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Chapter 1. Preface
The present note is based on and made for the Theory of Computing course held at the University of Debrecen.
The the fundamental aim of the course - and therefore of the lecture note - to give an adequate background
knowledge for the students of the basics in computability and complexity theory.
The structure of the book is the following:
Chapter 2 describes the necessary concepts and results in formal language theory, related to the general
algorithmic problems and definition of the Turing machine.
Chapter 3 contains definitions and properties on the order of growth of functions which are frequently appears in
complexity theory.
Chapter 4 discusses the definitions and the related basic properties of Turing machines. The computation of
Turing machines, the Church-Turing thesis, the composition of Turing machines and the definition of multi-tape
Turing machines and simulation theorems are described here.
In Chapter 5 one can read about the theory of computability, where recursivity, recursively enumerability and
their relations are observed. At the end of the chapter some decidability problems are discussed.
Chapter 6 provides definitions and fundamentals on the properties of non-deterministic Turing machines and
deals with their Turing equivalence.
In Chapter 7 the time, space and program complexity, the complexity classes defined by them and their
relationship are regarded.
Chapter 8 discusses the results related to the class
completeness are detailed.

. Among others the witness theorem and

1
Created by XMLmind XSL-FO Converter.

-

Chapter 2. Formal languages
As in the case of programs such algorithms are typically created for solving not a particular task, but a group of
tasks. The input, output and other related objects - e.g. the algorithm itself - should be defined and used in some
general way. To do this we need some basic concepts and results in the theory of formal languages.
We start with some definitions related to functions.
Definition 2.1.
Let

and

be two arbitrary non-empty sets.

The Cartesian product of the two sets is the set
containing pairs from the base sets.
If

, then we may use the notation

Let

. The set

If for some
and

is called a relation defined on

and

we have

are in relation by

Let

, then we say that

and

implies

the

, then

is called

a (partial) function and is denoted by
use the traditional notation
If
Let
then

.

.

be a relation. If

property

.

such that

. If

, then we

.
, then it is called a total function.

be a total function. If
is called a surjective function.

such that

,

If
implies
, then
is called an
injektive or one-to-one function.
If
is both surjective and injective then it is called bijektive.

Remark 2.2.
The traditional notation for the relation
used with e.g. the relations
and
.
If

and

is

, as we are

are two function, then the union of them

can be defined as the union

of relations. This, however, is not

necessarily a function. If we assume, that
a function and

, then

is

.

Since in the following parts we want to prove that the mathematical concept of algorithm we construct can be
precisely specified, thus the detailed definition of the alphabet, word and language are necessary. There is a
particular need to find place of the empty symbol in the structure.
Definition 2.3.
The finite, non-empty set
The elements of

is called an alphabet.

are called letters (somtemies characters or symbols).

If
, then we assume for
that
.
(The symbol
is called the empty character.)

2
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Definition 2.4.
Let

be a nonepty set and

let

be a map.

Assume that
1.

;

2.

sympols

3.

such that

and
and only if

implies
and
and

a statement on the elements of

,

holds and

then

and

implies

.
,

holds, too;

6. If
Then

,

;

5. (Induction) Let
If

if

;

4.
such that

;

, then

.

is called the set of finite words over the alphabet
is called the empty word.

As it is usual, we will use the notation

and

.

Remark 2.5.
1. Let
. The map
which extends the word

can be viewed as a transformation,
by the symbol
.

2. One can define a natural embedding
by

between

and

,

.

Thus the elements of
of elements of

can be regarded as finite sequences
.

3. By 6. of Definition 2.4
, which means that
and
are different, but they are corresponding to each other in the
two sets.
4. By 6. of Definition 2.4 the 3. can be extended to the cases
és
.
5. The 5. pf Definition 2.4 means that every word can be created
from the empty word by adding symbols to it.
Thus, if
, where
,
then we may denote the word by its traditional notation
.
6. By point 3. the above represenatation is unique.
7. The previous statement can be extended to the empty symbol with
the property

.

Definition 2.6.
Let
1.
2.
Then

be a function with properties:
;
,

and

.

is called the length of the word

.
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Theorem 2.7.

the length

is well defined.

Proof
By definition, the length of a word
means the number of steps the map
applied on the empty word to get
. Since number and the order of the extension steps are fixed for the creation of , the length is unique. ✓
Remark 2.8.
If a word is regarded as a finite sequence of symbols,
then the length is equal to the number of symbols in it.

Definition 2.9.
, i.e. ⋅ :

Let
be a binary operation on
with the properties:
1.

let

;

2.
and
implies
.
Then the operation
is called the concatenation.
Traditionally we use the simpler
notation instead
of
.

The operation of concatenation has the following property.
Theorem 2.10.

if

and

then

,

.

Proof
The proof is by induction on
a.) By definition, if

.

, then

b.) Assume that for a given

, which means that the statement holds.

for all words

if

, then the

statement holds.
Let

be a word of length

. If the

is the last letter of

, then

for some

.
By the inductive assumption

. Applying the definition of the concatenation,

which means that the statement holds for

, too.

Form a.) and b.) by induction the theorem follows. ✓
Theorem 2.11.

4
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with the binary operation of concatenation is a
monoid (semigroup with a unit element).

Proof
The proof is again by induction.
1. The concatenation is associative:
a.)By definition

.

b.) Assume, that for a given
is such that

for all words

. Then

assumption, for all words

, if

and

, then the associativity holds. Let

satisfying

the equality

and

. By the inductive

holds. Hence

,
which means that the statement is true for

, too.

From a.) and b.) by induction the associativity follows.
2.

is a unit element.

By definition

for all

The equality

can be proven by induction.

a.) By the definition
b.) Assume for all
, such that

.

.
that if

, then

and

. Let

be a word of length

. By the inductive assumption
,

which means that the statement holds for
From a.) and b.) by induction

, too.

follows.

With this, the proof is complete. ✓
Theorem 2.12.
The operation of concatenation satisfies the
simplification rule, i.e.
the eqality

implies

Similarly, the equality

implies

.
.

Proof
5
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As before, the proof can be done by induction. In the firs case the induction is on
the induction is on

and

, while in then second case

, simultaneously. ✓

The following definitions are useful for the description of the structure of word.
Definition 2.13.
Let
Then

be such that
.
is called a prefix, while

is called a postfix of

.

Remark 2.14.
A word is a so called trivial pre- and postfix
of itself.
The empty word is a trivial pre- and postfix of
any word.

One may define transformations in the form
on the set of finite words. These transformation can
have some good properties. Some of the most important ones are given in the following.
Definition 2.15.
A transformation
if

is called length preserving,

the equality

holds.

Remark 2.16.
Length preserving transformation e.g. the mirror image,
permutation of characters, cyclic permutation, e.t.c.

Definition 2.17.
A transformation
if

is called prefix preserving,

words

, such that

.

Remark 2.18.
In the examples of Remark 2.16, the mirror image and
cyclic permutation is not, but the character permutation
is prefix preserving transformation.
Prefix preserving, but not length preserving, however,
the following transformation:
. (Repetition.)

Using the concept of words, we arrive to the definition of an important object of the theory of algorithms.
Definition 2.19.
Let

be a finite alphabet. The set

(formal) language over

is called a

.

It is natural idea to define the usual set operations on languages. E.g. if,
and

are languages, too. The language

are two languages, then

is called the complement of

Other important operations on languages are the following.
Definition 2.20.

6
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Let

be two languages. The language
is called the concatenation

of the languages and denoted by

.

Remark 2.21.
Concatenating
by itself, we may use the
following simplified notation
és

, ha

.

Definition 2.22.

Let
be a language. The language
is called the iteration - or the closure for the
concatenation - of
.

Remark 2.23.
The name closure comes from the fact, that
is exactly the smallest language, such that
is a subset of it and closed under concatenation.

Definition 2.24.
Let

be a class of languages.

Then the class
Here

.

denites the complement of

.

Remark 2.25.
The class
of
.
empty.
If e.g.

is in general not the complement

Actually

is not necessarily

is the class of all languages,

then

.

Theorem 2.26.
Let
and
be two class of languages over the
same alphabet.
Then
1.

;

2.

;

3.
4.

;
if and omly if

.

Proof
We apply the usual set theoretic proofs for equalities.
1.We may write the following chain of equivalences
or

or

.

2. Similarly, we may write the following chain of equivalences:

7
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and

and

.

3. In this case we may write:
.
4. By definition
and only if

if and only if
implies

and

if and only if

. This, however, stands exactly when

8
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. Again by definition
implies

.✓

if

Chapter 3. Order of growth rate
In latter chapters - in particular at complexity observations - one needs the possibility to express the growth rate
order (i.e. the asymptotic behaviour) of functions in a unified way. We define a relation for this, with which one
can extract the most important, the steepest growing component of functions.
Definition 3.1.
Let
The set

be a monotone increasing function.
is called

the class of functions, in the order of growth of
If

, we say that "

is a big O

.

" function.

Remark 3.2.
To make the definition clear, the the best if we
assume that
is a monotone increasing function.
However, it is not necessary. If we don't do so, many of
the observations would became unexpectedly complicate.
Instead of the notation
traditional

, often the

is used.

The most obvious example for the definition if a function bounds an other by above. But this is not necessary to
be so. In the following we will demonstrate through some particular example what does the growth rate
expresses at first view.

Example 3.1. Example 1.
Assume that
.

. Then the conditions of the definition are fulfilled with the choice

Figure 3.1. Figure 1

Example 3.2. Example 2.

9
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Assume that

, if

. We don' care the relation of the functions for small

's.

Figure 3.2. Figure 2.

Example 3.3. Example 3
Assume

, but the function

multiplied by a constant

is not below

Figure 3.3. Figure 3

Properties 3.3.
1.
2.
3. Let

(reflexivity)
for all
and

.
. Then

(transitivity)

Proof

10
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1. Let

and

2. Let

and

3. Let

and

holds if

. Since

for all

.Then

, i.e.

such that

and

, if

, i.e.

for all

.

.✓

, for all

. Then with the choice

if

, thus

and assume that with
and

and

the relation

, we get

,

.

Remark 3.4.
1. A transitivity exresses our expectations that
if a function
grows faster than
, then it
grows faster than any other, which has slower
growth than
.
2. The definition of the order of growth rate,
can be extended to nonmonotone functions, but
this case is not really important for our purposes.
3. The relation of growth rates are neither
symmetric, nor antisymmetric.
A counterexample for the symmetry
(
) is the pair
and
while a counterexample for the antisymmetry
(

,

) is the pair

and

.

Further properties 3.5.
4. Let

and

.

Then

.

5. Let

and

.

Then
6. Let

.
be a monotone increasing function,

whith

and

Then

.

.

Proof
3. Assume that with
true. Let
.

,

,

and

the relations

and let

and

are

. Then

4. Similarly as before, assume that with
are

true.

,

,

and

Let

the relations

and

and

.

Then

.
5. Assume that
further,

that

and

are such that
.

holds. Without loss of generality, we may assume

Since

the

function
. Since

is
,thus

11
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strictly

increasing,
.

thus

Order of growth rate

Let

. By the monotonicity of

we have

and

✓
Corollaries 3.6.
1. Let

.

Then

if and only if

2. Let

.

Then

if and only if

3. Let

.

k > 0.

Then

and

4. Let

.

.

.

Then

.

Proof
Corollaries 1, 2, 3 and 4 can be derived from Properties 4, 5 and 6 by simple considerations. ✓
In the following we give the definition of a sequence and a related extremely fast growing function.
Definition 3.7.
Let
,
be a sequence
of functions with the recurrence relation
1.
2.
3.

The first few members of the sequence are the well known mathematical operations.
1.

is the successor,

2.

is the addition, i.e.

3.

is the multiplication, i.e.

4.

is the exponentiation, i.e.

.
The above definition is actually the extension of the usual ones:
1.

is defined by the consecutive incrementation of

by ,

2. the multiplication is defined by the consecutive addition of
3. the exponentiation is the consecutive multiplication of

times;
by itself

by itself

times;

times, etc..

