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1. INTRODUCTION

These lecture notes were prepared for the students of the University of Debrecen attending
various courses in algebra. Ideally, these students are already familiar with the basics of group
theory and ring theory, and are aiming to get to an advanced level in group theory. Nevertheless,
we summarized the fundamental definitions and theorems, as well, in order to help the reader.
Sometimes these basic notions are not explained in details. For Hungarian students, we suggest
to cover the basics from the lecture notes written by Gábor Horváth.

The main focus of the present lecture notes is group theory. However, in order to introduce
representation theory using the modern approach, we need to understand semisimple rings, and
also group algebras. Moreover, as a natural generalization of the fundamental theorem of finitely
generated Abelian groups, we present the fundamental theorem of finitely generated modules
over principal ideal domains, together with some applications in linear algebra (Jordan normal
form, Frobenius normal form).

Except for these examples, the lecture notes cover the most important areas of group theory.
Following a brief introduction of the basic notions, the first advanced topic that was not cov-
ered in BSc courses is the above-mentioned fundamental theorem of finitely generated Abelian
groups. We generalize the notion of direct product and introduce semidirect products and wreath
products. Using these operations, we can obtain transparent descriptions to some special classes
of groups, and we can construct complicated, interesting groups using very simple examples.
We study the most basic properties of p-groups, nilpotent groups and solvable groups, and then
we prove Sylow’s theorems. Without Sylow’s theorems it would be impossible to talk about any
advanced topic in group theory.

Then we study the building blocks of finite groups: finite simple groups. Through an example,
we learn and understand the tool that makes it possible to verify that a group be simple. This will
also help us understand the structure of projective special linear groups and Mathieu groups.

After learning the theory of free groups, we study primitive and multiply transitive groups. We
prove a simplified version of the O’Nan-Scott theorem, and provide a transparent description to
the affine type. We also prove Burnsides theorem describing 2-transitive groups using the affine
type and finite simple groups. We introduce the notion of Frobenius groups, and understand their
structure.

The development of representation theory was motivated by these last two results. In order
to understand representation theory, we need to study rings and modules. After showing the
fundamental theorem of finitely generated modules over PID’s, we learn the basics of semisimple
rings and modules to introduce group representations and characters.

In these notes, we intended to provide complete proofs, and we make it clear whenever this
goal is not achieved. When this is the case, it is usually due to the length or the depth of the
argument. It was also important that the arguments are built in a linear fashion. We do not mean
that the proof of two or more theorems should not refer to each other, naturally we avoid such
logical mistakes. But we tried not to break a thread of thought only to continue it in a later
section, just because some further theoretical build-up was necessary. We were successful in
most of the cases, although it needs to be said that group theory is especially hard to discuss in
this regard: the different areas of group theory are heavily interconnected. That is the reason why
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most algebra courses (in most universities) are designed in a sort of “circular” fashion, namely
the different areas are visited and revisited several times, always going one step further in each
rather than building one while neglecting the others.

In some cases, the linear thread had to be cut in these notes, too. The two most prominent
examples are the two most famous theorems whose proofs use representation theory: Burnside’s
pαqβ theorem and Frobenius’ theorem. The reader can only find the proof of these at the end
of the notes, but we are going to refer to them in earlier chapters, most notably in the proof of
Burnside’s theorem describing 2-transitive permutation groups.

Some parts of these notes, e.g., the chapter on representation theory, are heavily based on the
lectures of Péter Pál Pálfy. Wherever we digressed, we also attempted to preserve the essence
of those lectures. Moreover, some sections (e.g., the introduction to the theory of modules) are
based on the book of Emil Kiss [7], a very thorough dissertation that the author has found useful
several times in his work.
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2. THE BASICS

2.1. Definition of groups.

Definition 2.1. Let G be a set. Let · be a binary, and −1 a unary operation on G, and let e ∈G be
a constant. Then (G, ·,−1 ,e) is a group if the following axioms are satisfied:

• associativity: ∀g1,g2,g3 ∈ G we have (g1 ·g2) ·g3 = g1 · (g2 ·g3)

• neutral element: ∀g ∈ G we have e ·g = g · e = g
• inverse: ∀g ∈ G we have g ·g−1 = e = g−1 ·g

Note that commutativity of multiplication is not required. If g1 ·g2 = g2 ·g1, for all g1,g2 ∈G,
then G is a commutative or Abelian group.

