

3.6.2. Adjoint transport equation
Consider the reaction rate or detector current in a subcritical volume V in which an external
source Q(ω) maintains the stationary neutron field. In V , we calculate the reaction rate R
as an integral over the phase space:

R =

∫
Σd(ω)Ψ(ω)dω. (3.179)

Only those phase space points contribute to R where the detector cross-section Σd differs
from zero. The flux Ψ(ω) obeys the transport equation:

T Ψ(ω) = Q(ω), (3.180)

and because the transport operator is linear, we know that the angular flux is linear also in
the source term in the following sense:

T (c1Ψ1(ω) + c2Ψ2(ω) = c1Q1(ω) + c2Q2(ω) (3.181)
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provided
T Ψi(ω) = Qi(ω), i = 1, 2. (3.182)

But then R, which is linear in the angular flux, also must be linear in Q and can be expressed
as

R =

∫
w(ω)Q(ω)dω. (3.183)

In (3.183) w(ω) is the contribution to reaction rate R of a single neutron emitted from the
source at ω. When we select another detector, we need a new w(ω) function. Thus it is
reasonable to name w(ω) importance as it gives the contribution of a neutron emitted from
the source.

A new born neutron makes no immediate contribution to the reaction rate, rather it
flies, collides, and its contribution to R is made by its progenies. In order to shorten the
discussion, we resort to some mathematical tools. The integral in the reaction rate is a kind
of scalar product of two functions: Σd(ω) and Ψ(ω). The natures of the two terms in the
scalar product are different, to emphasize that, we choose the possible detector cross-sections
from a different function space that we call adjoint, and introduce the following notation for
the scalar product:

R = (Σ(ω),Ψ(ω)). (3.184)

The sequence of the two components in the scalar product is fixed, the first one is the
adjoint, the second one is the flux. The introduced notation makes it easy to introduce
formal operations acting on the adjoint functions. The formal rule is

(Σ(ω), T Ψ(ω)) = (T +Σ(ω),Ψ). (3.185)

Later we specify how to determine T + that we call the adjoint operator to T .
Now we have

R = (w(ω), Q(ω)) = (w(ω), T Φ(ω)) = (T +w(ω),Φ(ω)) = (Σd(ω),Φ(ω)),

therefore the newly introduced w(ω) satisfies the equation

T +w(ω) = Σ(ω). (3.186)

Determine the adjoint of a few operators. The adjoint of the leakage operator is:

L+Φ+(ω) = −Ω∇Φ+(ω), (3.187)

of the removal operator:
RΦ+(ω) = Σt(ω)Φ+(ω), (3.188)

of the fission operator:

FΦ+(ω) =

∫
dΩ′

∫
dE′Φ+(r, E′,Ω′)νΣf (r, E,Ω→ Ω′)χ(r, E → E′) (3.189)

of the scattering operator

SΦ+(ω) =

∫
dΩ′dE′Φ(r, E′,Ω′)Σs(r, E → E′,Ω→ Ω′). (3.190)

Note that the integration in F+,S+ goes the opposite way as in the transport equation.
Note that the leakage term has opposite sign and finally the removal operator is self adjoint.
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The boundary conditions to be applied for the adjoint flux are obtained from the definition
of the adjoint flux and the leakage operator L:

(Φ+,LΦ) = (L+Φ+,Φ),

after rearranging we get
(Φ+,LΦ)− (L+Φ+,Φ) = 0, (3.191)

in details, using the derivation rules and partial integration we get∫
V

Φ+(ω)LΦ(ω)d3r = −
∫
V

Φ(ω)[Ω∇]Φ+(ω) +

∫
∂V

Φ(ω)[Ωn]Φ(ω)Φ+(ω)dω, (3.192)

and now immediately follows that

(Φ+, T Φ)− (T +Φ+,Φ) =

∫
∂V

Φ(ω)[Ωn]Φ(ω)Φ+(ω)dω (3.193)

We decompose the surface integral into two integrals, the first one, over ω+ involving Ωn > 0
directions, goes over the exiting Ω directions, the other, ω− involving Ωn < 0 directions„ for
the entering directions, and the space variable is confined to the boundary in either integral.
The resulting expression takes the form∫

∂V

Φ(ω)[Ωn]Φ(ω)Φ+(ω)dω =

∫
ω+

Φ(ω)[Ωn]Φ(ω)dω −
∫
ω−

Φ(ω)|Ωn|Φ+(ω)dω, (3.194)

where dω = dEdΩdS. Here dS is an infinitesimal element of the boundary ∂V .
We are seeking the boundary condition to be applied to the adjoint flux on the boundary

provided we know the boundary condition to be applied to the flux in the last term of (3.194).
We define the adjoint boundary condition Γ+ by requiring the following relationship to hold
for any Φ and Φ+:∫

ω−
Φ+(ω)ΓΦ(ω)|Ωn|dω =

∫
ω+

(
Γ+Φ+(ω)

)
Φ(ω)(Ωn)dω (3.195)

and (3.191) is met when
Φ+(ω+) = Γ+Φ+(ω−). (3.196)

The boundary condition for the adjoint flux gives the angular flux for the exiting directions
in terms of the angular flux for the entering directions. The relation is linear, the matrix Γ+

is the adjoint to Γ, the matrix in the boundary condition for the flux. The adjoint means that
the energy group indices in matrix Γ should be changed compared to the original matrix.

The usual boundary conditions for the adjoint operator are:

• for the white boundary condition: J+
n (r, E) = 0;

• for the black boundary condition: Φ+(rs, E,Ω) = 0 for Ωns < 0, just for the entering
directions;

• albedo: J−(E′) =
∑

Γ(E′ → E)J+(E);

• the given entering current is replaced by the given exiting current.
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We explain the physical meaning of the adjoint through the following example. Let
appear a neutron at phase space point r0, E0,Ω0. Then the flux in the new situation is

Φ′(ω) = Φ(ω) + δ(E − E0)δ(r− r0)δ(ΩΩ0), (3.197)

but the new neutron distribution varies with time. Using the expansion in terms of the
eigenfunctions of the transport operator, and observing that all the higher modes die out
after long time, we find that a new static equilibrium establishes with the flux

Φ′(ω) = (1 + c0)Φ(ω) (3.198)

where we get c0 by expanding the perturbation in (3.197) in terms of the eigenfunctions of the
adjoint transport operator, and c0 is the coefficient of the fundamental solution. Therefore

c0 = (Φ+(ω), δ(E − E0)δ(r− r0)δ(ΩΩ0)) = Φ+(E0, r0,Ω0). (3.199)

We got that injecting a single neutron, the establishing static distribution will be proportional
to the fundamental solution, the increase of the amplitude is proportional to the adjoint at
the phase space point at which the neutron has been injected.

With the help of the worth function, a given reaction rate can be estimated immediately
from the source. Since the neutrons exiting from the source interact with the detector mostly
through their progenies, the worth of a neutron should be equal to the total amount of worth
of its progenies. This allows for deriving a simple equation for the neutron worth.

Let the source emit Q(r) neutrons per second, the neutron not entering into interaction
will be at r + vΩdt after dt time, but their uncollided fraction (1− vdtΣt) reaches r + vΩdt
so the total worth of the uncollided neutrons is

Q(q − vdtΩ)Ψ+(r + vdtΩ, v,Ω, t+ dt). (3.200)

From among the neutrons suffering a collision, the number of scattering interaction is
QvdtΣs(v) and the scattering will result in appearing

QvdtΣs(v)g(v → v′,Ω→ Ω′) (3.201)

neutrons in the infinitesimal volume dv′dΩ′ around (r, v′,Ω′). The number of neutrons
entering into fission reaction is QvdtΣf (v) and the neutrons emerging from the fission are
assumed to be isotropically distributed, their energy distribution is f(v′) and the number of
secondaries, ν(v), depends on the neutron energy.

The sum of the worth of the progenies equals the worth of the neutrons emitted from the
fission thus

QΦ+(r, v,Ω, t) =

Qvdtp(r, v,Ω, t) +Q(1− vdtΣt)Φ+(r + vdtΩ, v,Ω, t+ dt)

+Qvdt

∫ ∞
0

∫
4π

Σs(v)g(v′ → v,Ω→ Ω′)Φ+(r + vdtΩ, v′,Ω′, t+ dt)dΩ′dv′

+Qvdt
ν(v)

4π
Σf (v)

∫ ∞
0

∫
4π

f(v′)Φ+(r + vdtΩ, v′,Ω′, t+ dt)dΩ′dv′.

(3.202)

We immediately obtain from this the following differential equation for the worth Φ+:

− 1

v

∂Φ+(r, v,Ω, t)

∂t
= Ω∇Φ+(r, v,Ω, t) + Σt(v)Φ+(r, v,Ω, t)

+ Σs(v)

∫ ∞
0

∫
4π

g(v′)Φ+(r, v′,Ω′, t)dΩ′dv′

+
ν(v)

4π
Σf (v)

∫ ∞
0

f(v′)Φ+(r, v′,Ω′, t)dΩ′dv′ + p(r, v,Ω, t).

(3.203)

69



Here p(r, v,Ω, t) is the contribution of a neutron emitted from the source with parameters
(r, v,Ω, t) to the reaction rate R.

Perturbation theory

When we wish to know the flux distribution, we have to solve a form of the transport
equation. When some parameter slightly changes, it is not economic to solve the transport
equation again. This is the case when we are interested in the consequence of the small scale
change in the material parameters or control variables. The present Subsection deals with
the analysis of small changes in the core structure.

The first kind of problems adhere to the reactor state, the operational state of the reactor
is always critical but there are continual disturbances caused by the automatic control rod
motion, the fluctuations in the coolant flow, or local temperature fluctuations. When we
measure the flux in an experimental reactor, the detector material perturbs the flux, when
there are air gaps between the fuel pellets, their effect is also treated as a perturbation. If
we know the perturbation of the flux, we may identify the cause of the perturbation, hence
we encounter perturbations also in diagnostics.

Let us consider the transport equation (3.136), and decompose the transport operator as

T = P −D (3.204)

where P is the fission (production) operator, D is the destruction operator

D = L+R (3.205)

where L is the leakage, R is the removal operator. We investigate the general neutron balance

∂Φ(ω, t)

∂t
= (F −D)Φ(ω, t) +Q(ω, t) (3.206)

in its general form. In a static problem the left hand side is zero. Now when the core is
perturbed, F , D, and S may change. As a consequence, the solution also changes. In the
perturbed case we have

0 = (F + δF − (D + δD))(Φ(ω, t) + δφ) +Q(ω, t) + δQ. (3.207)

There are two kinds of perturbation problems: the first kind: we know the changes in the
operators and wish to find the change in the flux. The second kind: we know the change of
the flux, and find out what may be the change of the operators.

In a perturbation of the first kind, the transport operator becomes T + δT the flux
changes to Φ + δΦ the flux before perturbation satisfies (3.206) with time derivative equal
to zero, and we keep only first order variations in the balance equation:

(P −D)δφ = (δD − δP)Φ. (3.208)

In accordance with the Fredholm alternative theorem, that equation is solvable, when the
source on the right hand side is orthogonal to the solution of the homogeneous equation

(P+ −D+)φ+ = 0, (3.209)

and the imposed orthogonality is expressed with the scalar product as

(φ+, (δD − δP)φ) = 0, (3.210)
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which is a restriction on the applied perturbations when the adjoint equation has non-trivial
solution. In a subcritical volume φ+ ≡ 0, thus the solvability condition is always fulfilled.

Note that the source term depends only on the solution in the unperturbed state and the
perturbation of the cross-sections. On the left hand side of (3.208), we find the operators
of the unperturbed state. If the Green’s function of the operators on the left hand side is
known, the solution can be expressed as an integral.

The second kind of perturbation occurs when a source appears. This happens if a control
rod starts vibrating, or bubbles appear in a zone of the reactor. Then the new, perturbed
situation is characterized by the change of the source:

Q = Q0 + δQ. (3.211)

Since the transport equation and its approximations are linear when feedback can be neg-
lected, the solution will be the sum

Φ = Φ0 + δΦ, (3.212)

where
T Φ = Q0; T δΦ = δQ. (3.213)

From that we immediately see, the ratio

δΦ

Φ0
=
δQ

Q0
,

offering an immediate estimation for the magnitude of the source perturbation.
When the cross-section changes in V , the keff also may change. We start out from the

neutron balance:
(L+R)Φ =

1

keff
PΦ +Q. (3.214)

From (3.214), we get the eigenvalue keff which is required for stationary solution to exist
when Q = 0:

keff =
(Φ+,FΦ)

(Φ+, (L+R)Φ)
, (3.215)

and the reactivity

ρ = 1− 1

keff
=

(Φ+, T Φ)

(Φ+,FΦ)
. (3.216)

Before continuing the analysis of perturbations, we remark that (3.206) is a local neutron
balance hence valid at every point of the phase space. When multiplied by any reasonable
function, the resulting equation will also be valid. This fact is extensively exploited in reactor
physics. When multiplied by the weight function w+ ≡ 1, we get an integrated balance:

∂(w+,Φ(ω, t))

∂t
= (w+, (P −D)Φ(ω, t)) + (w+, Q(ω, t)). (3.217)

Furthermore, appropriate choice of the weight function helps investigate a reaction rate type
that may be of distinguished importance in a given problem. Therefore below we retain in
the scalar product the notation w+ to retain generality.

A perturbation makes the following changes in the operators:

L → L+ δL; R → R+ δR; F → F + δF ; S → S + δS. (3.218)
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In the perturbed state the new eigenvalue is keff → keff + δkeff and the neutron balance
equation in the perturbed state is

[(L+R) + (δL+ δR)] (Φ + δΦ) =

1

[keff + δkeff ]
[F + δF ] (Φ + δΦ),

(3.219)

in which the second order terms have been neglected. Before proceeding, we investigate the
consequence of an error in the eigenvalue. The stationary state is

T (p)Φ(p) = τ(p)Φ(p),

where p = α or p = keff depending on the eigenvalue problem under consideration, and p is
chosen so that

τ(p) ≈ 0.

When τ(p) 6= 0, the solution will depend on time:

Φ(t) = ceτ(p)vt,

where v is a typical neutron speed, v ≈ 105 cm/s. In other words, when the error of the
eigenvalue is of the order 10−5, the flux grows by a factor of e in every second. Thus the
perturbations should be calculated as precisely as possible. That question is the subject of
the next Subsection.

One is tempted to estimate the reactivity perturbation from (3.216) by subtracting the
reactivity of the unperturbed state from the reactivity of the perturbed state:

δρ =
(w+, (T + δT )(w+, δΦ))

(w+, (F + δF)Φ)
− (w+, T Φ)

(w+,FΦ)
. (3.220)

This direct way of calculation is the every day praxis in power plants so that w+ is a chosen
weight function, often w+(ω) = 1 is chosen. That approach has two drawbacks. First, it
requires two core calculations: one for the unperturbed, one for the perturbed core. The
second drawback is more important, in a practical calculation the accuracy of any result is
limited by the convergence limit, the applied numerical approximations, the approximate
models. An advantage of applying the adjoint Φ+ as the weight w+ in (3.220) is that the
result is stationary with respect to the first order variations of the neutron flux. To see
that [152], we note that

δρ = δ
1

keff
,

therefore when Φ changes to Φ + δΦ the change in the reactivity is

δρ =
(Φ+,D(Φ + δΦ))

(Φ+,F(Φ + δΦ))
− (Φ+,DΦ)

(Φ+,FΦ)

≈ (Φ+,DΦ)

(Φ+,FΦ)
− (Φ+,DΦ)

(Φ+,FΦ)
(Φ+,FδΦ)

=

(
Φ+,

[
D − 1

keff
F
]
δΦ
)

(Φ+,FΦ)

=

([
D − 1

keff
F
]+

Φ+, δΦ

)
(Φ+,FΦ)

= 0.

(3.221)
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In the first transformation we exploited that

(Φ+,D(Φ + δΦ))

(Φ+,F(Φ + δΦ))
=

(Φ+,DΦ) + (Φ+,DδΦ)

(Φ+,F(Φ)) + (Φ+,FδΦ)

and in the denominator
(Φ+,F(Φ)) >> (Φ+,FδΦ)

therefore the following approximation is applicable:
A

B + δB
' A(B − δB), (3.222)

and the error of the approximation is O([δB]2). The perturbation of ρ is symmetric in6 Φ and
Φ+, thus the above considerations are also valid for the adjoint and the error of determining
the reactivity by

ρ =
(Φ+, T Φ)

(Φ+,FΦ)
(3.223)

is proportional to δΦ+δΦ, thus is of second order. As to the perturbation of keff , the
following expression is correct to first order:

δ

(
1

keff

)
= −

(
Φ+,

[
1

keff
δF − δD

]
Φ
)

(Φ+,FΦ)
. (3.224)

As we see, in (3.223) and (3.224) we need only the perturbations of the involved operator,
and the flux and adjoint flux in the unperturbed state.

Perturbation theory is often used in reactor physics. In Chapter 7 we discuss the time
dependent perturbation theory and apply perturbation theory to time dependent problems.
The operators involved in the discussed formulas may be applied in various approximate
models. Thus in Chapter 6, applications in diffusion theory are given.

3.6.3. Formal inverse
Consider the stationary transport operator that we obtain from (3.155) by substituting
∂Φ∂t = 0:

T Φ = Q (3.225)
or

Φ = T −1Q. (3.226)
The inverse operator in (3.226) is readily available. Let us solve the equation

T G(ω,ω0) = δ(ω0) (3.227)

to obtain the Green’s function G. We multiply equation (3.227) by Q(ω0 and integrate over
ω0, we get

T
∫
ω0

G(ω,ω0)Q(ω0)dω0 = Q(ω). (3.228)

Comparing (3.228) with (3.225), we immediately find

Φ(ω) =

∫
ω0

G(ω,ω0)Q(ω0)dω0. (3.229)

Thus the integral in (3.229) is the formal inverse of operator T . We derive the boundary
condition associated with (3.227) from the adjoint equations, see the first part of the present
subsection.

6Confer the next Subsection.
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3.6.4. Variational formulation
Several phenomena in physics can be explained by extremum principles. The best known such
principles are that physical processes drive a physical system towards the energy minimum
and the entropy maximum. In classical mechanics, the principle of least action is a widely
used formulation of the law of motion.

The mathematical formulation of variation is an extremum of a definite integral depending
on a function

F [q] =

∫ b

a

L(q(t))dt, (3.230)

where function q(t) should be chosen so that F [q] is minimal. In a more general formulation,
the integrand L may depend not only on q(t) but also on its derivatives q′(t), q′′(t), . . . . To
measure the sensitivity of F [q] on q, we may use

δF [q, h] = lim
ε→0

F [q + εh]− F [q]

ε
, (3.231)

which is called the first variation of functional F . When δF [q̄, h] = 0 for all h we say that
F [q] is stationary at q̄.

When F [q] depends on q and q′, a case typical in classical mechanics, the expression

F [q] =

∫ b

a

L(q(t), q̇(t))dt, (3.232)

the stationary condition imposes a first order differential equation, the Euler-Lagrange equa-
tion on q(x):

∂L

∂q
− d

dt

(
∂L

∂q̇

)
= 0. (3.233)

Note, that here the derivative q̇ is regarded as a function independent of q. It is tempting
to render an extremum to a given Euler-Lagrange equation because then instead of solving
a differential equation we have to find the minimum of an integral, which is a well studied
problem. This idea has led to a number of applications in numerical mathematics.

It is possible to find a variational problem corresponding to a given Euler equation by
using the so called functional derivative, i.e. a derivative of functional F with respect to q:

δF

δq
≡ lim
ε→0

F [q + εh]− F [q]

ε
. (3.234)

The name is appropriate as can be see from the following example. Let

F [q] =

∫
g(t)q(t)dt (3.235)

then
δF

δq
= g(t). (3.236)

Further details are available for example in Ref. [153]. We give a short list of variational
problems used in transport theory [59][p. 388]. Eigenvalue problems are the Euler-Lagrange
equation of the variational problem, viz. the variational problem of self-adjoint operator L

F [Ψ] =
(Ψ,LΨ)

(Ψ,Ψ)
(3.237)
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has the Euler-Lagrange equation

LΨ = λΨ;L = L+. (3.238)

This variational property of the eigenvalue is called Ritz principle. When L is not self adjoint,
we get two Euler-Lagrange equations:

LΨ = λΨ (3.239)
L+Ψ+ = λ+Ψ+, (3.240)

where λ+ is the complex conjugate of λ.
When L is self-adjoint, the non-homogeneous equation

LΨ = q (3.241)

is the Euler-Lagrange equation of the functional

F [Ψ] = 2(Ψ, q)− (Ψ,LΨ). (3.242)

Finally, we mention that the Euler-Lagrange equation of the variational problem

F [Ψ] =

∫ b

a

[
p(t)

(
dΨ

dt

)2

+ q(t)[Ψ(t)]2 + 2f(t)Ψ(t)

]
dt (3.243)

is the Sturm-Liouville equation

− d

dt

[
p(t)

dΨ

dt

]
+ q(t)Ψ(t) + f(t) = 0. (3.244)

The variational principle will be used in the finite element method, in Chapter 8 and in the
nodal methods.

3.7. Response matrices
When calculating the neutron distribution in a large core, one often has to solve the station-
ary transport equation (or one of its approximations) in a part of the core, which is obviously
subcritical. Then the stationary solution is zero unless there is an entering current along
the boundary. The problem is tractable when we use the Green’s function to handle that
problem: using the surface Green’s function, the solution is given by (3.227). It is straight-
forward to determine either the angular flux or the scalar flux, or alternatively the entering
or exiting currents on the boundary. All these quantities are expressed as linear functions of
the angular flux at the boundary for the incoming directions. The structure of the solutions
originates from the Green’s function. In connection with the response matrices, we use the
Green’s function with the angular flux given for the entering directions. Then the scalar flux
at the phase space point r, E due to a neutron entering the boundary at r′ is given by

Φ(r′, E′ → r, E) =

∫
Ω′n(r′)<0

∫
4π

G(ω′ → ω)Φ(r′, E′,Ω′)dΩ′dΩ (3.245)

The Green’s function is the contribution made by one neutron entering the boundary to the
angular flux at the phase space point ω. As we have seen in (3.184), a reaction rate is a
linear function of the angular flux. Hence the Green’s function immediately leads to the
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determination of the contribution from a neutron entering the boundary. Contribution to
the reaction rate at energy E is

Σ(r, E)

∫ ∞
0

Φ(r′, E′ → r, E)dE′; r ∈ V. (3.246)

We are seeking relations between various quantities on the boundary caused by one neutron
crossing the boundary, so we introduce the following notation:

ω+ = (rb, E,Ω), rb ∈ ∂V,Ωn(rb) > 0, (3.247)

ω− = (rb, E,Ω), rb ∈ ∂V,Ωn(rb) < 0, (3.248)

ωb = (rb, E,Ω) (3.249)

The angular fluxes for the entering and exiting directions are Φ(ω−), and Φ(ω+), respec-
tively. The angular flux at a boundary point rb is given by

Φ(rb, E,Ω) ≡ Φ(ωb). (3.250)

Using the formulas introduced above, we are able to express any reaction rate in V . First,
let us write the terms in the local balance at r ∈ V , an internal point. In the absorption
rate Ra(r′, E′ → r, E) we use (3.246):

Ra(r′ → r, E) = Σa(r, E)Φ(r′, E′ → r, E) (3.251)

In the fission source the neutrons emerge with a fission spectrum of energies f(E) and fissions
at every energy E′′ contribute to the neutron production, with the process taking place in
two steps. In the first step the neutron entering the boundary at r′ having energy E′ goes to
r and its energy may be arbitrary 0 ≤ E′′ ≤ ∞. That step is described by Φ(r′, E′ → r, E).
In the second step that neutron enters a fission reaction and the neutrons produced in the
fission emerge with energy E.

Rf (r′, E′ → r, E) =
f(E)

4π

∫ ∞
0

νΣf (r, E′′)Φ(r′, E′ → r, E′′)dE′′. (3.252)

Here we have assumed that the angular distribution of the fission source is isotropic.
Scattering plays two roles in the balance: the out-scattering at energy E contributes to

removal by
Rs(r

′, E′ → r, E) = Σs(r, E)Φ(r′, E′ → r, E) (3.253)

where Σs(r, E) is obtained by integrating over the final energy of the scattering process, see
(3.119). We introduce the contribution to removal as

Rr(r
′, E′ → r, E) = Ra(r′ → r, E) +Rs(r

′, E′ → r, E). (3.254)

On the other hand, the scattered neutrons appear as a source Rss(r′, E′ → r, E), a process
that is analogous to fission, takes place in two steps. In the first step the neutron gets from
the boundary to r at energy E′′, and in the second step the neutron is scatted to energy E:

Rss(r, E,Ω) =

∫ ∞
0

∫
4π

Σs(r, E
′′,Ω′′ → E,Ω)Φ(r′, E′ → r, E′′,Ω′′)dΩ′′dE′′. (3.255)

Finally, the neutron balance at r ∈ V takes the following form:

Ω∇Φ(r′, E′ → ω) + Σt(r, E)Φ(r′, E′ → ω) = Rss(r
′, E′ → ω) +Rf (r′, E′ → ω). (3.256)
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Equation (3.256) has the following meaning. The neutrons at position r originate from a
boundary point r′. When we decompose the reaction rates according to the origin of the
neutron, the neutron balance should hold. On the other hand, the balance at r, E involves
integration over r′ and E′.

The formalism we have obtained has a number of disadvantages. First of all, the re-
action rates depend on the boundary angular flux as each term involves integrations over
the boundary angular flux. To overcome that, we introduce well-defined model boundary
fluxes and include the integration into the operator, with only partial the amplitudes of the
basis functions appearing as multiplicative constants. Formally, we express Φ(ωb−) as given
linearly independent functions along the boundary ∂V and express the angular flux at the
boundary for the entering directions as

Φ(rb, E,Ω) =
∑
j

IjF̃j(rb, E,Ω); Ωn < 0 (3.257)

where the F̃j functions are linearly independent. Then we get the reaction rate Rx as

Rx(r, E,Ω) =
∑
j

Ij

∫
∂V

∫ ∞
0

∫
Ω′n(r′)<0

G(r′, E′,Ω′ → r, E,Ω)F̃j(r
′, E′,Ω′)dΩ′dE′dr′,

(3.258)
indicating that any reaction rate is a linear: function of the amplitudes Ij . Thus we can
precalculate the integral once F̃j and G are known. When the volume V under consideration
is large, it is expedient to subdivide V into sub-volumes. Among the independent variables
the space coordinate r has a distinguished role because at the joint boundary of two sub-
volumes the angular flux must be continuous; see the Boundary Conditions Subsection in this
Chapter. If it is possible to find functions F̃j such that the physical parameters determined
on the boundaries such as scalar flux, entering current, exiting current, and net current retain
their spatial forms on either side of the boundary, the calculations considerably simplify.

The rest of the present Subsection is devoted to finding functions F̃j that are advantageous
as boundary conditions. The first step in our investigation is to decompose the boundary
∂V as

∂V = ∪Nfm=1Fm (3.259)

and we call Fm a face of the volume V . When V is a three-dimensional volume, Fm is a
surface; when V is two-dimensional, Fm is just a line. For the sake of simplicity, we deal only
with regular volumes the boundary of which are formed by Nf congruent faces. In three
dimensions such a regular volume is a cube whose surface is six congruent squares. We have
also to analyze less symmetric volumes such as a pile of square or regular hexagonal bases,
but in such situations we confine the analysis to the regular but two-dimensional square or
regular hexagonal base. The discussion below refers to two-dimensional V .

A coordinate-system is laid out in V so that the origin is placed at the symmetry center
of V . Then any point P on the boundary ∂V is uniquely labeled by the angle α between
the x axis and the line segment connecting the origin and P and 0 ≤ α ≤ 2π. Points on the
Nf faces are labeled by segments 2π/Nf (m − 1) ≤ α ≤ 2π/Nfm. Any function along the
boundary can be given as fm(α),m = 1, . . . , Nf , with 2π/Nf (m− 1) ≤ α ≤ 2π/Nfm. This
picture can be used also in the case of Wigner-Seitz cells of a lattice. When we investigate
the neutron distribution in an extended volume the variation of material properties over a
sub-volume is small. This enables us to deal with symmetric sub-volumes, so we investigate
the boundary conditions in a symmetric sub-volume that we denote by V . Furthermore, if
the sub-volume is small, it suffices to prescribe the incoming neutron flux at one point per
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face, say at the face centers. Then the boundary condition is equivalent to four or six values
when the sub-volume is a square, or a hexagon, respectively. Consider a square shaped
sub-volume. Let the four values be given in the following four-tuple

ϕ(E,Ω) ≡


ϕ1(E,Ω)
ϕ2(E,Ω)
ϕ3(E,Ω)
ϕ4(E,Ω)

 , (3.260)

and introduce the following basis vectors

e1 =


1
1
1
1

 , e2 =


1
0
−1
1

 , e3 =


0
1
0
−1

 , e4 =


1
−1
1
−1

 . (3.261)

Using the notation just introduced,

ϕ(E,Ω) = A1(E,Ω)e1 +A2(E,Ω)e2 +A3(E,Ω)e3 +A4(E,Ω)e4 (3.262)

where

A1 =
1

4

4∑
j=1

ϕj(r, E,Ω) (3.263)

A2 =
1

2
(ϕ1(r, E,Ω)− ϕ3(r, E,Ω)) (3.264)

A3 =
1

2
(ϕ2(r, E,Ω)− ϕ4(r, E,Ω)) (3.265)

A4 =
1

4

4∑
j=1

ϕj(r, E,Ω)(−1)j−1. (3.266)

We number the faces of the sub-volume starting from the face with normal parallel with
the +x axes, the numbering being counter clock-wise. The first terms in (3.261) and (3.263)
represent uniform surroundings, the second ones a gradient along the x axes, the third ones
a gradient along the y axes, and the fourth one is a kind of second gradient. A boundary
value problem in the case under consideration provides a solution of the transport equation
with the given boundary condition. Thus, we may write the solution to the general boundary
condition problem as

T u(ω) = 0 r ∈ V (3.267)
u(ωj−) = fj(ω−) r ∈ Fj , j = 1, 2, 3, 4; (3.268)

where the four-tuples built from fj(ω−), j = 1, . . . , 4 are functions given along the four faces
for the entering directions as

T u0 = 0 r ∈ V (3.269)
u(ωj−) = A1(E,Ω)e1j , j = 1, 4; (3.270)

the solution of which is a symmetric u0 function;

T ux = 0 (3.271)
ux(ωj−) = A2(E,Ω)e2j , j = 1, 4; (3.272)
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3.6. ábra. Fourier transforms at the boundary of a square

T uy = 0 (3.273)
uy(ωj−) = A3(E,Ω)e3j , j = 1, 4; (3.274)

T uxy = 0 (3.275)
uxy(ωj−) = A4(E,Ω)e4j , j = 1, 4; (3.276)

Now we refer to asymptotic theory, where we can express the solution (4.36) to the tran-
sport equation in a periodic structure as a macroflux multiplied by a microflux, plus the x
component of the gradient of the macroflux multiplied by a microflux, plus the x component
of the gradient of the macroflux multiplied by a microflux etc. Asymptotic theory deals
with the neutron flux in a lattice; now we discuss the neutron flux in a cell. The analogy is
immediate. Below we discuss the consequences of the finite-cell diameter.

Symmetry means that we see that same distribution in V after a rotation of 2π/Nf . On
a finite interval, the only possible symmetry transformation is the inversion to the middle
of the interval, placing the origin there. Then any function can be decomposed into an even
and an odd component. The symmetry components have a physical interpretation when V
is a square. Any function f(α) given along the boundary can be decomposed into Fourier
components:

f(α) =

4∑
i=1

∞∑
k=1

aik sin[(4k + i)α] + bik cos[(4k + i)α] (3.277)

If we plot the function f(α) and its four components, we get Figure 3.6. Part a) of Figure
3.6 shows a curve given along the boundary of the square. Curves b), c), d), and e) show the
components e1, e2, e3 and e4 of curve a). The first component models a square embedded
into a homogeneous surrounding, the second a gradient along the x axis, the third a gradient
along the y axis, the fourth one is a kind of second derivative. Here we only mention that if
we solve either the transport equation or the diffusion equation with a boundary condition of
such a type, the boundary, flux, net current and exiting current will preserve the symmetry
of the original boundary condition.
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3.7. ábra. Fourier transforms along half-boundaries of a square

If we look at the curves b), c), d), and e), we can observe that only b) contributes to
any reaction rate integrated over V , because the other three components give equal positive
and negative contributions to the 1/8-th areas of the square. In other words, the integrated
neutron balance depends only on the symmetric component of the solution. When V is
small, it suffices to average over a face the function prescribed along the boundary. Then the
odd components give no contribution. This approximation is satisfactory in cell calculations
but in a larger assembly the odd components should also be taken into account. Then the
number of components is eight; see Fig. 3.7, where the function shown in Fig. 3.6 under a)
is decomposed, the components being labeled from 1 to 8. Note that components 2, 3, 5,
and 7, are odd on all the four faces making no contribution to the face averages.

To handle the decomposition formally, we have to look at the boundary condition more
closely. First note that the components can be even and odd along a given face. The formal
treatment is done by using Walsh functions: see Appendix A. The Walsh functions are step
functions, taking discrete values −1, 0,+1. The four components of the boundary value used
in Fig. 3.6 include the four Walsh functions shown in Fig. 3.8. The Walsh functions are
independent in the following sense. Whenever the initial boundary condition belongs to a
given type of Walsh- function family, for example type A with quadratic space-dependence
along each face, the response of the cell also will belong to an A type Walsh function but
the face-wise distribution may have constant, linear, etc. components.

In reactor calculation, the response matrices are used following the below given seven
steps:

1. Assume that we plan to determine the flux in volume V . The first step is discretization;
we subdivide V into Ns congruent regular subvolumes, triangles, squares, or hexagons.

2. The model spatial distributions on the boundaries of a subvolume have to be deter-
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3.8. ábra. Fourier transforms at the boundary of a square

mined. A component to be used in the decomposition of the boundary condition will
be an NF -tuple, where NF is the number of faces of a subvolume. A systematic way
to determine the NF -tuples is using group theory [55]. Laletin [57][Chapter 7] came
to the same idea by heuristics. The reader may find further practical applications in
[178].

3. The representation of the spatial distribution depends on the mesh size, the distance
between two adjacent subvolumes. When the diameter of a subvolume is comparable
to the mesh size, the boundary value may be taken as constant. When the diameter is
larger by an order of magnitude or more, a quadratic spatial shape should be used.

4. The neutronics model to be used also should be determined. That model is either dif-
fusion or transport theory. Diffusion theory is simpler and results in a faster algorithm.
In the models used at the Kurchatov Institute (Moscow), transport theory has been
chosen. In the KARATE code [146], diffusion theory is applied as a possible option.
Those models are used in 3D production codes.

5. The response matrix may depend on a number of parameters. Among others, the bur-
nup in a fuel assembly may vary with location, the void fraction, and hence moderator
density may depend on the position inside the assembly, etc. All those parameters can
be taken into account by a suitable parametrized library, a must of a production code.

6. Using numerical methods, see Chapter 8, we set up an iteration scheme to determine
the boundary values at subvolume boundaries.

7. When the iteration has converged, the flux distribution inside the subvolumes is ob-
tained from a type 2 assembly calculation. In that calculation the internal structures
of the subvolumes are taken into account and the local power, and flux distributions,
nuclide densities are determined.

The response matrix will be used in diffusion theory calculations, see Chapter 6.

3.8. Input data
One of the simplest models is the input-output model. We write a computer program, provide
it with some input and it calculates functions depending on position or time, the output.
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Such a model makes sense if we are able to produce the required input, set up an algorithm
having all the desired features of a physical model and capable of deriving the output from
a finite amount of input data in a finite amount of time. Throughout the rest of the present
Chapter, we deal with the problem of providing input data for a reactor calculation.

3.9. Creation of input data
In the present Section, we deal with the problem of input data. A nuclear reactor is a
human made device, in contrast with the ready made nuclei. Indeed, geometrical data along
with some material parameters can be measured. Measurements are always inexact, but
now we disregard that. An essential component of the input data, viz. the nuclear material
properties are measured indirectly using sophisticated models and evaluation techniques.
The problem is theoretical from the point of view of the structure of the energy levels of a
given nucleus, but practical from the point of view of the usage of parametrized nuclear data
libraries in practical calculations. This makes evident that the reactor calculation model
must be stable with respect to the input data, and the models used in the derivation of the
input data. The calculational model must be robust with respect to the models involved.

The model and the input data are not well defined. Casti’s model is a good example for
a simple model reflecting some features of a nuclear reactor and the input is λ-the mean free
path in the rod, pk-the probability of k neutrons emerging from a collision. The real reactors
don’t have the shape of a rod, contain several materials so if we wish to use Casti’s model
to describe a real reactor we have to give a recipe for preparing pk and λ.

An alternative is to describe the reactor as a homogeneous material, in Chapter 6 the
reader finds that kind of models. As a general rule, we pay the price of a simple model in the
narrower applicability and smaller accuracy. It is a good policy to keep an arsenal of models
and to use that one which gives reasonable results in a given task. That needs expertise
which is acquired only by experience.

3.10. Validation and verification
We have to prove that the computational model is robust, stable, reasonably insensitive to
the input data. The validation and verification process (V&V) is based on the following
principles:

• defense in depth;

• independent multiple control;

• equal opportunities for the participants.

The V&V process uses the following tools:

1. Mathematical verification: Since the reactor model is an algorithm on a computer, it
has to be verified if the algorithm obeys the same features as the programmed equations.
A production code embodies appr. one hundred man-years of work in programming,
and testing. The code development has its specific order in the nuclear industry, see
[27],[28], [29], [30], [31], [32], [33], [34], [35], [36].

2. Physical validation: following the defense-in-depth principle, the validation starts with
the input data. Under the auspices of the International Atomic Energy Agency, the
library of nuclear data are continually checked and revised. Users of a given reactor
type exchange their experience, improve their data and code when needed.
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3. Benchmarking: sets of tests problems have been defined to find out how a compu-
ter model solves well defined specific problems. The tests problems range from the
theoretical to the industrial problems.

4. Operational benchmarks: nuclear facilities compile a large amount of measured data
from experiments. There are special power plants well equipped with measurements
to provide data on operating power plants. The utility can collect its own benchmark
data provided it complies with the [34] regulation.

5. The IAEA organizes meetings where reactor designers, utility staff, researchers, and
representatives of the nuclear authorities can exchange their views on safety or technical
issues.

The theoretical background of the V&V process is explained as follows. We have a device
D, we have built a model (this time a computer code) that is capable of predicting some
features of D and we wish to see how accurate is the prediction.

In the V& V process, we use the input-output model, i.e. we use the computer code as
a device to transform the input data to the output data. First we have to give a wish list:
which data must be on the output list.

3.11. Problems
1. What features of a nuclear reactor are reflected by Casti’s the simple control theory

model?

2. What is the amount of remanent heat in a 1000 MW nuclear power plant? How can it
be removed from the reactor core?

3. The average rise of the coolant temperature in a reactor is 31 C. What flow rate is
required in a 1000 MW power plant to avoid overheating?

4. Assume the average coolant temperature rise is 31 C◦ and the flow rate in each assembly
is the same, the maximum assembly power rate is 1.35. What is the maximum coolant
temperature rise?

5. In the fuel certificate the error of the enrichment is ±5%. Assuming normal distribution
of the enrichment, what is the mean value of the enrichment in the core? What is its
variance?

6. Estimate the heat deposit in the coolant due to the neutron slowing down in the
coolant.

7. What is the ratio of the geometrical diameter of the 135Xe nucleus to its effective cross-
section σa = 106 barn? (Hint: use the r = 1.5 × 10−12A1/3 formula to get the radius
in cm from the mass number A.)

8. What is the ratio of the hydrogen σ = 0.001 barn cross-section and its actual radius?

9. How varies the angular flux at the boundary of two materials? How varies the angular
flux at the joint boundary of three materials?

10. Estimate the effect of 10 % bubbles are a neutron radiation shield.

11. What would you build from a shield against slow neutrons? Against fast neutrons?
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12. The first two eigenvalues of the TE are λ1 = −0.01 1/s and λ2 = −0.2 + 10i. Is this
possible? After how long time will the first eigenvalue become dominant?

13. Assume that Φ(r) varies slowly in the integral transport equation. Give an estimate
for the diffusion constant.

14. The density of water is 0.99799 g/cm3, what is the atomic density of hydrogen and
oxygen?

15. The density of UO2 is 10.4 g/cm3. Calculate the atomic density of U-235, and of U-238
and of oxygen, if the enrichment is 3.6%.

16. The thermal power of a reactor is 3000 MW. Howmuch hydrogen is produced in neutron
decay in one day? The neutron half-life is 11 min., the average lifetime of neutron is
25 µs in the reactor. One fission emits average 2.4 pieces of neutrons. 3.1 ·1010 fissions
products 1 J energy.
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4. fejezet

Providing Input
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As we have seen in Section 1, we need the following information to control the fission
process:

• the relevant characteristics of the material placed into the reactor;

• the position of the material composition, i.e. the geometry;

• the physical laws governing the fission process.

Various reactor models differ in the way they describe the above mentioned three items.
When speaking about the material distribution, the following models are used:

1. continuous position dependence, when material properties like the density are cons-
idered as continuous functions of the position, for example the mass density is given
as ρ(r), r ∈ V .

2. homogeneous regions filled with a given material type, and the regions are connected by
suitable boundary conditions. The boundary conditions are deduced from the physical
description of the neutron field.

3. when the material composition is periodic, the geometry may be approximated by a
lattice, i.e. an infinite periodic structure.

4. phenomena occurring at material interfaces are studied on finite geometries, like two
adjacent half places.

5. even the simplest geometry may render a good service, for example the attenuation of
a field is often studied in an infinite homogeneous material.

The nuclear properties of nuclei have been collected in so called evaluated nuclear data
files. Such files are accessible through the Nuclear Data Section of the International Atomic
Energy Agency, Vienna. Those files are based on nuclear models and a large amount of
expertise is required to interpret and use properly the nuclear data.

Note, that nuclear data vary for each isotope consequently it is insufficient to have the
material composition of various materials in the core. The source of those data is usually
the vendor, and it is expensive to determine the isotope composition of a structural material
or insulator.

Far the input preparation appears as a trivial matter. When we have to provide input
for a given physical model the complexity of the problem becomes apparent. Some of the
problems to be solved are:

1. How to replace a heterogeneous material with a homogeneous one? That problem is
known under the term homogenization.

2. How to replace an energy dependent material by an energy independent one? That
problem is known as energy condensation.

3. How can we simplify the boundary condition?

4.1. Energy condensation
The number of problems where the Boltzmann equation is solvable analytically, is rather
small, to solve the majority of the problems we must rely on numerical methods which are
computer programs running on a large capacity computer. Some problems should be solved
in a limited time frame, see the real-time reactor simulation. Therefore we have the following
available choices:
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1. The simplification of the transport equation (3.116) itself. That choice means that
approximations are used in the theory and those restrict the validity and accuracy of
the solution. An advantage of that choice is that specific phenomena may be treated
nearly exactly, and some general features of the solution may be transplanted to other,
more complex problems.

2. We retain the original form of the equation and resort to numerical solution methods.
Here special care is needed because the numerical solution must accord with the prob-
lem under consideration. In engineering practice, this approach is the most widely
used one.

3. We refrain from attacking the original problem, simplify it by enhancing its features
and create a simpler but solvable problem by introducing a model. The goal is to
create models with manageable analytical or numerical solutions.

In the application of the transport equation to reactor physics, all the three mentioned choices
are encountered. The present Chapter is devoted to two problems solvable analytically, and
the subsequent Chapter is devoted to numerical methods. To be just with the model problem,
we cite [59][p. 45] a list of the usual models in a classification of the energy variable:

Common approximations of energy dependence:

1. One-speed approximation in which all particles are characterized by a single kinetic
energy or speed.

2. Multigroup energy description, in which the neutron energy is broken into intervals or
groups, and each group is characterized by a single energy.

3. Simple models of the cross-section energy dependence (e.g. expansion in polynomial
functions of energy).

4. Simple models of the collision kernels (e.g. separable or degenerate kernels).

A considerable simplification would originate from eliminating the energy variable. The
idea has been generalized so that the energy range is broken into finite intervals called energy
groups. Traditionally the numbering of the energy groups starts from the highest energy and
proceeds downward, the boundaries of the energy groups are given as

Eg < E < Eg−1, g = 1, 2, . . . , G (4.1)

and G is the number of energy groups. The reason of the downward group numbering is
that the neutrons lose energy in collisions, see Section 5.2 in Chapter 5. In the transport
equation, we encounter the angular flux, cross-sections, and external sources. The angular
flux is replaced by the group flux

Φg(r) =

∫ Eg−1

Eg

Φ(r, E)dE, (4.2)

the cross-sections are averaged by the group angular flux as

Σag(r) =

∫ Eg−1

Eg
Φ(r, E)Σa(r, E)dE

Φg(r)
, (4.3)

and

Σtg(r) =

∫ Eg−1

Eg
Φ(r, E)Σt(r, E)dE

Φg(r)
, (4.4)
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Σsg(r) =

∫ Eg−1

Eg
Φ(r, E,Ω)Σs(E)dE

Φg(r,Ω)
. (4.5)

There are cross-sections associated with energy change. The fission cross-section in group g
is

νΣfg(r) =

∫ Eg−1

Eg
Φ(r, E,Ω)νΣf (r, E)dE

Φg(r,Ω)
, (4.6)

and the fission spectrum that gives the fraction of neutrons emerging in group g is

fg =

∫ Eg−1

E−g
f(E)dE. (4.7)

The scattering cross-section is averaged with the flux of the group in which the collision
happens:

Σs,g′→g(r) =

∫ Eg−1

Eg
Σs(E

′ → E)Φ(r, E′)dE′

Φg′
. (4.8)

Note that the reaction rates are often calculated by the scalar flux, thus the angular flux
may be replaced by the scalar flux, although the group condensation relates only the energy
variable. Finally, the group velocity is

v−1
g (r,Ω) =

∫ Eg−1

Eg

Φ(r,E,Ω)
v dE

Φg(r)
(4.9)

The last expression is rather surprising, usually the averaging is done to attain simplifications,
now we got that even the averaged speed depends on Ω and position r.

As to the external source, it is replaced by

Qg(r,Ω) =

∫ Eg−1

Eg

Q(r, E,Ω)dE. (4.10)

With the help of the group fluxes and group cross-sections, the transport equation takes
the form of

1

vg

∂Φg(r,Ω)

∂t
= −Ω∇Φg(r,Ω)− Σtg(r)Φg(r,Ω) +

G∑
g′=1

Σs,g′→g(r)(Ω′ → Ω)Φg(r,Ω)

+
fg
4π

G∑
g′=1

νΣfg′(r)Φg′(r) +Qg(r,Ω),

(4.11)

called multigroup transport equation, in which the dependent variables are G functions:
Φg(r,Ω), g = 1, . . . , G. In reactor physics calculation the multigroup transport equation is
often used. The associated boundary and initial conditions are analogous to the continuous
energy dependent case: we have to fix the initial values of Φg(r,Ω, t0), g = 1, . . . , G and
one of the boundary conditions at the boundary ∂V of volume V . The albedo boundary
condition for the multigroup transport equation is

Φg(rb,Ω
−) =

G∑
g′=1

Γgg′Φg′(rb,Ω
+), rb ∈ ∂V, (4.12)
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where Γgg′ is the local albedo matrix.
The multigroup form of the transport equation is applicable with any other approximation

(diffusion theory, see Chapter 6, Pn, and Sn methods, or collision probabilities, see 8).
The multigroup model is based on the assumption that the flux is a slowly varying

function of the energy, an assumption not valid if one of the involved isotopes has a resonance
line in the energy group under consideration. In such a group resonance integrals are used,
see Section 5.3 in Chapter 5.

4.2. Homogenization, asymptotic theory
There are geometrical structures in which the solution to the Boltzmann equation or its
approximations can be found particularly simply. These are simple geometries, like a large
homogeneous material. When seeking the above mentioned problems in a complex geometry,
we may attempt to preserve features of those solutions. The solution simplifies if charac-
teristics of the geometry (e.g. using symmetry consideration, we can reduce the domain of
the solution) may be transplanted from the geometry to the solution. This is because the
symmetries of the transport equation (and its approximations) are determined by the space
dependence of the cross-section, in other words, by the space dependence of the material
properties. Below we enlist such simple geometries.

1. Homogeneous material. The material properties of the volume under consideration are
equivalent, the solution will share the symmetries of the volume. When the considered
volume is infinite, there is no distinguished direction or position, the material properties
are invariant under rotations and translations. When we place a point neutron source
into the material, the position of the source is distinguished and the positions in the
volume are classified according to their distance from the source. The homogeneous
material has one characteristic distance, the mean free path. That constant determines
the variation of the neutron distribution. There are no internal material boundaries
where the material properties would change. This observation makes the homogeneous
material attractive in reactor physics. That approximation is applied even when there
are internal material boundaries provided the homogeneous regions are several mean
free path thick.

2. A homogeneous half space is a homogeneous material plus an external boundary. There
the positions may be classified in term of their distance from the external boundary.
The solution in a half space problem often has a gradient orthogonal to the external
boundary. The position parallel to the external boundary brings in no distinguished
direction but if an external source is present, the space points are classified according
to their positions with respect to the distance from the source and from the boundary.

3. One dimensional material distribution. There the material properties vary with one
parameter. Such a geometry is the slab, the spherical geometry, and the axially infinite
cylinder. The name of the geometry suggests the suitable coordinate system. Note
that in the case under consideration the material properties are constant along the
coordinates perpendicular to the to the axis along which the material properties vary.
This is the simplest model to study the effect of space dependent material properties.

4. Periodic lattice. The structure of the matter is ab ovo hierarchical. There is a specific
structure at the lower level and the next level may have a different structure. Modern
engineering extensively has been using the so called composite material that has just
the mentioned type structure. The reactor is made up from fuel assemblies, an array
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of fuel pins constitute the fuel assemblies, each level has its own geometry. It is evident
to experiment with the model of a periodic lattice as an approximating structure. The
periodic lattice is invariant under translations by given vectors.

5. Lack of symmetry. When a structure shows no symmetry at all, one may try the
random material approximation. That approach has been used mainly in structures
varying randomly in time, like the chaotic motion of a liquid.

The transport operator is linear, and it has a stationary solution only if its fundamental
eigenvalue is zero, see (3.143). Such a volume V in which the external source free transport
equation has a stationary solution is called critical volume. Any volume can be made condi-
tionally critical, if we introduce and additional parameter into the transport operator. Two
such eigenvalues are used in reactor physics: the time absorption and the effective multipli-
cation factor keff . The first one is an additive constant in the removal operator, we replace
R by R+ α:

(L+R+ α)Φ(ω) = FΦ(ω) (4.13)

and we seek an α by which (4.13) has non-trivial solution. V is called supercritical, critical,
and subcritical, when α > 0, α = 0, and α < 0, respectively. Any volume has a time
absorption type eigenvalue.

The second kind of eigenvalue is written in the form of a multiplier in the fission term,
using the substitution F → 1/keffF and we have to find keff with which the equation

(L+R)Φ(ω) =
1

keff
FΦ(ω). (4.14)

has non-trivial solution. When keff > 1, V is called supercritical, when keff = 1, critical,
when keff < 1, subcritical. If V has no fissionable material, the effective multiplication factor
can not be defined. The reactivity ρ is obtained from the keff by the following relation:

ρ = 1− 1

keff
(4.15)

therefore the reactivity of a subcritical/supercritical volume is negative/positive, and the
reactivity of a critical volume is zero. In neutron kinetics, see Chapter 7, a new unit for the
criticality is introduced, it is measured in delayed neutron fraction unit.

4.2.1. Asymptotic analysis
Consider the integral- differential form of the neutron transport equation [177], see 3.3 in
Chapter 3 and gather the prompt neutron-nucleus reactions into a single operator L. For
the sake of simplicity we disregard the delayed neutrons. Larsen’s derivation has been based
on the following assumptions:

1. We consider a domain D composed of nearly identical cells, the cells are arrange peri-
odically.

2. A typical mean free path in D is assumed to be of the same order as a cell diameter.

3. The ratio of a typical mean free path to a typical dimension of D is small of order ε.

4. The material properties i.e. the cross-sections, are periodic in space and independent
of time except for a perturbation term of order ε2.
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5. External sources are small of order ε.

All nuclear reactions leading to energy change, including the fission, are included in the
collision operator. We write the neutron balance in terms of scaled space and time variables:

τ =
t

ε2
; r′ =

r

ε
, (4.16)

where r′ is the fast space variable. Note that the cell diameter is of the same order as r′.
The slow time variable is t. The scaled form of the neutron transport equation is(

1

ε

∂

∂τ
+ v∇− 1

ε
L
)

Φ(r,v, τ, ε) = εS(r,
r

ε
,v, εt), (4.17)

where the source is assumed to be of order ε << 1 and it depends both on the slow spatial
variable r and the fast spatial variable r/ε. At the same time the source varies slowly in
time so depends on εt. The collision operator L has two components:

Lf =

∫
v′ΣS(r,

r

ε
,v′ → v, ε2τ, ε)f(r,v′, τ, ε)dv′ − v′ΣT (r,

r

ε
, v, ε2τ, ε)f(r,v, τ, ε). (4.18)

Here r = (x, y, z), v = (vx, vy, vz). In (4.17), we clearly indicated that the cross-sections ΣS
and ΣT are small of order ε.

We introduce the Taylor expansions in the last variable of ΣS and ΣT as

ΣS(r,
r

ε
,v′ → v, ε2τ, ε) =

∞∑
n=0

εnΣSn(r,
r

ε
,v′ → v, ε2τ) (4.19)

and

ΣT (r,
r

ε
, v, ε2τ, ε) =

∞∑
n=0

εnΣTn(r,
r

ε
, v, ε2τ). (4.20)

Note that ΣT depends only on the energy therefore in its argument only (v) is encountered,
whereas in the argument of ΣS we find v.