12
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With this construction, we obtain a sequence of faster and faster growing functions. By this sequence we can
define a function, which grows faster than any of its member:
.
One can, however, define a function, closely related to the above, without the given sequence.
Definition 3.8.
Ackermann function:
Let
be a function with the
following relation:
1.
2.
3.
The function

is called the Ackermann function.

The function
is approximately the same as
are the following:

(but somewhat less than it). The firs few values of

, where k is a number with

decimal digits.

Clearly, this value exceeds all imaginable or even exactly describable limits. (It is much more, than the number
atomic particles in the universe, by our best knowledge.) And the function grows faster and faster.
To express the order of growth more precisely, other concepts are used, too. Some of them with results on their
properties are given below.
Definition 3.9.
Let
be a (monotone increasing)
function. The set
is called the class of functions in the order
of growth of

.

Properties 3.10.
1. Let
Then

be two functions.
if and only if

2. Let
Then

.

be two functions.
if and only if

and

Proof

1. Let
and
the first inequality,

such that

, for all

13
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and let

and

. Then, by
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, for all ha

and by the second inequality

, for all
2. By the relations

. By definition, this is the same as in the statement of the theorem.

and

, if

one find that

and

Let
.✓

, if

and

,

,

and

such that

.

. The two inequalities above implies

, if

Definition 3.11.
Let

be a function. The set

is called the class of functions with order of
growth less than
If

.

, we say that " is a small o

".

Properties 3.12.
1. Let

be two function.

Then

if and oxly if
.

2. Let

be a function.

Then

.

3. Let

be a function.

Then

.

Proof

1. Let the constants
arbitrary small

and

be such that

there exists a bound

the definition of limits, this means that
that

for all

and

such that for all

such that

. Then

greater than

. Conversely,

. Hence, by a multiplication by

2. By the definitions, clear that
Hence,

, if

the inequality

, i.e. for
holds. By

means that

such

we get the statement of our objective.

and
, if

, if

. Let
and

.

14
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if
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Let
. With this
the inequality
the statement we wanted to proof.
3. Indirectly, assume that
With this

we find that
, if
.

Let
contradiction. ✓

holds, for all

. Then
and

. With this

.

such that

we have

, which is exactly

if

and

15
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and

, if

such that

, which is a

Chapter 4. Turing machines
Everyone, who has some relation with informatics has an idea about the concept of algorithms. In the most case
we can decide whether the thing under observation is an algorithm or not. At leas in the everyday case. Many of
the people think on a computer program in connection with an algorithm, not without any reason. It is not clear,
however, if a medical treatment or the walking are algorithms..
If we try to make the concept more exact, we reach some limitations. We have the following obvious
expectations:
The algorithm should solve a well defined task or group of tasks.
The algorithm should stand of separable steps and the number of (different) steps are finite.
We want the solution in limited time.
Every step of the algorithm should be well defined.
The algorithm need some input data for determining the particular task of the group of tasks.
The amount of data should be finite, in any sense.
The algorithm should reply to the input. The answer should be finite and reasonable.
Clearly, if one wants to determine the concept of algorithm in a general manner, then some points will be not
properly defined. The most critical part is the concept of "step". What does it mean "well defined"? If we give a
precise definition, we would reduce our possibilities.
The precise determination of the concept of algorithms are was a subject of many mathematician in the first half
of the last century. As a result, many different approach of the subject have arised, e.g. functions, recursive
functions, Markov algorithm and Turing machine. Since these are well defined models, we have the feeling that
they cannot be completely suitable for the substitution of the concept of the algorithm.
One can prove that the above models are equivalent, which means that every task which can be solved in one of
the models, can be solved in all the others.
For the replacement of the concept of algorithm there are still no more general model than the listed ones. In the
present lecture notes we will focus on the model of the Turing machine, since this is one of the most clear, easy
to understand and expressive enough. Even if it is not so suitable for modeling the modern computer
architectures.
With the help of Turing machines one can easily express the concept of computability, i.e. the algorithmic
solvability and a precise measure can be introduced for describing the complexity of algorithms and problems.
If one wants to define with mathematical tools the concept of algorithms, the class of possible tasks should be
reduced. One should exclude the mechanical operations on physical objects. This does not mean that, physical
problems cannot be solved by some algorithmic way, but one have to model it first with some mathematical
representation and then the result can be applied to the original problem through some interface.
We assume that the task and its parameters and input data can be represented in a finite way. Accordingly, we
will give the input of an algorithm as a finite word over a finite alphabet and we expect the answer in the same
way. Thus an algorithm can be regarded as a transformation, which maps words to words. Some of the
algorithms have no reply on some input. These represents, so called, partial functions. One can find algorithms,
which have only finitely many different answer on their infinitely many different inputs. These are the typical
acceptor or decision machines.
Definition 4.1.
Let

be an alphabet,

be a language,

be a word

and
be a transformation.
We will call algorithmic task (or simple task)
the following:

16
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1. Determine if the relation
2. Determine the value of

holds!
!

The first kind of tasks are called decision problems,
while the second are called transformation problems.

Later we will see that the above easy looking decision problem in general is not easy at all. We will prove that
there are problems such that one cannot even decide whether they are solvable or not.

Figure 4.1. The model of Turing machine

1. The definition of the Turing machine
Definition 4.2.
The five tuple

is called Turing machine, if

: is a finite nonempty set; set of states
: is a finite set with at least
elements and

; tape alphabet

; initial state
, nonempty set; final states
; transition function

The above formal definition needs a proper translation. One may think of the following "physical" model.
The Turing machine has three main parts:
1. a tape, infinite in both direction, divided into equal sized cells, containing symbols from the alphabet
the tape may contain only finitely many characters different from
2. a register, containing values from

;

and they should be consecutive;

, which determines the actual behaviour of the Turing machine;

3. a read-write head, pointing always to a particular cell, this connects a tape and the register.
One step of the Turing machine stands of reading the cell under the read-write head and depending on its value,
executes some operation, determined by :
- writes back a symbol to the cell under the read-write head and changes it state or
- moves the read-write head to the neighbor cells and changes it state.
17
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Usually the alternative definitions of the Turing machine sets the movement and write in the same step, but
separating them makes some definitions much simpler.
The above semantics needs, however, a mathematically well defined "operation".
Definition 4.3.
A configuration of the Turing machine

is the

four tuple
(= state of the regiser + tape content together
with the position of the read-write head)

Remark 4.4.
A Turing machine

has a configuration in the form

if

or

.

Definition 4.5.
We say that the Turing machine
from

reach the configuration

in one step - or directly - (notation

),

if
and exactly one of the following holds:
1)

, where

,

and

.d

--- overwrite operation
2)

, where

,

and

--- right movement operation
3)

, where

,

and

.

--- left movement operation

Remark 4.6.
1. Since
is uniquely defined for all
and
thus for all proper configuration either there exists a
uniquely given direct accessible configuration
or
there are no any at all.
2. By the definition of the configuration and the remark
after the definition if
and
then the Turing machine can execute a further step,
if

or

,

.

3. By the properties of the symbol
and

,

, if

, then in the transition

configuration

the

.

Similarly, if

and

the transition

, then in

the configuration

.

Definition 4.7.
A computation of a Turing machine

is a sequence

of configurations
1.
2.

, where

such that
;

, if there exists a directly reachable

configuration from

(and because of uniqueness,
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it is

);

3.

, if there are no directly reachable

configuration from
The word

.

is called the input of

.

If
is such that
, then
we say that the computation is finite and the
Turing machine terminates in the final state
Then the word

.

is called the output of

Notation:

.

.

If for a word
the Turing machine
has an
infinite computation, then it has no output.
Notation:

. (Do not mix it up with

the output

.)

Remark 4.8.
A Turing machine
on an input word

may have infinite computation
in two ways:

1.

there exist a directly reachable configuration

2.

such that from

;

there are no directly reachable

configuration and the state corresponding to
is not
a final state. (The Turing machine is "frozen" in the
configuration

.)

2. Acceptor Turing machines
Definition 4.9.
Let

be a Turing machine,

and

. Then

is called an acceptor

Turing machine and the states of
accepting states.

are called

Definition 4.10.
Let

be an acceptor Turing machine and let

the accepting states of

be

.

We say that
accepts the word
, if the
computation of
on
is finite and at termination
the Turing machine is in a state from

.

Definition 4.11.
Let

be an acceptor Turing machine.

Then

is

called the language recognized by

.

Lemma 4.12.
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Let

be an acceptor Turing machine and let

Then

.

transformator Turing machine such that
if and only if

.

Proof
The new Turing machine can be defined using . The states of
and the transition function
can be
redefined on the way, that the Turing machine does not finish the computation there, but erase the tape and
writes a 1 instead. ✓
The above Lemma implies that acceptor Turing machines basically do not differ from transformation Turing
machines. They computes the characteristic function of the recognised language.

3. Representation of Turing machines
The specification of a Turing machine means to give a description of five tuple in the general definition. For the
objects
and
it is not a great adventure but for the transition function requires a bit more efforts. Since
it is a function defined on a finite domain with values from a finite set, fortunately there are no big difficulties to
manage.
The different representations are explained on two particular Turing machines.
The first Turing machine executes a parity bit encoding on words over the alphabet
. This is a typical
transformation task. Prefix preserving, but not length preserving mapping. The essence of the encoding is that
one have to count the number of symbol 's in the input word and extend it by a new symbol such that the
number of 's in the output should be even. This transformation is one of the most simple but most efficient,
widely applied error detection encoding.
Examples: (Parity bit addition)
In:

Out:

In:

Out:

At the real life application equal word length is assumed, but here we simply don't care about this restriction.
The second Turing machine checks whether the input word satisfies the parity property or not, i.e. if there are
even number of
's in it. If the answer is yes, then we accept the word, if no, then we reject it.

3.1. Look up table representation:
With look up table representation, the transition function can be given in several ways. In one of them the
columns of the table are related to the different states, while the rows are related to the possible input symbols,
read by the read-write head. The values in the table are the function values at the corresponding arguments.
If the transition function is not everywhere defined (partial function), the table contains gaps.
Example: Parity bit addition
One possible solution for the task is the following Turing machine:
where
,
,

and

:
20
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Figure 4.2. Parity bit addition to the input word

Here

is the final state,

is the initial state and in the same time it has the notion, that the processed part

contains even number of 's. Furthermore,
The states

and

has the notion, that the processed part contains odd number of 's.

are for moving the read-write head and remembering to the parity.

The Turing machine executes the following computation on a given input:
In:

Figure 4.3. Initial configuration:

Figure 4.4.

Figure 4.5.

Figure 4.6.

Figure 4.7.

Figure 4.8.
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Figure 4.9.

Figure 4.10.

Figure 4.11.

Figure 4.12.

Figure 4.13.

Figure 4.14.

Figure 4.15.

Figure 4.16.

One may recognize, that the description of a computation in the above way is rather uncomfortable, but
expressive. Describing the configurations in the form of their definition is much more efficient.

Figure 4.17. The computation of the Turing machine on the input word
22
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Example: Parity check
One possible solution for the task is the following Turing machine:

where

,
,
and

:

Figure 4.18. Parity check

Here
is an accepting, while
is a rejecting state, i.e.
and
. Furthermore,
is the
initial state and in the same time it has the notion, that the processed part contains even number of 's. The state
has the notion, that the processed part contains odd number of 's and the states
read-write head and remembering to the parity.
The Turing machine executes the following computation on a given input:
In:

Figure 4.19. Initial configuration:
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Figure 4.20.

Figure 4.21.

Figure 4.22.

Figure 4.23.

Figure 4.24.

Figure 4.25.

Figure 4.26.

Figure 4.27.

Figure 4.28.
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Figure 4.29.

Figure 4.30.

Figure 4.31.

Figure 4.32.

Figure 4.33.

Figure 4.34.

The description of the computation by the configurations in the form of their definition:

Figure 4.35. The computation of the Turing machine on the input word
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3.2. Graph representation:

3.3. Representing Turing machines by enumeration:
The transition function can be given by the enumeration of its values on its possible arguments.
The transition function of Turing machine for parity bit generation:
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The transition function of Turing machine for parity check:

3.4. Examples
1. Turing machine for mirroring the input word:

.

