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@ Interpretation
© Semantic value
@ satisfiability
@ Unsatisfiability

e Logical consequence, validity
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Interpretation

Definition (interpretation)
The function p is an interpretation of the language L(©) if

@ Dom(p) = Con
@ Ifp € Con, then o(p) € {0, 1}.

Tamds Mihdlydedk, Laszl6 Aszalés (This work we — Logic and CSfor BI, CS and CSE students



Semantic value
Definition (semantic value)
Let o be an interpretation and |A|, be the semantic value of the formula A with
respect to g.
@ Ifp € Con, then |p|, = o(p)
@ IfA € Form, then |-A|, = 1 — |A],.
© IfA, B € Form, then

0, if|A|, =1, and |B|, = 0;
(A D B)|g = . ¢
1, otherwise.

1, if|Al,=1, and|B|,=1;
|(A/\B)|Q:{ ) 1 | |.Q. , an | |.Q
, otherwise.

0, if|A|, =0, and |B|, = 0;
[(AVB)|, = { " ¢
, otherwise.

1, if|Al, = |Bl;
(A= B)|, = e
0, otherwise.
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Semantic value

Example

Con = {p, q},let o(p) = 1 and o(q) = 0.

Then |g|, = 0, |pl, = 1, [(g D p)lo = 1, |=(g D p)l, = 0, |-pl, =0,
|(~(gD>p)V-p)l,=0
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Models, satisfiable

Definition (model of a set of formulas)

Let I' C Form be a set of formulas. An interpretation g is a model of the set of
formulae I', if |A|, = 1 forallA € T.

v

Definition (model of a formula)

A model of a formula A is the model of the singleton {A}.

Definition (satisfiable - set of formulas)

The set of formulae I' C Form is satisfiable if it has a model.

o If there is an interpretation in which all members of the set I" are true.

Definition (satisfiable formula)

A formula A € Form is satisfiable, if the singleton {A} is satisfiable.
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Satisfiability

Remark
@ A satisfiable set of formulae does not involve a logical contradiction;

its formulae may be true together.

@ A satisfiable formula may be true.
o If a set of formulae is satisfiable, then its members are satisfiable.

e But: all members of the set {p, —p} are satisfiable, and the set is not
satisfiable.
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Subset property of satisfiability

Theorem

All subsets of a satisfiable set are satisfiable.

Proof
o LetT" C Form be a set of formulae and A C T.
@ I is satisfiable: it has a model. Let p be a model of T'.
@ A property of o:
IfA €T, then A, =1

@ Since A CT,ifA € A, thenA €T, and so |A|, = 1. That is the
interpretation o is a model of A, and so A is satisfiable.
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Unsatisfiable

Definition (unsatisfiable set)

The set I' C Form is unsatisfiable if it is not satisfiable.

Definition (unsatisfiable formula)

A formula A € Form is unsatisfiable if the singleton {A} is unsatisfiable.

Remark
A unsatisfiable set of formulae involve a logical contradiction.

@ Its members cannot be true together.
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Superset property of unsatisfiability

Theorem

All expansions of an unsatisfiable set of formulae are unsatisfiable.

Indirect proof

@ Suppose that I' C Form is an unsatisfiable set of formulae and
Delta C Form is a set of formulas.

@ Indirect condition: I' is unsatisfiable, and I" U A satisfiable.
e I'CTUA

@ According to the former theorem I' is satisfiable, and it is a contradiction.

v
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Logical consequence, validity

Definition

A formula A is the logical consequence of the set of formulae I' if the set
I'U {—A} is unsatisfiable. (Notation : I' |= A)

Definition

A= B,if {A} = B.

Definition
The formula A is valid if @ = A. (Notation: = A)

Definition
The formulae A and B are logically equivalent if A = B and B |= A.

@ Notation: A < B

Tamds Mihélydedk, Laszl6 Aszal6s (This work we  Logic and CSfor BI, CS and CSE students 11/11



	Interpretation
	Semantic value
	Satisfiability
	Unsatisfiability
	Logical consequence, validity

