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Fourier transform

Example

Determine the Fourier transform of the following function!

ifxe[-11
f(X)={17 i E[ 2’2]

0, otherwise.

Solution: It is known

o0

Fll(w) = / F(x)e~“¥dx & ¥ = cos(x) + isin(x),

—00

furthermore, cos is even and sin is odd, so

e X = cos(x) — isin(x).
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From this

() 1/2

1/2
/f(t)e_i‘*’xdx: /cos(wx)dx—i / sin(wx)dx
—00 ~1/2 ~1/2
(S
=0
1/2 () .
sin(wx) |2 2 . w
:2/cos(wx)dx:2[ " ]XZO: - sin (§>
0

That is
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Fourier transform

1. exercise
Obtain the Fourier transform of the following functions!

o £(x) x, if x €]0,1]
X) =
0, otherwise.

o f(x) e, ifx>0
X) =
0, otherwise.

o f(x) 1, ifxe2,3]
X) =
0, otherwise.

-1, if x€[-1,0]
o f(x)=11, ifxe€]0,1]
0, otherwise.

o f(x)=e M.
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Fourier transform

Example

Obtain the Fourier transform of the following function!

) = {1, ha x € [2,3]

0, egyébként.

Solution. We use the translation rule
Flf(x — xo)](w) = e_i“’XOF(w).

' _11
g(x):{l’ |fx€[ 2,2]

0, otherwise,

then

Flgl(w) = %sin (g) .
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Fourier transform

Since f(x) = g (x — 3), we have

A =7 g (x-3) | @) = e ¥ 25 (3)
_ <c0557w — jsin %‘") %sin (‘5") .
2. exercise

Obtain the Fourier transform of the following function!

-1, ifxe[-1,0]
f(x)=11, if x €]0,1]
0, otherwise.
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Fourier transform

Example

Obtain the Fourier transform of the function g(x) = e~>*3l if we know

that the Fourier transform of f(x) = e Xl is F[f](w) = H—zwz

Solution. According to the dilatation and translation rule of Fourier
transform we have

Flf(x—xo)l(w) = e 0F(w) and  F[f ()] (@) = |alF[f](aw).
Now g(x) = h(2x), where h(x) = e~ *+3l = f(x + 3), so

Flel) = @) = 3210 (3) = 571091 ()
S G) e
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Fourier transform

3. Exercise

Obtain the Fourier transform of the following functions!

Q g(x) =e 1™ O g(x) = 2e 131 _ g=Ix+2|
Q g(x) = 5e 132

4. Exercise

Find the Fourier transform of g if the Fourier transform of f

f(x):{e_’ if x>0

0, otherwise.

is F(w) = ﬁ

0, otherwise.

e, ifx<0
g(X)={
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Fourier transform

Example.

Obtain the Fourier transform of g if we know that the Fourier transform of

fis Fw) = %(1 — cos(w)). Plot the functions and their Fourier
transform.

1+x, ifxe[-1,0]
f(x)=q1—x, ifxe]0,1]
0, otherwise.

1+3%, ifxe[-2,0]
g(x)=<¢1-%, ifxe[0,2]

0, otherwise.

Solution.

X

Flalw) = |7 (3)] () = 27171(2) = (1  cos(20).
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Functions
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Slowly changing signal — narrow frequency domain

Rapidly changing signal — wide frequency domain
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Fourier transform

5. Exercise

Let a,b > 0, xp € R be given and f is the rectangle impulse from xg — g

to az xp — g with height a. Determine its Fourier transform (depending on
the parameters)! What happens if we change the parameters?

6. Exercise
What will be the Fourier transform of the functions below if we know that
X2 UJ2
F [e‘ﬁ =\2me 27
o f(x) =3e 2037
° glx) = e,

Whose Fourier transform is the function F(w) = 3e—2(w=3)* 7
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Fourier transform

Example

Find with Matlab the Fourier transform of f(x) = e~¥I, plot f and F on
the same figure.

Solution: Calculate the Fourier transform with the command fourier!

>> syms t X
>> f = exp(-abs(t));
>> F = fourier(f,t,x)

Plot f and F on the same figure!