2. Turing machine for mirroring the input word::

.

3. Turing machine which increase the input word - regarded as a binary number:

3.5. Problems
1. Give the description of a Turing machine, which writes the word
27
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2. Give the description of a Turing machine, which writes the word

to its tape!

3. Give the description of a Turing machine, which inverts its input word, i.e. exchanges every to a
every to a !

and

4. Give the description of a Turing machine, which swaps the symbols pairwise of the input word!
e.g..

5. Give the description of a Turing machine, for deciding which symbols are more frequent in the input word! If
there are more

's, then it terminates in the state

if the are equal then it terminates in the state

, if there are more 's, then it terminates in the state

and

.

4. Church-Turing thesis
As we have discussed at the beginning of the chapter, an algorithm can be regarded as a function on words. The
input word is called the task and the output word is called the solution.
By the definitions above, Turing machines represents similar functions.
The question arises naturally, which tasks can be solved by a Turing machine. The following statement
approaches this question.
Church-Turing thesis 4.13.
Let

be an algorithm transforming words to words,

i.e.

.

Then there exists a Turing machine
that

such

.

Remark 4.14.
1. If

does not terminate on a given input

,

then
is undefined and hence we should
assume that
does not terminate, too.
2. The Church-Turing thesis can be applied both
on the transformationa and decision tasks.
In the latter case the output of the algorithm
is not a word, but a decision. (e.g. yes or no.)

Observing the Church-Turing thesis one may find that the concept of algorithms has no mathematical definition.
It implies that the statement has no mathematical proof, although it has a truth value. It is rather unusual, but
only disproof may exist - if the thesis is wrong. To do this, it is enough to find a task, which can be solved by
some method - regarded as an algorithm - and can be proven to be unsolvable by a Turing machine.
The first appearance of the thesis is around the years 1930. Since then, there are no disproof, although many
people tried to find one. A standard method for this, is to define a new algorithm model and try to find a task
which can be solved by it, but not with a Turing machine. However, until now, all model was proven to be not
stronger than the model of the Turing machine. If the class of solvable tasks for the observed model is the same
as in the case of Turing machines, it is called Turing equivalent.
Some of the most well known Turing equivalent algorithm models:

28
Created by XMLmind XSL-FO Converter.

Turing machines

•

calculus

• RAM machine
• Markov algorithm
• Recursive functions
• Cellular automaton
• Neural network model
• Genetic algorithms

5. Composition of Turing machines
In many cases the Turing machine solution for a given task is not obvious. One may define, however, some
general operation on Turing machines, with which more complex Turing machines can be constructed from
simpler ones. Using these operations many of the proofs became easier. It extends the possibilities to apply our
standard approach for programming, while the mathematical accuracy is preserved.
Definition (composition of Turing machines) 4.15.
Let
and
be two Turing machines and assume that
.
The Turing machine
(or
is defined by the following:

)

, where
,
,
,
and
.
Here
where
, for all

and

,

and
for all

and

.

Remark 4.16.
The union of the functions
is defined
on the way given in Chapter 2 as the union
of relations.

Theorem 4.17.
The Turing machine

defined above has

the property
,
i.e.
can be regarded as the consecutive
execution of

and

.

Proof
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Let

be a word of arbitrary length .

The computation of
is
If

on the input word

is

, while the computation of

on the input word

.
terminates on the input word

, let

and the let computation of

on the input word

be

.
By definition, since

, thus

Again, by definition, if
Hence, if

.

, then

, i.e. while

does not terminate on

If

, where

, then
, then

we have

.

does not terminate, neither.
terminates. In this case

, i.e. the content of its tape is

.
By definition, continues computing according to , i.e. it goes to the configuration
and
then it moves the read-write head back to the beginning if the tape. When it reaches the first symbol, it transits
to the configuration

- here

Since
, if
does not terminate, neither.

, thus

Otherwise

-, but this is equal to the configuration

for the next steps, i.e., if

does not terminate on

.

Figure 4.36. The composition of

and

✓
Using acceptor Turing machines, the conditional execution can be defined, too.
Definition (conditional execution) 4.18.
Let

,

and
Assume that

be three Turing machines.
,

,

and
We define the Turing machine

,
.

by the following:
, where
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,
,
,
and
.
Here
,
where
for all

and

,

for all

and

,

for all

and

furthermore
, where

.

Remark 4.19.
Multiple conditional execution can be
defined by splitting
to more than 2 parts
and assigning to each part a new Turing machine.

Theorem 4.20.
Let

and

of

by

and denote the answer

, if it terminates in a state from

on the input

and denote the answer by

if it terminates in a state from
input
.
The above defined Turing machine
, if the answer of
word

is

is

on the
has:
on the input

or
, if the answer of

word

,

on the input

.

Proof
Let
be a word of arbitrary length
while the computation of
on the input word

is

. If

, while the computation of
By definition, since
Again by definition, if
Hence, if

. The computation of

terminates on
on

on the input word

, let

is

is

and the computation of
.

, thus

.

, then

, i.e. while

does not terminate on , then

, we have

does not terminate, too.
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If

, where

, then

terminates. In this case

, i.e. the content of the tape is

.
By definition,

continues computing according to

.

a.) If
, then first it goes to the configuration
and then it moves the read-write head back
to the beginning if the tape. When it reaches the first symbol, it transits to the configuration
- here
Since
, if
does not terminate, neither.

-, but this is equal to the configuration
, thus

for the next steps, i.e., if

.

does not terminate on

, then

Otherwise
b.) If
, then first it goes to the configuration
and then it moves the read-write head back
to the beginning if the tape. When it reaches the first symbol, it transits to the configuration
- here
Since
, if
does not terminate, neither.
Otherwise

- , but this is equal to the configuration

, thus

, for the next steps, i.e., if

.

does not terminate on

, then

.

Figure 4.37. Conditional composition of ,

and

✓
If one would like to execute a Turing machine repeatedly in a given number of times, then a slight modification
of the definition is required, since we assumed that the set of states of the Turing machines to compose are
disjoint.
Definition (fixed iteration loop) 4.21.
Let

be a Turing machine.

The Turing machine
is
defined such that the corresponding
components of
is replaced by a
proper one with a
sign.
With this notation let
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.
In general:
Let

and
, if

.

Remark 4.22.
By Theorem 4.17.
.
Iteratively applying, we have
, where the
depth of embedding is
.
(The notation of
is just the same
as it is usual at composition of
functions.)
The Turing machine denoted by
can be regarded as the consecutive
execution of
repeated
times.

There is one tool missing already from the usual programming possibilities, the conditional (infinite) loop.
Definition (iteration) 4.23.
Let

and
,

.

The Turing machine
is defined by:
, where
,
,
,
and
.
Here
, where
for all
,

and

,

and

.

Remark 4.24.
If
, then
does not terminate
on any input (= infinite loop).

Theorem 4.25.

,
i.e.

can be regarded as the iterative

execution of

.

Proof
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Let

be a word of arbitrary length .

The computation of
is
If

on the input word

is

, while the computation of

on the input word

.
terminates on the input word

By definition, since

, thus

Again, by definition, if
By this, if

.
.

, then

, i.e. while

does not terminate on , then

If

, where

, then

we have

does not terminate, neither.
terminates. In this case

, i.e. the content of its tape is

.
By definition,

if

continues computing according to

If
, then it goes to the configuration
beginning if the tape. When it reaches
- here
word

the

, if

it terminates.

and then it moves the read-write head back to the
first symbol, it transits to the configuration

-, but this is equal to the initial configuration of

with the input

.

Then

, i.e. it behaves as it would start on the input

.

Figure 4.38. Iteration of

✓
Remark 4.26.
One may eliminate the returning of the read-write
head to the beginning of the tape. Then the
execution of the next Turing machine continues
at the tape position where the previous one has
finished its computation. In most of the cases
this definition is more suitable, but then it
would not behave as the usual function composition.

Using these composition rules, we may construct more complex Turing machines from simpler ones.
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Some of the simpler Turing machines can be the following:
• moves the read-write head
• observes

position to the right

cell on the tape, the answer is "yes" or "no"

• moves the read-write head to the first or last position of the tape
• writes a fixed symbol to the tape
• copies the content of

cell to the next (left or right) cell

• ...
Composite Turing machines
• writes a symbol behind or before the input word
• deletes a symbol from the end or the beginning of the input word
• duplicates the input word
• mirrors the input word
• decide whether the length of the input word is even or odd
• compares the length of two input words
• exchanges representation between different number systems
• sums two words (= numbers)
Example
Let

be the set of possible input words and let the following Turing machines be given:

1.
: observes the symbol under the read-write head; if it is a
is "no"

,then the answer is "yes" otherwise the answer

2.
: observes the symbol under the read-write head; if it is a ,then the answer is "yes" otherwise the answer
is "no"
3. : observes the symbol under the read-write head; if it is a ,then the answer is "yes" otherwise the answer
is "no"
4.

: moves the read-write head one to the left

5.

: moves the read-write head one to the right

6.

: writes a symbol

7.

: writes a symbol

8.

: writes a symbol

on the tape
on the tape
on the tape

Applying composition operations, construct a Turing machine which duplicates the input word, i.e. it maps
!
First we create a Turing machine for moving the read-write head to the rightmost position:
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.
The leftmost movement can be solved similarly:

The Turing machine which search for the first

to the right is the following:

.
The Turing machine which search for the first

to the left is the following:

.

6. Multi tape Turing machines, simulation
One can introduce the concept of multi tape Turing machine as the generalisation of the previous model. Here
the state register of the Turing machine has connection with more than one tape and every tapes has its own
independent read-write head.

Figure 4.39. Multi tape Turing machine

Definition (multi tape Turing machine) 4.27.
Let

be an integer. The

is called a
Turing machine, if ha

tuple
-tape

is a finite, nonempty set; set of states
is a finite, nonempty set;

; tape alphabet

; initial state
, nonempty; final states
; transition function

Similarly to the simple (single tape) Turing machines, one may define the concept of configuration, step and
computation.
Definition 4.28.
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Let

be

-tape Turing machine and
.

is called the set of possible configurations
of
, while its elements are called the possible
configurations of
.
Then
is the set of possible description
of one tape of

.

Definition 4.29.
Let

be a

and let
Assume that

be two configurations of it.

where

-tape Turing machine

,

,

,
and
, where
We say that the Turing machine
reach the configuration
from
in
one step - or directly - (notation
if for all
following holds:

.

),

exactly one of the

1)

and
, where
.
--- overwrite operation

2)

,
and
.
--- right movement operation

3)

,
and
.
--- left movement operation

Remark 4.30.
The multitape Turnig machines execute
operations independently - but determined
together by its transition function - on
its tapes.

Definition 4.31.
Let
be a -tape Turing machine.
A computation of the Turing machine
on the input word

of length

is a sequence
configurations such that
1.

of

, where
, if

and
;
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2.
, if there exists a
directly reachable configuration
from

(and because of uniqueness,

it is

);

3.
, if there are no
directly reachable configuration
from

.

If
is such that
,
then we say that the computation is
finite and the Turing machine terminates
in the final state

.

If
, then the word
is called the output of
.
Notation:

.

If for a word
the Turing machine
has an infinite computation, then it has
no output.
Notation:

. (Do not mix it up with

the output

.)

Remark 4.32.
It is assumed in the definition of the
multitape Turing machines, that the
input and output are on the first tape.
This is a general convention, but of
course in particular cases the input or
output tapes can be elsewhere.

Obviously, the multi tape Turing machine model is at least as strong as the original, single tape model, since
every single tape Turing machine can be extended by arbitrary number of tapes, which are not used during
computations. These single and multi tape Turing machines are identical from operational point of view.
To observe the strength of the different models, we need a precise definition to describe the relation of models.
Definition 4.33.
Let

and

We say that
and

be two Turing machines.
simulates

, if

the equality

holds.

Remark 4.34.
By Definition 4.34., arbitrary input of
is a possible input of

, too.