We consider a volume V composed of cells of identical geometry. The cell has a symmetry
center at r = 0. We also assume that the material distribution in the cell is symmetric
function of position. We also assume ΣT and ΣS to be rotationally symmetric in v and v′

to order ε:
ΣTn(r′ε, r′, v, t) = ΣTn(−r′ε,−r′, v, t), n = 0, 1. (4.21)

ΣSn(r′ε, r′,v′ → v, t) = ΣSn(−r′ε,−r′,−v′ → −v, t), n = 0, 1. (4.22)

We also assume that when ε = 0, ΣS és ΣT as well as the source are periodic in r′. Be the
center of a given cell at r′ = 0, and r′ = a is the center of any other cell. Then

ΣS0(0, r′,v′ → v, t) = ΣS0(0, r′ + a,v′ → v, t); ΣT (0, r′, v, t) = ΣT (0, r′ + a, v, t) (4.23)

holds for any r′ inside the cell (translational invariance).
We are interested in the solution at positions far from the boundaries of D at time long

after the initial time.
We introduce the r′ = r/ε fast space variable and the slow time variable t = ετ . In the

new variables, we write the dependent variable in (4.17) as Φ(r, r′,v, t, ε), where variables r
and r′ are considered as independent therefore the leakage is:

v∇Φ = (v∇ +
1

ε
v∇′)Φ(r, r′,v, t, ε). (4.24)
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Expand the collision operator L in (4.18) into a power series of ε:

L =
∑
n

εnLn, (4.25)

where in operator Ln the following substitutions have been carried out: ΣT → ΣTn és
ΣS → ΣSn, c.f. (4.19)-(4.20). Now the transport equation takes the form of(

1

ε
∂τ + v∇+ ε−1v∇′ −

∞∑
n=0

εn−1Ln

)
Φ = εS, (4.26)

where, as has been mentioned, r and r′ are independent variables. Inside V , we seek the
solution in the form of a power series:

Φ ∼
∞∑
n=0

εnΦn(r, r′,v, t) (4.27)

where t = ε2τ . Further notation:
T = v∇′ − L0 (4.28)

Using that in (4.27):

T Φn =

n−1∑
j=0

Ln−jΦj − v∇Φn−1 − ∂tΦn−2 + δn2S. (4.29)

The terms with negative subscript (Φ−2,Φ−1) are zero.
We solve (4.29) recursively. Note that operator T includes derivatives with respect to r′,

which is the fast spatial variable. When n = 0 the equation becomes

T Φ0 = 0, (4.30)

its general solution is
Φ0 = F (r, t)u0(r, r′,v, t). (4.31)

u0 is periodic in r′, r is the slow space variable referring to a location in V and t are
parameters. u0 satisfies the following homogeneous equation:

0 =v∇′u0(r, r′,v, t) + vΣT0(r, r′, v, t)u0(r, r′,v, t)

−
∫
v′ΣS0(r, r′,v′ → v, t)u0(r, r′,v, t)dv′.

(4.32)

Nontrivial, unique solution exists only if operator T has a one-dimensional null space. This
assumes a relationship among the cross-sections fixing the criticality of the infinite lattice.
When (4.32) is solvable with the normal component of the current equal to zero boundary
condition, the infinite lattice is critical. In general, criticality is achieved by introducing a
free parameter into the cross-sections, usually the fission cross-section is multiplied by 1/k
and the parameter resulting in criticality is called effective multiplication factor or simply
keff .

Now we pass on to the case n = 1. From (4.29) we get

T Φ1 = FL1u0 − v∇(Fu0), (4.33)
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where the null space of operator T = v∇′ − L0 as well as the null space of its adjoint are
one-dimensional ones. Unique solution exists if the right hand side of (4.33) is orthogonal
to the solution of the adjoint flux Φ+:

0 = F (u+
0 ,L1u0) + (u+

0 ,v∇Fu0), (4.34)

where the scalar product is the following integral:

(a+, b) =

∫
cell

a+(v, r′)b(v, r′)dvdr′. (4.35)

The second integral in (4.34) is zero because u0 is symmetric in v and r′ once the cross-
sections are symmetric. Therefore the solvability condition is

(u+
0 ;L1u0) = 0,

which is a condition on1 operator L1 . The general solution of (4.33) is:

Φ1 = F1u0 − FT −1L1u0 − T −1v∇Fu0, (4.36)

where T −1 is the inverse of T . T −1 possesses the following property:∫
cell

u+
0 T −1fdvdr′ = 0

for every functions such that ∫
cell

u+fdvdr′ = 0.

Let us pass on to the n = 2 case in the investigation of (4.29). We have to solve

T Φ2 = FL2u0 + (L1 − v∇)(F1u0 − T −1v∇Fu0 − FT −1L1u0)− ∂t(Fu0) + S0. (4.37)

(4.37) is solvable when

dF

dt
= ∇(M0∇F ) + M1∇F +M2F + S0, (4.38)

where

M0(r, t) =(vu+
0 , T −1u0v) (4.39)

M1(r, t) =(u+
0 v,∇T −1v∇u0)− (v∇u0T −1v∇u0) (4.40)

M2(r, t) =(u+
0 v,∇T −1(v∇u0)) + (u+

0 ,L2u0)− (u+
0 ,L1T −1L1u0) (4.41)

− (u+
0 , ∂tu0)

S0(r, t) =(S, u0). (4.42)

(4.38) is a second order differential equation for the slowly varying F (r) function. The solu-
tion of the neutron transport equation in a periodical material (lattice) has two components:
a slow varying function F0(r) and a periodic u0, the components should be multiplied. When
the cell is homogeneous, F0(r) is purely space dependent, u0 is purely energy dependent.
That is the so called asymptotic assumption of reactor physics. That solution dominates far
from the material interfaces and from the external boundary. Note, that F0 is not constant

1That condition holds for any operator which is odd in space.
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inside a cell but varies slowly. That has made it possible to derive from the microfluxes the
coefficients in the equation for F0. The above discussed asymptotic theory has been extended
and has proven successful in various branches of physics.

The neutron distribution is determined in the following manner using the asymptotic
theory.

1. We solve equation (4.32) in a cell for u0(r, r′, t), the space variable is considered as
constant in a cell;

2. In the next step we solve (4.39)-(4.41) to determine the matrices in equation (4.38);

3. Then equation (4.38) is solved for the macroflux F ;

4. We build up the flux from F and u0, using (4.31).

4.2.2. Finite lattice
Below we present a simple model for the finite lattice. The idea is that we consider an
infinite lattice, at the boundary of the finite lattice define a boundary condition and derive a
solution of the infinite lattice satisfying the transport equation and the boundary condition.

We study the static solution of the neutron transport equation that we write as

Ω∇Φ(r, E,Ω) + Σ(r, E) =

∫
dE′dΩ′S(r, E′ → E,Ω′ → Ω)Φ(r, E′,Ω′), (4.43)

where S(r, E′ → E,Ω′ → Ω) comprises every processes changing the energy or the direction
of the neutron. S involves the scattering and the fission, see Section 4.1 in the present
Chapter. In order to make equation (4.43) solvable, in the latter the fission cross-section is
replaced by Σf/k where appropriate value of k makes equation (4.43) solvable. Our intention
is to build up the neutron flux from infinite core solutions. To this end, the core is extended
to infinity by exploiting the periodicity of the cross-section:

Σ(r + a, E,Ω) = Σ(r, E,Ω), (4.44)

here a is a lattice vector that connects two cell centers, Σ stands for any cross-section in
(4.43). The cross-sections are assumed symmetric in r.

The Bloch theorem guarantees the existence of a particular solution in the for,

ΦB(r, E,Ω) = eiBruB(r, E,Ω), (4.45)

where uB(r, E,Ω) is periodic in space. We introduce the following shorthand notation for
the transport equation:

[Ω∇ +H(k)]Φ(r, E,Ω) = 0, (4.46)

where operator H(k) includes every cross-sections. We substitute (4.45) into (4.46) and
obtain the following equation for the periodic part of the solution:

[Ω∇ +H(k)]uB(r, E,Ω) = −iBΩuB(r,E,Ω). (4.47)

We can see from this equation that k = k(B). We are interested in a solution with physical
meaning, that belongs to the so called fundamental eigenvalue. That restricts the B vectors
to a set R0. The infinite lattice is invariant under a set of transformations (reflections,
rotations, translations). Those transformations may not change k. Since the transformations
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map according to the transformation rule of a vector identically B, r,Ω into some B′, r′,Ω′

i.e.
B′ = PB; r′ = Pr; Ω′ = PΩ. (4.48)

But then follows
k(B′) = k(B), (4.49)

since the equation has remained invariant. The translation in r corresponds to a translation
by a reciprocal lattice vector q in B, thus

k(B + q) = k(B) (4.50)

also must hold far any reciprocal lattice2 vector q.
In an infinite lattice the solution is periodic thus there B = 0. We are interested in

lattices consisting of a large number of cells when |B| << 1 and the following expansion is
applicable:

uB(r, E,Ω) = u0(r, E,Ω) + u1(r, E,Ω)iB + Bu2(r,E,Ω)B + . . . (4.51)

and
k(B) = κ0 +

∑
k

κ2jB
2
j + . . . . (4.52)

Note that the terms odd in components of B are missing because the r→ −r is also a possible
symmetry in the lattice therefore all the odd components equal to zero. We use (4.51) and
(4.52) in (4.47), in the resulting equation the coefficients of power of B components should
be equal hence we get the following set of equations:

[Ω∇ +H(κ0)]u0(r, E,Ω) = 0 (4.53)
[Ω∇ +H(κ0)]u1i(r, E,Ω) = −Ωiu0(r, E,Ω) (4.54)
[Ω∇ +H(κ0)]u2i(r, E,Ω) = −Ωiu1i(r, E,Ω)−H(κ2i)u0(r, E,Ω). (4.55)

Note that the source term in (4.54) is odd and is orthogonal to u0(r, E,Ω) therfore (4.54) is
solvable. The right hand side of (4.55) must be orthogonal to u0(r, E,Ω) resulting in∫

4π

∫ ∞
0

∫
Vcell

Ωiu1i(r, E,Ω)u+
0 (r, E,Ω) + u+

0 (r, E,Ω)H(κ2i)u0(r, E,Ω)d3rdEdΩ = 0

(4.56)
which is an equation to determine κ2i.

The general solution of (4.46) is a linear combination of the Bloch functions therefore

Φ(r, E,Ω) =

∞∑
i=0

∇i[ΦM (r)]ui(r, E,Ω) (4.57)

where3 the macroflux ΦM (r) is

ΦM (r) =

∫
R0

W (B)ei(Br)dB. (4.58)

The weight function W (B) is to be determined from the boundary condition fixed along the
boundary of the finite lattice.

2If q is a reciprocal lattice vector and r is a lattice vector then qr = 2πn where n is an integer.
3Note that u0 is one function, u1 is a vector and u2 is a tensor.
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We can determine κ0 and κ2 either from the microflux equations (4.53)-(4.55), or from
the macroflux that obeys the equation

D̄∇2ΦM (r) + (νΣ̄f − Σ̄a)ΦM (r) = 0 (4.59)

and the two criticality eigenvalues are equal provided

Σ̄a =
(Σa(r)u0, u

+
0 )

(u0, u
+
0 )

(4.60)

νΣ̄f =
(νΣf (r)u0, u

+
0 )

(u0, u
+
0 )

(4.61)

D̄i =
−(Ωiu1i, u

+
0 )

(u0, u
+
0 )

. (4.62)

This is the homogenization recept we wanted to get. The calculation scheme goes as follows.

1. First we determine the periodic u0, u1 and u2 functions from (4.53)-(4.55);

2. With those functions the homogenization is carried out using (4.60)-(4.62);

3. Using the homogenized cross-sections, determine the macroflux from (4.59);

4. In the final step the flux distribution is reconstructed using the microflux and the
macroflux according to (4.57).

4.2.3. Heterogeneous lattices
An important application of the diffusion (and the transport) equation is the assembly calcu-
lation, where a set of assemblies are composed of a number of homogeneous cells of identical
geometry. As we have seen to describe the neutron distribution in a periodic structure we
need a macroflux and a microflux. The former helps in fulfilling the boundary condition
at external boundaries, the latter is a consequence of the periodicity of the geometry. The
asymptotic theory offers a recipe for preparing the coefficients in the equation fulfilled by the
macroflux. Here it suffices to separate the most symmetric component (the so called unit
representation).

We wish to modify the asymptotic theory so that it applies to lattices made up from cells
of diverse material compositions. For the light water reactors the following theory [145] was
elaborated4. The material properties of the cells may differ thus equation (4.63) is different
from cell to cell. The boundary of the cell is subdivided into nF edges. We write the equation
under consideration in the concise form of

Tk(keff )ψk(r, E,Ω) = 0. (4.63)

Here operator T acts on the neutron flux ψ in cell k. To ensure the solvability of the
homogeneous equation, we need an additional parameter keff which divides the fission cross-
section. In cell k, the boundary condition fixes the flux for the entering directions:

ψk(r, E,Ω) = ψkb(r, E,Ω) for Ωn < 0. (4.64)
4The method is applicable for transport and diffusion theory as well. The notation follows the more

general transport theory
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We assume that the energy range can be discretized into energy groups. We assume the
diffusion approximation at the boundary, therefore for edge i in energy group superscript
g is

ψgki =
1

4π

[
Φgki + 3Ω(i)

r Jrgki + 3Ω(i)
α Jαgki

]
, (4.65)

where Ω
(i)
r , Ω

(i)
α are the radial and tangential component of the direction vector Ω along the

ith edge; Φgki is the scalar flux and Jrgki , J
αg
ki are the radial and tangential components of the

net current. Later we show that the current components are determined by the fluxes.
In the proposed method for global reactor calculation and the solution of the Boltzmann

equation for a cell are coupled. The quantities Φgki and keff are determined in the global
reactor calculation. As we will see in Section 8.4, any reaction rate integrated over a cell
depends only on the symmetric solution, which, in turn belongs to a symmetric boundary
condition. Therefore we separate the symmetric part from the boundary fluxes:

Φgki = F gk0 + F̂ gki, (4.66)

where

F gk0 =
1

nF

nF∑
i=1

Φgki. (4.67)

A reaction rate is a linear expression of F gk0. We express it with the help of Γgg
′

xk to be
introduced below. Γgg

′

xk is a straightforward generalization of the response matrix. Let Rkxm
be the x type reaction rate in energy group k, in cell m, then

Rkxm =

G∑
k′=1

Γkk
′

xmF
g′

m0, (4.68)

where G is the number of energy groups. The net currents5 may differ from face to face thus
there

Jrkmi =

G∑
k′=1

nF∑
`′=1

Γkk
′

m``′Φ
k′

m`′ . (4.69)

We need a special reaction rate, the average flux φ̄km.
At an internal boundary, the fluxes on the shared face should be equal and the net

current should be continuous, i.e. the current leaving one cell enters the adjacent cell. Let
the subscript m′ of cell neighboring to cell m at face ` be m′(m`) and the common edge of
cell m′(m`) be `′. Then, at an internal boundary

Φkm` = Φm′(m`)`′ (4.70)

and
Jrkm` = −Jrkm′(m`)`′ . (4.71)

From the boundary current we also separate the symmetric component:

Jrkm` = Gkm0 + Ĝkm`. (4.72)

With the new variables, the continuity conditions (4.70)–(4.71) read as

F km0 + F̂ km` = F km′0 + F̂ km′`′ (4.73)
5The tangential current does not contribute to the balance.
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and
Gkm0 + Ĝkm` = Gkm′0 + Ĝkm′`′ . (4.74)

Now the boundary current is a linear expression of the symmetric fluxes:

Jrkm` =
2

h

αkm`α
k
m′`′

αkm` + αkm′`′

[(
F km′0 −

h

2

Gkm′0
αkm′`′

)
−
(
F km0 −

h

2

Gkm0

αkm`

)]
. (4.75)

Here we introduced

αkm` =
h

2

Ĝkm`
F̂ km`

, (4.76)

and h is the lattice pitch. We need one more additional parameter:

εkm` =
F km0 − h

2
Gkm0

αkm`

φ̄km
, (4.77)

with which the boundary current can be expressed by the average fluxes of the adjacent cells
as

Jrkm` =
2

h

αkm`α
k
m′`′

αkm` + αkm′`′

(
εkm′`′ φ̄

k
m′ − εkm`φ̄km

)
. (4.78)

and the boundary flux as

Φkm` =
αkm′`′

αkm` + αkm′`′
εkm′`′ φ̄

k
m′ +

αkm`
αkm` + αkm′`′

εkm`φ̄
k
m. (4.79)

The neutron balance reads as

nF∑
`=1

Jrkm` − VmRkam +
1

keff
χkVm

K∑
k′=1

Rk
′

fm + Vm
∑
k′ 6=k

Rk
′→k
sm = 0. (4.80)

Comparing equations (4.79) and (4.78) with the corresponding finite difference expressions

Φkm` =
DmΦm +Dm′Ψm1

Dm +Dm′
Jrkm` = − DmDm′

h(Dm +Dm′)
(Φm − Φm′).

we see the only difference that „α” replaces the diffusion constant D and εΦ replaces Φ. It
can be shown [145] that in a finite uniform lattice

αkm` → Dk

and
εkm` → 1,

and equations (4.79)–(4.78) tend to the FDM equations as h → 0. Based on the above
considerations, a coherent calculation scheme has been set up that has been implemented in
the KARATE system [146] as one of the available options.

The reader may have observed that symmetry considerations simplify the calculations
mostly in simple cases. Now, in the discussion of reactor lattices, more simplifications came
from symmetries in a uniform lattice where a translation invariant basis leads to recognize
the micro- and macro components in the solution. In a lattice made up from a number of
cells, the result is less spectacular.
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4.2.4. Homogenization methods
The goal of cell calculation is to find the parameters in the equation for the macroflux. As we
have seen in the previous Subsection, the macroflux is obtained from a diffusion like equation
even if the equation to be solved in a periodic structure is the transport equation. Early
works relied on the principle used in the energy group approach, see Chapter 4 Section 4.1: if
the terms in the equation for the macroflux have their respective physical meanings, then it is
self-evident to determine the reaction rates in the cell and define the associated homogenized
cross-section so that the reaction rate be preserved. Unfortunately, the diffusion constant
does not exists also in the transport theory but we will see its definition below. Now we
recall that the objective of cell homogenization is to get a simplified cell description hence a
homogenization method. In principle we would need individual cross-sections for each cell,
thus we should have create a parametrized cross-section library for each cell. Therefore, in a
practical calculation the actual constants of each cell should have been looked up in a separate
cell library6. Even if we store cell cross-sections for a given cell type7 in a parametrized
library, the production codes serving a power reactor spend 60-70 % of the time with looking
up the actual parameters in the parametrized library. Power reactor calculation needs a few
types of diffusion theory parameter sets with possible corrections for those cells located in a
specific ambiance, e.g. in the immediate vicinity of a control rod or reflector.

The diffusion constant is especially problematic as it adheres to the streaming of neut-
rons, which is the only non-local phenomenon. Streaming is not only non-local but may be
highly anisotropic. It is well known that the axial direction may completely differ from any
radial direction concerning the streaming of neutrons. In a fast reactor, there exist speci-
fic directions along which the neutrons stream without restraint whereas frequent collisions
slow the neutron flow in other directions. We have to remember also that a non-negligible
fraction of the cells resides in a heterogeneous surroundings either because the neutron spect-
rum changes in a short distance or because of the large spatial gradient in the neutron flux.
The coefficients derived in Section 4.2.3 of the present Chapter clearly indicate that in a
heterogeneous lattice more is needed than a single set of diffusion parameters, see matrices
M0,M1,M2 in (4.38) and εkml, α

k
ml in (4.78) and (4.79).

What is the benefit of theoretical investigations in such a situation? Theory certainly
provides insight into the problem and may point out the weakness of practical procedures,
or, may offer improvements in reactor analysis codes that engineers need in practice to large
amount of numerical work needed in practice.

In the previous subsections we have introduced two theoretical approaches: Larsen’s
asymptotic analysis and a method based on the so called gamma matrices. A good survey of
homogenization methods is given by Deniz in the second volume of [5] handbook. Now we
add further examples starting with the Benoist cross-section set, and the response matrices
proposed by N. I. Laletin [53]. In transport theory, the Bloch functions are written as

Φ(r, E,Ω) = uB(r, E,Ω)eiBr, (4.81)

only the periodic part of the Bloch function depends on the energy and the angle. Benoist’s
method expresses the solution with Bloch functions, the balance equation is expanded in a
power series of B. The O(B2) cell integrated balance equation reads as[∑

k

B2
kD

BC
k + ΣBCa − 1

keff
νΣBCf

]
(u0, 1) ≈ 0(B2). (4.82)

6The number of cells is of the order 104, in a core it is the number of assemblies multiplied by the number
of cells in an assembly.

7The number of cell types is a few times ten.
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Superscript BC refers to the Benoist corrected coefficients.

DBC
k =

− (∇Ωrcell,ku1k, 1)

(u0, 1)
(4.83)

ΣBCx =
(Σx(u0 − (Brcell(Bu1)) + Bu2B)− u0

(Brcell)
2

2 , 1)

(u0, 1)
(4.84)

Here subscript x refers to the type of the cross-section. The expansion of the periodic part
of the Bloch function is written as

uB = u0 + B+u1 + B+u2B + . . . (4.85)

where u1 = (u1x, u1y, u1z) is a vector, u2 = u2ij , i = 1, 3; j = 1, 3 is a tensor. The space
position is

r = r0 + rcell, (4.86)

here r0 is the position of the cell center, rcell is the position inside the cell.
The Deniz-Gelbard diffusion coefficient

DDG
k = − (u+

0 ,Ωku1k)

(u+
0 ,Pu0)

(1,Pu0)

(1, u0)
(4.87)

The Larsen diffusion coefficient

DL
k = − (u+

0 ,Ωku1k)

(u+
0 , u0)

(4.88)

ΣLx =
(u+

0 ,Σxu0)

(u+
0 , u0)

(4.89)

The Benoist uncorrected diffusion coefficient

DBU
k = − (1,Ωku1k)

(1, u0)
(4.90)

D2BU
k = − (1,Ωk)

(1, (u0 + B+u2B))
(4.91)

Σ2BU
x =

(1,Σx(u0 + B+u2B))

(1, u0)
(4.92)

The Benoist corrected diffusion coefficient

DBC
k = − (1,∇(Ωrcellu1k)

(1, u0)
(4.93)

Σ2BC
x =

(1,ΣxR2)

(1, u0)
(4.94)

R2 = u0 − (Brcell(B
+u1) +B+u2B − u0

(Brcell)
2

2
. (4.95)

We have chosen an illustration from among the available homogenization recipes. A more
complete list can be found in [5]. We mention only those equivalent homogeneous regions
that are used in a number of places in the calculational method, for example in the resonance
treatment.
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4.3. Simplified boundary condition

4.3.1. Simplifications
The goal of the reflector calculation is the determination of the albedo in few (2-6) energy
group diffusion theory. Normally ex-core materials contain no fissionable material, the phy-
sical process in the reflector is that fast neutrons leak out of the core, slow down in the
reflector, and a fraction of the neutrons re-enters the core.

The reflector softens the spectrum, the fuel assemblies at the core-reflector boundary may
feel that effect. The neutron flux in the core diminishes approaching the core edge. It is an
option in the calculation to include a part of the reflector but the effect of the reflector albedo
is so local that it does not justify the inclusion of the reflector into the power iteration.

The albedo boundary condition relates the entering current J+
g to the exiting current J−g

as
J−g = ΓggJ

+
g +

∑
g′ 6=g

Γgg′J
+
g′ . (4.96)

Note that J+
g depends on core properties as it is the exiting current of the core, it exits

from a fuel assembly at the core edge. The albedo matrix Γgg′ depends on the material
composition and geometry of the ex-core region, shortly called reflector.

At the boundary of the reactor a boundary condition is to be applied. This is usually
a local albedo that is an input of the core calculation. To learn the albedo, a detailed
calculation of the region surrounding the core is carried out. Features of that calculation
are:

• The geometry is irregular because structural elements, holes etc. make it irregular. In
the region above the reactor core the structure is only known by-and-large, because
control rod drives, cables, in some cases moving parts make that area complex. Often
the albedo is obtained from a fitting in the lack of detailed information. Note that the
leakage from the core directly influences the reactivity and hence the safety.

• The material composition of the elements placed around the zone are often not given
by the vendor (such a problem is the isotope composition of the steel elements).

• A part of the ex-core region also includes coolant. If the regulation uses boron, the
albedo varies with the progress of the fuel cycle. That may require repeated recalcula-
tions of the albedo.

To determine the albedo matrix, the few group diffusion equation has to be solved with
the same number of energy group used in the core calculation. To carry out the diffusion
calculation, few group cross-sections of the 5-10 mean-free-path reflector region should be
determined in an approximate regular geometry. The boundary condition is the given enter-
ing current at the faces of the fuel assemblies. Those entering currents are get from a core
calculation. When the migration of the neutrons is taken into account, we have to label also
the boundary faces and several faces may contribute to the reflector albedo:

J−gk =
∑
`

Γgg,k`J
+
g` +

∑
g 6=g′

Γgg′,k`J
+
g′`

 . (4.97)

That calculation accounts for the neutron wandering.
The second method is a Monte Carlo calculation in which neutrons are randomly started

from the core edge, and the score is the number of neutrons returning to the reactor boundary.
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4.1. ábra. Core Reflector Boundary (PWR)

In a Monte Carlo code the irregular geometry can be implemented easily. It should be
mentioned, that there are large regions, e. g. the top of the reactor, which are so complicated,
that the corresponding albedo is fitted to the startup measurements.

A part of a PWR core-reflector boundary is shown in Fig. 4.1. Face pairs 1,2; 2,3;
4,5; and 5,6 may be coupled because the neutrons exiting near the joint corner may return
through either face. The extent of coupling depends on the spatial distribution of the exiting
currents along a given face. The face-face coupling may be also of importance in hexagonal
fuel assemblies.

In connection with the reflector albedo, we mention the possibility of excluding the control
rods (see Chapter 2) from the reactor calculation. The area of the control rod needs small
discretization step, that slows down the calculation. When a suitable vicinity of the control
rod is calculated separately and its response is calculated for example by a Monte Carlo code,
we can determine the albedo and that albedo is usable to exclude the control rod region from
the calculation.

4.4. Problems
1. What is a reasonable neutron spectrum to average cross-sections in the following energy

ranges: high energies, slowing down, resonances, thermal energies?

2. How to determine the group cross-section for a mixture of two nuclei when one varies
slowly, the other has a resonance in the energy range under consideration?

3. Estimate the error caused by the approximate spectrum used in group condensation!
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4. Which core geometry assures the minimum leakage from among the following geomet-
ries: cubic, cylindrical, spherical?

5. With the geometry fixed, which boundary condition assures the maximum keff : white,
black, albedo, periodical?

6. What is the benefit of surrounding the core by reflector? What are the ideal features
of the reflector?

7. A burning poison is a material with high absorbtion cross-section in the thermal groups.
What is the benefit of adding burning poison to the fuel?

8. During energy production, the fissionable material is consumed, the neutron absorbing
fission products accumulate. How to maintain the critical state during the fuel cycle?

9. Where should we measure the neutron flux in the core? How to assure that the local
power is everywhere under the prescribed limit?

10. A neutron impinges the core of a critical reactor. What will happen?

11. In which part of the core is applicable the asymptotic approximation? How would you
determine by measurements the asymptotic part of the core?

12. The material composition above the core is not well known. How would you deal with
the upper boundary of the core?

13. What kind of corrections should be introduced if the coupling between faces of fuel
assemblies is not negligible? How can we estimate the improvement caused by the
introduced correction?
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5. fejezet

Neutron spectrum

The angular flux depends on the position, the energy, the angle of the neutron velocity,
and the time. The term spectrum refers to the neutron distribution in the energy variable.
Various reactors may have different spectra, which depends on the fuel and the moderator,
see Chapter 2 for details. The neutron energy in a reactor usually varies between 10 MeV
and 0 eV . In an ADS, the spallation source provides neutrons over 10 MeV . In PWRs and
BWRs the spectrum is thermal, which means that the majority of the neutrons in the core
has an energy close to the thermal range. In a fast breeder reactor, however, the majority
of the neutrons has a high energy.

The usual treatment of the energy variable is the multigroup treatment, the number of
energy groups may vary from one to a million. The extremely large group number is typically
connected to the resonance region, where the cross-sections of the resonance nuclei may vary
very fast. The spectrum is subdivided into four larger energy regions. The boundaries of the
regions are not precisely determined, as they are connected to the features of the neutron-
nucleus collision, and because the number of nuclei is very large, their behavior may be
different.

In the fast region, the neutron energy falls into the 10 MeV ≤ E ≤ 0.1 MeV interval1.
There the cross-sections are usually small and vary slowly with the energy. Consequently the
neutron mean free path is large, and the coupling between fuel rods is provided mostly by
fast neutrons. There is a difference between the fuel and coolant regions, the heavy elements
in the fuel possess larger cross-sections than the coolant, which is usually water. In LWRs,
the heterogeneity effect is small enough to permit using volume averaged cross-sections.
Some 10-15% of the power originates from fast fission even in thermal reactors, the power
distribution is smooth. Some heavy elements have resonance lines in the fast region but the
Doppler broadening of the resonance line is proportional to the neutron temperature, i.e.
with

√
E. Because of the Doppler broadening, the resonance lines usually overlap.

Elastic and inelastic scattering, and the associated slowing down features the lower part
of the fast range, which sometimes is called slowing down region. The slowing down process
determines the spectrum of the neutrons entering the next region, called resonance region.

The variation of cross-sections may reach several orders of magnitude in the resonance
region. Instead of cross-sections resonance integrals are used in that range. The rapidly
varying cross-sections cause problems not only in the generation of resonance integrals, see
Section 5.3 in the present Chapter, but also in use in core calculations. Namely, in this
area the number of energy groups may be in the order of hundred thousands. Between

1Some authors define the fast region as 10MeV ≤ E ≤ 5 keV , see [57]
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resonances, the mean free path is relatively large but smaller than in the fission region. In
a LWR, approximately 10-15 % of the reactor power is produced in the resonance region, a
part of it during slowing down.

In the thermal range, the neutron energy is comparable to the kinetic energy of a nucleus
therefore up-scattering is possible, furthermore the energy of the chemical binding is also close
to the kinetic energy of the neutron. The limit between the resonance and the thermal region
is loosely defined, usually some frequently encountered resonance lines of heavy isotopes are
excluded from the thermal region. The upper limit of the thermal region is usually 0.625 eV
or 1 eV , the lower limit is zero. The cross-sections vary smoothly, and larger than in the
resonance region. Therefore the neutron mean free path is shorter, the neutron flux may
vary faster in space. In LWRs, 70-80% of the energy is produced in the thermal range.

5.1. Fast neutrons
The maximum energy of neutrons emerging from fission is appr. 10 MeV . The neutron-
nucleus collision results in nuclear reaction, the available nuclear reactions depend on the
nucleus and the energy of the neutron. The first excited state of heavy nuclei is about
0.1MeV , the light nuclei have higher excitation energies, the first niveau is about 1 MeV .
Neutrons having more energy than the first excited state can lose part of their energy in
inelastic collisions, thus in the range 10 MeV − 0.1 MeV the inelastic collisions may play
an important role, but below that energy range the elastic scattering dominates. Since the
fission cross-section is large only in the thermal energies, to sustain the chain reaction a
portion of the neutrons must reach the thermal energy and in the slowing down of neutrons
the elastic scattering is important.

In the energy range E > 0.1MeV the total fission rate is about ∼ 10 − 25% depending
on the fuel type and the lattice. The accuracy of the calculated reaction rates depends on
the approximations used in the calculation of the leakage, the scattering anisotropy, and the
slowing down. In tight lattices, the void reactivity coefficient can be positive under specific
conditions, therefore the fast energy range is important also from the point of view of safety.
The fast neutrons have a non-negligible role also in the radiation damage of the reactor
vessel.

The above mentioned aspects require a large number of energy groups in the flux calcu-
lation. In some codes the number of energy groups is 144 in the fast neutron range. The
condensation of the energy groups to be used in spectral codes also requires attention. In
some reactor types (such as PWRs), the fuel lattice is only slightly heterogeneous, and in
the fast energy range constant flux can be applied in the cell homogenization. Flux ratios
may be computed by cross-sections averaged by the flux ratios in an infinite homogeneous
medium, that simplified procedure has only a slight effect on the keff .

In the cross-section calculation, the fission spectrum is applicable. It is taken into account
that the various fissionable isotopes may have different fission spectrums. Furthermore, the
spectrum of prompt neutrons and that of the delayed neutrons are different. The prompt
neutron spectrum is usually approximated by Watt’s analytical expression [165][p. 142]:

fp(E) = C1 exp

(
− E

C − 2

)
sinh

(√
C3E

)
, (5.1)

where C1, C2, C3 are fitted constants. For 235U the constants are

C1 = 0.453 C2 = 0.965 C3 = 2.29 (5.2)
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and E is in MeV units. A portion of the neutrons is released from the fission products after
further nuclear reactions, see Section 7.1 in Chapter 7 for details. In the core design methods,
the static calculation is the starting point, the static fission spectrum is a combination of
the prompt spectrum fp and the delayed spectra fi(E), i = 1, . . . , 6. Denote the fraction of
the i-th delayed spectrum βi, then the static spectrum is taken as

fs(E) = (1−
6∑
i=1

βi)fp(E) +

6∑
i=1

βifi(E). (5.3)

In static calculations that spectrum should be used as the fission spectrum f(E) in the
transport equation 3.132 and the diffusion equation (6.97).

5.2. Slowing down
The neutron spectrum can be determined from the neutron balance at energy E. In a large,
homogeneous material the neutron balance is

(
−D(E)B2 + Σt(E)

)
φ(E) =

∫ ∞
0

Σs0(E′ → E)φ(E′)dE′

+

∫ ∞
0

Σin(E′ → E)φ(E′)dE′

+ f(E)

∫ ∞
0

νΣf (E′)φ(E′)dE′.

(5.4)

Here we assumed isotropic scattering and no external source is present. The inelastic scatter-
ing is also present but we can treat it only by numerical methods, so we are going to neglect
it2. We see from (5.4) that the spectrum depends on the cross-sections. Below we present a
model for the determination of the slowing down kernel for the case when the scattering is
elastic.

In the collision the energy E and the momentum p are conserved[166]. First we quote the
general discussion of the collision. We consider the collision of two particles, their respective
mass is m1 and m2, their respective speed is v1 and v2, their energy is Ei = p2

i /(2mi), i =
1, 2. Their respective momentum after collision is p′i, i = 1, 2 and energy E′i, i = 1, 2. We
introduce the total mass

Mt = m1 +m2 (5.5)

and the reduced mass mr

mr =
m1m2

m1 +m2
, (5.6)

the total momentum P:
P = p1 + p2, (5.7)

the relative momentum p:

p =
m2p1 −m1p2

m1 +m2
= mr(v1 − v2) (5.8)

2Although in practical calculations (for example in a fast reactor) the inelastic scattering should be
accounted for.
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that is, the relative momentum equals the reduced mass multiplied by the relative velocity.
The particle energy and momentum is expressed by the relative momentum p and total
momentum P as

p1 =
m1

M
P− p; p2 =

m2

M
P + p, (5.9)

the total energy expressed with P and p is

E =
P 2

2M
+

p2

2mr
. (5.10)

In an elastic collision the total momentum

P = P′ (5.11)

remains unaltered and the absolute value of the relative momentum also remains unaltered:

|p| = |p′|. (5.12)

That is, the collision only rotates the relative momenta p. After the scattering in the center
of mass coordinate system |p1| and |p2| do not change. It follows from (5.8) that in the center
of mass coordinate system (CMS), the momentum of each mass before and after collision is
the same, m1 and m2 move in opposite directions, the velocities of m1 and m2 are inversely
proportional to the respective mass. Now we apply the kinematics of the elastic collision to
the neutron-nucleus collision. The below given discussion follows [165].

Let a neutron of unit mass have velocity v1 in the laboratory coordinate system (LCS),
let the neutron collide with a nucleus of mass A. Since the kinetic energy of the nucleus due
to the thermal motion is cca. 0.025 eV at room temperature, in the slowing down energy
range the velocity of the nucleus may be neglected. The kinetic energy of the neutron is
E = v2

n/2 its momentum is p = v1. The velocity vc of the center of mass is parallel to v1

and its absolute value is
vc =

v1

A+ 1
. (5.13)

We denote the scattering angle in the LCS by θ. The scattering measurements refer to the
center of mass coordinate system (CMS), thus we need the scattering angle also in the LCS,
that angle between the incident neutron velocity v′n and exiting velocity vn is Θ.

In the LCS the nucleus velocity before scattering is

−vc, (5.14)

after scattering va, the neutron velocity after scattering is v2. It follows from (5.11) and
(5.12) that

vn = v1 − vc =
Av1

A+ 1
(5.15)

and
va = vc =

v1

A+ 1
. (5.16)

Since the transformation from the CMS to the LCS means adding the center of mass velocity,
we have

v2 = vn + vc, (5.17)

using (5.13) and (5.15) we get

v2
2 = |vn + vc|2 = v2

n + v2
c + 2vnvc cos Θ =

v2
1

(
A2 + 2A cos θ + 1

)
(A+ 1)2

. (5.18)
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5.1. ábra. Slowing down by elastic collisions in LCS and CMS

We are interested in the neutron energy before E1 and after E2 collision, which is given by

E2

E1
=
v2

2

v2
1

=
1

2
[(1 + α) + (1− α) cos Θ] , (5.19)

where we have introduced

α =
(A− 1)2

(A+ 1)2
. (5.20)

As −1 ≤ cos Θ ≤ +1, the neutron energy E2 after collision falls into the interval

E1 ≥ E2 ≥ αE1. (5.21)

Let the coordinate system be placed so that in the angular variable Ω the ϕ variable be in
the plane perpendicular to the neutron-nucleus axis and the Θ angle between the neutron-
nucleus axis and the direction of the scattered neutron. When the scattering is isotropic,
the scattering angle Ω is distributed as

dΩ

4π
=

1

2
d cos Θ. (5.22)

Equation (5.17) is the key to connect Θ and θ. Comparing the x components, using (5.15)
we find

cos θ =
A cos Θ + 1√

(A2 + 2A cos θ + 1)
.
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When the scattering is isotropic, the average scattering angle is

< cos θ >=
1

2

∫ +1

−1

sin θd cos Θ =
2

3A
, (5.23)

suggesting that the scattering on small nuclei is rather un-isotropic than scattering on heavy
nuclei.

The energy loss in elastic collisions is inversely proportional to the energy before collision.
The average logarithmic energy decrement per collision is independent of the energy:

ξ =

∫ E1

αE1

ln

(
E1

E2

)
g(E1, E2), (5.24)

where g(E1, E2) the probability that the neutron suffering a collision at energy E1 will have
an energy in the interval E2, E2 + dE2.

g(E1, E2) =

{
1

E1(1−α) αE1 ≤ E2 ≤ E1

0 otherwise.
(5.25)

The integral for isotropic scattering takes the form of

ξ = 1 +
α

1− α
lnα. (5.26)

The neutron balance equation with isotropic scattering is(
D(E)B2 + Σt(E)

)
φ(E) =

∫ E/α

E

Σs(E
′)φ(E′)

dE′

E′(1− α)
+ S(E). (5.27)

The larger is ξ the less number of collisions is needed for the neutron to reach the
thermal energy. The probability of absorption is Σa/(Σs + Σa). The quality of a moderator
is characterized by the (macroscopic) slowing down power and the (macroscopic) absorption
cross-section. A good moderator has large slowing down power and small absorption cross-
section. Another characteristics of the slowing down property is the moderating ratio:

ξΣs
Σa

. (5.28)

The average number of collisions to thermalize a neutron of 2 MeV energy to 0.025 eV is

ln 2·106

0.025

ξ
=

18.2

ξ
. (5.29)

Table 5.1. gives examples[165][p. 148] for the slowing down properties of various materials.
Table 5.1 clearly shows the salient properties of heavy water and the large number of

collisions needed for the neutron to slow down on a heavy nucleus.
The logarithmic energy loss suggests introducing a logarithmic energy scale. Following

the tradition, we introduce the lethargy u by the definition

u = ln

(
E0

E

)
, (5.30)

where E0 is an arbitrary reference energy, usually the highest energy in the reactor, usually
E0 = 10 MeV is chosen. Note, that in the new variable the neutron spectrum is slightly
different:

φ(u) = φ(E)

∣∣∣∣dEdu
∣∣∣∣ = φ(E)E. (5.31)
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5.1. táblázat. Moderating properties of some nuclei
Moderator H2O D2O

9Be 12C 238U
A 1 2 9 12 238
α 0 0.111 0.640 0.716 0.983
ξ 1.0 0.725 0.209 0.158 0.0084

18.2/ξ 18 25 87 115 2172
ξΣs 1.3 0.08 0.15 0.061 0.04

ξΣs/Σa 61 1538 125 190 0.16

5.2. ábra. Energy dependence of ω`, ` = 1, . . . , 4 of deuterium

When the scattering is not isotropic in the CMC, instead of (5.22) the angular distribution
of the scatted neutron is more general:

dΩ

4π
= χ(cos Θ)d cos Θ, (5.32)

and the χ(Θ) function is expanded into Legendre polynomials:

χ(cos Θ) =
1

2

∑
`

ω`P`(µ), (5.33)

where µ = cos Θ. As an example, in Figure 5.2 the anisotropic components ω`, ` = 1, . . . , 4
are displayed as the function of the neutron energy E. The deuterium is important in
the CANDU reactors, where the moderator is heavy water. The anisotropy influences the
logarithmic energy decrement ξ, when the scattering is linearly anisotropic:

ξ =

∫ E

αE

g(E′ → E) ln

(
E′

E

)
dE′ = ξ0 − 3µ̄

[
α lnα

(1− α)2
+

1 + α

2(1− α)

]
(5.34)

and the mean value of the scattering angle

µ̄ =
ω1

3
. (5.35)

In (5.34), ξ0 is the logarithmic energy decrement for isotropic scattering (5.26). In the LCS,
the mean value of the scattering angle is

cos θ =
1

2

∫ +1

−1

Aµ+ 1√
A2 + 2Aµ+ 1

χ(µ)dµ =
2

3A
+ µ

(
1− 3

5A2

)
(5.36)

In general, µ̄ > 0, consequently (5.34) shows that the anisotropy makes neutron slowing down
less effective. That effect manifests at large neutron energies where the inelastic scattering
gives a considerable contribution.
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In the lethargy variable, the lethargy distribution of the scattered neutron in an isotropic
scattering is written as

g(u1, u2) =

{
eu1−u2

1−α u1 ≤ u2 ≤ u1 + ε

0 u2 > u1 + ε.
(5.37)

Here we introduced
ε = − lnα. (5.38)

In the lethargy variable the neutron balance takes the following form:(
D(u)B2 + Σt(u)

)
φ(u) =

∫ u

u−ε
Σs(u

′)φ(u′)
e(u′ − u)

1− α
+ S(u). (5.39)

Note, that the leakage term has been written as −D(u)B2 because the eigenvalues of the
Laplace operator are negative in a finite volume.

5.2.1. Placzek transients
Relying on the above derived scattering kernel, we solve [165] the slowing down equations.
To approach our goal gradually, first let us consider the no absorption case without leakage.
We use the lethargy variable throughout the derivation. Our starting point is the neutron
balance that now is

−Σs(u)φ(u) +

∫ u

u−ε
Σs(u

′)φ(u′)du′
eu
′−u

1− α
du′ + δ(u) = 0. (5.40)

Note that the source is mono-energetic, it emits neutrons with lethargy u = 0. The solution
to (5.40) is singular at u = 0, and it is convenient to use the scattering density Fs(u) =
Σs(u)φ(u) as dependent variable. With the new dependent variable the balance is

Fs(u)−
∫ u

u−ε
Fs(u

′)
eu
′−u

1− α
du′ = δ(u). (5.41)

The second term is the representation of the scattering operator S in the actually used model
so now

(1− S)Fs(u) = δ(u). (5.42)

We get the solution by multiplying (5.42) by the inverse of (1 − S), where we immediately
use the Neumann-series

Fs(u) = (1− S)−1δ(u) =

∞∑
k=0

Skδ(u). (5.43)

The terms in the series have their respective physical meaning, Skδ(u) is the k-times collided
flux. Note that the k = 0 is the direct contribution from the flux, the first collided flux Sδ(u)
is spread over the interval 0 ≤ u ≤ ε, consequently is discontinuous at u = ε. We get after
direct calculation

Sδ(u) =

∫ u

u−ε
δ(u)

eu
′−u

1− α
du′ =

e−u

1− α
. (5.44)

After each collision the domain where Skδ(u) 6= 0 increases by ε. The second order term is

S2δ(u) =

∫ u

0

S1δ(u
′)
eu
′−u

1− α
du′, 0 ≤ u ≤ ε (5.45)
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using (5.44), the result is

S2δ(u) =
1− eu − euu

(1− α)2
. (5.46)

In the interval ε ≤ u ≤ 2ε the solution is

S2δ(u) =

∫ u−ε

ε

1− e−u′

1− α
eu
′−u

1− α
du′

=
e−u

(1− α)2

(
eu−ε − eε + u− 2ε

)
.

(5.47)

Observe that Sδ(u) is discontinuous at u = ε, but S2δ(u) is continuous, although its de-
rivative is discontinuous. The tendency continues, the domain of Skδ(u) is (0, kε), it is
continuous at u = iε, i = 1, . . . , k − 1 and its k − 1-th derivative (k ≥ 1) is also continuous.
The behavior of the collision density Fs(u) as well as the neutron flux Φ(u) is called Placzek
transients. They appear at energies (lethargies) close to the source energy (lethargy). As
the neutrons suffer more and more collisions, their distribution tends to an asymptotic value
which is independent of the source energy.

Let us determine the number of neutrons per unit time, in unit volume, passing lethargy
u during the slowing down process. Those neutrons collide at lethargy u′ < u and after the
collision their lethargy u′′ is smaller than u. Assuming isotropic scattering, we get

q(u) =

∫ u

u−ε
Fs(u

′)

[∫ u′+ε

u

eu
′−u′′

1− α
du′′

]
du′. (5.48)

q(u) is called slowing down density. At small lethargies, i.e. far from the source energy, the
collision density is constant: Fs(u) = c, then

q(u) = cξ.

If there is no absorption, every neutron passes lethargy u then q(u) = 1 and the asymptotic
collision density is

lim
u→∞

Fs(u) =
1

ξ
. (5.49)

Note that the slowing down density (5.48) does not involve Sδ(u), the contributions of the
first collided neutrons so for u < ε (5.48) has to be corrected by the following additive term:∫ ε

u

e−u
′

1− α
du′. (5.50)

In the energy variable, the asymptotic flux is

φ(E) =
1

ξΣs(E)E
, (5.51)

where we have used (5.31).
We introduce the notation ψk(u) for the flux of neutrons having suffered k collisions, thus

ψ0 = δ(u); ψ1(u) = Sδ(u); ψ2(u) = S2δ(u), . . . (5.52)

and the neutron flux is

φ(u) =

∞∑
k=0

ψk(u). (5.53)
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ψk(u) contributes only to Φ(u), 0 ≤ u ≤ kε. The collision density is Fs(u) = Σs(u)φ(u)
thus the collisions density can be give. Below we quote [165][p.153] the collision densities for
0 ≤ u ≤ 3ε.

Fs(u) =
1

1− α
exp

(
uα

1− α

)
0 ≤ u < ε (5.54)

Fs(u) =
1

1− α
exp

(
uα

1− α

)
(a11 + a12(u− ε)) ε ≤ u < 2ε (5.55)

Fs(u) =
1

1− α
exp

(
uα

1− α

)(
a21 + a22(u− 2ε) + a23(u− 2ε)2

)
2ε ≤ u < 3ε. (5.56)

Before we deal with the determination of the constant, give an alternative form of the slowing
down equation (5.41). We separate the singular part3 from the collision density:

Fs(u) = δ(u) + Fs(u) (5.57)

and substituting this form of the slowing down density into (5.41), we get the following
equation for the non-singular part of the collision density

Fs(u) =

∫ u

u−ε
Fs(u

′)
eu
′−u

1− α
du′ + S0(u), (5.58)

where S0(u) differs from zero only on the interval 0 ≤ u ≤ ε and there

S0(u) =
e−u

1− α
. (5.59)

Upon differentiation of equation (5.58) we get the following retarded differential equation:

dFs(u)

du
=

α

1− α
[Fs(u)− Fs(u− ε)] . (5.60)

The point U = ε is excluded from the domain of (5.60) because there S0(u) is discontinuous.
We get from (5.58) the initial condition

lim
u→0

Fs(u) =
1

1− α
. (5.61)

Equation (5.60) can be solved recursively, firstly on the interval 0 < u < ε, secondly on the
ε < u < 2ε etc. On the left of the interval we recur to the integral equation and substituting
u = ε in (5.58) we get

lim
u→ε

Fs(u) =

∫ ε

0

Fs(u
′)
eu
′−ε

1− α
du′

=
α

1− α

[
exp

(
ε

1− α

)
− 1

]
.

(5.62)

The determination of the aij constants is left to the Reader as an exercise. The Placzek
transients for four moderator types are shown in Fig. 5.3. The flux is shown in ξΦ(u) units,
the lethargy in ε unit for each scatterer nuclei.

3The notation Fs(u) differs only slightly from the Fs(u) notation used for the collision density.
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5.3. ábra. Placzek transients for four nuclei

The analysis of the slowing down process has led to the following conclusions:

1. The slowing down process has a transient energy (or lethargy) range, and an asymp-
totic range. The transient range in lethargy is a few times ε wide, after that comes
the asymptotic range. The logarithmic energy decrement ξ is characteristic of the ki-
nematics of the slowing down process. ξ depends on the mass number of the scatterer
nucleus and the anisotropy of the scattering process. Further key parameters of the
scattering are the cos Θ, the mean value of the scattering angle and the slowing down
density q(u).

2. In the asymptotic range there is a simple relationship connecting the slowing down
density and the neutron flux. This relationship can be used in the solution of the
transport equation, the spectrum of the asymptotic flux varies as 1/E because Σs(R)
varies rather slowly with the energy. If the Placzek transients would not occur, we
would have finished the discussion of slowing down. Unfortunately this can be done
only for slowing down on hydrogen, there α = 0 and the neutron may lose all its energy
in a single collision. The slowing down on hydrogen can be solved analytically [2].

3. In the general case, we have to establish a relationship between the kinematics of the
scattering and the flux. As we have seen, that relationship is exact in the asymptotic
energy region and in hydrogen. Therefore we have to put up with approximate models
in every other case. As we will see in the next two Sections, there are reasonable
approximations both in the resonance region and in the thermal range.

4. The models to be introduced should depend on the mass of the scatterer nuclei. Not
only the possible excitation energies of the scatterer, the anisotropy of the scattering
process call for such a distinction but the fact that the slowing down on various nuclei
is tractable independently offers seeking separate models for light nuclei.

5.2.2. Slowing down in the general case
In the general case4, the neutron balance takes the form of

Σt(u)Φ(u) =

∫ u

u−ε
Σs(u

′)Φ(u′)
eu
′−u

1− α
du′ +Q(u). (5.63)

In the energy range where Q(u) = 0, the neutrons slowing down at u but not slowing further
at u+ du must be absorbed thus

dq(u)

du
= −Σa(u)Φ(u). (5.64)

4The present Subsection follows [165].
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If we have an easy to handle relationship between the flux, which is the key parameter in the
neutron balance, and the slowing down density, which is a key parameter in the slowing down
process, we are able to change the formalism for that variable which is more advantageous.
The exact solution for the hydrogen moderator gives

q(u) = ξΣt(u)Φ(u), (5.65)

and suggests seeking an approximate formula as

q(u) = (aΣa(u) + bΣs(u)) Φ(u). (5.66)

Substituting (5.66) into (5.64), we immediately obtain a simple differential equation for the
slowing down density, its solution is:

q(u) = exp

[
−
∫ u

0

Σa(u′)

aΣa(u′) + bΣs(u′)
du′
]
, (5.67)

but if we eliminate q(u) using (5.66), we obtain a differential equation for the flux, its solution
is

Φ(u) =
1

aΣa(u) + bΣs(u)
exp

[
−
∫ u

0

Σa(u′)

aΣa(u′) + bΣs(u′)
du′
]
. (5.68)

For the neutron balance, it is important to estimate the fraction of neutrons that reach a
given lethargy u, which is

p(0→ u) = 1−
∫ u

0

Σa(u′)Φ(u′)du′, (5.69)

and p is called resonance escape probability for the absorption occurs mostly at the resonance
lines of heavy nuclei. By direct calculation we get

p(0→ u) = exp

[
−
∫ u

0

Σa(u′)

aΣa(u′) + bΣs(u′)
du′
]
. (5.70)

Comparing (5.70) and (5.67) we conclude that

p(0→ u) = q(u). (5.71)

Below we discuss three slowing down models. In order to get a relationship between the
slowing down density and the flux, we return to the definition (5.48) of slowing down density
but this time in a more general formalism. We are going to use the general form of the
scattering law (5.37) and rewrite (5.48) as

q(u) =

∫ u

u−ε
Σs(u

′)Φ(u′)

∫ u′+ε

u

g(u′ → u′′)du′′du′. (5.72)

The g(u′ → u′′) scattering law has the following property:

g(u′ → u′′) = g(u′ − u′′). (5.73)

Now we expand the collision density around u in (5.72):

q(u) =

∫ u

u−ε

[
Σs(u)Φ(u) +

dΣs(u)Φ(u)

du
(u′ − u) + . . .

] ∫ u′+ε

u

g(u′ → u′′)du′′du′

= G10(u)Σs(u)Φ(u) +G20(u)
dΣs(u)Φ(u)

du
+ . . . .

(5.74)
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Here we have introduced the following notation

G10(u) =

∫ u

u−ε

∫ u′+ε

u

g(u′ − u′′)du′′du′ (5.75)

and

G20(u) =

∫ u

u−ε
(u′ − u)

∫ u′+ε

u

g(u′ − u′′)du′′, (5.76)

which expressions are the zeroth and first moments of the scattering kernel. From the
approximation (5.8) we obtain the following relationship between the slowing down density
and the flux:

q(u) + a
dq(u)

du
= bΣs(u)Φ(u). (5.77)

The left hand side is evaluated with the help of (5.74), the result is

q + a
dq

du
= G10ΣsΦ +G20

dΣsΦ

du

+ a

[
dG10

du
ΣsΦ +G10

dΣsΦ

du
+
dG20

du

dΣsΦ

du
+G20

d2ΣsΦ

du2

]
+ . . .

