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1. Introduction
The aim of this course material is to give a little insight into the most widespread and fundamental techniques of
the mathematical descriptions and modelling of reactive systems. The usual approach to sequential programs is
to model the behaviour of a program as a sequence of actions which have the effect of changing the state of the
program, the values assigned to the program variables, and at the point of termination the result, as the final
state, emerges. So sequential programming is more or less a state transformation, from the input states it leads
through a sequence of operations to a desirable final state. Unlike this approach a reactive or concurrent system
can be viewed as a system sensitive to changes from stimuli or information from itself or from the environment.
In most of the cases, like operating systems, communication protocols, control programs, even termination is not
desirable. These systems can be modelled as independent processes communicating with each other through
some channels, but, in the meantime, doing their jobs independently. For a formal treatment several approaches
were proposed, the most prominent ones among them were probably the theory of communicating sequential
processes (CSP) of Hoare ([22]) and the calculus of communicating systems (CCS) of Milner ([32]). The two
systems resemble in many aspects to each other. In this course material we have chosen Milner's approach.
The calculus of communicating systems offers an easy solution for modelling the participants of a
communication process. Both the sender and the receiver are represented as a process, and the communication
between them is taken place as a transition between the two processes, hence, the calculus chooses to model
communication with message passing. In effect, the resulting system will be a labelled transition system, where
communication is a synchronized communication. If value-passing is added to the original model, we also have
a structure modelling communication with shared variables.
The course material focuses both on the definitions and the key notions in the field of CCS and on the various
results concerning the semantical aspects of labelled transition systems. The first chapter defines processes as
constituents of labelled transition systems, it gives the structural operational semantics of the transitions and
then even presents the notion of the value passing calculus. The next chapter is about process equivalences: it is
a nontrivial question whether two processes have the same meaning, how to interpret the equivalence of
processes at all. If one process is a specification and the other one is an implementation: how do we know that
the implementation meets the requirements of the specification? Then Hennessy -Milner logic as a basic tool for
process behaviour is introduced. In the fourth chapter another approach of process equivalence is discussed: we
present the results of Stirling ([37]) on characterizing process equivalence by two player games. The next two
chapters treat the model-theoretic aspects of the behaviour of transition systems in detail. Timed logics are
introduced, which enable us to pose questions relating temporal behaviour of processes. These questions are
sought to answer as questions of formula satisfiability, in our present terminology, as questions of model
checking: given a labelled transition system and a formula, is it the case that the transition system, or some of its
states satisfy the given formula? The last but one chapter is about processes defined by recursive equations (cf.
[30]). Finally, the last chapter introduces the modal -calculus together with a game semantic tool for model
checking (see [37]).
The author would like to thank the reviewer, István Majzik, for his thoroughness and for the invaluable
comments and suggestions he contributed with to this course material.

2. 1 Processes
2.1. 1.1 Definitions and notation
We define the notions of sequential and concurrent processes, which are the underlying notions of the calculus
of communicating systems introduced by Milner in his works [32] and [33]. Processes themselves can be
considered as states of a complex system and actions that are the transitions from one state to another. This
1
Created by XMLmind XSL-FO Converter.

Selected Topics in the Theory of
Concurrent Processes
gives rise to various approaches of describing the behaviour of these systems. One of them is the theory of
labelled transition systems, along which we will elaborate the theory of concurrent processes in this course
material. First of all, following [32] we are going to give the definiton of a labelled transition system.
1. Definition Assume we have a set
called the set of actions and a set
called the set of states. A labelled
transition system (LTS) over
is the pair
with
for every
. If
,
then we call the source, the target and we say that is a derivative of under . In notation:
. If
, where
, then
if
. In case of
we simply put
.
2. Remark
1. If the set of actions is not important, we may simply write
notation
.

for the LTS in question. With the above

2. Another usual terminology for labelled transition systems is as follows. Assume we have a set
for the
set of actions and a set
for the set of states. A labelled transition system (LTS) over
is a pair
,
where
. We prefer the former definition of an LTS, however.
3. In the literature a labelled transition system is sometimes termed as an abstract reduction system ([26]).
Throughout this course material we stick to the term of labelled transition system.
We are going to define the labelled transition system of concurrent processes as a special kind of LTS. First we
define a restricted process language, where
is the set of process names and
is an index set. We denote the
elements of
either by upper case letters, or, when, later on, we accept the temporal logical approach to LTSs,
by lower case letters: usually ,
will stand for processes. Let
be given as a set of names.
Assume
elements of

,
and
. Then
is the set of actions, where the
are called observable (or external) actions and is called an unobservable (or internal) action.

The processes are considered with name parameters, e.g,
parameters of
. Then
will be denoted by

will indicate that

are the

. Assume furthermore that
is a function such that
and
is called a renaming function, and the result of the application of
to the expression
. Then our first process language can be defined by the grammar

where
,
, and is a Boolean expression. The elements of ,
,
,
are called
process expressions. The intuitive meaning of the various constructs is as follows: the sum can be considered as
a sort of nondeterministic choice. The sum can have an action iff any of its summands has that action. Parallel
composition acts very similar to sum, with the exception that it may trigger a synchronization between its two
sides when an action and its co-action is executed by the two components. In this case a silent action
takes place, concerning the whole system. Finally, restriction serves as means for hiding actions of processes,
thus constraining them to exert their effect within the LTS given. Process expressions can thus be process
names, sums of process expressions, parallel composition of process expressions and expressions obtained by
previously defined ones by restriction, renaming or the if-then-else construct. When the index set
is finite,
say
, then we write
instead of
. We assume that the
unary connective renaming is the strongest one, then
is stronger than summation and composition.
Composition is stronger than the parenthesis of the if-then-else construct. Moreover,
and are associative to
the left. We omit parenthesis if possible, though, for the sake of readability, we write
instead of
.
A process expression
is a process if, for the process names
defining equations
, where the process names in each
are processes themselves.

of
are either belong to

2
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Next, we define the transition relations for this restricted process language. We give the transitions in the form
of derivation rules, which means that if the upper relations are derivable then we can conclude the derivability of
the lower ones. The rules for summation have no premises, this means they constitute the axioms in the calculus.
Figure 1 captures the axioms and derivation rules of the emerging calculus.

We illustrate by some examples how to define processes and interpret their actions. Drawing labelled graphs
may help with understanding the behaviour of processes. The vertices of the behaviour graphs are process
expressions, the vertices are connected with an edge labelled by an action if there is a transition between the
two process expressions with action . Each transition derivable of a vertex is indicated in the behaviour graph.
3. Example[37]

Then
can be considered as a clock which ticks perpetually. The only action
this can be seen by the trivial derivation below.

can do is

,

4. Example[37]

The above example defines a vending machine
. The machine can accept two coins, a 2p and a 1p coin. By
applying the binary choice operator this means that the machine either continues with the process expression
, which means that after the button
is depressed and a big item is collected the machine reverts to its
starting point
, or it continues with
, and in this case depression of the button
and collecting a
small item returns the process to the point
.

This can be depicted by the behaviour graph of Figure 2. All transitions of the graph can be justified with the
proof rules as above. For example:

3
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5. Example[37] Our next example is a buffer with capacity two illustrated in Figure 3. Its process identifiers are
numbered according to the possible combination of bits it can contain. In total, the buffer has six process names,
namely
value

for each
. Let
(and
. Then the defining equations are as follows.

) represent the input (and output) of some

6. Example[32] A slightly modified version of the buffer of capacity when, instead of choosing different
process names, we assume that
can take as arguments arbitrary finite
sequences of length at most .
In this case the definition of the buffer takes the following form.

where

denotes the empty sequence and

is the concatenation of

and the one-element sequence

.

7. Example[32] We intend to define a process so that its execution should behave as a scheduler for the tasks
and
. We require the scheduler to meet the following specifications:
1.
2.

should occur cyclically, beginning with
and

,

should occur in this order for every

.

For the time being we give the scheduler as a sequential process, later on we are going to define it as a network
of concurrent processes. The process names have two parameters: when writing
we mean by this that
it is
to come next and, given
, we know that
has already been executed while
waits for their turn to come next.

4
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and

is understood as

.

8. Example[32] Our final example in this row describes a counter. Unlike the processes defined so far, the
counter has infinitely many states.

Observe that

indicates when the value encoded in the process decreases to 0 again.

2.2. 1.2 The value-passing calculus
For the sake of a more compact treatment we modify our calculus a little. We assume that not only the process
identifiers, or agent names, can have parameters, but also the action names can take arguments. Our modified
syntax is as follows: we assume that a fixed set of values
is given, and every process name has an arity,
which is the number of arguments it can take. The actions can have one or zero argument. Assume that the
possibly indexed symbol denotes an expression built from variables
taking values from
,
value constants and arbitrary function symbols. Moreover, let denote Boolean expressions and assume
is a
set of process variables. Let
, where
is the set of process names of some arity. Then the process
expressions
is the set defined by the following grammar:

We assume the following precedence order is valid for our operators: renaming is the strongest of all
connectives, which is followed in decreasing binding power by restriction and prefixing, then parallel
composition, summation and the if-then-else construct. This means e.g. that by
we
understand
.
In the expression
expressions

all occurrences of
are treated as bound. Prefixing with co-names, that is the
, does not create new bindings. As before a process is a set of equations of the form
, with
and
, where the process names in every
are a subset of
and
contains no free variables except for
.

The proof rules for prefixing and summation must be modified accordingly. The new rules are indicated in
Figure 4, where
denotes the result of substituting the value in place of the variable .

5
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Let us demonstrate in a few examples the expressive power of our process language. Our first examples are
copier machines, the first one simply takes an input and discards it at once, the second one takes as argument a
number and a text , and outputs as a result copies of .
9. Example[37]

takes a value in
number of elements in

and immediately outputs it. The size of the transition graph of
depends on the
. The multiple copier asks for a number and a text, which is copied times.

Figure 5 gives us some insight into the operation of

.

The next example makes use of the if-then-else construct to define a process that sieves odd and even numbers.
10. Example[37]

If

is even, then the output of

is

, else it is

. For example, let

6
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Then for

we have

The next example shows interactions between the copier machine
a file which can serve as an input for
.

and a new process

.

writes

11. Example[37]

The machine

is the same as in example 9. Then we may have the following transition sequence:
.

In the example above the justification of each transitional step is straightforward, let us pick out one of them.

Though the full calculus allows a more concise notation for processes, everything that can be expressed in the
full calculus can be described in the restricted calculus as well. We are not going to give the translation, we
demonstrate only in some examples how the translation is accomplished. Let us consider Example 11. Assume
is some value-set. Then the variable in
can take either value in , which is reflected in the
translation by defining a new action
new action name
.

for every

. Similarly, to every

, we assign a

In this manner we can give the restricted equivalents of the processes of the full calculus.

2.3. 1.3 Renaming
We should recall from Section 1.1 that renaming is a function

such that it

obeys some special properties. Namely,
and
. As an illustration of the usefulness of
renaming we redefine the scheduler of Example 7, this time building it from smaller concurrent components (cf.
[37]). The scheduler is an organiser of tasks,
symbolizing the beginning and
the end of the -th task.
The tasks begin with the first one and continue operating one after the other but a new operation cannot begin
until the previous operation has not finished. Thus
must come in this order, and each
must be
followed by a
before a new
appears in the sequence. We choose the seemingly obvious solution first.

7
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Let
be a cycler, defined as
. As a first attempt we build the required scheduler as a ring of
cyclers, where action
is used for task initiation, action
for termination, and actions
and
for
synchronization. Let

To achieve a more compact form in our notation we denote the reflexive and transitive closure of our transition
relation
by
. Thus
iff
or there is a
such that
and
.
We indicate by superscript the sequence of transitions leading from
to
if it is also interesting.
Thus
and
. We take
and internalize
them by
. That is, we form
. Intuitively, by
internalizing
with the states
has the following effect. Each cycler is an
independent process in itself, which means it is capable of performing actions indicated in its process equations,
that is, they can perform even the actions
or
, where
is understood as
. But, since these
actions were reserved for synchronizing purposes, it is desirable that none of them should appear as activities of
the processes observable from outside. This means that these transitions can only take place in the course of a
synchronization, in the form of an unobservable transition . For instance, the four-element scheduler
is illustrated in Figure 6.

There is a delicate bug, however, in the behaviour of
. Namely, since
synchronizes between
and
in a way that
happens before , and
happens after , this means that
cannot have its turn before
the synchronization takes place, especially
could only happen after . To remedy this problem Milner ([32])
introduces the following solution:
should be

8
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the

renaming

is

as

above.

Then
.

we

obtain

the

-task

scheduler

as

3. 2 Equivalence of processes
Process expressions are intended to describe states of complex systems. It is natural to ask when two systems
can be inferred to be the same by checking their states and transition relations. Checking the defining equations
of processes alone is not enough for distinguishing two processes, for example, giving different names to the
process identifiers of a process does not change its behaviour. We are going to distinguish coarser and finer
notions of equivalence depending on whether we contemplate a process from the inside or from an outside
position as an external viewer. In this sense we talk about strong and weak equivalence of processes.

3.1. 2.1 Strong bisimulation and strong equivalence
First of all, we define the strong equivalence of processes. Our intention with the definition is to obtain a notion
of interchangeability of processes in a sense that equivalent processes could be interchanged in process
expressions without changing the meanings of the processes deduced in some way from their induced labelled
transition systems. It is an interesting question in itself, how we are going to understand the meaning of a
process as a transition system. Our main approach will be to treat processes equal with respect to their behaviour
if a bisimulation relation, in the sense to be defined, can be set up between them. As an example, take the two
processes

We have the feeling that the two processes are the same though their implementations differ. By looking at the
transition diagrams of the processes in Figure we can convince ourselves in this.

12. DefinitionLet
such that

be a process. Then a trace of
is a finite or infinite sequence of actions
. We write
for the set of all traces of .

Obviously, a process can have many traces.
13. Example[37] Consider the following three vending machines (Figure 7):

9
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The set of traces of the processes are the same. Consider a new process, however,

where denotes here, and in what follows, the process which does nothing. So a
drops two coins into
the machine, then chooses to drink a tea, and, having had their tea, expresses satisfaction by a visible gesture.
We say that a trace is completed if no more moves are possible finishing that trace. Let
. Then, for the process
we have

which is the single completed trace of the process. On the other hand

A similar statement holds for
Consider now the operator

has a completed trace

, too.
which replicates the successor of a processs, that is

It is straightforward to check that the set of completed traces of
are different.

10
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14. Definition A binary relation

on processes is called a bisimulation if for every

1. if

, then there is an

with

and

,

2. if

, then there is an

with

and

.

If a bisimulation
between the two processes
bisimilar with respect to . We indicate this by

and

exists, then we say that

and

and

are strongly

.

15. Definition Let us define the relation

If

, we call the processes

and

strongly bisimilar.

16. Example Let

Then
relations among

is a bisimulation, thus
hold, as it can be seen easily.

and

are strongly bisimilar. No other

17. Example As expected, the vending machines in Example 13 are not strongly bisimilar. Let us check the pair
, for example. Assume
is a relation such that
and
. Then either
and
or
and
. But none of the pairs of processes obtained can be
bisimilar.
Consider
e.g.
.
Then
and
. The other cases are treated similarly.
18. Example[37] Consider the processes

and

Let

be the following family of processes

11
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where

and

. Then

is a bisimulation for the pair

.

We are going to state and prove a theorem describing the relation between strong bisimulations with respect to a
relation
and the relation .
19. TheoremLet
the largest bisimulation over

be a labelled transition system. Then
is an equivalence relation, and it is
. Moreover,
iff, for each action ,

• when

, then there exists

such that

and

• when

, then there exists

such that

and

Bizonyítás.Let

is an equivalence.

: the identity relation is a bisimulation that contains

2.

3.

.

be a labelled transition system.

• First of all, we prove that
1.

and

implies
. Then the relation
and
for some bisimulations

.

: if
, then there is a bisimulation
is a bisimulation proving
, too.

implies
and
. Then

: in this case
and
is a bisimulation containing
.

for which

, where

• Since

every bisimulation is contained in . We have to show that
is a bisimulation. By the symmetry of , it
suffices to prove that
and
imply
and
for some state
.
Assume
and
. Then there is a bisimulation
such that
. But, by
definition, there exists
such that
and
. The latter implies
, as
required.
• The 'only if' part follows from the fact that
is a bisimulation. Assume therefore that, for each
(2) of the theorem hold for
and
. Consider the relation

It can be proved readily that

is a bisimulation containing

, (1) and

.

[QED]
20. DefinitionA process context is a process expression containing a whole. Formally,

21. DefinitionLet
be a relation over
. Then
is a congruence with respect to the operations of the
process language, if it is an equivalence relation and, for every
and every context , it follows
that
.
12
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22. Definition Let
if
, then

be a relation over

. Then

is a process congruence if

is an equivalence, and

Every congruence is a process congruence, but we will see an example of a process congruence which is not a
congruence. The following lemma shows that strong bisimulation is a congruence with respect to the operations
of our process language. The straightforward proof of the lemma is omitted.
23. Lemma Let
function. Then

. Assume

is a process,

is a set of actions,

is an action and

is any renaming

1.
2.
3.
4.
5.
6.
7.
24. Example In the previous chapter we defined a buffer of capacity two, let us now define a buffer of capacity
.

We claim that this is strongly bisimilar to the process consisting of the parallel composition of
capacity 1. That is,

Hint: take

such that

.

is a bisimulation containing

3.2. 2.2 Observable bisimulation
13
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Hitherto we were concerned ourselves with a strict notion of equivalence of processes, taking into account all
the transitions a process can make. But from the point of view of an external observer the internal actions of a
process can be of no importance or unknown. Thus, we intend to develop a theory reflecting equivalence in the
case when only external actions are observed.
25. Definition Let
denote
, that is,
can be obtained from
by a finite sequence
of zero or more transitions. Furthermore, let
be the observable action
preceded and
followed by an arbitrary finite number of silent transitions, that is,
.
Sometimes it is convenient to explicitly indicate the silent activity involved in the sequence of transitions
. For this reason we introduce the notation:

If

and

are sequences of actions we write

, or simply

, for their concatenation.

In a way analogue to that of the previous section, one can define bisimilarity of processes based on observable
transitions. It is termed as weak bisimilarity. The intuition behind is to grasp when two processes seem to be
identical from the perspective of an outer observer.
26. Definition A relation
and

between processes is a weak bisimulation provided that whenever

1. if

, then there is an

such that

2. if

, then there is an

such that

and
are weakly bisimilar with respect to
if there is a weak bisimulation
such that
. In
notation:
. The following proposition gives an equivalent characterization of weak bisimulation, the
proof of which is straightforward.
27. Proposition The relation

is a weak bisimulation iff whenever

1. if

, then there is an

such that

2. if

, then there is an

such that

and

28. Example[32] Consider the following two processes drawn in Figure 8.

The relation
is a weak bisimulation between the two
processes. However, there can be no strong bisimulation containing
. The reason is that choosing
we had to find
such that
, which is impossible.

14
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29. Example[32] Let

Then
can choose

is a weak bisimulation. Observe, e.g., that for

we

.

Let

30. Proposition
31. Proposition

implies

.

is an equivalence relation and it is the largest weak bisimulation.