Furthermore,
means that if
terminates on the input word
and it computes
the output word
gives the output
on the input

, then

terminates and

, too. If

, then

It is possible, that

does not terminate

not terminate, neither.
can compute many more,
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than

, but it can reproduce the computation of

.

Theorem 4.35.
Let

be

a

-tape Turing machine.

Then there exist a
-tape Turing
machine, which simulates
.

Proof
The complete proof would yield the elaboration of many technical details, thus only a rough proof is explained.
The proof is constructive, which means that define a suitable Turing machine here and prove that it is the right
one.
The basic idea of simulation is that we execute the steps of the original Turing machine step by step.
For this purpose, the simulating Turing machine continuously stores the simulated one's actual configurations.
In general, one may observe, that a Turing machine can store information in two ways: by the states and on the
tapes. Since there are only finitely many states and the number of configurations are infinite, it is natural to store
the necessary data on the tape. Since the simulating
Turing machine has only a single tape, thus all
information should be stored there. There are many possibilities to do so, but we will choose the one, which
divides the tape into tracks and uses them to store the tapes and position of the read-write heads of the original
Turing machine. In this case the symbols of the new Turing machine are -component vectors of the
original symbols extended by a - component vector of
's for the positions of read-write heads.
The definition of

then:

Let

be the Turing machine which simulates

, where

and
is the transition function, described below:
As it is explained at the beginning of the proof, we will store on the tape of all information of the original
Turing machine. In the meantime the state of stores among others, the actual state of .
Initially,

we

will

assign

the

configuration
of

The components of

of

by the following way:

are
,
, where

if

and

, or

otherwise,

furthermore
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tapes of

, where
),

(i.e. the length of

for all
, if
and
In a particular

or

is longer by one, than the longest word on the

, where

(if

otherwise (i.e. the read-write head is over the

, then let

) and

th position of tape ), for all

.
-tape case it looks like:

Figure 4.40. Simulation of a two-tape Turing machine

The Turing machine

executes the following computational phases from an above given initial state:

Phase 1. Reading
Scan the tape and where it finds at a read-write position, the corresponding symbol is stored in the
corresponding component of the state.
In the example above, until the fourth step,

is unchanged. Afterward, it takes the value

After the fifth step it changes again to the value

.

.

If it read the last nonempty cell on the tape, it steps to the next phase.
In the example, the state of
stored on the tape.

does not change further in this phase, since there are no more read-write head

Phase 2. The execution of the step

.

In this phase it does only one thing: if

, then it goes to the state

,

where
Actually, it computes and stores in its state the simulated Turing machine's transition (state change, tape write
and movement).
Then it continues with phase tree.
Phase 3. Writing back.
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By the new state it changes the content of the tape. Moving backward, it searches the positions of the read-write
heads denoted by 's and observes in the state what operation should be executed. If some tape symbol have to
be changed, then it replaces the proper with the corresponding . If the read-write head have to be moved,
then it erases the value from the proper component of the given cell and writes it to the same component of the
next cell (left or right, depending on the value of

).

These steps are more complicated, thus they cannot be realised by a single state. Thus the last component of
should be changed accordingly. (

denotes the different steps in the phase),

If the first cell of the tape is reached, it continues with phase four, which is denoted by the value
last component of the state.

for the

Phase 4. Normalizing
This phase is the most complex. If
extends or erases any of its tapes, then the tracks start to moves away on
the tape of . This should be corrected to achieve the same form as the original initial configuration.
After normalisation, the computation may be continued in two ways.
If the state
the Turing machine

contains a final state

as a component, then it transits to the state

, if
is not a final state, then it transits to the state
. In this latter case
arrives to a configuration suitable for phase 1. and continues its computation.

If starts from a configuration corresponding to the initial configuration of
, then at the phase change 4.1. exactly executes the steps of the computation of . It will terminate exactly when the original Turing
machine would terminate, too. The content of its tape corresponds to the content of the tape of . I.e. really
simulates . ✓
Problem
1. Write a Turing machine for computing the Ackermann function!
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Chapter 5. Computability theory
Computability theory deals with the problem of description and analysis of algorithmically solvable tasks. The
first question is if every task has an algorithmic solution. The next is if a task has solution there are more and
they are really different. Is it possible that a task has only partial solution? What does it mean?
For the precise examinations we need some definition. One of them is the concept of universal Turing machine
and the other - or other two - the concept of recursive and recursively enumerable languages.

1. Universal Turing machines and universal language
The computers used in the everyday life are called universal, because of their property that they can solve not
only a single task, but - with some limitations - theoretically anything. This ability is because one has the
possibility to assign different programs to solve the required problem. One of the starting point of our
observations in connection with Turing machines, is the assumption - by the Churc-Turing thesis - that they are
suitable to describe any algorithm. Then one may ask if the Turing machine can be regarded as a model for the
universal computer. To approach this question, we need some definition.
Definition 5.1.
Let

be an integer. A Turing machine

to the

-tape Turing machines, if for all

tapes there exists a word

is called universal
Turing machines

of

such that

.
Here

is a separation symbol.

The Turing machine defined above are expected to be able to simulate any Turing machine with a given number
of tapes with the help of a proper extension word. Following the analogy with computers, the word
regarded as the program of . For simplicity, we will call it actually a program.

can be

The first question related to the definition, whether there exist at all such a Turing machine for a given
The answer is the following.

or not.

Theorem 5.2.
For all
the

integers there exists universal Turing machine to

-tape Turing machines.

Proof
The proof is constructive.
Let be fixed. Similarly to the proof of the simulation theorem, the precise proof would require the observation
of a lot of technical detail, so we will give a rough proof again.
During the construction we describe a Turing machine which is able to store the program and actual
configuration of the Turing machine we are simulating. For this, the universal Turing machine will have
tapes. The first tapes are used to store the tape content of the simulated Turing machine. The tape
stores
the program and tape
stores the actual state of the simulated Turing machine.
Furthermore, for simplicity, assume that the tape alphabet of the simulated Turing machine is fixed. This is not a
real restriction, since every alphabet can be mapped to the
alphabet, such that the symbols are represented
by equal length, but different
sequences. With such a uniquely decidable encoding the words and languages
(tasks) can be mapped between the two alphabets.
Let

denotes the universal Turing machine.
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To understand the operation one should determine the program of the simulated Turing machine.
The program basically is the description of the Turing machine, more precisely, the enumeration representation
of the transition function.
Let
be the Turing machine, we want to simulate, let the cardinality of
be
and
assign to the elements of
the numbers
, with the assumption that we relate to the initial state .
The numbers can be represented over the alphabet , but we will use the notation for them.
The structure of the program of

of the transition function
command

has

the

is the following:

, where
and
are the argument and the value
, respectively. Such a unit will be called a command of
. Furthermore, a
following

form

,

if

. Of course, the commands should be defined for all possible arguments.
The initial configuration of set by the tape content of
corresponding to is written there).
The operation of

( the first

tape) and

on tape

(i.e. the state

is divided into phases:

Phase 1: Checking the termination condition.
The Turing machine observes whether the content of tape
is among the final states. If yes, then the Turing
machine transits to a final state. If no, then the execution continues at phase 2.
Phase 2: State search.
In this phase the Turing machine searches the next command on the program tape such that the state stored on
tape
is equal to the argument state of the command.
If there are no such a command we continue with phase 5.
Phase 3: Symbol search.
After the actual state is identified, the Turing machine checks if the symbols under the read-write heads on tapes
are equal to the symbols of the arguments of the command just found. If yes, then the Turing machine
continues with phase 4, if not then it returns to phase 2.
Phase 4: Execution.
The found command contains the description of state transition. The Turing machine copies the state
in place
of on tape
according to the command and by the rest it modifies the content of the first tapes or the
position of the read-write heads.
Phase 5: Preparation for the next step.
On tapes

and

the read-write heads are moved to the front and execution is continued with phase 1.

One can see that the configurations of phase 1 are in one to one relation to the configurations of the Turing
machine
during its computation. Thus the Turing machine changes the content of tapes and
accordingly to the computation of . It terminates if and only if
terminates and the output is the same as
would have.
The constructed Turing machine is suitable for the one described in the statement of the theorem. ✓
Remark 5.3.
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By the results of the previous chapter, every
can be simulated by a -tape one.

-tape Turing machine

All -tape Turing machine can be simulated by the universal
Turing machine corresponding to the -tape Turing machines, but this
can be simulated again by a -tape one.
Hence, one finds that there exists a -tape Turing machine, which
can simulate all Turing machines. If it is not stated else, this
Turing machine will be called the universal Turing machine and will
be denoted by

.

Definition 5.4.
The language recognized by the universal Turing machine
is called the universal language and denoted by
Formally:

.

.

By definition, the universal language stands of the words accepted by the universal Turing machine. The
universal Turing machine accepts the words in the form
, where is a Turing machine program and
is
an input word accepted by the Turing machine corresponding to . Thus, returning to our original approach,
can be regarded as the set of all algorithmically solvable problems together with its all different solutions. One
may feel that the above defined universal language is rather complex. Furthermore, the language has the
extremal property, that it contains all "solvable problem - solution" pairs and thus it cannot be extended. This
property makes the universal language important in computability observations.

2. Diagonal language
We will need a particular language, the so called diagonal language in the following.
Definition 5.5.
Let
be the language of Turing machine programs such that
the corresponding Turing machines do not accept themselves.
Formally:

The language defined above is called the diagonal language. Due to its definition, one may feel that it has some
special properties. A word from the diagonal language is a program and an input in the same time. Furthermore,
the algorithm cannot solve itself as a task.

3. Recursive languages
Definition 5.6.
The language

is called recursive, if

Turing machine such

that it terminates on every input and

.

Definition 5.7.
The language

is called recursively enumerable, if

machine such that

Turing

.

There is only a slight difference between the two definitions. In the second case we do not require from the
Turing machine to terminate on every input word.
Is this difference crucial or is it a simple modification of the same concept? Anyway, it is clear that if a language
is recursive then it is recursively enumerable, too.
Notation 5.8.
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By the above notation we may write the observation and question in the form:
Remark 5.9.

Question 5.10.

? (Más formában:

, azaz valódi részhalmaza?)

We prove some properties of the recursive languages.
Properties 5.11.
Let

. Then

1.
2.
3.

( i.e.

)

4.
5.

Proof
By definition, there exist Turing machines
which terminate on every input and
and
.
For simplicity, assume that both of them contains the necessary number of tapes, but they use only the first for
their computation.
The following simple Turing machines will be used for the proof.
- the Turing machines
are copy the content of tape
copied word is concatenated to the original content)
- the Turing machines

to the tape

( if

contains some symbol then the

are deleting the content of the tape

- the Turing machines
are copying the first symbol on tape to the end of tape , while the symbol is
deleted from tape . If tape is empty (before copying), then the Turing machines terminate in "no", otherwise
they terminate in "yes" state.
- the Turing machines
check whether the tape
they terminate in "no" state.
1. Let

is empty. If so, then they terminate in "yes", otherwise

be the following Turing machine:
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accepts its input if it terminates in state
direction
of

and reject in direction

, thus

their inputs. Since both Turing machines (

terminates on the word

only if both

and

and rejects its input if it terminates in state

in state

if

and

terminate in state

and
on

.

and

accept in

) get the original input
. I.e.

accepts

if and

accept it. In other words:

if and only if

and

,i.e.

. Since

terminates on every input, thus

.
2. Let

be the following Turing machine:

Similarly to the proof of 1,
and

accept in direction

get the original input of
I.e.

accepts its input if it terminates in state

accepts

and reject in direction

, thus

if and only if

their inputs. Since both Turing machines (

terminates on the word

if and only if either

or

or

and rejects it if it terminates in state

in state

or

accept in direction on

)
.

accept it. In other words:
, i.e.

. Since

.
3. Let

if

and

.

be the following Turing machine:
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accepts its input if and only if
4. Let

rejects it, i.e.

. Since

terminates on every input, thus

.

be the following Turing machine:

The Turing machine operates by the following:
1. Copies the input word

to tape .