(5.78)

We neglect the last two terms in the brackets, as in the expansion only first order derivatives
have been retained. The result is

q + a
dq

du
=

(
G10 + a

dG10

du

)
ΣsΦ + (G20 + aG10)

dΣsΦ

du
. (5.79)

Remember, a and b are free constants, let

a(u) = −G20(u)

G10(u)
(5.80)

to simplify the right hand side of (5.78). With that choice of a(u), we arrive at

q(u) + a(u)
dq(u)

du
= G10(u)Σs(u)Φ(u)

(
1− da(u)

du

)
. (5.81)

It is possible to evaluate G10 and G20 from their definitions:

G10(u) = −
∫ u

u−ε
(u′ − u)g(u′ − u)du′ = ξ(u) (5.82)

and

G20(u) = −
∫ u

u−ε

(u′ − u)2

2
g(u′ − u)du′. (5.83)

When in (5.81) da/du is small, we get

b ≈ ξ(u). (5.84)

Thus the free constants in the approximate relation (5.77) have been expressed by moments
of the scattering law. The presented model is called Greuling-Goertzel slowing down model.

a is small for heavy scatterer nuclei therefore it can be neglected in (5.77):

q(u) = ξ(u)Σs(u)Φ(u). (5.85)
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That simplified Greuling-Gortzel model has been proposed by Fermi, and is called Fermi
slowing down model. The Fermi model is applicable for A > 27 nuclei.

Since the collision between a neutron and different nuclei are exclusive events, the slowing
down density on different nuclei may be summed:

q(u) =
∑
i

qi(u), (5.86)

here qi(u) is the slowing down density due to collision with nuclei of type i. We apply the
Greuling-Gortzel model for the calculation of slowing down density on light nuclei, at the
same time for A > 27, we may use the Fermi model, or for a resonance nuclei we use the
Wigner model.

The Wigner slowing down model is applicable to determine the absorption rate in a
resonance energy group.

Far from the source energies, the asymptotic flux gives remarkably good results for the
space integral of the flux. Below we obtain the asymptotic solution when capture is not
neglected. The derivation is due to Einstein [164][p. 300]. We consider the neutrons emitted
from the source as white5. Those neutrons collide and either slow down or are absorbed. We
retain the absorbed neutrons also as though the capture reaction were replaced by scattering.
Then the total flux at E < Es will be

Φ(E) =
Q

ξΣtE
. (5.87)

To remember that the absorbed neutrons are only hypothetically present, we assume them
to be black. Actually, we are interested in the flux of white neutrons.

The probability that a neutron reaches an energy between E and E + dE is equal to the
number of neutrons Φ(E)ΣtdE leaving that energy range divided by the total number of
neutrons Q thus

Φ(E)ΣtdE

Q
=
dE

ξE
.

The probability that a neutron becomes black when being scattered out is Σa/Σt multiplied
by the above given probability:

Σa
Σt

dE

ξE
.

The probability of remaining white is

1− Σa
Σt

dE

ξE
,

and finally the probability that a neutron remains white when slowing down to energy E is
the product

p(Es → E) =
∏(

1− ΣadE

ΣtξE

)
= exp

[
−
∫ Es

E

Σa(E′)

Σt(E′)ξ

dE′

E′

]
. (5.88)

In lethargy variable:

p(us → u) = exp

[
−
∫ u

0

Σa(u′)

ξΣt(u′)
du′
]
. (5.89)

Comparing (5.89) to (5.66), we see that the Wigner approximation corresponds to

a = b = ξ. (5.90)
5Actually we divide the neutrons into two disjoint groups, white and black.
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5.3. Resonance region
The group averaging needs more care when the flux and the cross-sections vary fast within
the boundaries of the energy group. In the present section we consider a given energy group
g and the material under consideration has two components: moderator (subscript m) and
fuel (subscript f). Group g is in the asymptotic energy range, say right after the end of the
slowing down range. The moderator consists of light elements, so their cross-sections vary
slowly with the energy E. The fuel, however, has at least one atom having resonance line in
group g. We use the following notation for the group averaging:

< ΣΦ >=

∫ Eg−1

Eg
Σ(E)Φ(E)dE∫ Eg−1

Eg
Φ(E)dE

. (5.91)

For slowly varying cross-sections Σ(E)∫ E/α

E

Σ(E′)Φ(E′)

(1− α)E′
dE′ =

∫ E/α

E

Σ(E′)

(1− α)E′
dE′

≈< ΣΦ >

∫ E/α

E

dE′

(1− α)E′2
=

1

E
< ΣΦ > .

(5.92)

Below we investigate the group averaging when the cross-sections vary fast. We start
with the neutron balance at energy E:

(Σtf + Σtm)Φ(E) = Q(E) (5.93)

where

Q(E) =

∫ E/αf

E

Σsf (E′)Φ(E′)

(1− αf )E′
dE′ +

∫ E/αm

E

Σsm(E′)Φ(E′)

(1− αm)E′
dE′. (5.94)

Approximate methods are based on various approximate solutions to (5.93). We assume
energy E to which the neutrons are scattered from a fuel atom to be beyond the resonance
region of the fuel atom, and, the asymptotic 1/E spectrum is applicable hence the second
term is ∫ Eg−1

Eg

Σsm(E′)Φ(E′)dE′

(1− αm)E′
≈ 1

E
< ΣsmΦ > . (5.95)

We assume that most scattered neutrons originate from the moderator: Σsf << Σsm and
there is no correlation between Σaf (E) and the arrival of scattered neutrons from E′ > E.

In the first model, called narrow resonance, we assume the resonance line to be narrow
compared to the energy range into which the neutrons are scattered. Therefore (5.93) reduces
to

[Σtf (E) + Σtm(E)] Φ(E) ≈ 1

E
[< ΣsfΦ0 > + < ΣsmΦ0 >] , (5.96)

where Φ0 is the asymptotic flux within the energy group. From (5.96) immediately follows
that the flux varies as the reciprocal of the mixture cross-section, see Fig. 5.4. From (5.96)
we immediately obtain

Φ(E) ≈ 1

E(Σtf (E) + Σtm(E))
. (5.97)

The total cross-section of the moderator varies slowly compared to the total cross-section of
the fuel over the energy group used to prepare group cross-sections, see (4.3). When leakage
is taken into account, in (5.93) a term D(E)B2 should be added to the left hand side, and
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5.4. ábra. Energy dependence of the flux and the total cross-section

as a result, in (5.97) Σtm should be replaced by Σtm + DB2. When the moderator-fuel
ratio varies, the denominator varies between Σtf (pure fuel) and Σtm (pure moderator). The
narrow resonance model predicts the flux to be maximally self-shielded for pure fuel, then

Φ0(E) ∼ 1

EΣtf (E)
. (5.98)

When the fuel is infinitely diluted, the flux will not be self-shielded, then

Φ0(E) ∼ 1

E
. (5.99)

Usually Σmt >> Σft because the moderator atoms prevail. Furthermore Σtm(E) ∼ const
inside group g. Note that in the narrow resonance model the spectrum depends only on the
energy dependence of the fuel cross-sections. This allows for creating application independent
multigroup libraries.

Our second model is called wide resonance. In the model we assume the resonance line
to be wide compared to the energy range into which the neutrons are scattered by the fuel
atoms, furthermore, the fuel atom is taken as infinitely heavy, and only the moderator atoms
slow the neutrons. Now the balance equation is∫ E/αm

E

Σsm(E′)Φ(E′)dE′

(1− α)E′
(5.100)

and now (5.93) is replaced by

[Σtf (E) + Σtm(E)] Φ0(E) = Σsf (E) +
1

E
< ΣsmΦ > . (5.101)

Since Σaf >> Σsf and Σsf (E) varies slowly, we may write

Σtf (E) = Σaf (E) + Σsf (E) ≈ Σaf (E)+ < Σsf > . (5.102)

Henceforth in the wide resonance approximation the flux varies within group g as

Φ(E) ∼ 1

E(Σaf (E) + Σsm)
. (5.103)

When the fuel nuclide density Nf and the moderator nuclide density Nm vary, the flux varies
between the following limits:

1

EΣaf (E)
< Φ(E) <

1

Σsm
, (5.104)
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the lower limit is in pure fuel, the upper in pure moderator.
The third model is called intermediate resonance model, and has been created because

in a mixture of fuel isotopes neither of the aforementioned models may be applicable to each
isotope. The intermediate resonance model was developed in order to treat entire range of
resonances, and the energy distribution of neutrons scattered elastically by a fuel atom is
assumed to be a linear combination of the distributions obtained in the narrow resonance and
wide resonance model, respectively. Accordingly, the slowing down term is approximated as∫ E/αm

E

Σs(E
′)Φ(E′)dE′

(1− α)E′
≈ c 1

E
< ΣsmΦ > +(1− c)Σsm(E)Φ(E). (5.105)

The right hand side is the linear combination of the narrow resonance and the wide resonance
models.

5.3.1. The subgroup method
Nikolaev and Hohlof[168] proposed a method for the calculation of the resonance cross-
sections. The subgroup method is based on the following considerations. Let us consider
the transport equation in a given group (c.f. Section 4.1 in Chapter 4) where one resonance
line of a heavy atom is present. There the usual group constant preparation would not work
because of two reasons. First, we can not find an a priori averaging spectrum, secondly, the
cross-section variation with the lethargy within the group strongly influences the spectrum.
The subgroup method assumes an internal spectrum form inside the group and derives the
multigroup Pn equations (see Section 8.5 in Chapter 8) but the internal spectrum takes the
resonance line into account.

In (4.3)-(4.6), we defined the group constants through averages with the scalar flux.
At the same times we have seen that the solution of the transport equation (3.132) is the
angular flux, so the correct averaging would use the angular flux, and the resulting group
cross-sections would depend on Ω. For example, the averaged absorption cross-section would
be

Σag(r,Ω) =

∫ ug+1

ug
Σa(r, u,Ω)Φ(r, u,Ω)du∫ ug+1

ug
Φ(r, u,Ω)du

. (5.106)

Another feature of the group constant set is that the homogenized group constants depend
on the position even in a homogeneous material. As we see, the usage of the group constants
is only a useful approximation. Below we use the correct group averaging in a given energy
group where a resonance line resides within the group boundaries (ug, ug+1). We assume that
the flux is separable into a slowly varying Ψ(r, u,Ω) and a resonance component φr(u,Ω),
the resonance line is assumed to be within the energy group, and the resonance component
is space independent:

Φ(r, u,Ω) ≈ Ψ(r, u,Ω)φr(u,Ω). (5.107)

The term Ψ varies slowly in that sense that it can be extracted from the integrand by using
an appropriately selected lethargy value in the argument, for example

Σxg =

∫ ug+1

ug
Σx(u)Ψ(r, u,Ω)φr(u,Ω)du∫ ug+1

ug
Ψ(r, u,Ω)φr(u,Ω)du

=
Ψ(r, ux,Ω)

Ψ(r, u,Ω)

∫ ug+1

ug
Σx(u)Ψ(r, u,Ω)φr(u,Ω)du∫ ug+1

ug
Σx(u)φr(u,Ω)du

≈ Σxg(Ω).

(5.108)

120



This time we are using the static transport equation in the lethargy variable:

Ω∇Φ(r, u,Ω) + Σt(r, u)Φ(r, u,Ω) =∫ ∫
4π

Σs(r, u
′ → u,ΩΩ′)Φ(r, u′,Ω′)dΩ′du′

+
f(r, u)

4π

∫ ∞
0

νΣf (r, u′)

∫
4π

Φ(r, u′,Ω′)dΩ′du′ +Q(r, u,Ω).

(5.109)

When we seek the solution in the traditional Pn approximation in plane geometry, see Section
8.5 in Chapter 8:

Φ(r, u,Ω) =
1

4π

L∑
l=0

+l∑
m=−l

Fn,m(r, u)Ylm(Ω). (5.110)

Since the neutron density does not depend on ϕ, actually the neutron flux depends on x,
the space variable, u-the lethargy; and µ the angular variable Ωn where n is the unit vector
directed as +x. Thus (5.109) reduces to

Φ(x, u, µ) =

M∑
m=0

(2m+ 1)

4π
Fm(x, u)Pm(µ). (5.111)

The scattering cross-section is also expanded in terms of Legendre polynomials:

Σs(u
′ → u, µ0)

∞∑
l=0

2l + 1

4π
Σs,l(u

′ → u)Pl(µ0), (5.112)

where µ0 = ΩΩ′ is the scattering angle, and

Σs,l(u
′ → u) = 2π

∫ +1

−1

Σs(u
′ → u)Pl(µ0). (5.113)

Upon substituting (5.111)-(5.113) into (5.109) we obtain the following simplified form of
(8.154):

m

(2m+ 1)

∂Fm−1(x, u)

∂x
+

m+ 1

(2m+ 1)

∂Fm+1(x, u)

∂x
+ Σt(u)Fm(x, u)

=

∫ u

0

Σs,m(u′ → u)Fm(x, u′)du′ + δm0S0(x, u),

(5.114)

where the source is assumed isotropic:

S0 = f(x, u)

∫ ∞
0

νΣf (u′)F0(x, u′)du′ + 4πq0(x, u). (5.115)

Now our goal is to learn the resonance structure φr(u, µ) in (5.107). In the Pn formalism,
we seek the angular flux in the form of

F (x, u, µ) =

∞∑
m=0

(2m+ 1

4π
Ψm(x, u)φr,m(u)Pm(µ), (5.116)

where Ψm(x, µ) vary slowly with u, and the lethargy structure of the resonance is in the
φr,m(u) terms. Now we integrate (5.114) over (ugug+1) and obtain a set of equations for the
Legendre components of the group fluxes

Fgm(x) =

∫ ug+1

ug

Fm(x, u)du. (5.117)
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The set of equations is:

m

2m+ 1

dFgm(x)

dx
+

m+ 1

2m+ 1

dFg,m+1(x)

dx
+ Σtg,mFgm(x)

=

g∑
g′=1

Σsm,g′→gFmg′(x) + δn,0S0g(x).
(5.118)

Here no up-scattering is assumed, the group cross-sections are the same as in Section 8.5 in
Chapter 8: the lethargy dependent cross-sections are weighted by the lethargy dependent
flux in the energy group under consideration. But in a resonance group, the energy depen-
dence is carried by the resonance structure φr(u) and the group cross-sections will be space
independent.

Our goal is to determine the resonance structure φr(u). Let subdivide the spatial region,
which is usually a fuel cell, into regions and we assume that in a spatial region the angular
moments of the flux are well approximated by

Fm(x, u) = φrm(u)eBm(u)x. (5.119)

When (5.107) is a good approximation, Bm(u) varies slowly. Observe that substituting
(5.119) into (5.118), each term involving Fm will be a linear expression in φrm thus we
obtain a set of linear equations for φrm(u). The coefficients in that equations involve angular
moments of cross-sections, the Bm(u),m = 0, 1, . . . functions. We neglect here the long
technical details, the result is summarized as follows[170].

We introduce the following new variables to simplify the expressions. First of all, we
integrate (5.119) over a homogeneous spatial zone, say (a, b). Let

Vm(u) =
1

Bm(u)

[
eBm(u)a − eBm(u)b

]
(5.120)

and the new dependent variable be

yn(u) = Σt(u)φrm(u)Vm(u). (5.121)

Using the new variable in (5.118), we arrive at a recurrent system of linear equations for
yn(u):

yn(u) = In(u)− n

2n+ 1

Bn−1(u)

Σt(u)
yn−1(u)

− n+ 1

2n+ 1

Bn+1(u)

Σt(u)
yn+1(u).

(5.122)

The first In(u) is

I0(u) =

∫ u

0

Σs0(u′ → u)

Σt(u)
y0(u′)du′

+ f(u)

∫ ∞
0

νΣf (u′)

Σt(u′)
y0(u′)du′ +

∫ b

a

S0(x, u)dx,

(5.123)

In(u) of higher index is obtained in a recursive process not detailed here, see [170][Section
1.3].
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At the end, we quote the final result for the resonance structure: the zeroth moment is
given by

φr0 ≈
I0
V0

(
1

Σt(u)
+
B0B1

3
C1(u)

)
C1(u) =

[(
1

Σ3
t (u)

+
a1

Σ2
t (u)

)
+
B0B1

3

(
1

Σ5
t (u)

+
a1

Σ4
t (u)

+
b1

Σ2
t (u)

+D1(u)

)]
D1(u) =

4

15
B1B2

(
1

Σ5
t (u)

+
a1

Σ4
t (u)

+
a2

Σ3
t (u)

+
b1 + a1a2

Σ2
t (u)

)
.

(5.124)

Here

am =

∑m
k=0 ak < Σsm/Σ

m−k+1
t >

1− < Σsm/Σt >
(5.125)

where < x > stands for the group average of x,

b1 =
< Σs1/Σ

4
t > +a1 < Σs1/Σ

3
t >

1− < Σs1/Σt >
. (5.126)

The first moment is

φr1 ≈ −
B0I0
3V1

[(
1

Σ2
t (u)

+
a1

Σt(u)

)
+
B0B1

3
E1 +

4

15
B1B2E2

]
E1 =

1

Σ4
t (u)

+
a1

Σ3
t (u)

+
b1

Σt(u)

E2 =
1

Σ4
t (u)

+
a1

Σ3
t (u)

+
a2

Σ2
t (u)

+
b1 + a1a2

Σt

(5.127)

As we see, the resonance structure depends mostly on the inverse of Σt(u). The subgroup
method determines the reaction rates in a given resonance group through integrals over the
resonance group. The involved integrals are calculated by numerical integration, to this
end the resonance group is subdivided into subgroups. To determine the group average of
1/Σnt (u) consider the definition of group average:

< 1/Σnt >=

∫ Eg−1

Eg

Φ(E)dE
Σnt (E)∫ Eg−1

Eg
Φ(E)dE

,

since in the asymptotic range Φ(E) = 1/e and du = −Φ(E)dE, in the lethargy variable

< 1/Σnt >=

∫ ug
ug−1

du
Σnt (u)

ug − ug−1
. (5.128)

Since the total cross-section varies rather fast in a resonance group, integrals of type (5.128)
are replaced by the following Lebegue integral with Σt(u) as measure:

< f(Σt) >g=

∫ Σtmax

Σtmin

f(Σt)Pg(Σt)dΣt (5.129)

where
Pg(Σt) =

1

∆ug

∑
k

[
du (Σt)

dΣt

]
k

, (5.130)
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where function u(Σt) is the inverse of the function Σt(u) and the summation runs over all
the branches of the multi-valued function u(Σt) which reside in group g. The meaning of
the Pg(Σt) function is the probability that the neutrons reside in one of the energy ranges
in which the total cross-section value falls in the interval (Σt,Σt + dΣt). We can calculate
the integrals of type (5.129)by summation:

< f(Σt) >g≈
K∑
k=1

akf(Σtk). (5.131)

The essence of the method is in the appropriate selection of weights ak, number of subintervals
K, values f(Σtk) so that < f(Σt) >g should be sufficiently accurate for a required family of
functions < f(Σt) >g.

As we have seen, we have three special models depending on the mass of the scatterer
atom and the energy dependence of the cross-section. The slowing down processes on various
atoms (or the slowing down in mixtures) can be considered as independent therefore if the
nuclear density is

N =

I∑
i=1

Ni (5.132)

then the slowing down density is decomposable as

q =

I∑
i=1

qi, (5.133)

and the determinantion of the slowing down density qi we can use the model appropriate for
the i-th atom type.

5.3.2. Resonance integral
An alternative method for the calculation of reaction rates in resonance groups is the appli-
cation of the resonance integral and we express the reaction rates in a resonance group as a
newly defined macroscopic cross-section, the resonance integral, multiplied by the so called
fictive flux, which would be the flux if no resonance isotope were present. First we discuss
the resonance absorption in a homogeneous region. The present Section follows [165].

The cross-section used to characterize the neutron-nucleus collision is determined by the
energy level structure of the nucleus, see Section 3.3 in Chapter 3. If the neutron energy is
near to the energy needed to excite a transition to a higher energy state of the compound
nucleus the cross-section may considerable exceed (e.g. 106 barn instead of the normal
few barn cross-section) the geometrical diameter of the nucleus. That situation is called
resonance (absorption, capture, fission etc.). As we have seen in Chapter 5, a resonance
cross-section rapidly varies with the energy (or lethargy).

When the neutron reaches the bottom of the slowing down range, the energy is close to
the resonances of heavy nuclei. From the point of view of a self-sustaining chain reaction, it
is essential to estimate the resonance escape probability p, see (5.88), that we repeat in the
lethargy variable:

p(0→ u) = exp

(
−
∫ u

0

Σt(u
′)

ξΣt(u′)
du′
)
, (5.134)

and recall that the above formula is accurate only in the narrow resonance approximation,
and when the distance between consecutive resonance energies is large compared to the
characteristic6 ε value.

6Usually the ε belonging to an atom in the moderator.
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As we have seen above, c.f. (5.132) and (5.133), the reaction rates on various nuclei can be
calculated independently, including the slowing down. In the resonance region, we distinguish
resonance nuclei, and we describe all the non-resonance nuclei by potential scattering. The
potential scattering slowly varies with the lethargy, we consider it as constant. As to the
resonance nucleus designated by subscript r, its absorption cross-section is dominant: Σtr ≈
Σar In the chosen model, it is expedient to divide the total cross-section accordingly as

Σt(u) = Σp(u) + Σr(u) = Σp + Σa(u),

and subscript r may be dropped.
Depending on the lethargy u under consideration, we can distinguish two situations:

at some lethargies Σa(u) << Σp there (see Figure 5.4 ) the asymptotic flux is a good
approximation:

Ψfictional(u) =
1

ξΣp
. (5.135)

In the resonance region Σa(u) >> Σp this approximation is not applicable. There we
rewrite equation (5.134) in the following form:

p(0→ u) = exp

(
−NI
ξΣp

)
= exp

−NI
Ψfictional(u)

, (5.136)

whereNI is a macroscopic cross-section, the product of a nuclide densityN and a microscopic
cross-section I. Comparing (5.136) and (5.134), we immediately see that

NI =

∫ ∞
0

Σp(u)Σa(u)

Σt(u)
du. (5.137)

The dimension of the resonance integral I is barn.
Note that p increases with increasing Σp in (5.134). Increasing Σp is obtained when

the numbers of light nuclei are increased, i.e. when the resonance nuclei are diluted. Not-
withstanding, the effective resonance integral I defined by (5.137) increases with increasing
Σp. Taking the limit value

lim
Σp→∞

I =

∫ ∞
0

Σa
N

Σt(u)
Σp

du =

∫ ∞
0

σa(u)du, (5.138)

because
lim

Σp→∞

Σt
Σp

= 1

and
Σa
N

= σa.

We can evaluate the integral in (5.138) explicitly recalling the resonance formula for the
capture cross-section:

σc(E) =
σ0

1 + x2

Γγ
Γ
, (5.139)

where
x =

E − Er
Γ/2

(5.140)
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and Er is the resonance energy, Γ is the resonance width, Γγ is the width of the capture
resonance line. Substituting (5.139) into (5.138) and carrying out the integration the result
for the infinitely diluted resonance integral I∞ is

I∞ =
π

2
σ0

Γa
Er
. (5.141)

The resonance integral for finite Σp can be evaluated explicitly when the potential scattering
cross-section of the resonance nuclei can be neglected (σpr << σar):

I(σp) =
σpΓa
2Er

∫ σ0

(1+x2)

σp + σ0

(1+x2)

dx = I∞
σp√

σp(σ0 + σp)
, (5.142)

here
σp =

Σp
N
. (5.143)

In the integrals of the present Subsection the limits have been extended for (−∞,+∞)
because outside the resonance region the integrand tends to zero.

5.3.3. Resonance absorption in a lattice
The resonance absorption in a heterogeneous region differs from the resonance absorption in
a homogenous region in that the fast neutrons are born in the fuel region, slow down in the
moderator region and may be absorbed in another fuel region in the resonance energy range.
Therefore the neutrons captured in a resonance line of the fuel can be subdivided into two
disjoint set. In the first we encounter those neutrons having suffered their last collision in
the fuel, in the second those collided last time in the moderator.

We discuss the narrow resonance case when the neutron captured in a resonance line
collided last time at an energy far above the resonance line. At those energies potential
scattering determines the fuel cross-sections, the flux varies slowly both in space and energy,
the flux in the moderator is close to the flux in the fuel. At the resonance energies, see Fig.
5.4, the flux inside the rod is smaller than in the moderator.

First we deal with the energies above the resonance line. The first contribution is due
to the neutrons last collided in the fuel. Estimate the number of neutrons absorbed on the
resonance energy. A fraction of the neutrons emerging from the scattering density ΣpfΦVf
will be absorbed in the fuel. That fraction which does not leak out and is absorbed, i.e. let
P0(Σt) stand for the escape probability from the fuel,∫

(1− P0(Σt))
Σaf
Σtf

henceforth the number of absorbed neutrons is

ΣpfΦVf

∫
(1− P0(Σt))

Σaf
Σtf

, (5.144)

where the integration runs over those lethargy values which may contribute to the absorption.
To estimate the contribution from the neutrons last collided in the moderator, we note

that the scattering density is ΣsmΦ where Σsm is the scattering cross-section of the modera-
tor. In the estimation of the neutron fraction colliding in the fuel region, we use the Green’s
function ∫

Vf

Σaf (r2)

[∫
Vmod

Σsm(r1, r2)G(r1, r2)dr1

]
dr2. (5.145)
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For the sake of comparison, the escape probability P0 also can be expressed using the Green’s
function:

P0(Σt) =

∫
Vm

[∫
Vf

1

Vf
G(r2, r1)dr2

]
Σsm(r1)dr1. (5.146)

Although we explicitly indicated the space variables of the cross-sections, we assume the
cross-sections to be constant in the fuel as well as in the moderator. Using the symmetry of
the Green’s function

G(r1, r2) = G(r2, r1)

the contribution, which we discuss, can be written as∫
Vf

Σaf (rf )

[∫
Vm

Σsm(rm)Φ(rm)G(rm, rf )drm

]
drf

=

∫
Vf

Σaf (rf )

[∫
Vm

Σsm(rm)Φ(rm)G(rf , rm)drm

]
drf = ΦV ΣafP0(Σtf ).

(5.147)

Still we have to integrate (5.147) over the lethargy u (remember, the cross-sections are
lethargy dependent) and add the contribution from the neutrons last collided in the fuel
region (5.144), to get the total number of resonance absorptions in the fuel:

NIΦV ≡
∫

ΣpfΦVf

∫
(1− P0(Σt))

Σaf (u)

Σtf (u)
du+

∫
ΦV Σaf (u)P0(Σtf (u))du. (5.148)

Note that I is the resonance integral, we wanted to determine. The applicability of (5.148),
however, strongly depends on the P0(Σt) expression, that depends on the Σt cross-section
and the geometry of the fuel region. Wigner suggested the following approximation:

P0(Σt) =
1

1 + Σt`
, (5.149)

where ` is the average chord length in the rod. To determine `, Wigner suggested the
following thought of line.

Consider an infinite material, in which the flux Φ is constant in space. ΦV is the distance
traveled by the neutrons in volume V under unit time. The number of neutron entering V
through the boundary ∂V of V is ∂V Φ/4, see Table 3.1. Let the average path covered by a
neutron under unit time be `, then the neutrons cover the distance of ∂V `Φ/4 under unit
time. Therefore

` =
4V

∂V
. (5.150)

Using Wigner’s approximation in (5.148), we obtain

NI =

∫
Σpf + 1/`

(Σaf + Σsf ) + 1/`
Σa(u)du. (5.151)

Thus, the resonance absorbtion in a lattice can be calculated in the same way as in a
homogeneous material, only the cross-sections need to be modified.

The accuracy of the resonance escape probability is essential for the design and economic
operation of a nuclear reactor. It immediately effects the reactivity and through the reac-
tivity the fuel cycle length, the refueling schedule. Therefore several approaches have been
elaborated to determine the resonance escape probability.

The starting point of the approximate methods is equation (5.151), which means that
it is possible to calculate the resonance integral of a heterogeneous system as the resonance
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integral in an equivalent homogeneous system provided, the cross-sections in the equivalent
homogeneous system have been modified in accordance with (5.151). In Ref.[143][p. 302],
the following formulation is used.

5.1 Theorem (Equivalence theorem) The calculation of the resonance absorption in a
lattice can be reduced to the calculation of effective cross-sections of a homogeneous medium.
The effective cross-section is modified by

b

`
, (5.152)

where b is called Bell factor. The Bell factor is derived by the numerically determined P0(Σt)
probability.

Note that the escape probability P0(Σt) depends on the geometry of the fuel rod, and also
on the material properties of the fuel.

In a tight lattice, as in a water moderated reactor or in a fast reactor, there is a non-
negligible probability that a fission neutron first collides in another fuel element. That
probability is called Dancoff factor D. The correction for the Dancoff factor is used in
various forms. In Ref.[143] we find the following correction:

b

`

1−D
(1−D) + bD

, (5.153)

in [57][p. 167] the correction is written as

bD

Ndrod (1 + (b− 1)(1−D))
(5.154)

where drod is the diameter of the fuel rod, b is the Bell factor.
Now it remains to determine b and D. In the S-WIMS code, Kowalska [57][p. 168]

proposed the following approximation to the Bell factor for UO2 fuel:

b =
2.71x+ 1

2.34x+ 1
(5.155)

where
x =

D

Ndrod (5 + 2σs,ox)
, (5.156)

where σs,ox is the scattering cross-section of the oxygen.
A good approximation for the resonance escape probability p with the I resonance integral

of 238U and the average logarithmic decrement ξ is

p = exp

(
− VUN

28
U I

VmNm(ξσ)m

)
. (5.157)

We obtain a good approximation for the fast fission factor f by

f =
NUσa25VU Φ̄U

NUσa25VU Φ̄U +NmσamVmΦ̄m
(5.158)

where VU , Vm are the volume of the uranium and moderator, respectively. Φ̄U , Φ̄m are the
average fluxes in the fuel and the moderator, respectively.
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5.3.4. The Doppler effect
We have seen in Section 5.2 of Chapter 5, the scattering atom is not at rest, and its motion
is taken into account through the effective cross-section (3.102). That effect is of outstand-
ing importance in the resonance absorption since the energy loss of the neutron is usually
large compared to the width of the resonance line therefore the resonance line only slightly
contributes to the neutron balance. When the broadening caused by the temperature of the
scatterer is taken into account, the effect of the resonance lines becomes more pronounced.
That phenomenon renders an inherent negative feedback to the energy production by fission
chain reaction.

Let m and M stand for the neutron mass and the mass of the resonant nucleus, respec-
tively; v and V denote the neutron and resonant nucleus velocity. We assume the resonant
nucleus to be in thermal equilibrium with its surroundings, thus the Boltzmann distribution
determines the probability distribution of V :

P3(V)d3V =

(
mA

2πkT

)3/2

exp

(
−mAV2

2kT

)
dVxdVydVz. (5.159)

We fix the coordinate system so that the neutron flies along the z axis. The effective cross-
section is

vσeff (v) =

∫
|v −V|σ(|v −V|)P3(V)d3V, (5.160)

substituting here (5.159), and integrating, we get for the effective absorption cross-section:

σa,eff (E) = σ0
Γa
Γ

θ

2
√
π

∫ ∞
−∞

exp
(
−θ(x− y)2/4

)
1 + y2

dy. (5.161)

Here
θ =

Γ

∆

and

∆ =

(
4kTEr
A

)1/2

is the Doppler width of the resonance line. In comparison with the Breit-Wigner formula,
now the

η(θ, x) =
θ

2
√
π

∫ ∞
−∞

exp
(
−θ(x− y)2/4

)
1 + y2

dy. (5.162)

broadened lines have to be used and the corresponding resonance integral is

I(σp, T ) =
σpΓa
2Er

∫ +∞

−∞

σ0η(θ, x)

σp + σ0η(θ, x)
dx. (5.163)

Below we summarize the main effects of the Doppler resonance line broadening:

1. When T → 0, then ∆→ 0 and θ →∞ and

lim
T→0

η(θ, x) =
1

1 + x2
, (5.164)

there is no broadening.
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2. The area under the broadened line equals the original area:∫ +∞

−∞
η(θ, x)dx =

∫ +∞

−∞

dx

1 + x2
. (5.165)

As a consequence, the infinitely diluted resonance integral is independent of the tem-
perature T .

3. The maximum of the cross-section of the broadened line is lower than σ0, this is a
consequence of the broadening.

4. The resonance integral is a monotonous function of the temperature. After differen-
tiating (5.163), we obtain

∂I(σp, T )

∂T
=
σpΓa
2Er

∫ +∞

−∞

σ0σp
[σp + σ0η(θ, x)]2

[
∂η(θ, x)

∂x

]2

dx, (5.166)

where we have used the following substitutions:

∂η(θ, x)

∂θ
= − 2

θ3

∂2η(θ, x)

∂x2

and
∂θ

∂T
= − θ

2T
.

5.4. Thermalization
The process through which the neutrons become into thermal equilibrium with the host
atoms is called thermalization. Neutrons thermalize through collisions with the host atoms.
To set up a mathematical model for the thermalization, we have to know the features of the
host atoms. The two extreme thermalization models are the neutron-atom collisions when
the atom is free, as in a free gas; and when the atoms are arranged in a regular structure as
in a crystal lattice. The latter model applies to a graphite moderator, the former for a gas
cooled reactor. In the most frequently used PWR and BWR types the moderator is water, the
main scatterer is the hydrogen, which is bound chemically. A chemically bound scatterer has
kinetic and internal energy, the latter may manifest in rotational or translational vibration
modes between the constituents of the compound. When a portion of the kinetic energy of
the neutron in a collision is turned into internal energy, the collision is inelastic. A free atom
can not participate in an inelastic collision.

The simplest thermalization model is the slowing down on free atoms because there the
collision is elastic and the velocity distribution of the scatterer’s speed is Maxwellian. That
model is called Wigner-Wilkins thermalization model. The kinematics of the scattering is
the same as the one we have used in the slowing down range, see Section 5.2 in Chapter
5. However, we have to take into consideration the following two characteristics of the
thermalization:

1. In the description of slowing down, we have relied on the fact that the neutron energy
decreases in a scattering. On the contrary, now the neutron energy is comparable to
the kinetic energy of the scatterer therefore the neutron energy may increase.

2. The cross-sections are energy dependent, and usually the cross-sections are large in
the thermal range. In a number of reactor types (e.g. BWR and PWR) the mean free
path of the neutron may be smaller then the diameter of the fuel rod. That fact rules
out simplifications that have been applicable in slowing down theory.
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If we add that the absorption cross-section is also large in the thermal energy range and that
excludes the diffusion approximation, we see the thermal energy range to be a real touch
stone of the analysis.

Below we derive the scattering kernel in the Wigner-Wilkins model. The velocity vc of
the center of the neutron and scatterer system is

vc =
v′ +AV

(A+ 1)2
(5.167)

where V stands for the velocity of the scatterer; and the neutron’s velocity before the collision
is

vn =
A

A+ 1
vr (5.168)

where
vr = v′ −V (5.169)

is the relative velocity of the neutron. As before, in the CMCS the scattering alters only the
direction of the neutron velocity. Denote θ and v∗n the scattering angle, and the velocity of
the neutron after scattering, respectively. Then

vnv∗n = v2
n cos θ.

Adding vc to v∗n, we get the neutron speed v in the LCS, thus

v = v∗n + vc, (5.170)

and squaring both sides, we find the relationship

v2 = v2
n + v2

c + 2vnvc cos θ1 (5.171)

where θ1 is the angle between v∗n and vc. Thus the neutron speed after scattering is limited
as

v2
min = (vn − vc)2 ≤ v ≤ (vn + vc)

2 = v2
max. (5.172)

Note that both θ and θ1 is fixed from the point of view of the scattering, the only difference
is in the direction of the z axis. Assume that the scattering is isotropic, then cos θ and cos θ1

are uniformly distributed in the [−1,+1] interval. Differentiating (5.171) we arrive at:

vdv = vnvcd(cos θ1) =
v2
max − v2

min

4
d(cos θ1). (5.173)

Therefore the conditional probability of the neutron velocity after collision to fall into the
interval (v, v + dv) is

g(v′ → v|V, µ) =

{
2vdv

v2max−v2min
, vmin ≤ v ≤ vmax

0 otherwise.
(5.174)

The condition fixes that the scatterer velocity V and the cosine of the angle between v′ and
V is µ.

A particle of velocity v′ collides with a particle of velocity V. After collision, the first
particle’s velocity is v. Further notation: v = |v|, V = |V|.

σs(v
′ → v) =

σs
2v′

∫ ∞
0

4πV 2dV

∫ +1

−1

dµvrg(v′ → v|V, µ)P3(V ) (5.175)
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The result of the calculation is [165][Appendix 1]:

σs(E
′ → E) =

σs
2E′

η2

erf
η
√

E

kT
− ρ
√
E′

kT

± erf
η
√

E

kT
+ ρ

√
E′

kT


+

σs
2E′

η2

erf
η
√
E′

kT
− ρ
√

E

kT

∓ erf
η
√
E′

kT
+ ρ

√
E

kT

 (5.176)

To obtain the scattering cross-section σs(E′), we have to integrate (5.176) over E, the result
is

σs(E
′) =

σs
β
√
π
e−β

2

+ σs

(
1 +

1

2β2

)
erf(β), (5.177)

where we have introduced
β2 =

AE′

kT
.

This concludes the derivation of the scattering cross-section at thermal energies. Remains
the discussion of the internal energy of the scatterer. The appropriate models are in the
subroutines of the thermalization programs. We shortly mention the Nelkin model for light
water, where the water molecule is modeled by an oscillator with four eigenfrequencies. The
Koppel-Young model that accounts for the rotational modes of the water molecule, too.

Below we mention that it is possible to transform the integral form of the balance equation
into a differential equation, as in the Cadilhac model. The Cadilhac model is an engineering
model which is used to speed up the calculation. The model is based on the functional
relation between the slowing down density q(E) and the flux, which is approximated by the
following expression:

dΦ(E)/M(E)

dE
= g(E)q(E)− d

dE
h(E)

dq(E)

dE
, (5.178)

where M(E) is the Maxwell spectrum:

M(E) =
E

T 2
e−E/T . (5.179)

Here T is the temperature. Functions g(E) and h(E) are adjusted to a given problem class,
they are free parameters in the Cadilhac model. We present a few choices of the g(E) and
h(E) functions.

• When
g(E) = (ξΣsETM(E)f(E))

−1 (5.180)

and
h(E) = 0 (5.181)

is chosen, where Σs, ξΣs are the scattering and slowing down cross-section above the
thermal energy range, respectively, we obtain the generalized heavy free gas model
[TIC2][p. 183], in which f(E) is a free parameter. When f(E) ≡ 1, we get the heavy
free gas model.

• When
g(E) = (ξΣsETM(E))

−1 (5.182)
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and
h(E) = γ (ξΣsM(E))

−1 (5.183)

are chosen, we obtain with γ = 0 again the heavy free gas model, otherwise free
parameter γ is used to adjust results to the THERMOS calculations. When γ = 1, we
obtain the so-called simplified Laletin model used in the UNIRASOS code.

• When the Wigner-Wilkins model is used, the Cadillac model is exact provided we
introduce two free terms f1(E) and f2(E), the first one in the g(E) parameter:

g(E) = (ΣsETM(E)f1(E))
−1 (5.184)

and the second one in the h(E) parameter as

h(E) = (ΣsM(E)f2(E))
−1 (5.185)

where we choose
f1(E)−1 = Σs

(
1

Σs(E)
− E d

dE

1

Σs(E)

)
(5.186)

and
f2(E)−1 =

Σs(E)

Σs
. (5.187)

In the LEOPARD code [57], slowing down on hydrogen is considered so ξ = 1.

• In the UNIRASOS code, the unphysical choices f1(E) = 1, f2(E) = 0 or f2(E) = 1/γ
are also possible.

The above mentioned models have been studied in details, the assumptions have proved to
be reasonable.

The equilibrium energy spectrum of the neutrons is the Maxwell spectrum with A = 1.
In energy variable

MT (E) =
E

E2
T

e−E/ET , (5.188)

where T is the equilibrium temperature. In the velocity variable,

MT (v) =
( m

2πkT

)3/2

exp

(
−mnv

2

2kT

)
4πv2, (5.189)

where mn is the neutron mass. Note that MT (v) is the velocity spectrum, the flux spectrum
is MT (v)v. The scattering kernel satisfies the detailed balance:

MT (E′)σs(E
′ → E) = MT (E)σs(E → E′). (5.190)

Thermal equilibrium establishes only when no absorption is present. In the presence of
absorption and leakage the balance equation takes the following form:

D(E)B2 + Σt(E)Φ(E) = q(E) (5.191)

where q(E) includes the elastic and inelastic scattering as well as the contribution from
fission. As to the scattering, we divide the energy interval into two parts, the range (0, Em)
is called thermal range and in the epithermal range (Em,∞) is selected so that slowing down
theory be valid there. When there are resonance lines at low energies (this is the case with
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plutonium isotopes) the resonance lines are placed into the thermal range, e.g. by choosing
Em = 1.85eV . Then the slowing down source is cut into two parts as∫ ∞

0

Φ(E′)Σs(E
′ → E)dE′ =

∫ Em

0

Φ(E′)Σs(E
′ → E)dE′ +

∫ ∞
Em

ψ(E′)Σs(E
′ → E)dE′,

(5.192)
and in the second term the asymptotic slowing down can be used:

Q(E) =

∫ ∞
Em

ψ(E′)Σs(E
′ → E)dE′ = q(Em)

[
1

Em
− α

E

]
(5.193)

with the restraint that Q(E) may not be negative, the negative values are replaced by zeros.
Thus the asymptotic slowing down equation is:[

D(E)B2 + Σt(E)
]

Φ(E) = Q(E) +

∫ Em

0

Φ(E′)Σs(E
′ → E)dE′ 0 ≤ E ≤ Em. (5.194)

The leakage term is often merged with the absorption. That equation is solved by numerical
methods.

We discuss the solution method used in the code THERMOS [171],[172]. We consider a
cylindrical region, the unit cell of a reactor lattice, the cross-sections depend on the position.
We study equation (5.194) in the following form:

Σt(r, E)Φ(r, E) =

∫
V

T (r′ → r)

[
Q(r′, E) +

∫ Em

0

Σs(r
′, E′ → E)Φ(r′, E′)dE′

]
d3r′,

(5.195)
i.e. the scattering term has been separated into two parts: slowing down and migration,
the neutrons having slowed down to energy E migrate from r′ to r, other neutrons slow
down at position r′. Isotropic scattering is assumed to avoid a too intricate formalism. The
error of that approximation is reduced by the introduction of the transport correction. In
THERMOS, Em = 0.625 eV is the limit of the thermal range. The volume V is the unit cell
(or Wigner-Seitz cell). It is assumed that the leakage out of V is zero, henceforth∫

V

T (r′ → r)d3r = 1. (5.196)

A consequence of that assumption is that all neutrons emerging from the source are absorbed
in V : ∫

V

∫ Em

0

Σa(r, E)Φ(r, E)dEd3r =

∫
V

∫ Em

0

Q(r, E)dEd3r. (5.197)

In the energy transfer model the asymptotic 1/E spectrum is used. The spatial distribution
of the epithermal flux is practically constant. All the cross-sections are assumed to by
cylindrically symmetric, therefore the transport kernel T (r′ → r, E) depends only on r′, r, E.
In the calculation velocity is used instead of the neutron energy E, the conversion is

E = 0.0253v2 Σs(v
′ → v) = 0.0506Σs(E

′ → E). (5.198)

For the discretization, we subdivide the velocity range into K groups and V is subdivided
into S spatial intervals, each discretization is represented by the midpoints. The discretized
form of (5.197) becomes:

ΣqkNqk =

S∑
p=1

Tpqk

Qpk +

K∑
j=1

PpjkNpj

 , (5.199)
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where p, q are spatial indices, j, k refer to speeds, Σqk is the total cross-section in region q
and velocity k, Nqk is the neutron density in region q and velocity k, Qpk is the discretized
source

Qpk = Q(rp, vk)/vk. (5.200)

The transport matrix is
Tpqk = T (rp → rq, vk)/∆Vp, (5.201)

the volume
∆Vp = 2πrp∆rp, (5.202)

the scattering matrix is
Ppjk = Σs(rp, vj → vk)vj∆vj/vk. (5.203)

After discretization, the integral equation (5.197) has been transformed into a set of linear
equations, the number of unknowns is Qk. In the solution the Gauss-Seidel iteration is used.
The number of energy groups is max. 24, the number of energy groups is 16 in the original
THERMOS code. Graphite, water, and heavy water has been used as moderator material.

5.5. Fermi age
Let us consider a large homogeneous region. In the previous Sections we have exploited the
asymptotic slowing down spectrum but neglected the spatial distribution of the neutrons in
the course of slowing down. The general approximate slowing down theory is based on a
heuristic form of the slowing down density and flux, viz. (5.66). In the Wigner approximation
that relationship is even simpler:

Φ(r, u) =
q(r, u)

ξΣt(u)
. (5.204)

In an infinite region we established another relationship between the slowing down density
and the neutron flux, (5.64). When besides the absorption also leakage is possible, (5.64)
should be modified as follows:

∂q(r, u)

∂u
= −Σa(u)Φ(r, u) +D(u)∆Φ(r, u), (5.205)

because the neutrons slowing down at lethargy u but not slowing further at lethargy u+ du
must be either absorbed or leaked out. We express here the slowing down density from
(5.204) and obtain the following differential equation for the slowing down density q(qrr, u):

∂q(r, u)

∂u
=

D(u)

ξΣt(u)
∆q(r, u)− Σa(u)

ξΣt(u)
q(r, u). (5.206)

With the help of the resonance escape probability p(0 → u), see (5.134) the second term is
eliminated in the following manner. We slightly modify the slowing down density as

q(r, u) = q̃(r, u)p(0→ u), (5.207)

and the introduced q̃(r, u) is the solution of

∂q̃(r, u)

∂u
=

D(u)

ξΣt(u)
∆q̃(r, u). (5.208)
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This equation is a diffusion (or heat conduction) type equation where the lethargy plays the
role of time. To make the analogy complete, we introduce the τ(u) Fermi age:

τ(u) =

∫ u

0

D(u′)

ξΣt(u′)
du′. (5.209)

In the new variables, (5.206) takes the form of

∂q̃(r, u)

∂τ
= ∆q̃(r, u), (5.210)

called Fermi’s age equation.
We seek the solution to (5.210) by separation, let q̃(r, u) = Φ(r)T (τ), where Φ(r) is an

eigenfunction of the Laplace operator. Then

T (τ) = e−B
2τ , (5.211)

indicates the physical meaning of τ : the neutrons spread out during slowing down, the
characteristic of the spread out is τ . That area should be added to L2 defined in (6.81) as
the square of the distance covered by the neutrons until absorption. Since B2τ << 1, the
keff should be modified to take into account the neutron migration during slowing down:

keff =
k∞e

−B2τ

1 + L2B2
≈ k∞

1 + (L2 + τ)B2
. (5.212)

The quantity
M2 = L2 + τ (5.213)

is called migration area. We only mention that for most moderators, τ >> L2 thus the
majority of the neutron migration area attaches to the slowing down.

5.6. Validation and verification
We have surveyed several models that are used in the calculation of the neutron spectrum.
The models rely on assumptions and it should be verified how good those models are. The
models are used to calculate neutron flux or neutron density, non of them is measurable
experimentally. The measurements are carried out on an experimental facility, it is possible
to measure the activity of the fuel pellet in a zero reactor. The measurement gives the axial
or radial flux distribution at a given position in the core. For details, see [64]

We often introduce additional parameters derived from the neutron spectrum, in order
to verify the neutron spectrum obtained by the calculational model. It must be noted that
the spectral parameters strongly depend on the detector cross-section library. The below
given spectral parameters depend only on the cadmium cut-off energy.

ρ28 is the ratio of epithermal capture to the thermal capture in 238U , δ25 is the ratio
of the epithermal fission to the thermal fission, δ28 is the ratio of the epithermal fission in
238U to the thermal fission, the modified conversion ratio, and the characterized variation
of fissionable isotopes in the fuel. In practice, the end of the thermal energy region is the
cut-off energy of cadmium ECd.

ρ28 =

∫∞
ECd

Σc28(E)Φ(E)dE∫ ECd
0

Σc28(E)Φ(E)dE
(5.214)
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Parameter δ25 is the ratio of fast fission and total fission in 235U :

δ25 =

∫∞
ECd

Σf25(E)Φ(E)dE∫ ECd
0

Σf25(E)Φ(E)dE
(5.215)

The fast fission parameter δ28 is the ratio of fissions in 238U to fissions in 235U :

δ28 =

∫∞
0

Σf28(E)Φ(E)dE∫∞
0

Σf25(E)Φ(E)dE
(5.216)

MCR =

∫∞
ECd

Σx(E)Φ(E)dE∫ ECd
0

Σf25(E)Φ(E)dE
(5.217)

CR =

∫∞
ECd

Σf25(E)Φ(E)dE∫ ECd
0

Σf25(E)Φ(E)dE
(5.218)

5.7. Problems
1. Suggest detector materials to measure the neutron flux in the following energy ranges:

a, E > 1MeV ; b, 1keV ≤ E ≤ 50keV c, E < 1eV . The cross-sections can be looked
up at the IAEA home page.

2. What happens if the scattering is linearly anisotropic? Assuming that the scattering
cross-section is almost symmetric, give the scattering theory using perturbation theory
formalism.

3. Determine the aij constants in the Placzek transients.

4. Prove the slowing down formula (5.70).

5. What mechanism enters the resonance treatment in a lattice? Which situation is
favorable for the neutron balance, the lumped fuel, or the fuel lattice?

6. What considerations apply in the lattice design (lattice pitch, fuel pin diameter, mo-
derator material)?

7. Try to improve Wigner’s formula (5.150)!

8. Which material is favorable for the thermalization, the liquid moderator or the solid,
crystalline one?

9. Estimate how a focused a neutron beam spreads out during slowing down.

10. Estimate the period of time of thermal diffusion and the time, which is required for
slowdown from the emitting energy to the thermal energy!

11. Solve the slowing down equations in approximation no absorption case without leakage.
Use the Laplace-transformation! The neutron spectrum (source) is f(E) = δ(E).

12. Solve the slowing down equations in special case where the scattering and absorption
cross sections are independent of the energy.

13. The polygonal cells are replaced to cylinder cells, how to determine the radius of
cylinder cells? What condition must be replaced by a reflective boundary condition in
the cylindrical cells?
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6. fejezet

Diffusion Equation
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6.1. Derivation of the diffusion equation
The simplest Pn approximation has proved extremely successful. It is generally used in
physics, reactor physics is not an exception. The unfavorable mathematical properties of
the transport operator L in equations (3.116) and (3.132) have made the transport theory
to a terrain where approximate methods dominate. When using the diffusion theory, we
relinquish the abrupt changes in the angular distribution and the higher angular moments
in the scattering kernel, but we replace the wild, unmanageable transport operator with a
tame, elliptic operator that offers the completeness of its eigenfunctions, which are smooth
functions, and, a series of theorems preparing the ground for efficient applications.

We start with the derivation of the diffusion equation, immediately in multigroup formal-
ism. We start out from equation (4.11) where the elastic scattering is assumed to be linearly
anisotropic:

Σs(r, g
′ → g,ΩΩ′) =

1

4π
Σs0(r, g′ → g) +

3

4π
Σs1(r, g′ → g)ΩΩ′. (6.1)

Integrate (4.11) over the angular variable:

1

vg

∂Φg(r, t)

∂t
= −∇Jg(r, t)− Σtg(r)Φg(r, t)

+

G∑
g′=1

Σs0(r, g′ → g)Φg′(r, t)

+ fg

G∑
g′=1

νΣfg′(r)Φg′,t(r) +Q0g,t(r).

(6.2)

where
Q0g(r, t) =

∫
4π

Qg(r,Ω, t)dΩ. (6.3)

In equation (6.2), there are two dependent variables: the current vector Jg(r) and the scalar
flux Φg(r).

To have a balance equation precise up to the first order spherical harmonics, we multiply
(4.11) by Ω and integrate:

1

vg

∂Jg(r, t)

∂t
= −1

3
∇Φg(r, t)−

∫
4π

Ω(∇Ω)Φg(r,Ω)dΩ− Σtg(r)Jg(r, t)

+
fg
4π

G∑
g′=1

νΣfg′Jg′(r, t)

+

G∑
g′=1

Σs1,g′→gJg(r, t) + Q1(r, t).

(6.4)

To obtain the traditional diffusion equation, we assume that

G∑
g′=1

Σs1,g′→gJg(r, t) ≈ Σs1,gJg(r, t) (6.5)

and
1

vg

∂Jg(r, t)

∂t
≈ 0. (6.6)
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With the above mentioned assumptions, (6.4) is a relationship between the neutron current
Jg(r, t) and the scalar flux Φg(r, t).

Jg(r, t) = −Dg [∇Φg(r)] (6.7)

where
Dg =

1

3

1

Σtg − µ̄Σsg
≡ 1

3Σg,tr
, (6.8)

where Σg,tr is the transport cross-section. We also assume that the source is isotropic. Using
(6.7) to eliminate the current in (6.2), we arrive at the well known diffusion equation:

1

vg

∂Φg(r, t)

∂t
= ∇ [Dg(r)∇Φg(r, t)]

− Σtg(r, t)Φg(r, t)

+

G∑
g′=1

Σs0,g′→g(r)Φg′(r, t)

+ fg

G∑
g′=1

νΣfg′(r)Φg′(r, t)

+Q0(r, t), g = 1, . . . , G.

(6.9)

On the left hand side of the diffusion equation is the partial time derivative of the scalar
flux, on the right hand side we find the leakage, the removal, the scattering, the fission terms
and the external source. Thus in diffusion theory the reaction rates are represented by the
following operators:

LΦg(r, t) = −∇ [Dg(r)∇Φg(r, t)] (6.10)
RΦg(r, t) = Σtg(r, t)Φg(r, t) (6.11)

SΦg(r, t) =

G∑
g′=1

Σs0,g′→g(r)Φg′(r, t) (6.12)

FΦg(r, t) = fg

G∑
g′=1

νΣfg′(r)Φg′(r, t). (6.13)

Note, that in energy group representation the operators are replaced by matrices acting on
the column vector of the group fluxes. The leakage operator L is represented by a diagonal
matrix and two nabla (∇) operators, thus the diffusion equation is a second order partial
differential equation. Note that the gradient of the scalar flux in a given energy group gives
no contribution to the current in other energy groups.

The removal operator (R) is also diagonal but the structure of the scattering operator
S depends on the scattering matrix, which is normally not diagonal. The structure of the
fission operator F depends on the fission spectrum fg but normally F is a matrix.

Equation (6.7) is called Fick’s law. We encounter similar equations, where a current is
related by the gradient of a scalar function in the statistical physics and chemistry. There
the current is the result of collisions between the same kind of particles, whereas in reactor
physics we neglect the neutron-neutron collisions, the Fick law is the result of neutron-host
nucleus collisions.
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The solution of the diffusion equation is subjected to boundary conditions. At material
interfaces the normal component of the current

Dg∇nΦg(r), (6.14)

and the flux Φg(r) must be continuous.
At an external boundary, three types of boundary conditions are used:

1. Dirichlet boundary value problem:

Φg(rb) = f(rb), (6.15)

where f(rb) is a given function.