Bizonyítás.Analogous to that of Theorem 19. [QED]
32. Remark It is easy to check that for any process
we have
. First, if
, then
with
. Conversely,
means
with
. If
, the result is obvious. Otherwise,
and
. On the other hand, observe that
, then it would have to contain
bisimilar.

, that is

. If a bisimulation relation contained
as well, but they are obviously not

The previous remark involves that weak bisimulation, as defined here, is not a congruence relation with respect
to the process forming operations but it is still a process congruence, as we will see below. However, with a
slight modification we can obtain a relation from
which is also a congruence. Though in the rest of chapter
we use Definition 26 for weak congruence, since its definition is a little simpler, and being a process
congruence, it is most of the time enough for our purposes. In the definition below
denotes the congruent
subset of , and
is the original weak bisimilarity of Definition 26.
33. Definition
1.

iff

, and

2. if

, then there is an

such that

for some

and

3. if

, then there is an

such that

for some

and
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This implies that if
and
. It can be shown that
language operators.

are initially unable to perform a silent action, then
follows from
is the largest subset of
which is a congruence with respect to the process

As we mentioned previously, weak equivalence is also a process congruence.
34. Lemma Let
function. Then

. Assume

is a process,

is a set of actions,

is an action and

is any renaming

1.
2.
3.
4.
5.
6.

3.3. 2.3 Equivalence checking, solving equations
A possibility for proving equivalences of processes is to set up an equational theory and to argue by equational
reasoning. It is inevitable that our theory be defined so that process equivalence is a congruence, and
establishing equivalence in this way makes it possible to deduce strong or weak equivalence in the sense of the
previous sections. For this purpose, the observational congruence
proved to be a good candidate. We list the
equations used most frequently in the equational arguments.
35. Lemma Let the variables

and

stand for process expressions. Then

The expansion law transforms parallel composition of sums into a sum of parallel compositions. Let
, then

where

and

The expansion law can be simply justified by the rules of parallel composition and sum.
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Let
be any expression. A variable
is sequential in
if it does not occur within the scope of a parallel
composition in
.
is guarded in
if it is within the scope of an expression
, where
. For
example, in
is both guarded and sequential. In
is guarded, but not sequential.
36. Theorem[32] Assume the expressions
be sequential and guarded in

contain at most the variables

. Then the set of equations

free

. Let these variables

has a unique solution

.

By this we have two more rules, the so-called recursion rules.
• If
• If
and

, then
and

.

is guarded and sequential in
, then
.

, and if

and

is guarded and sequential in

,

37. Example Let us check that the following processes defined by the equations below are equal.

Then, since equality is a congruence with respect to the process operators, applying the relations of Lemma 35
we have the following equations:

On the other hand

Both
and
are guarded and sequential in the equations obtained, thus Theorem 36 on the unicity of
recursive equations can be applied. In this case, if we use the notation
, then it turns out
that
and
, hence, obviously,
, and
Theorem 36 gives the result.
The following example checks whether an implementation fulfills the requirements of a specification. The
processes were conceived based on an idea in [1].
38. Example Let

the process
is meant to represent a computer science department, where the only action visible from
outside is the action of writing publications. First of all, for the safe operation of a computer scientist a coffee
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machine is needed, which fact is well-known due to Pál Erdő. The coffee machine does nothing but supplies us
with coffee, provided a coin is inserted beforehand. The

describes its operation. The individual computer scientist should be

that is, a computer scientist publishes documents, inserts a coin into the coffee machine, and wishes to drink
either a coffee or a tea. For the sake of simplicity, let us assume for the moment that our department consists of
one computer scientist
only. Our aim is to prove by equational reasoning that

where
. Applying the equations listed in Lemma 35 and the expansion law several
times we obtain the following sequence of equations:

where
Theorem 36, we can conclude that
computer scientists
,
,
this case the equation

. Since

is guarded and sequential in
, by
. The situation is similar when we have different
defined by the analogy of
. It is left to the reader to prove that in

is valid, too. In other words, if
is the specification of a process, and
is an implementation, then the implementation meets the requirements of the specification. Observe that the
structure of
is the same as that of
in Example 13, only the names of the actions differ.
As a more complex example, let us generalize the buffer of Example 24 to a buffer of capacity storing now
an arbitrary sequence of values
with length
. Let
be fixed, assume
and
ranges over . Then
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If is empty, we simply write
. Let
,
outgoing port of one cell is the incoming port of the another. Thus

Let

.

We

. We connect cells in the usual way: the

can

use

the

. In what follows, let
39. Theorem

more

intuitive

notation

. We claim

.

First of all, we prove
40. Lemma
Bizonyítás. By the expansion law,

Taking into account that, by the remark following Definition 33, it holds that
the result. [QED]
By the

previous

lemma

it

is

enough

to

suppose

that

the

linked

and
cells

, we obtain
are

of

. We denote this by
, where
satisfies the same equations as
.

Theorem 36 it is enough to prove that

the

form
. By

41. Lemma

Bizonyítás. The proof goes by induction on
have the result for , let us prove

By

the

expansion

law

we

. The case

is simply the definition of

have

. Assume we

,

by Lemma 40. Next, we show
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If

Let

Finally, let

:

:

such that

By this the proof is complete. [QED]

4. 3 Hennessy -Milner logic
4.1. 3.1 Basic notions and definitions
In this chapter we widen our examination concerning processes. We are going to describe the behaviour of
processes with the help of a modal logic, the so-called Hennessy -Milner logic. The formulas of the logic are
built from the logical constants
and , propositional connectives and the modal operators
("box
")
and
("diamond
") for any set of actions
. The inductive rule for building formulas is as follows.
42. Definition
1. The propositional atoms

and

are formulas.
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2. If
3. If

and

are formulas, then

is a formula,

and

are also formulas.

is any set of actions, then

and

are formulas.

Let
be the modal logic obtained in the above definition. We stipulate that the modal operators bind stronger
than the propositional connectives, thus the outermost connective of
is conjunction.
Furthermore, instead of
(and
, resp.) we write
(and
, respectively).
We can define the meaning of formulas in connection with processes. When a process
has the property ,
we say that
realises, or satisfies . In notation:
. The realisability relation is defined by induction on
the structure of formulas. Below,
and
denote processes,
is a set of actions.
43. Definition
1.
2.
3.

iff

and

4.

iff

or

5.
6.

iff
iff

for every

and

such that

for some

and

such that

For example,
expresses the ability to carry out an action in
perform an action in
.
44. Example Consider the clock
By definition,

, while

of Example 3. Then, for example,

denotes the inability to

.

45. Example[37] Consider the vending machine in Chapter 1. We demonstrate that, for example,
, that is, after inserting two pence, the little button cannot be but the big one
can be depressed.
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46. Notation Let
be the set of all actions, that is,
, where
is the set of observable actions.
In the modal prefixes we use the notation
for
and
for . E.g., a process
realizes
iff
for every
if
, then
. Especially,
expresses a deadlock, or termination,
of . Or
expresses the fact that the next action of
must be .
With the notation above one can express certain properties of necessity
vending machine of Example 4 we have
coin, the machine does not stop, and its next action is that the
,
collecting of either a little or a big item.
We can express negation in a natural way in our logic. For every formula

or inevitability. For example, for the
. That is, after the insertion of a
button big can be depressed. Or,
that is, the third action must be a
we define its complement

.

47. Definition
1.
2.
3.
4.
5.
6.
For example,
48. Proposition

.
iff

.

Bizonyítás.The proof goes by induction on the structure of

. [QED]

Observe, that
. Although in the presence of negation or complementation many logical connectives
or modal operators become superfluous in the sense that they are expressible from the existing ones, making use
of them often facilitates the tasks of building formulas in a language. In this spirit, we may introduce implication
in the modal language as well, with its well-known meaning. Thus,

or, in the presence of negation,

In the sequel, we feel free to use implication, as well.
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Actions in the modality prefixes may contain values, as well. For example, the copying machine
of Example 9 has the property
, which
means that after accepting the value the machine is only capable of outputting the same value . After
setting a domain
we could augment our satisfaction relation with the clauses for quantifiers:
49. Definition
1.

iff

2.

iff

We obtain a logic of the same expressibility but without quantifiers, if we introduce infinitary modal logic. The
sets of formulas are:
50. Definition
1. The propositional atoms

and

are formulas.

2. If
and
are formulas, then
arbitrary finite or infinite index set.
3. If

is a formula,

and

is any set of actions, then

are also formulas, where

and

is an

are formulas.

The semantics is modified accordingly:
51. Definition
1.

iff, for every

2.

iff there is an

,
such that

Moreover,
and can be seen as abbreviations for
and
denote the logic obtained by
. Now we can express quantified formulas in
disjunctions.

For

instance,

, respectively. Let us
as infinite conjunctions or
is

interpreted

as

.

4.2. 3.2 Connecting the structure of actions with modal
properties
Processes also have an inner structure, which can enable us to draw conclusions on modal properties of
processes without directly appealing to the realizability definition again and again. The following lemma
highlights some typical cases of this sort.
52. LemmaLet

,

denote processes,

1. If

, then

and

2. If

, then

iff

.

3. If

, then

iff

.

4.

6. If

.

iff

5.

for all

iff
and

, then

be a process name and

.

for some

.

.
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Bizonyítás.We give the details for some of the cases.
• (1.)
and

iff
. But

, but
implies
, so the first statement is vacuously true. By the same reasoning, since
,
.

• (4.) By definition of the sum,
follows.

iff

for some

. By this, the statement

[QED]
53. Example Now we can show some properties of transition systems without having direct recourse to the
definition of transitions. For example, let us prove
, that is,
after a coin is inserted and an item is chosen, an item can be collected.

Next, our intention is to define an operation
on modal formulas such that it captures the effect of restriction
on actions. Our purpose is that
iff
should hold. In what follows, let
for
any set of actions .
54. Definition
1.
2.
3.
4.
5.
6.
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With the definition as above, the next lemma states the main property of the operation
55. Lemma

iff

.

.

Bizonyítás.By induction on

. We pick only one case, namely, the case of

• Assume
and
that
. By the induction hypothesis,
is in contradiction with
.
• Assume
and
contradicts the assumption

. Then there is an
. But

.
and

such
, this

, hence

and
. Assume
and
. By inductive hypothesis,
, and since and
.

. Then
were arbitrary, this

[QED]

4.3. 3.3 Observable modal logic
Formerly, we distinguished observable and silent actions of processes. Since modal properties are closely
connected to transitions of processes, it is natural to ask, how to express properties in relation to observable or
silent activity only. An appealing approach to define modalities in connection only to silent activities is
restricting the set of processes reachable in one step to processes reachable by a sequence of silent steps.
56. Definition
1.

iff for all

, if

2.

iff there exists

, then
such that

and

where
indicates zero or more silent steps. A process has property
, if, after implementing any amount
of silent activities, it has property . Likewise, for fulfilling
a process must be able to evolve, through
some silent activities, to a process which fulfills . Interestingly, neither
, nor
can be expressed in
our modal logic
. We are going to prove this fact.
To this end, we note that two formulas
and are equivalent, if, for every process ,
iff
.
Thus,
is not definable in
if there is a such that
is not equivalent to any formula of
. We find
that
is such a formula for any
. Let us consider the following two sets of processes for every
.

Then

for every
, while
, since a sequence of silent actions starting from
can end up with an . On the other hand, for each formula there is a such that
iff
, which is a consequence of the next proposition. By this, we obtain that no formula can express the
statement
. In what follows, let denote the complexity of the modal formula , that is, the number of
logical connectives and modal operators in the formula.
57. Proposition Let
.

be a formula of

, assume

. Then, for every
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Bizonyítás.For
the statement is trivial. Assume we know the result for
, let
and
. We give the details only for the case of
. If
, then, by Lemma 52, we have
and
. If
, then, again by Lemma 52,
iff
and
iff

. Now the induction hypothesis applies. [QED]

We may define the new modalities

We have

Similarly,

If

stands for observable actions, then

For example,
means that a process is unable to carry out an observable action, an example can be
. A process is stable, if it cannot execute an unobservable action, hence satisfying the formula
.
expresses that a process is stable, and every observable action coming next is not an element of
.
is called an observable failure for
if
.
58. Example Let us consider the vending machines

and

of Figure 7.

Assume the set of actions is
. We claim that
and
have the same
observable failures. Since both processes and the processes derived from them are stable, we only have to look
for
such that
, where
. We can read from Figure 7 the possible transition
sequences
starting
from
or
from
.
For
example,
and
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. For every
, it can be shown by induction on
is an observable failure for
iff it is an observable failure for
.

that

By introducing the new modalities as primitives, we obtain a new modal logic, the observable modal logic
, of which the formulas we define below.
59. Definition

As before, negation can be expressed by defining the complement of a formula.

4.4. 3.4 Necessity and divergence
Assume we intend to express the property that the next observable action will be a
, the formula fails to express it, as the following process shows

. If we try

can act forever in silent mode, but
. In fact, in
we are not able to
express the intended property. Instead, we introduce new notation to be able to indicate that a process is going to
operate forever or not. We say that
diverges, if there is an infinite sequence
. The
notation
indicates that
diverges, and
indicates that
converges. Let

Let us demonstrate now that divergence is not expressible in observable modal logic.
60. Proposition Let
iff
.

. Then

and the process 0 are equivalent in

, that is, for every

,

Bizonyítás.By induction on
. It is enough to restrict ourselves to the modal operators. More closely, it is
sufficient to consider
, since
and
can be handled by Lemma 52. Likewise for
.
But, trivially,
iff
and
iff
, hence the induction hypothesis applies. [QED]
But, on the one hand,
, which is obviously false for 0. If we augment
with the newly defined
modalities, we obtain the observable modal logic with divergence
. Now we can express that
is the
next observable action by the formula
.

5. 4 Alternative characterizations of process
equivalences
5.1. 4.1 Game semantics
In Chapter 2 we had a closer look at process equivalences. Since the behaviour of processes can be depicted by
their transitions, it is a natural demand to ask whether two processes defined by different descriptions denote
actually the same process if they are compared by their sets of transitions. These comparisons can be made
interactive if we consider solving process equivalence as a game where at each step observers can freely pick a
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transition of one process, and then try to match it with a transition of the other process. We follow the account of
Stirling ([37]) in the course of this chapter.
Assume we have processes
and , and two players
(refuter) and
(verifier). An equivalence game
for processes
and
is a sequence
,
, ...,
of processes, where
,
and the
th element is defined in the following way:
• Player

chooses an

, then

has to choose an

.

• Player

chooses an

, then

has to choose an

.

We indicate by
the fact that there is a game-sequence
,
, ...,
with
. The game continues until both players can take their steps. Player
wins if the
game stops with 's turn. Otherwise, if the game stops with 's turn or is infinite, then it is a -win. More
formally,
is an -win iff there is
such that either
, and there
does not exist
for which
or the other way round. With the notation of modal logic:
and
or
and
. All the other situations are considered wins.
61. Example Let
and
, consider
. Then, if the refuter
always chooses the
part of
, we obtain a -win. However, choosing the
part of
by
the refuter, we obtain an
-win immediately, since, if the refuter chooses
from the pair
, this
cannot be answered by the verifier.
We describe informally what we mean by a strategy for
and . A strategy for
is a prescription: given a
state of the game
it settles what state
or
to choose, where
or
for some . Likewise, given a state
(
, respectively) and an action
(
, respectively), a strategy for
gives
such that
(gives
such that
, respectively). Since the prescriptions for
and
use only previous states of
the game, we call them history-free strategies. We say that a game is won by
(by , respectively), if
(resp. ) has a winning strategy for the game. We say that two processes
and
are game equivalent if the
game
is won by the verifier.
62. Example A winning strategy for
where
.

in the game

63. Example Let
be defined as usual, and let
refuter follows the strategy "at
choose
the verifier can only be
, and at the state
: the refuter wins.

is "at

always choose

",

. This game is an -game. If the
", then he wins the game. For the next move of
, the game finishes with the refuter's move

Before we state and prove the next theorem we have to say some words about ordinals. Ordinal numbers can be
viewed as the order types of well-ordered sets starting from the natural numbers. They can be imagined as the
results of an infinite sequence of constructions: take
for zero, then
for 1,
for 2, etc. In
general,
will be the next ordinal, while a limit ordinal is the union of all smaller ordinals
. In what follows, the processes are all countable, so definitions by transfinite recursion make use
of countable ordinals only.
64. Theorem Let
Bizonyítás. Let
, when
possible positions for

be a game. Then either

or

be a game, assume
, and
, when

has a history-free winning strategy.
, when
and

is
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We define a set inductively, characterizing those states of the game from which an
-win position can be
reached.
Let
be
the
set
of
immediate
-wins
and
let
for
. Then

Let
game. This means, if

. It is obvious that Force is the set of positions from which
can win the
, then the game is won by , otherwise it is won by . [QED]

We mention that game equivalence is an equivalence relation between processes. Though the previous proof is
not constructive, it is applicable in case of finite processes.
65. Example Let

We claim that
and
are not game equivalent. To this end, it is enough to give a winning strategy for
.
The winning strategy is depicted in Figure , where ellipses represent the states of the game from which an move, and rectangular forms represent the states from which a -move follow. In Figure
abbreviates
and
stands for
. The state of the game
represents a winning position for the refuter, since the refuter's previous move was
and from
it is impossible to perform a
-transition.

66. ExerciseDraw the game graph for

, where

In Chapter 2 we talked about process equivalences. It should not be a surprise that game equivalence and
process equivalence coincide.
67. Lemma Two processes

,

are game equivalent iff they are strong bisimulation equivalent.

This means that checking game equivalence is an algorithm for verifying bisimulation equivalence, too.
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5.2. 4.2 Weak bisimulation properties
Defining game makes sense for observable actions, as well. The difference from the previous notion is that this
time we ignore silent actions when matching transitions. Let
,
be two processes. An observable game
is a sequence of pairs
,
, ...,
, such that
,
and the
th element is defined in the following way: if
and
• player

chooses an

, then

has to choose an

,

• player

chooses an

, then

has to choose an

.

We indicate by
with

the fact that there is a game-sequence

,

, ...,

.

The game
is an
-win, if
can perform an action
, where
, such that
cannot
answer this step. Every other situation is considered a -win. Since
can always take the step
, we may
assume that a game is either finite, in which case it is an -win, or infinite, and then it is a -win.
68. Exercise Show that the game

is won by the verifier, where

defined as in Example 66 with the exception that

,

and

are

.

We also have the coincidence of weak bisimulation equivalence and observable games.
69. Lemma Processes

and

are observable game equivalents iff they are weak bisimulation equivalents.

70. Exercise([37]) Let

, where

Show that
for the pair

, where
.

, by presenting an observable equivalent game

5.3. 4.3 Modal properties and equivalences
Another possibility to define equivalence of processes is relating them through their model properties.
71. Definition Let
be formulas in
), if, for every
,
and
. In notation:
.