Remark 2.2. The symbol · is usually omitted. Sometimes the binary operation is denoted by +;
then it is always written down, and this notation is almost exclusively applied in Abelian groups.
Because of the associativity axiom, it is unnecessary to use parentheses in products.

We present some trivial consequences of the axioms.

Proposition 2.3 (Uniqueness of the unit element). Let G be a group, and assume that for some
element e′ ∈ G we have ∀g ∈ G : e′g = g (or ∀g ∈ G : ge′ = g). Then e = e′.

Proof. e′ = e′e = e �

Proposition 2.4 ([Uniqueness of the inverse). Let G be a group, and assume that for some ele-
ment g ∈ G there is a g′ ∈ G such that gg′ = e (or g′g = e). Then g′ = g−1.

Proof. g′ = g−1gg′ = g−1 �

Because of the uniqueness of the neutral element and the inverse, we usually only specify
the binary group operation when referring to a group. E.g., we put (C×, ·),(Zn,+),(Sn,◦), etc.
Sometimes even that is omitted when there is no potential confusion. E.g., we often refer to the
group Sn, since it is clear to everybody that the group operation is composition.

Corollary 2.5. Let G be a group and a,b ∈ G. Then (a−1)−1 = a and (ab)−1 = b−1a−1.

2.1.1. Exercises.

Problem 2.6. In Proposition 2.3, switch the quantifier ∀ to ∃. Moreover, prove the cancellation
rule: au = bu⇒ a = b.

Problem 2.7. Show that in the group axioms, it is enough to require the existence of a left unit
element and a left inverse with respect to the left unit element (it leads to an equivalent system of
axioms).
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2.2. Subgroups, constructions.

Definition 2.8 (Subgroup). Let G be a group and H ⊆ G a subset that is closed under the opera-
tions, that is:

• e ∈ H
• g ∈ H⇒ g−1 ∈ H
• g1,g2 ∈ H⇒ g1g2 ∈ H

Then H together with the restriction of the operations is also a group. The groups obtained from
G this way are called subgroups of G, and we use the notation H ≤ G.

Example 2.1. The most basic objects of number theory are the infinite cyclic group (Z,+),
the additive group (Zn,+) of residue classes modulo n, and the multiplicative group (Z×n , ·) of
reduced residue classes modulo n. In algebra, the multiplicative group of n×n invertible matrices
over a given field K is very important, and so are these groups that are defined from it: GLn(K),
SLn(K), PGLn(K), PSLn(K), ΓLn(K), PΓLn(K), . . .

These are of particular interest over finite fields, R and C. Among the important subgroups of
GLn(R) we have the group On(R) of orthogonal matrices the group SOn(R) of special orthogonal
matrices. Analogously, in GLn(C) we can define the group Un(C) of unitary matrices and the
group SUn(C) of special unitary matrices.

The most frequent idea behind the construction of a group is when we consider all symmetries
of some kind of mathematical object. Depending of the area of mathematics under consideration,
we have

• geometry: Group of symmetries of polyhedrons and polytopes, where symmetry means
congruence. E.g., a regular n-gon has 2n symmetries: n rotations and n reflections. This
2n-element group of symmetries is denoted by Dn, and it is called the dihedral group (of
degree n).
• model theory, algebra: Automorphism group of structures, e.g. graphs, groups (the fa-

mous Galois group of field extensions is also a special case of this construction).
• topology: The group of autohomeomorphisms Homeo(X) of a topological space, or the

group of isometries of a metric space.
• measure theory: Group of measure preserving bijections, etc.

The simplest examples to automorphism groups of structures are when there is also the most
important: when the signature of the structure is empty, i.e., the „automorphism group of sets”.

Definition 2.9. Let X be a set. Then SX (or in some sources Sym(X)) denotes the set of all per-
mutations of X , i.e., the group of all bijections X→ X where the binary operation is composition
of functions. If the set X is finite with cardinality n, then we often denote this group by Sn.
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Definition 2.10 (Homomorphism). Let G and H be two groups. A map ϕ : G→ H is a(n)

• homomorphism, if ∀g,h ∈ G we have ϕ(gh) = ϕ(g)ϕ(h),
• embedding, if it is an injective homomorphism,
• isomorphism, if it is a bijective homomorphism.