2. Neumann boundary value problem:

nJg(rb) = f(rb); (6.16)

3. Mixed type boundary condition:

αg(rb)Φg(rb) + βg(rb)nJb(rb) = h(rb), (6.17)

where αg(rb), βg(rb) and h(rb) are given functions.

When hg(rb) = 0, rb ∈ ∂V and (6.9) contains no external source, the boundary value problem
is called homogeneous, otherwise non-homogeneous. The boundary conditions allow for the
following physical boundary conditions:

• given scalar flux along the boundary;

• given current along the boundary;

• given entering current along the boundary;

• given albedo along the boundary.

6.2. Mathematical properties of the diffusion equation
Diffusion theory is obviously an approximation to the transport theory. Such an approxima-
tion is justified, when it is easier to use and the approximations are acceptable in a number of
usual situations. Most calculations of reactor physics must be based on numerical methods
so in the present Section we survey those mathematical features of diffusion theory that
make it applicable in theoretical (see Chapter 7) and practical (see Chapter 9) problems.
Here we mention only two items:

• in diffusion theory, the eigenfunctions of the homogeneous eigenvalue problems form a
complete function set, see Theorem 6.2;

• the involved operator is positive and makes it possible to work out effective numerical
solution methods, see Theorem 6.1.
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We collect the group fluxes into a single vector and define the diffusion operator D as
follows. Write the diffusion equation (6.9) as

V
∂Φ

∂t
= DΦ +Q (6.18)

where V is the diagonal matrix V = diag(1/v1, . . . , 1/vG) and Φ = (Φ1, . . . ,ΦG) are the
group fluxes, Q = (Q1 . . . , QG) the group sources. In explicit form, the diffusion operator is
(c.f. (6.9)):

D =∇ [Dg(r)∇Φg(r, t)]

− Σtg(r, t)Φg(r, t)

+

G∑
g′=1

Σs0,g′→g(r)Φg′(r, t)

+ fg

G∑
g′=1

νΣfg′(r)Φg′(r, t),

(6.19)

for g = 1, . . . , G and r ∈ V , supplemented with the following boundary condition

αg(rb)Φg(rb) + βg(rb)nJb(rb) = 0, (6.20)

for g = 1, . . . , G and r ∈ ∂V . The action of the diffusion operator is defined over the G-tuples
Φ = (Φ1(r), . . . ,Φg(r)) where the Φg(r) group fluxes are sufficiently smooth to apply the
diffusion operator D on them1.

Now we consider the following homogeneous, linear boundary value problem:

DΦ(r) = λΦ(r), r ∈ V (6.21)

and
A(rb)Φ(rb) + B(rb)

∂Φ(rb)

∂n
= 0, rb ∈ ∂V, (6.22)

where A(rb) > 0,B(rb) > 0. We call λ the eigenvalue of the D operator, the Φ(r) 6= 0 ∈ V
function-the eigenfunction of the D operator.

Below we quote theorems from the mathematical literature [151],[161], but to avoid un-
necessary details like definitions of avoidable mathematical terms, we quote the theorems in
a simplified form.

6.1 Theorem The diffusion operator D possesses the following properties:

1. D is a positive operator: (DΦ,Φ) ≥ 0.

2. There is a fundamental solution Φ0(r) > 0, r ∈ V and real eigenvalue λ0.

Below we construct the eigenfunctions of the Laplace operator that we intend to use in the
boundary value problems in later Chapters. For this purpose, we need the following theorem.

1This can be achieved in two ways: either the cross-sections are smooth functions of r or at the disconti-
nuity of the cross-section, i.e. at internal boundaries, boundary conditions assure the continuity of the group
fluxes and group currents.
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6.2 Theorem The solutions of the eigenvalue problem

∇2Fi(r) = λiFi(r), r ∈ V (6.23)

with boundary condition

A(rb)Fi(rb) +B(rb)Fi(rb) = 0 r ∈ ∂V (6.24)

form a complete function system in V .

See Valdimirov’s book [161] for the proof. Thus any function obeying the boundary condition
(6.24) is expressible as a linear combination of Fi(r) functions. The following version of
theorem 6.1 will be useful. We remark that the class of elliptic operators is wider than then
the Laplace operator, see [161].

6.3 Theorem Let operator O be an elliptical operator. The solutions to the eigenvalue
problem

OΨ(r) = λΨ(r), r ∈ V (6.25)

with the homogeneous boundary condition

A(rb)Ψ(rb) +B(rb)
∂Ψ(rb)

∂n
= 0 (6.26)

where A(rb) and B(rb) are given functions, n is the outward normal at the boundary point
rb, form a complete orthonormal system in V .

The theorem is applicable to the time independent form of the diffusion equation (6.9)
because it is an elliptic differential equation.

The operators involved in the diffusion equation (6.9) are not self adjoint because the
neutrons are born from fission, in the fast groups, and the thermal neutrons cause fission in
the thermal group or groups. To discuss the adjoint diffusion equation, we have to analyze
the diffusion operator D in equation (6.19). First we separate the operators associated with
energy transport processes and write D as

D = L+ Sen where Sen = R+ S + F (6.27)

where Sen comprises the energy transfer processes. First, we consider an infinite homoge-
neous material with a space independent source Qg, g = 1, . . . , G. Since Sen contains only
multiplications by cross-sections, in this case Sen is a matrix Σ acting on the flux vector Φ
and we have to solve the following algebraic problem:

ΣΦ = Q, (6.28)

and we know that for any Q > 0 the fluxes are positive henceforth Σ−1 must be a positive
matrix. The diagonal elements of Σ contain all processes removing neutrons. In the off-
diagonal element, appear such removals as scattering or fission. Therefore the diagonal
elements are of opposite sign than the off- diagonal elements, and the diagonal elements are
larger than any off-diagonal element. Such a matrix is calledM -matrix, and its mathematical
properties have been studied [169]. These properties are exploited in numerical methods.

The Green’s function is discussed in Appendix A, we have applied it to the transport
equation throughout the preceding Chapters. Now we are going to apply it to the diffusion
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equation remarking that the basic properties of the Green’s G(r, r0) function remain unal-
tered. Let A,B denote linear operators, acting on distributions over a subdomain V of the
Euclidean space Rn. We consider the boundary value problem

AΦ(x) = Q(x), x ∈ V (6.29)
BΦ(x) = 0, x ∈ ∂V, (6.30)

where ∂V is assumed a smooth surface2. Operator A is usually a second order partial
differential operator, B is at most a first order differential operator.

The Green’s function of problem (6.29)-(6.30) is the solution of the following boundary
value problem:

AG(x, x0) = δ(x− x0), x, x0 ∈ V (6.31)
BG(x, x0) = 0, x ∈ ∂V. (6.32)

The Green’s function has the following properties: :

• G(x, x0) = G(x0, x) i.e. the Green’s function is symmetric in its two arguments;

• The Green’s function is bounded in V : 0 < G(x, x0) ≤ K/|x− x0|2;

• The Green’s function is continuous in either variables ;

• G(x, x0) has continuous first derivatives provided neither x nor x0 lies on the boundary.

Using the properties of the Green’s function, we find

A
∫
V

G(x, x0)Q(x0)dx0 =

∫
V

δ(x− x0)Q(x0)dx0 = Q(x),

which proves that the solution of problem (6.29)-(6.30) is

Φ(x) =

∫
V

G(x, x0)Q(x0)dx0. (6.33)

When A is a differential operator, it is often possible to find its eigenvalues and eigen-
functions:

Aψk(x) = λkψk(x), k = 1, 2, . . . (6.34)

and the eigenfunctions are orthonormal:∫
V

ψk(x)ψj(x)dx = δkj , (6.35)

and, the Green’s function is

G(x, x0) =

∞∑
k=1

1

λk
ψ∗k(x0)ψk(x), x, x0 ∈ V. (6.36)

When the differential equation (6.29)-(6.30) is difficult to solve, with the help of the
Green’s function the problem can be transformed into an integral equation. Consider the
following frequently encountered problem:

AΦ(x) = λBΦ(x), x ∈ V. (6.37)
2We will apply the below presented results to regions of polygonal boundaries. There is a correct mathe-

matical term, the rectangular like domain with which the contradiction is resolvable[179].
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We consider the right hand side as a source and using the Green’s function of operator A
we arrive at the integral equation

Φ(x) = λ

∫
V

GA(x, x0)BΦ(x′)dx′. (6.38)

Finally, we note a useful property of the cross-section matrix in the diffusion equation
(6.28). The elements of Σ are real therefore its eigenvalues as well as eigenvectors are either
real or are in complex conjugated pairs. That property is also useful in numerical methods.

The adjoint static diffusion equation takes the following form:

(L+ +R+ +
1

k
νF+)Φ(r) = 0, (6.39)

where the superscript + refers to adjoint operator or matrix. That problem is involved in re-
activity effect analysis, where importance weighted expressions are used and in perturbation
theory, see Section 3.6.

Habetler and Martino approached the problem of fundamental solution differently. In
multigroup diffusion theory [151] they write the neutron balance equation in a different form,
this time to emphasize the energy transfer processes:

∂Φ(r, t)

∂t
= (L + R + νF)Φ(r, t), (6.40)

where Φ(r, t) = (Φ1(r, t), . . . ,ΦG(r, t)) is the flux vector in the G energy group, L =
diag(L1, . . . ,LG) is the diagonal leakage matrix, its elements are operators:

LjΦj(r) = ∇ [Dj∇Φj(r)] (6.41)

where Dj is the position dependent diffusion constant in energy group j and

D = diag(D1, D2, . . . , DG), (6.42)

matrix R replaces the removal operator, which is now

Rij = Σti + Σsi − Σs,j→i, (6.43)

where Σs,j→i is the scattering cross-section from group j to group i and

Σsi =

G∑
j=1

Σi→j . (6.44)

The following matrix F replaces the fission operator F :

Fij =
χi
k
νΣfj , 1 ≤ i, j ≤ G. (6.45)

Here χi is the fission spectrum in group i.
The solution of equation (6.40) refers to a regular, connected region V , which is the union

of finite number of disjoint regions. The number of energy groups is G, each matrices Σ and
F have G2 elements, respectively, each fij(r) ≥ 0 in V , aij(r) ≥ 0, ajj ≤ 0, each Dj(r) ≥ 0.
We seek solutions having the following properties called P1:

• Each Φi(r) has bounded and continuous second-order derivatives in V ;
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• Φi(r) and the normal component of Di(r)∇Φi(r) are continuous across the interface
between subregions;

• Φi(r) satisfies Φi(r)+Γi(r)∂Φj(r)/∂n = 0 (out-going partial current ) on the boundary
∂V , where Γi(r) ≥ 0 for all i is the modified albedo in group i.

Habetler and Martino stipulate the following features of the operators:

• Each of the Li operators is self-adjoint and has a Green’s function Gi(r, r′) and the
Green’s function possesses the properties 6.2:∫

V

Gi(r, r
′)DiΦi(r

′)d3r′ = −Φi(r), i = 1, . . . , G; (6.46)

where Φi(r) has property P1.

• Gi(r, r′) is continuous in r and r′ in V .

• Gi(r, r′) has continuous first derivatives provided r 6= r′ and neither r nor r′ lies on a
boundary or material interface.

• Gi(r, r′) possesses properties P1 when r′ is not on a material interface.

• There exists a number M such that

|Gj(r, r′) ≤
M

|r− r′|
;

∣∣∣∣∂Gi∂x

∣∣∣∣+

∣∣∣∣∂Gi∂y

∣∣∣∣+

∣∣∣∣∂Gi∂z

∣∣∣∣ ≤ M

|r− r′|2
. (6.47)

With the help of the introduced Green’s function, the inverse of the leakage matrix can
be given. It is a diagonal matrix, the entries being the Green’s function of the leakage in the
given energy group. The operator

L−1 = −δjk
∫
Gj(r, r

′)d3r′; 1 ≤ j, k ≤ G

is the inverse of D in the following sense:

D−1DΦ(r) = Φ(r). (6.48)

Since operator D−1 is self adjoint, it has a complete sequence of orthonormal eigenfunctions:

D−1Fj(r) =
1

αj
Fj(r), j = 1, 2, . . . . (6.49)

It can be shown [151] that eigenfunction F1 possesses properties P1 thus has physical me-
aning, it is called fundamental solution. Finally, the following theorem claims the existence
of a physically reasonable fundamental solution.

6.4 Theorem (Fundamental eigenfunction) The time-independent eigenvalue problem
[151] with no up-scattering

F(D + L)−1Φ(r) = λ1Φ(r) (6.50)

has a positive dominant eigenvalue λ0, i.e. λ0 > |λk|, k 6= 0 which is simple, Φ(r) corres-
ponds to an eigenfunction Φ0 = (Φ01(r),Φ02(r), . . . ,Φ0,G(r)) > 0. The adjoint eigenfunction
corresponding to λ0 has all its components positive throughout V .
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6.3. Derivation and limitations
In the derivation of the diffusion equation (6.9) we have made approximations. Now we
assess them one by one. This is done to see the limitations of diffusion theory and to
indicate possible improvements when diffusion theory proves to be inadequate.

The first assumption in the derivation is that we neglected the second, and higher mo-
ments of the angular flux. The first few terms in the expansion of the angular flux are:

Φg(r,Ω) =
1

4π
Φg(r) +

3

4π

∑
i

Jgi(r)Ωi +
5

4π

∑
i

∑
j

Lg,ij(r)ΩiΩj (6.51)

where Φg(r) is the scalar flux, Jgi is the i-th component of the net current, and the usually
neglected Lg,ij is called the level. The scalar flux is obtained from the angular flux as

Φg(r) =

∫
4πΦg(r,Ω)dΩ, (6.52)

the components of the net currents are obtained as

Jgi(r) =

∫
4π

Φg(r,Ω)ΩidΩ, (6.53)

and finally the levels Lg,ij are

Lg,ij(r) =

∫
4π

Φg(r,Ω)ΩiΩjdΩ. (6.54)

The diagonal level components are given by

Lg,ii(r) = Φg(r) +

∫
4π

P2(Ω)Φg(r,Ω)dΩ, (6.55)

and they play role in the boundary condition formulation in the spherical harmonics met-
hod [163], [162]. From equation (6.55) it is clear, that the level may not be neglected in a
number of cases as the diagonal elements include the scalar flux.

The partial currents are given by (3.148) and (3.149) in diffusion theory. They must be
positive by definition, that condition sets a limit to the gradient:

|∇Φg| ≤
2Φg
Dg

. (6.56)

It means the diffusion theory is applicable if the flux gradient is smaller than the above given
limit. A limit for the gradient of the scalar flux is obtainable also from the integral form
of the transport equation, see [164][p. 191-194]. Let us assume that in the source term of
(3.177) only the scattering cross-section is present in a homogeneous material, and expand
the space variable in Q(r′) into a Taylor series around r′ = r:

Q(r′) ≈ ΣsgΦg(r
′) ≈ Σsg (Φg(r) + Ω(s′ − s)∇Φg(r)) (6.57)

where the scattering is assumed not to change the group index g. A new relationship between
the net current and the flux gradient is obtained if we substitute (6.57) into the integral
transport equation

Φg(ω, t) =

∫ s0

0

exp (−Σg(s
′, s))Qg(r− sΩ,Ω, t−

s′ − s
v

)ds′, (6.58)
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multiply both sides by Ω, and integrate over 4π for Ω. We obtain the following approximation
for the diffusion coefficient:

Dg ≈
1

3

Σsg
Σ2
tg

. (6.59)

When in (6.57) we retain the higher order terms, the net current–flux gradient relation would
not be valid. Thus diffusion theory is applicable far from strong absorbers, far from material
boundaries, in general where the scalar flux is closely isotropic and varies slowly with the
position.

We neglected the time derivative of the current. When we retain the time derivative we
obtain the following relation instead of Fick’s law:

1

τg

∂Jg(r, t)

∂t
= −Jg(r, t) +

G∑
g′=1

Σs1,g′→g
Σtg

Jg′(r, t). (6.60)

Here τg = vgΣtg is a relaxation time. The order of τg is 104 − 105 s thus the correction is
negligible for two reasons. Firstly, in time dependent problems the delayed neutrons play
the determining role, see Chapter 7.1. Secondly, the modification is small although it alters
the type of the diffusion equation, that now has transformed into the telegrapher’s equation:

1

v2
g

∂2Φg(r, t)

∂t2
+

1

vg

∂Φg(r, t)

∂t
= ∇ [Dg(r)∇Φg(r, t)]

− Σtg(r, t)Φg(r, t)

+

G∑
g′=1

νΣs0,g′→g(r)Φg′(r, t)

+ fg

G∑
g′=1

νΣfg′(r)Φg′(r, t)

+Q0(r, t).

(6.61)

The essential difference between the telegrapher’s equation and the diffusion equation is
that in the diffusion equation any change in the external source immediately appears in the
solution as though the action speed would be infinite. In the telegrapher’s equation the
action speed is finite, we speak of neutron waves propagating with a finite speed.

Note that if the scattering kernel in (6.60) is not diagonal, the current in group g is
connected to the gradient of the scalar fluxes in other energy groups, in other words, the
diffusion coefficient is a matrix in the energy groups. This approximation has appeared in
the equivalent cross-section generation, among others in Section 9.1 of Chapter 9.

6.4. One group diffusion theory
We start with the static diffusion equation. Using the asymptotic theory, see Section 4.1 in
Chapter 4, in a periodic structure of cells the leading term in the flux Φ0 is the product of
two functions:

Φ0(r, E, t) = u0(r, E)Φ(r, t) (6.62)

where u0 is periodic in r. Now we use the diffusion approximation and discard the time
dependence. When the cell is small, u0 is constant in space and the energy and space depen-
dence is separated. This observation makes it possible to integrate (6.62) over the energy E
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and introduce the following spectrum averaged constants called one group constants:

D(r) =

∫∞
0
D(r, E)u0(r, E)dE

u0
(6.63)

Σa(r) =

∫∞
0

Σa(r, E)u0(r, E)dE

u0
(6.64)

νΣf (r) =

∫∞
0
νΣf (r, E)u0(r, E)dE

u0
(6.65)

1

v(r)
=

∫∞
0

1
vu0(r, E)dE

u0
(6.66)

Q(r) =

∫∞
0
Q(r, E)u0(r, E)dE

u0
(6.67)

where
u =

∫ ∞
0

u0(r, E)dE. (6.68)

The result is that the cross-sections depend only on r:

D(r)∇2Φ(r)− Σa(r)Φ(r) + νΣf (r)Φ(r) = Q(r), r ∈ V (6.69)

with the boundary condition

A(rb)Φ(rb) +B(rb)n∇Φ(rb) = 0, r ∈ ∂V. (6.70)

The problem is amenable only to numerical solution methods discussed in Chapter 8. We
organize the solution of the problem so that subdivide V into so many sub-volumes that
cross-sections are practically constant in each sub-volume, and internal boundary conditions
connect the sub-volumes. This requires the analysis of the one-group diffusion equation with
constant coefficients:

D∇2Φ(r) + (νΣf − Σa)Φ = Q(r). (6.71)

The solution can be given with the help of the Green’s function:

Φ(r) =

∫
V

G(r− r′)Q(r′)d3r′, (6.72)

where
∇2G(r− r′) + (νΣf − Σt)G(r− r′) = δ(r′), r, r′ ∈ V. (6.73)

The Green’s function is the key to the solution of (6.71).
The Green’s function depends on the equation, e.g. in (6.73) the cross-sections may be

constant or may depend on position; furthermore on the geometry of the region V . Some
Green’s functions are available in the literature, e.g. Polyanin’s book [180] discusses several
equation types. Below a short introduction is given to the determination of the Green’s
function. First we discuss the partial differential equations with constant coefficients. The
general form of the equation is

P (∂x1
, . . . , ∂xn)G(x, x0) = δ(x− x0) (6.74)
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where x = (x1, . . . , xn) and P is a polynomial of the partial differentials ∂xj , j = 1, . . . , n and
δ is the n dimensional Dirac delta distribution. We apply the Fourier transform on (6.74),
which leads to the substitution ∂xj → −ikj , j = 1, . . . , n:

P (−ik1, . . . ,−ikn)FG(x, x0) = 1, (6.75)

where F is the operator of the Fourier transformation. The Green’s function is obtained by
the inverse Fourier transformation:

G(x, x0) = F−1

(
1

P (−ik1, . . . ,−ikn)

)
. (6.76)

This method immediately yields the Green’s function of the infinite space (in arbitrary
dimensions). When we need the Green’s function of a finite domain, we need auxiliary
technique, like the source image method. Further tricks are given in [55].

In the absence of an external source, the diffusion equation has nontrivial solution only
when the cross-sections are dependent. The static solution belongs to the fundamental
eigenvalue of the Laplace operator, this is the only positive eigenfunction in V . Let that
eigenvalue be −B2

g where subscript g refers to ’geometry’. Thus if nontrivial solution exits,
it must be the eigenfunction of the Laplace operator, and the cross-sections should satisfy

−B2
gD + (νΣf − Σa) = 0. (6.77)

To ensure this, we introduce a free parameter by replacing ν → ν/k, and the following choice
of k guarantees the existence of a solution:

k =
νΣf

Σa +DB2
g

, (6.78)

or, dividing by Σa, we obtain

k =

νΣf
Σa

1 + D
Σa

=
k∞

1 + L2B2
g

, (6.79)

where
k∞ =

νΣf
Σa

(6.80)

is the infinite multiplication factor,

L2 =
D

Σa
(6.81)

is the square of the diffusion length. The k value by which the diffusion equation has a
non-trivial solution is called effective multiplication factor and the notation keff is used for
it3.

The solution of the one-group diffusion equation is uniquely determined when one of the
following is given along the boundary and it is not zero:

• scalar flux;

• entering partial current;
3In Section 5.5 of Chapter 5, it turns out that the migration of the neutrons during slowing down should

be added to L2.
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• exiting partial current;

• net current;

• white boundary condition;

• black boundary condition;

• albedo boundary condition.

When the boundary condition is homogeneous, the solution contains a free normalization
factor.

The boundary condition is fixed by a suitable material arrangement. The unreflected or
bare reactor is obtained when the fissionable material is surrounded by vacuum. There at a
distance, the so called extrapolation distance the scalar flux will be zero. The size of a given
fissionable material with which keff = 1 establishes is called critical size, the mass of the
fissionable material needed for the criticality is called the critical mass. The critical size and
the critical mass depends on the cross-sections and the geometry. From a given material the
critical mass is minimal for a sphere.

The term "diffusion" is used in several senses. Perhaps the best known is the reference
to the particle diffusion through collisions, and the attached Fick’s law (6.7) but there the
wandering of the particle is a consequence of particle-particle collisions. In reactor physics,
the neutron-neutron collisions are neglected, the neutron diffusion is realized by collisions
with the host nuclei. One of the most important features of diffusion is its tendency to
equalize differences in the neutron distribution, to smooth out rapid fluctuations. Its impor-
tant mathematical feature is the linearity, in the absence of external sources the diffusion
equation is linear in the flux Φ(r).

The integral form of the transport equation is applicable also in diffusion approximation,
integrating the transport equation (3.132) over Ω we get an integral equation for the scalar
flux:

Φ(r, t) =

∫
v

ΣsΦ(r′, t− |r− r′|/v)eΣt|r−r′|

4π|r− r′|2
d3r′. (6.82)

The term
1

4π|r− r′|2

is due to the assumed isotropic scattering, the scattered neutrons are equally distributed on
the surface of the sphere of radius |r − r′|. The solution given by equation (6.82) to the
diffusion equation corroborates the above mentioned properties of the diffusion equation.

In an infinite homogenous medium the stationary solution to the diffusion equation (6.9)
can be given in closed for a couple of sources Q(r). Let Q(r) represent the source strength
of a plane source, then

Φ(x) =
QL

2D
e−|x|/L (6.83)

where x is the distance from the plane source,

L2 =
DN

Σa
.

The flux of a line source is
Φ(r) =

Q

2πD
K0(r/L), (6.84)

where K0 is a modified Bessel function, see Appendix A.
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Let the fissionable material (subscript c) in the core and the core is surrounded by a
reflector (subscript r). The diffusion equation in the core is:

Dc∇2Φc(x) +

(
1

k
νΣfc − Σac

)
Φc(x) = 0 (6.85)

with the solution
Φc(x) = ac sin(Bcx) + bc cos(Bcx) (6.86)

where

Bc =

√
1
kνΣfc − Σac

Dc
. (6.87)

The diffusion equation in the reflector is

Dr∇2Φr(x)− ΣarΦr(x) = 0. (6.88)

Its solution is
Φr(x) = are

Brx + bre
−Brx, (6.89)

where
Br =

√
ΣarDr. (6.90)

The solution is finite for any x when ar = 0. Let the core-reflector boundary at xb, where
the flux and the current must be continuous thus we have the following internal boundary
conditions:

Φr(xb) = Φc(xb) (6.91)

and
Dr

dΦr(xb)

dxb
= Dc

dΦc(xb)

dxb
. (6.92)

We place the origin of the coordinate system at the middle of the core, so that the material
distribution is symmetric. Then the flux in the core must be positive and even function of x
therefore ac = 0. The remaining two constants, bc and br have to be determined from (6.91)
and (6.92):

bre
−Brxb = bc cos(Bcxb) (6.93)

br
[
DrBre

−Brxb
]

= bc [DcBc sin(Bcxb)] . (6.94)

Upon dividing (6.94) by (6.93), we get the solvability condition:

DrBr = DcBc tan(Bcxb), (6.95)

which is a transcendent equation to determine k in Bc in terms of xb. That value of k is
the critical eigenvalue keff making the reflected reactor critical. In other words, when the
size of the core is fixed, the keff is determined by (6.95). On the other hand, when we seek
the size of the core just making the reflected reactor critical, we have to find xb such that
keff = 1 be fulfilled.

When the core is unreflected, the criticality condition is

xbBc =
π

2
, (6.96)

and we can compare the critical size of the reflected reactor with the critical size of the
bare reactor. The difference is called reflector saving. The reflector saving depends on the
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reflector thickness Hr, after Hr = 2Br the reflector saving reaches its asymptotic value,
addig more reflector results in practically no saving. The physical reason of reflector saving
is that a fraction of the neutrons leaking out from the core will be scattered back to the core.

The neutron flux is determined from (6.71), where the cross-sections may depend on r.
Some solution methods are discussed in Chapter 8. Here we mention only that in reactor
physics the scalar flux Φ(r) usually varies slowly therefore the numerical methods based
on low order polynomial applications are used. When the material composition is strongly
heterogeneous, or anisotropic, more sophisticated methods may be needed.

6.5. Few group diffusion theory
Below we discuss the eigenvalues and eigenfunctions of the diffusion operator in a homoge-
neous V . When the material parameters depend on position, we can subdivide the volume
into sub-volumes where the material parameters are constant, and we see the sub-volumes
by boundary conditions along the joint boundaries.

The static diffusion equation in a homogeneous volume takes the following form:

0 =∇ [Dg∇Φg(r)]− ΣtgΦg(r, t)

+
1

k

G∑
g′=1

νΣs0,g′→gΦg′(r, t) + fg

G∑
g′=1

νΣfg′Φg′(r, t),
(6.97)

where k is a given number such that the considered V is subcritical. We introduce the
diagonal matrix formed from the diffusion constants:

D = diag(D1, . . . , DG), (6.98)

and the energy transfer matrix S:

Sgg′ = −Σtgδgg′ + νΣs0,g′→g +
1

k
fgνΣfg′ , (6.99)

for 1 ≤ g, g′ ≤ G, and the diffusion equation now takes the following simple form:

D∇2Φ(r) + SΦ(r) = 0, r ∈ V. (6.100)

Firstly, we solve the eigenvalue problem of matrix D−1S:

D−1Sti = λ2
i ti, i = 1, . . . , G. (6.101)

Secondly, we create an eigenfunction of the Laplace operator associated with the eigenvalue
−λ2

i and meeting one of the prescribed homogeneous boundary conditions (αg(rb) and βg(rb)
are given functions)

αg(rb)Φg(rb) + βg(rb)Φg(rb) = 0, rb ∈ ∂V ; g = 1, . . . , G. (6.102)

The eigenvalues of the cross-section matrix S may be positive and negative as well. The
required function is

Φ(r) =

G∑
k=1

tk

∫ 2π

0

wk(θ)eiλke(θ)rdθ, (6.103)

where
e(θ) = (cos(θ), sin(θ)), (6.104)
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and the weight function wk(θ) should be chosen so that (6.102) is met. In (6.103), the
exponential function decomposes either into trigonometric functions or hyperbolic functions
depending on the sign of the eigenvalue λ2

k.
Note that the analytical solution (6.102) to the multigroup diffusion equation (6.97)

satisfies the diffusion equation at every point r ∈ V and by a suitable choice of the weight
functions wk(θ) is able to accommodate any reasonable boundary condition. Consequently,
it allows for arbitrarily accurate solution in a volume composed of sub-volumes with position
independent material compositions. In a practical calculation, it suffices to use a second order
approximation on a face, or, to use values of the flux, current or other physical quantity as
boundary condition at three boundary points.

The flux is a physical quantity, we check if the solution is physically reasonable. The
matrix S is non-singular, diagonally dominant, its diagonal elements are negative, the off-
diagonal elements are positive. Its eigenvalues should be positive in V . Consider an infinite
region with constant cross-sections and a constant source, then in the balance equation (6.97)
the leakage term is zero, the cross-sections are constant thus the equation takes the following
form:

SΦ = Q. (6.105)

When the source elements are positive, the flux Φ should be positive hence the inverse of
S should also be positive. When Q = 0, there may exist a nontrivial solution when the
determinant of S is zero. That condition fixes the free factor k in (6.99), that will be
the infinite multiplication factor of the material having the cross-section matrix S. The
eigenvalues of matrix S determine possible material bucklings. The fundamental eigenvalue
belongs to a positive eigenvector, the term associated with it in the solution of the diffusion
equation gives a major contribution to the volume integrated flux. The other terms which
are associated with non-positive eigenvectors give major contributions to the flux at the
boundary and play dominant role in the boundary conditions. As an illustration, consider a
two-group (G = 2) diffusion equation in slab geometry. The solution is

Φ(x) = e((B1x))t1 + e(B2x)t2 (6.106)

where

t1 =

(
1

D2B
2
1+Σ2− f2k νΣf2

Σ1→2+
f2
k νΣf1

)
(6.107)

and

t2 =

(
1

Σ2→1+
f1
k νΣf2

Σ2− f2k νΣf2−D1B2
2

)
(6.108)

furthermore

B2
1 =

1

2

[
β1 + β2 +

√
(β1 − β2)2 +

4δ1δ2
D1D2

]
(6.109)

B2
2 =

1

2

[
β1 + β2 −

√
(β1 − β2)2 +

4δ1δ2
D1D2

]
(6.110)

where

βi =
Σi − fi

k νΣfi

Di
, i = 1, 2;

δi = Σi→i′ +
fi′

k
νΣfi, i

′ 6= i.
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The contributions to the average flux are:

ΦB1
=

1

2L

∫ +L

−L
Φ(x)dx =

sinh(B1L)

2LB1
t1 (6.111)

and

ΦB2
=

1

2L

∫ +L

−L
Φ(x)dx =

sinh(B2L)

2LB2
t1 (6.112)

We get explicit formulas by writing out explicitly equations (6.97) under the following
assumptions. Fission takes place only in the thermal group, all the fission neutrons are born
in the fast group. Only down scattering is assumed from the fast group to the thermal group.
All the cross-sections are constant in space.

D1∇2Φ1(r)− (Σa1 + Σr1) Φ1(r) + νΣf2Φ2(r) = 0 (6.113)
D2∇2Φ2(r)− Σa2Φ2(r) + Σr1Φ1(r) = 0 (6.114)

In cylindrical geometry, the general form of the solution is

Φ1(r) = aJ0(B2r) + bY0(B2r) + cI0(B1r) + dK0(B1r) (6.115)
Φ2 = at22J0(B2r) + bt22Y0(B2r) + ct12I0(B1r) + dt12K0(B1r) (6.116)

where t1 = (t11, t12), t2 = (t21, t22) are given by (6.15) and (6.16), respectively4.
Finally, in two energy groups, the k∞ is

k∞ = (1 + L2
1B

2
g)(1 + L2

2B
2
g) (6.117)

where Bg is the geometrical buckling and the square of the diffusion length is

L2
1 =

DE1

Σa1 + Σr1
(6.118)

L2
2 =

D2

Σa2
, (6.119)

with self explaining notation for the cross-sections.
After that short detour, investigate the criticality problem. Theorem 6.2 assures the

eigenfunctions of the Laplace operator to form a complete orthonormal system in V . The-
orem 6.1 assures the existence of a fundamental solution to the diffusion equation on any
reasonable volume V . The static diffusion equation (6.97) has a non-identically zero solution
only when the determinant of the matrix multiplying the fluxes is zero. That condition
is an equation for the free parameter k, the number of roots equals the number of energy
groups. Since the fission term in the balance equation must be real and positive, only one
root remains, that root is called the effective multiplication factor, keff .

The eigenvectors of matrix S play an important role in the boundary condition. The solu-
tion proportional to the fundamental eigenvalue varies slowly with the position, consequently
gives a major contribution to the volume averaged reaction rates. The other eigenvalues vary
rapidly with the position, their contributions to the volume averaged reaction rates are smal-
ler but they play a determining role in the boundary condition. Thus the spectrum of the
boundary condition may induce spatial transients in V but the transients amplitude rapidly

4The Bessel functions in the solution appear because in a spherically symmetric geometry we have to
integrate (6.103) over all directions.
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6.1. ábra. The fundamental mode (blue line) and the transient (red)

decreases with the distance from the boundary. As an illustration, we show a two energy
group case from an IAEA PWR benchmark. The cross sections are D1 = 1.5; D2 = 0.4;
Σs1→2 = 0.02; Σa1 = 0.01; Σa2 = 0.08; Σs2→1 = 0; νΣf1 = 0; νΣf2 = 0.135 and
all the fission source appears in the first energy group. The fundamental eigenvector is
t1 = (0.970774, 0.239994) with eigenvalue B2

1 = −0.00224972; the transient eigenvector is
t2 = (0.406558,−0.913625) with eigenvalue B2

2 = 0.22225. The space dependent part of the
solution is eBix shown in Fig. 6.1. The figure clearly shows that the term involving the first
root of (6.109) grows to three times larger than does the term involving the second root of
(6.110).

6.6. RMs in diffusion theory
It is especially easy to determine the response matrices (RM) in a homogeneous volume
in diffusion theory because we have the analytical solution (6.103). Before setting out to
determine the response matrix, we recall that in diffusion theory the partial currents and the
flux and net currents are interrelated, see (3.148) and (3.149). Let us write the relationship
between entering and exiting currents as

J+ = RJ− (6.120)

where
J± = (J1±, . . . , JG±) (6.121)

Using the relationships (3.148) and (3.149) we find the following relation between group
fluxes and net currents on the boundary:

Jn =
1

2
(R− E)(R + E)−1Φ. (6.122)

The structure of the response matrix is obtained from (6.103). We replace wk(θ) by
ckwk(θ) and require the new wk(θ) to be normalized as∫ 2π

0

wk(θ)dθ = 1
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for every k. Furthermore, we collect the column vectors tk into matrix T, then (6.103) takes
the following concise form:

Φg(r) =

G∑
k=1

Tkgfk(r)ck (6.123)

where

fk(r) =

∫ 2π

0

wk(θ)eiλke(θ)rdθ. (6.124)

Using matrix notation, we rewrite (6.123) as

Φ(r) = T < fk(r) > c. (6.125)

Note that r dependence is encountered only in the diagonal matrix < fk(r) >, that fact
facilitates the construction of various response matrices. The partial current, the net current,
the average flux and average net current along a face are all formed from the scalar flux Φ(r)
by operations acting solely on the space variable. Therefore the structure of equation (6.125)
will be preserved.

We introduce operators forming the above mentioned physical quantities:

J− = AinΦ(r) = T < Ainfk(r) > c (6.126)

J+ = AoutΦ(r) = T < Aoutfk(r) > c (6.127)

Jn = AnetΦ(r) = T < Anetfk(r) > c (6.128)

Φav = AΦavΦ(r) = T < AΦavfk(r) > c, (6.129)

and the operators A contain the operations acting on the scalar flux.
The response matrix that forms the net current from the entering currents is combined

from (6.126) and (6.128) so that we express from (6.126) the constants ck and substitute
them into (6.128):

Jn =
(
T < Aoutfk(r) >< Aoutfk(r) >−1 T−1

)
J−. (6.130)

The concrete forms of theA operators depend on the representation. The boundary condition
may be fixed at specific point(s) of the boundary, usually at face centers or at Gaussian points
to determine the face integrals precisely, but face average may be rendered to face centers,
or the average, the first- and second moments along faces also may be used as boundary
condition.

The general response matrix of a homogeneous region is similar to a diagonal matrix
because when A is a response matrix then

T−1AT (6.131)

is a diagonal matrix. This structure makes it easy to make response matrices corresponding
to the special form preserved by a homogeneous material, c.f. Section 4.2 in Chapter 4. This
observation also facilitates making such response matrices which preserve the shape of the
face wise input and the output as discussed in Section 8.4 of Chapter 8. We have given
the analytic solution in (6.125), where we encounter free parameters in the diagonal matrix
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6.1. táblázat. Symmetry components of partial current moments
Subspace m=0 m=1 m=2

1 I1 + I2 + I3 + I4 0 K1 +K2 +K3 +K4

2 0 L1 + L2 + L3 + L4 0
3 I1 − I2 + I3 − I4 0 K1 −K2 +K3 −K4

4 0 L1 − L2 + L3 − L4 0
5a I1 − I3 L1 − L3 K1 −K3

5b I2 − I4 L2 − L4 K2 −K4

< fk(r) >, viz. in the weight function. Below we discuss the selection of the weight function
for a square node assuming we wish to retain three points or moments per face.

Assume that the boundary condition is described by second order functions at each face.
Then the partial currents have three components: a constant, a linear and a quadratic, in
notation J± = (J0

±, J
1
±, J

2
±). Thus the boundary condition is given by 3nF components,

where nF is the number of faces. We may exploit, however, the technique introduced in
Section 3.6 of Chapter 1, then the face-wise forms are preserved although the constant,
linear, and quadratic terms are mixed. We use the pattern 3.260 in a square shaped node,
but now we have to account of three components and the response matrix looks like J0

+

J1
+

J2
+

 =

 T00 T01 T02

T10 T11 T12

T20 T21 T22

 J0
−
J1
−
J2
−

 . (6.132)

Here Tij has the following meaning. When the given entering current pattern is of order
j then its contribution to the i-th order exiting current is Tij . Since the pattern fixes the
face-wise partial currents, Tij is independent of the face index.

The preserved boundary patterns are connected to the transformation properties of the
partial currents, and for example the constant partial currents at the four faces remain invari-
ant under reflections but the linear terms change sign, the similar terms are not trivial [176].
The amplitudes at the four faces can be read out from the second column of Table 6.1. The
pattern of the partial currents at the four faces of the square shaped cell is labeled here by
the index of the invariant subspace, given in the first column of Table 6.1. We also read
out which moments are mixed by the response matrix of a homogeneous square cell: the
moments within a given line. We see from line 2, that averages and second moments induce
each other.

Below we derive the most important response matrices for a homogeneous region.

1. Slab geometry. We describe the homogeneous material −h ≤ x ≤ +h interval by one
group cross-sections Σ and D, the flux is given by

Φ(x) = a cos(Bx) + b sin(Bx) (6.133)

where

B =

√
Σ

D
. (6.134)

Let FL = Φ(−h) and FR = Φ(+h). Since

FL + FR
2

= a cos(Bh);
FR − FL

2
= b sin(Bh) (6.135)
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furthermore the boundary currents are JL = DB(−a sin(Bh) + b cos(Bh)) JR =
DB(a sin(Bh)− b cos(Bh)) we find

JR − JL
2

= a sin(Bh);
JR + JL

2
= b cos(Bh), (6.136)

the boundary currents are expressed by the boundary fluxes as

JR − JL = tan(Bh)FL + FR; JR + JL = cot(Bh)(FR − FL). (6.137)

or
JR =

tan(Bh)− cot(Bh)

2
FL +

tan(Bh) + cot(Bh)

2
FR (6.138)

JL = −cot(Bh) + tan(Bh)

2
FL +

cot(Bh)− tan(Bh)

2
FR (6.139)

therefore the response matrix is(
JL
JR

)
= R

(
FL
FR

)
(6.140)

where

R =

(
− cot(Bh)+tan(Bh)

2
cot(Bh)−tan(Bh)

2
tan(Bh)−cot(Bh)

2
tan(Bh)+cot(Bh)

2

)
. (6.141)

2. Square geometry. In two- and three dimensional geometry, the boundary of the volume
V is more complex and the derivation of the response matrix is more complicated. To
simplify the calculations, we choose the analytical solution in accordance with the
geometry. In (6.124), we choose wk(θ) = δ(θ − θi) for θi = iπ/4, i = 1, . . . , 4 and
identify the four faces of the square with (i− 1)π/4 ≤ θ ≤ iπ/4 for i = 1, . . . , 4. With
that choice, we have

fk(r) =

4∑
j=1

wkje
iλkejr, (6.142)

and a possible choice of the ej directions is:

e1 = (1, 0), e2 = (0, 1), e3 = (−1, 0), e4 = (0,−1). (6.143)

We select the corresponding wkj weight so that the calculation be simple, for example
(1, 1, 1, 1), (1,−1, 1,−1), (1, 0,−1, 0), (0, 1, 0,−1) and any four tuple can be expressed
with those vectors, the result is

fk(x, y) = Ak1(cos(λkx) + cos(λky))

+Ak2(cos(λkx)− cos(λky))

+Ak3 sin(λkx)

+Ak4 sin(λky).

(6.144)

and the flux is expressed as

Φg(x, y) =

G∑
k=1

Tkg
(
Ak1 cos(λkx) + cos(λky)

+Ak2(cos(λkx)− cos(λky))

+Ak3 sin(λkx)

+Ak4 sin(λky)
)
.

(6.145)
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The advantage of using the functions (6.144) is that Ak1 gives equal contributions to
the four sides of the square as the decomposition (6.144) is the application of the de-
composition (3.261) for diffusion theory. Accordingly, after a long but straightforward
calculation we get the following relationship between the face averaged fluxes ϕ

g
and

face averaged net currents Jg:

Jg =

G∑
g′=1

Rgg′ϕg′ (6.146)

where Rgg′ is a 4× 4 matrix possessing the following structure: its elements are cyclic:
Rij = R|i−j| and

R0 = Rk1 +Rk2 +Rk3 (6.147)

R1 = Rk1 −Rk2 (6.148)

R2 = Rk1 +Rk2 −Rk3 (6.149)

where Rki is the response matrix calculated from the flux proportional to Aki in (6.145).

Here we give the sketch of the calculation of the response matrix elements. First, we
have to determine the face averaged fluxes at the faces of the square. Let the corner
points be (−a/2,−a/2), (+a/2,−a/2), (+a/2,+a/2), (−a/2,+a/2). We read out the
four components of the space dependent flux from the four terms in (6.145). The
average flux over the face (−a/2,−a/2) is

F1 =
1

a

∫ +a/2

−a/2
[cos(λkx) + cos(λka/2)] dx = a cos

λka

2
+

2 sin λka
2

λk
. (6.150)

The average net current is

C1 = −
∫ +a/2

−a/2
Dg

∂ cos(λkx) + cos(λky)

∂y

∣∣∣∣
y=−a/2

= Dg

∫ +a/2

−a/2
λk sinλkydy. (6.151)

The integrals over the four sides give identical results. The four components in (6.145)
are linearly independent thus the further steps of the calculations are identical for the
four functions and we obtain the response matrices from (6.129) and (6.130).

The calculation is feasible also in three dimensions. Let volume V be a hexagonal pile,
its faces are numbered so that faces 1, . . . , 6 are six rectangle, face No. 7, 8 is the top, and
bottom hexagon, respectively. The partial current vectors have 8 components numbered
in accordance with the face numbering, thus J7

+ is the exiting currents at the top of the
hexagonal pile. We separate the six radial partial currents Jr± ≡ J i±, i = 1, . . . , 6 and the two
axial currents Ja± ≡ J i±, i = 7, 8 and with that notation the response matrix equation takes
the following form: (

Jr+
Ja+

)
=

(
Mrr Mra

M+
ar Maa

)
(6.152)

where

Mrr =


T R1 R2 R3 R2 R1

R1 T R1 R2 R3 R2

R2 R1 T R1 R2 R3

R3 R2 R1 T R1 R2

R2 R3 R2 R1 T R1

R1 R2 R3 R2 R1 T

 (6.153)
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and

Mra =


A A
A A
A A
A A
A A
A A

 (6.154)

Rar =

(
E E E E E E
E E E E E E

)
(6.155)

Raa =

(
C B
B C

)
. (6.156)

6.7. Time dependence in diffusion theory
Most of the time dependent processes require either a more detailed description of the fission
process, those technics are discusses in Chapter 7. Here we deal with a special problem: the
solution of the time dependent diffusion equation in an infinite, homogeneous medium with a
source periodic in time. These considerations allow us to express the general solution of the
time dependent diffusion equation in terms of the eigenfunctions of the Laplace operator.
Throughout the present Section, we deal with the following one group form of the time
dependent diffusion equation:

1

v

∂Φ(r, t)

∂t
= D∇2Φ(r, t)− ΣaΦ(r, t) +Q(r, t), r ∈ V. (6.157)

We expand the solution in terms of the eigenfunctions of the Laplace operator as

∇2Ψn(r) = −B2
nΨn(r), n = 1, 2, . . . (6.158)

as the functions Ψn(r) form a complete system in V to expand an arbitrary function with
the same homogeneous boundary condition on the boundary ∂V .

First, investigate the neutron distribution in a source free medium if the initial neutron
distribution ψ0(r) is given at t = 0. Then the flux at time t is

Φ(r, t) = ψ0(r)e−(vDB2+vΣa)t. (6.159)

Now if we choose ψ0(r) = Ψn(r) then in the case Q(r, t) = 0 in (6.157), we obtain the general
time dependent solution to (6.157) as

Φ(r, t) =
∑
n

cne
−(vDB2

n+vΣa)tΨn(r) (6.160)

The constants cn are determined by the initial condition ψ0(r) which always can be expressed
by the eigenfunctions Ψn(r). Rewrite (6.160) as

Φ(r, t) =
∑
n

cn(t)Ψn(r), (6.161)

where the time dependent constant decrease exponentially with time. There are two expo-
nents, each one corresponds to a physical process in which the neutron number decreases
in V . The first one is leakage, the second one is absorption. Note that the exponent of
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the leakage term the eigenvalue Bn of the Laplacian is encountered and the eigenvalues
Bn, n = 1, 2, . . . can be numbered so that they increase with n, then the higher modes
decrease faster, after a long time the lowest eigenvalue remains, see (3.143) in Chapter 3,
Section 3.3 for the transport equation and because the Ψn(r) functions vary more rapidly
with increasing n, we observe again the equalizing property of the diffusion equation.

When the source is not zero in (6.157), we expand the source in an analogous manner:

Q(r, t) =
∑
m

qm(t)Ψm(r) (6.162)

where
qm(t) =

∫
V

Q(r, t)Ψm(r)d3r. (6.163)

Since the Ψm eigenfunctions are orthogonal when we seek the solution in the form of (6.161),
the coefficients are the solutions of

1

v

dcn(t)

dt
= −(DB2

n + Σa)cn(t) + qn(t), (6.164)

with the solution

cn(t) = e−v(DB2
n+Sigmaa)tcn(0)−

∫ t

0

e−v(DB2
n+Sigmaa)(t−t′)qn(t′)dt′. (6.165)

We see from the solution that only the source components of low indices dominate after long
time, again showing the smoothing feature of diffusion.

When the source is constant in time, (6.157) makes it possible to measure the diffusion
length √

D

Σa

by measuring the spatial distribution of the neutron flux in a suitable, simple geometry.
Now we investigate, in a homogeneous media, the flux created by a localized thermal

source of periodically varying strength. This time instead of (6.157) we study

1

v

∂Φ(r, t)

∂t
= D∇2Φ(r, t)− ΣaΦ(r, t) +Q(r)eiωt, r ∈ V. (6.166)

We seek the solution in the form

Φ(r, t) = φ(r)eiωt.

The space dependent part is the solution of

iω

v
φ(r) = D∇2φ(r)− Σaφ(r), (6.167)

the solution if which are waves, in spherical geometry φ repends only on the radius r:

φ(r) = c
e±µr

r
(6.168)

where
µ2 =

Σa
D

+
iω

Dv
. (6.169)
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Following Ref. [164][p. 213], we introduce an intermediate parameter

ρ2 =

[(
Σa
D

)2

+
( ω

Dv

)2
]1/2

(6.170)

and express the space and time dependent flux as

Φ(r, t) ∼ 1

r
e±r/aei(ωt)−2πr/lw , (6.171)

where a is the attenuation distance

a =

√
2

Σa
D

+ ρ2, (6.172)

and lw is the wave length

lw = 2π

√
2

ρ2 − Σa
D

. (6.173)

The wave propagation velocity vw is given as

vw = ω

√
2

ρ2 − Σa
D

. (6.174)

The propagation velocity increases with the frequency, thus the neutron waves disperse even
in a homogeneous material. In the extreme cases when in ρ one of the two additive terms
dominates, the velocity formula (6.174) becomes simple:

vw =
√

2Dvω (6.175)

when
ω

Dv
>>

Σa
D

and

vw = 2

√
Σa
D
Dv (6.176)

when
ω

Dv
<<

Σa
D
.

The order of vw is appr. 104cm/sec in graphite.
The wavelength, velocity, and attenuation lengths are easily measurable. This is a con-

venient way to measure the diffusion coefficient D.
The time dependent processes will also be discussed in Sections 7.1, 7.3 of Chapter 7.

6.8. Problems
1. Solve the diffusion equation in the following homogeneous material: a) D = 1.0 cm,

Σa = 0.6 1/cm, νΣf = 0.2 1/cm. b)D1 = 1 cm, D2 = 0.6 cm, Σ1 = 0.1 1/cm,
Σa2 = 0.08 cm, Σc2=0.06 1/cm, the number of secondary neutrons is ν = 2.4, they
appear in group 1.
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2. What is the critical size of the materials in Problem 1? What keff makes them critical?

3. What is the solution of the one-group diffusion equation in a homogeneous slab cell
with the boundary condition Φ(0) = 1, J(0) = 0?

4. Show that the diffusion equation takes the same form after the x→ x+ a translation!

5. Solve the diffusion equation in a two-region infinite cylinder!

6. Solve the unreflected diffusion equation in a two-region slab!

7. Solve the diffusion equation in a two-region cylinder if the second region is non-
multiplying material!

8. Calculate Rki, i = 1, 2, 3, 4 in (6.147)!

9. Show that in the previous problem Rk4 = Rk3!

10. Determine matrices T,Ri, A,B,C,D,E in equations (6.152)-(6.156)! Use the following
directions for the buckling vectors Bi = (cosαi, sinαi) where αi = (i− 1)π/3!

11. Calculate the partial neutron current J+ and J− at direction for the surface normal
vector N =

(
1/2,
√

3/2, 0
)
! Use the approximated vector flux:

Ψ (r, E,Ω) =
1

4π
Φ (r, E) +

3

4π
ΩJ (r, E) .

12. What is the radius and height ratio in critical cylinder, if the critical mass is minimal?

13. What is the critical radius of pure 235U material which density is 18.8 g/cm3? The
non-zero microscopical cross sections are σf = 1.6 barn, σs = 4 barn and every fission
produces average 2.5 neutrons. Use the diffusion approximation and the scattering is
isotropic.

14. Solve the diffusion equation in homogeneous, isotropic neutron source with radius R,
if the source emits 1 neutron/sec! The group constants are same in the internal and
external spheres.

15. Provide an estimate of the neutron current in the diffusion and the neutron transport
framework!

16. Determine the albedo of a finite (t thickness) reflector in one dimensional slab geometry!
Investigate the t→∞ limit, too.
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7. fejezet

Solution Methods
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The solution method varies with the problem under consideration. In the present Chap-
ter, we select a few typical problems: the solution of the kinetic equation, selected problems
of the power distribution limits and the problem of setting up a calculational model for core
design problem resolutions.

7.1. Kinetics
The present Section is dedicated to specific time dependent models. As we have seen in
Chapter 1, the transport equation (3.116) accounts also of the time dependent problems,
now we revise (3.116) for possible corrections.

In (3.116) each term describes a reactions rates. The neutron-nucleus reaction has the
following phases:

• a collision between the neutron and the nucleus. The neutron velocity is in the order
of 105 cm/s, the diameter of the nucleus is in the order of 10−12 cm thus the collision
takes place in appr. 10−17/s;

• in the second phase the binding energy of the neutron as well as its kinetic energy is
redistributed among the nucleons in a large number of collisions. That phenomenon is
partly collective motion partly individual interaction between the nucleons.

• As a result of the interaction series between the nucleons, a group of nucleons may leave
the range of the attractive nuclear forces and new reaction product(s) may appear.

From the above rather qualitative model it is seen that the nuclear reactions are rather fast,
compared to any macroscopic phenomena, like neutron balance in the core, the process can
be regarded as instantaneous.

In (3.116), we assumed the collision to be local, the scattered neutron or the fission
product appear at the same position r where the neutron-nucleon collision took place. On
the other hand, we have seen that the atoms move, their velocities follow the Maxwell
distribution. As long as the reaction time of a nuclear reaction is not greater then the
distance traveled by the atom during the neutron-nucleus reaction, the assumption on the
neutron-nucleus reaction being local is acceptable.

Unfortunately, a fraction of the neutrons is not released in the above described prompt
process. A part of the neutrons emerging from fission is prompt, but other neutrons appear
after a cascade of nuclear reactions. Those neutrons are emitted instantaneously which ap-
pear not later than 10−8 sec after the fission event. Others are called delayed neutrons. As
the excitation energy gained at the neutron capture is distributed between the fission frag-
ments, which release their excitation energies in a sequence of nuclear reactions. These fission
fragments are called delayed neutron precursors or precursors. The members of the cascade
emitting delayed neutrons are called daughter nuclei. Consider the following example [173].
The 87Br is a fission product, the β decay into the ground state is forbidden thus two tran-
sition routes are possible, both by β− decay, the first one into the excited state of 87Kr
the other one into a lower energy state of 87Kr, which is a daughter nucleus. 87Kr emits a
neutron and decays into the stable 86Kr.