. We say that the properties of
are shared by
implies
.
and
share the same properties

(in notation:
iff

In what follows we are going to consider only modal equivalence, that is the property
. Special cases are
when is the empty set or is the set of all modal formulas of
. If is the empty set, then, for any
and
,
. On the other hand, for
, we have the following theorem of Hennessy and Milner.
72. Theorem If

, then

, where

is the set of formulas of
30
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Bizonyítás.By induction on the structure of . We consider only the case
. Let
with
. Then there exists
with
, and applying the induction hypothesis we obtain
, as desired. Hence

. Assume
and
.
implies
. [QED]

The converse of the theorem is not true, it does hold, however, for a narrower set of processes. A process
is
immediately image finite if, for any
, the set
is finite.
is image finite, if every
descendant of
, that is, the processes in the set
are immediately
image finite.
73. Theorem If

and

are image finite and

, then

.

Bizonyítás.Define the relation

We prove that
and

is a bisimulation, from which the statement of the theorem follows. Let
, assume
. Since
and
, we can conclude that the set
is non-empty. By image finiteness of ,
. Since
, we
,
such that
and
. Then, with
,
and
, contradicting the hypothesis
. [QED]

have

Image finiteness is necessary in the previous theorem, as the following example shows.
74. ExampleLet

Let

and let

be

and

be

be

. Then

hand, we are going to prove in Proposition 80 that, for every
implies
.

, since, obviously,
,

. On the other

iff

. This

We mention that in the case of
, defined in Section 3.1, we obtain a necessary and sufficient
characterization of bisimulation equivalence.
75. Theorem

iff

.

We remark that the notions above translate fairly smoothly into the case of observable logic, as well. If we
define games as above, with the exception that every transition
is exchanged by its observable
counterpart
, we can state theorems similar to the above ones. In these theorems game equivalence is
corresponding to observable game equivalence, and strong bisimilarity is corresponding to (weak) bisimilarity.
76. TheoremTwo processes
77. Proposition If

and

, then

are observable game equivalents iff

.

.

The analogue of Theorem 73 is also true with a corresponding notion of observable image finiteness.
immediately observably image finite, if, for every
,
is finite.
observably image finite if, for every
,
is immediately observably image finite.
78. Proposition If

and

are observably image finite and

, then

is
is

.

The importance of the Hennessy-Milner theorems lies in the fact that they provide criteria, for a wide set of
processes, to decide weak or strong bisimilarity.
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79. Example Consider the two processes

and

We can conclude, by Theorem 72, that
.

, where

, if we take into account the fact that

and

6. 5 Temporal logics for processes
6.1. 5.1 Temporal behaviour of processes
The logic considered so far is capable of describing properties of processes referring to a point in time which is
in a bounded distance from the present. For example, if we define

inductively

and

,

see that
and
, or
but
and so on. In general: processes
are able to make a
certain amount of ticks but none of them is capable of infinite ticking as
is. Moreover, we are not able to
express this property of
in the logic defined so far, as the following reasoning shows. Assume there exists
expressing the property of ticking forever. Then we must have
and
. But the
following assertion contradicts this hypothesis.
80. Proposition Let
.

we

can

such that

. Then there exists

such that

, if

Bizonyítás. We consider only the case
. Assume
. By Lemma 52,
and
. Then, by the induction hypothesis, there exists
such that
for every
. We may assume
. Since in this case
, for every
, choosing
we have
whenever
. [QED]
Temporal properties of processes are described by their runs rather than by their individual transitions. A run of
a process is a sequence of subsequent transitions either infinite or stalled, which means it is impossible to take a
transition from the last element of a finite run. It turns out that bisimulation preserves runs in the following
sense.
81. Proposition Let

. Then

1. if

,

then

there

are

such

that

,
2. likewise,

if

,

then

there

.
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It turns out that bisimilar processes behave in the same way concerning their runs. We can introduce notation for
expressing temporal behaviour. A set of useful and sufficiently general notations could be the following. First of
all, we can quantify the set of runs: prefixing a modal formula with an
should mean for all runs, and
prefixing a formula with an
should read as there exists a run. Moreover, for formulas
and
let
satisfy
iff there exists
such that
and for every
we have
. With this in hand if we define the formulas of a logic
with negation as

we obtain a variant of the logic defined by Clarke et al. (). Observe that, since
contains negation, the
operators and connectives previously present in
and missing from
can be expressed in
. For
example,
. We can define the semantics of the new operators by considering runs:

Observe that the fact that a run is a completed sequence of transitions was important in the definition here:
as defined here would not be the same without this supposition. In order to avoid such
inconveniences, in the sequel we are going to assume that every state has a possible next state. We will make
this stipulation in due time. With these new operators many interesting properties can be expressed for runs:

Then

where
Observe that

In particular

, and reads as eventually

, moreover,

and

and reads as always

.

.

Despite the fact that
is more expressive than our previous modal logic, it is still unable to express certain
properties, like the property of perpetual ticking. A remedy for this situation can be to provide the logic with
temporal operators relativized to sets of actions like
, where a run should satisfy
iff every transition
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of it is in
, and each process of the run satisfies . In this case
expresses the ability of
perpetual ticking. In what follows, we pay a short visit to the temporal logics most common in the literature, and
investigate in more detail the solutions offered for their model checking problems.

6.2. 5.2 Linear time logic
In the remainder of this chapter we give a short account, following the monographs of Baier et al., and that of
Huth and Ryan (cf. [6], [24]), of the temporal logics most extensively used. The simplest one of them is
probably the logic of linear time (LTL), which, despite its relative simplicity, is capable of expressing many
valuable properties of processes, as we are going to see that in some examples soon. (In fact, we define PLTL,
that is, propositional linear time logic.) Linear time temporal logic models temporality along one possible thread
of time. Following the conventions in the literature we introduce LTL with negation and with variables for
atomic propositions. Let
denote the set of atomic propositions, let , , ,
. We assume that
always contains
and . We suppose that
holds, and is false in every state. Then the syntax of
propositional LTL is given in Backus -Naur form as follows:
82. Definition

The operator
is termed as the next state and
as the until operator. We define our transition system in a
more general context. We assume that, in addition to , some more atomic propositions can hold in our states.
First, we define a Kripke structure over a given set of atoms
.
83. Definition Let
be a set of atoms,
be a set of states and
is a binary relation. If
, then
is a Kripke structure over
. Throughout this chapter we assume that
is a finite set of states.
Let

be a sequence of states such that

. Then

. We apply the notation
for the segment of starting with
value of a formula of LTL in a Kripke structure
as follows.
84. Definition Let
Then is satisfied in
•

and

•

and

•

We omit

,
and

and there is a
and
from

. We interpret the truth

be a Kripke structure and
be a path.
(in notation:
), if one of the following cases holds:

,

and it is not the case that

•
•

,
with respect to

is a path starting form

,
such that

and for every

we have

,

.
, if it is clear from the context.

It is not hard to obtain the interpretations of the temporal operators in case of a labelled transition system. The
role of
here is played by the set
, hence paths are of the forms
,
where
, or simply
if we do not want to indicate explicitly the actions
performed.
Traditionally, several other connectives are defined in LTL. We list some of them, though, in the presence of
negation, all the operators introduced can be expressed by the temporal operators
and
. We can consider
e.g. the unary operators
and
known as for some future state, and for all future states, resp., or the binary
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operators
operators:

and

called as release and weak until. Let us give the Kripke-style semantics of the new

85. DefinitionLet

be a Kripke-structure and

•

iff there is an

•

iff, for every

•

such that
,

iff either there is an
or, for every

•

with

and, for all

,

,

iff either there is an
or, for every

be a path. Then

with

and, for all

,

,

We write
, if all execution paths starting from satisfy
. We say that and
are
equivalents (in notation:
), iff for every
and in
we have
iff
. Without
proof we list some useful equivalences. If we put them together we can even infer of the adequateness of the set
. The first set of relations show that
and , and
and
are duals of each other,
is dual to
itself. We assume that the unary connectives bind most tightly, then the binary temporal connectives are
stronger than the binary logical ones.
86. Example

The above equations testify that many connectives of LTL are expressible by each other. The following can be
said about the expressiveness of the connectives of LTL. The next operator
is orthogonal to each of the
connectives, that is,
cannot be expressed, nor can be used in expressing the other ones. Moreover, the sets
,
,
each form an adequate set of connectives, where
. The
operator
is called the release operator and has a remarkable property as follows.
87. Definition A formula is in release positive normal form (RPNF) if it is of the form defined by the Backus Naur notation below:

where

is atomic.
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That is, a formula in release positive normal form can contain negations only in front of atomic statements. The
following assertion holds true.
88. LemmaFor every LTL formula

there is a

in RPNF such that

Bizonyítás. The statement follows by successively applying for
relation
. [QED]

.

the equivalences above together with the

This means, if we adopt the operator
as primitive in our language of LTL, it is no more a restriction to
suppose that every formula is in RPNF. The transformation yields a formula not considerably longer than the
original one.

6.3. 5.3 Model checking in linear time logic
6.3.1. 5.3.1 Linear time properties
As in the previous section, we will follow the state-based approach. This means that we consider relations that
refer to the state labels, i.e., the atomic propositions that hold in the states. Action labels are not emphasized,
though we may indicate them as the labels of the transitions. In this section we assume that all transition systems
are transition systems without final states. We add arrows pointing to trapping states to final states of transition
systems. That is, we augment our LTS, if necessary, with states having only outgoing transitions pointing back
to the states in question. Then we create edges from all final states to one of the trapping states, thus obtaining
an infinite path in the graph from that previously final state. In this and the next chapter, we prefer the notation
etc. for the states than the capital letter notation we used in the previous chapters. We may alter the
two notations, at the same time keeping in mind that a process description and a state of a transition system are
not the same.
89. DefinitionLet
be a transition system, where
is the set of states,
and
are the sets of actions and atomic statements, respectively,
and
is the (possibly empty)
set of initial states. If
is a path, then

is

the

trace

of

path

.

Moreover,
. If

is

the

finite
.

initial

segments

of

,

and
then

We remark that the notion of trace defined here differs a bit from the one defined when we considered LTS in
relation with its transitions. As we mentioned earlier, especially in the model checking problems, LTS also have
an underlying Kripke structure, and in some cases more emphasis is laid on the Kripke structure aspects of an
LTS. The notion of trace defined above lays emphasis on the atomic statements true in the subsequent states of a
sequence of transitions. We indicate explicitly in what sense we are talking about traces, if it should not be clear
from the context.
90. DefinitionA linear time (LT) property is a subset of
. A transition system
has LT-property
(in notation
), if
. A state
has LT-property
(
) if
.
Trace equivalence can be characterised by equivalence with respect to linear time properties, as the following
lemma states.
91. Lemma Let TS and TS' be transition systems without terminal states and with the same set of propositions
AP. Then the following statements are equivalent:
1.

36
Created by XMLmind XSL-FO Converter.

Selected Topics in the Theory of
Concurrent Processes
2. For any LT property

:

implies

.

In what follows we give examples of typical linear time properties, namely of safety and liveness properties.
Firstly, we define a special case of safety properties.
92. DefinitionA property

is an invariant if there is an LTL formula

such that

Thus an invariant property holds for TS if it holds for all states in TS reachable from an
. This
immediately gives a clue how to check for invariances: in case
is finite an ordinary graph traversal
algorithm, like DFS, will do. Algorithm 92 depicts an invariance check. We start from the initial states and
investigate all states that are reachable from them.
stores all visited states, i.e., if Algorithm 92 terminates,
then
contains all reachable states. Furthermore,
is a stack that organizes all states that still
have to be visited, provided they are not yet contained in . The symbol stands for the empty stack. Note
that the algorithm finishes further traversal of
if it finds a path which refutes . As an illustration of the
graph search method, following [6], we give a description of the algorithm. In what follows
.

A property

is called a safety property if for all

there is a finite prefix
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Intuitively, if
for a safety property , then this fact also has a finite refutation. The finite prefix
of
serving as a refutation for
is called a bad prefix for . There exists a minimal bad prefix for .
Trivially, any invariant property is a safety property, the converse does not hold.
93. Example[6] We consider a specification for traffic lights, where the atomic propositions should be
. We are not interested now in the concrete implementation, assuming an
implementation is given we formulate certain properties for the transition system.
At least one light is always on:

Then
is a safety property, for any
is a bad prefix for .

provides us an

such that

. This means,

If red is not the first state, a state when only red is on, is always preceded by a state where exactly yellow and
red are on:

Again, this is immediate that

is a safety property.

Safety properties behave in a smooth way when it is about property checking. Namely, to check for a safety
property it is enough to check for finite prefixes of traces. Namely, the following assertion holds.
94. Lemma For transition systems

and

1.
2. For every safety property

the following statements are equivalent:

,
:

iff

.

When transition systems are finite and we have no terminal states, checking for trace equivalence is the same as
checking for finite trace equivalence. A stronger claim also holds:
95. DefinitionA transition system
and
, the set
is finite.

is

finite,

is called image finite, if, for every
moreover, for every
, the

set

We state without proof:
96. LemmaLet
and
be transition systems with the same set AP of atomic propositions such that
and
have no terminal states and are image finite. Then:

Another family of frequently encountered linear properties are liveness properties.
97. DefinitionLet
property, then
98. DefinitionA property

be a linear time property. Then
.
is a liveness property, if

. If

, where

In other words, a property is a liveness property, if every finite sequence from
an element of .

is a

.
can be supplemented to be

99. Example Consider the following formulation of the mutual exclusion problem. Given two processes
and
. Let
. Both processes have their tasks, their so-called critical section,
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there are states when a process is in its critical section and there are states when it is waiting. The mutual
exclusion problem is to define a mechanism which ensures that the two processes are not operating in their
critical sections at the same time. The crucial properties of the algorithm can be expressed as liveness properties.
For example:
• Each process that requires entering its critical section will eventually enter it. This property is called
starvation freedom.

• The processes are infinitely often in their critical sections.

The property that is both liveness and safety is
Their union does not cover the whole set
.

itself, apart from this, safety and liveness are disjoint.

We mention that liveness properties are typically ensured by so-called fairness assumptions in reactive systems.
We would like to ensure our systems to show realistic properties when operating, thus situations where some
parts of the system are completely neglected are best avoided. For example, by the mutual exclusion algorithm,
we want to avoid infinite starvation, hence we make sure that the path on which only one of the processes is
chosen all the time to enter its critical section is excluded. This is guaranteed by assuming a liveness property
for the system like starvation freedom in Example 99.

6.3.2. 5.3.2 Towards LTL model checking
6.3.2.1. 5.3.2.1 Finite automata

This subsection is devoted to automata based verification techniques for LTL properties. First we consider
safety properties, where the bad prefixes form a regular language, then, generalizing the notion of finite
automata, we turn to the verification of certain liveness properties. We recall the notion of finite automata and
the relevant definitions.
100. Definition A nondeterministic finite automaton (NFA) is a tuple

, where

• Q is a finite set of states,
•
•
•
•

is an alphabet,
is the transition function,
is the set of initial states,
is the set of final states.

We may denote the fact
101. DefinitionLet
run for
if
and
case we say that
is accepted by

by

.
be an NFA, assume

. Then
. The run is accepting, if
. The language accepted by the automaton is
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102. Remark Let
this case
Two automata

,

,
.

and

are considered equivalent, if

.

103. Definition Let be a set, assume
one of the following holds true:
•

. In

. Then

is a regular expression over

, if

,

•

,

•

,

•

,

provided

and

The language

. The set of regular expressions over

generated by the regular expression

104. DefinitionLet
•

are regular expressions over

be an alphabet, let

,

is denoted by

.

is defined inductively as follows.

denote regular expressions over

. Then

,

•
•
•
A language

is called regular, if

for some regular expression

.

The following theorem of Kleene is well-known.
105. Theorem Let
1.

be a language over the alphabet

. Then the statements below are equivalent:

is regular,

2. there exists a nondeterministic finite automaton

such that

.

The automaton
is called deterministic, if
for every
and
.
is total,
deterministic, if
. We consider total, deterministic finite automata when talking about
deterministic finite automata (DFA). The theorem below states that determinism is not a restriction in the
expressiveness of the automata.
106. TheoremIf

is regular, then there exists a deterministic finite automaton

such that

.

6.3.2.2. 5.3.2.2 Regular safety properties

Recall that, given a set of atomic propositions

in a transition system

property, if there is a finite prefix
for every
element of . Such a prefix
is called a bad prefix for
107. DefinitionA safety property

and

such that
.

is regular if the bad prefixes for

,

cannot be supplemented to an

form a regular subset of
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108. Example Every invariant is a regular safety property. If we denote, with an abuse of notation, the sets of
atomic formulas in
which define an interpretation for which is true, we have the following NFA
recognizing the bad prefixes of
and

. Let

. Informally,

, where
is a bad prefix for

, if

is

is of the form

,
.

In the example above any bad prefix meets the requirements that
. Any such kind of element of
is a minimal bad prefix. This means that a smaller NFA would be enough for checking for the property
, we could have omitted the last transition
well, as the following statement claims.
109. LemmaThe safety property

from

. This is true in general, as

is regular iff the set of its minimal bad prefixes is regular.

110. Example Consider the mutual exclusion problem as in Example 99. The language
expressing
the property that none of the processes are simultaneously in their critical sections is regular. To see this, it is
enough to consider the set of minimum bad prefixes.
is a minimum bad prefix iff
and
interpretations , that is subsets of
minimum bad prefixes is regular.

for every
. Let
denote the set of all
, such that
. With this notation Figure shows that the set of

In what follows we aim to establish a method for verifying the validity of the regular safety property
transition system
, that is the relation
. Let
be an NFA accepting the language
prefixes for . Then

In order to check
NFA
, denoted by

, we define the product of the transition system
, and define an invariant
such that

for the
of bad

with the
iff

.
111. DefinitionLet
. Then

, and
is the transition system

•
•
•

with
where

is defined by
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•
•
•

is defined such that

Without proof we state the following theorem.
112. Theorem Let

and

regular safety property and let
recognizes the set of bad prefixes of
1.

with

. Assume

and
be the invariant corresponding to
. Then the following statements are equivalent:

is a

. Assume

,

2.

,

3.

.

Hence, the above theorem provides a method for checking a regular safety property. It is enough to search for an
invariant in the transition system
, where
is the automaton such that
. The invariant check can be done by the method of Algorithm 92. In case
, since
Assume
transition sequence in
and every branch

is finite, Algorithm 92 necessarily finds a state, where
is not valid.
is such that
and
. Thus
is a
leading to a bad prefix of
, this implies
is a bad prefix of
beginning with
falsifies
.

113. Remark With this in hand we can sketch the algorithm for checking regular safety properties.
• Given a transition system

and a regular safety property

, construct an automaton

for which

.
• Determine the product transition system
• Check for the invariant

.

corresponding to

in

• If
, then answer yes for
counterexample, where
and
.

.

, else answer no and provide
is a path in
such that

114. LemmaThe time and space complexity of Algorithm 113 is
the number of states and transitions of
and
, respectively.

, where

as a

and

denote

We would remark that not all safety properties are regular.
115.