Isomorphism of the from G→G are called automorphisms of G. The set of all automorphisms
of G is a group (with composition), which is denoted by Aut(G).

Example 2.2.
• Let K be a field, n ∈ N and let K× be the multiplicative group of nonzero elements in K.

According to the multiplicative property of determinants, the map det : GLn(K)→ K× is
a homomorphism.
• Multiplication by 2 is a (Z,+)→ (Z,+) embedding.
• The function mapping even integers to 0 and odd integers to 1 is a surjective (Z,+)→
(Z2,+) homomorphism.
• Multiplication by 3 is a (Z14,+)→ (Z14,+) isomorphism, that is, and automorphism of
(Z14,+).

Symmetric groups are particularly important in group theory, as every group can be repre-
sented as a subgroup of one.

Theorem 2.11 (Cayley representation theorem). Let G be a group. Then G can be embedded
into SG.

Proof. Given a g ∈ G let πg ∈ SG be the function defined by πg(x) = gx, i.e., multiplication by
g from the left. Let π : G→ SG, g 7→ πg. Then ∀g,h,x ∈ G we have πgh(x) = ghx = gπh(x) =
πg(πh(x)) = (πg ◦πh)(x), így π(gh) = π(g) ◦π(h). Injectivity of π is obvious, as for all g 6= h
we have πg(e) 6= πh(e), thus π(g) 6= π(h). �

Definition 2.12 (Coset). Let G be a group, and let H ≤G be a subgroup. Given a g∈G the subset
gH = {gh | h ∈H} ⊆G is called the left H-coset of g in G. Similarly, Hg = {hg | h ∈H} ⊆G is
called the left H-coset of g in G.

Definition 2.13 (Operations on complexes). Let G be a group, and let S,T ⊆ G. Then we define
ST := {st | s ∈ S, t ∈ T}. This definition provides an associative binary operation on subsets of
G. Cosets are obtained as a special case: gH is the product of {g} and H. We also define the
inverse operation of complexes by S−1 = {s−1 | s ∈ G}.

Theorem 2.14. Let G be a group, and let H ≤ G be a subgroup. Then two left H-cosets either
coincide or they are disjoint, and left H-cosets partition the set G. (The analogous statement for
right cosets also holds.)
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Proof. If g1H∩g2H 6= /0 for some g1,g2 ∈G, then pick an x∈ g1H∩g2H. Let h1,h2 ∈H such that
g1h1 = x = g2h2. Let h ∈ H be an arbitrary element. Then g1h = g1h1h−1

1 h = g2h2h−1
1 h ∈ g2H.

Hence, g1H ⊆ g2H, and similarly g2H ⊆ g1H can be shown by reversing the roles of g1 and g2.
Thus g1H = g2H. Clearly every g ∈ G belongs to a left coset, namely g = ge ∈ gH. �

Corollary 2.15 (Lagrange theorem). If G is a finite group and H ≤ G, then |H| divides |G|.

Definition 2.16 (Order, index). If G is a finite group, then the number |G| is called the order of
G. For H ≤G, the number |G|/|H| is called the index of H. According to the Lagrange theorem
(2.15) this is a positive integer. For infinite G the index of a subgroup H ≤ G is defined as the
cardinality of the set of left H-cosets (which can be finite or infinite). The index is denoted by
|G : H|.

Definition 2.17 (Generated subgroup, generating set, cyclic group). Let G be a group, and let
S⊆G be a subset. The subgroup generated by S in G is the smallest subgroup of G (with respect
to containment) that contains S as a subset. Notation: 〈S〉. If 〈S〉= G, then S is a generating set
of G. If the group G has a singleton generating system, then we say that G is cyclic.

Definition 2.18 (Order of elements). Let G be a group and let g ∈ G. Then the order o(g) of
g is the smallest n ∈ N such that gn = e, provided that such a number exists (and it is infinite
otherwise).

Proposition 2.19. Let G be a group, and let g∈G be an element of finite order. The for all k ∈N
we have gk = e⇔ o(g) | k, and this property uniquely determines the number o(g) in the set of
positive integers.