The delayed neutrons are arranged into six delayed neutron groups. A delayed neutron
group has a decay constant and a relative abundance. For 235U the delayed neutron group
parameters are given, after [173][p. 6] in Table 7.1. We only mention here that the data
depend on the fissionable isotope. The abundances are normalized so that

6∑
i=1

ai = 1
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7.1. táblázat. Delayed neutron group decay constants λi and abundances ai
Group No. λi [s−1] ai
1 0.0127 0.038
2 0.0317 0.213
3 0.115 0.188
4 0.311 0.407
5 1.40 0.128
6 3.87 0.026

where
6∑
i=1

βi = β; βi = aiβ.

but the delayed neutron fraction β, the mean number neutrons per fission and the delayed
neutron factors of the delayed neutron groups depend also on the neutron spectrum, see
[174].

The above given observations rearrange the structure of the time dependent transport
equation, and make the transport formalism more intricate. Below we give the complete
form of the transport equation with the delayed neutron groups by reassessing each term in
the (3.116):

1. The leakage term does not change:

LΦ(ω, t) = −∇ΩΦ(ω, t). (7.1)

2. The removal term does not change:

RΦ(ω, t) = Σt(ω, t)Φ(ω, t) (7.2)

3. In the fission term we have to take into account that the number of secondary neutrons
varies with the delayed neutron groups:

FΦ(ω, t) =

6∑
j=1

f0j(E)

∫
Φ(ω′t)νj(ω

′, t)Σf (ω′, t)(1− βj), dE′. (7.3)

Here f0j(E) is the fission spectrum in the delayed neutron group j and from the decay
of the precursors a new source appears:

6∑
j=1

λjfj(E)Cj(r, t), (7.4)

fj(E) standing for the spectrum of the emerging neutrons.

4. The scattering operator does not change:

SΦ(ω, t) =

∫
Σs(r, E

′,Ω′ → E,Ω)Φ(r, E′,Ω′)dE′dΩ′. (7.5)

5. The external source does not change Q(ω, t).
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We have to complement the set of equations because the precursor densities also vary, they
are formed in fission and they diminish by decay, the balance equation is:

∂Ci(r, t)

∂t
=

Nf∑
j=1

6∑
j=1

∫
βijνjΦ(r, E′,Ω′, t)Σf (r, E′,Ω′, t)dE′dΩ′ − λiCi(r, t). (7.6)

Here we allowed the possibility of more than one kind of fuel isotope being present in the
core, their number is Nf , subscript j is associated with the fissionable isotopes in (7.6). The
formalism has been presented only to show how intricate the problem is in its entirety.

To find the explicit relationship with the notation of Chapter 3, we introduce the following
notation.

L0 = −Ω∇− Σt +

∫
Σs(r, E

′ → E,ΩΩ′)dΩ′dE′ (7.7)

which is the removal operator plus the scattering term in the transport operator. We separate
the prompt fission term from the delayed contributions:

M0 =

Nf∑
j=1

f0j(E)

4π

∫
νj(E

′)(1− βj)Σfj(r, E′)dΩdE′ (7.8)

where subscript j labels the fissionable isotopes, the average number of secondary neutrons
is νj the delayed neutron fraction is βj . f0j is the prompt yield of fissionable isotope j. The
delayed fission operator for delayed neutron group i is

Mi =

Nf∑
j=1

fi(E)

4π

∫
βijνj(E

′)Σfj(r, E
′)dΩdE′ (7.9)

Here fi is the fission spectrum in delayed neutron group i. The angular distribution of
the fission neutrons is assumed isotropic. With the introduced operators the neutron and
precursor balance becomes

∂Φ

∂t
= (L+M0)Φ +

6∑
i=1

λifiCi (7.10)

∂Cifi
∂t

= MiΦ− λifiCi. (7.11)

The last equation has been multiplied by fi, c.f. (7.6). In a stationary reactor

(L+M)Φ0(r, E,Ω) = 0 (7.12)

holds, where

M =

Nf∑
j=1

fj(E)

4π

∫
νj(E

′)Σfj(r, E
′)dΩdE′ (7.13)

and the fission spectrum is defined for isotope j as

fj(E) = (1− βj)f0j(E) +

6∑
i=1

βijfj(E), (7.14)

see equation (5.3). Equation (7.12) is linear in Φ0 thus nontrivial solution exists if the
involved (L+M) operator has a non empty null space. To this end, we introduce the keff
is we did in Chapter 3. The only difference is that now we have to include the equation (7.6)
for the precursor densities, which is only a formal difference.
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7.2. Reactor kinetics
Consider equations (7.10)-(7.11) that we now rewrite in matrix form. We introduce the
unknown vector ψ(t):

ψ =


Φ(r, E,Ω, t)
C1(r, t)f1(E)

...
C6(r, t)f6(E)

 (7.15)

and the kinetic matrix

K =


L+M λ1 λ2 · · · λ6

M1 −λ1 0 · · · 0
M2 0 −λ2 · · · 0
... 0 · · ·

. . . 0
M6 0 0 · · · −λ6

 , (7.16)

and equations (7.10)-(7.11) are written in the new terms as

∂ψ

∂t
= Kψ. (7.17)

If it is possible to determine the eigenvectors [173][Section 2]

Kφ
n

= ωnφn, n = 1, 2, . . . , 7 (7.18)

then

ψ(t) =

∞∑
n=0

(φ+

n
, ψ(0))φne

iωt. (7.19)

We choose the initial condition

Ψ(r, E,Ω, 0) = δ(r− r0)δ(E − E0)δ(Ω−Ω0), (7.20)

i.e. a single neutron is present at t = 0 at r0, its energy is E0 and it flies along direction Ω0.
When the initial state is stationary,

ψ(t) =

∞∑
n=0

Φ+
n (r0, E0,Ω0)Φn(r, E,Ω)eωnt. (7.21)

We have seen in Chapter 3 that the real parts of the eigenvalues ωn are all real and smaller
than the fundamental eigenvalue which is zero therefore the higher modes disappear with
the time.

To make the kinetic equations (7.10)- (7.11) more transparent, first we transform them
and then introduce simplifications. The usual procedure [173], [165], [175] is to separate the
angular flux into a time dependent amplitude P (t) and a shape function φ(r, E,Ω, t):

Φ(r, E,Ω, t) = P (t)φ(r, E, t). (7.22)

We substitute (7.22) into (7.10)- (7.11) to arrive at

P (t)
∂φ

∂t
+ φ

dP

dt
= P (t)(L+M)φ+

6∑
i=1

λifiCi +Q (7.23)

∂fiCi
∂t

= P (t)Mi(t)φ− λifiCi. (7.24)
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where the involved operators are given by (7.1),(7.9), and (7.13). We assume a static refe-
rence solution Φ0(r, E,Ω) for the same reactor with S = 0 is given. The reference solution
refers to a hypothetic reactor which is so close to the reactor under consideration that the
differences can be considered as perturbations. We also assume that the adjoint fluxes
Φ+

0n, n = 1, 2, . . . of the reference reactors are known. Form the scalar product of the terms
in (7.23), (7.24) and the fundamental mode Φ+

00. In the result, we use the scalar product
notation:

(Φ+
00, φ)

dP

dt
+ P

d

dt
(Φ+

00, φ) = P (Φ+
00, (L+M)φ) (7.25)

+

6∑
i=1

λi(Φ
+
00, fiCi) + (Φ+

00, Q) (7.26)

d

dt
(Φ+

00, fiCi) = P (Φ+
00,Mi(t)φ)− λi(Φ+

00, fiCi). (7.27)

Note that in the approximation form (7.22) the normalization of P (t) has not been fixed so
we follow the normalization suggested by Henry [175]:

d(Φ+
00, φ)

dt
=

d

dt

∫
V

∫ ∫
Φ+

00(r, E,Ω)φ(r, E,Ω, t)dΩdEd3r = 0. (7.28)

Φ+
00((r, E,Ω) is the importance of the neutrons in the reference solution, in (7.28) the total

importance of the neutron in the state φ(r, E,Ω, t) remains constant in time, and the shape
function P (t) should be chosen accordingly. Note that at the same time φ(r, E,Ω, t) may
change locally with t. This condition is fulfilled when the amplitude function is the ratio of
the distribution Φ and of the distribution φ:

P (t) =
(Φ+

00,Φ)

(Φ+
00, φ)

. (7.29)

When normalization of φ is such that the denominator be unity, the physical meaning of the
amplitude P (t) is the value of the total importance in the actual reactor at time t and not
the total number of neutrons.

Now we return to the main kinetics equations (7.25) - (7.27), which serve for the determi-
nation the kinetics of the neutron field. With the chosen normalization of P (t), the second
term on the left hand side of (7.25) is zero. The reference reactor is assumed to be critical,
whereas the real reactor under consideration is not. The difference is caused by the time
dependent difference in the cross-sections. We write the cross-sections in the actual reactor
as

L(t) +M(t) = L0 +M0 + δ(L0(t) +M0(t)) (7.30)

where subscript 0 refers to the static reference reactor. Substituting (7.30) into (7.25), using
that

(Φ+
00, (L0 +M0)φ) = 0

the following simple form is obtained for the kinetic equations:

dP

dt
=

ρ(t)− βeff
Λ

P (t) +

6∑
i=1

λiCi,eff (t) +Qeff (t) (7.31)

dCi,eff
dt

=
βi
Λ
P (t)− λiCi,eff (t), (7.32)
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where we have introduced the following definitions: ρ(t) is the reactivity extended to time de-
pendent processes. Remember, the original definition in Chapter 3 had no time dependence.
The time dependent reactivity is defined as

ρ(t) =
1

F

(
Φ+

00, δ(L0(t) +M0(t)), φ
)
. (7.33)

βeff is the effective delayed neutron fraction in the i-th delayed neutron group:

βeff,i =
1

F

(
Φ+

00, δMi(t), φ
)

(7.34)

and

βeff =

6∑
i=1

βeff,i. (7.35)

The mean generation time Λ is

Λ =
1

F

(
Φ+

00, φ
)
, (7.36)

the normalization factor:
F =

(
Φ+

00,M(t)φ
)
. (7.37)

The effective source
Qeff =

1

FΛ

(
Φ+

00, Q
)
, (7.38)

and the effective delayed neutron precursor densities:

Ci,eff =
1

FΛ

(
Φ+

00, fiCi
)

(7.39)

We add the following comments to equations (7.31)-(7.32). As we have made no neglect,
no approximation has been introduced in the derivation hence (7.31)-(7.32) are as good as
the original equations (7.10)-(7.11). On the other hand the derived equations include the
unknown shape function φ(r, E,Ω, t) which, in turn, can be determined only from the kinetic
equations. Our effort is justified by the fact that the new formalism (7.31)-(7.32) makes it
easy to implement various practical approximations.

Note that the normalization factor F cancels out in equations (7.31) -(7.32). At the same
time, F does not cancel out in equations (7.33)-(7.35).

The reactivity (7.33) only approximately can be interpreted as the reactivity determined
from the static eigenvalue problem. This is because in kinetics we consider a reactor, whose
parameters vary with time. It should be emphasized here, that various definitions of reacti-
vity can be given depending on the φ function used in (7.33). Following [173], we mention
two of them.

1. The simplest approximation is to separate the static neutron field from the time de-
pendent solution and to write the time dependent solution as

Φ(r, E,Ω, t) ≈ P (t)

P0
Φ0(r, E,Ω). (7.40)

Then P (t)/P (0) is the instantaneous (relative) power. This approximation is adequate
when the power shape changes slowly.

2. Another possibility is to solve the static eigenvalue problem at various time moments,
and calculate ρ(t) from the static eigenvalue keff at t, the shape function is chosen
conveniently as the solution of the static eigenvalue problem at t. The reactivity
determined by that method is called static reactivity.

In the next Section, we discuss the solution of the kinetic equation in diffusion approximation.
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7.3. Approximate solution of the time dependent diffu-
sion equation

In Chapter 6 we studied the diffusion approximation to the transport equation. There we
have neglected the delayed neutron effect. For the sake of simplicity, now we study the
neutron kinetics in one energy group diffusion approximation. The equation for the delayed
neutron precursors remains the same, in the equation for the neutron flux we have to modify
the leakage and the production terms. In a homogeneous material, the one energy group
diffusion approximation of the kinetics equations are

1

v

∂Φ(r, t)

∂t
= D∆Φ(r, t)− ΣaΦ(r, t) + νΣf (1− β)Φ(r, t) +

6∑
i=1

λiCi(r, t)Q(r, t)(7.41)

∂Ci(r, t)

∂t
= βiνΣfΦ(r, t)− λiCi(r, t). (7.42)

We seek the solution by the Fourier method, the dependent variables take the forms

Φ(r, t) =
∑
n

Φn(r)φn(t) (7.43)

Ci(r, t) =
∑
n

Φn(r)Cin(t), (7.44)

where the functions Φn(r) form a complete function set. For that purpose we choose the
eigenfunctions of the Laplace operator supplemented with a suitable homogeneous boundary
condition at the boundary ∂V of volume V :

∆Φn(r) = −B2
nΦn(r). (7.45)

If there is an external source, we expand it also in terms of the chosen basis:

Q(r, t) =
∑
n

Φn(r)Qn. (7.46)

After substituting (7.42)-(7.46) into (7.41)-(7.42), we multiply the resulting equation with
the elements of the eigenfunctions of the Laplacian, we get the following equations:

dφn(t)

dt
=
ρn − β

Λ
φn(t) +Qn(t) +

6∑
i=1

λiCin(t) (7.47)

and
dCin(t)

dt
=
βi
Λ
φn(t)− λiCin(t). (7.48)

Here, we have introduced a number of new variables having physical meanings to make the
result more transparent. First of all, we introduced the quantity ρn which is analogue to the
reactivity but is applied to the n-th eigenfunction of the Laplace operator. The homogeneous
equation

D∆Φn(r)− ΣaΦn(r) +
ν

kn
ΣfΦn(r) = 0 (7.49)

has nontrivial solution only when

kn =
νΣf

DB2
n + Σa

, (7.50)
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and the associated reactivity is defined as

ρn = 1− 1

kn
. (7.51)

The generation time associated with mode n is defined as

Λ =
`n
kn

=
1

νΣfv
(7.52)

where `n the prompt neutron life time given by

`n =
1

v (DB2
n + Σa)

. (7.53)

In the reactor operation, it is essential to measure the reactivity. To this end, let us
consider the fundamental mode n = 1. Then k1 = keff and ρ1 = ρ defined from the static
eigenvalue keff . Assume that

φ1(t) = φ0e
ωt and Ci(t) = Ci0e

ωt. (7.54)

Substituting (7.54) into (7.47)-(7.48), we obtain a linear equation set having nontrivial so-
lution only when

ρ1

β
=

Λ

β
ω +

6∑
i=1

βi/β

λi + ω
, (7.55)

and then the amplitudes are related as

Ci0 =
βi
Λ

φ0

λi + ω
. (7.56)

Equation (7.55) relates ω to the reactivity ρ, and is called inhour equation.
In a reactor, when the reactivity is given, the possible relaxation times are the roots of

(7.55). The ρ1(ω) curve possesses the following structure:

• the curve is discontinuous at ω = λi, i = 1, . . . , 6 and there its sign are also changes;

• any ρ1 = constant line intersects the curve at seven points, the intersections give the
possible exponents in (7.54);

• six roots are always negative, the seventh root is positive only when ρ1 > 0.

We cut the plot of ρ(ω) into four parts using the constants in Table 7.1, and show it in Fig.
7.1. In practice, not the exponential ω is used but the T2x the time under which the neutron
population is doubled. Its connection with ω is

ω =
ln 2

T2x
. (7.57)

In (7.54), the reactivity is obtained in β units. The reactivity expressed in β units is called
dollar. In subcritical/supercritical state the reactivity is negative/positive, respectively. The
reactivity expressed in dollar has safety implications as T2x decreases below 1 sec. The
reactor state when ρ > 1 dollar is called reactor excursion.
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7.1. ábra. The ρ(ω) curve

T2x (sec) ρ/β
0.01 1.1510
0.10 0.9796
1.00 0.7908
10.00 0.3991
100.00 0.0988

7.2. táblázat. Doubling time vs. reactivity

7.4. Reactivity measurement
One of the most important tasks in reactor operation and control is to measure the reactivity.
In the solution of that task the results of kinetics are applied. As we have seen in the
preceding Sections, the reactivity determines the time dependence of the neutron flux, hence
it is possible to base the reactivity control on the measurement of the flux as function of time.
Using (7.55), we find the relationship between the reactivity and the doubling time. Usually
a reactor is operated at ρ ≈ 0 but in a planned transient the reactivity may differ from zero,
see Table 7.2. As we see, the time available for reactivity control would be rather small in
the positive reactivity range. The core of a power reactor is large, see Chapter 2 for details,
any change in the technology processes has its time constant. The neutron balance can be
changed in two ways. The first one is the insertion of control rods, the second one is changing
the boron concentration. The latter is a slow process, the former is faster: the operator (or
the automatic control) sends a signal to the control rod drive to drop the control rods. Low
reactivity changes are smoothly handled by the automatic reactivity control, small changes
in technological parameters are automatically compensated by the control rod motion, see
the Section 2.4 in Chapter 2. In the reactor control, the feedback effects play the determining
role.

When the doubling time is too small, in spite of the negative feedback, the power level
may reach a level when the coolant pressure grows fast due to mass boiling. In the reactor
technique, the ρ ≤ 1$ is considered as transient, the ρ > 1$ situations are reactor excursions
because of the short interaction time. The control system has a simple algorithm that
compares the consecutive detector signals and estimates the reactivity. When the control
rod characteristics is known, the control rod movement needed to compensate the reactivity
can be estimated.
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7.5. Control rod characteristics
We introduce two simple models to assess the influence of the control rod insertion on the
reactivity. Both models serve as demonstration, in the design or operation more precise
models are used.

To demonstrate the effect of the control rod, we consider[143][Chapter XXIX] a homo-
geneous cylindrical reactor of radius R and height H. For the sake of simplicity, we assume
that R and H include the corresponding extrapolation distance therefore

Φ(H, r) = Φ(0, r) = 0, for 0 ≤ r ≤ R, (7.58)

and
Φ(z,R) = 0, for 0 ≤ z ≤ Z. (7.59)

In our simplified control rod model, the rod is inserted at the center of the core, i.e. at r = 0,
the rod is a black absorber in the thermal group and transparent in the epithermal group.
The radius of the control rod is a and it is fully inserted, the control rod fills the region
0 ≤ r ≤ a, 0 ≤ z ≤ Z. The neutron flux Φ(r, z) is described in two energy groups.

The corresponding analytical solution is given by (6.115) and (6.116). When the rod
is inserted, the k∞ of the core reduces by δk∞. When the rod is inserted, a new critical
state establishes. The new critical state is determined by four equations, from which the free
amplitudes a, b, c and d of the flux are determined. Those equations are:

• the fast flux is zero at the boundary of the cylinder, at r = R.

• the thermal flux is zero at r = R.

• dΦ/dr = 0 at r = a for the fast flux.

• at r = a the black boundary condition Φ2(a)−ΓΦ′(a) = 0 holds in the thermal group,
where Γ is the black albedo.

After a long and tedious calculation, one obtains[143][p. 458] the following reactivity change
for a LWR:

δk∞ = 7.5
L2

2

R2

1

0.116 + Γ/a
L2

1

M2 ln

(
L1L2

Ma +
L2

2

M2 ln R
aj

) (7.60)

where
M2 = L2

1 + L2
2 (7.61)

and j = 2.405 the first zero of the Bessel function J0(r). Formula (7.60) shows that the
reactivity decrement is larger with larger control rod radius a, and smaller with the core
radius R.

In the second model [165][Section 7.4], we investigate the impact of the control rod axial
position on the reactivity decrement. From the definition (3.164) of the reactivity one can
immediately see that the reactivity perturbation is given by (3.224):

δρ = − (Φ+, [δD] Φ)

(Φ+,FΦ)
(7.62)

where keff is the eigenvalue before the rod insertion. The rod insertion does not change the
fission operator so it is not included in the nominator, and the denominator is a constant. To
calculate the flux, we use the Φ(r) = Φ(x, y, z) flux in one group approximation, and assume
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that the x, y dependent part is separable in an amplitude A(x, y). To meet the boundary
conditions at the top of the core z = H and at the end of the inserted rod at z = 0, we write
the flux in the form of

Φ(x, y, z) = sin
(πz
H

)
A(x, y). (7.63)

The destruction operator changes only because of the rod insertion therefore

δD(r) =

{
−Σar if r ∈ Vrod
0 otherwise.

(7.64)

Now we can readily evaluate (7.62), the reactivity changes only with z:

δρ(z) = c

∫ H

z

sin2 (πz′/H) dz′ =
H − z

2
+
H

4π
sin(2πz/H. (7.65)

The curve ρ(z) is called control rod characteristics. Its realistic determination in a production
code is based on a reactor calculational model, usually in a global reactor code with suitable
parametrized library.

7.6. Deterministic reactivity measurement
The point kinetics model may serve as a solid basis for elaborating measuring methods of
the reactivity. The starting point is the inhour equation (7.55) relating T2x with ρ/β. When
the reactivity is negative the number of neutrons decreases exponentially with time, when
positive, increases exponentially. In the former case the low neutron level, in the latter the
manifesting feed-back effect may cause problems. The mentioned circumstances limit the
measurable reactivity range to 0.2− 0.3 dollar.

In the small positive reactivity range, the measurement of the T2x is applicable and we
evaluate the reactivity from the inhour equation (7.55). Following [165], the summary of the
measurement is as follows:

• We let the power increasing and record the detector counts as function of time. Thus
we measure the φ(t).

• The φ(t) function is the sum of exponentials. It is known that after sufficiently long
time the fundamental mode becomes dominant. By the method of fitting exponentials
to φ(t), we determine the ω0 or T2x of the fundamental mode.

• We substitute ω0 or T2x into the inhour equation (7.55) and determine ρ/β.

When ρ is needed, we have to determine βeff as well.
In the ρ < 0 range, the pulsed neutron source method is applicable. It follows from the

inhour equation that the neutron density of a one-moment source exponentially decreases
with time, and, there are seven roots ωi of the φ(t) curve. When the one-moment source
is repeated periodically, we can select the repetition time T so that a given time constant
be dominant asymptotically. Let the first pulse appear at t = 0, then the flux in the time
window (t, t+ dt) the number of neutrons is

6∑
j=0

φje
iωjtdt (7.66)
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After infinitely many pulses the neutron distribution is

φ(t)dt =

0∑
n=−∞

6∑
j=0

φje
ωj(t+nT )dt =

6∑
j=0

φj
1− eωjT

eωjtdt. (7.67)

As one can see in Fig. 7.1,
−ω6 >> λi, i = 1, 2, . . . , 6, (7.68)

and using that in (7.55), we obtain

ω6 ≈ −
β

Λ

(
1− ρ

β

)
. (7.69)

When ρ = 0 we use the notation ω6 = ω6kr ≈ −β/Λ. Using the new variable in (7.69) we
express the reactivity by ω6 and ω6kr as

− ρ
β

=
ω6 − ω6kr

ω6kr
. (7.70)

Now we choose T so that

|ω6T | >> 1, |ωjT | << 1, j = 0, 1, . . . , 5. (7.71)

With that choice, the term j = 6 diminishes by the arrival of the next impulse but the j < 6
terms vary just a little and the following approximation becomes applicable:

φ(t)dt ≈ φ6e
ω6tdt+

5∑
j=0

φj
−ωjT

eωjtdt ≈ φ6e
ω6tdt+ bdt. (7.72)

The curve recorded by the time analyzer is the sum of an exponential function plus a back-
ground bdt, and ω6 is obtained by a fitting. Repeating the procedure at other control rod
positions, we are able to extrapolate to the critical control rod position and using (7.70),
we get also the reactivity. That reactivity measurement method is called Simmons-King
method.

The Sjöstrand method avoids using the extrapolation of ω6 to the critical state thus the
reactivity can be evaluated from a single measurement. The two terms in (7.72) distinguish
clearly, the background is constant, the other term decreases rapidly. The former is associated
with the delayed neutrons, the latter to the prompt neutrons. The area after the respective
curve is

Ap =

∫ T

0

φ6e
ω6tdt = φ6

eω6T−1

ω6
(7.73)

for the prompt term, and
Ad = bT (7.74)

from the delayed term. The reactivity is the ratio of the two areas:

− ρ
β

=
Ap
Ad

. (7.75)

Assume that the source provides S neutrons into the reactor in each pulse. Then, after long
time the number of neutrons in the reactor will be

S + Skeff + Sk2
eff + · · · = S

1− keff
. (7.76)
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That number is the sum of the prompt and delayed neutrons. That number is proportional
to Ap+Ad. Consider now the neutron numbers due to the prompt neutrons only, the number
of those neutrons is

S

1− (1− β)keff
, (7.77)

that number is proportional to Ap. Form their ratio:

Ap +Ad
Ap

=
1− (1− β)keff

1− keff
= 1 +

β

ρ
, (7.78)

as stated.

7.7. Problems
1. We put a source in the subcritical reactor at t = 0 which emits 106 neutron/sec. The

reactivity is -1 $. Determine and plot the flux in the first 3 minutes!

2. We make the reactor supercritical with ρ = 0.6 $ at t = 0, and put a source into the
reactor for instance. The source power is 32000 neutron/sec. The generation time is
25 µs. Determine and plot the flux in the first 3 minutes!

3. Determine the time dependent neutron flux in the critical reactor with constant neutron
source! At t < 0 the reactor was subcritical, at t = 0 moment it became critical. What
is the asymptotic flux?

4. In a reactor the reactivity changes between -0.1 $ and +0.1 $ following the sinus
function with the period T = 1 s. How does the flux and the average flux in this
reactor? The generation time is 25 µs.

5. Repeat the previous problem but using a square function instead of sinus function.

6. In the subcritical reactor there is a time dependent (external) neutron source with 106

neutron/sec. After stabilization of the asymptotic flux, at t = 0 moment the external
source is pulled out from the reactor. The reactivity is ρ = −1, the generation time is
25 µs. Plot and determine numerically the neutron flux!

7. Clear exponential flux is formed in the supercritical reactor (ρ = 0.2$,Λ = 25µs). At
t = 0, we reset the reactor into critical state. Determine how changes of the neutron
flux φ(t) and the concentration of delayed-neutron daughter nuclides Ci(t)! What is
the main difference between the time dependence of φ(t) and Ci(t)?

8. The position of a control rod changes as a low amplitude sinus function around the
critical state in a reactor, consequently the reactivity changes similarly. Calculate
the neutron flux variation as function of the angular frequency (ω) of the excitation.
Analyze in details the special case when ω � λi!
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8. fejezet

Numerical Methods
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In the preceding Chapters the neutron flux, slowing down density or the other physical
quantities have been identified as the solution of an equation. In Chapter 6 that equation
is a second order differential equation for the neutron flux, in Subsection 3.6.1 an integral
equation for the collision density. Unfortunately those equations can be solved mostly by
numerical methods.

An exact solution means that the function satisfying the given equation and given bo-
undary condition serves as a recipe to determine the physical quantity (flux, slowing down
density, reaction rate etc.) with arbitrary precision. But what is the recipe? It is an infinite
sequence of algebraic operations. For what do we use the solution of the problem? Usually
one has to decide which one of the rival theories gives results closer to the reality. But in
physics, the reality means measured values which are burdened with inevitable uncertainties.

This means that for practical purposes it suffices to derive a solution of limited accuracy.
We do not give up the quest for arbitrarily accurate solution, those approximate solutions are
preferred which are capable of providing us with results of a required accuracy. Numerical
techniques penetrate natural sciences. Today the Monte Carlo numerical simulation method
is the most popular, but there was a time when mechanical models, later electrical models
were built to study the actual intriguing phenomena.

An approximate solution may be based either on physical or mathematical considerations.
Physical considerations are built on ranking the involved phenomena and a physical model is
elaborated that accurately reflects the few most important phenomena. Usually it is known
in advance that the solution contains a large (or low) frequency component, if it varies slowly
or abruptly and so on. That kind of a priori knowledge can readily be implemented in the
basis functions that we use to express the solution.

Mathematical considerations rely on an approximation to the solution expanded in an
infinite basis set which is truncated so that the solution be satisfactory. In the rest of the
present Chapter, methods will be discussed that are based on mathematical and physical
considerations. First, we bring up some general principles, later we discuss three particular
methods. The finite element method deserves the reader’s attention because it is universal,
the nodal method is favored by one of the authors, the finite difference method is the most
known.

Most of the authors’ experience comes from nuclear physics where special requirements
have been established. In an eigenvalue problem, the minimal accuracy of the eigenvalue
is 0.0001, the averaged accuracy of the solution over parts of the volume should be in the
range of 0.001. The number of unknowns in a problem varies from 18 000 on. The allotted
time depends on the application type, on-line calculations should run in a short time, off-line
calculations should be completed in a few seconds because of the large number of variations
to be analyzed.

The engineering and physical problems fall into one of the following three categories:

1. The solution is sought in a volume V whose characteristic size (such as diameter)
is large compared to the characteristic distance (such as relaxation length or mean
free path) of the involved process and the material properties and the solution vary
slowly with the distance. This is the case with elliptic equations in large homogeneous
volumes. A good approach is to subdivide V into subvolumes and approximate the
solution in each subvolume by low order polynomials and suitable boundary conditions
provide smooth solution at the joint boundary of two adjacent subvolumes.

2. The solution is sought in a volume V whose material properties change rapidly and
the solution is expected to vary rapidly. This is the case with hyperbolic equations. In
that case one has to select the basis functions so that at least some of them should be
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able to exhibit that kind of behavior. That kind of problems are encountered in fluid
and gas dynamics when the processes are fast.

3. The worst situation is when V is large, the material properties may exhibit sudden
variations along a given direction but along other directions slow variations appear.
This is the case with plasma physics and some of the streaming problems. This is one
of the most problematic areas of the numerical modeling.

When analyzing a problem, the above considerations should be taken into account in the
selection of the basis functions, the iteration process, and finally the analyst should know if
the phenomenon to be studied is suitable for being modeled by the chosen method or not.
The number of independent coordinates of the angular flux Φ(r, E,Ω) is seven, the problem
is multidimensional even in such approximate models as the Sn or diffusion model. The
material distribution in a reactor core is complex. Although the core may consist of several
homogeneous regions, the material parameters like the temperature, isotope composition
may vary with the location. Therefore the analyst’s first tasks to find a discretization of the
volume V in which the solution of the given problem is sought. The second task is to find a
suitable basis on each sub-volume and to expand the solution locally in terms of those basis
functions. The third step is to find the expansion coefficients on each subvolume.

We assume that using the above considerations, we have chosen a set of basis functions
fn(x), n = 1, . . . ,∞. It is assumed that any possible solution can be expressed as a linear
combination of the basis functions, i.e. the basis functions are complete. We seek the solution
Φ(x) of a boundary value problem

AΦ(x) = 0, x ∈ V, (8.1)

BΦ(x) = 0, x ∈ ∂V. (8.2)

Here operators A, B may contain material properties of volume V and the boundary ∂V . The
independent variable x embodies all the physical variables of the problem: space coordinates,
time, energy etc. Thus the restrictions x ∈ V, x ∈ ∂V apply only tho the spatial variables
in x. We assume that the admissible solutions, as well as the functions considered in the
sequel, are square integrable functions on V , and the following scalar product is defined
among them:

(Φ1(x),Φ2(x)) ≡
∫
V

Φ1(x)Φ2(x) dx.

We write problem (8.1)–(8.2) into the symbolic form

AΦ(x) = 0, x ∈ V. (8.3)

Since the chosen basis is complete, we can expand the solution as

Φ(x) =

∞∑
n=1

cnfn(x), (8.4)

where the fn(x) functions are orthonormal but not necessarily complete. The fn(x) functions
are called coordinates as we express the solution by them. Instead of solving directly (8.1),
we may seek an approximate solution ΦN (x) which has the property

(AΦN (x), fn(x)) = 0, n = 1, . . . , N. (8.5)
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When N =∞, ΦN (x) must be the exact solution. Clearly, the solution contains the following
error:

δΦ(x) =

∞∑
n=N+1

cnfn(x). (8.6)

An important token of the mastery of a numerical approximation is the appropriate ordering
of the basis functions to achieve a fast decrease of cn with increasing n. We call ΦN (x) the
weak solution of (8.3).

Let us note that above we have used the basis functions in two roles: first in the expansion,
second in the weighting (8.5). Those two function sets can be separated and instead of (8.5)
we may demand

(AΦN (x), wm(x)) = 0, m = 1, . . . ,M, (8.7)

where wm(x) is a weight function. WhenM = N , and the weight functions are appropriately
chosen, the coefficients in the expansion can be determined. When wm(x) = fm(x), i.e. the
weight functions are the basis functions themselves, we obtain the Galerkin method. Then
"One may hope for a sufficiently accurate solution even if the number of coordinates is
small," [41][p. 157].

In the weak form, we transform the operator into a matrix, the solution into a vector, and
the original mathematical problem into the solution of a linear equation. Substituting (8.4)
into (8.1) and forming a dot product with fn′(x), we arrive at the following linear equation:

N∑
n=1

(fn′(x); Afn(x))cn = 0, n′ = 1, . . . , N ; (8.8)

if we introduce
Ann′ = (fn′(x); Afn(x)) (8.9)

and
c = col(c1, . . . , cN ), (8.10)

equation (8.1) can be written as
Ac = 0. (8.11)

Nontrivial solution exists only when det(A) = 0, a condition to determine the critical state,
see Section 3.3 in Chapter 3.

Often the eigenfunctions of operator A may be used as basis, or, when A = A1 + A2

then eigenfunctions of A1 or A2 may also often be used as basis.
When the basis functions are labeled according to their physical importance, the error

of ΦN (x) decreases rapidly with increasing N . In reactor physics, the neutron balance is
of primary importance, and the flux usually varies slowly with the space coordinate hence
low ranking polynomials of the spatial variable offer a reasonable choice. Equation (8.5)
is called the weak form of (8.1). At this point it should be emphasized that the neutron
physics problems radically differ from the thermal hydraulics problem. The former may be
described by an elliptic operator, as in the widely used diffusion approximation, whereas
the thermal hydraulics problem attaches to an hyperbolic operator. As a consequence, the
neutron physics problem have a smooth solution, in contrast with the thermal hydraulics
problem where the solutions may be discontinuous [42]. This is the reason that numerical
methods for thermal hydraulics is discussed separately.

In reactor physics, we encounter the following types of problems:

• eigenvalue problem;
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• source problem;

• boundary value problem.

Below we estimate the number of unknowns. It is possible to formulate the problem in various
ways, let us consider the unknowns as group fluxes at given points of the reactor core. In
the full core flux calculation by fuel rods, the number of unknowns is Ng ∗ Nfuel ∗ Nlayer
where Ng is the number of energy groups, usually 2 ≤ Ng ≤ 6, Nfuel is the number of fuel
elements Nfuel = Nass ∗Npin where Nass is the number of fuel assemblies in the core, and
Npin is the number of fuel rods per assembly, 40 ≤ Nass ≤ 400, 20 ≤ Npin ≤ 126. Nlayer is
the number of axial layers, 10 ≤ Nlayer ≤ 20. From the given numbers the lower limit of the
unknowns is 1600 the upper limit is 2× 107.

In the memory of a computer, a number is represented on a finite number of bits. The
result of a multiplication a ∗ b would require as many bits as the total number of bits used
to represent a and b from which the lower bits are lost, this is the round-off error which sets
a limit to the complexity of the computations feasible on a computer. When solving a linear
equation with N unknowns at least N2 multiplications are needed thus in a large problem
exclusively an iterative solution is possible.

An efficient numerical method has the following components:

• A set S ∈ V , the solution will be determined at points s ∈ S;

• An efficient interpolation scheme to reconstruct Φ(x) from Φ(s), s ∈ S;

• A transformation of equation (8.1) to an equation from which Φ(s), s ∈ S can be
determined.

Throughout the following three subsections three numerical methods will be discussed. It is
a common feature of the methods that by increasing the number of points in S, the accuracy
of the solution increases.

To understand the iterative methods let us consider the solution of a linear problem:

Ax = b (8.12)

where A is a given N ×N matrix, b is a given vector of N element. Let us partition A as

A = L + D + U (8.13)

where L is a lower triangular, D is diagonal and U is upper triangular matrix. Rearranging
(8.13) as

(D + L)x = b−Ux (8.14)

we obtain the following iteration:

xk+1 = D−1b−D−1(Lxk+1 + Uxk), k = 0, 1, 2, . . . (8.15)

which is the well known Gauss-Seidel iteration.
In an eigenvalue problem, the power method is applicable, as we have used it in Section

3.3 of Chapter 3. When operator (or matrix) A is applied repeatedly on a given vector b
which is not orthogonal to the fundamental eigenfunction (eigenvector) of A the iteration
xk = Akb = Axk−1 tends to the fundamental eigenvector as k →∞. Thus the ratio of the
first two eigenvalues determine the convergence rate.
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8.1. Acceleration
A large numerical problem needs acceleration. There are two major approaches to accelera-
tion: when the power iteration with the matrix of equation

A(k)xi = axi+1, (8.16)

is too slow, we may use that the eigenvalue of f(A) is f(λ) provided eigenvalue of A is λ.
The convergence rate depends on the ratio λ1/λ2 where λ1 is the dominant eigenvalue1. The
iteration process becomes faster if we chose a function f(A) such that f(λ1)/f(λ2) > λ1/λ2.
To reduce the computational works, only such f(A) functions are considered which are low
order polynomials. The well known Cayley-Hamilton theorem [43] claims that any matrix
function reduces to a polynomial whose degree equals the order of matrix A. The simplest
variant of the method is the successive overrelaxation (SOR) method. In an iteration step
(8.15), we replace the old guess xk by the improved guess xk+1. But if the change xk → xk+1

improves the convergence why do we not make a larger step? We introduce the overrelaxation
parameter ω and modify (8.15) as

Dxk+1 = ω (Lxk+1 + Uxk + b) + (1− ω)Dxk. (8.17)

Now remains only to estimate the optimal overrelaxation parameter. According to [43][p.
111], the most rapid convergence is obtained when

ω =
2

1− ρ ((D− L)−1U)
, (8.18)

where ρ(X) is the spectral radius of matrix X.
The second: using the last few iterates, we give a prediction for the next iterate. The

following acceleration technique has been elaborated by Cs. J. Hegedűs [44].
In the iteration, there are two levels: the inner and the outer iteration. The inner

iteration determines the eigenvalue x at a given value of k. The outer iteration improves the
estimation of k. The iteration is based on Arnoldi’s method [44]. The choice has been made
to implement

• an algorithm that converges fast;

• simple to be implemented as it uses only matrix vector multiplication;

• an estimate of the error;

• a method without estimation of the spectrum of the matrix A(k).

The method is exhaustively described in [45]. The main steps of the method are:

• an initial guess x0 is chosen;

• We determine the hij elements of a Hessenberg (upper triangular) matrix H by the
recursion:

hi+1,ixi+1 = Axi −
i∑

j=1

hjixj , (8.19)

where
hji = x+

j Axi, (8.20)

and superscript + stands for the transposed vector.
1We assume that we seek the eigenfunction associated with the dominant eigenvalue.
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• The next step is the solution of the reduced eigenvalue problem

Hv = λv, (8.21)

where H = {hij} and we seek the maximal positive eigenvalue and the associated
eigenvector.

We quote here without proof seven theorems underlying the method.

8.1 Theorem
|λmax(A)− λmax(H)| ≤ |vkhk+1,k| s−1(λ), (8.22)

where vk is the kth element of vector v, ‖w‖2 = 1, w is the left eigenvector of H: w+H =
λmaxw

+, s(λ) = |w+v| is the sensitivity of the eigenvalue. H is a square matrix of order k.
Relation (8.22) indicates the accuracy of the eigenvalue estimate.

8.2 Theorem In the subspace spanned out by the vectors x1, . . . ,xk the solution of the
eigenvalue problem (8.16) is

x̃1 =

k∑
j=1

vjxj , (8.23)

where ‖v‖2 = 1, ‖x‖2 = 1, j = 1, 2, . . . , k. Here x̃1 is the last estimate of the dominant
eigenvector of A.

8.3 Theorem The angle between vectors x and x̃1 is given by

^(x, x̃1) ≤ |vkhk+1,k|1/2s−1/2(λ). (8.24)

That estimate is used to measure the deviation of the last estimate from the exact solution.

8.4 Theorem When the method is restarted from the x̃1 vector then

h̃11 = λ, h̃21 = vkhk+1,k, x̃2 = xk+1. (8.25)

That restart measure is meant to avoid large round-off errors because of the recalculation of
the starting vectors. That is important at the start of a new internal iteration sweep.

8.5 Theorem Vector x̃1 is the optimal choice in the subspace spanned out by x1 . . . ,xk.
The Rayleigh ratio

max
z1,...,zk

 k∑
j=1

zjx
+
j A

k∑
j=1

zjxj

 = λ (8.26)

is maximal when zj = uj, j = 1, . . . , k.

8.6 Theorem The function space spanned out by x1,x2, . . . ,xk is the same as the function
space spanned out by x1,Ax1 . . . ,Axk.

The above theorem shows the Arnoldi method to be optimal thus it is faster than the
power iteration or the acceleration based on Chebishev polynomials.

8.7 Theorem It is possible to obtain the Hessenberg matrix H by applying the Gram-
Schmidt orthogonalization to the Krylov base.
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The outer iteration starts with k = 1, in equation (8.16). In the internal iteration we
watch the change of the angle variation of the extrapolated vector x̃1 compared to the initial
guess. When the difference exceeds 0.15 radian but the last change is less then 1.15 radian
then a new knew value is calculated from the condition that the dominant eigenvalue of
λA(knew) = 1. When we have at least three consecutive estimations of k, the new estimate
for k is obtained from a weighted least square fit. The algorithm also makes an estimation
from the overall balance equation (4.11) or (6.2), where parameter k serves the solvability
of the linear equation. To this end in (4.11) number ν → ν/k is substituted, where k is the
last estimate of k in the outer iteration.

8.2. Finite difference
The finite difference method (FDM) provides a scheme to determine Φ(s), s ∈ S, where S is
a set of discrete points in V . The location of elements of S adhere to a discretization scheme,
actually S is a net, the solution will be determined at specific points of the net. FDM is
the lowest order FEM, the discretization points may be either the midpoints of the elements
(mesh centered scheme) or at the midpoints of the faces separating neighboring elements
(face centered scheme). The method presented here is only one of the available FDMs, it is
widely applied in reactor physics to solve first and second order partial differential equations.
Here we consider the following problem:

D∇2Φ(x, y) + ΣΦ(x, y) = Q(x, y), (8.27)

where D,Σ are material parameters [165], assumed to be constant in a subvolume. The
presented discussion was chosen for its simplicity, FDM is capable of using non-uniform
meshes, too.

Just as with the zeroth order FEM, see Fig. 8.1, V is subdivided into subvolumes. Now
we construct a solution scheme with one unknown at the center of each subvolume. Between
two adjacent centers the solution is approximated by a linear interpolation. We follow the
notation traditional in the FDM literature: the central subvolume has index 0, the neighbors
are indexed as 1, . . . , nF where nF is the number of faces of a subvolume. Let the flux, the
solution of the BVP to be solved, Φi be at the center of subvolume i. The interpolation
should result in continuous boundary flux and current. That condition is satisfied [43] if the
boundary flux Φbi at the joint boundary of subvolumes 0 and i is

Φbi =
D0Φ1 +DiΦi
D0 +Di

(8.28)

and the net current is
Jbi = − D0Di

h(D0 +Di)
(Φ0 − Φi) . (8.29)

The integral of a linear function over a symmetric subvolume equals the value at the center
multiplied by the volume of the subvolume. We derive an equation in which only fluxes at
the subvolume centers occur. Such an equation is obtained when integrating the diffusion
equation over subvolume with subscript 0. Reaction rates include only Φ0, the boundary net
current (Φ0 − Φi), thus we obtain the finite difference form of the diffusion equation as

F

nF∑
i=1

− D0gDig

h(D0g +Dig)
(Φ0g − Φig) + V Σ0gΦ0g = Q0g, (8.30)
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where V is the volume of the congruent subvolumes, F is the area of a face, faces are assumed
congruent. In the FDM, the averaged solution in subvolume Vk equals Φk, the solution at
the subvolume centre. From (8.30) it is clear that if we write the FD scheme with one big
matrix A multiplying a big vector x composed of the fluxes at the centers of the subvolumes,
A has a block structure: the number of non-zero elements in row i equals the number of
neighbors2. It is an advantage, since in a large system we need not to store the large number
of zeros in A, and that structure allows for effective matrix operations [43].

When face i is an external boundary, Φk′ , the solution in the adjacent subvolume is
undefined. But on an external boundary there is a boundary condition that is formulated, in
general, as a linear expression of the solution and gradient on the boundary. The boundary
condition is satisfied if a hypothetical neighbor subvolume is assumed, in which the solution
is such that the boundary condition is satisfied.

The error of the FDM is proportional [43] to 1/h, where h is the characteristic distance
between adjacent subvolumes. The accuracy is satisfactory when the characteristic relaxation
distance of the problem (such as diffusion length)is comparable to the mesh size h.

As a result, the FDM yields a set of linear equations for Φk, and the number of equations
equals the number of unknowns. It can be shown [43] that the equations are solvable. FDM
is applicable to source and eigenvalue problems as well.

An important problem in connection with FDM is the handling of numerical errors.
In electromagnetic problems, or in streaming problems, divergence, curl, gradient may be
involved. For example, if the problem is rotation free, the numerical error may lead to
appearance of rotation, therefore special care is needed in a number of streaming problems.
Interested Readers should consult with [47], [48].

8.3. Finite elements
We present the finite element method (FEM) on the example of the multigroup diffusion
equation. The diffusion equation in the energy group g is written as

−Dg∇2Φg(r) + ΣtgΦg(r) = Qg(r), g = 1, . . . , G; (8.31)

where the source termQg includes all the contributions (scattering and fission) from the other
energy groups. We assume the flux to be square integrable in the volume V : Φg(r) ∈ L2(V ),
furthermore ∇Φg(r) ∈ L2(V ). The boundary condition prescribed at the boundary ∂V is
either the flux equal to zero or the current equal to zero. We formulate that condition in the
following manner. Let

∂V = ∂V1 ∪ ∂V2 (8.32)

and when r ∈ ∂V1 then Φ(r) = 0 and when r ∈ V2 then n∇Φg(r) = 0. Formally we are
dealing with a source problem:

AgΦg(r) = Qg(r), (8.33)

where A stands for the operations on the right hand side of (8.31) and we seek the solution
in the weak form, i.e. we express

Φg(r) =

N∑
i=1

αgi fi(r) (8.34)

2At an external boundary, usually no new non-zero element shows up.
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where fi is a local low ranking polynomial. More precisely, we subdivide V into subvolumes
Vi:

V = ∪L`=1V`, V` ∩ V`′ = ∅ ` 6= `′ (8.35)

and on each subvolume we apply expansion (8.34). We may derive a set of equations for the
unknown coefficients αi in two ways. The first one is the variational formalism, the second
one is simply using the weak solution condition to equation (8.33). We follow the latter way,
let us define the scalar product as

(f(r);AΦg(r)) =

∫
V

(−Dg∇Φg(r)∇f(r) + ΣtgΦg(r)f(r)) d3r (8.36)

for any function f(r) that can be represented in the form of (8.34). As to the source term,
the scalar product is

(f(r), Qg(r)) =

∫
V

Qg(r)f(r)d3r. (8.37)

We obtain the following system of equations by substituting (8.34) into (8.31) and multiplying
the resulting equation by fj(r) and integrating over V :

G∑
j=1

Agijα
g
j = qgi , i = 1, . . . , N (8.38)

and
Agij = (fi(r);Afj(r)), i, j = 1, . . . , N ; (8.39)

qgi = (f(r,v, t)i(r);Qg(r)), i = 1, . . . , G. (8.40)

Equation (8.38) is valid whatever is the discretization moreover the matrix is always sym-
metric:

Agij = Agji. (8.41)

In a large volume the solution may behave differently thus we utilize the advantage
offered by the discretization. Firstly, we may define different basis functions over each of
the different subvolumes, which is called element in the FEM. Secondly, the shape of the
elements also may vary provided we find an affine map from every element into a reference
element, say into the unit cube V0 = [0, 1] × [0, 1] × [0, 1]. Before addressing such practical
problems as accuracy and effectiveness, we assess the following general features of the FEM.
Let h stand for the maximal diameter of an element in the discretization and define the norm
in the function space L2 as

||Φ||2p =
∑
|α|<p

∫
V

(DαΦ)
2
d3r, (8.42)

here
α = (α1, α2, α3), |α| = α1 + α2 + α3, (8.43)

and the operator of the partial derivation is

Dα =
∂α1+α2+α3

∂xα1∂yα2∂α3
z
. (8.44)

Using the above introduced notation, it can be shown [49] that the FEM provides an arbitrary
accurate solution in the following sense. The convergence rate of the approximate solution,
i.e. the difference between the exact solution Φ and the approximate solution Φ` is

||Φg − Φg`|| ≤ Chk−`||Φg||k; for �≥ 2− k. (8.45)
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Here k is the lowest degree of the monomial not present in the space of the approximating
polynomials

k = min
xiyjzk

6∈ P(R`) (8.46)

where P(R`) is the space of approximating polynomials and R` is the given discretization.
(8.45) offers the following methods for increasing the accuracy of the FEM: either we

refine the discretization or a given discretization use a higher order approximation. Thus we
have to adjoin one more index to the matrix (8.39), viz. the number ` of the elements within
the discretization and

Agij =

L∑
`=1

Ag`ij ,

where in subvolume V` the matrix elements have three contributions from the x, y and z
components of the leakage term, and one contribution from the removal. Each term includes
two types of multiplicative factors, one from the material properties of element ` as well as
the geometry of the element h`xh`yh`z and a term involving integrals of the polynomials over
the element Sxi`j` , S

y
i`j`

, Szi`j` furthermore Mi`j` :

Ag`ij = D`
g

h`yh
`
z

h`x
Sxi`j` +D`

g

h`xh
`
z

h`y
Syi`j`

+D`
g

h`xh
`
y

h`z
Szi`j` + Σ`tgh

`
xh

`
yh
`
zMi`j` .

(8.47)

The integrals are calculated on the reference cube, let the basis function set on the reference
cube be Ri(x, y, z) then

Sxij =

∫
∂Ri
∂x

∂Rj
∂x

dxdydz (8.48)

Syij =

∫
∂Ri
∂y

∂Rj
∂y

dxdydz (8.49)

Szij =

∫
∂Ri
∂z

∂Rj
∂z

dxdydz (8.50)

the three stiffness matrices and the mass matrix

Mij =

∫
PiPjdxdydz. (8.51)

The stiffness and mass matrices strongly influence the convergence of the FEM iterations.
The next step is to build up the basis functions from the solution values at specific points

of the elements. Let S be the set of points where the solution is assumed known. Then
the basis functions are interpolating functions built on given values of the solution at points
s ∈ S. We need N basis functions, that requires N points where the solution is known.
There is a large variety of FEMs, below we discuss a particular case, where V is a planar
region subdivided into triangular elements. We identify the a subvolume by its corner points
P1 = (x1, y1), P2 = (x2, y2) and P3 = (x3, y3). The first step is that we have to express the
coordinates of a running point P = (x, y) ∈ Vk. This is done (see Fig. 8.1) as follows. 1

x
y

 =

 1 1 1
x1 x2 x3

y1 y2 y3

 u1

u2

u3

 , (8.52)
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8.1. ábra. Coordinates in a triangular element

8.2. ábra. Coordinates where the solution is determined in a triangular element

where ui = Ai/A, the areas Ai, i = 1, 2, 3 are shown in Fig. 8.1 and A = A1 +A2 +A3. The
interpolation goes by n-th order polynomials with m free coefficients:

p(n)(x, y) =

m∑
l=1

alx
iyj , (8.53)

where the summation goes over the at most nth order polynomials of the form xiyj , i+j = l,
m = (n + 1)(n + 2)/2. The al coefficients are collected into a vector of m elements:
a = (a1, . . . , an) and are expressed with the solution values P = (Φ(P1), . . . ,Φ(Pm)) at
m points in Vk, the positions of the P points are shown in Fig. 8.2. When n = 0,m = 1
the interpolation point is at the center of the element, when n = 1,m = 3, the interpolation
points are selected at the corners of the triangular element, when n = 2,m = 6, the interpo-
lation points are at the midpoints of the boundary line segments, and at the corner points.
Formally the coefficients in vector a and the solution values in vector P are connected by a
non-singular matrix B:

P = Ba, (8.54)

where B is an n × n matrix with elements of the m powers in (8.53) at the m positions
indicated in Fig. 8.2. Since B is not singular, the coefficients of the expansion (8.53) can be
expressed by the values of the unknown functions as

a = B−1P. (8.55)

Formally we may write (8.53) as a scalar product:

p(n)(x, y) = b+(x, y)a, (8.56)
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where b(x, y) = (f1(x, y), . . . , fm(x, y)) is an m-tuple with the m polynomials xiyj , hence in
subvolume Vk the FEM uses the approximation

Φ(x, y) = b+(x, y)B−1P, (8.57)

which is actually an interpolation scheme because P has been formed from values of the
solution at specific points. The next step is the derivation of an equation for the P vector.
This is done using the weak form (8.36) of the equation to be solved. In (8.36) we need the
following m×m matrix:

M =

∫
Vk

bAb+ dx dy, (8.58)

whose i, j element is ∫
Vk

fi(x, y)Afj(x, y) dx dy, (8.59)

and (8.36) amounts to
MB−1P = 0, (8.60)

which make just the m equations for the unknown values (Φ(P1), . . . ,Φ(Pm)) of the solution
at the m prefixed points. It can be shown that the matrix is not singular [49].

Once the solution in a given element is known, we need a procedure for the entire volume
V . From the approximations used in an element, a large variety of interpolating functions
can be constructed. For a survey, see [49]. Common feature of the various methods is that
the polynomial approximations fall into two categories:

• in the Lagrange family the interpolating functions are continuous functions along the
joint boundary of adjacent nodes;

• in the Hermite family the normal gradients (or the normal component of the current)
are continuous at the joint boundary.