2. It checks whether the word on tape is in
and whether the word on tape is in . If the answer is "yes"
in both cases, it accepts the input and terminates. If some of the answer is "no", then it continues the
computation.
3. It checks whether tape is empty. If yes (
it continues its computation.
4. It copies the firs symbol of tape
Actually,

), then it terminates with answer "no". If not empty, then

to the end of the word on tape

and continues its computation with step 2.

decomposes the input word in all possible way to the composition of two words and checks if the

first part is in
while the second part is in . Finding the firs successful decomposition it terminates in an
accepting state. If there are no such decomposition, it terminates in a rejecting state.
Hence

. Since

terminates on every input, thus

.

5. To prove the statement we need some more Turing machines.
places a symbol
remains on the tape.

at the end of the word on tape

. If the tape was empty, then only the symbol
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Created by XMLmind XSL-FO Converter.

Computability theory

-

staring form the end of tape , it copies the symbols until the first sign
was empty, only the copied word is on it. For instance, if the content of tape
content of tape is
, then will contain the word
.
deletes all symbols on tape
instance, tape contains
Let

to the beginning of tape . If
is
and the

from the end until the first sign . (The symbol
, then after operation contains

is deleted, too.) If, for
.

be the following Turing machine:

The operation of the Turing machine:
1. If the input is

, then it accepts and terminates, otherwise it copies to tape .

2. It places a symbol

(separation sign) on tape

.

3. It copies longer and longer prefixes of the word on tape

to tape

until it is in

.

4. If a prefix is found to be in , then it continues with step 2, i.e. it checks the next part to be in
proper prefix can be found, then it continues with step 5.

. If no

5. It copies back form the end of tape to the beginning of tape the last selected part and continues with
increasing the previous part instep 3. If there are nothing remains on tape 2 after removing the symbols from the
tape, then no decomposition of the input word to word from
By detailed observation of

. Then it terminates and reject its input.

, one can see that it recognise exactly the language

terminates on every input, thus

.

✓
Similar properties can be stated for recursively enumerable languages.
Properties 5.12.
Let

. Then

1.
2.
3.
4.

Proof
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Similarly as in the proof of the previous theorem, there exist Turing machines

which are not necessarily

terminate on every input and
and
. For simplicity, assume that both of them contains the
necessary number of tapes, but they use only the first for their computation.
The following simple Turing machines will be used for the proof.
- the Turing machines
are copy the content of tape
copied word is concatenated to the original content)
- the Turing machines

to the tape

( if

contains some symbol then the

are deleting the content of the tape

- the Turing machines
are copying the first symbol on tape to the end of tape , while the symbol is
deleted from tape . If tape is empty (before copying), then the Turing machines terminate in "no", otherwise
they terminate in "yes" state.
- the Turing machines
check whether the tape
they terminate in "no" state.
1. Let

is empty. If so, then they terminate in "yes", otherwise

be the following Turing machine:

Similarly tho the recursive case,
both Turing machines (

and

and

on

terminate in state
if and only if

accepts its input if it terminates in state
) get the original input of
. I.e.
and

prove termination, thus

accepts

, thus

if and only if both

,i.e.

, i.e. both

and

terminates on the word
and

accept it. Since
in state

if

accept it. In other words:

. Hence

. Since we cannot

cannot be proven.

2. This case is not as simple as for recursive languages, since there the corresponding Turing machines are
connected through the nonaccepting states. But the languages
and
are assumed to be recursively
enumerable only, thus the corresponding Turing machines not necessarily terminate in nonaccepting states, if
the input is not in the given language.
The problem can be solved by parallel composition of Turing machines. Its definition (given for single tape
Turing machines, but similar to multi tape ones) is the following :
Let

and

The Turing machine

be two Turing machines.
is called the parallel composition of

,
,
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,
, i.e.

if and only if
, i.e.

The

-tape Turing machine

steps on its second tape as
The accepting states of

executes the same operation steps on its first tape as

and the same operation

would do.
depends on the task we want to solve. In our case:
.

accepts its input if and only if one of the components accepts it.

The parallel composition is denoted by

Since the Turing machine
Since

and

terminates if at least one component terminates.

, while
It means that

and

.

accepts its input if one of

and

accepts it, thus

does not necessarily terminate on every input, thus only

.

can be stated.

3. To prove the statement we use the construction of the Turing machine of the proof of Properties 5.11. (4) and
some further Turing machines:
-

-

is a Turing machine, which checks if the content of tape

is a Turing machine, which writes a symbol

is from

and the content of tape

:

to the end of the word on tape ,

is a Turing machine, which moves it read-write head to the end of the word on tape
the beginning.
With these Turing machines let

is from

be the following:
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Observing the Turing machine we find some difference from the Turing machine defined in the 4th statement of
the previous theorem. Here we built in a counter, which does not let the Turing machine
run for arbitrary
length, but reduces the length of computation to the number of steps which needs to move the read-write head
on tape

to the end and back. If ti finds that the content of tape

is from

and the content of tape

is from

, then it terminates in an accepting state. If it does not find positive answer in the given time limit, then it
finish computation on the actual decomposition and restart with another one. If all decomposition is checked and
there are still no positive answer, it erases tapes and , increases length of the word on tape and restart the
computation. With the help of this embedded time limit function we bound the length of computations in one
direction, thus no infinite loop blocks the test of other decomposition cases. The failure of one test cycle does
not mean that the input is not from the observed language, because the time limitation may cause earlier
termination than needed. Therefore the cycle is restarted with longer time limit. We repeat it until the Turing
machine terminates in an accepting state. If none of the decompositions are such that the first component is from
, while the second is from

, then obviously the Turing machine never terminates.

Thus the language recognized by the Turing machine

is exactly the language

, whence by definition

.
4. Similarly to (3) the proof is based on the construction of a Turing machine, which is a modification of the one
from the proof of Properties 5.11. (5).

Here again, we introduce the same limiting Turing machine. It is composed in parallel with
the Turing machine

and the result is

. Terminating in "no" state means that the computation is cancelled by the limiting

Turing machine and not by

.
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Clearly, we cannot say that if no solution has found (in limited time), then no solution at all. Thus instead of
terminating in nonaccepting state, the Turing machine returns to the beginning, increases the time limit and
restart computation. This Turing machine recognize the language

, whence

.

✓
Remark 5.13.
The concept of parallel composition and limited time
execution can be used in some general manner, too.

Corollary 5.14.
Let

. Then

1.
2.

Proof
1. By definition

means that

. By Properties 5.12. (2),

, i.e.

.
2 Similarly as above,

means that

and by Properties 5.12. (1)

, i.e.

.✓
Theorem 5.14.
Let
Then

.
if and only if

In other words:

and

.

.

Proof
The statement of the theorem stands of two parts:
1. If

then

2. If

and

and

.

, then

.

We prove first the simpler looking part:
1. By the Remark 5.9, if
proves the statement.

then

. By Properties 5.11. (3), if

The proof of the second part:
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2. By definition, if

and

, then there exist Turing machines

and

such that

and

.
Let
be Turing machines, which copy the content of tape
defined by the following parallel composition:

Since all input word
, then the

either in

part, if

or not in

, then the

accepts exactly the same words as

to the tape

, thus the Turing machine

and let

terminates in all input words. If

part terminates. The language recognised by

. By definition it means that

be the Turing machine

is

, since it

.✓

The statement of the theorem is not really surprising and the interpretation of it is reflected in the proof. Namely,
it says that if we have two algorithms - one for deciding if a word is in a language and one for deciding if the
word is not in the language - then there exists a unified algorithm to decide whether the word is in the language
or not. It is natural to try to mix the two algorithm and create a new from them, as it is done in the proof.
Now, we see some relations between the classes of recursive and recursively enumerable languages, but still
don't know, if we have to make difference between them. The next two theorems explains the remaining
question about the difference of the two definitions.
Theorem 5.15.
.

Proof
The proof is indirect.
Opposite to the statement of the theorem, assume that
. By definition, there exists a Turing machine
such that
. Let be its program. Then one may ask whether
or not. Try to prove one of them.
1. Assume first, that
a. by

. Then

the Turing machine

b. by the definition of , if
input. I.e. does not accept

a. by

and

, then it is a program of a Turing machine, which does not accept itself as an
.

But a. and b. contradict, i.e.
2. Assume now, that

accepts

is wrong.
. Then

the Turing machine

does not accept

and
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b. by the definition of , if
, then either is not a Turing machine program or it is a program of a
Turing machine, which accepts itself as an input. Since
is the program of , thus the second condition holds,
i.e. accepts .
By then, again, a. and b. contradict, i.e.
But exactly one of
assumption, i.e.

is wrong.

or
should be true, thus it is a contradiction. This is because of our indirect
is wrong. ✓

Theorem 5.16.
.

Proof
The theorem stands of two statement:
1.

and

2

.

We prove first the simpler one:
1. Since

, by definition, this means that

.

The proof of the second statement is made by indirect assumption:
2. Assume the opposite of the statement, i.e.
terminating on every input word such that
We construct a new Turing machine using

. Then, by definition, there exists a Turing machine
.

and the following:

decides, whether the input word is a Turing machine program or not. Since a Turing machine program
has a rather strict structure, thus it is not unbelievable that this Turing machine exists.
to

copies the word
.

contained on tape

-

, copies the content of tape

-

deletes the content of tape

Let define

to tape

to tape

twice, separating them by the symbol

.

.

by the following:
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Clearly,

terminates on every input and accepts the words

, which are Turing machine programs (

)

and the corresponding Turing machines does not accept them (
). However, these are exactly
the words of the diagonal language, which means that
. By Theorem 5.15. we have
. Since
, this is a contradiction. This means, that
is wrong.✓
Corollary 5.17.
1.

and

2.

.

Proof
1. Using the Turing machines of the proof of Theorem 5.16., define the following Turing machine:

accepts the words, which are either not Turing machine programs or the corresponding Turing machine
accepts themselves. In other words,
2. By Theorem 5.16.,
is not true, thus

. If

. This means that

, i.e.

holds, then by Theorem 5.14.

.
, too. But we have seen, that this

.✔

We see now, that there exists a recursive enumerable, but not recursive language. However, it is still not proven,
that there exists a language, which is not recursively enumerable but the complementer is not recursively
enumerable, neither. The next theorem is about this language.
Theorem 5.18.
There exists a language

such that

.

Proof
The cardinality of the set of recursively enumerable languages is less than the number of Turing machines.
Since every Turing machine can be identified uniquely by its program, thus the number of Turing machines is
not more than the number of finite words, i.e. countably infinite. Since the cardinality of the set of finite words
over a fixed alphabet ( i.e.
) is countably infinite, thus the related power set
has continuum
cardinality. Since it is strictly greater than the countably infinite, thus there exists a language, such that neither it
nor the complement of it is recursively enumerable. ✓
The following theorem explains the name "recursively enumerable". It says that the words of a recursively
enumerable language can be enumerated by a Turing machine (recursively).
Theorem 5.19.
Let

. Then

every input, such that

if and only if

terminating on

.
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Proof
If
that

, then both condition of the theorem trivially fulfilled, thus without loss of generality, we may assume
is not empty.

Let be an alphabet. The members of
can be enumerated in quasi-lexicographic order (i.e. the words are
ordered first by length, then by lexicographically). If for instance
, then the enumeration is
. Every word appears in the
enumeration and easy to determine the successor of any word. (Actually it is a modified incrementation by in
binary form.)
The theorem stands of two statement:
1. If
2. If

, then

Turing machine, which terminates on all input and

Turing machine, which terminates on all input and

.
, then

.

1. The proof is constructive.
Since we have assumed that is not empty, thus it has at least one element. Denote by
word from . Since
, thus by definition, there exists a Turing machine , such that
We will use the following Turing machine for the construction of
copies the content of tape
content).

to tape

-

deletes the content of tape

-

moves trough the content of tape

-

writes the word

tape

to tape

:

is not empty, then it is concatenated to the end of the

.
and returns to the beginning.

.

starting from the rear end of tape , it copies the symbols until the first found sign
. If tape is empty, then the copied word will be its only content.

starting from the rear end of
erased, too.)
counts the number of symbols
terminates in state .