Example([6])

Consider e.g. a drink automaton of which the atomic propositions are
. The intended meaning of an atom
is that a coin was accepted, while
should indicate that a drink was dispersed. Assume that no state has two of these properties at the same time,
and any state is in at least one of the three conditions. Then, for example, the property
"at any point least as
many coins are inserted as drinks are dispersed" is a safety property, since, for every
, there is
such that
. If we take the minimum bad prefixes, we have
. But
we know from automata theory that
is not regular, so cannot be the set of minimum bad prefixes either.
6.3.2.3. 5.3.2.3

-Regular languages and properties
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So far, we have encountered model checking problems where a finite segment of an infinite branch was
sufficient to prove or disprove a property. Nondeterministic finite automaton served as the main tool for this
verification process. In what follows, the ideas are generalized towards a broader class of LT properties. The
idea again is to consider automata general enough to express properties stated by means of sets of infinite
branches of a transition system. Then, as before, exploring branches and checking for the certain LT property in
the transition system is connected by forming the product transition system of the original one and the
generalized automaton. A graph analysis of the product transition system will yield an answer to our original
question, this time, instead of invariants, we are looking for so-called persistence properties, that is, properties
which hold from a certain state on for ever.
First of all, we define the notion of an -regular language. Let be an alphabet. We denote by
infinite sequences over . Let us define the generalization of the Kleene star operation.
116. DefinitionLet

be a language. Assume

. Then

117. DefinitionLet
,
be regular expressions over . Assume
the language assigned to the regular expression
as in the previous subsection. Then

is an

-regular expression over

.

is

-regular, if

We often omit the sign of the concatenation
another.
118. Remark Let
.

, where

119. DefinitionAn LT property

is

and we know that

for some

, where

-regular expression

is

.

and simply write the concatenated expressions one after the

is regular. Assume

-regular, if it is an

120. RemarkAny regular safety property

the set of

is an

. Then

is

-regular language over the alphabet

-regular, since

.

-regular property.

-regular languages are closed under complementation.

121. Example
1. Consider the mutual exclusion problem, where
. The statement "process
enters its
critical section infinitely often" is an -regular property, since it can be expressed by the
-regular
expression
.
2. Starvation freedom: "whenever process
and
expression

is waiting it will enter its critical session eventually later". Let
,
and
. Then the property is generated by the
-regular
.

6.3.2.4. 5.3.2.4 Nondeterministic Büchi automata

For the purpose of automatic verification we search for automata capable of recognizing infinite words.
Obviously, nondeterministic finite automata are not sufficient for this purpose. Automata models accepting
infinite words are called -automata. In what follows we are going to get acquainted with one of the simplest
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-automata, called Büchi automata. Büchi automata mostly differ from finite automata in their acceptance
conditions. We adopt the original acceptance condition of Büchi, stipulating that a word is accepted if, in every
run for that word, there is an accept state which is visited infinitely often. This intuitive notion is formalized in
the following definition.
122. DefinitionA nondeterministic Büchi automaton (NBA) is a tuple
• the finite set
•
•
•
•

, where

is the set of states,

is an alphabet,
is that transition function,
is the set of initial states,
is the set of accept states, or the acceptance set.

As Büchi automata accept infinite words, the concerned notions like runs will be infinite also. Accordingly, a
run corresponding to a word
is a sequence of states
such that
. The run
is accepting if
for infinitely many indices . The language accepted is
defined as usual:

Above, we applied the usual notation

.

123. Example[6] The word
has the only run
, which is a non-accepting run.
, which is an accepting run. (cf. Figure ).

As before, when
, we use the shorthand for denoting elements of
which the underlying subset of
determines a satisfying interpretation.

has the only run

by a propositional formula for

124. Example([6]) Consider a transition system TS with
. We provide a NBA accepting the
property: "whenever a request occurs, a response is provided". First of all, convince ourselves that the property
is an
-regular property. Indeed, it can be expressed by the
-regular expression
. An automaton accepting this
property is described in Figure .
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125. Remark It is not hard to construct an NBA accepting a regular safety property
. The set
can be recognized by a finite automaton
. We may assume that
is
total and deterministic. Moreover, by making every state in
a trapping state, we obtain a NBA
that
accepts exactly the set

. If we set

, the NBA

recognizes

.

The well-known correspondence between final automata and regular languages can be extended to the case of
-regular languages, as the following theorem shows.
126. TheoremA language is

-regular iff it is recognized by a nondeterministic Büchi automaton.

Sketch of the proof The proof in one direction exploits the fact that concatenation, -iteration and union of
languages accepted by Büchi automata can be recognized by appropriately constructed Büchi automata. Thus
the -regular languages form a subset of the languages recognized by Büchi automata. The reasoning of the
proof of the other direction is somewhat similar to that of Kleene's theorem about regular languages and NFA-s:
every infinite word in an -regular language can be chopped up into finite subsequences which are elements of
regular languages. Namely, if
is an infinitely repeating element of the run
corresponding
to
and
, then there are regular languages
and
such that
, and
,
are all elements of
. Since the above construction can
be accomplished for every
, thus
appears as the finite union of expressions of the form
,
where
,
are regular languages. This means
is -regular.
The model checking algorithm to be detailed soon heavily leans upon the existence of a Büchi automaton for
any -regular property. Prior to this, some more observations and remarks should be taken concerning Büchi
automata. A crucial question for -automata is, whether for a given automaton the accepted language is empty.
For Büchi automata this can be reduced to the analysis of the induced directed graph by well-known graph
algorithms.
127. LemmaLet

be an NBA. Then the following statements are equivalent:

1.
2. There exists a reachable accept state that lies on a cycle in

. Formally,

In the second part of this section we are going to present a nested depth first algorithm for exploring reachable
states belonging to a cycle. Another possibility is to compute the strongly connected components of the graph of
that are reachable from
and contain an accept state. Since strongly connected components can be
computed in linear time in the number of nodes and edges of a graph ([17]), the time complexity of this method
is linear in
.
128. DefinitionLet
equivalent, iff

and

be NBA-s. Then

.
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129. RemarkSince Büchi automata are closed under intersection and complementation, it follows that it is
enough to check for non-emptiness the NBA
fulfilling the requirement
in order to
derive that
and
are equivalent.
6.3.2.5. 5.3.2.5 Generalized Büchi automata

In order to make the transformation of -regular properties into -automata smoother, we isolate one more
step of the process and consider it on its own. We are going to need a slightly more general version of automata, namely, generalized nondeterministic Büchi-automata (GNBA). The only difference between an NBA
and GNBA lies in the acceptance conditions. Instead of one acceptance set
, the generalized Büchi
automata have an arbitrary and finite number of acceptance sets
,
, they are all elements of
.
Thus a generalized Büchi automaton has an acceptance set in
. Formally,
130. DefinitionA generalized Büchi automaton is a tuple
the same as by the notion of an NBA except for the acceptance set
A run is defined as for an NBA. The run
of fall in . In notation:

, where
, which is a subset of

is accepting if for all
, where

,

,

and

are

.

infinitely many elements
.

131. Example([6])
1. Let

be the GNBA in Figure with

accepts every word
2. Let

3. Let

, where

. If

, then

such that

.

be the GNBA, where
. Then, by definition, every infinite run
, which means that every infinite run is accepting in this case.
be a GNBA, assume
, hence, for every GNBA , we may assume that

. Then, trivially,
is non-empty.

Clearly, every NBA can be considered as a GNBA by letting the acceptance set
the converse is valid, too.
132. Lemma For each GNBA
there exists an NBA
with
space and time
, where
is the acceptance set of

fulfills

a one-element set. However,

, and

can be constructed in

.

Bizonyítás. We give a sketch of the construction involved in the proof. Let
be a GNBA.
By the previous example we may assume that
. Intuitively, we connect the
acceptance states of
in a way that an element in the connected acceptance set can only be visited if we have
touched all the preceding elements in the chain. Thus, any member of the chain is visited infinitely often iff the
whole connected structure is visited infinitely often. We present the definition of the NBA
constructed from the GNBA :
•

,
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•

,

•

,

•

where

is understood as

.

[QED]
133. Example Consider the automaton of Point 1 of Example 131. Since
, intuitively, we put
together from two 'copies' of . The set of states of
consists of ordered pairs. One of the 'copies' possesses
states of the form
, while the other one has states of the form
, where is a state of . For
example,
or
.
6.3.2.6. 5.3.2.6 Model checking

-regular properties

Our main concern in this subsection is the question how the automata-based approach for verifying regular
safety properties can be extended to the case of -regular properties. As before, if we start from a transition
system
and an -regular property , our aim is to decide whether
holds. To this end, we assume that we are given a representation of
by this, we are trying to determine the bad traces for , that is, traces

which falsify

by an automaton
. We have

, and,

For deciding the non-emptiness of
, we construct a product transition system
,
as in the case of regular safety properties. A graph analysis can be performed then to see if there is a path in
leading infinitely often through a reachable accept state of
. If such a path exists, then
. Instead of
searching for paths visiting a set of states infinitely often, we search for paths obeying the complementary
property. If we denote subsets of
by formulas which they satisfy, we can formulate the property by saying
that from a given index on the formula in path continuously holds.
134. DefinitionA persistence property is a subset
formula over
for which

is called the persistence condition for

such that there exists a propositional logic

.

Let
be an NBA without terminal states. Let
. Denote by
the
property "eventually forever
". In addition, given a transition system
, we
form the product transition system
exactly as in Definition 111. Without proof we state the following
theorem.
135. TheoremLet

be a finite transition system without terminal states over

property over
. Let
be a nonblocking NBA with the alphabet
following statements are equivalent:
1.
2.

,
,
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3.

.

136. Example Consider a transition system
simulating a so-called German traffic light: there are three
lights, red, yellow and green, which the traffic light can indicate. That is,
. The
lights can be lit in a predetermined order, namely, red is followed by a combination of red and yellow, which is
followed by green, then there comes a yellow and the cycle closes with a red again. The operation of such a
system is illustrated in Figure . We are going to examine the validity of the following property in
: let
"a red light is immediately followed by a red and yellow combination". The bad prefixes for
are the set of
finite sequences
of
such that
and
for some
. We can construct a non-blocking NBA
accepting , as illustrated by the bottom automaton of
Figure . Then the product transition system
, in the upper left corner of Figure , can also be determined.
We have to check
"eventually forever"
. But this is obviously true, since no state of
validates .
6.3.2.7. 5.3.2.7 Persistence property checking by graph search

We know now by the previous section that verifying an -regular property amounts to checking a persistence
property in a product transition system. A persistence property with underlying propositional formula states
that "eventually forever ". We have to tackle now the problem of establishing
for the persistence
property . A little reasoning reveals that checking the property
boils down to the task of finding a
reachable state with
such that is on a cycle in
. We reassert this statement in the following
lemma.
137. LemmaLet
be a finite transition system over
, a propositional formula over
persistence property ”eventually forever ”. Then, the following statements are equivalent:
1.

, and

be the

,

2. there exists a reachable state

such that

is on a cycle in

.

The above lemma shows that in order to refute a persistence property it is enough to find a reachable cycle with
at least one state on it which falsifies . A possibility could be to collect the reachable strongly connected
components of the graph
induced by the transition system
, and check whether any one of them
contains a state satisfying
. This examination can be done in time linear in the size of
. We suggest,
however, another method which suits well for the on-the-fly checking of a persistence property. We term
methods of property checking on-the-fly, where the search for a certain structure in the graph can be done
simultaneously with the creation of the transition system itself. Thus, it may happen that we are able to find
answers for our questions by the model checking method before every state of the system is fully generated. We
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can use algorithms based on the usual depth-first technique, as well. The naive depth-first search consists of
exploring the
-states by a single DFS ahead, then a cycle check takes place from every such state. On
investigating the edge from
to we check whether has already been visited and it is still on the stack of
the DFS search. If so, then the edge from
to gives a so-called backward edge and a cycle is found. The
complexity of this algorithm is
, where
is the number of reachable states and
is
the number of transitions in
. This quadratic time need can be attributed to the fact that several overlapping
fragments of
can be reexplored during the procedure, when we implement the cycle-check from every
single state in
satisfying
. Instead of the basic depth-first search method, we investigate in detail a more
sophisticated DFS algorithm, the so-called nested depth-first search. The nested depth-first search performs two
interleaved depth-first searches: the outer one checks for states satisfying
, as soon as such a state is
found, the inner DFS checks for a cycle containing that state. The search continues with finding the next state
falsifying by the outer search, if no cycle with backward edge has been found by the inner search starting
from . Algorithm 2 describes the algorithms. In the next algorithm, let
be the set of reachable states,
be
the set of states visited by the inner DFS, moreover, let
denote the outer and
denote the inner stack,
respectively.
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Without proofs we state the following theorems.
138. TheoremLet
be a finite transition system over
without terminal states, a propositional formula
over
, and
the persistence property ”eventually forever ”. Then Algorithm 2 returns the answer ”no” if
and only if
.
Since the sets of visited elements
and
are always increasing in the inner and the outer depth-first searches
in Algorithm 2, every element is visited and taken as head element of stacks
and
at most once. Thus the
statement below is intuitively clear.
139. TheoremLet
be the number of reachable states in
the reachable states. Then Algorithm 2 has time complexity

, and let

be the number of transitions between
.

6.3.3. 5.3.3 Büchi automata and model checking for LTL formulas
6.3.3.1. 5.3.3.1 Constructing an NBA for LTL formulas

The underlying problem for model checking is the following: given a transition system
and an LTL
formula , the problem is to verify whether
. In general, transition systems are large, so we need a
systematic method for model checking which enables fully automatic verification, if possible. Our approach in
this section was the automata based approach of Vardi et al. (cf. [29]). An LTL formula is represented as an
LT property

. Then

Thus, if we are able to prove that every LT property can be recognized by a Büchi automaton, the method
treated in the above subsections can be applied as a decision procedure for the problem
and hence for
. In what follows we present an algorithmic
method for transforming an LT property given by an LTL formula into an equivalent Büchi automaton. The
crucial element of the model checking is thus the construction of an NBA
for the formula such that
. Instead of an NBA, we construct a GNBA for , which can be transformed further into
an NBA as in Subsection 5.3.2.5. Namely, we present a GNBA
for an LTL formula
such that
. We assume that is composed of the logical connectives and operators , ,
and
. By reason of mutual expressivity of the connectives and operators with each other this means no real
restriction.
140. DefinitionLet
be an LTL formula. Then the closure of
is the set of formulas
such that
iff either
is a subformula of
or
is a subformula of , where
and
are
identified.
141. DefinitionA set of formulas
•

is consistent with respect to propositional logic, that is,
•

iff

•

and

implies

• if
•

is elementary, if

, then

is consistent with respect to the until operator, that is, if
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•

implies

• if
•

and

, then

is maximally consistent
•

implies

142. ExampleLet

. Then

Let us enumerate the elementary subsets of

:

The core of the construction is the following theorem.
143. TheoremLet

be an LTL formula. There exists a GNBA

1.

such that

,

2.

can be constructed in time and space

.

Bizonyítás. We explain only the construction of
really holds true. Let
•

be an LTL formula over

in detail, omitting the proof that
. Let

, where

is the set of all elementary sets of formulae

•

,

,

•

, where

The transition relation
• If

, then

• If

, then

• for every
• for every

.

is given by:
,
is the set of all elementary sets of formulae
iff

:

, and

:

52
Created by XMLmind XSL-FO Converter.

satisfying

Selected Topics in the Theory of
Concurrent Processes

The last two points reflect the semantics of the
and
operators. For example Point (ii) is justified by the
expansion law
. The facts that the states of
are elementary sets and
the acceptance set is defined as above imply, that if
is a run and
, then there exists
such that
and
. This ensures that
gives the least solution of the
expansion law, we cannot have
in a run forever. The upper bound for the time and space complexity of the
automaton can be justified by the fact that a state
of
is an elementary subset of
, and, since
and
do not both belong to
, the subformulas of in
uniquely characterize
. The number of
subformulas of is at most
, which together give the second statement of the theorem. [QED]
144. Corollary Let
time and space

be an LTL formula. Then an NBA
.

can be constructed with

in

Bizonyítás. By the Theorem above a GNBA
can be constructed in time and space
such that
and
has at most
accepting states. Lemma 132 states that an NBA
of the
required properties can be constructed in space and time

, which is

. [QED]

The next proposition states that the exponential complexity cannot be exempt in the construction of the NBA.
145. Proposition There exist LTL formulae
states.

such that every NBA for

has at least

Hint Consider the formulae

We have

It is straightforward to check that
. Furthermore, assume, for
with
,
that reading the first
character
of a word
of
,
reaches
state
. Then, if
,
, otherwise the word
could also be accepted by
, which is impossible. It follows that
has at least
states.
146. ExampleLet
, thus

The elementary subsets of

Thus

, we construct a GNBA over

accepting

are, where we use the abbreviation for

. We defined

, if it is possible

and
. Since there are no until formulas in
. This means that every infinite run is accepting. Let us check some of the transitions. If we choose
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since

,

only the transition
is non-empty. In this case
, since there are no next and until formulas in
. The cases for
and
are similar. As to
,
for every non-empty
, and
.
Thus, if we give an arbitrary, infinite sequence of
-s, it is an accepting run provided it begins with one of the
states of

. This corresponds to our understanding when a trace

147. ExampleLet
subsets of

In

this

, we construct a GNBA over

satisfies
accepting

.

. The elementary

are

case

and
and
, where
. The accepting set is a one-element set, thus the GNBA can be considered as an NBA
with accepting set
. Let us check some of the transitions. For
, only the transition with
is
non-empty. In this case,
.
does not contain
, hence
.
,
.
Finally,
. The infinite trace
, for example, does not satisfy
,
but it is achievable only if the automaton remains forever in state
. All the other possibilities give traces
satisfying
.

6.3.4. 5.3.4 Complexity of the LTL model checking process
As an overall account we can summarize the model checking process for LTL as follows. Given a transition
system
and LTL formula we have

where
144,
bound of

and
can be constructed in space and time

provided
is the accepting set of
. By Corollary
. This, together with Theorem 139, yields an upper

for the space and time complexity of the whole process.

6.3.5. 5.3.5 Fairness assumptions in LTL
We have mentioned before that fairness assumptions are typical when trying to ensure liveness properties, that
is, properties saying "something eventually must happen". Fairness has various aspects in LTL:
• Unconditional LTL fairness constraint: an event

• Strong LTL fairness constraint: if an event

happens infinitely often

happens infinitely often, then
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• Weak LTL fairness constraint: if

fulfills eventually forever, then

happens infinitely often

An unconditional, strong or weak fairness assumption consists of the conjunction of the above type fairness
constraints. Putting them together we have the fairness assumption
.
148. Definition

Moreover,

and

if

.

Without proof we state the following theorem which convinces us that in LTL we are in a pleasant situation
when dealing with fairness.
149. TheoremFor any transition system
fair we have
iff

without terminal states, LTL formula
.

and fairness assumption

The theorem has the consequence that fairness assumptions can be conveniently incorporated into LTL formula,
thus, by model checking e.g., fairness assumptions do not raise the need for new machinery.