In most commercial codes either possibility is offered for the user. The FEM approximates
the solution over V by element-wise polynomials{

fn,1(x, y), fn,2(x, y), . . . , fn,K(x, y)
}
, (8.61)

where V is subdivided intoK elements, and nth order approximation is used on each element.
The components fn,k(x, y), k = 1, . . . ,K are extended over the entire V so that

fn,k(x, y) =

{
p(n)(x, y) for (x, y) ∈ Vk,
0 otherwise. (8.62)

8.4. Nodal methods
In a PWR, the typical relaxation distance in the thermal energy group is 1 cm. The height
of the reactor core is app. 250 cm, the radius of the core is also about 250 cm. When we
use FDM, in a discretization leading to acceptable accuracy the mesh size must be close
to the relaxation distance hence at least 2.53106 meshes are needed. To solve sets of linear
equations with around 107 unknowns on routine base would need not only a numerically
stable but also a fast algorithm. In the 1970s, two views existed. The first one trusted in
the capabilities of the acceleration technique and would rely on the FDM, the other sought
novel numerical methods that cut the computation time considerable shorter.
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One of the possible new technics, the FEM, has been discussed in the previous Subsection.
The main idea of the FEM can be summarized as follows. We subdivide volume V into
elements Vi, i = 1, 2 . . . which are of 10− 20 mean free path in diameter. The solution is Vi
is determined by a low ranking polynomial from the solution values at specific points. With
the interpolation polynomial in the hand, we determine the reaction rates in Vi, including
the boundary currents. The FEM has proved appr. 20 times faster than the FDM [50].

Another technique, called nodal method, aimed at determining only volume integrated
reaction rates in Vi, that is called this time a node, but the method was careful to give a
good representation of the boundary currents to connect the solution at node boundaries
seamlessly.

In the first nodal codes, the flux was approximated by low ranking polynomials. Later A.
F. Henry et al. integrated the diffusion equation over two independent spatial variables, and
got an ODE in one variable and the exact solution could be given. That method had two
problems. Firstly, the integrated leakage terms, the cross-leakage had to be approximated as
a polynomial and an additional iteration along the spatial directions was needed. By 1980,
it came clear that the 3D diffusion equation can be solved and the solution can be used in
the nodal method. After that, only one limitation remained: the accuracy of the boundary
condition but practice has proven that in large fuel assemblies, like a PWR or VVER-1000
assembly, it suffices to approximate the boundary current by a second order polynomial on
a face of the fuel assembly.

8.4.1. Nodal diffusion theory
We write the multigroup diffusion equation into the following form:

D∇2Φ(r) + ΣΦ(r) = 0 (8.63)

where D is the diagonal matrix formed from the group diffusion coefficients, Σ is the cross-
section matrix involving the group transfer processes (e.g. scattering, fission). A formal
solution of (8.63) is

Φ(r) =

G∑
k=1

tk

∫
4π

wk(α)ei(λkα)rdα, (8.64)

where
D−1Σtk = λ2

ktk, (8.65)

i.e. tk and λ2
k are the eigenvectors and eigenvalues of matrix D−1Σ.

In (8.64) wk(α) is a positive weight function depending on the unit vector α. Substituting
(8.64) into (8.63) and using (8.65), we can check that (8.64) is a solution with arbitrary w(α)
indeed. The presented solution is too complicated for practical calculations, thus we simplify
it. The boundary condition is sufficiently accurate for the nodal calculations when the current
is given in three points for we are able to determine the average, first and second moments
along a face of the subvolume under consideration. To this end, we subdivide the unit sphere
into nF disjoint segments corresponding to the nF faces of the node, and in each segment
we choose the weight function to differ from zero only in three directions. Let the mentioned
directions be αnk, n = 1, nF ;m = 0, 1, 2 then the analytical solution takes the form of

Φ(r) =

nF∑
n=1

2∑
m=0

G∑
k=1

tkwknme
i(λkαnk)r, (8.66)

where the unknown wknm weights are to be determined from the moments of the boundary
condition at the nF faces of the node. Eventually, we determine the wknm constants from the

192



boundary conditions. When we use partial currents as boundary condition, the algorithm
proceeds in the following way:

1. in the node under consideration, we collect the entering current moments at the nF
boundaries. Here we use the condition that the entering current at a given face is the
exiting current of the neighboring node;

2. from the known entering currents we determine wknm, k = 1, . . . , G;n = 1, . . . , nF ;m =
0, . . . , 2 using (8.66);

3. from the flux we determine the moments of the exiting currents at the nF boundaries;

4. from the flux we determine the reaction rates in the node under consideration.

Note that all the energy groups are treated simultaneously, there is no separated internal
iteration for the nodes and external iteration for the energy groups. Furthermore, the above
described iteration suits for calculating the responses of the node, see Section 6.6 in Chapter
6. This is why the result depends in a relaxed way on the diameter of the node, we have to
account of the effect of the approximate boundary condition.

8.4.2. Nodal transport theory
We present two transport theory formalisms. The first one is based on the even-odd decom-
position of the angular flux, the second one is a particular application of the response matrix
method.

The even-odd parity transport equation

As R. Stammler remarked, there is no general algorithm for the Pn approximation, thus to
reach a prefixed accuracy we have to resort to another approximation. In Section 8.6 we
discuss the Sn method, now we deal with the even-odd parity representation of the angular
flux. We have seen in Section 6.5 of Chapter 6 that if the P1 decomposition of the angular
flux is not satisfactory, we need the level besides the scalar flux. This requirement has led
to the even-odd parity decomposition of the angular flux. We introduce the even and odd
angular fluxes as

Ψ+(r, E,Ω) =
1

2
(Φ(r, E,Ω) + Φ(r, E,−Ω)) (8.67)

and
Ψ−(r, E,Ω) =

1

2
(Φ(r, E,Ω)− Φ(r, E,−Ω)) , (8.68)

respectively. Assume that the source is isotropic, then

Q(r, E,Ω) =
1

4π
Q0(r, E), (8.69)

where we have assumed isotropic source. We repeat the transport equation (3.132) in the
following simplified form:

Ω∇Φ(r, E,Ω) + Σ(r, E)Φ(r, E,Ω) = Q(r, E), (8.70)

and for the argument −Ω:

−Ω∇Φ(r, E,−Ω) + Σ(r, E)Φ(r, E,−Ω) = Q(r, E), (8.71)
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adding (8.70) and (8.71), we find the following equation for the even parity angular flux:

Ω∇Ψ−(r, E,Ω) + Σ(r, E)Ψ+(r, E,Ω) = Q(r, E), (8.72)

subtracting (8.71) from (8.69), we obtain

Ω∇Ψ+(r, E,Ω) + Σ(r, E)Ψ−(r, E,Ω) = 0. (8.73)

As we see, the even and odd parity fluxes form a coupled equation set. To eliminate the odd
term, we use the following relationship between Ψ+ and Ψ− that we obtained from (8.73):

Ψ−(r, E,Ω) =
[−Ω∇Ψ+(r, E,Ω)]

Σ(r, E)
. (8.74)

Before proceeding with the derivation, we note two relationships. The scalar flux is expressed
with the even parity component as:

Φ(r, E) =

∫
4π

Ψ+(r, E,Ω)dΩ, (8.75)

and the net current with the odd component as

J(r, E) =

∫
4π

ΩΦ(r, E,Ω)dΩ =

∫
4π

ΩΨ−(r, E,Ω)dΩ, (8.76)

using here (8.74), we find the following relationship between the net current and even parity
angular flux:

J(r, E) =
1

Σ(r, E)

∫
4π

Ω(Ω∇)Ψ+(r, E,Ω)dΩ. (8.77)

The vacuum boundary conditions for the even and odd parity fluxes are [51]:

Ψ+(rb, E,Ω) = ±Ψ−(rb, E,Ω), (8.78)

where the + and − sign holds for nΩ > 0 and nΩ < 0, respectively.
(8.76) indicates that the odd parity angular flux is a generalization of the neutron current,

similarly (8.75) shows that the even parity angular flux is a generalization of the scalar flux.
(8.74) is a relationship between the even and odd parity angular fluxes. Below we present
the theory [52] of a variational method to find the even and odd parity angular fluxes.
Fundamentals of the variational method have been given in Section 3.6 in Chapter 3. In
order to simplify the derivation, the continuous energy variable is considered in multigroup
approximation see Section 4.1 in Chapter 4. Then equations (8.72) and (8.73) express the
neutron balance in group g, which is purely formal, and because we are always dealing with
the balance in group g the group index may be discarded. The source term Q provides the
connection between the energy groups automatically.

First we have to find variables q of the variational formalism such that they result the
transport equation (or one of its approximations) as Euler-Lagrange equation. In the even-
odd parity formalism q has two components because the solution is determined by Ψ+ and
Ψ−. The second, and far from trivial step, is to find function L in (3.230) so that the
Euler-Lagrange equations (3.233) give just equations (8.72) and (8.73). Before giving the L
function, we exploit the physical approach to a boundary value problem, viz. volume V is
subdivided into subvolumes and the cross-sections are assumed to be constant in a subvolume.
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We prescribe continuity conditions at the interface between adjacent subvolumes. Now the
L function is a sum over the subvolumes:

L[Ψ+,Ψi] =

I∑
i=1

Li[Ψi+,Ψi−]. (8.79)

The equations to determine the even-odd parity fluxes are:

Ω∇ Ω

Σg
Ω∇Ψg−(r,Ω) + ΣgΨg+(r,Ω) = Qg (8.80)

Ω∇Ψg+(r,Ω) + Σ(r, E)Ψg−(r,Ω) = 0. (8.81)

Note, that in the source term the isotropic slowing down contributions from the other energy
groups is included. In that case the formalism is the same in every energy group, the source
term automatically couples the energy groups. From now on we speak of the calculation in
a given energy group and the group index is suppressed. The VARIANT algorithm uses the
following Li function in subvolume Vi:

Li[Ψ+,Ψ−] =

∫
Vi

{∫
4π

[
(Ω∇Ψi+)2

Σi
+ ΣiΨ

2
i+

]
dΩ− ΣsiΦ

2
i − 2ΦiQi

}
d3r

+ 2

∫
∂Vi

∫
ΩniΨi+Ψi−dΩdSi.

(8.82)

Note, that in the functional we find the scalar flux Φi, the even-odd parity fluxes Φi+,Φi−.
ni is the outward normal vector at the boundary ∂Vi, dSi is the infinitesimal surface element
on ∂Vi, Σsi is the scattering cross-section in Vi.

We endeavor to work out a linear equation set to minimize L[Ψ+,Ψi]. First, we show
that the condition δL[Ψ+,Ψi] = 0 is equivalent to equations (8.72) and (8.73). To this end
we consider the change of L when Ψ+ → Ψ+ + δΨ+ and Ψ− → Ψ−+ δΨ−. Keeping the first
order terms in equation (3.231), we obtain

δL[Ψ+,Ψ−] =

∫
Vi

∫
4π

[
Ω∇δΨ+Ω∇Ψ+

Σ
Ψ+δΨ+

]
dΩ− δΦ(ΣsΦ +Q)

+ 2

∫
∂V

∫
4π

Ωn(Ψ−δΨ+Ψ+δΨ−).

(8.83)

Here we introduced
δΦ =

∫
4π

δΨ+dΩ, (8.84)

and δΦ = δΦ(r) in Vi. We transform the first integral into a divergence using the identity

∇
[
ΩδΨ+

Ω∇Ψ+

Σ

]
=

Ω∇δΨ+

Σ
Ω∇Ψ+ + δΨ+Ω∇

(
Ω∇Ψ+

Σ

)
, (8.85)

and use the divergence theorem∫
V

∫
4π

Ω∇(δΨ+Ω∇Ψ+)dΩd3r =

∮ ∫
4π

ΩnδΨ+Ω∇Ψ+dΩdS. (8.86)
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The resulting equation is

δL[Ψ+,Ψ−] = 2

∫
Vi

∫
4π

δΨ+(
−Ω∇Ω∇Ψ+

Σ
+ ΣΨ+ − ΣsΦQ

)
dΩd3r

+2

∫
∂V

∫
4π

ΩnδΨ+

(
Ω∇Ψ+

Σ
+ Ψ−

)
dS + 2

∫
∂V

∫
4π

ΩnΨ+dΩdS.

(8.87)

The first variation is stationary when the coefficients of δΨ+, δΨ− vanish in (8.87), these
conditions are just equations (8.72) and (8.73).

At an internal interface, the two adjacent subvolumes contribute to the surface integrals
in (8.87), but note that the normal vectors have opposite signs. The two surface integrals in
(8.87) cancel only if the even parity flux is continuous (the second integral) and if the odd
parity flux is continuous (first integral).

The next step is to select a basis, to expand the even and odd angular fluxes in terms of
that basis, and to determine the expansion coefficients from the variational principle. The
trial functions should depend on space and angle in a given energy group, that makes the
procedure more complicated. Following [52], we choose the basis functions as

Ψ+(r,Ω) =
∑
i,j

pijUij(r,Ω) (8.88)

where
Uij(r,Ω) = fi(r)gj(Ω) (8.89)

and the Uij basis is orthonormal:∫
V

Uij(r,Ω)Ui′j′(r,Ω)d3r = δii′δjj
′ (8.90)

for every j, j′. Furthermore the odd components are expanded as

Ψ−(r,Ω) =
∑
i,j,b

qijbVijb(r,Ω), (8.91)

here
Vijb(r,Ω) = hjb(r)kjb(Ω); (8.92)

functions kjb(Ω) are odd-order spherical harmonics, and∫
b

hjb(r)hj′b(r)dSb = δjj′ (8.93)

for any internal boundary b in V . The source term is also decomposed in terms of fi(r):

Q(r) =
∑
i

sifi(r). (8.94)

In (8.87) we also encounter the scalar flux, which is decomposed as

Φ(r) ≈
∑
i

∑
j

pijδ1j . (8.95)
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The Vijb functions are orthogonal in the following sense:∫
b

Vijb(r,Ω)Vi′j′b(r,Ω)dS = δii′δjj′ (8.96)

for any internal interface b in V .
After substituting (8.88), (8.91), and (8.94), (8.95), and using the orthogonality relations

(8.90), (8.93), (8.96), we get the following expression:

L[p, q] = pTAp− 2qT s+ 2
∑
b∈V

pTMq (8.97)

where integrals of the basis functions are collected in A andM . This expression is stationary
in p if

p = A−1s+A−1Mq. (8.98)

(8.98) relates the even parity fluxes (more precisely, its coefficients) p on the subvolume
interfaces to the source moments s within the subvolume to the odd parity flux moments
q on the subvolume interfaces. The variations of q result the continuity at the internal
interfaces:

pb = MT
b p, for every b ∈ V. (8.99)

The end of the variational method is a set of linear equations that can be solved by the
methods discussed in Chapter 8.

The response matrix iteration in transport theory

Below we deal with the problem of determining the angular flux in a periodic lattice in
transport theory frame using the response matrix technique [53], [54]. In the theory, we
exploit the geometrical symmetry of the cell and we assume that the material distribution
in the cell does not break the symmetry of the geometry. This assumption entails that the
cell must be small compared to the gradient of the flux, otherwise power and temperature
gradient would appear in the cell. We also assume that it suffices to use the linear transport
equation, the feedbacks may be neglected.

We assume furthermore that the cell and its immediate surroundings are part of a large
lattice, which is critical, hence, the cell or the cell plus its surroundings are subcritical. Then,
if there is no entering current on the boundary of the region under investigation, the only
solution to the static transport equation is identically zero. Under the stipulated condition
we seek the solution to the transport equation in multigroup approximation, with given
entering currents along the cell boundary. First let us consider the angular flux in a single
symmetric cell, r ∈ V, and assume the geometry of the cell to be a square. The square is
invariant under specific reflections and rotations, it has eight symmetries [55] that form the
group C4v. Let the entering current Ii(rb), rb ∈ ∂V transform under the elements of the C4v

group in the following manner:

PhIi(rb) = Ii(P
−1
h rb) (8.100)

where h is an element of the C4v group, Ph is the operator describing the action of symmetry
h on a function, and Ph is a matrix [56] describing the action of h on the space coordinate
r. Any function is decomposable into irreducible components labeled by α, k, k = 1, . . . , `α,
where `α is called the dimension of the irreducible subspace α. The group elements transform
elements of a given irreducible subspace among each other. The irreducible subspaces can
be looked up in the so called character tables [183].

Below we summarize the properties of the irreducible components.
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1. Any function can be decomposed into irreducible components of a given finite group.

2. The irreducible components of a function f(r) is determined by the formula:

fαi (r) =
∑
h∈H

Dα
ij(h)f(hr). (8.101)

3. The irreducible components are orthogonal:∫
V

fαi (r)fβj (r)d3r = 0, if i 6= j, α 6= β. (8.102)

4. There is an irreducible representation (irrep), the unit representation, which is invariant
under the elements of the group H.

Let O be an operator that commutes with the elements of the group H. Then Ofα,k
belongs to the same irrep as fαk (r). The following physical quantities belong to the same
irrep: scalar flux, normal component of the net current, exiting and incident current, angular
current.

In a subcritical V , the angular flux in V belongs to the same irrep as does the boundary
value prescribed on the boundary. It is always possible to obtain the square V from a subset
V0 ⊂ V of the square by applying the symmetries of the square on V0. For example, by the
two orthogonal diagonals, we subdivide the square into four congruent triangles. It suffices
to know the solution over one of the triangles V0, applying h ∈ H, we are able to reconstruct
the solution over the entire square. The area of V is eight times the area of V0 for a square
cell. A similar statement holds for the boundary ∂V , which is the union of eight half faces.
The formalism simplifies when we speak of only four faces exploiting that the even and odd
functions automatically take care of the "side halving".

Assume that the boundary condition transforms as irrep α, k does. Then, it suffices to
give the solution ψ(r) of the transport equation on r ∈ V0, as the solution on V is given as
Phψ(r) = ψ(Phr), h ∈ H. It can be shown that the reconstruction is completely determined
by one of the following four four-tuples:

e1 = (1, 1, 1, 1); e2 = (1,−1, 1,−1); e3 = (1, 0,−1, 0); e4 = (0, 1, 0,−1). (8.103)

Consequently, the boundary condition is completely determined by giving the index i of
the ei vector according to which the boundary value transforms under the symmetries of
the square, and the boundary value over the boundary of the square. Furthermore, the
general case, including the non-symmetric one, is a linear combination of the symmetric
cases. Similarly, it suffices to give the solution over one of the triangles and give the vector
according to the solution transforms in V .

Let the boundary condition be Iig(rb)ei in energy group g. We write the solution of the
transport equation in energy group g′ as ψigg′(r). Four model-boundary value problems will
describe the neutron distribution in V : ψigg′(r,Ω), i = 1, 4.

As to the model boundary conditions, there are four possible boundary conditions along
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the four sides: Nig(rb), i = 1, 4. Since
N1g

N2g

N3g

N4g

 =
N1g +N2g +N3g +N4g

4


1
1
1
1

+
N1g −N2g +N3g −N4g

4


1
−1

1
−1



+
N1g −N3g

2


1
0
−1

0

+
N2g −N4g

2


0
1
0
−1


(8.104)

and the irreps of the boundary conditions are

I1g =
N1g +N2g +N3g +N4g

4
(8.105)

I2g =
N1g −N2g +N3g −N4g

4
(8.106)

I3g =
N1g −N3g

2
(8.107)

I4g =
N2g −N4g

2
. (8.108)

and the angular flux Φg(r,Ω) in V is given by

Φg(r,Ω) =

4∑
i=1

G∑
g′=1

Iig′ψigg′(r,Ω). (8.109)

Here we present a simplified derivation. Actually, the basis functions ψigg′(r,Ω) depend on
the independent variables r and Ω, and their irreducible components are direct products of
functions depending on r or Ω. Such a discussion is rather long, see [55].

We need two quantities determined on the cell boundary: the face averaged flux and the
face averaged normal component of the net current. The notation for the former is

Fi,g =

∫
∂Vi

∫
4π

Φg(r,Ω)dΩdS, i = 1, . . . , 4, (8.110)

the latter
Ci,g =

∫
∂Vi

∫
4π

ΩnΦg(r,Ω)dΩdS; i = 1, . . . , 4. (8.111)

The angular flux Φg(r,Ω) is linear in the irreps Iig′ , see (8.109), therefore the irreps of the
boundary fluxes and currents are also linear in the irreps Iig′ . In view of this, we may write

Fig =

G∑
g′=1

Rigg′Iig, i = 1, . . . , 4; (8.112)

because the irreps are linearly independent. Analogously, the irreps of the current are given
by

Cig =

G∑
g′=1

T igg′Iig, i = 1, . . . , 4. (8.113)
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To simplify the notation, we collect the four irreps into one vector and write

Cg =

G∑
g′=1

Tgg′Ig′ (8.114)

where
Tgg′ = diag(T 1

gg′ , T
2
gg′ , T

3
gg′ , T

4
gg′). (8.115)

We are able to express the irreps in a given cell with the help the values at the four faces of
the cell, using (8.105)-(8.108):

Fig =

4∑
i′=1

Ii′gei′in, (8.116)

where vectors ei are given in (8.103). Analogously, the four boundary currents at the four
cell faces are given as

Cig =

G∑
g′=1

4∑
i′=1

T i
′

gg′Ii′g. (8.117)

Now we are able to include also the interface connection between adjacent cells. To this
end, we have to fix the node numbering, see Fig. 8.3. The node index is added as a left
superscript, e.g. 0I1 stands for the symmetric boundary value in cell No. 0. Our goal is to
derive an equation for the symmetric I1 amplitudes in the boundary condition see (8.100).

Now we return to the numerical method for solving the static transport equation in
multigroup formalism:

Ω∇Φg(r,Ω) + ΣgΦg(r,Ω) =

G∑
g′=1

Σs(g
′ → g,Ω′ → Ω) +

fg
4π

G∑
g′=1

νΣfg′

∫
4π

Φg′(r,Ω
′)dΩ′;

g = 1, . . . , G.

(8.118)

For the sake of simplicity we assume isotropic scattering:

Σs(g
′ → g,Ω′ → Ω)→ Σs(g

′ → g).

We apply the variational method to a volume V composed of N >> 1 identical cells. The
solution on V is written as Ψg, g = 1, . . . , G and it is the function making stationary the
functional

L[Ψg] =

∫
V

∫
4π

(Ω∇Ψg)
2 + ΣgΨ

2
g − 2QgΨgd

3rdΩ +

∫
∂V

∫
4π

ΩnΨ2dSdΩ, (8.119)

here Qg is the sum of sources in energy group g. The variation of functional L is

δL =

∫
V

∫
4π

(Ω∇Ψ + ΣgΨg −Qg) δΨgd
3rdΩ +

∫
∂V

∫
4π

ΩnΨgδΨg, (8.120)

which vanishes for arbitrary δΨ when Ψg is the solution of (8.118) inside V and nΩΨ is
continuous on the boundaries. We are going to minimize the functional (8.119) for the
approximate solution by a suitable choice of the free parameters. In doing so, we decompose
the integrals into sums of integrals over individual cells:

L[Ψg] =

N∑
n=1

Ln[Ψn,g] (8.121)
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and in cell n

Ln[Ψn,g] =

∫
Vn

(Ω∇Ψng)
2 + ΣgΨ

2
ng − 2QgΨngd

3r +

∫
∂Vn

∫
4π

ΩnΨ2
ng(rb,Ω)dSdΩ. (8.122)

In the evaluation of the surface integral we have to remember that a given internal cell
boundary we get two contributions from the two adjacent cells and the direction of the
normal n is opposite on the two sides therefore the last terms are∫

∂Vn

∫
4π

Ωn(Ψng(rb,Ω)−Ψn′g(rb,Ω))δΨgdSdΩ (8.123)

minimal when at the boundary points rb the angular flux multiplied by Ωn is continuous.
The first step in setting up an approximate method is to choose the basis functions in

terms of which the approximate solution is expressed. Here we rely on the symmetry of the
boundary condition. The boundary conditions at the boundary of a square cell fall into four
categories, transforming according to one of the four vectors given in (8.103). If this is not
the case the boundary condition is decomposable into such components by means of (8.104).
When the cell is small, we may discard the space dependence on a side. In general, we may
need a polynomial approximation along a given face. To this end, we introduce the local
coordinate −a ≤ ξ ≤ +a and we expand the position dependent scalar flux along face i as

Φi(ξ) =

M∑
m=0

bmPm(ξ). (8.124)

Unfortunately the symmetry properties of the polynomials differ, for example the symmetries
of polynomials even in ξ differ from the properties of the odd polynomials 3. For the sake of
simplicity, we assume the angular flux is constant along a face of the cell.

It is known that the angular flux at the boundary determines the solution, see theorem 3.1
in Chapter 1, thus by an appropriate decomposition of the angular flux on the boundary, the
corresponding solutions of the transport equations form a complete system. That observation
is the basis of the below given approximate solution[53],[54].

Since the symmetry of the boundary condition at the cell boundary determines the sym-
metry of the solution to the transport equation inside a cell, the trial functions are classified
according to the symmetry of the boundary condition. The residuum of the variation de-
pends on the continuity of the angular moments at the internal boundaries, see (8.123), so we
choose the normal component of the net current as boundary condition. We classify the bo-
undary currents according to their transformation rule among the four faces, we distinguish
four classes. To cut the discussion short, we assume that face averaged boundary conditions
are used. Then, the normal components of the net currents at the cell boundary are pro-
portional to e1, e2, e3 and e4. The angular flux inside the cell is uniquely determined by the
boundary net currents, so we use the following maps, see Table 8.1. Note that linear combi-
nations of boundary currents or fluxes have the same symmetry as the boundary current or
flux. The linear transformation here amounts to a multiplication by matrix Egg′ , Fgg′ , and
Hgg′ , respectively. Note that the first irrep I1g, is the average of the net currents at the four
faces.

Since there is no essential difference between the third and fourth irreps, the transforma-
tion operator is the same for them (Schur’s lemma), see [55]. Our approximation neglects
that higher angular moments may appear at the boundary and the spatial shape of the

3Odd angular moments also transform differently from the even angular moments, see Ref. [55] for the
details.
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Irrep BC Ang. flux.
1 e1Ii1g

∑G
g′=1Egg′I

i
1g′

2 e2Ii2g
∑G
g′=1 Fgg′I

i
2g′

3 e3Ii3g
∑G
g′=1Hgg′I

i
3g′

4 e4Ii4g
∑G
g′=1Hgg′I

i
4g′

8.1. táblázat. Angular flux and boundary net currents in cell No. i

8.3. ábra. Cell and face numbering in the square lattice

current may vary along a face. In the following discussion, only the scalar flux will be used,
thus the operators E,F and H are meant to give the scalar flux.

Now we show that the average flux in a cell satisfies a diffusion-like equation. First we
need a systematic node numbering in the volume filled out by identical cells, see Figure 8.3.
At the joint boundary of adjacent cells the fluxes determined in the two cells should be the
same, but the net currents have different signs because the normal directions differ in the
cells. The symmetric component (or irrep) in the central cell is

I0
1g =

1

4

(
J0

1g + J0
2g + J0

3g + J0
4g

)
(8.125)

and the continuity conditions are at the cell boundaries:

J0
1g = −J1

3g; J0
2g = −J2

4g; J0
3g = −J3

1g; J0
4g = −J4

2g; . (8.126)

The net current at boundary k of cell m can be expressed by the irreps as

Jmkg = Im1ge1k + Im2ge2k + Im3ge3k + Im4ge4k, k = 1, . . . , 4. (8.127)

Substituting (8.127) into the right hand side of (8.126), we get the following relationship
between the irreps of the neighboring cells:

I0
1g = −1

4

4∑
k=1

Ik1ge1k + Ik2ge2k + Ik3ge3k + Ik4ge4k. (8.128)
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Now we write down the continuity of the boundary fluxes. We obtain the boundary
fluxes from Table 8.1 on either side of (8.125). A further simplification is introduced, we
assume that matrices H are the same for each cell, whereas matrices E may distinguished
by a superscript:

E0
g I0

1g = −1

4

4∑
k=1

Ekg I1e1k + F kg I2ge2k +Hk
g (Ik3ge3k + Ik4ge4k). (8.129)

Multiply (8.125) by Hk
g and dropping the k superscript in Hk

g we get

(E0
g +Hg)I

0
1g = −1

4

4∑
k=1

(Ekg −Hg)I
k
1g + (Hg − F kg )I2ge2k, (8.130)

which is a difference equations for the irreducible normal components on the boundaries of
the cells. In the difference scheme, only the neighboring cells are involved. Note that the
symmetric irrep occurs with all the k = 0, 1, . . . , 4 subscripts. Laletin simplified the above
expression by introducing

Φk = (Ekg −Hg)I
k
1g (8.131)

and

Λ1Φ0 =
1

a2

(
4∑
k=1

Φk − Φ0

)
, (8.132)

and arrives at the following equation:

Λ1Φ0 − κ2
0Φ0 +

1

a2
(Hg − F kg )Ik2g.e2k = 0 (8.133)

When we integrate the neutron balance over a cell, we get a relationship between the
volume averaged flux and the symmetric current irrep:

1

S
Ik1g +

1

V
Σ̄Φ = 0, (8.134)

indicating that the symmetric current at the boundary is proportional to the average flux.

8.5. Pn method
In the transport equation, we encounter angular dependence in the scattering operator and
the angular flux. Neutron scattering is invariant with respect to rotations around the line
connecting the neutron and the nucleus. Therefore it is natural to employ a numerical
method in which we expand every Ω dependent function in terms of the eigenfunctions of
the rotation transformation. First, let us see those functions.

8.5.1. Spherical harmonics
We study the transformation properties of the angular variable Ω under rotations. Obviously
there are three independent rotations around the x, y and z axes. We use the coordinates
of Ω as explained in Chapter 3. Rotations around the coordinate axes are given by the
following operators:

Lx = −i (y∂z − z∂y) , (8.135)
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Ly = −i (z∂x − x∂z) , (8.136)
Lz = −i (x∂y − y∂x) . (8.137)

Instead of seeking eigenfunctions of the operators Lx,Ly, and Lz it suffices to find the
eigenfunctions of two operators. Let us introduce

L2 = L2
x + L2

y + L2
z (8.138)

which commutes with Lx,Ly,Lz:

L2Lz − LzL2 =
[
L2Lz

]
= 0 (8.139)

and [
L2Ly − LyL2

]
=
[
L2Lx − LxL2

]
= 0. (8.140)

The eigenfunctions f`m(Ω) of the rotation operators can be labeled by two integers `,m.
The operator Lz leaves invariant f`m(Ω):

Lzf`m = mf`m,m = 0, 1, 2, . . . (8.141)

its eigenvalues are integers. The eigenvalues of L2 are

L2f`m = (`+ 1)`f`m. (8.142)

The Ω vector is given as function of angles θ and ϕ, and the eigenfunctions are given as
function of θ and ϕ:

Y`m(θ, ϕ) =

[
(`−m)!

(`+m)!

]1/2

Pm` (
2`+ 1

4π

(`− |m|)!
(`+ |m|)!

cos θ)eimϕ. (8.143)

Here Pm` (x) is the associated Legendre polynomial. When `,m are integers, and 0 ≤ m ≤ `
the Pm` (x) function is non-singular on [−1, 1]. We obtain the associated Legendre polyno-
mials from the Legendre polynomials by the formula

Pm` (x) = (−1)m(1− x2)m/2
dm

dxm
P`(x). (8.144)

The spherical harmonics obey the following addition property and allow us to express a
polynomial of the dot products in terms of spherical harmonics:

P`(Ω ·Ω′) =

+∑̀
m=−`

4π

2`+ 1
Y ∗`m(Ω)Y`m(Ω′). (8.145)

The Legendre polynomials Pn(x) are the solutions of the Legendre differential equation

d

dx

[
(1− x2)

dPn(x)

dx

]
+ n(n+ 1)Pn(x) = 0, |x| < 1. (8.146)

They are obtained recursively from

P0(x) = 1; P1(x) = x (8.147)

using the rule
(n+ 1)Pn+1(x) = (2n+ 1)xPn(x)− nPn−1(x). (8.148)

The spherical harmonics are orthogonal:∫
4π

Y ∗`m(Ω)Y`′m′(Ω)dΩ = δ``′δmm′ . (8.149)

Using (8.149), we can expand any function of Ω as a linear combination of spherical harmo-
nics.
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8.5.2. The Pn equations
Using the orthogonality and completeness of the spherical harmonics, we expand the angular
flux as

Φ(r, E,Ω) =

∞∑
`=0

+∑̀
m=−`

(
2`+ 1

4π

)1/2

φ`m(r, E)Y`m(Ω). (8.150)

The integral in the scattering operator involves the scattering cross-section with ΩΩ′ in its
argument. Using (8.145), we expand it in terms of spherical harmonics as

Σs(E
′ → E,Ω′Ω) =

L∑
`=0

+∑̀
m=−`

Σ`(E
′ → E)P`(Ω

′Ω)

=

L∑
`=0

+∑̀
m=−`

Σ`(E
′ → E)Y ∗`m(Ω′)Y`m(Ω).

(8.151)

Using the orthogonality (8.149), the scattering term in the transport equation (3.116) beco-
mes ∫ ∞

0

∫
4π

Σs(E
′ → E,Ω′Ω)Φ(r, E′,Ω′)dΩ′dE

=

L∑
`=0

+∑̀
m=−`

Y`m(Ω)

∫ ∞
0

Σ`(E
′ → E)φ`m(r, E′)dE′.

(8.152)

In the other terms in (3.116), (8.150) is used directly, except the leakage term which becomes∫
4π

Y`′m′(Ω)Y`m(Ω) (8.153)

and complicates the Pn equations. The result is[
(`+ 2 +m)(`+ 1 + n)

(2`+ 3)2

]1/2 [
−1

2

∂φ`+1,m+1

∂x
− i

2

∂φ`+1,m+1

∂y

]
+

[
(`+ 1−m)(`+ 2−m)

(2`+ 3)2

]1/2 [
1

2

∂φ`+1,m−1

∂x
− i

2

∂φ`+1,m−1

∂y

]
+

[
(`−m− 1)(`−m)

(2`+ 1)2

]1/2 [
1

2

∂φ`−1,m+1

∂x
− i

2

∂φ`−1,m+1

∂y

]
+

[
(`+m)(`+m− 1)

(2`− 1)2

]1/2 [
−1

2

∂φ`−1,m−1

∂x
+
i

2

∂φ`−1,m−1

∂y

]
+

[
(`+ 1 +m)(`+ 1−m)

(2`+ 3)2

]1/2
∂φ`+1,m

∂z

+

[
(`+m)(`−m)

(2`− 1)2

]1/2
∂φ`−1,m

∂z
+ Σtφellm

=

∫ ∞
0

Σ`(E
′ → E)φ`m(r, E′)dE′ +Q`m.

(8.154)

The derivative of the component `,m contains derivatives of `1 and `+1 in the first subscript,
and m+ 1 and m− 1 in the second subscript. Moreover, partial derivatives of all the space
coordinates are involved. This is why there does not exist a general Pn code.
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Each equation for a φ`m contains a contribution from its own φ`m exclusively through
the scattering operator whereas the first four terms in equation (8.154), which couples the
different components, belong to the leakage operator. Therefore when the flux is constant in
space, the φ`m components develop independently in energy, and in time dependent problems,
in time. There are two processes changing the direction of the neutron speed: scattering
and fission. Fission is usually assumed to be isotropic so it can be disregarded in that
respect. The `-th Legendre moment of the scattering cross-section in (8.154) occurs only in
the equation for φ`m with the same `.

Equation (8.154) is actually an infinite set of equations. The set is usually terminated
(closure) by assuming that

∂φL+1,m±1

∂x
=
∂φL+1,m±1

∂y
=
∂φL+1,±1

∂z
= 0 (8.155)

for some L. The finite set of equations obtained in this way is called the PL approximation.
The P1 approximation is called diffusion theory and we have discussed it in Chapter 6.

As to the internal boundary conditions, we have seen that at internal boundaries the
angular flux in the direction of the interface may be discontinuous. Thus the continuity of
the components of all φ`m may not be prescribed.

The scalar flux and the normal component of the current should always be continuous.
N. I. Laletin proposed[57][p. 439] to derive the current not as the gradient of the scalar flux
but from the second angular moments of the angular flux:

Ji(E, r) = − 1

3Σtr

3∑
j=1

∂

∂xj
Lij(E, r), i = 1, 2, 3, (8.156)

where
Lij(E, r) = 3

∫
4π

ΩiΩjΦ(r, E,Ω)dΩ (8.157)

is the level tensor, the diagonal terms are

Lii(r, E) = Φ(r, E) + 2Φ2i(r, E) (8.158)

and
Φ2i(r, E) =

∫
4π

P2(Ωi)Φ(r, E,Ω)dΩ (8.159)

is the level, the second angular moment of the angular flux.
We can not discuss here the problem of boundary condition in more detail. We only

mention here that exploiting the analytical solution derived by Case [147] we are able to get
an analytical solution. We expand the angular dependent parts of the solution in terms of
spherical harmonics, more precisely, because of the plane geometry, into Legendre polyno-
mials of µ. Case’s method derives the analytical solution to the transport equation in the
form of sums of a space dependent function ex/κ multiplied by an angle dependent function
Mκ(µ). Below we explicitly express the solution as

Φ(x, µ) =

N∑
n=0

2n+ 1

4π
Pn(µ)ψn(x). (8.160)

We get equations for ψn(x). Then after substituting (8.160) into

µ
∂Φ(x, µ)

∂x
+ Φ(x, µ) =

c

2

∫ +1

−1

Φ(x, µ′)dµ′ +Q(x, µ) (8.161)
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we multiply by Pn(µ) and integrate over µ, using the orthogonality∫ +1

−1

Pn(µ)Pm(µ)dµ = δnm
2

2n+ 1
(8.162)

and recursion relation

ξPn(ξ) =
n

2n+ 1
Pn−1(ξ) +

n+ 1

2n+ 1
Pn+1(ξ). (8.163)

In this way we obtain the following recursion rule for the space dependent part of the solution:

(n+ 1)ψ′n+1(x) + nψn−1(x) + (2n+ 1)(1− cδn0)ψn(x) = 0, (8.164)

for n = 0, 1, . . . , N ; primes denote differentiation with respect to x. We assume

ψ′N+1 = 0

to close the set of equations (8.164). Equations (8.164) are linear in ψi. Thus a nontrivial
solution exists only when the determinant is zero. Using

ψn(x) = gne
x/κ (8.165)

form, we get the following homogeneous equation set for gn:

κ[(2n+ 1)− cδ0n]gn + [(n+ 1)gn+1 + npn−1] = 0 (8.166)

The determinant of that equation set is an N -th order polynomial in κ. The zeros of the
determinant depend on c.

Now we are able to investigate the limit of the solution at infinity. To this end, consider
the upper half space. The zeros κ of the determinant occur in positive-negative pairs. When
the flux vanishes at x = ∞, those coefficients in the ψn(x) functions which include expκx
must vanish.

When the plane is finite, let us consider its free surface at x = 0. The exact boundary
condition would be

Φ(0, µ) = 0 (8.167)

for µ > 0. In the Pn approximation we have only a solution of finitely many degrees of
freedom, when N is odd, we can satisfy (N + 1)/2 conditions. As Davison’s noted [58][p.
129] the boundary condition can be reduced to (N + 1)/2 conditions in one of the following
three ways:

• We choose (N + 1)/2 positive directions and satisfy the boundary condition at these
points;

• We choose (N + 1)/2 orthogonal functions defined on [0, 1] and choose Φ(0, µ) to be
orthogonal to them;

• We replace the vacuum in x < 0 by a completely black material, and the boundary
condition is the continuity of the angular moments (apart from the angle parallel to
the boundary).

Mark showed that the latter condition is equivalent to the first one provided we have chosen
the directions µj as the roots of

PN+1(µj) = 0. (8.168)
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These are called Mark boundary condition.
The second method can be realized by noting that the odd Legendre functions form a

complete set. In the roles of the boundary condition, the total number of incoming neutrons
is the most important as it influences the neutron balance in the volume under consideration.
Condition (8.168) amounts to ∫ 1

0

Φ(0, µ)µdµ = 0. (8.169)

Therefore Marshak proposed the boundary conditions∫ 1

0

Φ(0, µ)P2j−1(µ)dµ = 0, j = 1, 2, . . . , (N + 1)/2, (8.170)

that assures (8.168).
The fact that the angular flux at a material interface may be discontinuous in the direction

parallel to the interface suggests two decompositions into Pn components, one for each range
separated by the direction of the interface. That approximation is called DPn method or
double Pn method.

Let us expand the angular flux as

Φ(x, µ) =

∞∑
`=0

2`+ 1

4π

[
ϕ+
` (x)P+

` (µ) + ϕ−` (x)P−` (µ)
]
, (8.171)

where

P+
` (µ) =

{
P`(2µ− 1), 0 ≤ µ ≤ 1

0, −1 ≤ µ < 0
(8.172)

P−` (µ) =

{
0, 0 ≤ µ ≤ 1

P`(2µ+ 1), −1 ≤ µ < 0
(8.173)

The space-dependent components are determined as

ϕ+
` (x) =

∫ 1

0

Φ(x, µ)P+
` (µ)dµ (8.174)

and

ϕ−` (x) =

∫ 0

−1

Φ(x, µ)P−` (µ)dµ. (8.175)

After substituting the above expansion into the transport equation and making use of the
orthogonality, we obtain the DPn equations:

2`
dϕ±`−1

dx
± (2`+ 1)

dϕ±`+1

dx
+ 2(2`+ 1)Σtϕ

±
` (x) = Σs(ϕ

+
0 + ϕ−0 ) + 2Q0δ`0. (8.176)

The Bn method separates the space dependent part of the angular flux with the help of
the eigenfunctions of the Laplace operator in the given geometry. Far from boundaries the
space-dependence of the neutron flux is separable:

Φ(r, E,Ω) = F1(r)F2(E,Ω). (8.177)

Assuming the space-dependence of the flux and the source term in the form of

F1(r) = eiBr, (8.178)
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we obtain an equation for the F2(E,Ω) function:

(ΩB + Σt)F2(E,Ω) =

∫ ∞
0

∫
4π

Σs(E
′ → E,Ω′Ω)F2(E′,Ω′)dE′dΩ′ +Q(E,Ω). (8.179)

(8.179) is solved for F2(E,Ω) so that the angular dependence is expanded into low order only
in the scattering kernel, whereas in F2(E,Ω) a better approximation is used. The neutron
spectrum obtained by the B1 method is superior to the P1 solution.

8.6. Sn method
There is a general Sn method in contrast to the Pn method, where the system of equations
for different n is different and there is no general Pn algorithm. We discuss the approximate
solution methods starting out from the multigroup, static form of the transport equation:

Ω∇Φg(r,Ω) + ΣtgΦg(r,Ω) =

G∑
g′=1

Σs(r; g′,Ω′ → g,Ω)Φg′(r,Ω
′)

+
1

k

fg
4π

G∑
g′=1

Σfg′(r)

∫
4π

Φg′(r,Ω
′)dΩ′,

(8.180)

where we have assumed that the angular distribution of the neutrons emerging from fission
is isotropic. The fission spectrum fg might depend on position because the densities of the
fissionable isotopes may vary with the position and have different fission spectra. We neglect
that, although in the burnup calculation, see Section 9.4 in Chapter 9, it will be taken into
account. We have not yet specified the scattering model yet. In Section 8.5 we discussed the
Pn approximation, there the scattering kernel has been expanded in a finite set of Legendre
polynomials. Using that expansion, the scattering term is written as

G∑
g′=1

Σs(r; g′,Ω′ → g,Ω)Φg′(r,Ω
′) =

G∑
g′=1

L∑
l=0

+l∑
m=−l

Ylm(Ω)Σs(r; l, g′ → g)

∫
4π

Y ∗lm(Ω′)Φg′(Ω
′)dΩ′.

(8.181)

Details can be found in Section 8.5. Now we will consider the angular variable. In Section 8.5,
we have seen that all Ω dependent term can be expanded in a suitable basis: the spherical
functions Y`m. In the present Section we consider an alternative method of angular discre-
tization. The idea is to replace the continuous Ω variable with a finite number of discrete
directions Ωm,m = 1, . . . ,M . Before going into details let us study the structure of equation
(8.180). When we seek the solution in the energy group g, the fluxes in the other groups
may be considered as known functions and as a given source. Thus the solution procedure
breaks up into a sequence of steps. In a given step we find the flux in a particular group, and
in the next group that solution gives a contribution to the source. The nature of the fission
source does not differ from the scattering source; it is just an energy integrated component
in the source. Note however, that in the source we find angle-integrated expressions of the
angular flux, and we have to consider this when designing the angle discretization. In the
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actual group g, we have to solve the equation given below:

Ω∇Φg(r,Ω) + ΣtgΦg(r,Ω) =

L∑
l=0

+l∑
m=−l

Ylm(Ω)Σs(r; l, g′ → g)∫
4π

Y ∗lm(Ω′)Φg′(Ω
′)dΩ′ +Q(r,Ω).

(8.182)

This is the basic form of the transport problem to be solved by the discrete ordinate method.
The first step is to choose a set of discrete directions Ωm,m = 1, 2, . . . ,M called rays. Since
in equation (8.182) we need to integrate, we allocate a weight wm to Ωm in order to calculate
integrals over angle. Dropping the group index, in each group we have to evaluate equation
(8.182) at each of the Ωm discrete directions:

Ωm∇Φ(r,Ωm) + ΣtΦ(r,Ωm) =

L∑
`=0

+∑̀
n=−`

Y`n(Ωm)Σsl

∫
4π

Y ∗`n(Ω′)Φ(r,Ω′)dΩ′

+Q(r,Ωm), m = 1, 2, . . . ,M.

(8.183)

The weights are used in the calculation of an integral in the manner given below. To find
the angular moment ϕ`n of the angular flux Φ(r,Ω) we have to calculate the integral

ϕ`n(r) ≡
∫
Y ∗`n(Ω)Φ(r,Ω)dΩ ∼=

M∑
m=1

wmY
∗
`m(Ωm)Φ(r,Ωm), (8.184)

which has been approximated above by a weighted sum.
We also discretize the space variable, the discretization depending on the geometry. On

the discretized mesh (8.184) is solved by a suitable numerical method (finite difference, finite
element, or nodal). The structure of the discretized equations is

RF = SF +Q (8.185)

where R is the discretized operator (i.e. matrix) on the left-hand side of (8.182), matrix
S is the scattering term and Q is the source term. F is the discretized angular flux at
the discretized angular and spatial points, and the length of vector F equals the number of
angular directions multiplied by the number of space points.

Equation (8.185) is solved by iterative methods, see Section 8.1.

8.6.1. Directions and weights
Assume no advance knowledge of the solution is available. Then the selection of Ωm should
be based on general considerations. We characterize a ray Ωm by the direction cosines
(µx, µy, µz), with respect to the coordinate axes x, y, z, respectively. It is reasonable to
choose the direction cosines from the same set α1, . . . , αm. We show that the specification of
one direction cosine α1 uniquely determines all direction cosines provided trivial invariance
principles are satisfied.

If the geometry is general, the three axes x, y, z are equivalent because we may label
them arbitrarily. Similarly, along a given axis the positive and negative directions are equi-
valent. Therefore the angular-direction set should be invariant under any rotation by integer
multiples of 90o. Therefore each octant of the unit sphere hosting the directions should be
equivalent. Rotations and reflections leave the unit sphere invariant and map the coordinates
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of the direction cosines into each other. Therefore the admissible µx, µy, µz should be taken
from the same set, i.e µi = α1, . . . , αM , i = x, y, z. Furthermore, because the unit sphere is
symmetric with respect to reflection, the ordered set α1, . . . , αM where α1 < α2 < · · · < αM
should be symmetric with respect to α = 0. The independent elements of the set are
α1, . . . , αM/2. Invariance requires the discrete Ωm vectors to lie on loci of constant µx, µy or
µz (i.e. on latitudes).

The direction cosines are unit vectors so they satisfy the

µ2
x + µ2

y + µ2
z = 1

relation. Each one of the coordinates must be equal to one element of the ordered set
α1, . . . , αM . Let those elements be

(αxi, αyj , αzk).

Because they lie on the unit sphere, the indices must satisfy

xi+ yj + zk = M/2 + 2. (8.186)

Consider the direction Ω1 = (αxi, αyj , αzk) and move to the next point Ω2 along the
increasing µy latitude. In this way we arrive at µxi, µy,j+1 and the third coordinate of the
neighboring point must be µz,k−1 (because if one coordinate increases the other must decrease
when passing to a neighboring point while the third latitude is held constant). Hence the
neighboring point is Ω2 = (µxi, µy,j+1, µz,k−1). Using that Ω1 and Ω2 are unit vectors, we
find

µ2
xi + µ2

yj + µ2
zk = 1 = µ2

xi + µ2
y,j+1 + µ2

z,k−1

or
µ2
yj − µ2

y,j+1 = µ2
z,k−1 − µ2

z,k (8.187)

where j, k are arbitrary. The directions cosines are taken from the same set. Therefore the
αi numbers are such that

α2
i = α2

i−1 + c, for all i, (8.188)

and
α2
i = α2

1 + c(i− 1). (8.189)

If we have M direction cosines along each axis, there are M/2 points for αi > 0 and there is
a point having coordinates (α1, α1, αM/2) therefore

c =
2(1− 3α2

1)

M − 2
. (8.190)

Henceforth α1 determines all the αi, i = 2, . . . ,M/2. When α1 > 1/
√

3, the points tend to
cluster close to α = 0, whereas when α is small, the points cluster around the poles.

As to the space variable, when the geometry is known, the directions can be chosen
accordingly. This is the case in plane or spherical geometry. When one angle coordinate
determines the position of a point on the unit sphere, the integration in (8.184) simplifies. In
plane geometry the integration over ϕ reduces to a multiplication by 2π because of rotational
invariance. Hence∫

4π

Pl(Ω)Φ(Ω)dΩ = 2π

∫ +1

−1

Pl(µ)Φ(µ)dµ ∼=
M∑
m=1

wmPl(µm)Φ(µm). (8.191)
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The weights should be chosen so that they are projection invariant. This is assured by the
appropriate choice of the directions as discussed above. In addition also the approximate
integrals should have small error. The M point Gaussian-quadrature set integrates exactly
a polynomial of degree 2M − 1 and is projection invariant. Also it gives positive scalar flux
when the angular flux is everywhere positive. The net current must be zero when the angular
flux is constant. Therefore the weights should obey

M∑
m=1

wmΩm = 0, (8.192)

or by components
M∑
m=1

wmµxm =

M∑
m=1

wmµym =

M∑
m=1

wmµzm = 0 (8.193)

for odd M . Based on the P1 approximation, from the discretized in angle angular flux the
following relations are obtained:

M∑
m=1

wmµ
2
xm =

M∑
m=1

wmµ
2
ym =

M∑
m=1

wmµ
2
zm =

1

3
. (8.194)

In general, the even-moment conditions fix the relation

M∑
m=1

wmµ
n
xm =

1

n+ 1
. (8.195)

The arrangement of directions in one octant and the weights must be invariant under 120o

rotations of the octant. A 120o rotation brings one axis into another. This indicates that
when the order of approximation is increased fromM toM+1, M/2 new directions must be
added in each octant. If the number of directions per octant is M , the number of directions
in the eight octants is

M(M + 2), in 3D;
1

2
M(M + 2), in 2D; M in 1D. (8.196)

8.6.2. Boundary conditions
The zero-entering angular flux or free surface boundary condition is

Φg(rb,Ωm) = 0, Ωmn(rb) < 0. (8.197)

In plane geometry using Gaussian quadrature this boundary condition is equivalent to the
Mark boundary condition; see 8.5. Hence, the Pn-Sn equivalence in slab geometry holds
only when the Mark boundary condition is used in the Pn method. Note that (8.197) can
be achieved by surrounding V by a completely absorbing medium.

Reflective boundary condition is realized by specular reflection. In rectangular coordinate
the boundary at rb = (xb, yb):

Φ(xb, y,Ωmx,Ωmy) = Φ(xb, y,−Ωmx,Ωmy) (8.198)

and
Φ(x, yb,Ωmx,Ωmy) = Φ(x, yb,Ωmx,−Ωmy). (8.199)
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In the case of white reflection first the exiting current is calculated:

J+(rb) =

M∑
m=1

wmΩmn(rb)Φ(rb,Ωm); for Ωmn(rb) < 0 (8.200)

and the re-entrant current must be the same

J−(rb) =

M∑
m=1

wmΩmn(rb)Φ(rb,Ωm); for Ωmn(rb) > 0 = J+(rb). (8.201)

In the P1 approximation on the boundary, the angular flux is linear in Ω and independent
of subscript m thus it is readily determined from (8.201).

The albedo boundary condition can be simplified. The general albedo matrix is too
complicated for practical calculations; therefore the following simplifications are introduced:

Φ(rb,Ω) =
Γ
∑M
m=1 wmΩmn(rb)Φ(rb,Ω

′) + jext
4π∑M

m=1 wmΩmn(rb)
(8.202)

where Ω′ = −Ωn(rb) .
Below we demonstrate the equivalence of the Sn equations with Gaussian quadrature

in (8.191) to the Pn−1 equations with Mark boundary conditions. The proof follows the
line given in Ref. [59]. We restrict the discussion to plane geometry. Then the angular
variable reduces to µ, the cosine of the angle between Ω and the x axis. Also, instead of the
spherical harmonics we may use the Legendre polynomials Pl(µ). The angular flux Φ(x, µ),
the discrete ordinate moments of the angular flux are given by

ϕ̃(x) = 2π

M∑
m=1

wmPl(µm)Φ(x, µm), (8.203)

the spherical harmonics moments for the angular flux are

ϕl(x) = 2π

∫ +1

−1

Pl(µ)Φ(x, µ)dµ. (8.204)

The angular discrete ordinates moments for the source Q(x, µ) are:

q̃l(x) = 2π

N∑
m=1

wmPl(µm)Q(x, µm). (8.205)

and the spherical harmonics moments are

ql(x) = 2π

∫ +1

−1

Pl(µ)Q(x, µ)dµ. (8.206)

The transport equation in the discrete ordinate formalism is

µm
dϕm
dx

+ Σtϕm(x) =

L∑
l′=1

2l′ + 1

4π
Σsl′ ϕ̃l′(x)Pl′(µm) + qm. (8.207)
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Multiply (8.207) by 2πPl(µm) and sum over m to find

2π

N∑
m=1

wmPl(µm)µm
dϕm
dx

+ 2πΣt

N∑
m=1

wmPl(µm)ϕ(x, µm)

= 2π

L∑
l′=0

2l′ + 1

4π
Σsl′ϕl′(x)

N∑
m=1

wmPl(µm)Pl′(µm)

+ 2π

N∑
m=1

wmPl(µm)q(x, µm).

(8.208)

Using the definition for ϕl(x) and the identity

µPl(µ =
l + 1

2l + 1
Pl+1(µ) +

l

2L+ 1
Pl−1(µ), (8.209)

we find the following form for (8.208):

l + 1

2l + 1

dϕ̃l+1

dx
+

l

2l + 1

dϕ̃l−1

dx
+ Σtϕ̃l(x)

= 2π

L∑
l′=0

2l′ + 1

4π
Σsl′ ϕ̃l′(x)

M∑
m=1

wmPl(µm) + q̃l.