Proof. Apply the division algorithm to the numbers k and o(g).

k = m ·o(g)+ r

Then gk = gr = e⇔ r = 0⇔ o(g) | k. �

Corollary 2.20. Given a group G and g ∈ G, we have o(g) = |〈g〉|. Hence, if G is finite, then
o(g) divides |G|.

Remark 2.21. The well-known Euler-Fermat theorem in number theory is the special case of
the Lagrange theorem for the multiplicative group (Z×n , ·) of (mod n) reduced residue classes
(more precisely, that of Corollary 2.20).

We use the additive notation in the proof of the next assertion. Naturally, instead of raising to
the k-th power we have to multiply by k when we use this terminology.
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Proposition 2.22. Let g be a generator of the cyclic group (Zn,+), and let k ∈N. Then o(k ·g) =
n

gcd(n,k) .

Proof. m · (k ·g) = 0⇔ (km) ·g = 0⇔ n | km⇔ n
gcd(n,k) | m �

Remark 2.23. This proposition is easy to generalize if we work in generated subgroups. In
multiplicative terminology: given a group G and g ∈ G,k ∈ Z we have o(gk) = o(g)

gcd(k,o(g)) .

Corollary 2.24. Let k,n ∈ N. The group (Zn,+) has an element of odder k iff k | n, and in that
case the number of order k elements is ϕ(k), where ϕ is the Euler totient function. In particular,
there is exactly one subgroup in (Zn,+) isomorphic to (Zk,+) for all k | n.

Proof. The condition k | n is necessary by Corollary 2.20. It is also sufficient by Proposition 2.22,
as o(n/k) = k.

Moreover, by Proposition 2.22 for all 1 ≤ m ≤ n we have o(m) = k⇔ n
(n,m) = k⇔ (n,m) =

n
k ⇔∃1≤ `≤ k such that m = ` · n

k and (`,k) = 1. The number of such ` is exactly ϕ(k). �

2.2.1. Exercises.

Problem 2.25. Show that multiplication of complexes is an associative operation, and that
(ST )−1 = T−1S−1.

Problem 2.26. Prove that the definition of the index of a subgroup is unaltered if instead of left
cosets we write right cosets in it. (That is why it is unnecessary to say left- or right index.)

Problem 2.27. Show that the intersection of finitely many finite index subgroups is also a finite
index subgroup. (Poincaré)

Problem 2.28. Find and prove the “inner” characterization of generated subgroups.

Problem 2.29. Show that every group G is isomorphic to its opposite group. (Gop has the same
underlying set as G, and multiplication is defined by a∗b = ba.)

Problem 2.30. For which groups G is the mapping −1 : G→ G an automorphism?

Problem 2.31. Show that (not considering the trivial group) the only groups with no proper
nontrivial subgroups are exactly those that are isomorphic to (Zp,+) for some p ∈ N prime.

2.3. Homomorphisms, normal subgroups.

Definition 2.32 (Conjugation). Let G be a group, and let g ∈ G. The operation αg : G→ G,
x 7→ gxg−1 is called conjugation by g. Two group elements are conjugates if one can be conju-
gated to the other by some element. It is easy to see that this gives rise to an equivalence relation
(Problem 2.44), whose classes are called the conjugacy classes of G.
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Definition 2.33 (Normal subgroup). Let G be a group, and let N ≤ G a subgroup that is closed
under conjugation by any element of G. These are called normal subgroups of G. Notation:
N /G.

Definition 2.34 (Kernel, image). Let ϕ : G→H be a group homomorphism. Its kernel is the set
{g ∈G | ϕ(g) = eH}, denoted by Ker(ϕ). The image of ϕ is the set {h ∈H | ∃g ∈G : ϕ(g) = h},
denoted by Im(ϕ).

Lemma 2.35. Let ϕ : G → H be a group homomorphism. Then ϕ(eG) = eH and ∀g ∈ G :
ϕ(g−1) = ϕ(g)−1.