, it deletes all symbol until the first found sign

on tape

As before, define the time limited version of

Let

(if tape

an arbitrary fixed
.

to the beginning of

. (The symbol

is

. If there is only , then it terminates in state , otherwise it
by parallel composition:

be the following Turing machine:
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Since every components of
Clearly,

terminate on all input words, thus

terminates, too.

is not an accepting Turing machine. What is the output on a given input word? If the input is not in

the form

, then the output is the word

It copies to tapes

and

the word

. If the input is in the form

and it copies to tape

, but the length of the computation is limited by
otherwise is the output.
Clearly, the possible output is from
tape, before termination.
Furthermore, if

, then

, since either

accepts

the word

, then it divides into two parts.
. Then it executes the steps of

. If it accepts the input in the limited time, then

or another word accepted by

is long enough, thus

,

is the content of the first

. Let the length of the accepting computation

the sequence of 's of length ). Since

on

and let

(i.e.

terminates in an accepting state on the

input word , whence
. This means that every word from (and by the above observations,
only the words from ) is an image of some input word, whence the statement is proven.
2. Similarly as above, it is again a constructive proof.
Let

be a Turing machine, which terminates on every input and

.

For the construction, we need some additional Turing machines:
-

replaces the content of tape

by its quasi-lexicographic successor.

compares the contents of tapes
terminates with answer .

and

. If they are equal, then it terminates with answer , otherwise it

Let define the following Turing machine:

The explanation of the behaviour of

:

The content of the different tapes:
1. It is used for computation, the intermediate result is here.
2. Stores the actual input of

. The content changes in quasi-lexicographic order.

3. The copy of the input word.
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Let be the actual input word. During its operation
computes
for all
in quasi-lexicographic order.
If there is a
, such that
, then terminates with "yes" answer, otherwise it continues the
incrementation and checking of .
Since for all word
there exists
. By definition, it means that

such that
.✓

, thus

accept exactly the words

, i.e.

Collecting the results of the chapter one may draw the following diagram:

Here

is one of the languages, such that

.

Problems:
Let

and

be two nonempty languages.

1. Prove that if
Similarly, if
2. Prove that if
Similarly, if
3. Prove that if

and
and

then
then

and
and
and

.
.

, then
, then

.
.

, then

.

4. Halting problem
We have seen above that most of the tasks are algorithmically unsolvable and in general, to decide whether a
task can be solved by an algorithm is not obvious at all. One would think, however, that a if is a given Turing
machine and is a word, then the decision whether terminates on or not, is somewhat simpler. A more
precise definition of this task is the following.
Halting problem
Let
be given by its program
Decide whether
terminates on

and let
or not.

be a word.

There are two different approach of the halting problem: decide on a particular case or decide in general.
The first case is simpler, since separate methods can be used for different arguments.
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The second case seems to be much more difficult. Here one have to find a general proving method, which works
for every Turing machine and every input word. Since a proof is a sequence of well defined steps, thus a unified
algorithm should be found. Related to the problem, the next theorem can be stated and proven.
Theorem 5.20.
There are no Turing machine, which can decide on every
Turing machine
, whether

given by its program
terminates on

and every word

or not.

Proof
The proof is indirect.
Assume that there exists a Turing machine

, which can decide on every Turing machine

given by a

program
and every word
, whether terminates on the input or not. If terminates on then it
returns the answer , otherwise it returns the answer . For simplicity, we may assume, that the input of
is
given in the form

.

Accordingly to the above notations, let
-

be the universal Turing machine,

-

a Turing machine, which copies the content of tape

Let

to the tape

.

be the following:

accepts the word

if and only if

it cannot be accepted. Since

accepts it, i.e.

forwards a word

to

, since if

does not terminate on a word,

if it found to be terminate, thus the computation is

finite, any way, i.e.
terminates on every input word . But this would mean that
hold. The contradiction is because of our wrong (indirect) assumption. ✓
One may define a simpler version of halting problem.
Decide, whether a Turing machine
program

given by its

teminates on the empty input or not.

Although the task seems to be simpler, the answer is the same.
Theorem 5.21.
There are no Turing machine, which can decide on every
Turing machine

given by its program

terminates on the input

,

whether

or not.

Proof
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The proof is indirect again.
Assume that there exists a Turing machine
program
Let

, whether

terminates on

, which can decide on every Turing machine

or not.

be a Turing machine, which writes its input tape the word

one need only
where

state, e.g.
, if

-

is odd and

, if

is even.

a Turing machine, which copies the content of tape
starting from the rear end of tape

-

deletes everything on tape

-

if the tapes

and

. This Turing machine is rather simple, since

and the transition function can me defined as

Let
be a Turing machine, which creates the program of
Turing machines are used:
-

given by its

for the input word

to the tape

.

copies everything to the tape

from the end until the first sign

contain the Turing machines

and

. In addition, the following

until the first symbol

. (The symbol

itself is erased, too.)

, then it produces to the tape

the

program of the Turing machine
. This is not a difficult task, too, since the two programs should be
concatenated only and transition from the final state of the first to the initial state of the second should be
defined.
Let

be the following:

Clearly,

terminates on every input.

If the input is a word in the form
1. copies

, then

does the following:

to tape

2. copies the content of tape

behind the symbol

3. creates the program of the Turing machine
4. removes from tape

the part behind

(i.e. the word

for the word

, i.e. only

5. from the Turing machine programs on tapes

to the first tape.

remains

and

6. it observe, whether the Turing machine on tape

) to tape

it creates the concatenated program to tape .

terminates on the empty input or not.

The Turing machine created in step 5 is such that if it gets the empty word as an input, then it writes first the
word to its tape and then operates as the original . I.e. it terminates on the empty input if and only if
terminates on .
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However, this means that accepts a word
if and only if terminates on . But then
general halting problem, which is impossible. Hence our indirect assumption is wrong.
✓
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solves the

Chapter 6. Nondeterministic Turing
machines
In the above chapters we discussed about the standard models of Turing machines. Now we turn to a
generalization by introducing nondeterminism.

1. Definition of nondeterministic Turing machines
For simplicity, we define the single tape nondeterministic Turing machine only, but of course, similarly to the
deterministic case, the multi tape model can be precisely given, too. Later we will see, that it is not necessary,
but for the better identification we will use the notation

instead of

.

Definition 6.1.
The five tuple
Turing machine, if

is called a nondeterministic

nemdeterminisztikusTuring-gépnek

is a nonempty finite set; set of states

finite set with at least
elements and
, nonempty; set of final states

; tape alphabet

; initial state

; transition function

The notation

refers to the power set of

By the above definition, the function

, i.e. the set which elements are the subsets of

:

.

maps its arguments to not single values, but to sets of values.

To distinguish the former models of Turing machines from the present one, we will call them deterministic
Turing machines.
For the proper interpretation, we need similar concepts as in the case of deterministic Turing machines.
Similarly as before, we define the configuration of a nondetreministic Turing machine.
Definition 6.2.
A configuration of the nondeterministic Turing machine
is

.

Remark 6.3.
The same rule is true here as in the deterministic case, namely
a nondeterministic Turing machine

may have a configuration in

the form
if and only if
or
.
One may notice, that there are no difference between the
configurations of a deterministic and a nondeterministic Turing machine.

The real difference between the deterministic and nondeterministic Turing machine models is their operation
semantics.
Definition 6.4.
We say, that the nondeterministic Turng machine
may go from
to
in one step (or directly; notation
), if
and exactly one of the following is true:
1)

,
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where
,
--- overwrite operation

and

2)

.

, where

,

and

.

--- right movement operation
3)

, where

,

and

.

--- left movement operation

By the definition, one can say, that a nondetreministic Turing machine not steps, but may step to a new
configuration. To understand better the difference between the definitions, we should study the concept of
computation.
Definition 6.5.
Let

be a nondetreministic Turing machine. A possible computation of

is a sequence
1.

of configurations, such that
, where

;

2.

, if there exists a directly reachable configuration from

3.

, if there are no directly reachable configuration from

The word

is called the input of

We say that the configuration

.

.

is reachable from the configuration

,

if the Turing machine has a possible computation in the form
If

is reachable from

computation corresponding to
in state

and

, then we say that the

is finite and the Turing machine terminates

on this arm of computation.

Then the word

is an output of

.

The output of a nondeterministic Turing machine is the set:
.

For the proper interpretation one should note that there are no difference between the different transitions to
different configurations (e.g. in the case of stochastic models), but the Turing machine regarded as it would
continues its computation in all possible direction. (It may fission to several Turing machine in one step.)
Examples
1. Let

, where

,

,

and

:

.
The output of the Turing machine on the empty word is:

.

The structure of the possible computations of the Turing machine can be described by the following infinite tree:
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The green box is the initial configuration and the red boxes are the final configurations.
2. Let

, where

,

,

and

:

.
The output of the Turing machine on the empty word is:
3. Let

, where

,

,

.
and

:
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.

The output of the Turing machine on the empty word is:

.

Just as in the case of deterministic Turing machines, one can define concept of nondeterministic accepting
Turing machines. However, because of their operation properties, this is slightly different.
Definition 6.6.
Let

be a nondeterministic Turing machine,
and

The

.

is called a nondeterministic acceptor Turing machine

and the sates from

are called accepting states.

Definition 6.7.
Let

be a nondeterministic acceptor Turing machine and let

the set of accepting states of
We say that
the input

be

.

accepts the word

, if

has a finite computation on

, which terminates in a state from the set

.

Definition 6.8.
Let

be a nondeterministic acceptor Turing machine.

The language
recognized by

is called the language
.

By the above definition, a nondeterministic Turing machine accepts a word , if it has a possible computation
which accepts it. However, in the meantime it may have other computations, which reject it, but does not have
an effect on the acceptance. A word is not accepted by a nondeterministic Turing machine, if it has no accepting
computation at all. In general, it is seems to be much more difficult to analyse the operation of a
nondeterministic Turing machine than a deterministic one, since there may infinitely many computations starts
from the initial configuration.
Similarly as in the deterministic case, one can define the composition of nondeterministic Turing machines.
Definition (composition of nondeterministic Turing machines) 6.9.
Let

and

be two

nondeterministic Turing machines and assume that
The Turing machine

(or

) is defined by the following

, where
,
and

,

.

,

.

Here
where

65
Created by XMLmind XSL-FO Converter.

Nondeterministic Turing machines

, for all

and

or

.

One may notice that the transition from the first Turing machine to the second is unique, just as in the case of
deterministic Turing machines.

2. Simulation of nondeterministic Turing machines
It is a quite natural question what relation can be stated between the models of deterministic and
nondeterministic Turing machines. Is the new approach provide extra power for computation?
Similarly as in the deterministic case, one can define the concept of simulation for nondeterministic Turing
machines, too.
Definition 6.10.
Let

and

be two nondeterminstic Turing machines. We say that

simulates

if

and

we have

.

However, this definition of simulation may describe relations between nondeterministic Turing machines only.
With a little modification one can extend it to deterministic Turing machines.
Definition 6.11.
Let

be a deterministic and let

We say that

simulates

be a nondeterministic Turing machine.

, if

and

we have

.

As a first observation, one can state the following theorem.
Theorem 6.12.
For all deterministic Truing machine
Turing machine

, which simulates

there exists a nondeterministic
.

Proof
Let

be the Turing machine we want to simulate. We define

and the transition function is such that for all
By its definition,
Clearly,

and

as follows:

we have

.

may go to only one new configuration from every configuration.

simulates

wit the computation of

since

has only a unique computation on any input

, thus their output is the same, too. (If

and it is completely identical

has an output, its cardinality is one.) ✓

Remark 6.13.
By the proof of Theorem 6.12., there exists a unique nondeterministic
Turing machine corresponding to any deterministic one, which can be
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regarded identic to it.
This correspondence defines an embedding of the deterministic
Turing machines to the set of nondeterministic Turing machines.
By this embedding, any deterministic Turing machine can be regarded
to be a nondeterministic one in the same time.