(8.210)

Equation (8.210) holds for l = 0, 1, . . . , N − 1. The N point Gaussian quadrature is exact
for 2N − 1 order polynomials. Thus if the order of anisotropy is not greater than L

N∑
m=1

wmPl(µm)Pl(µm) =

∫ +1

−1

Pl(µ)Pl′(µ)dµ =
2

2l + 1
δll′ . (8.211)

Now remembering that in the Pn method

dϕ̃N
dx

= 0.

To achieve this condition, we have to choose the discrete directions µm in the Sn method so
that the PN components obey

ϕ̃(x) = 2π

N∑
m=1

wmPN (µm)ϕ(x, µm) = 0. (8.212)

In other words, the µm directions be the roots of PN (µ), which is just the definition of the
Gaussian quadrature. When we define ϕ(x, µ), µ 6= µm as

ϕ(x, µ) =

N∑
l=0

2l + 1

4π
ϕ̃l(x)Pl(µ), (8.213)

we obtain the Pn solution using an Sn calculation.
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8.6.3. FD and nodal schemes
In the investigation of the space variable, we simplify the angle-dependent portion of the
problem by assuming isotropic scattering but space-dependent cross-sections.

Ωm∇Φ(r,Ωm) + Σt(r)Φ(r,Ωm) =
Σs(r)

4π

M∑
n=1

wnΦ(r,Ωn) +Q(r,Ωm), (8.214)

for the discrete directions Ωm,m = 1, . . . ,M . First we consider a simple, one- dimensional
case. Then (8.183) in plane geometry can be written as

µ
∂Φ(x, µ)

∂x
+ ΣtΦ(x, µ) =

1

2
Σs(x)

∫ +1

−1

Φ(x, µ′) +Q(x, µ). (8.215)

The discrete ordinates equations are for m = 1, 2, . . . ,M

µm
d

dx
Φ(x, µm) + Σt(x)Φ(x, µm) =

1

2

M∑
n=1

wnΦ(x, µn) +Q(x, µm). (8.216)

We solve (8.216) by the finite-difference method and introduce a spatial mesh x1, x2, . . . , xI
which are the midpoints of I intervals. The cross-sections are assumed constant in a given
interval, the boundary between intervals i and i + 1 is denoted by xi+1/2. A discretized
equation is obtained by integrating (8.216) over xi−1/2 ≤ x ≤ xi+1/2. We assume that∫ xi+1/2

xi−1/2

Φ(x)Σ(x)dx ' Φ(xi)Σ(xi)(xi+1/2 − xi−1/2). (8.217)

Now the differential equation (8.216) turns into the following difference equation:

µm

[
Φ(xi+1/2, µm)− Φ(xi−1/2, µm)

xi+1/2 − xi−1/2
+

]
+ Σt(xi)Φ(xi, µm)

+
1

2
Σs(xi)

M∑
n=1

wnΦ(xi, µn) +Q(xi, µm).

(8.218)

The number of unknowns equals the number of Φ(xi, µm) + the number of Φ(xi±1/2, µm)
quantities which equals (2I + 1)M . Equations (8.218) are linear, the number of equations
being I ∗M . To make the problem tractable, we have to reduce the number of unknowns to
the number of equations. If the flux is linear over the interval xi−1/2 ≤ x ≤ xi+1/2 we have

Φ(xi,m) =
Φ(xi+1/2,m) + Φ(xi−1/2,m)

2
, (8.219)

and equation (8.218) reduces to

µmFi + Σt(xi)Fi = qi, (8.220)

where

Fi =
Φ(xi+1/2,m)− Φ(xi−1/2,m)

∆xi
(8.221)

and

qi =
1

2
Σs(xi)

M∑
n=1

wnΦ(xi, n) +Q(xi,m). (8.222)
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8.4. ábra. Discrete directions in the SN method

(8.219) is the one-dimensional version of the so-called diamond difference scheme.
Now we have (I + 1)M unknowns, but we have to eliminate further M unknowns to

make the problem solvable. This is done by fixing the boundary conditions at the external
boundary of the leftmost and rightmost intervals. Then the problem is uniquely determined
when theM/2 entering angular fluxes are fixed at the boundary. Other boundary conditions
can also be implemented, such as the vacuum boundary condition, specifying angular fluxes
in the entering directions, the reflecting, or albedo boundary conditions.

The solution methods for the resulting set of equations are discussed in Section 8.1 of
the present Chapter.

Now we pass on to a 2D formulation of the Sn method. For simplicity’s sake isotropic
scattering is assumed, with the discretized geometry shown in Fig. 8.4. We consider a
node labeled by indices i, j. Its volume is Vij characterized by xi−1/2 ≤ x ≤ xi+1/2 and
yj−1/2 ≤ y ≤ yj+1/2. The scattering cross-section is Σijs , the external source is Qij .

We collect the contributions to the neutron-balance equation. Neutrons leave Vij through
the boundaries Ai+1/2, Ai−1/2 and boundaries Bj+1/2, Bj−1/2. The loss across the four
boundaries is

µmwm

(
Ai+1/2ϕ

i+1/2,j
m −Ai−1/2,jϕ

i−1/2,j
m

)
+ ηmwm

(
Bi,j+1/2ϕ

i,j+1/2
m −Bi,j−1/2ϕ

ij,−1/2
m

)
,

(8.223)
where the discrete direction is Ωm = (µm, ηm), the weight wm is wm = ∆Ω, the width of
the discrete directions.

The removal term is
Σi,jt ϕ

ij
mwm, (8.224)
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the scattering source plus the contribution from the external source are

qijm =

[
Σijs
4π

M∑
n=1

wnϕ
ij
n

]
Vijwm +QijmVij . (8.225)

The neutrons also exit the phase space point Vij∆Ωm by leaving ∆Ωm. That loss is pro-
portional to the surface through which the neutrons leave and to the angular flux at the
boundaries of the angular interval Ωm±1/2. It can be written as(

Ai+1/2,j −Ai−1/2,j

) (
cm+1/2ϕ

ij
m+1/2 − cm−1/2ϕ

ij
m−1/2

)
(8.226)

and (
Bi,j+1/2 −Bi,j−1/2

) (
dm+1/2ϕ

ij
m+1/2 − dm−1/2ϕ

ij
m−1/2

)
(8.227)

where the factors cm±1/2 and dm±1/2 have to be fixed. Now we are able to write down the
neutron balance for phase space point Vi,j∆Ωm:

µm

(
Ai+1/2ϕ

i+1/2,j
m −Ai−1/2,jϕ

i−1/2,j
m

)
+ ηm

(
Bi,j+1/2ϕ

i,j+1/2
m −Bi,j−1/2ϕ

i,j−1/2
m

)
+
(
Ai+1/2,j −Ai−1/2,j

)(cm+1/2

wm
ϕijm+1/2 −

cm−1/2

wm
ϕijm−1/2

)
+ Σi,jt ϕ

ij
m.

(8.228)

Now we return to the evaluation of cm±1/2 and dm±1/2. Consider a case where the external
source Q is constant, the Σa is also constant. If the flux is constant as well, say Φ0, which
is the case if the leakage from Vij is zero, then the balance equation reads as

µm
(
Ai+1/2Φ0 −Ai−1/2,jΦ0

)
+ηm

(
Bi,j+1/2Φ0 −Bi,j−1/2Φ0

)
+
(
Ai+1/2,j −Ai−1/2,j

)(cm+1/2

wm
Φ0 −

cm−1/2

wm
Φ0

)
+ΣtΦ0Vij =

Q0

4π
Vij .

(8.229)

In this situation the neutrons emitted from the source, balance out the absorptions, thus

ΣtΦ0 =
Q0

4π
.

Let the x = constant lines parallel to the y axis then the second term cancels in (8.229),
and we are left with

cm+1/2 − cm−1/2 = −µmwm. (8.230)

A similar equation for dm±1/2 is obtained analogously. In a general geometry the evaluation
of cm±1/2 and dm±1/2 is more complicated as Ωm may depend on both µ and η. When
necessary, one may consult with the user’s manual of the code to be applied [60],[61].

217



8.6.4. The ray effect
Every approximate model endeavors to replace a complex problem by a simpler one. The
price to be paid for this is the limited applicability of the simpler model. The Sn method
replaces the continuous directions in which the neutrons may fly by a set of discrete rays.
This approximation causes no problem when the volume under consideration is filled with
similar materials. Then the sources are more or less evenly distributed as in a usual core
calculation.

When the user abandons standard structures and moves on to more exotic ones he/she
may be surprised that his/her usually well behaving method performs poorly. If one has
only a few discrete directions in an Sn code, and the sources are unevenly distributed, the
neutrons may never enter portions of the volume and give a completely false result, or,
possibly an unexpectedly large error. When the neutrons may move in any direction, the
flux they create is constant on the surface of a sphere. If the neutrons move only in a few
directions, their flux will be anomalously low in some directions.

The first question is how to explore the error and how to improve the accuracy. Benc-
hmarking is a possible solution. There are well-defined problems with known solutions.
Solving the problem by an Sn program, we can compare the approximate solution with
the reference and find out the accuracy of the procedure. There are simple problems with
exact solutions [62]. There are more realistic problems collected [63], and reactor-specific
benchmarks [64].

To mitigate the error caused by using discrete directions, one can increase the number
of directions. This would reduce the error and increase the running time of the algorithm.
The Sn → Pn−1 conversion also may reduce the error, but the higher order Pn algorithm
may need a lot of work when n is large.

8.7. Collision probability method
The previous Sections discussed approximate solutions based on the expansion of the angular
flux in terms of a complete set of function. In the Pn method, the complete function set
was the spherical harmonics. That approximation has proved successful because low-order
spherical functions have led to quite good approximate solutions. As we have seen see
in Chapter 6, the diffusion theory is the most widely applied numerical approximation in
reactor physics. We mention the Sn method as a contrast, in the sense that to obtain
reasonable results n = 8 is the minimal value to be used. We have left the question of
spatial discretization open, to be discussed along with the numerical methods. It has been
a common feature of the methods we have discussed that the resulting set of equations
in either approximate method has led to a set of differential equations. Starting from the
integral form of the transport equation, it is possible to get an approximate solution without
differentiation appearing in the approximate equations.

To launch our analysis, we quote the following integral equation for the scalar flux (see
Section 3.6 in Chapter 3):

Φ(r) =

∫
V

e−d(r,r′)

4π|r− r′|2
Q(r′)d3r′, (8.231)

where d(r, r′) is the optical thickness between points r, r′ ∈ V and Q is the source. In Section
3.6 of Chapter 3, we have seen that the integral transport equation can be used to get an
integral equation for the angular flux.
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The idea of the collision probability is to subdivide V into disjoint V1, . . . , VN regions
and to use in each region the flux weighted cross-sections and the average flux to evaluate
the integral in (8.231). Thus we introduce

Φi =
1

Vi

∫
Vi

Φ(r)d3r (8.232)

Σti =

∫
Vi

Σt(r)Φ(r)d3r∫
Vi

Φ(r)d3r
(8.233)

Qi =
1

Vi

∫
Vi

Q(r)d3r. (8.234)

Now we multiply (8.231) by Σt(r) and integrate over V , using (8.232)-(8.234), to get

ΣtiΦiVi =

N∑
i′=1

Pii′ (ΣsjΦj +Qj)Vi′ (8.235)

where

Pii′ =

∫
Vi

Σti(r)
∫
Vi′

e−d(r,r
′)

4π|r−r′|2

Q
(r′)d3r′

∫
Vi′

Q(r′)d3r′ (8.236)

is the probability of a neutron being born in region i′ and suffering its first collision in region
i.

Equation (8.235) is a system of linear equations for the scalar fluxes Φi.
To throw light on the Pij probability, we study a simplified case. We have seen in Chapter

3 that the probability that a neutron leaving point i in the direction of point j does not collide
before reaching j is e−d(i,j). But our Pij is the similar probability only averaged over regions
i and j. Let regions i and j be two infinite parallel lines, say Li and Lj , separated by
a distance d(i, j). A particular neutron path may be labeled by the angle θ between the
neutron path and line i. Let P (Li, Lj , θ) give the probability that a neutron travels from Li
to Lj without a collision. Then

P (Li, Lj , θ) = e−d(i,j)/ sin θ.

Assuming that the paths labeled by various θ values are equally probable, the average pro-
bability is

P (Li, Lj) =

∫ π
0

sin θP (i, j, θ)dθ∫ π
0

sin θdθ
=

1

2

∫ π

0

sin θe−d(i,j)/ sin θdθ. (8.237)

The desired probability is given by a so called Bickley function, see Appendix A:

P (Li, Lj) = Ki2(d) (8.238)

since the distance between lines Li and Lj is constant. Note that we have established a
correspondence between two quantities. On the one hand, (8.237) is the Pij between points
i and j in a planar geometry assuming the neutrons are emitted isotropically. On the other
hand, we get a similar expression (8.238) for the collision probability between lines Li and Lj ,
but the non-collision probability e−d is replaced by a Bickley function, the planar attenuation
factor. Note that (8.238) has only one parameter: d the distance in mean-free path between
points i and j in (8.237).

The following considerations originate from Carlvik[65]. In a general two-dimensional
geometry, the average probability that a neutron uniformly and isotropically emitted from
Vj suffers its first collision in the volume Vi can be given as the sequence of the following
two, independent events:
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• the neutron does not collide in Vj ; the probability of that event is p1;

• the neutron collides in Vi; the probability of that event is p2.

Let the length of the line segment drawn in the motion direction φ of the neutron be a and
let the neutron be born at position x on that line. Furthermore, let the distance between
the volumes Vj and Vj be τ1. Then, in accordance with our analysis above, p1 and p2 are
expressible by the Bickley functions as

p1 = Ki2(a− x+ τ)

and
p2 = 1−Ki2(τ2)

where τ2 is the length of the line segment in the volume Vi. Since p1 and p2 are probabilities
of independent events, their probabilities have to be multiplied. Thus for the given direction
we get

Pij(x, y, φ) = Ki2(Σj(a− x) + τ1)−Ki2(Σj(a− x) + τ2),

where τ1, τ2 and a depend on φ.
The probability obtained in this way should be averaged first over the birthplace x of the

neutron and secondly over the flying direction φ. The result of the first step is

Pij(φ) =

∫ a
0
P (x, y, φ)dx∫ a

0
dx

, (8.239)

the final result being

Pij =
1

2πVjΣj∫
[Ki3(τ2)−Ki3(τ3 + τ2)−Ki3(τ2 + τ1) +Ki3(τ2τ1 + τ3)] dydφ.

(8.240)

Here τ3 is the length of the line segment directed along the neutron velocity, in volume Vi.
The resulting expression should be corrected for the self collision probability Pii:

Pii = 1− 1

2πViΣi

∫ ∫
[Ki3(0)−Ki3(τ3)] dydφ.

Now we have determined every probability needed in (8.235) to find the fluxes. The proba-
bilities satisfy the reciprocity relation

VjΣtjPij = ViΣtiPji. (8.241)

The collision probability method requires a large amount of computational effort. The eva-
luation of the Bickley functions and the large number of collision probabilities require deter-
mining the length of the line segments of a given direction falling into each subvolume. In
annular geometry, the calculation can be simplified.

8.8. Problems
1. A subcritical system can be used as neutron multiplier. What is the relationship

between the multiplication factor and the reactivity of the subcritical system?
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2. How to measure the criticality of a strongly supercritical system?

3. When neutron multiplying systems are close enough to be coupled by neutron leakage
they are called coupled systems. Analyze the criticality of a coupled system!

4. Find the time dependent flux in a subcritical system with external source!

5. What is the symmetry of the spherical sector r = 1, 0 ≤ θ, φ ≤ π/2?

6. Show that if αi, αj , αk are directions in the Sn method, then i+ j + k = N/2 + 2!

7. Show that in the SN method for each higher order of approximation N/2 new discrete
directions are added per octant!

8. Show that the number of discrete directions for a general N is N(N + 2) in 3D,
N(N + 2)/2 in 2D, and N in 1D!

9. It is well-known that the P1 approximation is equivalent to the diffusion model, which
is based on Fick’s law. How the Fick’s law is amended, if higher-order (l = 2) appro-
ximation is used in the Pl method?

10. What are the limitations of the Sn method?

11. Show that an octant of the unit sphere is invariant under 120◦ rotation!

12. Show that when increasing the number of directions from M to M + 1, M/2 new
directions must be added per octant!
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9. fejezet

Model Making
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The present Chapter is devoted to the hierarchy of the reactor calculation. We start with
the cell calculation, the approximations used in the unit cell calculations. The subsequent
section deals with the fuel assembly problem, the next one with the calculation of the entire
reactor. Then we deal with the determination of the albedo at the core-reflector interface,
the burnup, the effects of the fission products, including xenon and samarium poisoning, as
well as the xenon transients.

The calculational models are built on the theory that we have discussed in Chapter 4,
utilize the approximate solution methods presented in Chapter 6. The topic of the present
Chapter is the solution of characteristic complex problems in reactor calculation with the
help of the theory and the approximations at our disposal.

9.1. Cell calculation
The conclusions we can draw from the asymptotic theory are summarized as follows:

• the solution of the neutron transport equation in a periodic structure, the lattice, has a
component which is a periodic. The lattice is obtained by the repetition of a unit cell.
The angular fluxes u0(r, E,Ω), u1(r, E,Ω) determined for the unit cell are applied in
the derivation of group constants in the equation for the macroflux.

• The unit cell calculation means the solution of an eigenvalue problem with appropriate
boundary conditions, the eigenvalue is the k∞, the eigenfunction is the angular flux in
the unit cell.

• The number of energy groups should be large enough to reflect the main features of the
flux otherwise the homogenized and group condensed constants lead to false criticality,
and false power distributions.

The task of cell calculation is to find the periodic cell fluxes. The cell has three homogeneous
regions: the fuel, the clad and the moderator. Usually the regions are small compared to the
mean free path of neutrons. The shape of the fuel and clad regions is a circular cylinder, the
outer boundary of the cell depending on the lattice geometry may be a square or a hexagon.
The calculation is usually carried out for a cylindrical cell, the square or hexagon is replaced
by a disk of equal area, its equivalent radius R is determined from the lattice pitch d as

R =
d√
π
R =

d

(2π/
√

3)2
, (9.1)

for square and hexagonal lattices, respectively. As to u0(r, E,Ω), at the outer boundary, a
boundary condition is prescribed. Frequently used boundary conditions include

• white boundary condition (albedo equal to one);

• zero current;

• reflective boundary condition when the neutron reflects from the boundary.

As will be mentioned in Chapter 7, different numerical method is used at different parts of
the energy spectrum. In the thermal part of the spectrum, see Section 7.5 the mean free path
is small, usually the integral transport equation is used. The cell is subdivided into radial
regions and collision probability method is used, see THERMOS. In the resonance region,
see Section 7.4, the applied model depends on the resonances. We distinguish resolved and
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unresolved resonances, narrow resonance model, or the free gas models. In the epithermal
region, the slowing down theory based on the slowing down density, supplemented by B1 or
P1 methods can be used, see Chapter 6 Section 6.2.

A frequently used method for calculating the group fluxes is the collision probability
method, see Section 8.7 in Chapter 6. We have discussed various approaches to determine
the neutron flux in a periodic, finite or infinite, lattice composed either from identical or
different cells. The presented theories may seem not to reconcile but for the practice they
convey the same message. The flux in a lattice has the following structure:

Φ(r, E) = Φas(r, E) + aΦtr(r, E) (9.2)

where Φas is the asymptotic flux, which establishes inside a large volume built from one cell
type, Φtr is a transient flux. The transient flux may be different at lattice non-uniformity,
like near a control rod, reflector, or in the vicinity of a different cell type. In various theories
the precise meanings of either term may vary, see [5] for a survey. Let us average (9.2) over
E and r, the result is

Φ̃ = Φ̃as + aΦ̃tr, (9.3)

and, because the leakage can be neglected in the asymptotic term, the following expression
is a good approximation for the asymptotic term

Φas =
Q̄

Σ̄
, (9.4)

here Q̄, Σ̄ is the space and energy averaged neutron source and removal cross-section, respec-
tively. The average cross-section of reaction type x may be written as

Σ̄x = Σ̄as,xRx(Φ̄as/Φ̄), (9.5)

and the Rx correction factor is

Rx(Φ̄as/Φ̄) =
Φ̄as
Φ̄

+
Σtr,x
Σas,x

[
1− Φ̄as

Φ̄

]
(9.6)

indicating that neutron spectrum variations may induce a cross-section variation which is
linear in Φ̄as/Φ̄ called spectral index. That observation suggests including spectrum vari-
ation in the list of parameters which influence the actual cross-section. That idea of M.
Lehmann [57][p. 308] has been implemented in reactor codes, the method is called spectral
index parametrization. The asymptotic-transient decomposition is applicable in cell- and
global reactor calculations as well.

At epithermal energies the heterogeneity is less pronounced than at thermal energies
because of the larger mean free path. The neutrons that emerge from fission are located in
the fuel region at the central part of the unit cell and a few collisions are needed for the flux
to spread out over the entire cell.

At high energies, the neutron spatial distribution is concentrated to the fuel region. Fis-
sion, however, is initiated mostly by thermal neutrons thus the thermal neutron calculation
should precede the epithermal heterogeneity calculation. The flux distribution below the
fission energies rapidly flattens out in the cell. This suggests that slowing down calculations
can be made by volume weighting.

In the resonance energy region, the resonance lines of heavy elements and some nuclei in
the structural elements may cause complications. In the energy range, where the resonance
peaks the flux decreases. That phenomenon is confined to a narrow energy region. If the
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cross-sections are large, the flux strongly depends on the position. The spatial distribution
of resonance elements determines where the flux decreases. Therefore the reaction rates in
the resonance region should be determined in a fine energy resolution. In the epithermal
calculation the usual number of energy groups is a few times of ten, this is insufficient to the
sufficiently accurate flux calculations in the resonance energy region. Paramount resonance
absorption occurs in the energy range E < 200eV . Here the resonance shielding must be
determined precisely, the flux depression below its value in the absence of resonance nuclei
must be known precisely, and the difference in some cases may be as small as a few percent.
For this reason, most resonance shielding calculations focus on large resonances, for example
235U,239 Pu at 0.29 eV , 240Pu at 1.06eV .

In resonance shielding calculations the flux Φk(u) per unit lethargy in region k is expressed
by the product

Φk(u) = fk(u)Φ(u), (9.7)

where fk(u) is the shielding function that changes fast near the resonance energy; Φ(u)- the
flux decay function which accounts for the resonance absorption in the lattice cell.

Denote Φ0 and q0 the flux and slowing down density, respectively for a resonance line.
Thus

Φ0

q0
=

Φ(u)

q(u)
, (9.8)

where q(u) is integrated over the entire cell. Since the decrease of the slowing down density
is due to absorption, we have

−dq =
∑
i

∑
k

NikVkσia(u)Φk(u)du, (9.9)

where Nik is the nuclide density of isotope i in region k of volume Vk, σia is the microscopic
absorption cross-section of isotope i, Φk(u)-the flux in region k. Using (9.8), we can solve
the differential equation (9.9):

q(u)

q0
=

Φ(u)

Φ0
= exp

[
−Φ0

q0

∑
i

∑
k

NikVkI
a
eff,ik(u)

]
(9.10)

where
Iaeff,ik(u) =

∫ u

u0

σia(u)fk(u)du. (9.11)

Here u0 is a lethargy above the resonance lethargy region and we used the initial condition

Φ(u0) = Φ0; q(u0) = q0. (9.12)

The resonance shielding determines the region dependent shielding function fk(u). Expres-
sion (9.10) is exact if the weight of the absorber is infinite and the moderator is hydrogen
[144].

The resonance shielding function is usually determined for individual resonances. The
narrow resonance approximation assumes the resonance line to be narrow and the resonance
lines do not interfere. In that approximation

f(u) =
ΣPi + Σother

Σt(u)
, (9.13)

where ΣPi is the potential scattering cross-section of resonance absorber i, Σother is the
scattering cross-section of all other nuclei, Σt is the total cross-section.
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Various numerical methods are applied in the cell calculation. In the epithermal range
the slowing down density and flux based calculations appeared first in the MUFT code. Pn
and Bn method, as well as collision probability calculations (WIMS, PIJ) are also applicable.
The formalism varies from the integral transport equation, see Section 4.3 in Chapter 4, to
the integro differential transport equation, see Section 4.2 in Chapter 4.

In the resonance region, two approximations are frequently used: the resonance integral
formalism, and the subgroup method, see Section 7.4 in Chapter 7.

9.2. Assembly calculation
The objective of the assembly calculation is twofold. On the one hand, to provide the global
reactor calculation with assembly homogenized cross-sections, or response matrices. That
we call first type assembly calculation. On the other hand, to reconstruct the intra assembly
distribution from the results of the global calculation, that we call second type assembly
calculation.

The applied technique includes the collision probability methods applied in the WIMS,
and PIJ codes, the response matrix method is used in the KARATE, SHM, and VARIANT
codes. Here we deal with the less known Surface Harmonic Method [57][pp. 407-453] method.

The applied methods vary in describing the material, the mathematical model and the
accepted approximations. The fuel assembly has an internal structure, it is built up from
either homogenized or heterogeneous cells. The number of cells is in the order of 100, when
the cell is subdivided into three regions, this is a rather frequent case, the total number of
regions may exceed 300.

The mathematical model and the accepted approximation depend on the goal of the
assembly calculation. The three major goals are:

1. providing the global calculation with assembly parameters (first type). Those parame-
ters are usually few group diffusion theory parameters, response matrices, or collision
probabilities.

2. determination of the intra assembly power or flux distribution (second type) from the
assembly powers determined from the global calculation (remember, disadvantage fac-
tors kq, kk, kz are needed for the safe operation and the in-core measurement processing
also needs calculated date, see Chapter 10.

3. studying effects caused by the heterogeneous structure of the assembly (e.g. water gap,
control rod, burnable poison).

The number of the energy groups in the assembly calculation is 4-8, depending on the reactor
type. The global reactor calculation (finite element method, nodal method) needs diffusion
theory parameters but collision probabilities also may be used.

The methodology of the assembly calculation depends on the optical thicknessλ of the
assembly. When the assembly thickness exceeds 10λ, more computational effort is needed.

9.3. Full core calculation
The stating point is that the solution of the transport equation is unique if the entering
current distribution is known along the boundary. The transport equation (3.116) is linear
without thermal feedback, and then we can normalize the flux arbitrarily. It is usual that
in the full core calculation the thermal power of the reactor is given as input and the total
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fission power of the reactor is normalized accordingly. The criticality in the global reactor
calculation is set by one of the following considerations:

• in core design calculations the criticality regulating parameter is the keff eigenvalue;

• in fuel cycle calculations, the regulating parameter is either the control rod position
H or the boron concentration cB . As the fuel burns, the reactivity is regulated by
H and cB so that the operational conditions are met. Since keff = keff (cB , H), the
calculation is essentially the same for either regulation type. The difference is only
in the estimation of the next guess of the parameter value. To this the keff (H) and
keff (cB) curves, or the reactivity coefficients

∂ρ

∂cB
, or

∂ρ

∂H

are required.

• on-line calculations receive the actual core parameters (H, cB , Tin) and the coolant flow
rate G, and the goal is to find power ratios for given assembly pairs (one is metered,
the other is not) to check the reactor parameters subjected to limitations.

• in a simulator, the emphasis is on the realistic time development of the data displayed
on the control room panel, in real time. In a simulator session various transients play
the main roles, the reactivity development should be followed with reasonable accuracy,
there the reactivity coefficients are heavily utilized.

In the core calculation the reactivity is determined in the following iteration.

• Step 1. The initial (H, cB , Tin) are given. To determine the fluxes and powers, an
iteration is set up. First, the thermal hydraulics parameters (Tf , Tm, ρmod, X), i.e.
the fuel temperature, the moderator temperature, the moderator density, and the void
fraction are determined. The few group diffusion equation is solved for a reasonable
accuracy.

• Step 2. From Step 1, we get a power distribution, that serves as input to the thermal
hydraulics module, and the (Tf , Tm, ρmod, X) are recalculated for a reasonable acc-
uracy. Step 2 closes one step of the neutronics-thermal hydraulics feedback iteration.

• Step 3. At the end of the feedback iteration, the selected control parameters are
modified according to the reactivity coefficients, to approach the criticality. Note that
in this step several components play, since the reactivity depends among others on
Tf , Tm, X.

• Step 4. We return to Step 1, using the fresh control parameters (H, cB , Tin), and repeat
the iteration until convergence.

• Step 5. When converged, the algorithm determines all the required outputs that may
include:

– assembly-wise power distribution;
– fuel rod-wise power distribution is obtained by repeating a type 2 assembly cal-

culation;
– isotope composition. The isotopes entering into the parameter set of the pa-

rametrized cross-section library are obtained immediately. Additional isotope
compositions need auxiliary calculations.
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The above steps concern the routine core calculations. There are situations when transient
calculations are needed, including:

• operational transients initiated by technological processes (xenon and samarium poi-
soning, shut down, start up, main circulating pump transients etc.);

• accident situations, when the calculational model is used to study the consequences of
postulated accidents;

• severe accident situations, where the calculational model is used to estimate the rele-
ased radioactivity and the exposure of the staff;

• calculations needed in the safety analysis studies.

In the operational calculations, the analyst has to choose the appropriate model for each
component in the calculational scheme. Within a given model (say we have chosen the finite
element model) there are further options (e.g. the order of the approximation, the output)
to be determined. Here it is difficult to give a general description or preferences. Experience
and practice may orient the analyst in that respect. Once the solution is known, we can
determine the exiting current.

9.4. Burnup calculations
In a steam boiler, the fuel burns and the coal turns to ash and gases. In a nuclear power
plant the fuel is a fissionable material from which a part of the fissionable material turns
to nuclear ash. That process is called burnup, the ash is called spent fuel. The present
Subsection deals with details and modelling of the burnup process.

The amount of heat liberated in the reactor core is a fraction of the energy liberated in the
fission nuclear reaction, see Table 1.1 that gives the distribution of fission energy [2, p. 71].
The instantaneously released energy is about 174 MeV. Since the nuclide transmutations
depend on the number of fissions, the power of the reactor is a parameter in the burnup
equations. The number of fission reactions also depends on the position thus the speed of
burnup depends on the position of the fuel assembly in the core, the position of the fuel rod
in the assembly, and, it depends on the spatial region to be considered inside the fuel rod.
As a consequence of fission, a fissionable nucleus is replaced by fission products. Some fission
products are strong absorbers thus fission reduces the reactivity.

The nuclide transmutations of the fissionable materials are discussed usually separately
from the fission products because the fission products are usually light, non-fissionable ele-
ments. Opposite to that, some non-fissionable fuel isotopes capture neutrons and after
further nuclear reactions may turn to fissionable isotopes. As a consequence, the possible
nuclear reactions increase the number of nuclei involved, so we speak of nuclear chains, refer-
ring to the sequences of nuclei associated with the capture and fission reactions. Two units
of burnup are in use. The first one is the fraction of fuel atoms that undergone fission, it is
called FIMA from fissions per initial metal atom, and is given in percent. The second one is
the actual energy liberated per unit fuel mass, its usual unit is MWd/t, where the liberated
energy is measured in the ratio of released energy as the product of power in mega watt
units, times the duration of the energy production in days. The mass is measured in metric
tons. Thus 365MWd/t is the burnup level if a reactor operates for 365 days at 1 MW power
over 365 days provided the core contained at the start 1 metric ton fresh fuel.
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9.4.1. Fuel chains
Usually the fresh fuel contains uranium isotopes although there are reactors operating on
mixed uranium-plutonium fuel. The thorium as fuel is brings in a new transition line because
the 230Th thorium isotope may lead to 231Pa, 232Pa,233 Pa and 233U production. Those
isotopes can be handled by the procedures described in Section 9.4.4.

The traditional notation leaves out the first digit of the atomic number of the nucleus
under consideration and complements it with the last digit of the mass number. Thus N25

is the atomic density of 235U because uranium has 92 protons, the last digit is kept, and we
supplement it by the last digit (5) of the mass number (235).

The atomic density of 235U decreases with the time:

dN25

dt
= −N25(t)

∑
g

σ25
agΦg(t). (9.14)

Integrating (9.14) we find that the solution is

N25(t) = N25(0)e−(
∑
g σ

25
ag

∫ t
0

Φg(t′)dt′). (9.15)

Equation (9.15) shows that the amount of spent fuel depends on the neutron spectrum and
the thermal power of the reactor. We introduce the spectrum averaged cross-section as:

σ25
a =

∑
g σagΦg∑
g Φg

(9.16)

and the total flux
Φ =

∑
g

Φg. (9.17)

In the following equations we use group condensed cross sections and total flux. Equation
(9.15) in the new variables becomes

dN25

dt
= −N25(t)σ25

a Φ(t). (9.18)

We introduce the notation

F (t) =

∫ t

0

Φ(t′)dt′, (9.19)

which is used as the measure of the irradiation. F (t) is called fluence its unit is neutron per
square centimeter. The number of 235U nuclei monotonously decreases with time.

The next chain originates from the isotope 238U which after capturing a neutron under-
goes a beta decay into 239Np that also undergoes a beta decay and forms 239Pu. Thus that
chain has four members, each equation has the same structure: the change in the atomic
density, which is the first derivative with respect to the time, equals the difference between
the production and decay rates. The 238U atomic density decreases due to absorption:

dN28

dt
= −N28(t)σ28

a . (9.20)

The 239U decays thus the balance is:

dN29

dt
= σ28

c Φ(t)N28 − λ29N29(t). (9.21)
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239Np is produced as the result of the decay:

dN39

dt
= λ29N29(t)− λ39N39(t). (9.22)

After a beta decay, the 239Pa becomes 239Pu:

dN49

dt
= λ39N39(t)− σ49

a Φ(t)N49(t). (9.23)

Since λ29 = 4.910−4 1/sec and λ39 = 3.610−6 1/sec, and the absorption cross-sections of
239U and 239Np are negligible, the mentioned isotopes may be left out.

The solution of (9.20) is also given in terms of the fluence F :

N28(F ) = N28(0)e−(σ28
a F ). (9.24)

When Φ ∼ 1013 1/cm2/sec N28 ∼ constant. The plutonium isotopes are obtained from the
following equations.

The half lives of the radionuclides 239U and 239Np are much shorter than the half life
of their parent radionuclide 238U . In that situation the production of 239U and 239Np is
approximately constant. The quantity of radionuclides 239U and 239Np build up until their
atomic densities decaying per unit time becomes equal to the number being produced per
unit time; the quantity of radionuclides 239U and 239Np then reache a constant, equilibrium
value. Since we may assume that their initial concentration is zero, full equilibrium usually
takes several half-lives of radionuclide 239U and 239Np to establish. Such a situation is called
secular equilibrium. The balance of the plutonium isotope is simple, as 239Pu is formed from
239U by capture, the other plutonium isotopes are formed only by capture from plutonium
isotopes. Note that using the chain rule for the derivatives, we can eliminate the flux from
equations (9.19)

dN(t)

dt
=
dN(F )

dF

dF

dt
=
dN(F )

dF
Φ. (9.25)

and arrive at the following equations:

dN49

dF
= σ28

c N28(F )− σ49
a N49(F ) (9.26)

dN40

dF
= σ49

c N49(F )− σ40
a N40(F ) (9.27)

dN41

dF
= σ40

c N40(F )− σ41
a N41(F ). (9.28)

The solutions are for small fluence values (f << 1):

N49(F ) = σ28
c N28F (9.29)

N40(F ) = σ28
c σ

49
c N28

F 2

2
(9.30)

N41(F ) = σ28
c σ

49
c σ

40
c N28

F 3

6
. (9.31)

For small fluence values, the atomic densities of 241Pu, 241Pu, and 241Pu vary as F , F 2 and
F 3.
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The conversion factor C also connects to the atomic densities of plutonium isotopes. The
conversion factor is

C =
mass of plutonium produced
mass of 235U isotope used

. (9.32)

The conversion factor strongly depends on the reactor type because the neutron spectrum
and the initial enrichment of the fuel may differ. Usual values are 0.6 ≤ C < 1 but in fast
reactors C > 1 is possible. If C > 1 the reactor is called breader.

9.4.2. Xenon poisoning
Two fission products have extremely large absorption cross-sections, 135Xe and 147Sm. Here
we discuss the xenon problem, and the next Subsubsection is reserved for the samarium
problem.

The fission reaction rate is ΣfΦ, the atomic density of a given fission product P is written
as YPΣfΦ, where YP is the yield of fission product P . The yields of fission products of 235U
caused by slow neutrons is shown in Fig. 3.5. Note that the maximal yield is less than 10%,
the curve is almost symmetric, the maximum yields are not at the fission products of equal
mass. The yield of tellurium is yTe = 0.064, the half life of 135Te is 19.2sec, emitting a
β− particle it decays into 136I which undergoes another β− decay with half life 6.58h and
produces 135Xe. The thermal absorption cross section of xenon 135 is σa = 3.1 106 barn.
As in connection with the plutonium isotopes we have seen, we may leave out the short life
time tellurium. The balances of the 135I and 135Xe are:

dNI
dt

= YIΣfΦ− λINI , (9.33)

dNXe
dt

= YXeΣfΦ + λINI − λXeNXe − σXeNXeΦ. (9.34)

The equilibrium (when dNi/dt = 0) iodine and xenon concentrations are

NI(∞) =
YIΣfΦ

λI
(9.35)

and
NXe(∞) =

(YI + YXe)ΣfΦ

(λXe + σXeΦ)
. (9.36)

NXe(t) = NXe(∞)e−λXet +
λI

λXe − λI
NI(∞)

(
e−λIt − e−λXet

)
. (9.37)

The xenon poisoning may have two consequences. The first one is that after reactor
shut down, the xenon concentration increases, the other one is the appearance of spatial
oscillations in large reactor cores.

In large reactors spatial oscillation of the xenon concentration may occur [143][Chapter
XXVIII], that may lead not only to an increase in the local and axial power peaking factors
but also to instability. Assume that for some reason the neutron flux suddenly increases at
a given point of the reactor core. According to equations (9.33) and (9.34) NXe decreases at
that point, that leads to a reactivity increase. The increased reactivity also results in larger
flux. That qualitative consideration shows that positive feedback is possible thus we have to
analyze the stability in details.

Let the initial position is a stationary core state, where we describe the neutron flux in
one energy group diffusion theory:

M2∇2Φ0 + (k − 1)Φ0 − αX0Φ0 = 0, (9.38)
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where k is the multiplication factor when NXe = 0 and α is the reactivity reduction due to
unit xenon concentration, M2 is the neutron migration area. In equilibrium the iodine and
xenon concentrations satisfy

YIΣfΦ0 − λINI0 = 0 (9.39)
YXeΣfΦ0 + λINI0 − λXeNXe0 − σXeNXe0Φ0 = 0. (9.40)

In the perturbed state, we have

Φ = Φ0 + δΦ; NI = NI0 + δNI ; NXe = NXe0 + δNXe. (9.41)

In the perturbed state, the flux obeys the time dependent diffusion equation that now we
write as

Λ
∂Φ

∂t
= M2Φ + (k − 1)Φ− αXΦ. (9.42)

Note, that this equation is nonlinear because of the XΦ term. Substituting here (9.41)
and using the stationary relations (9.39) and (9.40) we get the following equations for the
perturbations:

λ
∂δΦ

∂t
= M2∇2δΦ + (k − 1)δΦ− αδNXeΦ0 − αNXe0δΦ (9.43)

∂δNI
∂t

= YIΣfδΦ− λIδNI (9.44)

∂NXe
∂t

= YXeΣfδΦ + λIδNI − λXeδNXe − σXeδNXeΦ0 − σXeNXe0δΦ. (9.45)

The stability of equations (9.43)-(9.45) should be studied by the means of stability analysis,
see Section 6.7 in Chapter 6. The analysis would require a time and space dependent code.
To remain within the analytical calculation, we eliminate the time dependence by assuming
that the time dependence takes the form exp(ωt). Then we have to study the following
equations:

λωδΦ = M2∇2δΦ + (k − 1)δΦ− αδNXeΦ0 − αNXe0δΦ (9.46)
ωδNI = YIΣfδΦ− λIδNI (9.47)
ωNXe = YXeΣfδΦ + λIδNI − λXeδNXe − σXeδNXeΦ0 − σXeNXe0δΦ. (9.48)

Now we have three coupled space dependent equations. Assume that the spatial distribution
of the equilibrium flux is flat, and expand the space dependent perturbations in terms of the
eigenfunctions of the following operator:

M2fn + (k − 1)fn − αNXe0fn +M2νn = 0, n = 0, 1, 2, . . . (9.49)

The fundamental mode n = 0 corresponds to ν0 = 0 and f0 is constant. Because NXe0 is
proportional to Φ0, which is constant, from (9.39) and (9.40) we find that

NXe0 =
(YXe + YI)ΣfΦ0

λXe + σXeΦ0
(9.50)

is also a constant. Thus, actually the eigenfunctions introduced in (9.49) are the eigenfunc-
tions of the Laplace operator, they are known to form a complete orthonormal system, so
we expand the unknown functions as

δΦ =
∑
n

pnfn; δNI =
∑
n

Infn; δNXe = xnfn. (9.51)
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Substituting (9.51) into (9.46)-(9.48), exploiting the orthogonality of fn the eigenfunctions,
we get a system of linear equations for pn, In, xn:

Λωpn = −νnpn − αxnΦ0 (9.52)
ωIn = YIΣfpn − λIIn (9.53)
ωxn = YXeΣfφn + λIIn − λXexn − σXeX0pn. (9.54)

This is a system of homogeneous equations, non-trivial solution exists only when the deter-
minant is zero, this given a third order equation for the frequency ω:

Λω3 + a2ω
2 + a1ω + a0 = 0 (9.55)

where:
a2 = |νn + Λ(λI + λXe + σXeΦ0)| (9.56)

a1 =

∣∣∣∣νn(λI + λXe + σXeΦ0)− αΣfΦ0
YIσXeΦ0 − YXeλXe

λXe + σXeΦ0
+ λI(λXe + σXeΦ0)

∣∣∣∣ (9.57)

a0 = |νn(λXe + σXeΦ0) + αΣfΦ0X0| . (9.58)

9.4.3. Samarium poisoning
A neodymium isotope 147Nd is a fission product, its yield is YNd = 0.0109 and β− decays
with λ = 1.73 h into 147Pm, which undergoes a β− decay with λ = 53 h into the stable
149Sm. The total cross-section of 149Sm in the thermal energy range exceeds 106 barn.
Following the procedure we have applied to the xenon, the isotope balance takes the form of

dNPm
dt

= YPmΣfΦ− λPmNPm (9.59)

and
dNSm
dt

= λPm − ΦσSmNSm. (9.60)

The stationary solution is:

NPm(∞) =
YPmΣfΦ

λPm
(9.61)

and
NSm(∞) =

YPmΣf
σSm

. (9.62)

The solutions are:
NPm(t) =

YPmΣfΦ

λPm

(
1− e−λPmt

)
. (9.63)

NSm(t) =
YPmΣf
σSm

(
1− σSmΦe−λPmt − λPme−σSmΦt

σSmΦ− λPm

)
(9.64)

The ratio of asymptotic NPm and NSm linearly depends on the flux:

NPm(∞)

NSm(∞)
=
σSmΦ

λPm
(9.65)

and because λPm = 3.63 10−6, at large flux that ratio may reach 10. At the same time
149Sm is stable, it does not decay as xenon does. To estimate the accumulated samarium in
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the reactor, samarium poisoning, we have to adjust the time dependent solutions (9.63) and
(9.64) to the following initial conditions:

NPm(0) = 0, NSm(0) = NSm(∞) +NPm(∞) (9.66)

because NSm(∞) is independent of the flux because 149Sm is a stable isotope. Assuming
constant flux Φ, the time dependent samarium concentration is:

NSm(t) =
YPmΣf
σSm

− YPmΣfΦ

λPm

(
λPme

−λPmt − σSmΦe−σSmΦt

σSmΦ− λPm

)
. (9.67)

The equilibrium samarium concentration is again NSm(∞) so the accumulated samarium
poison burns during a fuel cycle and does not accumulate, provided the fuel cycle length is
sufficiently long.

9.4.4. General treatment
We presented a couple of simple cases amenable to explicit discussion in the previous Sub-
sections. When calculating the isotope inventory, we need an automated procedure, called
burnup module, which determines the possible decay schemes from a nuclear data library,
sets up the differential equations for the nuclear densities, solves those equations, and displays
the resulting densities. To outline such a procedure, first we introduce a suitable notation.

The isotope balance is a first order, linear differential equation. We collect the nuclide
densities into N = (N1, N2, . . . , Nnfuel , Nnfuel + 1, . . . , Niso) where Nfuel is the number of
fissionable isotopes in the fuel, and Niso is the total number of isotopes, which equals to the
number of fissionable isotopes plus the number of fission products. The form of the equation
is

dN

dt
= DN(t) + S, (9.68)

where all the transmutations are involved in matrix D, S is a possible source vector that
may be needed for example at core reload. The solution takes the following form:

N(t) = exp

∫ t

0

D(t′)dt′N(0) +

∫ t

0

exp

∫ t

t′
D(τ)dτS(t′)dt′. (9.69)

From the form of the solution it is clear that an efficient solution requires a simple D matrix.
We select the following partition. The first Nfuel nuclide densities belong to fuel isotopes,

they vary in the depletion chains. The second block is Ni, i > fuel for fission products, the
equations for fission products contain source term linear in Ni, i ≤ fuel. We deal first with
the depletion equations. The depletion refers to a given region labeled by subscript r. In a
given region the flux is represented by a constant value. The i-th line is

dNi
dt

= diiNi +

i−1∑
j=1

dijNj , i = 1, . . . , Nchain, (9.70)

where Nchain is the number of isotopes in the depletion chain. The diagonal term is negative
and accounts of depletion:

dii = −
G∑
g=1

(σcg + σfg + σ(n,2n)g)iΦrg − λj,i − λ∗i , (9.71)
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where σcg is the effective microscopic, self-shielded capture cross-section in energy group g;
σfg-the effective microscopic, self-shielded fission cross-section in energy group g; σ(n,2n)g-
the effective microscopic, total self-shielded (n, 2n) cross-section in energy group g; λ∗i -
disintegration constant of isotope i; i, j-nuclide subscripts, the first refers to the daughter
product, the second to the parent nuclide.

The non-diagonal term dji may stand for four different expressions depending on the
relation between nuclide j and i. The relationship is given as input, the possibilities are

• (n, 2n) reaction:

dji =

G∑
g=1

σ(n,2n)gjΦrg (9.72)

when the (n, 2n) reaction of isotope j produces isotope i;

• capture:
σcjgΦrg (9.73)

when the capture of isotope j results in production of isotope i;

• fission:

YijNj

G∑
g=1

σfjgΦrg, (9.74)

here Yij is the yield from fission of isotope j to isotope i;

• disintegration:
λij , (9.75)

the disintegration constant from isotope j to isotope i.

G is the number of energy groups.
The fission products originate from fuel isotopes. The source term Sj of isotope j is :

Sj =

nfuel∑
i=1

dijNj =

Niso∑
i=1

YijNi

G∑
g=1

σgfiΦrg (9.76)

where Niso is the number of isotopes in the fuel. The solution method for the depletion
equation (9.68) may differ from isotope to isotope. Either analytical or finite difference
solution may be chosen. We do not go into the technical details.

9.5. Problems
• The power is constant in the critical reactor. Calculate and plot the quantity of 235U ,

239Pu, 240Pu, 241Pu in function of time! Neglect the change of 238U nuclide number.

• How to change the amount of xenon if the flux is determined by

φ (t) =

{ 0 if t < 0
φ0t/T1 if 0 < t < T1

φ0 if T1 < t < T2

φ0 (T3 − t) / (T3 − T2) if T2 < t < T3

}
The initial conditions are NXe = 0 and NI = 0 at t = 0. The parameters of problem:
enrichment 3.6 %, T1 = 6 h, T2 = 18 h, T3 = 24 h, φ0 = 1012 1/cm2s.
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• Solve the previous problem for 149Sm isotope!

• The nuclear waste contains 134Cs and 137Cs isotopes which ratio depends on the
operation of power plant. It follows that isotope ratio differs from the nuclear explosion
and Chernobyl accident case. How can we separate the waste coming from Chernobyl
accident from the waste coming from nuclear explosion according to Cs isotopes ratio?

• 148Nd isotope is continuously produced during the operation of the reactor, the decay
is negligible. The amount of 148Nd can be accurately measured. How to infer the
energy produced by the reactor?
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10. fejezet

Global Calculation and In-Core
Measurements
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The subject of the present Chapter is the core surveillance. We shortly discuss the
goals, the measurement methods, and the signal processing. The discussed topics are often
summarized under the name Instrumentation and Control (I and C) although mostly the
technical part (signal sampling, electrical processing of the signal, technical features of the
electronics etc.) is discussed.

10.1. The goal of core surveillance
The regulation principles [98] limit among others the maximal coolant temperature in the
core, and also the maximal pin wise power density. A nuclear power plant must be operated
within strictly determined conditions. A part of the conditions fixes physical parameters in
the reactor core: the maximum of power density, the maximum of coolant temperature, to
mention a few. The maxima vary with time that makes impossible to designate beforehand
the places where we expect the maximum and its value. Instead, the utility should implement
measurement and post processing the measured values. The maxima should be estimated
with a given accuracy. The limitations are global and local. Global limitations concern
the gross power of the unit, the local limit concerns the temperature or power density at a
given location. Usually large ionization chambers serve checking the nuclear power, which
is subjected to global limitation. The in-core measurement serve checking the local power,
which is a local limitation.

The limited space in the core and other technical difficulties set a limit to the number of
measurements that can be implemented in the core. Thus an in-core measurement can not
be a simple reading out of the measured values, a heavy statistical machinery [111], [109] is
needed. Since the technical details may differ radically as they depend on the type of the
reactor, we focus on the general principles of the measurement and the processing of the
measured signal.

The present Chapter deals with the technical problems of the above outlined procedure.
To reduce the size of the problem, we confine the investigation to two kinds of measurements:
temperatures and neutron flux or power density.

One of the goals of in-core instrumentation is to inform the plant operator on the actual
distance from the operational limit. It is impossible to measure the coolant temperature
at every point, and it is impossible to measure the power distribution in every fuel pin
henceforth we need a model in the frame of which the following question can be decided:
Is it probable that we measured xm and the quantity x is below a given limit xL? Note
that xm and x may refer to different space points. It follows from the formulation of the
problem that the answer must be based on statistics, and the limits should be set taking
into consideration of the possible errors.

Another goal of the instrumentation is a kind of control. It should be discovered if the
loaded core differs from the designed one. If there are tendencies in the core not foreseen
at the core design stage, it should be indicated as early as possible to avoid later damages.
This is called anomaly detection. Various anomalies may appear as a consequence of slow
processes, like deformation of the coolant flow pattern, or fast processes like vibrations, crud1

formation etc.
In the next two Sections, we assess the physical principles usable in measuring tempera-

ture and power density. The final goal is to determine Wmax, the maximum power density
in the core; and Tmax, the maximum coolant temperature in the core.

1The crud is a precipitation from the coolant, its sources are mostly the corrosion products that are always
present on the surface of the primary loop.
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10.2. Measured fields
Before setting out for the measuring of the temperature or flux distribution in a reactor,
let us analyze the problem. We have to determine a position dependent function T (r) in
a finite domain V and find its extremum, maxr∈V T (r) = Tmax, i.e. to find the position
and value of the maximal temperature for example. The problem is aggravated by three
major circumstances: The number of measured values is limited, the measured values may
be deteriorated by errors, and the maximum may appear at any position. We investigate
two problems, the first one is counter checking the measured values; the second one is to
estimate non-metered positions. To simplify the problem, we set forth the following models.

We first deal with the the flux distribution in the core. Detailed calculational models
are discussed in Chapter 6, here we put up with a simplified model to learn characteristic
distances of flux (and power as well as temperature) variations in the core. Our model is a
homogeneous disc, the flux is studied in diffusion theory, in two energy groups, the material
distribution is assumed homogeneous. In the chosen model the flux distribution is obtained
from the following equations:

D1∇2Φ1(r, φ) + Σ1Φ1(r, φ) =
χ1

keff

2∑
k=1

νΣfkΦk(r, φ) (10.1)

D2∇2Φ2(r, φ) + Σ2Φ2(r, φ) = Σ1→2Φ1(r, φ) +
χ2

keff

2∑
k=1

νΣfkΦk(r, φ), (10.2)

where χ1, χ2 is the fraction of neutron emerging from fission in group 1 and 2 respectively;
keff is the estimated value of the criticality eigenvalue, see Chapter 1;D1, D2 are the diffusion
constants; Σ1,Σ2 are the total cross-sections. No up-scattering is assumed in the model, thus
Σ2→1 = 0 and Σ1→2 is the scattering from the fast group to the thermal group. The radius
of the disk is R and the boundary condition is

Φk(R,φ) = 0, k = 1, 2; 0 ≤ φ ≤ 2π. (10.3)

In the solution, we exploit the eigenfunctions of the Laplace operator. The eigenvalue prob-
lem is formulated in the following from:

∇2u(r, φ) = −λu(r, φ), 0 ≤ r ≤ R; 0 ≤ φ ≤ 2π. (10.4)

Problem (10.4) has infinitely many ujk(r, φ) solutions:

ujk(r, φ) = ckjJk(Bkjr)e
ikφ. (10.5)

Here i =
√
−1, ckj is a normalization constant; and

Bkj =
µjk
R
, (10.6)

where µjk is the j-th root of the Bessel function Jk(r). Note, that the ujk(r, φ) functions are
complex hence these real part and imaginary part is also an eigenfunction. With appropriate
choice of the normalization constants, the eigenfunctions form an orthonormalized function
set in the following sense:∫ 2π

0

∫ R

0

ujk(r, φ)uj′,k′(r, φ)drdφ = δjj′δkk′ , (10.7)
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where
δij =

{
1 when i = j
0 otherwise.