7. 6 Computation Tree Logic
The notion of timed logic, Linear Timed Logic, treated so far bases its evaluation of formulae to paths: every
state has a unique successor, thus every state has a unique future. Formulae are evaluated along this determined
line of states. Implicitly, we can take into account the fact that systems may have branching paths from a given
state: we consider a formula of LTL valid in a state if it is valid in all possible branches originating from that
state. With the help of negation we can express statements saying there exists a path starting from a state with
property by checking the validity of
. If it turns out to be false, then a path
with
must exist. This method, however, does not work for more elaborate properties, say: "for every
computation starting from it is possible to validate ". A naive attempt would be
, but this
expresses the fact that
is inevitably true at some point of the branch and not possibly true. In fact, this
property cannot be expressed in LTL. To remedy this problem, a new timed logic, called branching time logic
was introduced by Clarke and Emerson [14]. Formulas of this logic are not evaluated along a single path, but
rather on a branching tree of possible future states. The tree itself is unfolded by the states and transitions of the
underlying transition system. Starting from a state , we can obtain all, possible infinite, computations
determined by the transition system itself. The logic contains quantifiers for expressing properties like "for all
possible computations starting from ", or "there is a computation starting from ". The syntax of computation
tree logic (CTL) treated in the sequel thus contains a quantifier saying there exists a path from that state, and for
all paths starting from a certain state, respectively. The notation of these quantifiers are traditionally
(for all
paths), and
(there exists a path). The aforementioned property can be formulated now as
.
[13]

7.1. 6.1 Syntax of CTL
CTL formulae are divided into two separate sets: state formulas and path formulas. Intuitively, a state formula
expresses a property viewed from a given state while a path formula expresses a property exhibited along a path
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of the computation tree. In this spirit, CTL path and state formulas are defined simultaneously. We present the
syntax in a Backus -Naur form, the upper line standing for state, while the lower line standing for path formulas.
As usual, ranges over the set
of atomic propositions. As to the formulation of CTL formulas, we adopt
the convention that capital letters denote state, while lower case letters denote path formulas.
150. Definition

In other words, the operators
and
must be immediately preceded by state formula forming operators
and
to obtain valid state formulas. For example
or
are valid state
formulas, while
or
are not, since
is a path formula,
while
is a state formula, and
is a path formula, thus it cannot be a direct argument of the
operator . The Boolean connectives
and
, or the temporal modalities, like eventually, always, weak
until, can be defined as usual. For example:

where
is read as " holds potentially",
is " holds inevitably",
is "potentially always "
and, finally,
is "invariantly ". Below, we formulate some useful properties with the help of computation
tree logic.
151. ExampleThe mutual exclusion property can be expressed as

"Each process enters its critical section infinitely often":

For the traffic lights: "a green light is immediately followed by a yellow light"

7.2. 6.2 Semantics of CTL
CTL formulas are interpreted over transition systems. To facilitate understanding, we define the interpretation of
state and path formulas over a given transition system separately. Let
be a
transition system. We define two relations simultaneously,
expressing satisfaction over states and
denoting satisfaction over paths, respectively. As before, if
is a path, then
, where
.
152. Definition
1.
2.
3.

iff
iff not
iff

and
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4.

iff there exists a path

5.

iff for all paths

6.

iff

7.

such that

from

iff there exists

such that

Let
denote the paths starting from
writing down the satisfaction relation.

and, for every

,

. In what follows, the subscripts

and

are omitted, when

153. Example
1.
2.
3.
Given a transition system

In addition, if

and a CTL formula

, we say that

we define

is satisfied in

, in notation:

.

154. Remark The weak until operator
can be defined in CTL also, with the intended semantics that, for a
path ,
holds iff
or
. That is,
is the same as , except for the fact that
does
not necessarily imply that
becomes valid at some point. Since
is a path formula, we have to define in
CTL
the
corresponding
state
formulas.
Applying
the
LTL
equivalence
we have

Let us check the behaviour of
Let
• either, for all
• there exists

,

in the light of the above definitions. Assume, for example,
. Then, by definition,
. Then

.

, or
such that, for every

,

The latter relation involves
and
or
. Hence the definition of
until according to the LTL equivalence

and

and

, when
. This means either
above faithfully reflects the behaviour of weak
.

155. Remark Negation needs some precaution in CTL. Although, for every state and formula we have
or
, with respect to a transition system this statement is false, since can be valid for some of
the initial states while false for some other ones. As a simple example, let us consider
, where
,
,
and
,
. Then, it is not hard to check that
and
(cf. Figure ).
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156. Remark For convenience, we have chosen to define the semantics of CTL with transition systems without
terminal states in the background. We give a brief account of how the meaning of temporal operators would
look like in the presence of finite paths. Let
be a finite, maximal path fragment. Then
1.
2.

iff

and

iff

Thus, for example,
thus

such that

and, for every

is terminal iff

1.

iff there is a

2.

iff for every

. Every derived operator is adapted to the new semantics,

such that

157. Definition Two CTL formulas
.

,

, or

we have
and

.

are equivalent if, for every transition system

,

iff

Many of the usual LTL equivalences hold for CTL, as well, with the appropriate modifications. For example,
the LTL expansion law for until is
has the corresponding CTL formulas

Below, as a proposition, we list some useful equivalences of CTL formulas.
158. Proposition In CTL the following equivalences hold true:
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It can be interesting to explore the connections of LTL and CTL formulas. Some LTL formulas translate easily
into CTL formulas, while others have no CTL correspondents. For example, consider the LTL equivalence
. It can be readily checked that
is valid in CTL, on the
other hand,
is not valid in CTL, as shown by the following example.
159. Example([6]) Let
, where
,
,
,
and
,
(cf. Figure ). Note that, since the actions of the
transitions are not really interesting in this case, we ignored them in the description of
. First of all, we have
, this entails
. On the other hand, if we choose
, then
, thus
, in addition, for
,
, by this, we can conclude
, hence
.

7.3. 6.3 Normal forms and expressiveness
A formula is in existential normal form (ENF), if it can be defined via the Backus -Naur style formulation
below.
160. Definition
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161. LemmaEach CTL formula is equivalent to a formula in ENF.
Bizonyítás.For the translation, we make use of the equivalences below:

[QED]
A CTL formula is in positive normal form (PNF), if negations occur only in front of atomic formulas. To ensure
the existence of a correct transformation, we adopt the release as the dual of until in CTL. The release operator
can be defined by
and
.
162. Definition

163. LemmaEach CTL formula can be transformed into an equivalent formula in PNF.
164. Remark We obtain an alternative formulation of CTL if we forget about the distinction between path and
state formulas explicit. In this case every formula is a state formula, and former path formulas appear only
implicitly as substrings of well formed CTL formulas. The syntax of the language in this spirit is as follows:
165. Definition

Clearly, by Lemma 161, there is a redundancy in the language as defined in the previous remark. The operators
,
and
form an adequate set of connectives, that is, the rest of the operators can be expressed with
the help of them. The following theorem shows that this is not a coincidence.
166. TheoremA set of temporal connectives in CTL is adequate if, and only if, it contains at least one of
, at least one of
and
.
In the sequel, we shall freely alternate between the two types of formulations of CTL, choosing the one that
seems to be the more convenient for the present purpose.

7.4. 6.4 Relating CTL with LTL
It is a natural question to ask how the expressiveness of CTL and LTL relate to each other. Since LTL formulas
talk about paths, we have to keep in mind the implicit interpretation
,
where is an LTL formula. With this in hand, we can settle when we consider a CTL and LTL formula
equivalent.
167. DefinitionA CTL formula
iff
.

and an LTL formula

are equivalent, if, for every transition system

,

Though
and
are formulated in different logical languages, we can keep the notation
for their
equivalence. Since relating LTL formulas to states involves an implicit universal quantification, one might think
that dropping path quantification from CTL formulas would give their LTL equivalent ones. This may be indeed
the case as the following theorem of Clarke and Draghicescu [12] shows.
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168. TheoremLet
Then
or

be the LTL formula obtained from the CTL formula
has no equivalent LTL counterpart.

by dropping all path quantifiers.

This theorem also enables us to show that there are certain CTL formulas for which there exist no equivalent
LTL formulas. For example consider the LTL formula
, expressing the persistence property "eventually
a". If we take the CTL formula
, we find that
and
are not equivalent.
169. LemmaLet

. Then

is not equivalent to

.

Bizonyítás.Consider the transition system
, where
,
,
,
(the action name
is omitted) and
,
,
(see Figure ). Obviously,
is true in , since either a path remains in
or, at some point,
chooses the state , but then it ends up in . Thus
. On the other hand, the path
does
not satisfy
, for the transition
can be chosen from
and
. Therefore
,
that is,
. [QED]

The above lemma exemplifies that the meaning of CTL cannot be fully reflected by LTL. In fact, the converse is
also true, as the following statement claims, the proof of which is omitted.
170. LemmaThe LTL formula "eventually a",
, or the formula "eventually an a state with only direct a
successors",
, has no CTL counterparts.

7.5. 6.5 Model checking in CTL
7.5.1. 6.5.1 The crucial idea
The central problem of CTL model checking is the same as that of LTL: given a transition system
formula , the question is whether
. The idea is to find all states in the state space such that
. We denote this set by
, i.e.,

and a

The key idea of the basic CTL model checking is rather straightforward: starting with the atomic propositions of
we determine inductively the values
for every subformula
of . To this end, the following theorem
proves to be helpful. In what follows, we assume that every formula of CTL is in ENF, that is, the logical
connectives applied are
and , and the modal operators are
,
and
. Let
. Define
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171. TheoremLet
be a transition system without terminal states. Let
CTL formulae. Then the following relations are valid.
1.

, if

,

,

4.

,

5.

,

6.

is the smallest subset

7.

be

,

2.
3.

,

is the largest subset

of

of

such that

such that

and
and

The above theorem gives a hint how to determine the values for
backward search algorithms for computing
and

,
.

inductively. We present in detail two
.

Intuitively, the
iteration of the while-loop collects the states from which a state satisfying
can be
reached on a path of length , and every state on the path, except for the last element, satisfies .
never
decreases and we add only elements formerly not in
to the set . This means that no element is added twice,
hence, by the finiteness of , that the algorithm necessarily terminates. In a similar vein, we can compute
by a backward search algorithm.
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Starting from
, we eliminate all elements from
which cannot be an element of a path continuing
on .
collects the elements for which we are certain that do not belong to , while
is initialized as its
largest possible value
and is reduced in the subsequent steps, if necessary. The invariant for the whileloop is
. It follows that, when the loop terminates with
,
iff can be continued with an element in
and this is equivalent to
. Since
,
we can conclude
.

172. ExampleLet
indicate the value of
1.

be the transition system of Figure . We check for the validity of
and
in the course of the process.
,

,

provided we enumerate the states in

increasing indices.
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2. We have chosen
,
3. We choose
is added to

. Then
.

.
. This means that

. This means

,

and

.
has become empty since no element from
constitute a set satisfying
.

7.5.2. 6.5.2 Searches based on the expansion laws
The proof of Theorem 171 hinges upon the expansion laws of the operators
the following equivalences in CTL:

and

. Namely, we have

Consider the equations

Equations (29) and (30) tell us that
and
are so called fixpoints of the Equations 31 and 32,
respectively. In fact,
is the least and
is the greatest fixpoint of Equation 31 and 32,
respectively. We are going to treat the relevant notions only in the next chapter in detail, we sketch, however,
some variants of the above algorithms which emphasize that CTL model checking is heavily based on these
expansion laws. The upper one stands for
, while the lower one computes the value
.

The correctness of both of these algorithms will be addressed in the next chapter.
173. RemarkSince we can determine strongly connected components (SCCs) of graphs very quickly, by this,
another quick way of assessing states in
offers itself. Namely:
• Restrict the graph of
• Find the SCCs-

to the subgraph of vertices satisfying
,

- of

from which these components are reachable. That is,

. Let
for some

.

.

• With backward search find the set of vertices in
let

. Let the new graph be

. Set

. Check whether

. Since

is finite,

.

174. Remark Fairness assumptions for CTL logic can be formulated in a way similar to that of LTL, with the
exception that in this case LTL formulae are replaced by CTL formulae in the fairness constraints. Thus, for
example, the sequence of symbols

where
, expresses strong fairness assumption for CTL. Observe that sfair is neither a CTL and, in the
general case, nor an LTL formula. Instead, we understand fairness assumptions as expressions saying something
about the paths of a transition system. Probably, they are best interpreted as LTL formulae, and CTL formulae
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standing in place of atomic symbols in them. We are not going to go into the details, but it turns out that this
approach is justified: CTL model checking with fairness can be led back to usual CTL model checking, together
with the problem of computing
for an arbitrary atomic proposition
. Computing
means that we only take into consideration the fair paths in
, that is,
. For the details, the interested reader is referred to [6].

7.5.3. 6.5.3 Symbolic model checking
CTL model checking detailed so far is vulnerable due to the state explosion problem. Namely, the model
checking algorithm relies on an explicit representation of the states and transitions of the transition system, and
the size of the transition system, although being finite, can grow very rapidly with the number of states of the
system. MacMillan's solution (cf. [31]) turned out to be a very useful one even in the practical treatment of
concrete systems. The idea is to represent the set of states by its binary encoding, and subsets of the state set by
switching functions. First of all, let us consider the inevitable definitions.
175. Definition Let
be Boolean variables. Let
evaluations, i.e., functions
. We denote the tuple
moreover,
stands for the evaluation
,
.
176. Definition Let
. If
variables

, then

, then a switching function for
. We often indicate by writing

denote the set of
simply by ,

is a function
that
is for

.

The basic operations like disjunction, conjunction, negation are trivial for switching functions. (Recall: they are
intended to denote sets of states.) For instance,

where

is understood as the minimum function on

.

Following the traditions of writing down Boolean functions, in this and the next section we suppose that
precedes
in priority. This means,
, e.g. should be understood as
.
To encode transition relations we have to define renamings. In the definition below, let
composition of relations. Since the arguments of in the definition below are functions,
function composition, as well.
177. DefinitionLet

be an evaluation and let

that is, the renaming
assigns the same value to

that is,

. Assume

denote the usual
is the operator of

. Then

is the composition of with the function
. This means the renaming
as assigns to . If
is a switching function, then

.

In this section, if
is a transition system, we assume that
is such that
. In fact, we may safely assume
. Let
be a fixed tuple of
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variables. Since there are
the elements of
and

evaluations of , the function
. Thus, we may assume

178. Definition(encoding of transition systems) Let
Assume that
for some . Let
• Assume

. Let

• For every
• Let

identify
. Then

renders a bijection between
for some fixed tuple of variables .
be a transition system.

be Boolean variables.

be an evaluation of

.

with

, where

is identified by

. Then

iff

iff

.

.

• To encode the transition relation
, we introduce a new tuple of variables , every
obtains a pair .
The domain of the function
is understood as a pair, the first element of which
standing for the left, the second element standing for the right part of
. Then

where
179.

assigns the same value to

Example

Let
,

,
,
may look like as follows.

as

does to

.

, where
. The actions
can be ignored now. Furthermore,
,
,
and
(cf. Figure ). Then the representation of

The initial set is

. And, finally, for the transition relation
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In order to represent fully the relations expressible by CTL formulas, we have to define existential and universal
quantification among switching functions. Both can be obtained in a trivial way from already known switching
functions.
180. Definition Let
called the positive and
essential for , if

be a switching function. Then
is the negative cofactor of

. The variable

is
is

.

Then:

Now we are in a position to determine the switching functions for various subsets of . Recall, for computing
in Algorithm 32, we applied an approximation method. Starting from
, we computed the
next element by setting
from this we can compute the successive values of

. Obviously,
. Below, we denote

is computed in a similar manner.
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From this short exposition we can see that computing
may also work in a symbolic way by manipulating
with switching functions. Since many set theoretical notions (conjunction, disjunction, negation) translate easily
to the level of switching functions, and more complex properties can also be grabbed by methods illustrated by
the above algorithms, switching functions offer a pleasant way for model checking of CTL. The challenge is to
find a compact and easy to handle representation for switching functions. For this purpose, binary decision
diagrams (BDD) turned out to very helpful. The advantage of BDDs is the fact that Boolean connectives can be
realized in time proportional to the sizes of the diagrams, while some another operations, say equivalence
checking, can be done in constant time. In most of the cases, the representation proves to be quite compact
though there are switching functions for which BDDs polynomial in the number of variables of the functions
does not exist. However, the problem is not specific to BDDs: we mention that no data structure can offer a oneto-one, polynomial size representation of switching functions.

7.5.4. 6.5.4 Binary decision diagrams
7.5.4.1. 6.5.4.1 Binary trees and binary decision diagrams

Following the presentation of Huth and Ryan (cf. [24]), we give a short account of binary decision diagrams
(BDD). The representation of switching functions may take place in many different ways. Straightforward ways
may be choosing truth tables, or conjunctive or disjunctive normal forms, or binary trees. All of them have their
advantages and disadvantages, naturally. To represent a switching function of variables by a truth table or
binary tree results in a space necessity exponential in . Disjunctive or conjunctive normal forms offer more
compact representations, however, validity or satisfiability checks may cause problems by choosing either of
them. An overall good solution seems to be to choose a binary tree representation and to try to remove as much
redundancy of them as possible. First of all, we recall some basic definitions.
181. DefinitionA directed graph
is a set
of nodes together with the set
of edges. For
we use the usual notation
. A path
in
is a sequence
,
of nodes such that
. We denote the fact that and are on path
by
.
is a cycle, if
. The graph
is connected, if for every and there is a path
such that
.A
directed and rooted tree is a connected, acyclic graph for which there exists , the root of , such that for
every there is exactly one path from to . A node is called a leaf of the tree, if it has no descendants. In the
sequel, if
is a rooted and directed, acyclic graph (dag), we assume that every path starts from the root and
ends in a leaf.
182. Definition A binary decision tree (BDT) is a directed, binary tree such that to every node except for the
leaves there corresponds a Boolean variable, and every leaf is labelled with a value in
. If is a non-leaf
node, then
is the corresponding variable, otherwise
.
We agree upon calling the left edges coming from a non-leaf node of a binary decision tree a 1-edge (or a highedge) and the right edge a 0-edge (or a low-edge). If it is more convenient we may label the edges by 1 or 0,
respectively. For a node the high-edge (low-edge) starting from is
(
, respectively). A BDT
corresponds to a switching function in an obvious way: a path from the root to a leaf of the tree determines
valuation(s) for the set of variables assigned to the nodes of the tree. We discuss the question of finding a BDT
for a given switching function. The method applied is based on the Shannon expansion theorem.
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We recall that if
is a switching function, the function
is called the positive and
the negative cofactor of
dissects the function
using its positive and negative cofactors.
183. Theorem(Shannon's expansion theorem) Let
,

be a switching function for

184. ExampleLet

.

Now we can draw a binary decision tree corresponding to the switching function
Continuous lines represent 1-edges, while dashed lines represent 0-edges.

. The theorem

. Then, for every

. Figure illustrates this.