Theorem 6.12. states that every problem, which can be solved by a deterministic Turing machine, can be solved
by a nondeterministic one, too. This means that the model of nondeterministic Turing machines are at least as
strong as the model of deterministic Turing machines. However, at the moment it is not clear, if it is really
stronger, i.e. whether there exists any problem, which can be solved by a nondeterministic Turing machine but
not by a deterministic one. For simplicity, we will discuss simulation only for accepting Turing machines.
Definition 6.14.
Let
be a nondeterministic and let
Turing machine.

be a deterministic acceptor

Wesay that

.

simulates

if

The equivalence of the two models of Turing machines can be stated in the following way.
Theorem 6.15.
For all nondeterministic acceptor Turing machine
deterministic

, which simulates

there exists a

.

Proof
The proof is constructive, but here we give the sketch of it only.
Let

be the Turing machine, we want to simulate.

The basic idea is that the simulator Turing machine
traverses the complete computation tree of
first method. More precisely, it searches in the computation tree until either

by width

a.) it finds a configuration with accepting state or
b.) there are no more configuration to observe.
have two tapes. The first tape contains the actual configuration of the simulated Turing machine, from which
the possible steps are computed, while the second tape contains a FIFO data structure for storing the
configuration to process.
A somewhat more precise description of its operation is the following:
1. By the content of tape
after it (e.g. ).
2. It observes, whether tape
the computation in phase 3.

it writes the initial configuration of

to tape

and writes a proper separation sign

is empty. If yes, then it terminates in a nonaccepting state, otherwise it continues

3. It copies the first configuration from tape

to tape

4. It observes, whether the configuration on tape
accepting state, otherwise it continues in phase 5.

and deletes it from there.

is in accepting state or not. If yes, then it terminates in an

5. It observes, whether the configuration on tape is in nonaccepting state. If yes, then it erases tape
continues with phase 2, otherwise it continues with phase 6.
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6. It enumerates the possible transitions of in a fixed order, however, it does not execute them, but it copies to
the end of tape , separating them by the separation sign. When all is copied, it continues in phase 2.
The above given deterministic Turing machine
visits all configuration of with width first traversal, until it
reaches an accepting configuration. If it finds one, the input is accepted. If no more configuration to visit (i.e.
the computation tree is finite) then it terminates in a nonaccepting state. If the computation tree is not finite but
no accepting configuration in it, then it continues computation in an infinite loop.
Clearly,

accepts a word

if and only if

accepts it, i.e.

.✓

Remark 6.16.
1. By Theorem 6.15. we can state that the model of nondeterministic
Turing machines is not stronger than the model of deterministic
Turing machines, i.e. if a problem can be solved by a nondeterministic
Turing machine, then it can be solved by a deterministic one, too.
2. If

is a language and there exists a nondeterministic Turing machine

such that

, then

.
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Chapter 7. Complexity concepts
Because of its generality and uniformity, the model of Turing machines can be used for observations in several
algorithm related questions. For example, with the help of it, one can express the complexity of tasks.
In general, we call a task difficult, if its solution requires operations, which are hard to understand, unusual or it
exceeds our abilities. However, a computer has no such problems, if the solution is programmed properly. Thus,
from the viewpoint of algorithms, we have to reconsider the concept of difficulty. If we expect an answer from a
computer, then the only thing we can sense about the "problems" of it, if we have to wait too long. We will
express the this property (and some other) by the use of Turing machines.

1. Time, space and program complexity
First we define the time, space and program complexity of deterministic and nondetreministic Turing machines.
Using these concepts we are able to express the different resource needs of algorithms (Turing machines).
Since usually an algorithm is not for solving a particular task but a class of tasks, thus we have to be able to
express the resource needs for the complete class of tasks.
The most important complexity concept is time complexity.
Definition 7.1.
Let

be a deterministic Turing machine and let

let

be the computation of

be a word. Furthermore,

on the input

.

Assume, that there exists
such that
is a final configuration.
The least such a value for
is called the length of the computation.
If such
exists, then we say that the computation is infinite.
The notation for the length of the computation of the Turing machine
the input word

is:

or

on

.

The length of a computation is used as the expression of running time, without telling anything about the
concept of time resource. Hence we can define the general time needs of a Turing machine.
Definition 7.2.
Let

be a deterministic Turing machine.

The time complexity of

is the function

, where

If it causes no confusion, we may omit the symbol of the Turing machine from the notation of time complexity.
The time complexity, defined above, expresses what is the length of computation for a given Turing machine on
bounded size input words in the worst case. This is why it is sometimes called the worst case complexity.
One may define the average case complexity, too. It is more expressive from the view point of standard
programming, but in general it is much more difficult to compute. It is necessary to know some kind of
distribution of input data, which is usually not obvious.
Remark 7.3.
If a Turing machine has well defined time complexity for all
, then it terminates on all input, i.e. the recognized language
is recursive.

Remark 7.4.
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Let

be a deterministic Turing machine with time complexity

value

. The

is the length of the longest computation on an input word

not longer than

, while the value

is the length of the

longest computation on an input word not longer than
.
Since the latter case includes all input words from the previous one,
thus

.

It means that the function

is monotone increasing.

By a similar approach one may define the space needs of an algorithm (Turing machine).
Definition 7.5.
Let

be a deterministic Turing machine and let

let

be the computation of

Assume, that

be a word. Furthemore,

on the input

and let

.
.

If there exists, the value
is called the space needs of the computation.
If no such value exists, the space needs is called infinite.
The space needs of the computation of

on the input

is denoted by

.

Using the concept of space needs one may define space complexity
Definition 7.6.
Let

be a deterministic Turing machine. The space complexity of

is the function

, where

The notation of the Turing machine can be omitted here, too, if it causes no confusion.
Similarly as in the case of time complexity one may have the following remark.
Remark 7.7.
Let

be a deterministic Turing machine and let

The value

is the largest space needs on input word of length at most

while the value
at most

beits space complexity.

. Since the latter case includes all input words from the previous

one, thus

. This means that

is monotone increasing.

Finally one can define the complexity of a Turing machine itself.
Definition 7.8.
Let

,

is the largest space needs on input word of length

be a deterministic Turing machine and let

program complexity of

is the value

be its program. The

.

Remark 7.9.
By Definition 7.8., the program complexity does not depend on
the length of the input word. However, the implementation of
an algorithm (which is a program) may depend. If the size of the input
is above a limit, then the program may need another structure,
to handle system memory, accessing the input, etc.

70
Created by XMLmind XSL-FO Converter.

Complexity concepts

Similarly to the deterministic case one can define time and space complexity for nondeterministic Turing
machines, too. However, since the general definitions are less expressive, we introduce them only for acceptor
Turing machines.
Definition 7.10.
Let

be a nondeterministic acceptor Turing machine and let

be

a word. Assume that there exists a computation of
on the input
,
which terminates in an acceptin state. The length of the shortes
accepting computation is called the length of the computaiton.
If there are no computation terminating in an accepting state, then
the length of the computation is infinite.
Similarly as in the deterministic case, the length of the computation
of

on the input

is denoted by

.

For nondeterministic Turing machines, the length of the computation is defined only for input words, which are
accepted by the Turing machine. Thus the definition of time complexity should be changed, too.
Definition 7.11.
Let

be a nondeterministic Turing machine.

The time complexity of

is the function

, where

.

The space complexity of nondeterministic Turing machines is the following.
Definition 7.12.
Let

be a nondeterministic acceptor Turing machine and let

be

a word. Assume that
has a computation, which terminates in an
accepting state on the input
.
Let

be a possible computation of

on the input

,

which terminates in ana ccepting state. Assume that
and let

.

The space need of the computation
is
.
The least space need of the possible computations on the input
word
is called the space need of the computation.
If there are no accepting computation, then the space need is
infinite.
The space need of

on the input

is denoted by

.

As in the case of time complexity, the space need is defined only for input words, which are accepted by the
Turing machine. Thus the space complexity requires some modification, too.
Definition 7.13.
Let

be a nondeterministic Turing machine.

The space complexity of

is a function

, where

The following theorem is some additional property of recursive languages. It says, if a language is recursively
enumerable and its time complexity is not too big, then the language is recursive. Reversing the statement, if a
language is not recursive and there exists a Turing machine which accepts it, then its time complexity (function)
is uncomputable big. It yields some really fast increasing function, since the Ackermann function is still
computable.
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Theorem 7.14.
Let
be a language. Assume that ther exists a function
which can be computed by a Turing machine and let
be a
deterministic Turing machine, such that
If
terminates on the members of
steps, then
.

,

.

after at most

Proof
Let
be the Turing machine, which computes
, i.e.
and let
be the limited time Turing
machine created from , as we have seen before. Using these Turing machines, compose the following:
1. According to the input

, the new Turing machine writes a sequence of 's of length

2. Start
on the input word . If during the computation the part corresponding to
decision is the actual decision. If the limiting part terminates first, then the answer is "no".

to tape

.

terminates, then its

Clearly the Turing machine terminates on every input word and it accepts an input word if and only if it is
accepted by . This is because if accepts it, then the length of computation is not more than
. By
definition, it means
.✓

2. Complexity classes
The concept of complexity of Turing machines let us to define the complexity of tasks. As it is natural, the
complexity of a task is equal to the complexity its solution.
Definition 7.15.
Let

be a monotone increasing function. Then the set

is the class of languages, which are solvable in
Turing machines.

time with deterministic

Definition 7.16.
Let

be a monotone increasing function. Then the set

is the class of languages, which are solvable on
Turing machines.

space with deterministic

Definition 7.17.
Let

be a monotone increasing function. Then the set

is the class of languages, which are solvable in
Turing machines.

time with nondeterministic

Definition 7.18.
Let

be a monotone increasing function. Then the set

is the class of languages, which are solvable on
Turing machines.

space with nondeterministic
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One may recognize some simple relation between the different complexity classes.
Theorem 7.19.
Let

and

be two monotone increasing functions such that

Then

.

.

Proof
Since

, thus

. This means that if a function

too. By definition, if
such

satisfies

, then

holds,

, then there exists a Turing machine with time complexity
that

.

Hence

,

thus

,

i.e.

.✓
Similar results can be proven for the other complexity classes.
Theorem 7.20.
Let
Then

and

be two monotone increasing functions such that

1.

;

2.

;

3.

.

.

Proof
The proof is similar to the proof of Theorem 7.19. ✓
Theorem 7.21.
Let
Then

be a monotone increasing.

1.

;

2.

.

Proof
If
complexity

, then by definition, for
, such that

there exists a deterministic Turing machine

with time

. Since every deterministic Turing machine can be regarded as a

nondeterministic one, thus with the same Turing machine the property

holds, i.e.

.
can be proven. ✓

By similar arguments the statement

One may highlight some of the most important complexity classes (these classes does not contain transformation
tasks, but in the examples they are cited, too):
1.

: the class of the most simple tasks. One may notice, if

some task has time complexity

such that

(i.e.
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strictly slower than
), then the Turing machine which solves the task
even cannot read the complete input word.
Some problem from this class: addition, search, word mirroring,
negation, parity check and in general the recognition of regular languages.
2.
: somewhat more difficult tasks as in the previous class.
Some example: multiplication, division, matrix multiplication, polynomial
multiplication, sorting, longest common subsequence search.

3.
i.e. the class of tasks, which can be solved
in polynomial time with deterministic Turing machine
This class contains the relatively simple problems:
searching the greatest common divisor, shortest path in a graph,
minimal spanning tree search, computing the greatest flow in a graph.

4.
i.e. the class of tasks, which can be solved
in exponential time by a deterministic Turing machine.
This class contains almost all problem, which can arise in practice.
However, theoretically it is not true, since infinitely many of the
algorithmically solvable problems are not in this class.
5.
: the class of tasks, which can be solved by a
nondeterministic Turing machine using linear space.

6.
7.
: the class of tasks, which can be solved by a
nondeterministic Turing machine in linear time.
Surprisingly many problems are here.

8.
the class of tasks, which can be solved by a
nondeterministic Turing machine in polynomial time.
One of the most important class in complexity theory.

3. Space-time theorems
Some relation of time and space complexity classes can be expressed by the following theorems.
Theorem 7.22.
Let

be a monotone increasing function. Then
.