The fundamental eigenfunction u00(r, φ) is independent of the azimuthal angle φ and is
positive for 0 ≤ r ≤ R and thus has a physical meaning. Its explicit form is

u00(r, φ) = c00J0(B00r). (10.8)

The B00 buckling has been obtained from the boundary condition so it is called geometrical
buckling. Below we investigate the solution of the form

Φ1(r, φ) = C1J0(Br); Φ2(r, φ) = C2J0(Br) (10.9)

of the fundamental mode but now we determine the B buckling from (10.1)-(10.2). Let us
replace the above forms of the fluxes into (10.1)-(10.2), we get the following two equations
for the constants C1 and C2:(

−D1B
2 + Σ1 − χ1

keff
νΣf1 − χ1

keff
νΣf2

− χ2

keff
νΣf1− Σ1→2 −D2B

2 + Σ2 − χ2

keff
νΣf2

)(
C1

C2

)
= 0. (10.10)

Not identically zero solution exists when the determinant is zero:∣∣∣∣ −B2 + β1 −δ2
−δ1 −B2 + β2

∣∣∣∣ = 0. (10.11)

Here we introduced the following abbreviations:

β1 =
Σ1 − χ1

keff
νΣf1

D1
(10.12)

β2 =
Σ1 − χ2

keff
νΣf2

D2
(10.13)

δ1 = Σ1→2 +
χ2

keff
νΣf1 (10.14)

δ2 =
χ1

keff
νΣf2. (10.15)

Equation (10.11) has two roots, B2
1 and B2

2 :(
B2

1

B2
2

)
= β1 + β2 ±D (10.16)

where the plus sign is to be applied in the first line, the minus sign in the second line,
furthermore, the discriminant is

D =

√
(β1 − β2)2 +

4δ1δ2
D1D2

. (10.17)

Since B1 and B2 have been obtained from cross-sections, they are material bucklings. B2 > 0
henceforth in the solution (10.9) we find J0(B1r), a "normal" Bessel function but B2

2 may be
negative and then the term containing B2 is J1(iB2) ≡ I1(B2), a modified Bessel function
which is small compared to the term J0(B1r) and is negligible almost everywhere but near the
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boundary. The flux in group k = is shown in Fig. 10.1, where we see a slowly varying smooth
curve. This indicates that if we have something unusual, the anomaly may be detected unless
we are too far from the cause of the anomaly. The characteristic distances are

Lk =

√
Dk

Σk
, (10.18)

and L1 >> L2. The range of sensitivity of neutron flux measurement is maximum 3L1, the
sensitivity exponentially decreases with the distance from the source. Actually, the current
of a neutron detector, as a SPND, involves charges released from nuclear reactions with both
thermal and epithermal neutrons, so the sensitivity range is usually closer to 2L2.

10.1. ábra. Radial flux in the fast group

The next issue we investigate is the detection of a perturbation. One of the goals on an
in core surveillance is to detect

• a misplaced fuel assembly;

• flow anomalies;

• anomalies in the reactor behavior.

A possible model of the mentioned anomalies is the appearance of a perturbation. The
mathematical model is the appearance of a perturbation in (10.1)-(10.2). There are local
and global perturbations in the reactor core. A global perturbation is the change in the
temperature of the inlet coolant, a local perturbation may be a control rod motion or a local
blockage of the coolant flow in a given assembly.

We consider the anomaly to be detected as a local perturbation of the cross-sections. We
keep the two energy group diffusion theory formalism. In the frame of the linear perturbation
theory (c.f. Section 4.3) we estimate the flux perturbation caused by the anomaly. We change
the notation for a form more suitable for the perturbation formalism. The spatial derivative
is multiplied by a diagonal matrix D in (10.1)-(10.2). The rest of the mentioned equations
is collected into another matrix S:

D =

(
D1 0
0 D2

)
, S =

(
Σ1 − χ1

keff
νΣf1 − χ1

keff
νΣf2

−Σ1→2 − χ2

keff
νΣf1 Σ2 −− χ2

keff
νΣf2

)
. (10.19)

Finally, using D and S, it is expedient to introduce a new matrix A with the following
definition:

A = D−1S. (10.20)
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We represent the anomaly as a change of the cross-sections in matrices S,D,A. The unper-
turbed core is described by

D∇2Φ(r, φ) + SΦ(r, φ) = 0, (10.21)

where
Φ(r, φ) =

(
Φ1(r, φ)
Φ2(r, φ)

)
(10.22)

comprises the space dependent fluxes in the energy groups.
After the anomaly, the flux distribution is determined from the equation

(D + δD)∇2(Φ(r, φ) + δΦ(r, φ)) + (S + δS)(Φ(r, φ) + δΦ(r, φ)) = 0. (10.23)

In the linear perturbation it is assumed that the product of two perturbed variable is negli-
gible. After rearranging and subtracting (10.21), we get the following expression for the flux
perturbation:

∇2δΦ(r, φ) + AΦ(r, φ) = Q, (10.24)

where
Q(q, φ) = D−1(δD∇2 + δS)Φ(r, φ). (10.25)

It is typical in the first order perturbation theory that the perturbed solution is obtained
from a non-homogeneous equation in which the source term is obtained from the solution
before the perturbation. The typical solution technique is to find a complete function set and
expand the perturbation against that functions. Now the perturbation has a space dependent
part, and an energy dependent part. We express the space dependent part in terms of the
eigenfunctions (10.5) of the Laplace operator. We express the energy dependent part in terms
of the eigenvectors of matrix A hence our basis involves the functions ujk(r, φ)t1, ujk(r, φ)t2
where

Ati = τiti, i = 1, 2. (10.26)

Let us expand the source term on the chosen basis:

Q =
∑
j,k

q
(1)
jk ujk(r, φ)t1 + q

(2)
jk ujk(r, φ)t2, (10.27)

with coefficients q(1)
jk and q(2)

jk . We expand the flux perturbation analogously:

δΦ(rφ) =
∑
jk

c
(1)
jk ujk(r, φ)t1 + c

(2)
jk ujk(r, φ)t2 (10.28)

with unknown coefficients c(1)
jk and c

(2)
jk . Exploiting the linear independence of the chosen

basis functions, first we substitute (10.28) and (10.27) into equation (10.24), and obtain the
following expression:

c
(m)
jk =

q
(m)
jk

λjk + τm
. (10.29)

Here λjk is the j-th root of the Bessel function Jk, thus λjk grows rapidly with j. The
perturbation is orthogonal to the solution of the unperturbed solution, therefore j 6= 0 and
the spatial dependence associated with the largest c(m)

jk are

J1(r) cos(φ), J1(r) sin(φ).

From that we conclude that the lowest order higher harmonics are excited with the largest
amplitude. Furthermore, a local perturbation has also non-local spatial effects because
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cosφ+ π = − cos(φ) indicating that the sign of the perturbation in the solution has the
opposite sign at the opposite side of the core. This observation allows for anomaly detection
far from the actual place of the anomaly.

Consider a given sufficiently smooth function f(r) in volume V. We measure values of
function f at prefixed positions r1, r2, . . . , rN , the measured values are f(r1), f(r2), . . . and
find those functions that allow for reproducing the entire function in V . When f is a
smooth function, we may use interpolation by low order polynomials between adjacent points.
Smoothness means that if we have f(r1) and f(r2) measured so that |r1 − r2| < d where
distance d is derived from the smoothness criterion satisfied by f then we can reproduce f
between r1 and r2 using linear interpolation:

f(r1 + a(r2 − r1)) = (1− a)f(r1) + af(r2); 0 ≤ a ≤ 1. (10.30)

Besides the smoothness of f , we need considerations applicable to measured values at distant
points. Such a consideration may be based on the symmetry of V .

10.2. ábra. A PWR core

Figure 10.2 shows a PWR reactor core V . It is possible to build the core from a 45 degree
segment by rotations and reflections. When f(r) possesses the symmetries of V, it suffices
to give values of f in one of the 45 degree segments.

But what if f(r) is not symmetric? Then we have to know the f(r) function in all the
eight segments because there is no rule how to relate f(r1) to f(r2) when r1 and r2 reside in
different segments. But it is known that an asymmetric distribution can not be reduced. In
the worst case we have eight different r1, . . . , r8 positions in the square where f(ri), i = 1, 8
are all different.

When operating an industrial reactor, the staff tends to establish a symmetric core alt-
hough there are technical circumstances out of control, like the flow rate and temperature
distributions, which are influenced by minor technical details. The result is a function f(r)
which is not exactly the same in the eight sectors but they are very close to each other.

A possible theoretical formulation of the situation is as follows. Consider the values of
f(r) in symmetric positions that can be transformed into each other by the symmetries
allowed by the geometry of the core. Depending on r, we get 1, 4 or 8 values. One value
is associated with r = 0, the origin; four values belong to r lying on the x and y axes, and
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other positions may have eight different values. We know that the fully symmetric function
is invariant but what if a function is not invariant and what is the relevance of not invariant
component functions?

The answer is obtained by perturbation theory. Studying the solution of a symmetric
equation under perturbations, one arrives at the following conclusions:

1. even a symmetric equation has asymmetric solutions;

2. the asymmetric solutions associated with the smallest eigenvalues are stimulated first;

3. the asymmetric eigenfunctions are so similar to the Fourier components that the prob-
lem is often studied in a circular domain.

The above observations [113] lead to the below given orthogonal but unnormed vectors:

e1 = (1, 1, 1, 1, 1, 1, 1, 1) (10.31)
e2 = (0, 0,−1, 1, 0, 0, 1,−1) (10.32)
e3 = (−1,−1, 0, 0, 1, 1, 0, 0) (10.33)
e4 = (0, 0,−1,−1, 0, 0, 1, 1) (10.34)
e5 = (−1, 1, 0, 0, 1,−1, 0, 0) (10.35)
e6 = (1, 1,−1,−1, 1, 1,−1,−1) (10.36)
e7 = (1,−1,−1, 1, 1,−1,−1, 1) (10.37)
e8 = (1,−1, 1,−1, 1,−1, 1,−1). (10.38)

By using the above vectors as basis, we find that the values of f(r) in the eight sectors would
result in decreasing coefficients. Formally, let f = (f1, . . . , f8) with fi = f(ri), and in its
expansion

f =
∑
i=1

ciei (10.39)

we find ci to be monotonously decreasing function of i. This leads us to the following
conclusions:

• function f(r) is reconstructible without loss of information if the number of nonzero
ci coefficients in the expansion (10.39) equals the number of measured values in the
vector f(r) and the measured values unequivocally determine the missing coefficients.

• the missing values should be filled up by fitting as many ci coefficients as we need to
fill up the all missing values.

• one can estimate [75] the error of the reconstruction by considering all possible selec-
tions of the missing components in (10.39)

On the other hand, we may reverse the question. In a core as many measurement are required
to reconstruct the measured field (temperature or power distribution) as many assures the
reconstruction without information loss.

10.3. Measurement techniques
In-core measurements are used to measure the coolant temperatures and neutron flux or po-
wer at given locations. The present Section treats techniques to carry out the measurements
and the processing of the measured data.
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10.3. ábra. Principle of thermocouple (source:Wikipedia)

10.3.1. Temperature measurement
The coolant enters the core at the bottom and exits above the fuel elements. Therefore the
temperature is monotonous in the axial variable z. As we need to estimate the maximum
temperature, we have to look at the upper part of the core. The temperature of the coolant
is measured above the exit from the fuel assemblies. To estimate the maximum, we have
to guess the exit temperature of every non-metered assembly. At this point note that if
the maximum happens to occur in a non-metered assembly, additional information may be
needed.

Thermocouple exploits the thermoelectric effect. When a conductor is subjected to a
thermal gradient, it will generate a voltage. This phenomenon is termed as the thermoelectric
effect or Seebeck effect[96],[97]. Measure this voltage necessarily involves connecting another
conductor to the "hot" leg. Thus a thermocouple is connected to a reference "cold" leg, and
to the site where temperature is measured (hot leg). The metal connecting the hot leg to the
cold leg will experience the temperature gradient, and for a given metal the voltage and the
temperature difference are in a known functional relationship. The voltage needs electrical
processing. In a power reactor the thermocouple should be resistive to neutron radiation. In
the core, the gamma radiation varies less than for example the thermal neutron flux. That
observation has led to a so called gamma temperature measurement method.

The gamma thermometer (GT) is a stainless steel rod with argon-filled annular chambers
located at various levels. Differential thermocouples are embedded in the rod at each level
so that a temperature difference, proportional to the gamma flux impinging on the rod, is
effected between the thermocouple junctions. The gamma thermometer consists of a hollow,
cylindrical stainless steel rod of length roughly equal to the reactor core height. Annuli of
material are removed at intervals along the rod, and a cladding is swaged onto the exterior
in an inert atmosphere. The thermocouple set and associated leads are contained in the
rods central core. Basically, the idea behind the dual-purpose application of the gamma
thermometer is to utilize the temperature difference between the hot and cold junctions as
an indication of the local heat generation rate, and to utilize the shape of the temperature
distribution to infer the thermal hydraulic environment exterior to the device.

The measuring system provides a voltage that should be converted to temperature. That
step needs a procedure called calibration. During the startup of a reactor with fresh fuel,
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there is a stationary state of the reactor. The kinetic energy of the coolant dissipates and
warms the coolant up. In the stationary state the heat loss due to radiation and heat
conductance equals the dissipated energy and in that state the temperature of the fuel is
constant throughout the zone. That state is used for calibration of the thermocouples.

10.3.2. Flux or power measurement
Reaction rate is the only measurable information on the neutron gas therefore the reactor
operation is based on reaction rate measurements. A reaction rate R(r) is (see Section 4.3):

Rd(r) = Nd

∫ ∞
0

Φ(r, E)σd(r, E)dE. (10.40)

To estimate the energy dependent flux, reaction rates Rd should be measured by a num-
ber of detectors. In principle, one should determine Φ(r, E) from Rd(r), d = 1, 2, . . . but
only existing mixtures of isotopes are possible detector materials. The technique for recon-
structing the energy dependence of the flux is called unfolding [112]. The signal processing
technique allows for deriving both neutron flux or thermal, epithermal fluxes. To this end,
the sensitivity coefficient εki should be properly chosen.

Movable detectors were implemented in earlier reactor types, recent reactors are equipped
with fixed detectors. The nucleus of the detector material should enter into a nuclear reaction
with the neutron and emit a charged particle. Such nuclei are rhodium, vanadium, and
platinum. The activation and decay scheme of rhodium is shown in Fig. 10.4. The newly
formed nucleus suffers beta decay to 104Pd with decay time 42.3 s. The beta decay may
happen in more steps. Note that the majority of the electrons appears with a delay larger
than 42 s. The detectors are arranged in strings so that the neutron distribution in the

10.4. ábra. Rhodium detector decay scheme

majority of the core height the axial profile be measured. In a core of height h ' 250 cm the
detector strings are shown in Fig. 10.5. Length are given in millimeter units in the figure.
Note that there is a cable running down to the last detector. The role of that cable is to
estimate the parasitic, i.e. current originating from elsewhere than the detector material and
carry out a correction.

246



10.4. Core monitoring
The detector signals should be processed, to carry out corrections, transform the measured
electric signal into a physical unit (Celsius degree for the temperature and W/cm for the
detector) and check the reliability of the signal. The major steps of those processes are
summarized in the two subsections below.

10.4.1. Determination of Tmax-assembly level
The thermocouple gives a voltage utc(ti) which is sampled by an electronics at times t1, t2, . . . .
The voltage is usually a quadratic function of the temperature difference between the cold
point temperature Tc and the temperature to be measured T :

u(T ) = a0 + a1(T − Tc) + a2(T − Tc)2. (10.41)

In principle, (10.41) holds for every time ti, Tc is known, so to determine ai, we have to
measure u at T1, T2, T3. This procedure is called calibration and is carried out during the
reactor startup period.

From now on measuring u(ti) we know the T (ti) the temperature at the measured position
at time ti. The validity of T (ti) should be checked, if the indicated temperature is nonsensical
the measurement should be discarded. Also the variation of the measured temperatures
in two consecutive time points may not differ arbitrarily. The limits depend on the actual
situation (core power, sampling frequency, reactor type). After that step we have a measured
temperature at each position where the temperature measurement is reliable. The next step
is to estimate the temperatures at non-metered positions.

In a well equipped core, appr. 60% of the fuel assemblies has temperature measurements
and in an assembly usually there are appr. 100 sub-channels so only 1-2 sub-channels out of
1000 has measured info. That makes it clear that only with a suitable model can be stated
that there is no limit violation in the given core.

Consider the details of the problem: the energy released from the fuel heats the coolant.
To find the enthalpy rise, we have to know the flow rate and the inlet temperature. However,
because of technical limitations, no reactor has so detailed instrumentation. The flow rate
of a given assembly is derived from a mixing model. Main circulating pumps pump the
coolant into the core, and using a simple mixing model, one can determine flow rates of the
assemblies. The inlet temperature is determined analogously. But these are models, and we
have to verify the model by comparing its results to measurements.

We have at our disposal a measured map Tmi for the set of measured positions IM , i.e.
i ∈ IM . We have a calculated map Tci for all i. Our goal is to estimate Tmi for all i. There
are three possibilities:

1. We rely on the calculated temperatures;

2. We mix calculated and measured values;

3. We use exclusively the measured values.

The first method is the simplest. It is applicable if the measured values agree with the
calculated values. This is formulated as a statistical hypothesis [103][Chapter 7]:

Tmi = Tci. (10.42)
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for all metered positions. To verify our hypothesis, the following number is determined:

Q2 =
∑
i

(Tmi − Tci)2

Tci
. (10.43)

Here we assume that the "actual values" of the measurements is the calculated temperature.
The probability distribution of Q2 is complicated but in large number of measured points this
distribution can be well approximated by a "chi-squared" distribution with M − 1 degrees
of freedom, where M is the number of measured positions. In MATHEMATICA, MATLAB,
or MAPLE one can look up the percentage limits of the acceptance of the null hypothesis.
For example, 0.05 is the probability that for a 21 element sample Q2 > 31.410.

The second method fits precalculated trial functions to the measurements [100]. Those
precalculated trial functions may include tilts, varied control rod positions, spectral varia-
tions etc. Let φk(i) signify the value of the kth trial function at position i. Then (10.43) is
modified as

Q2 =
∑
i

(Tmi −
∑
k ckφk(i))2

Tmi
, (10.44)

and now we have to minimize Q2 by properly choosing the ck coefficients. The method is
capable of pointing out specific types of anomalies modeled by one of the trial functions.

In statistical tests, the individual differences between the fitted function and the mea-
surement carries important information [105]. Denote Q2

min the least value of (10.44) that
we obtain by minimizing the Q2(c1, c2, . . . ) function. Form the following random variable

ti =
tmi −

∑
k ckφk(i)√
Q2
min

M−K

, (10.45)

of Student distribution. ti is called Student fraction. The Student distribution is fundamental
in statistics, its features are readily available in MATHEMATICA, MATLAB, MAPLE, or
other modern symbolic language. The ti quantity offers a statistical test if the difference
between the measured and fitted values is within statistically acceptable limits. From the
Student distribution we can fix ε << 1 and γ > 1 pairs such that

P{|ti| < γ} = 1− ε. (10.46)

The usual choice is γ = 3, the corresponding ε depends on the number of free parameters. If
the reader has little experience in evaluating measurements, caution is recommended, it is
rather easy to come to wrong conclusions. Usually wrong measurements can be associated
with single large values, whereas model change is accompanied by a definite tendency in the
Student fraction map, but the careful evaluation is a mixture of science and art [109].

Note that in the first two methods the evaluation relies on the assumption that the precal-
culated temperature distribution is the temperature distribution in the core. At the same
time, the set of non-measured positions may share features. For example, if the geometry
of the non-measured positions has a similar geometry (e.g. control rods) that kind of errors
are rather hard to unveil.

The third method may be based on the statistical analysis of the temperature distribution
in a given class of cores 2. Using the principal components method [104], we carry out the
evaluation in two steps. In the first step we analyze the statistics of a typical temperature
distribution of the given class to be evaluated. In the second step, we not only give an
estimation for the non-metered assemblies but also may point out outlier measured values.

2A fresh zone differs from a burned out zone, a low leakage zone differs from a traditional zone.
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Assume that in the first step we analyze a temperature field of N temperature values
T1, . . . , TN . We define a segment of the field with K values and tally the K temperatures
in a segment. We place the segment in every possible different ways on the field. In the
first position of the segment we get T11, T12, . . . , T1K . The second time we place the segment
elsewhere and get T21, T22, . . . , T2K . We seek new position for the segment until we find a
new position different from any previous one. Assume that there are altogether P different
positions in the field and we get

T11, T12, . . . , T1K , T21, T22, . . . , T2K . . . TP1, TP2, . . . , TPK . (10.47)

Since two positions of the segment in the field must differ, there may be joint points but at
least one point must be different. Consequently the number of temperatures in the structure
(10.47) is greater than N. When we regard the temperatures in a segment as a vector, it
has K components. If the temperature distribution in the field has some kind of internal
structure, the majority of the segment positions may be approximated by less than K vectors
and we can reconstruct the field from less than N data.

The question is how to find the internal structure. This is done so that we form a K×K
matrix from (10.47) in the following manner:

T11 T21 . . . TP1

T12 T22 . . . TP2

...
...

...
...

T1K T2K . . . TPK




T11 T12 . . . T1K

T21 T22 . . . T2K

. . . . . . . . . . . .
TP1 TP2 . . . TPK

 . (10.48)

In short, we determine the
H = T+T (10.49)

matrix, its elements are

Hij =

P∑
p=1

TpiTjp = Hji i, j = 1, 2, . . . ,K. (10.50)

Matrix T may be huge, but we have to determine H only once. The eigenvalues ηm and the
associated eigenvectors hm carry all information on the temperature field.

Hhm = ηmhm,m = 1, 2, ...,K. (10.51)

Let the numbering of the eigenvalues be such that η1 > η2 > · · · > ηK . Matrix T is actually
an observation. It is a good approximation to place the observed values around their means
and use the variance to measure how widely are the observations scattered.

Each eigenvalue is proportional to the portion of the "variance" (more correctly of the
sum of the squared distances of the points from their mean) that is correlated with each
eigenvector. The sum of all the eigenvalues is equal to the sum of the squared distances of
the points from their multidimensional mean. For us this means that most segments can be
well approximated as a linear expression of a few eigenvectors provided the eigenvectors are
numbered as indicated above.

Originally, the principal component analysis deals with a random vector ξ = (x1, . . . , xK).
A linear combination of elements of ξ can be written as a+ξ and is called standard linear
combination if ∑

i

a2
i = 1,
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The method looks for a few linear combinations that can be used to summarize the data
while losing as little information as possible. When we have missing measurements, it means
that elements are missing from the measured values ξ. Let ξ be a random vector with mean
µ and covariance matrix Σ. Then the principal component transformation is

ξ → y = G+(ξ − µ), (10.52)

where G is an orthogonal matrix, G+ is its adjoint, and the covariance matrix determines
G as follows:

G+ΣG (10.53)

is a diagonal matrix. The ith principal component of ξ is the ith element of vector y given
as

yi = g+
i (ξ − µ). (10.54)

Here gi is the ith column of G. The principal components have the following attractive
properties[106]:

1. The sum of the first k eigenvalues divided by the sum of all the eigenvalues represents
the the portion of total variation explained by the first k principal components.

2. The principal components of a random vector are not scale invariants.

3. The vector subspace spanned by the first k principal components 1 ≤ k ≤ K has
a smaller mean square deviation from the population (or sample) variables than any
other k-dimensional subspace.

When a given non-metered assembly falls into more copies of the segment as many predicted
values are assigned to it as the number of segments it falls into. This offers an opportunity
to reveal wrong measurement, and to estimate the accuracy of the applied method.

Finally a further possibility [107] [108] is mentioned. It is possible to fit parameters
(usually one or two parameters) in an approximate equation (usually one- or two-group
diffusion equation) so that the solution be closer to the measured values. The function to
be minimized is in discretized form-

Q = (Φ− F )+(Φ− F ) + q(w+Φ− 1) + Ψ+A(p)Φ) (10.55)

where Φ is the vector of neutron fluxes, F -the vector of measured values, Ψ-the vector
of adjacent fluxes; q-normalizing constant; w-weights; p-parameters to be fitted. We have
to determine the parameters p, the fluxes Φ and adjoint flux Ψ which minimize Q. That
condition gives three equations. The first one is:

∂Q

∂Ψ
= A(p)Φ = 0, (10.56)

i.e. the flux should be the solution of the diffusion equation. This is an equation for Φ
provided p is known.

∂Q

∂Φ
= Ψ+A(p) + 2(Φ− F )+qw+ = 0, (10.57)

showing that Ψ+ should be the solution of the adjoint equation; and finally

∂Q

∂pi
= Ψ+ ∂A(p)

∂pi
Φ = 0. (10.58)

The last equation formulates the condition that the parameters should minimize Q.
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10.4.2. Determination of Tmax -subchannel
The range of sensitivity depends on the thermometer but we may assume that it is smaller
than the size of an assembly. On the other hand, when the thermometer is located above the
assembly, the coolant mixes and we may assume that actually the average outlet temperature
of the assembly is measured. Even in that case the following problem remains how to estimate
the sub-channel temperature at the position of the measurement?

The answer is provided by a model. Two model types are in use: the sub-channel model
and the porous model. The first sub-channel codes written in the sixties and seventies,
calculated a one phase flow and took into account the heat and mass exchange among the
channels. The next generation codes used two phase flows. The object of the calculation
may be a single fuel assembly or the reactor core allowing for inter assembly flow and heat
exchange. A well known code of the second generation to solve the sub-channel model is
the COBRA code. As we know from thermal hydraulics [66], we can calculate the coolant
temperature when the geometry and the flow rate distribution is given. In COBRA, the
following model is applied, see Fig. 10.6. The model starts at the top, the power distribution
in the selected region (subassembly, SA in the figure) is given as input, as well as the
throttling (or driving) zones. From the powers and flow rates, the coolant temperature is
calculated using the balance equations. The mixing factors, the fuel pin geometry, the inlet
velocity distribution are also part of the input data. This makes it possible to study extreme
situations, like bent fuel pins, extraordinary flow patterns.

1. The coolant flow rates are determined in the whole core;

2. flow rates and subassembly temperatures are determined along each sub-channel;

3. the temperature distribution is calculated along each fuel pin.

Some calculations allow for a change in the assembly geometry due to deformation or other
reason. In Fig. 10.6 this is indicated by a dashed line.

The same equations govern the flow pattern in the sub-channels as the governing equa-
tions of the heat conduction problem. Thus the mass conservation equation, the momentum
conservation, furthermore the energy conservation[66] are the basic equations to calculate
the flow pattern, i.e. v(r, t). The geometry is different, now the fuel is ordered into a regular
lattice which is disturbed only at the assembly wall. In the heat balance, the heat generation
rate is the energy released from fission and is determined in the neutron physical part of the
calculation.

The set of equations to be solved in the sub-channel model is collected and rewritten
below. First we set forth the underlying assumptions of the COBRA model.

1. The coolant flow is assumed to be one dimensional, one or two phase flow of slip type.

2. The two phase flow allows for describing the steam content of the coolant as function
of the enthalpy, pressure, mass flow, axial position and time.

3. Between adjacent sub-channels turbulent cross-flow may occur. The net cross-flow is
assumed to be zero.

4. We may superpose the turbulent and forced cross-flow.

5. Effects traveling with sound speed are neglected.

6. Speed of the cross-flow is negligible compared to the speed of the axial flow.
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In a slip flow, the cross-section of the channel is occupied by either steam phase or a liquid
phase. In the volume occupied a given phase, material properties and mass flux is assumed
uniform. Note that this assumption may be violated, for example in an annular flow the
speed of the liquid at the wall may be considerably lower than at other positions. At the
same time, the cases having been analyzed by COBRA corroborate the above assumptions.

We study the flow in sub-channel i which is adjacent to sub-channel j. Using the above
enlisted assumptions, we formulate the conservation equations. The mass conservation reads
as

Ai
∂ρi
∂t

+
∂mi

∂x
= −wij , (10.59)

where Ai is the area of sub-channel i. ρi is the average sub-channel density:

ρi = ρsα+ ρl(1− α) (10.60)

where ρs is the steam density, ρl is the liquid density and α is the steam volume fraction.
mi is the mass flow, wij is the cross-flow. The sign of wij is positive when mass flows out of
volume i. The turbulent cross-flow does not contribute to the mass balance for it causes no
mass change in subvolume i. The time derivative of the density accounts the mass change
due to expansion or contraction.

The left hand side of equation (10.60) comprises two terms, the first one is the temporal
enthalpy change, there u

′′
is the effective speed of enthalpy transport. Ultrasonic processes

have been neglected, the second term is the enthalpy gradient.
The energy balance is written as

1

u′′
∂hi
∂t

+
∂hi
∂x

=
q′i
mi
− (hi − hj)

w′ij
mi
− (ti − tj)

Cij
mi

+ (hi − h∗)
wij
mi

. (10.61)

The four terms on the right hand side are:

• The first term represents the heat streaming in from the adjacent sub-channels. Here
(hi − hj) is the enthalpy difference between sub-channels i and j.

• The second term represents the enthalpy change due to turbulent mixing, w′ij is the
turbulent cross-flow at the joint boundary of sub-channels i and j.

• The third term describes the enthalpy loss in consequence of the different sub-channel
temperature. Cij is the enthalpy loss caused by cross-flow.

• The fourth term is enthalpy conveyed by the forced cross-flow.

The momentum conservation is separated into axial and radial conservations. The con-
servation of the axial momentum is assured by the following equation:

1

Ai

∂mi

∂t
− 2ui

∂ρi
∂t

+
∂Pi
∂x

= −
(
mi

Ai

)2 [
vifiφ

2Di
+

kj
2∆x

+Ai
∂(v′i/Ai)

∂x

]
− ρlg cosϑ− ft

Ai
(ui − uj)w′ij +

1

Ai
(2ui − u∗)wij . (10.62)

Here ui is the speed of the mass in sub-channel i, Pi is the pressure, vi is the specific volume
of the liquid, v′i is

vi =
(1− x)2

ρl
1−α

+
x2

ρsα
(10.63)
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the so called momentum transfer effective specific volume. ϑ is the declination angle of the
channel from the vertical, g is the gravitation constant, ft- turbulent momentum correction
factor.

The first two terms in equation (10.62) represent the transient component of the axial
pressure drop. The right hand side comprises four terms:

1. The first term has three additive components, the first one is the loss due to friction,
the second term is the loss due to deformation, the third component is the pressure
difference caused by the acceleration.

2. The second term is the pressure drop.

3. The third term is due to the turbulent mixing. In that term the factor ft is a correction.

4. The fourth term gives the momentum transfer caused by the forced cross-flow.

The radial momentum transfer between sub-channels i and j is expressed with the help
of

∂wij
∂t

+
∂u∗ijwij

∂x
+
s

`
Cijwij =

s

`
(pi − pj). (10.64)

The first term is the effects of the temporal acceleration, the second one of the spatial
acceleration, the third of the friction, and finally the fourth term of the pressure difference.

The COBRA model assumes that the cross-directional velocities are small compared to
the axial flow, which is usually true in a reactor where the flow direction of the coolant is
vertical. The last equation is the state equation

ρi = ρ(hi, p
∗,mi, x, t) (10.65)

which gives the mass density in sub-channel i as function of enthalpy hi, the effective pressure
p∗, mass flow mi, position x and time t. Note that (10.65) gives the state equation for a two
phase volume.

Equations (10.60) -(10.65) are transformed into a set of linear equations by a suitable
numerical method, in COBRA the finite difference approximation is used 3. The associa-
ted boundary conditions fix the entering enthalpy, mass flow, and cross-flow. The initial
conditions fix a stationary state [92].

The equations are solvable with appropriate initial and boundary conditions. Initial con-
ditions are required only at modeling transients, the usual initial state of a transient is a well
defined stationary flow. The boundary conditions are only loosely determined. Most of the
assemblies reside in asymmetric surroundings because the neighboring assemblies may differ
(e.g. assemblies of different enrichment have different powers, if one of the neighbors of the
assembly under consideration is a reflector, along the joint boundary the power distribution
is different, the same holds for an assembly with absorber). That problem is treated in two
different ways.

1. The boundary of the assembly calculation is extended so that a portion of each ne-
ighboring assembly is included in the calculation. Then the physical properties of the
adjacent assemblies are explicitly accounted for but the solution domain increases and
the calculation time increases.

2. The boundary conditions are derived from the neighboring assembly either from a
separate calculation or only corrections are derived from model problems which take
into account the actual properties of the assemblies.

3The above described version of COBRA is adapted to VVER-440 reactors by L. Szabados, Gy. Ézsöl,
L. Maróti, I. Tóth, I. Trosztel, and J. Vigassy.
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In most reactor types, there is no measurement indicating flow anomalies inside the fuel
assemblies. Therefore the analysis of flow anomalies (partial or full blockage of sub-channels,
the consequence of fuel pin deformation etc.) is carried out on experimental facilities or on
computer models. Results of the analysis of sub-channel flow anomalies are used to set up
limits for the safe operation and to detect departure from normal flow patterns in a power
reactor.

Here we deal with two particular problems.

• Is the value measured by the thermocouples really the temperature Tout, the average
coolant temperature over the measured fuel assembly?

• How to exploit the sub-channel model in the estimation of the coolant temperature
maximum in the core?

The first problem has been analyzed by CFD codes [110] for VVER-440 reactors. The
conclusion is that although the measured temperature fluctuates, and often is close to a
sub-channel temperature, with minor correction in the evaluation of the measured values it
can be considered as the measured average assembly outlet temperature.

The second question is answered by the details of the COBRA model. If the inlet and
outlet coolant flow rates and temperatures are known, the assembly power equals the diffe-
rence of the enthalpy difference. Thus, when running COBRA, the assembly powers can be
given as input after the exiting temperatures have been estimated for each assembly. The
detailed coolant temperature distribution is obtained from the COBRA calculation and the
maximum of coolant temperature is determined.

10.4.3. Determination of Wmax

The collector of the (SPN) detector gathers charge also from nuclear reactions taking place
outside the detector material. To correct the false current called cable current, the measured
detector current is subjected to corrections. Let subscript i stand for the assembly number
of the SPND string under consideration and we know the αki correction for the k-th detector
in the chain i. Then the corrected Icorrk,i is given by

Icorrk,i = Imeaski − αkiIcablei , (10.66)

where αki is simply the fraction of the cable current for the the k-th detector in chain i. It is
generally accepted to assume that the cable current is proportional with the power density
of the given assembly at the given elevation. Therefore

αki =

∫H
zk
Wk(z)dz∫H

zk1
Wk(z)dz

(10.67)

where Wk(z) is the power density at elevation z in assembly k, z1 is the elevation of the
lowest detector in chain k, H is the core height. The detector sensitivity is a slowly varying
function of the detector total discharge, this is taken into consideration by another correction
factor which is a multiplicative term in the sensitivity εki:

Wki = εkiI
corr
ki , (10.68)

and here
εki =

K1K2kiSki
(1− ηGki)α

, (10.69)
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and K2ki is the individual sensitivity of detector ki,

Gki =

∫ t

0

Imeaski (τ)dτ (10.70)

is the total discharge of detector ki. The next correction factor, Ski is responsible for
transforming the flux at the position of the detector into assembly power integrated over the
height of detector ik. That factor Ski(b, Tc,Wass,k, CB) depends on

• the local burnup Bk;

• coolant temperature Tc;

• the power Wass,k in assembly k;

• the boron concentration4 in the coolant cB .

Through Ski, the sensitivity of the detector depends on global reactor parameters (Tc, cB)
and local parameters (Wass,k, Bk).

To determine the maximum of the axial profile, we create a continuous function by
interpolation (for example using MATHEMATICA or MATLAB). Let Φ1, . . . ,ΦK signify
the axial measured values. The interpolating function, called third order spline, takes the
form of

Φ(z) =

3∑
i=1

ci(φ1, . . . ,ΦK)zi. (10.71)

From dΦ(z)
dz = 0 we find the locus of the maximum and the maximum itself. Repeating the

procedure for each detector string, we get the axial flux profile in the metered assemblies. In
practice, the axial core elevation is subdivided into 10 or 20 equidistant elevations and the
maximum is picked up.

10.5. Measurement and safety
Reactor operation rests on two pillars: the measurements on the operating reactor and the
calculations. The first one reflects the actual state of the reactor; the latter may reflect the
actual state of the reactor when the input of the calculation model reflects the actual state
of the reactor.

Note that both measured and calculated values rely on an underlying model. When the
model is good both the calculation and the measurement reflects the real core state. The
main features of the measured values are:

• a power plant is a noisy ambiance in every respect: vibrations, electrical noises, tur-
bulent flow are typical.

• small detectors are subjected to local fluctuations large detectors are slow.

• most measurements are based on a secondary effect in which the physical parameter
to be measured is involved. Example: the SPND detector has a long delay, the tem-
perature measurements are exposed to changes in the temperature of the cold leg or
the flow pattern, and the fluctuating flow above the assembly may influence the result
of the measurement.

4subscript B in the boron concentration refers not to burnup but to boron.
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• most measured signals go through a signal processing. Filters, amplifiers may bring in
phantom effects.

Notwithstanding, the calculated values have the following features:

• the calculated result is at most as good as good is the input. From false input no
precise calculated value can be obtained.

• Input is usually taken from measurements. Consequently, the calculated value we get
from a deterministic model is actually aleatory.

• The calculations are rarely performed on the basis of first principles. Rather they rely
on approximate models. Models usually lead to imprecise results.

• The models lead to mathematical problems that can not be solved in a closed form.
Therefore numerical methods are used. The computers store the numbers in an appro-
ximate form, as simple operations like additions may lead to noticeable round-off errors.
Numerical methods (solution of large linear equation sets, differentiations, integration,
iterative methods etc) augment the error in the results.

At the same time, if we have two statistically independent values (distributions or other
characteristics of the reactor) and they agree reasonably, we may say: the result is correct.
To determine what a reasonable agreement is, one may apply the experimental technique
or the calculation model to simple, well determined cases and estimate the maximum of the
possible errors. To be on the safe side, when the operational limits are determined, in the
case of the safety related key parameters an engineering reserve is added [115][p. 34], see
Fig. 10.7 where four curves are shown. Each curve represents some anomalies. When a
measured value (e.g. a temperature maximum) exceeds the curve, an alarm signal is sent to
the plant operator to take some action in accordance with the hierarchy given below.

• Curve No. 1: Alarm Setting Exceeded. The operator is alerted to take measures to
reduce the temperature.

• Curve No. 2: Operational Limit Exceeded. It is normal to have margins between alarm
settings and operational limits in order to take account of routine fluctuations arising
in normal operation. There may also be a margin between the operational limit and
the safety system setting to allow the operator to take action to control a transient
without activating the safety system.

• Curve No. 3: Safety System Setting Exceeded. The monitored parameter might reach
the safety system setting at point A with the consequence that the safety system is
actuated. This corrective action only becomes effective at point B owing to inherent
delays in the instrumentation and equipment of the safety system. The response should
be sufficient to prevent the safety limit being reached, although local fuel damage
cannot be excluded.

• Curve No. 4: Safety Limit Exceeded. In the event of a failure that exceeds the most
severe one that the plant was designed to cope with, or a failure or multiple failures
in a safety system, it would be possible for the temperature of the cladding to exceed
the value of the safety limit, and hence significant amounts of radioactive material
could be released. Additional safety systems may be actuated by other parameters to
bring other engineered safety features into operation to mitigate the consequences, and
measures for accident management may be activated.
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Note, that some planned transients may reach Curve No. 1, some failure may lead to reaching
curve No. 2. The arrangement of the four mentioned curves allow time for the operator to
take actions to prevent the aggravation of the conditions, see the bottom figure. The limits
should be set so that the realistic response time would revert the curve before it would reach
the next curve.

The same considerations apply for either one of the two measured distributions. The
independent temperature and power measurements offer an error estimation as well. One
can determine the assembly power from temperature measurement and from SPND signals.
Comparing the two powers carries important information because if there is a flow ano-
maly, the power calculated from temperatures will be higher. The time variations of the
temperature and W differ, all these carry important information for the analyst.

10.6. Problems
1. Assume that the detectors are equidistantly positioned. What is the importance of the

detectors?

2. Determine the axial offset kz when one detector gives false signal in the SPN string!

3. Determine the axial offset kz when two detectors give false signal in the SPN string!

4. Estimate the radial power peaking factor kq when all detectors are reliable!

5. Estimate the radial power peaking factor kq when a fraction of the detectors are false!

6. Estimate the radial power peaking factor kq when the detectors in a given zone are
false!

7. Estimate the sector power ratios when the detectors in a given zone are false!

8. Estimate the maximal temperature rise ∆T in the core when all the detectors work!

9. Propose an estimation for the maximal subchannel temperature in the core!

10. Estimate the maximum power density in the core from the measured values!
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10.5. ábra. SPND detector string
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10.6. ábra. Thermal hydraulics analysis of an assembly (source: IAEA web site)
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10.7. ábra. Interrelationship between a safety limit, a safety system setting and an operati-
onal limit.
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11. fejezet

Appendix A: Mathematical Basics
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A vector is written in bold: u = (u1, u2, u3),v = (v1, v2, v3). A tensor is set in "mathrm"
type: P and has three rows and three columns. Scalar variables are set in mathematical
expressions in "italics" type. Dot product of two vectors gives a scalar:

u+v =

3∑
i=1

uivi. (11.1)

dyadic product of two vectors gives a tensor T:

vu+ = T (11.2)

and Tij = viuj . The following products of tensor and vector are available:

(v+T)i =

3∑
k=1

vkTki (11.3)

(Tv)i =

3∑
k=1

Tikvk. (11.4)

We use the following tensor products: the tensorial product

(S · T)ik =
∑
j

SijTjk (11.5)

and the scalar product:

(S : T )ik =

3∑
i,j=1

SijTjk. (11.6)

A special vector is the Nabla operator ∇ =
(

∂
∂x1

, ∂
∂x2

, ∂
∂x3

)
. The usual operations are

∇v =

3∑
i=1

∂vi
∂xi

the divergence of v

∇a =

(
∂a

∂x1
,
∂a

∂x2
,
∂a

∂x3

)
the gradient of a

∇× v =
(∂vz
∂x2
− ∂vy

∂z
;

∂vx
∂x3
− ∂vz

∂x
;
∂vx
∂x2
− ∂vy

∂x
;
)

the curl of v.

(11.7)

We need the following tensor operations:

Gradv = (Gradv)s + (Gradv)a (11.8)

where the symmetric derivative is

(Gradv)sik =
1

2

(
∂vk
∂xi

+
∂vi
∂xk

)
, (11.9)

the asymmetric derivative is

(Gradv)aik =
1

2

(
∂vk
∂xi
− ∂vi
∂xk

)
. (11.10)
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We need also the tensor derivative:

∇T ≡ DivT =

3∑
k=1

∂Tki
∂xk

. (11.11)

The scalar operator of directional derivative u∇ applied to vector v is

(u∇)v =

3∑
k=1

uk
∂

∂xk
v. (11.12)

11.1 Theorem (Helmholtz theorem) Any vector field v, which is finite, uniform, and
continuous and which vanishes at infinity, may also be expressed as the sum of a gradient of
a scalar φ and a curl of a zero divergence vector A:

v = ∇φ+ curlA; ∇A = 0.

See Morse-Feschbach, I. p. 52-52.
K0(r) function. Ki1 Bickley functions. The Bickley function of order n is defined as

Kin(x) =

∫ π/2

0

cosn−1 θe−x/ cos θdθ =

∫ ∞
0

e−x cosh(u)

coshn(u)
du. (11.13)

Properties:

1. Bickley functions decrease monotonously for 0 ≤ x <∞;

2. the exponential behavior becomes pronounced for large arguments;

3. the n-th derivative has a logarithmic singularity at x = 0;

4. Ki0(x) = K0(x) where K0(x) is the modified Bessel function of the second kind and
order zero.

The Bickley functions are given by three polynomials Un(x), Vn(x),Wn(x):

Kin(x) = Wn(x) + (−x)n (Un(x)− Vn(x) ln(x/2)) . (11.14)

The three polynomials are

Wn(x) =

n−1∑
m=0

wn,mx
m; W0(x) ≡ 0; (11.15)

Un(x) =

n−1∑
m=0

un,m

(x
2

)2m

(11.16)

Vn(x) =

n−1∑
m=0

vn,m

(x
2

)2m

. (11.17)

The coefficients in the series are defined recursively:

wn.m = − 1

m
wn−1,m−1,m = 1, 2, . . . , n− 1; (11.18)
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un,m =
(2m+ n)un−1,m + vn−1,m

(2m+ n)2
;m = 0, 1, . . . (11.19)

vn,m =
1

2m+ n
vn−1,m. (11.20)

The initial values are defined as

wn,0 =
1

2

√
π

(n/2− 1)!

((n− 1)/2)!
(11.21)

v0,m =
1

(m!)2
(11.22)

the third polynomial is defined with the help of the digamma function Ψ:

u0,m =
Ψ(m+ 1)

(m!)2
(11.23)

Ψ(m+ 1) = 1 +
1

2
+ · · ·+ 1

m
− γ, (11.24)

where γ is the Euler’s constant

γ = 0.57721 56649 01533 . . . . (11.25)

Fredholm theorem, Kreyszig, p. 451 A bounded linear operator A that maps X into itself
is said to satisfy the Fredholm alternative if A is such that either (I) or (II) holds:

(I) The homogeneous equations

Ax = yA+f = g, (11.26)

where A+ is the adjoint operator of A have solutions x and f for every y ∈ X and g ∈ X+,
the solutions being unique. The corresponding homogeneous equations

Ax = 0A+f = 0 (11.27)

have only trivial solutions x = 0 and f = 0, respectively.
(II) The homogeneous equations

Ax = 0A+f = 0 (11.28)

have the same number of linearly independent solutions x1, · · · , xn and f1, · · · , fn, respecti-
vely. The nonhomogeneous equations

Ax = yA+f = g, (11.29)

are not solvable for all y and g, respectively; they have a solution if and only if y and g are
such that the scalar products (fk, y) = 0 and (g, xk) = 0 k = 1, · · · , n, respectively.

11.2 Theorem (Fredholm alternative) Let operator T be a compact operator map the
normed space X into itself and let λ 6= 0. Then operator Tλ satisfies the Fredholm alternative.

Modified Bessel functions. A solution to the Laplace equation

∇2Φ(r) = 0 (11.30)
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in cylindrical coordinates (ρ, φ, z), where

x = ρ cosφ; y = ρ sinφ; z = z (11.31)

is often sought in separable form Φ(φ, ρ, z), and when Φ is independent of φ, the separation
is written as Φ(ρ, z) = R(ρ)Z(z). The involved functions are obtained from the following
equations:

R′′ +
1

ρ
R′ + λ2R = 0 (11.32)

Z ′′ = λ2Z. (11.33)

This is a special case of the Bessel’s differential equation:

x2 d
2y

dx2
+ x

dy

dx
+ (x2 − p2)y = 0, (11.34)

its general solution is
y(x) = c1Jp(x) + c2Yp(x) (11.35)

where Jp(x) the Bessel function of the first kind, Yp(x) is the Bessel function of the second
kind.

The modified Bessel equation is obtained from (11.34) by the substitution x → ix, i2 =
−1:

x2 d
2y

dx2
+ x

dy

dx
− (x2 + p2)y = 0, (11.36)

its general solution is
y(x) = c1Ip(x) + c2Kp(x). (11.37)

Here Ip(x) and Kp(x) is the modified Bessel-function of the first and second kind, respecti-
vely. The modified Bessel functions Ip and Kp are defined as

Ip(x) = i−pJp(ix), (11.38)

and
Kp(x) =

π

2

I−p(x)− Ip(x)

sin(pπ)
. (11.39)

The Jp, Yp, Ip,Kp Bessel functions are available in most symbolic algebra programs (e.g.
MATHEMATICA, MATLAB, MAPLE).

The principal value integral serves the evaluation of the integral of a singular function.
Let f(x) have a singularity at x = 0, and a, b > 0, then∫ +b

−a
f(x)dx = lim

ε→0

[∫ +ε

−a
f(x)dx+

∫ +b

ε

f(x)dx

]
(11.40)

is called the Cauchy principal value integral [59] of the function f(x).
Function f(x) is Hölder continuous if

f(x1)− f(x2) = c||x1 − x2||α (11.41)

where 0 ≤ α ≤ 1.
In the response matrix method, we used the so called Walsh functions. Consider a

function f(α), 0 ≤ α ≤ 2π, which labels the boundary points of a regular n-gon. The Walsh
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functions take values ±1 on discrete subintervals of [0, 2π], they are step functions. We are
considering only the Walsh functions on 2n subintervals of equal length. There are 22n such
distinct Walsh functions Wi(α).

Let Wi(α) be a Walsh function. A possible representation of Wi(α) is the 2n-tuple wi

where element k of wi = +1 if Wi(α) = +1 when (k − 1)β ≤ α ≤ kβ. A representation of
function f(α) is f(α) where element k of f(α) is f(α), (k − 1)β ≤ α ≤ kβ.

The scalar product of f(α) and wi is the usual dot product of vectors:

(f(α),wi) =

2n∑
k=1

fk(α)iwik, 1 ≤ k, i ≤ 2n; (11.42)

a scalar function depending on α. Each fk(α) is defined on a π/n wide interval so they can be
mapped unequivocally onto the [0, π/n] interval. When fk(α) varies slowly, approximation
by low order polynomials may be used.

Let A be a linear operator acting on variable x. The independent variable x involves
the space variable r but may involve further variables (e.g. energy) as well. Consider the
boundary value problem

AΦ(x) = Q(x); (11.43)

in volume V and on the boundary r ∈ ∂V of V the boundary condition be Φ(x) = 0.
The Green’s function of (11.43) is the solution of the problem

AG(x, x′) = δ(x− x′) (11.44)

in V and
∂G(x, x′)

∂r
= 0, r ∈ ∂V. (11.45)

The solution to (11.43) is given with the help of the Green’s function as

Φ(x) =

∫
V

G(x, x′)Q(x′)dx′. (11.46)

The Green’s function is applied to solve the one group or multigroup diffusion equation in
Chapter (6), the transport equation in Chapter (5).
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12. fejezet

Appendix B: Basic Thermal
Hydraulics Codes
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The ATHLET code [91] was developed by GRS (Germany) for the thermal hydraulics
analysis of leaks, breaks and transient processes in a power reactor. It is also applicable to
severe accident modelling.

The CATHARE code [93] was developed by a French consortium including AREVA,
CEA, EDF, IRSN. CATHARE is an advanced code for PWR modeling.

RELAP5 [94] is a best estimate system code suitable for the analysis of all transients
and postulated accidents in LWRs.

COBRA [92] is a thermal hydraulics code for transient analysis of PWR nuclear reactor
vessels and primary coolant systems. COBRA is capable of loss of coolant accident analysis
as well.

MELCORE [95] is a severe accident analysis code, developed by Sandia Laboratory for
the US Nuclear Regulatory Commission.
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13. fejezet

Appendix C: Kolmogorov Forward
and Backward Equation, Pál–Bell
equation
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Let ξ stand for a discrete random variable and let

pk = P{ξ = k} (13.1)

stand for the probability of the event ξ = k.
The function

g(z) =

∞∑
k=0

pkz
k (13.2)

is called the generating function of the discrete variable ξ.
Using the generating function, we can obtain the mean value of the random variable ξ as

E{ξ} =
dg(z)

dz

∣∣∣∣
z=1

. (13.3)

In general, the derivatives of the generating function are connected to the moments of the
discrete random variable ξ. As an illustration, the second derivative of the generating func-
tion is:

d2g(z)

dz2
= E{ξ2} − E{ξ}. (13.4)

From (13.3) and (13.4)
D2{ξ} = g′′(1) + g′(1)(1− g′(1)). (13.5)

where D2{ξ} is the variance and D{ξ} is the standard deviation.
The autocorrelation function

R(x1, x2) = E{Φ(x1)Φ(x2)} =

∫ +∞

−∞
u1u2f(u1, u2;x1, x2)du1du2. (13.6)

The autocovariance of the random process Φ(x) is

C(x1, x2) = E{(Φ(x1)− η(x1))(Φ(x2)− η(x2))}, (13.7)

The power spectrum of the stochastic process Φ(x) is the Fourier transform of its auto-
correlation:

S(ω1, ω2) =

∫ +∞

−∞
e−iω1x1e−iω2x2R(x1, x2)dx1dx2. (13.8)

The cross-power spectrum of two random processes Φ1(x),Φ2(y) is

SΦ1φ2
(ω1, ω2) =

∫ +∞

−∞
e−iω1x1e−iω2x2RΦ1Φ2

(x1, x2)dx1dx2. (13.9)

The Pál-Bell equation is a so called backward Kolmogorov type equation, its form is an
integro-differential equation for the generating function g(t0,u0; t, z) of the neutron distri-
bution:

∂g(t0,u0; t, z)

∂t0
+ T g(t0,u0; t, z) +Qf (t0, r0, v0)q[s(t0, r0,v0; t, z)|v0] +Qa(t0, r0, v0) = 0

(13.10)
where T is the so called transport operator:

T g(t0,u0; t, z) = −Q0(t0, r0, v0)g(t0,u0; t, z) + v0∇g(t0,u0; t, z) +

+Qs(t0, r0, v0)

∫
ws(v0,v

′)g(t0, rr0, v0; t, z)d3v′. (13.11)
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Here u = (r,v) is a point in the configuration space composed of the position r and velocity
v of the neutron. We assume the neutron to enter into interaction with the surrounding the
reaction rate at time t, position r for a neutron having the speed v is Q(t, r, v) and three
types of interactions are possible: absorbtion, scattering, and fission; the mention reactions
exclude each other thus

Q(t, r, v) = Qa(t, r, v) +Qs(t, r, v) +Qf (t, r, v). (13.12)

The initial and boundary conditions associated with (13.10) are:

lim
t→t0

g(t0,u0; t, z) = 1− (1− z)∆(u0,u), (13.13)

where ∆(u0,u) is Cronecker’s delta function which is 1 when u0 = u and zero otherwise,

lim
r0→rs

g(t0,u0; t, z) = 1 (13.14)

provided the directions of speeds v0 and vs are such that Ω0Ωs > 0 holds for the directions.
The second term in the Pál-Bell equation (13.10) describes the fission process. Here the

following model has been adopted. In a fission reaction ν0 prompt neutron appears and
ν1, . . . , ν` so called fragments which emit neutrons in a decay with decay time λ1, λ2, . . . , λ`.
Let the fragment emitting prompt neutrons be of type A, the fragments emitting neutrons
after a delay be of type B1, . . . , B`. We define

P{ν0 = k0, ν1 = k1, . . . , ν` = k`|v0} = f(k0, k1, . . . , k`|v0) (13.15)

giving the probability of k0 fragments of type A, and k′j ≤ kj , j = 1, . . . , ` fragments of type
Bj . We introduce the generating function

q(z0, z1, . . . , z`) =
∑

k0,k1,...,k`

f(k0, k1, . . . , k`|v0)zk00 zk11 . . . zk`` , (13.16)

and the following concise notation

{k0, k1, . . . , k`} = k, {z0, z1, . . . , z`} = z,

and the generating function (13.16) takes as compact form as

q(z|v0) =
∑
k

f(k|v0)zk. (13.17)
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