The size of binary trees can be quite close to truth tables, which can be reduced by applying some optimizations.
The following steps serve for this purpose.
• Removal of duplicate terminals: if a binary tree contains more than two terminals, we delete the duplicate
terminals, and redirect all 1-edges to the only remaining 1-terminal and the 0-edges to the only 0-terminal,
respectively.
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• Removal of duplicate nodes: if nodes and are roots of two identical subtrees, then we delete the subtree
originating from one of them, say from , and then redirect all incoming edges of to .
• Removal of dummy tests: if both outcoming edges of
incoming edges of to .

point to

, then we remove

, and redirect all

The resulting graph can cease to be a tree, therefore we call it a binary decision diagram.
185. DefinitionA binary decision diagram (BDD) is a directed, acyclic graph with one root node, two terminal
nodes, and every nonterminal node has exactly two outcoming edges, a 1-edge and a 0-edge. The terminal nodes
are labelled with 0 and 1, respectively, and to every nonterminal node there corresponds a Boolean variable. The
BDD is reduced, if none of the steps (A), (B) and (C) are applicable to it.
With this in hand, we have a, hopefully, more compact representation of switching functions than before. One
question seems to be still open: is there an easy way to compare two functions represented by BDDs? The
answer is yes, for which further refinement of the notion of BDD is needed.
186. Definition Let
be an (ordered) tuple of variables. Assume
for the
variables
occurring as labels of the nodes of the BDD . Then
is an ordered binary decision tree
(OBDD), if, for every path
starting from the root
of the tree, if
and
and
, then
.
The following theorem ensures that, if we have reduced OBDD representation of functions, the comparison of
two switching functions is straightforward. If
such that
, then
we say shortly that is an ordering for
. Moreover, a path
of a BDD
is consistent, if for every
variable
,
and
are both 1-edges or both 0-edges of
,
respectively. If
is a BDD, the function
defined by
is the function
obtained by letting
be the value of the leaf reached by following the path
,
, where
and
(
), if
is a 1-edge (
is a 0-edge, resp.).
187. Theorem Let

be an ordering for

. Let

be a switching function with variables in

1. there exists a reduced ordered binary decision diagram (ROBDD)
2. if
and are ROBDDs over
most in the renaming of nodes.

such that

, then

such that
and

. Then

,

are isomorphic, that is, they differ at

The above theorem implies that for an arbitrary OBDD of a function
it is enough to apply reduction rules in
any order to obtain a reduced OBDD, which is the same irrespective of the reduction steps applied. We remark
that the result above stating the uniqueness of reduced form highly depends on the ordering of variables.
Different orderings give different ROBDDs, they may even vary in size considerably. For example, the function
has a linear size ROBDD with the ordering
, while it has an exponential sized ROBDD with the ordering
. It is an empirical
fact, e.g., that binary relations
have close to optimal size of ROBDDs when
choosing a mixed ordering
. There are functions, for instance the
multiplication function, which have only ROBDDs having sizes exponential in the number of their variables. In
general, to decide whether a variable ordering is optimal for a certain function is NP-hard (cf. [8]).
7.5.4.2. 6.5.4.2 Algorithms for Binary Decision Diagrams

For effectively manipulating switching functions with ROBDDs, we have to find the operations among BDDs
corresponding to the operations on switching functions. In this section we present the core ideas behind these
BDD operations. Nowadays, numerous tools exist to construct and manipulate BDDs (CMU BDD, BuDDy,
CUDD, JavaBDD, etc.), so we do not concentrate on the concrete implementations, we are content with giving
the ideas behind. For a description of the algorithms appropriately close to implementation see the account of
Andersen ([3]).
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• reduce: Reduce is at the heart of constructing ROBDDs, it implements the reductions (A)-(C) of BDDs given
in the previous section. Assume a variable ordering
is given, for the sake of simplicity
assume that the OBDD
contains exactly the variables of
. The algorithm
implements
a labeling
on the nodes of
identifying the nodes to be reduced with identical labels. To this
end, split the set of nodes into layers: first the set of terminals forms the 0-layer, then all nodes with variable
are assigned to form the -label of the tree. The description of the algorithm reduce is as follows:
1. Label all 0-terminals with 0, and 1-terminal with 1. This is step (A) of the simplification algorithm.
2. Assume

is already defined, let
be of the same layer as . Suppose
. Then set
. This corresponds to step (B) of the algorithm.

3. If, for a node
4. Otherwise let

,

, then let

and

. This is step (C) of the algorithm.

be the next unused label.

• apply: An algorithm flexibly imitating operations on switching functions is apply. Let
and be ROBDDs
with roots
and , respectively. The ROBDD
is computed below, where
is an
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operation on switching functions, such that
. Recall that for a given function
the
Shannon expansion allows us to compute the value of
by splitting it into two computational tasks, on the
one hand the computation of
and, on the other hand, that of
. From this, the following recursive
algorithm emerges. In what follows, let
(
) denote the subtree of a ROBDD
with root
(
, resp.).
•

,

•

: Then
:

In

this

.
case

(
.

, resp.) and
•

: This means
does not occur among the variables of
root of , the immediate right subtree of
will be
immediate left subtree will be
.

. This means, from the
, and the

The above algorithm is a naive version of the construction of the ROBDD
. If we apply onthe-fly reductions and memorization for calculating the result, then the emerging algorithm will be of size
, where
is the number of edges and nodes in the BDD .
• restrict: If
follows. Assume
to
. Apply

, then
computes the ROBDD for
. Then, for every node with
, we omit
to the resulting OBDD.

. This can be achieved as
and direct its incoming edges

• exists: The
was defined as
. It is clear now that with the ROBDD operations defined so
far we are able to determine the ROBDD for
. Assume
is the ROBDD for
with a fixed variable
ordering. Then

• forall: In a similar manner, since

, we obtain

As an example we show how to adapt the algorithm for determining
to a method of
computing the ROBDD for
. Let
denote the ROBDD of the switching function
with a
fixed variable ordering.
188. Example Let

be a transition system, assume a symbolic representation of

is given as in Example 179. Assume

where

,

is given, where

is a shorthand for

stands for

, we obtain
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where

.

The basic operators can be implemented in a way efficient with regards to the size of the input ROBDDs. This
means their running time is a polynomial function of the sizes of their inputs. The only exceptions are the
operations
and
, where, in the case of nested quantification, that is, when determining
, the process will become NP-hard. This means that it is not likely that an
algorithm computing nested quantification in polynomial time will be found. We should keep in mind that the
time boundaries mentioned refer to the size of the input ROBDDs. It may happen, like in the case of the
multiplication function, that the size of the input ROBDD is already an exponential function of the arity of its
corresponding switching function. Apart from some inherently difficult cases, ROBDD representation turned
out to be a practical and efficient way of manipulating switching functions.

7.6. 6.6 CTL*
7.6.1. 6.6.1 Basic notions and definitions
The logic CTL* was proposed by Emerson and Halpern ([19]) and serves as a generalization of CTL. As is
CTL, we distinguish state and path formulae though we loosen the semantics a little. There are no restrictions in
the formation of formulas, resulting in an interaction as in the case of CTL. The formulas of CTL* are as
follows. Capital letters denoting state and lower case letters denoting path formulas.
189. Definition

where is an atomic formula. The satisfaction relation for CTL* adds nothing new to the well-known Kripkestyle semantics defined in the case of LTL and CTL. We formulate the definition by making the supposition
again that we consider an LTS by ignoring explicit names for the actions itself.
190. DefinitionLet
be a transition system. Assume
letters denote state and lower case letters denote path formulas. Then

, and let capital

As before:

and
iff
. Observe that an LTL formula can be expressed as a CTL* path formula
in a trivial way, this means that LTL is contained in CTL*. It is equally straightforward that CTL is contained in
CTL*. Since the two logics are not comparable, we obtain that CTL* contains both of them in a proper way.
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7.6.2. 6.6.2 Model checking in CTL*
CTL* model checking follows a bottom-up approach. We replace every maximal state subformula
(that is a
state formula contained in no other state subformulas of the formula in question) by a constant such that
iff
. This replacement is carried out in an inductive way: if we already have a constant for a
formula inside a negation, or for both immediate subformulae of a conjunction, then the definition of the validity
of the new constant is obvious. Otherwise, for the case of
, we have
iff
iff
in LTL itself. Thus
. In this manner we have led back CTL* model checking to
LTL model checking.

191. Example Let us consider the transition system TS of Figure . Let

be the CTL* formula to be checked. This is not a CTL formula. We examine the formula

which is equivalent to the original one and contains only existential path quantifiers. First we identify the
satisfying states of the atomic formulas. Then
and
are determined by taking the complementer
sets of
and
. Since
is a path formula, just like in LTL model checking,
is true in
state if and only if
.
is an LTL formula, which is equivalent to
. We
know by Proposition 158 that

Moreover,
gives a clue how to compute
similar way,

is

the least fixpoint of the
, where
as the least fixpoint of
, this gives
, which implies

operator

defined by
. Section 6.5.2
. Hence, we obtain
. In a
. This results in
.

As for the complexity of CTL* model checking, we can assert the following theorem:
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192. Theorem Let

be and LTS with

. Then the problem

states and

transitions. Let

is decidable in time

be a CTL* formula of complexity

.

8. 7 Hennessy -Milner logic with recursive equations
8.1. 7.1 Modal formulas with variables
We extend the modal logic of Chapter 3 with variables in the following way. The formulas of the logic are the
formulas generated by the rules given in Backus -Naur form:

where
represents a process variable. Let
be the set of processes of a transition system
. For the
process notation we again adopt the capital letter notation. Assume
. Then
is called a
valuation. Given a set of processes , the processes in
satisfying a formula with respect to
can be
defined inductively as in Chapter 3 with the following addition:

for every

. We use the notation

193. Example Let
1. Assume
property.
2. Let
only

,

,

be the processes defined in Figure 9.
. Then

. Now
-transitions arriving in

, since

, since

and

,

is the only process with this

hold, and these are the

.

A Hennessy -Milner formula can only make account of the behaviour of processes in a fixed, finite time
interval. Since each modal operator allows us to take into consideration only the next step of the computation
process, we can describe with these means properties of a computation process of length bounded by the modal
depth of a formula. The modal depth is the maximum number of nested occurrences of the modal operators in a
formula, for example,
. Hence,
describes a property
referring to the point in the future second next to the present.
194. Example Consider the processes

and

, where
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Intuitively,
is capable of any finite number of consecutive ticks, while
is our well-known perpetual
clock. Thus, there is an apparent difference between the behaviour of the processes. However, Hennessy -Milner
logic with our present formulation is not expressive enough to distinguish between them. Let
denote the
property we can always make a tick following the first action, that is,
. Similarly,
, that is, we are capable of ticking after two preceding actions. In general,
. We know that for any
formula

such that

and

, if

. If we interpreted the infinite

is true iff every conjunct is true, then

would express a property saying

that we are capable of making any finite number of consecutive ticks, which is true for
and false for
,
for every
. Unfortunately, infinite formulas are not allowed in our logic, though in the presence of infinite
disjunctions and conjunctions

and

were really distinguishable ([20]). In other words, considering a

transition sequence
can express by saying
consequently a safety property.

, where
can be either
or
holds at every elements of the sequence. Thus,

, we
is an invariant,

Let us examine another property distinguishing
from the other processes. The formula
expresses the fact that a process can stop following the next action. Similarly,
,
, etc. express that a process can stop after two, three, etc. consecutive ticks. If we
interpreted
Observe, that

in the obvious way, then
would be false for
, while it would hold for any
states that something will eventually happen, so it is a liveness property.

.

Infinite formulae are not practical to handle, thus, instead of resorting to them, we find a more elegant and
practical way of expressing properties similar to the above ones. We can observe that states that
is
always true, that is, an equation like

seem to cover the meaning of

. Likewise for

we can choose the equation

Here
should mean that
and
are satisfied by the same processes. Equation (33) is satisfied by the
empty set of processes, we are interested, however, in a larger set, since we know that
is a solution to
(33). It turns out that

is the greatest subset of

satisfying (33). Similarly, for (34),

is the smallest set of processes for which the equation is true. When we write down a recursive
property, we can indicate whether we are looking for a greatest or smallest solution. Thus,

. Likewise for minimal solution
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8.2. 7.2 Syntax and semantics of Hennessy -Milner logic with
recursion
As we have seen there are properties which cannot be expressed in the basic Hennessy -Milner logic. We can
strengthen our language by adopting means for expressing recursive properties. The underlying logic is the
Hennessy -Milner logic with variables, except for the fact that, for some variables, we present the meaning in a
form of a recursive equation. In accordance with the section about computation tree logic, we define the
meaning of a formula in the model-theoretic style. We assume that at most one variable is given by a recursive
equation, this is called the recursive variable. Moreover, all transition systems in this section are finite.
Analogously to the previous chapter, we define the meaning of a formula
as the set of all states in which the
formula is true. Nevertheless, for the sake of completeness, we revise the definition given for the meaning of
Hennessy -Milner formulas.
195. Definition Let
be a LTS, let
Then
is defined inductively as follows, where
Below, ,
are formulas of Hennessy -Milner logic.

be a valuation. Let
be the recursive variable.
is the set of all processes for which
holds.

The recursive equation can be either

or

where

is a formula of the logic. Then the meaning of

can be defined as

where

In general, let
. If
, then
is called a pre-fixpoint, and, when
,
is
called a post-fixpoint. Moreover, if
implies
, then
is called monotonic. Since
is
finite, the monotonicity of
in this case is enough for stating the Knaster -Tarski theorem for this special case.
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196. TheoremLet

be a monotone operator on the finite set

1. the least solution,

, of the equation

2. the greatest solution,

exists, and

, of the equation

The following lemma relates the values of
theorem.
197. Lemma Let

. Then

exists, and

resulting from the defining equations to the Knaster -Tarski

. Then

is a monotone operator.

198. RemarkThe proof heavily exploits the fact that our logic was formulated without explicit negation. In case
of the presence of negation, we would have had to make the stipulation that every occurrence of
in the
defining equation is behind an even number of negations.
Thus, Lemma 197 justifies the definitions of the solutions of 35 and 36. Again without proof we state a
corollary to Theorem 196. For any operator
over a set
let us have
,
.
199. Proposition Let
exist

,

be a monotone operator on the finite set
such that

. Assume

and

. Then there

.

The proposition asserts that we can effectively compute the least and greatest solutions for equations recursive
in one variable over finite sets of processes. Starting from either the empty set, or from , we simply iterate the
applications of the monotone operator defined by the equation until we arrive at a fixpoint.

200.

Example([1])

Consider

the

Figure . Try to find the processes satisfying the equation
property that a process can take an infinite number of transitions. First we set
and, by Proposition 199, we compute the values

.

This means that

.

201. Example Take the

which

expresses

LTS
of
, which expresses the
,

the

of the above example. Compute

property

that

a

process

has

, we compute the sequence

a

run

ending

starting from
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It is immediate now that

, which means that

.

8.3. 7.3 The correctness of CTL-satisfiability algorithms
Though our apparatus built in the previous section seems to be very limited at first sight, we are capable now for
proving the validity of the model checking algorithms given in Section 6.5.2 for CTL. We pick two of the
operators
and
of
and show the correctness of their corresponding satisfiability algorithms. Let
be a formula, and
be a transition system, we determine
first.
To this end, let us define an operator
, where, as before,
.
202. LemmaLet

be defined as above. Then

is monotone and

is the greatest fixpoint of

.

Bizonyítás.
1. Let

. Assume

, that is,
, hence

and

. By
is monotone.

2. Assume

. We prove
, that is,
it follows that there is a path
, with
. Then
, and also
, which means
we prove
. Now
and
and
for some
. If
for
, then
, that is,
.

, it follows that

. By definition, from
, such that
for every
and
. Next
imply
is such that
and

3. Now we prove that

such that

is the greatest fix-point of . Assume
is a fixpoint of
and
, this means
. But again,
, and so on. Continuing this argument we obtain a path
, and we conclude that
.

. Then
implies

[QED]
203. Remark One would observe that the algorithm in Section 6.5.2 is slightly different from the present one. It
is not hard to prove that the fixpoints produced by both algorithms coincide. Namely, we can prove by induction
on
that, if
,
,
and
,
, then
for every
. The direction
is immediate. For the
converse direction we use the relation
.
We turn to the correctness of the algorithm for
204. Lemma Let

now.
. Then

is the least fixpoint of

Bizonyítás.
1. First of all,

is monotone, which is a consequence of the monotonicity of
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2. By Proposition 199, it is enough to prove that
. Assume we have the result for

by induction hypothesis. Assume
.
Otherwise
and
implies there is a path
, and
. By reason of
and
On the other hand:
iff there is a path
, for
, and
. By induction on
•

•

: the states

, where
and
and, by the definition of

proven to be in
.

, where
. Then

. By induction on

. If

:

such that
and
, we conclude
such that
we prove

, then
.
But
, for
.
and
.

in this case are the states of

. But

: then
and
. By the induction hypothesis
,
.

such that
. Hence,

,

[QED]
205. Remark As before, the algorithm in Section 6.5.2 computes
,
easy consequence of
can show that

in a different way. Let

. By induction on we prove that
. But this is an
, and the monotonicity of
. Furthermore, by induction on we
, which means that the two iterations compute the same set.

206. Example Consider the transition system
in Figure . We compute
. Applying the notation
of the algorithm for
in Section 6.5.2, we have
and
. We enumerate the values of the -s emerging from the subsequent iterations of the repeat
construction. Let
. Then
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This means that

, which implies

.

8.4. 7.4 Equational systems with several recursive variables
The logic considered in Section 7.2 allowed us to define one variable with a recursive equation. Of course, many
properties cannot be defined using only one recursive equation.
207. Example Assume we want to state the property for a process
that after any number of other transitions it
can execute forever -transitions or it never executes a -transition. Let
.
Then the above property is

Observe that in the above example to obtain
general, let
a formula of

two greatest fixpoints need to be calculated. In

be a set of variables. A function
, is a declaration. Then:

, associating each variable in

208. DefinitionA mutually recursive equational system is a set of equations (or a declaration)

where
are formulas in
such that they can contain any variable from
. Moreover, it is supposed that
for all the equations in the declaration either the largest or the least fixpoints are sought, they cannot be mixed.
We define the meaning of formulas containing elements of

, where
induce operators
declaration (44) given by the equation

so that

. Let

be the operator associated with

becomes a monotonic operator, if we define the ordering and least upper bound (greatest lower bound,
respectively) componentwise. Thus

and
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209. Example([1]) Consider the mutually recursive system

the meaning of
containing the states of which the only run is the infinite alternating run
LTS of Figure we wish to determine the states of
. Define

We would like to find the largest fixpoint of

the latter being a fixpoint of

. To this end, we use Proposition 199.

. It turns out that

satisfies

and
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210. Example Let us consider another example of determining the solution of a mutually recursive equational
system. Let the equational system be

The runs of the processes in
are of the form
. We are going to find the states of the transition system in
Figure which belong to the set
. To this end, let

We make use of Proposition 199 in order to find the minimal solution of the recursive equational system.

which implies that we managed to find the least fixpoint of

, which is

. Thus

satisfies

.

8.5. 7.5 Largest and least fixpoints mixed
In the previous section recursive equations were considered only where all the equations were referring to a
largest or to a least fixpoint solution. It can well happen that we have to find a set of states which cannot be
described by such a clean system of equations, rather it is given by a system of equations necessitating the
search for least and largest fixpoint solutions interleaved.

211. Example([1]) [2] Define

as

which should identify the set of states for which the property defined by
the states defined by

with the meaning that there is a path in

along which

possibly holds. Let

be

holds invariably. A livelock is an infinite path which

consists of repeating action only. That is, a state is contained in a livelock if it is in
. A state
possesses a livelock if it is possible to reach a state from which is contained in a livelock. Compute the states
possessing a livelock for the LTS of Figure . This means we search for the solution of the system of equations
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We determine first the solution of equation (47). This is the fixpoint obtained by a finite number of the iterative
application of
to the set
. Thus
,
, hence we have arrived at a fixpoint which we denote by
. Now,
is
the result of the iterative application of
to
. Hence,
,
,
, thus we obtain that every state in the
LTS possesses a livelock.
The procedure for finding the solution of the equational system was fairly easy due to the fact that we were able
to determine the fixpoints independently of each other. We formulate the definition of a situation like this.
212. Definition([1]) An

-nested recursive equational system is a tuple

where
• the declarations
•
•

or

use at most variables from the tuples

,

,

.