>> fplot([f F])

>> legend('f','F');

>> axis([-4,4,-.5,2.5])

>> ax = gca;

>> ax.XAxisLocation = 'origin';
>> ax.YAxisLocation = 'origin';
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Fourier transform
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Fourier transform

7. exercise

Obtain the Fourier transform of the functions from the 1. exercise with

Matlab! Plot the function f, and if the transform F is real plot it on the
same figure with f!
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Fourier transform
Example

Find with Matlab the inverse Fourier transform of F(x) = e and plot f
and F on the same figure!

Solution: Calculate the inverse Fourier transform with the command
ifourier!

>> syms t X
>> F = exp(-(x)"2);
>> f = ifourier(F,x,t)

Plot £ and F on the same figure!

>> fplot([£ F1)

>> legend('f','F');

>> axis([-4,4,-.5,1.5])

>> ax = gca;

>> ax.XAxisLocation = 'origin';
>> ax.YAxisLocation = 'origin';
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Fourier transform

051

-3 -2 -1 1 2 3
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Discrete Fourier transform, (DFT)

Example
Obtain the DFT of the four-point signal x = [2,3,—1,1] 4 by hand! J
Solution:

N-1 .

Fr = Z fe i wkn, k=0,1,...,N—1,

n=0

that is
3 $27
Fu=Y fe "k k=0,1,2,3.
n=0

So

Fo=2+3-1+1=5 F=2+3e % —e & % =32,
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DFT

1. exercise

Obtain the DFT of the following vectors! Give the solutions in matrix
form!

e x =[20,5];
e x =13,2,5,1].
2. exercise

@ The even coordinates of the DFT of a 9-point signal are

[3.1, 2.5+ 4.6/, —1.7+5.2i, 9.3+6.3i, 5.5 — 8i].

Obtain the odd coordinates!
@ Find the missing data of the DFT:

[1—0i, ?,3+1i,4—1i, 1—0i, 7, 7, 2—2i]
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DFT

3. exercise
@ The DFT of a signal x is

X = [10, -2 + 2i, —2, -2 — 2]

Calculate the DFT of y(t) = x(t + 1)! Check the solution with
Matlab!
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Inverse Discrete Fourier transform (IDFT)

Example

Obtain the IDFT of the following four-points signal
x =[5,3—2i,—3,3+ 2i] 4 by hand!

Solution:
N-1
L i2% kn
fk_N Fne' v ", k=0,1,...,N -1,
n=0
that is
1< )
o= > Faelhn, k=0,1,2,3.
n=0
So

1 1 e .
fo= 3(5+3-21-3+3+2) =2, fi= Z(5+(3—2i)e'27—3e'¥+(3+2i)e'273) =3,
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IDFT

1. Exercise

Obtain the IDFT of the following vectors! Write the solution in matrix
form!

o x=1[2,3,—-1,1];
o x =[5,3—2i,-3,3+2i].

2. Exercise

Ask the help of the Matlab commands fft és az ifft! Check our earlier
solutions with Matlab!
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DFT mixture

Example
@ Multiply the following polynomials!

p(x) =3x* —2x> —x +5
g(x) =x3—2x -2
p(x)a(x) =7
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DFT mixture

Example
Solution:

@ By hand:
3x" —8x% — 7x* +9x3 + 6x> —8x — 10

@ using the command conv:
>> p=[5, -1, -2, 0, 31; g=[-2, -2, 0, 1]; conv(p, q)
ans =
-10 -8 6 9 -7 -8 0 3
@ by the commands £fft, ifft:
>> Q=fft([q, [0, 0, 0, 0]11);
>> P=fft([p, [0, 0, 011);
>> ifft(P.* Q)
ans =
-10 -8 6 9 -7 -8 0 3
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DFT mixture

1. Exercise

Find the square of the polynomial

x20000 4 19999 4 4 s2 4 x 41

with Matlab! Compare the solution time of the commands conv andz £ft!

2. Exercise
Find the square of the number

100 +10°+ ... +10+1=111...111.
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DFT mixture

Example

Take a 7-point sample (equidistant) from the function
f(t) = 2sin(t) 4 cos(2t) on the interval [0, 27]. Calculate the DFT of the
sample vector!

>> N=7; t=(0:(N-1))*2*pi/N;

>> f=0@(t) 2*sin(t)+cos(2x*t);

>> x=f(t); X=fft(x)

X = 0.00000 + 0.000001

-0.00000 - 7.00000i

3.50000 - 0.00000i

0.00000 - 0.00000i

0.00000 + 0.00000i

3.50000 + 0.00000i

-0.00000 + 7.00000i
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