Proof
Let

. Then there exists a deterministic Turing machine

with time complexity

, such that
. Let an input word of length
. Since a Turing machine can write
at most one new cell in every step, thus the size of tape used during the computation on the input
cannot be
greater, than the number of steps, i.e.
definition,

. This means that

, i.e.
.✓

, i.e.

The relation in opposite direction is a bit more complex.
Theorem 7.23.
74
Created by XMLmind XSL-FO Converter.

. Hence, by

Complexity concepts

Let

be a monotone increasing function and let

Then there exists a constant

, such that

.
.

Proof
Let

be a deterministic Turing machine with space complexity

, such that

.
Assume that

is a word of length

By the properties of

, such that

terminates on it.

, it means that during the computation

then

for all

If there exists

such that

, which means that the configurations in the computation of the Turing

are different, i.e.

configurations having tape content not exceeding

of length at most

is

, i.e. the number of words

of length exactly

, then the number of different configurations is at most

, since a

.
is

configuration may contain
position.
Since

cannot be greater than the number of

.

. The number of words over

is

If the cardinality of

different state,

is constant, thus

, if

Furthermore, for large enough

different tape content and

different read-write head

is large enough. Similarly

's we have

, if

is large enough.

.

From the three inequality we get
Let

,

, then the Turing machine never terminates, since it implies

Hence, all configurations in the sequence

be the cardinality of

if

.

or in more general
machine is periodic.

Let

on the input

.

. By the above statements, for the length of the computation we have

.

We found, that if terminates on an input word, it decides in at most
time, whether it is in or not. The
only problem is that not necessarily terminates on all input. To solve this problem construct the Turing
machine :
The Turing machine
is basically the same as , but it has a second tape on which
stores all configurations
after executing it (separated by some separation sign). Before turning to the execution of the next step, it checks
whether there are the same configuration twice on the second tape. If the answer is yes, then has an infinite
loop, i.e. it does not accept its input. Then
terminates with "no" answer.
Of course, the computation of
is longer than the computation of , since it should scan tape before every
step. However, the length of the content of the second tape is not greater than the number of different
configurations multiplied by the maximal size of a configuration, i.e. less than
bounded by

, if

is large enough. Thus if the time complexity of
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. Since

, thus for sufficiently large
. With this
, whence

's we have

the inequality

, for some
holds if

.✓
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. Let

is large enough, i.e.

Chapter 8. The class NP
The observation of the complexity classes

lead to some interesting results. As we have seen in

the previous chapter,
. One may ask, however, whether the relation means strict
subset property or there are some cases, when the two classes are equal. From the approach of practical
applications, one of the most important complexity class is , since this contains the tasks, which have
relatively fast solutions. Its relation to
is a strongly researched area of the theory of algorithms.
First we discuss about the interpretation of the tasks from

.

1. The witness theory
It seems to be obvious, that if one knows the solution (or some information related to the solution) of a problem,
then it can be solved easier - i.e. with algorithmic approach, faster. One has to be careful, however, since solving
a problem means that we are sure that the result we found is correct. Actually, the usual meaning of "solving a
problem" is replaced by "proving the right solution". Thus, it is not trivial at all, which problems can be solved
faster if we know some information about the solution.
For instance, if someone tells us that
, then to prove the truth, we have to calculate again the
multiplication. However, if we would like to know the prime decomposition of
and someone tells us that
, then instead of searching the decomposition, we just have to check if the relation holds and the
components are primes.
The languages of
can be described in a similar way. The next theorem shows that a task (language) is in
, if there can be given some - not too much - information such that by this, the solution can be determined
relatively fast.
Theorem (Witness Theorem) 8.1.
Let

be a language. Then the following statements are equivalent:

1.

.

2. There exists a language
if and only if

from

and a polynomial

for which

such that

and

.

Proof
The theorem stands of two statements: the first says that 1 implies 2, while the second says that 2 implies 1.
Accordingly, we split the proof in two parts.
A. 1. ⇒ 2.
Since

, thus there exists a nondeterministic Turing machine

complexity such that
Let
on

.

be the time complexity of
, where

with polynomial time

. This yields that for every

is in accepting state and

there exists a computation

of

.

By the definition of the nondeterministic Turing machines, for all
. Let fix the order of the members of
.

77
Created by XMLmind XSL-FO Converter.

for all

and

we have
, i.e. assume that

The class NP

Hence, if

is a computation of

, then one may describe it by a sequence

the index of the command ( state transition ) for which
for all

, which means that

is

is executed. Clearly

can be represented over

. Here

, where

with at most length

, where

. (To be more precise, one should eliminate some control symbol

from to represent , thus instead of
one can work with a smaller value. But this does not affect the fact,
that there exists a proper constant .) The constant depends only on .
Assign

to the word

by

, such that

shortest accepting computation

is the sequence of indexes

on the input word
.

corresponding to the

, i.e. let

. Then

Let

and

let

.
To complete the proof we only have to show that
Let

.

be a deterministic Turing machine defined by

Without precise description of

.

, we define the set of states by

, where

is the

and the transition function by

'th member of the set

.

The Turing machine
simulates the operation of . On its first tape the tape content of , while on its second
tape the word can be found. During computation it reads once but not continuously. Before every steps of
simulation, it reads the next component
transition, determined by
Thus the Turing machine
words, which are from .

of

and depending on its value

on the symbol

executes the configuration

, which is read from the first tape.

executes the computation corresponding to

Its time complexity is linear, since the input word (i.e. a significant part of it,

, i.e. it accepts exactly the
) is read only once.

This proves the first part of the theorem.
B. 2. ⇒ 1.
Let
be the Turing machine, which recognizes
nondeterministic Turing machine, which writes a symbol

in
polynomial time and let
be the
and all possible words from
after its input.

Define the following Turing machine:

This basically writes all possible
length
Let

behind the input word

, thus the time complexity of
. Until the component

during the execution of

and tests if it is in

. Since the word

has

can be determined by the following.

computes, it executes

it makes at most

steps. In the second phase
steps. Let
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be the degree of
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and let

be the degree of

. Then

is a polynomial, too, which has degree

the time complexity of the nondeterministic Turing machine
i.e.
.✓

is

, thus
,

Remark 8.2.
1. The word
is called the witness of
.
2. Theorem 8.1. sais that by the help of a witness one can check
whether a word is in a lanaguage or not.
Because of this property the languages from
verifiable in polynomial time.

are called

2. NP-completeness
We have observed above how to test if a language is contained in
. However, it is still not clear, if it is
necessary at all. We know
, but we don't know whether it is a proper subset or not. Although it is
theoretically possible, but until now noone has found neither its proof nor its disproof, that
.
For the disproof one should find a language from
such that it can be shown that there are no deterministic
Turing machine, which can recognize it in polynomial time.
Strong research efforts were made for the proof or disproof of
. This was one of the reason to introduce
the concept of
-completeness. As a short description, the
-complete languages are the most difficult
languages of
. If only one of them could be proven to be in , then all language from
would be so.
We will need the following definition.
Definition (Karp reduction) 8.3.
Let

be two languaes. We say that

(notation:

is Karp reducible to

), if there exists a deterministic Turing machine

with polynomial time complexity, such that
and only if

we have

if

.

Remark 8.4.
Karp reducibility means that if one has a task to solve, then
it can be rewritten easily to another one and if the new task
can be solved easily, then the original task can be solved
easily, too. The notation also suggests this property.

Karp reduction can be used for comparing languages by complexity. For this we prove some properties of Karp
reduction.
Theorem 8.5.
Let
1.
2. If

be three languages. Then
(refelxivity),
and

, then

(transitivity).

Proof
1. Let be the Turing machine in the definition of the Karp reduction such that it terminates immediately when
it starts and does not change the content of its tape. This Turing machine implements the identical map, i.e.
for all input. By definition, this proves the statement.
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2. Let

and

be two Turing machines, which can be used in the definition of Karp reduction according to the

relations

and

and let

Furthermore, let

. For this

and

, if

be their time complexity of degrees
, then

and

.

. Hence, using the definition

.
If
is the length of
, then computes
in at most
time. The length of
is at most the
length of the computation of the Turing machine, since a Turing machine can write at most one new symbol on
the tape in a step (to be more precise it may write new symbol at every second step), i.e.
The length of the computation of

on

. The length of the computation of

is at most

. Let

on an arbitrary input

. Hence,

of length

.

be the time complexity of
is at most

, i.e.

is a Turing machine with polynomial time complexity and
.✓

satisfies the conditions of the Karp reduction, i.e.

Restricting the Karp reduction one gets an equivalence relation.
Definition 8.6.
Let

and

(notation

be two languages. We say that
), if

and

and

are Karp equivalent

.

Theorem 8.7.
The Karp equivalence is really an equivalence relation,
i.e.
1.

languages
;

2. if

, then

3. if

and

;
, then

.

Proof
The statements 1 and 3 are simple consequences of the properties 1 and 2 of the Karp reduction and statement 2
follows from the definition, since the relations

and

hold independently of their order. ✓

Remark 8.8.
Two languages (task) are Karp equivalent, if they can be
transformed to each other in polynomial time, i.e. except
for a polynomial transformation, their complexity are the
same.

By the interpretation of Karp reduction one may expect the next theorem.
Theorem 8.9.
Let
1. if
2. if

and

be two languages, such that
, then

. Then

;

, then

.

Proof
Let

be a Turing machine with

polynomial time complexity, which defines the Karp reduction
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1.
Since
.

, thus there exists
Let

Turing machine with
.

By

the

polynomial time complexity, such that
definition

of

, i.e.
Let

and

computation of

on the input

input

, let

be a word of length

is at most

is at most

and

the

Karp

reduction,

.
and let

. The length of the

. The length of the computation of

on the

, whence, similarly to the proofs of the previous theorems, the time

complexity
of
satisfies
statement of the theorem.

, i.e.

has polynomial time complexity. This proves the

2.
Similarly to the previous part, since

, thus there exists a

polynomial time complexity, such that

. Let

nondeterministic Turing machine with
. By the definition of the Karp reduction,

, i.e.
Let

and

, let

computation of

on the input

is at most

time, whence the
, i.e.

be a word of length
and

.
and let

. Since

. The length of the
thus

accepts it in at most

time complexity of the nondeterministic Turing machine

satisfies

has polynomial time complexity. This proves the statement of the theorem. ✓

The following theorem defines the class of simplest tasks according to the Karp equivalence.
Theorem 8.10.
Let

be two nontrivial languages (i.e. neither them

nor their complements are empty). Then

.

Proof
It is enough to prove that
Since

, since by the symmetry

is nontrivial, thus there exist words

deterministic Turing machine
Let
and
accordingly.

and

holds, too.
. Furthermore, since

with polynomial time complexity, such that

, thus there exists a
.

be two Turing machines, which delete their tapes and write the words

Let define the following Turing machine:
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Then, for an arbitrary word

we have

have constant time complexity, thus
statement of the theorem. ✓

. Since

has polynomial, while

and

has polynomial time complexity, too. By definition, this is the

Remark 8.11.
If a similar statement is true for languages from
then
is

,

would hold. Assume that one of the languages
, while the other is an arbitrary

Since

, this would mean that

.

.

Since
is not known, thus it is also unknown whether any two language from
not. One can define however a similar property.

are Karp equivalent or

Definition 8.12.
1. A language
is called
can be Karp reduced to it.

-hard, if all language from

2. A language

-complete, if it is from

it is

is called

and

-hard.

A problem is

-complete if it is one of the most difficult problem from

.

Remark 8.13.
If an

-complete language can be proven to belong to

then

,

.

However, it is not obvious at all, that there exists any
-complete language. If one can find some, then to
prove about another one to be
-complete, is enough to check, whether it is from
and the original
complete language is Karp reducible to it. (Then, by the transitive property of Karp reduction every language
from
can be reduced to it.) This idea helped to show for many languages from
to be
-complete.
Some of them are the following.
-complete languages:
1.

: the language of satisfiable boolean expressions in conjunctive normal form.

2. The set of graphs having a Hamiltonian cycle.
3. The set of

colourable graphs.

4.

-click problem (the existence of

5.

-vertices covering in a graph.

vertices complete subgraph)
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