If, in the above definition,
(
), then
is a maximum block (minimum
block, respectively). As we have seen before, nested equations have the pleasant property such that the sets of
states defined by the blocks can be determined one after the another beginning with the innermost block
and proceeding from inside out.
213. Example

is not a nested system of equations.
In general, there are iterative techniques if we mix fixpoints arbitrarily for deciding the solutions of a recursive
system of equations. The solution is sought by calculating approximants for the imbedded fixpoints. We are not
going to enter into details, we just remark that the number of approximants needed grows rapidly with the
number of embedded fixpoints. In the general case, it is an exponential function of the number of fixpoints
mixed.

9. 8 The modal -calculus
9.1. 8.1 Logic and fixpoints
In the previous chapter we augmented our modal logic with tools capable of expressing properties of processes
not restricted to a fixed, finite time interval. We were able to formulate equational systems expressing properties
of liveness or safety, for example. However, the machinery seems to be easier to handle, if we introduce new
notation for the fixpoints treated in our logic. In this spirit, we obtain a modal logic with fixpoint operators, the
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so-called modal
Naur form:

-calculus, introduced by Kozen ([27]). The formulas of the logic are given in the Backus -

214. Definition

where the operator
is intended to denote the least and the operator the greatest fixpoint. We assume that
unary operators bind stronger, moreover the last operator of a formula is indicated by a dot. Thus
is read as
. The meaning of formulas is an extension of the previous
definitions. Let
be a set of processes. Assume
is a valuation. Then the new cases are as
follows.
215. Definition

The definition is in accordance with the definition of the largest and least solutions of recursive equations in the
previous chapter, which was justified by Lemma 197 and the Knaster-Tarski theorem (Theorem 196). In the
sequel, the prefix can denote either
or . The unfolding of the fixpoint formula
is
.
The following lemma states that a fixpoint formula has the same meaning as its unfolding.
216. Lemma
217.

Example

.
Let

be

machine considered in Example 4. Prove that
, which expresses the property that whenever a two pence
coin is inserted in the automaton, the automaton will eventually collect a big item. Denote by
the formula
. Let

the

vending

be any valuation.
.
A
little

thinking

reveals
.

that
This

, this means
this
entails
implies
and

our claim is proved.
Formulas in the modal -calculus do not contain explicit negation. Instead of this, as before, we can associate
to each formula the complement of it. The only new cases are the ones with fixpoints. If we define
for
every variable
and
,
we obtain the following lemma.
218. LemmaFor every process

CTL

formulas

have

, formula

and valuation

,

their

corresponding formulas in the modal
-calculus. For example,
. By the above lemma, negation can also be reflected in modal
calculus. In general, CTL* can be translated into the modal -calculus (cf. [18]). Thus, in this sense the modal
-calculus is at least as expressive as the temporal logics we have encountered so far.
219. Remark It is worth noting that the modal -calculus is capable of handling observability and divergence.
In contrast to the Hennessy -Milner logic of Chapter 3, modal -calculus can express the modalities of
observability and divergence.
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Observe the difference between
and
. A process
can also satisfy
, when an infinite run of the
form
can be commenced from
with
. The least fixpoint operator in
tells us, however, that
any process incapable of making a -transition (that is, stable), or stabilizing after a finite number of steps, must
fulfil
.
As a final remark in this section we mention that the Hennessy -Milner theorem adapts itself to the case of the
modal -calculus, too.
220. TheoremLet
. Then

,

be image finite processes and

be the set of closed formulas of the modal

-calculus

9.2. 8.2 Playing with modal -formulas
In the previous section we mentioned that modal -calculus is quite expressive: it contains the logic CTL*. As
expected, we can formulate various temporal properties in the modal . However, this expressibility takes its
tolls: -calculus formulas tend to be obscure or hard to find out the exact meaning of. In spite of this, we can
enumerate some general patterns of -formulas capable of expressing frequent temporal properties.
Recall that a safety property was a property of the kind: "no bad state (or action) can happen". If
bad states, then this can be formulated in CTL as
. This is expressed as

in the modal -calculus. If we turn to actions instead of states, a similar formula can emerge. Let
of avoidable actions. Then

collects the

be the set

states no "bad" action can ever happen.
The other remarkable CTL property is liveness: "something good eventually happens", which can be written in
CTL as
, if is the desired property. It can be expressed as

If we elaborate the meaning of some approximants of the above formula, we get an impression of how it works.
Let
denote the set of terminal states, in other words, the states having no immediate successors.
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Since our LTS is countable, this sequence of sets stabilizes at most at the ordinal
, which means that a
state is in
iff it is either in
or
and, for every state
such that
, there
is an
for which
. The latter involves that there is a finite sequence of transition starting from
and ending in a state satisfying . We would remark that if we assume, as before, that every state is nonterminal the above expression simplifies to
.
The reformulation of liveness for sets of actions is as follows. Assume

is the set of desirable actions, then

Intuitively, this formulates again the property that no sequence of transitions can avoid eventually having an
action in
.
Another important CTL property is

In every run

unless

, which can be expressed as

, that is, the operator

emerges as

In this case termination is not guaranteed: sequences of transitions fulfilling
Liveness and safety can appear together, as well: "any run with an

only also satisfy this property.

action has a later

action":

9.3. 8.3 Game characterization of satisfiability of modal formulas
The question of satisfiability in the frame of the modal -calculus has been approached from the modeltheoretic point of view so far. Similar to the game-theoretic characterization of bisimilarity, we talk about
satisfiability in terms of property checking games. We follow the exposition of [37]. We call the formula
normal, if no two variable names in fixpoint prefixes coincide and the names of the free variables differ from
those of the bound variables.
221. DefinitionLet
be a (not necessarily finite) process and
be a normal formula, let
game
is a finite or infinite length sequence of the form
,
where the next pair for
is chosen according to the following stipulations:
•

or

•

:

has no successors,

or

•

and

be a valuation. A
,
,

:

has possible successors

:

has possible successors

and

,

, where

for some

,
•
•

has the successor
has the successor

,
, if

is a subformula of some

, where

.

A sequence is a play if the following additional conditions fulfil:
• the refuter

chooses one of the successors of

, provided
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• the verifier

chooses one of the successors of

• in the cases
and
players take their turns.

, provided

or

, the game continues with the unique successor of

,
and neither

For the definition of the winning conditions we need the following additional notion: we assume that
is
normal. Let
and
be subformulas of , assume
and
are different variables. Then
subsumes
if
is a subformula of
. Now we can formulate the winning conditions.
222. DefinitionLet a play
the play
1. is an

-win, if

•

,

,

•

be given for the game

. Then

is finite and

and there is no

•

,

with

and

for some

, or

, or

,
,
is infinite and the unique variable
occurring infinitely often
which subsumes the other variables occurring infinitely often identifies a least fixpoint subformula
of
,

2. is a
•

-win, if
,

•

,

is finite and

, or

•

and there is no

•
•

,

, or

•

•

,

,

with

and

for some

, or

, or

,
,
is infinite and the unique variable
which occurs infinitely
often and subsumes the other variables occurring infinitely often identifies a greatest fixpoint subformula
of
.

In order to ensure that the above definition makes sense we state without proof the following proposition.
223. PropositionLet
,
,
be an infinite play of the game
there is a unique subformula
of
such that
occurs infinitely often in the play and
every other variables occurring infinitely often during the play.

. Then
subsumes

As before, a history free strategy is a strategy whose next position does not depend on the previous positions of
the game. Without proof, we formulate the following theorem:
224. TheoremLet
1.
2.

be a process,

iff player
iff player

be a modal

-formula,

be a valuation. Then

has a history free winning strategy for

,

has a history free winning strategy for

.

Let us demonstrate by some examples how the above method works.
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225. ExampleLet us consider the LTS of Figure . We demonstrate the above proof technique by examining some
properties of this LTS.
1.

: We give a winning strategy for the verifier. The subscripts by the arrows now show
whether the verifier or the refuter take their turns.

which is a win for the verifier.
2.

is saying that performing an

action is possible after taking several

actions.

which means the verifier wins again.
3.

: which expresses that after any number of
possible.
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Since
identifies a greatest fixpoint, this is a
immediate -win again.
4.
that after them only

-win. Any other choice of the refuter would lead to an

is expressing that there is a finite number of
transitions are possible.

transitions such

Since
identifies a least fixpoint, this is a win for the refuter. It can be checked that every other choices of
the verifier lead to their immediately loosing the game. For example, assume at
the verifier chooses
. Then

since

, and this is a loss for the verifier.

226. RemarkThe game-semantic characterization of satisfiability gives answers only for processes without
parameters. This means that processes involved in the value-passing calculus are beyond the scope of this
method. Even in the case of an unparameterized process finding an answer to the satisfiability question is not
guaranteed, since it may well happen that the game leads into an infinite play where, in the state space, an
infinite number of states are present. It is a question how to extract a winning strategy depictable with a finite set
of states in this case, too. There are some methods, however, to treat with processes defined not as individual
entities but as members of a family of processes. In this case some kind of parametrization may also lead to a
result, as the following example shows.

Prove that
, that is, it is true for every
after an
-transition there is always a finite number of
-transitions after which a
possible. If
is treated as a parameter here, then we prove by induction
. The induction step is
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and the result follows by the induction hypothesis and Lemma 52. The base case simply exploits the fact that
. Though this argumentation works, it is not quite satisfactory in the general case. For
example, our proof method should handle processes defined in the value passing calculus. There are several
solutions offered in the literature using deductive systems like the tableaux method. The interested reader is
referred to [15], [30] or [37].

10. 9 Conclusions
10.1. 9.1 General overview of the approaches discussed
In these course notes we gave a brief account of some of the most widespread mathematical formalisms
describing reactive systems, they are the calculus of communicating systems invented by Milner, the labelled
transition system model, and, from the side of formal logic, the Hennessy -Milner logic. In order to talk about
properties of these systems, various tools have been developed. One of the most important questions concerning
processes is the question of their equality: it would be good if we could tell somehow whether two processes are
the same, and if they are, in what respect. Several notions for identifying processes were discovered, from trace
equivalence to strong and weak bisimulation equivalences. Kanellakis and Smolka ([25]) found that strong
bisimilarity between two states of a given finite LTS is decidable in time polynomial with respect to the number
of states and transitions of the system. Later Paige and Tarjan ([38]) improved upon their proof by reducing one
of the factors to a logarithmic one. It turned out, however, (cf. Balcazar et al ([7])), that in the general case, in
the presence of parallel composition, deciding equivalence of finite LTSs is inherently difficult: it is P-complete,
thus avoids effective parallelization. Things get even more complicated if, instead of the transition system, we
consider the size of the defining equations of a set of processes in the CCS of Milner. In this case the
bisimilarity checking problem turns out to be EXPTIME-complete (cf. [28]). The problem of checking weak
bisimilarity can be reduced to strong bisimilarity checking by a technique called saturation, this implies that
checking weak and strong bisimilarity differ only in a polynomial time factor for finite LTSs. We mention that
the situation for infinite processes becomes more involved. For some restricted sets of processes we know
decidability results ([11], [36]), but in the general case even for the well-known models of concurrent
computations the bisimilarity checking becomes undecidable ([23]).
On the part of formal logics and semantics, the behaviour of transitional systems is described by a logic the socalled Hennessy -Milner logic. The semantical interpretation of Hennessy -Milner formulas is that of Kripke
style. Logics able to reflect long term behaviour of processes are linear and branching time logics. We
formulated the model checking problem for some of these logics and described a few simple and practical
algorithms to answer satisfiability questions in case of finite LTSs. The model checking problem for the calculus over finite LTSs is in
, it is widely conjectured that it is in fact in . Specifically, the
model checking problem for Hennessy -Milner logic is decidable in linear time on finite LTSs ([16]). We
remark that the model checking problem in LTL over finite LTSs is, however, P-space complete ([34]). The
situation, like in the case of equivalence checking, turns out to be grim if we consider reactive systems emerging
as parallel compositions of LTSs, or if we interpret concurrent processes as given by a system of equations in a
process algebraic language rather than by their representations as LTSs. If we decide to evaluate the complexity
of model checking and reachability problems by applying the sizes of the descriptions of processes through
systems of equations as sizes of the inputs to the problems the questions of CTL model checking and of
reachability become PSPACE-complete and even for the alternation-free
-calculus they turn out to be
EXPTIME-complete ([29]). If we enter into the realm of infinite state LTSs, decidability is still preserved
provided we consider sequential systems, that is, systems without parallel composition. For example, the model
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checking problem is decidable for the -calculus, if we consider pushdown automata with infinite states: it is
EXPTIME-complete ([40]). If we move from sequential to parallel infinite state systems, except for some
restricted types of models, the model checking problems usually turn out to be undecidable. For example, for
Petri-nets essentially all branching time logics with at least one recursively defined variable is undecidable (see
[9]). For further details, the interested reader is referred to [9], [10] or to [39].

10.2. 9.2 Model checking in practice
Despite these facts, at present the model checking approach seems to be the most prominent tool for examining
temporal properties of processes. After the discovery of symbolic model checking techniques (cf. [31]), the
number of problems which could be accessed by model checking approaches have increased considerably.
Probably the most widely used model checker tools are SMV, and its extension nuSMV, which are based on
OBDD representations of the state space. The model checker SPIN uses the automata-theoretic approach of
LTL, and the software Concurrency Workbench is based on a tableaux-calculus of modal -logic sound and
complete for finitely branching LTSs ([15]).

11. 10 Appendix: The programming language Erlang
11.1. 10.1 Introduction
Erlang is a functional programming language designed for creating concurrent, real-time, distributed, faulttolerant systems. The syntax of the language and the appearance of Erlang programs greatly reflect the fact of
having Prolog as a pattern and inspiration behind the development of the language. Despite the many similarities
the underlying philosophy of the language differs from that of Prolog. Erlang uses a decentralized approach:
each process is a separate entity in the virtual machine, in fact, a process calculates a function, after which it
disappears. The processes can communicate with each other in Erlang, the communication is realized by
asynchronous communication with the message passing approach. Erlang operates with lightweight processes,
creating a process and managing it is quite easy. Asynchronicity and message passing instead of shared
variables was chosen so that a fault-tolerant system emerges with highly independent components. Error
handling and managing the lifespan of processes is relatively easy in this way. Erlang also provides high
scalability: processes communicate through channels by message passing only, the message is delivered in a
mailbox, the sender does not need to know anything about the receiver. Thus there is no need to wait for
synchronization, feedback, etc. in the event of communication. To speed up and facilitate the task of managing
processes, Erlang's processes are taken care of by an interpreter, the so-called Virtual Machine (VM), and this
also leads to an increased level of compatibility. The choice of Erlang served the purpose to introduce a fullfledged, high level programming language, the existence of which demonstrates that writing concurrent or
distributed applications is affordable with an acceptable amount of effort and time consumed. It also
demonstrates how a clean programming approach, like the functional paradigm, can serve the basis for building
clear, robust and many-sided concurrent applications.

11.2. 10.2 Datatypes in Erlang
The beginning of a tutorial should be the right place to have a closer look at the built-in datatypes of the Erlang
programming language. The language Erlang provides two sorts of datatypes: constant datatypes, which cannot
be divided further and compound datatypes, which are built up by elements of simpler types. As such, Erlang is
dynamically typed: the typing of expressions is allocated at runtime not by the compiler. Moreover, it is strongly
typed: there are no type conversion with one exception: an integer type argument of a numerical function is
converted to float if any of the arguments are floats. Let us enumerate the most common data types one by one.
The most common simple or constant datatypes are:
• numbers:
• integers, which beside the usual ones can also be of the form
, where
is an integer
from 2 up to 36. For example
,
(here upper and lower case letters do not matter). The
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sequences of the form
or
also count as integers, where the former one represents the ASCII code
of the printable character , the latter one is the code of a control operator.
• floats: e.g.

,

-

,

.

• atoms: they are constants with names. Atoms can be sequences of alphanumeric characters beginning with
lowercase letter, e.g. hello world, sunday, route67. Or we can regard arbitrary sequences of characters as
atoms if we put them in single quotes. E.g. 'Sunday', 'Route 67', 'Hello World!'. An atom denotes itself in the
program.
• process identifiers: they serve as unique identifiers for processes assigned to them by the system.
In fact, there are a few more simple datatypes but we are going to talk about them in due course in our
discussion. The compound types are:
• lists: they are used for storing a variable number of items enclosed in square brackets. E.g.
• tuples: they store a fixed number of items of between curly brackets. E.g.

.
.

• strings: these are just shorthands for sequence of character codes. If all the codes in the sequence stand for
printable characters, the sequence is represented by the string of the characters belonging to the codes.
Otherwise the string is just a list of integers. E.g.
, but there is no such notation for
. The concatenation operator
for lists can also be expressed as a gluing of words representing
strings if all characters are printable. E.g.
.
There are also records as compound types but the record type is not an independent datatype either: it is a sort of
tuple the formation of which we are going to see later.
The values of the objects of certain types can be stored in variables. Variables are alphanumeric sequences of
characters beginning with upper case letters or underscore. E.g. Monday, Hello World, Route67, X, X. There
is a special kind of variable called anonymous variable, this is the underscore character. Variables can either be
bound or free. A bound variable takes the type and value of a certain term, where terms are representatives of
datatypes which cannot be reduced any further. A free variable has no type and value. A bound variable cannot
get a new value in the lexical unit it is defined in. This phenomenon is expressed as saying that Erlang has single
assignment variables.

11.2.1. 10.2.1 Pattern matching
Pattern matching is the basic mechanism by which values can be assigned to variables. Pattern matching can
take place in three situations:
• when evaluating an expression of the form

,

• when calling a function,
• when matching a pattern in a case or receive instruction.
A pattern is of the same structure as the data structures defined above with the exception that they may contain
variables. An expression is a syntactic element built from patterns and already existing expressions. An
expression can be a sequential expression, like
,
,
, or
,
,
, or an instance of a function application, or formed with built-in function, or special type of
expression like the
- or the
-expression.
• In the case of a
-type matching, the right hand side argument must be an expression which can
be evaluated to a value. Then the left hand side is matched against the value of the right hand side, which is a
term. Matching can be defined as a recursive relation between patterns: if the outermost structures of patterns
and
coincide, then the innermost structures must match so that
holds. An
uninstantiated variable gets bound to the same value throughout the whole expression.
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The latter two matchings succeed with bindings
,
respectively.

and
,

,

and
,

• When calling functions, pattern matching appears as means for directing the flow of control. For example
([4]),

When the function classifyMonth is called with an argument, the declaration is executed from top to bottom
trying to match the argument. If february matches the value of the result is month of either 28 or 29 days or if
one of the months of the enumeration from april to november matches, the value of the function is month of
30 days, for every other argument the function gives the result month of 31 days.

11.2.2. 10.2.2 Defining functions
For applications of any use we have to define functions. We perform this inside modules in Erlang. A module is
a single file containing a group of functions usually selected by some logical relationship: functions in the same
module are usually concerned with similar activities like input, output, mathematical operations, etc. The
module may have several attributes among which the module name is a mandatory one. We have to make sure
that the module name matches the filename under which the module is saved. For example, the module
functions below must be stored in a file named functions.erl. Besides the name we can list the set of functions
also visible from outside the module in the -export attribute and we can determine in a separate attribute called import the functions applied in the module and borrowed from other modules. Let us now create the module
and list their functions visible outside in an export declaration.

As we can see, the definition for
contains two clauses separated by a semicolon. The choice between the
clauses takes place by pattern matching. In general a function declaration has the following form.

The lines of the function declaration separated by semicolons are called clauses. The function name is an atom
followed by a list of arguments, the arguments can be expressions with the appropriate types. E.g.
,
,
. The clause heads can be ended by optional guards. Guards are
arithmetic comparisons or term comparisons or Boolean values obtained by built-in functions introduced by a
keyword
. Guards are supposed to give a Boolean value as a result. Every variable of a guard expression
must be bounded, and a guard cannot contain a function with side effects or user defined functions. We can
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separate the members of a guard either by commas or by semicolons. During evaluation, the expressions
separated by commas must all fulfil in order to choose the clause body for calculating the value of the function.
Semicolon is understood as a logical
between guard expressions.
The expression in the clause body is a sequential expression. The execution proceeds componentwise, each
component is matched against a pattern or discarded. The value of a sequential expression is the value of its last
component.
If we look at our
function again, we can see that termination is not guaranteed even in the case of
nonnegative numbers. For example, if we choose
, the order of evaluation is
, the
evaluation sequence is non-terminating. To rectify this situation we can introduce guard expressions to
.

Or guards are defined such that a clause can always be chosen for an arbitrary value as argument to
Should it not be the case, the execution of the function declaration would terminate with an error.

.

11.2.3. 10.2.3 Conditional expressions
Erlang has two kinds of conditional expressions:
•

: The general form of

- and

-expressions.

-expressions is

The
-primitive operates with pattern matching: firstly, the expression
is evaluated and matched
against
,
in this order. If a match is found, say
can be
matched, and the optional guard test
succeeds, then
gives the result of the
-expression.
If no match is found, the
-construction raises an error. In the example below,
is a built-in
function called from the module
.
227. Example([21])

228. Example([21])
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Notice that we can avoid match error by adding a pattern to the last branch of the
matches every pattern possible.
•

: the general form of the

-primitive that

-construction is as follows.

The guards are evaluated from top to bottom. If a true guard is found, the corresponding sequential expression
is evaluated giving the result of the
-primitive. Syntactically, the guards are formed in the same way as the
function guards in Section 10.2.2. If no guard is found to be true, the
-expression raises an error. We can
avoid this by appending a true guard as the last clause.

11.2.4. 10.2.4 Scope of variables
In a clause the scope of a variable is the execution sequence between the point where the variable is bound and
the last textual reference of the variable in the clause. Variables in different clauses count as different variables.
Variables of the
,
and
primitives are exported from the heads into the bodies of the
constructs. Moreover, if a variable defined in the
- or
-construct is used after the constructs, it must be
defined in every branch of
or
. E.g.
229. Example

In the above example the reference to variable
are unable to know the value of
in
reference to the variable .

in
is incorrect, since, if
. Rather in the following example

230. Example
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11.2.5. 10.2.5 The module system
As we have already mentioned in Section 10.2.2, in order to divide a larger program into smaller components
one can put functions into modules in Erlang. A module is created by giving its name. In addition, we can
specify the visibility of functions in a module. All these tools are called module attributes.
231. Example

In the example above the module name must be consistent with the filename, this means that the file containing
module
must be named as
. The attribute
declares the functions visible outside the
module. In this case
indicates that only the nullary function
can be seen outside this module. If
we intend to set all the functions in the module to be visible from outside we can write
. The function
is the standard input-output function. When calling a function from inside the
module we can simply use its name and arguments. Calling a function defined outside of the module
necessitates the naming a reference to the module where the function was defined, e.g.
. We can
make a function call from another module implicit by making use of an import declaration:
. For example,
.

11.3. 10.3 Programming with recursion
11.3.1. 10.3.1 Programming with lists
Lists are the structures for storing a variable number of elements. Lists are formed recursively beginning with
the empty list , the new list
can be built up form the existing list
and element
. In the list
the element
is called the head, while
is called the body of the list. The two-variable operator
is the list constructor operator with an arbitrary type element as its first argument and a list as its second
argument. Alternative list notations are:
or
, the former one being a list with
exactly elements while the latter one is an open-ended list with elements
,
,
in the front of the
list.
11.3.1.1. 10.3.1.1 Simple list processing

In what follows we give some examples of simple list processing functions. They are contained in the built-in
module
, thus, when writing real applications, it is more advisable to use the implementations already
given by the standard distribution. Unlike in logical programming languages, in Erlang the well-known
elementary list processing functions are deterministic. For example, define the function
such
that it is true iff
is an element of the list .

The first two clauses state that
is a member of a list iff either it is the head of the list or it is an element of the
tail of the list. We check these relations recursively, consuming the list element by element. If we arrive at the
empty list, we must state that
is not an element of the original list. Let us consider the evaluation sequence of
, indicating as lower index the number of the clause taking part in the reduction:
.
An
execution
sequence
for
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would

The function

look

deletes all occurrences of

like

in

as

follows:
.

.

The function above implicitly uses the fact that each variable is instantiated once, so it cannot happen that by the
execution of Clause 2 we could inadvertently keep an occurrence of
in the resulting list. Let us see an
execution sequence of
, the lower indices by the arrows again numbering the clauses
applied:
.
Let us find the reverse of a list. The naive approach would be reversing the tail of the list and appending the
head element to the list obtained from the tail. Thus

Every time the function call happens in the above program we allocate space in the memory for the new value
expected. It would be more efficient if we could calculate the intermediate results on-the-fly, and simply pass
the result to a variable in the end.

In the example above the two functions
and
are considered as different ones, since
their arities, the numbers following the slashes, differ. The auxiliary results are collected now in a variable
,
a so-called accumulator variable. When the list is processed the value of the variable
provides the result.
To conclude with this subsection we give two more examples demonstrating more intricate applications of lists.
The first one shows how a list of prime numbers can be generated using the method called the sieve of
Eratosthenes.
returns a list of integers between the values
and
,
removes all elements of
which are divisible by
. Thus, every element
remaining in the final list is not a multiple of a previous element in the list. Hence
is the list of
prime numbers of the interval
.
The next example, following [35], generates the values of the binomial coefficients, known as Pascal's triangle
(cf. Figure 10). We know from elementary arithmetic that the
row of the triangle are the coefficients
appearing when we calculate the members of
. More exactly,
, where
is the
element of the
row of the Pascal triangle. The triangle will be represented as a list of
lists, each list standing for a row. The code will be seeded with
representing the first row consisting of
a 1 alone, where we add additional 0-s to each row. The implementation below is not intended to be the most
efficient one, we are going to give more efficient implementations later on.

98
Created by XMLmind XSL-FO Converter.

Selected Topics in the Theory of
Concurrent Processes

232. Example

First we calculate the rows of the triangle. The
function has the original list
as its
argument, the next row is computed by the function
. In Clause 3,
is the last element
processed, which is 0 by Clause 1, when we begin the computation, the sum of the last element
and the
head of the actual list
is appended in front of the list expected as the result, while the part of the list to be
processed is , the tail of the actual list. This is in accordance with the method for calculating the elements of
the Pascal triangle. There is no need for reversing the list
at the end, since the rows of the triangle are
symmetric.
233. Example

Now that we can create a new row from the previous one, we need to be able to create a set of rows constituting
a finite part of the triangle. The
function sets thing up, its only argument gives the number of rows
to be created from the first row on. The
function does the work. Its first clause is a stop clause,
when we have enough rows generated it halts the process returning the result by reversing the list obtained so
far. Otherwise, it generates a new row with the function
, appends it to the front of the list created so
far, and increments the counter when calling itself again. Thus, to finish the example:
234. Example
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11.3.1.2. 10.3.1.2 Higher order functions and list comprehension

Erlang has the ability to handle higher order functions in a natural manner. Higher order functions are those that
accept other functions as arguments. As an example, let us define a very simple higher order function
.
It has two arguments, one of them,
, being a value, and the other one,
standing for a function
name,
triples the application of the function instantiated in the variable
to the value of
. Thus
235. Example

Let us try by some examples how it looks like in the shell.

Among all the possibilities lists are probably the best places to make use of higher order functions. The
module contains a great number of list processing higher order functions, among which one of the simplest is
. The return value of
is
,
is used when we want to process a list with side
effects.
236. Example
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Let us examine further the most widely used and, perhaps, the most useful built-in higher order list processing
functions. The function
returns a list obtained by applying a function to every elements of a given list.
We always encourage the usage of the built-in versions, though, as an illustration, we are going to implement
some of the higher order list processing functions.
237. Example

where the BIF (built-in function)
function that applies the function
The function
is true.

in the module
filters the elements in

(or
to the argument list

) is a
.

, retaining only those elements for which

238. Example

Adding an accumulator to list processing opens the door to more sophisticated list processing. Erlang’s
and
functions let you specify a function, an initial value for an accumulator,
and a list. Instead of one-argument functions, one needs to create a two-argument function, accepting the current
value in the list traversal, and the accumulator. The result of that function will become the new value of the
accumulator.
239. Example

And

's counterpart is

:

240. Example

Similar to other functional languages there exists a very powerful means for generating new lists from given
lists in accordance with a specific rule: it is called list comprehension. The form of list comprehension is as
follows

where the
part is called the generator of list comprehension. One can compare it to the set
notation in mathematics, where the set
is corresponded to the expression
. That is,
. A list comprehension can
also contain several generator expressions, thus, in fact, a list comprehension looks like as below:
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For example, the Cartesian product of the sets

and

is

Note that generator expressions can also act as a filter.
241. Example

List comprehension is suitable for defining our pervious higher order functions, as well. For example,

11.3.2. 10.3.2 Programming with tuples
Tuples are used to group a fixed number of objects to form a new object. This makes it easier to pass messages
between components, letting you create your own complex datatypes as you need. Pattern matching works
componentwise with tuples, this means the matching pairs of tuples must consist of the same number of
elements matching one by one in due order. There are many ways to process tuples some of which we illustrate
by short examples. It can happen that we want to return several values from a function. The easy way to achieve
this is by using tuples. For example, the function
extracts an integer from the beginning of
the list of ASCII characters
, if any, and returns a tuple containing the extracted integer and the remainder
of the list, or the atom
, if the list does not contain an integer.
242. Example([4])

returns the sublist of

beginning with the first digit of

243. Example
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Finally,
strings.

could be used as a component of a naive parser to extract integers from a sequence of

244. Example

11.3.3. 10.3.3 Records
Records are merely syntactic tools in Erlang, their inner representation is accomplished by tuples. However,
they can be useful, if one wants to access the attributes by names. Records can be defined in modules only,
namely, as module attributes. If we want to ensure that several modules have access to the same record
declaration, we must declare the record in an independent file with extension ".hrl". We may declare several,
even unrelated, records in the same file with extension ".hrl". The exact declaration of a record is

where
is the record name,
are the names for the attributes or fields and
are the default
values (which is
, if not specified otherwise). Assuming we have created a file "robots.hrl", we can
give our record declarations following those of [21]:

The command
lets you bring this into the shell, that is, with
the shell understands that we
are talking about the records in the file "records.hrl". We can create a new instance of
:

If we want to modify our records (in fact, create new records with updated attribute values), then it is better to
assign to variables the records in question

103
Created by XMLmind XSL-FO Converter.

Selected Topics in the Theory of
Concurrent Processes

We can extract values form records by the

syntax

The new attribute values can also be found out by pattern matching:

You can use records in function heads to pattern match and also in guards.
245. Example[21]

To forget a record declaration we write
declarations.

, or

, if we want to get rid of every existing record

11.4. 10.4 Concurrent processes
11.4.1. 10.4.1 Creating processes
Processes are separate units of computation, that compute a function. After computing the function, the process
disappears. By definition, processes are in a coordinate relation, they act independently of each other, though the
programmer can set up a hierarchy between them. To start a process we use the BIFs
or
,
where the former takes a function as argument and runs it, while the syntax of the latter is
. In each cases the new process begins computing the
function specified, the return value of
being an identifier of the new process called process identifier.
We refer to an element of the set of process identifiers as
or
.

104
Created by XMLmind XSL-FO Converter.

Selected Topics in the Theory of
Concurrent Processes
Communicating with processes take place with the

(send) operator, its syntax is

A message can be any evaluable term, where the left hand side evaluates to a value known as the process
identifier. The operator returns the value of
. The communication is asynchronous: sender will
neither be waiting for the message to arrive nor for a certificate of receipt. The primitive
is the means
of receiving messages. It has the following syntax:

Each process has a mailbox, every message obtained is put in the mailbox in the same order as they arrived. The
operation of the
primitive is the same as that of
, in the sense that messages are pattern
matched against the patterns
,
, and when a match, say with
, is found
and any corresponding guard succeeds the message is selected, and the corresponding
are evaluated.
Receive returns the value of the last expression evaluated in the actions. The message just selected is removed
from the mailbox, while the other messages in the mailbox are left intact. The process evaluating receive will be
suspended until a message is matched. If we want to receive messages form a certain process, the sender must
incorporate its identifier into the message. The primitive
evaluates to the sender process's identifier,
hence, when the patterns in receive contain a variable bound to the value of
, then receiving messages is
possible only from that certain process.

11.4.2. 10.4.2 Simple examples
We illustrate with some examples the concepts discussed so far.
246. Example[21]

We can communicate with our dolphin as follows:
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After compiling the module, we
our process letting the variable
convey the value of the
process identifier, which is now
. With this in hand we can send a message to our process, where
represents the identifier of the sender, namely the Erlang shell itself. The message is now matched with
the first pattern of the receive expression, and the string
is sent back to the sender. This turns
out by giving the
instruction to the shell. Observe that our process is tail-recursive: it stops only when
the message
is obtained.
The previous example was good only for demonstrating how to communicate with processes. Though processes
become really useful if we know how to hold states in them. The next module will let a process act like a
refrigerator. The process will allow two operations: storing food in the fridge and taking food from the fridge.
The refrigerator should behave realistically: only food stored in it beforehand can be taken out, and as many
items of them as there are already in the fridge. The storage is solved by holding a state as a list of items in the
process. If something is put in the fridge, then it is added to the list, if something is taken out, it is searched for
in the list. One novelty compared to the
module above that spawning is built in the module, it is no
more the task of the user. We can see that it is still not too elegant to communicate with our process. If we settle

we can take out the carrot from the fridge by giving the shell the instruction

but we have to know about the inner implementation of the process, which is a useless burden. It is a good
practice to abstract messages away with autonomous functions (so-called interfaces) dealing with receiving and
sending them. The independent definitions of
and
deal with this problem.
247. Example[21]
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In the fridge process
is a macro returning the name of the current module. With the new
interfaces, communication with the process works very smoothly.
Our next example is a counter process, following [4]. The process
is created by the interface function
, there are three more interfaces governing the different parts of the computation. We note that asking
for the value of the counter by
expects a reply from the counter, by this reason we also send the
of
to
, then the
of
is wrapped in its answer. Thus we provide a safe
way of exchanging messages between the two processes.
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11.4.3. 10.4.3 Handling timeouts
The
follows:

primitive in Erlang can be augmented with a timeout option. Its syntax can be described then as

,
are called the match pattern of
.
is an expression which
evaluates to milliseconds at the beginning of the execution of the
construct. There are some situations
when timeout can be useful. For example, when we send a message addressed with a false identifier, then
neither the sender nor the receiver can be aware of the fact that something wrong happened, and the execution of
the program can be stalled forever, which situation is a deadlock. If there were no messages matched in the
match pattern, then after a delay of
milliseconds
are executed. Example 248
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evaluates a function after time
[5]. The function
suspends execution for
milliseconds and
empties the mailbox of the current process.

248. Example

There is even a possibility for selective receive.
will treat all the messages with label
first, and only when no such message is found deals with the rest of them. The drawbacks for priority
receive is that neglecting too many messages in the mailbox can considerably slow performance down. It is the
programmer's responsibility to rule out such possible hinders in the code. (In newer versions of Erlang
compilers a function
serves for simplifying selective receives in special cases of communications
between processes.)

11.4.4. 10.4.4 Registered processes
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There are some cases, when it would be necessary or convenient to call a process without making use of its
. Erlang provides a method for this: with the built-in function
we are able to give a name to a
process. This name must be an atom. The built-in primitives serving for naming processes are:
•

: accepts an atom as the name for the process to be registered, together with its
process identifier,

•

makes Erlang forget the name of the process,

•
•

returns the identifier of the registered process with name

,

gives the list of currently registered processes.

The handling of registered processes can now be accomplished by their name. For example:
249. Example

11.5. 10.5 Distributed programming
In Erlang we are also capable of setting up a network of processes, each element, so-called node, of this network
has the same concurrency primitives and other mechanisms as single Erlang processes have. There are several
reasons to write distributed applications: it can speed up applications, the reliability and fault tolerance of the
system may increase, or we can have access to far away resources, and so on.
Nodes are the basic constituents of distributed Erlang applications. An executing Erlang system can take part in
an interaction. Distributed Erlang applications usually run in a trusted environment, say behind a firewall, but it
is also possible to write applications for untrusted environments, at the cost of a lower performance speed (this
is the so-called socket-based distribution, cf. [5]). As an illustration, we write a simple name server which acts
as follows: given a name it returns a value associated with that name.
250. Example ([5])
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We used the built-in predicates
and
extract them by their keys, respectively.

to enter elements in the process dictionary of

and to

We might set up a new terminal by typing the command
. Remember to type this in the
same library where the location of the erl.exe file is. Start the module
on this terminal. If we establish a
new terminal by
, we can call the function
using now the built-in predicate
, which
differs from our predicate defined in the module before:

If we wish to lookup something from the process dictionary of
type

initiated from the terminal

we should

The name you obtain in the terminal may differ from localhost, it is the name Windows returned in the prompt
we have to use here. Note that the names appearing in the format
are both atoms, so using
quotes is necessary when they contain any nonatom characters. Now we managed to achieve that the server ran
on the node
and the client ran on the node
, that is, we performed a distributed computation. We can
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even check on
that the process dictionary of
really contains the value for
. We can even
set up nodes on different machines thus obtaining real distributed applications. But this is only the very
beginning of distributed programming in Erlang. This, together with many advanced tools, like database
management system Mnesia or a general support for process oriented development OTP (Open Telecom
Platform) leads to the ability to create large-scaled, industrial type applications, not only in telecom industry.
The interested reader is referred to the ample literature in this subject. A free one-hour introduction to OTP is at
http://www.infoq.com/presentations/Erlang-OTP-Behaviors. St. Laurent's Introducing Erlang can be a good start
for a systematic study of the language ([35]), the works Armstrong et al: Concurrent Programming in Erlang
([4]), or Armstrong: Programming Erlang ([5]) give more thorough foundations towards mastering the language.
The monograph Hebert: Learn You Some Erlang for Great Good can also be a good start to get acquainted with
Erlang ([21]).
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