Proof. The neutral element in a group is uniquely determined by the property e2 = e, and clearly
ϕ(eG)

2 = ϕ(e2
G) = ϕ(eG), thus ϕ(eG) = eH . The second assertion follows from uniqueness of

the inverse: ϕ(g)ϕ(g−1) = ϕ(gg−1) = ϕ(eG) = eH and similarly ϕ(g−1)ϕ(g) = eH . �

Proposition 2.36. Let ϕ : G→H be a group homomorphism. Then Ker(ϕ)/G and Im(ϕ)≤H.

Proof. Ker(ϕ) is a subgroup:

• ϕ(eG) = eH ,
• g ∈ Ker(ϕ)⇒ ϕ(g−1) = ϕ(g)−1 = e−1

H = eH ⇒ g−1 ∈ Ker(ϕ),
• g1,g2 ∈ Ker(ϕ)⇒ ϕ(g1g2) = ϕ(g1)ϕ(g2) = eHeH = eH ⇒ g1g2 ∈ Ker(ϕ).

Normality: g ∈ G,n ∈ Ker(ϕ)⇒ ϕ(gng−1) = ϕ(g)ϕ(n)ϕ(g)−1 = ϕ(g)ϕ(g)−1 = eH , thus
gng−1 ∈ Ker(ϕ).

Im(ϕ) is a subgroup:

• ϕ(eG) = eH ⇒ eH ∈ Im(ϕ),
• g ∈ G⇒ ϕ(g−1) = ϕ(g)−1⇒ ϕ(g)−1 ∈ Im(ϕ),
• g1,g2 ∈ G⇒ ϕ(g1g2) = ϕ(g1)ϕ(g2)⇒ ϕ(g1)ϕ(g2) ∈ Im(ϕ).

�

Proposition 2.37. Let G be a group with a normal subgroup N /G. Then for all g ∈ G we have
gN = Ng. (In particular gNg−1 = N.)

Proof. Given an n ∈ N, we have gn = (gng−1)g ∈ Ng. Hence, gN ⊆ Ng, and similarly Ng ⊆
gN. �

Because of this latter proposition, we can talk about cosets of a normal subgroup (without
saying left or right).

The idea behind the next proposition is as follows. The multiplication of complexes is an
associative operation, and we even defined the inverse in a natural way. However, the set of all
nonempty subsets of a group do not form a group with these operation. Our goal is to restrict
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these operation to a suitable subset of complexes, so that we obtain a group. This suitable subset
is going to be the set of cosets of a normal subgroup.

Proposition 2.38. Let G be a group with a normal subgroup N /G. Then the cosets of N form a
group with the operations defined on complexes. In this group, N is the unit element, (gN)−1 =

g−1N, and g1Ng2N = g1g2N.

Proof. Observe that N−1 = N and NN = N, since N is a subgroup. Thus N is indeed a neutral
element: NgN = gNN = gN and gNN = gN by Proposition 2.37. Similarly, (gN)−1 =N−1g−1 =

Ng−1 = g−1N, and furthermore g1Ng2N = g1g2NN = g1g2N. �

Definition 2.39 (Factor group). The group given in Proposition 2.38 is called the factor group
(or quotient group) of G by N, and it is denoted by G/N.

Proposition 2.40. Let G be a group with a normal subgroup N /G. The mapping ν : G→ G/N,
g 7→ gN is a surjective homomorphism with kernel N.

Proof. Surjectivity is trivial. The mapping is a homomorphism, because ν(g1g2) = g1g2N =

g1g2NN = g1Ng2N = ν(g1)ν(g2). For all g ∈ G we have ν(g) = N ⇔ gN = N ⇔ g ∈ N, thus
Ker(ν) = N. �

Definition 2.41 (Natural homomorphism). The homomorphism in Proposition 2.40 is called the
natural homomorphism (or natural projection) with respect to N.

Example 2.3. For all n ∈ N the subgroup in (Z,+) that consists of all multiples of n is a normal
subgroup. The factor group is (Zn,+), and the natural homomorphism is k 7→ k (mod n).

Proposition 2.42 (Description of normal subgroups). Let G be a group with a normal subgroup
N /G. The following are equivalent:

(1) N /G.
(2) N ≤ G and N is a union of conjugacy classes.
(3) N ≤ G and ∀g ∈ G : g−1Ng⊆ N.
(4) N ≤ G and ∀g ∈ G : g−1Ng = N.
(5) N ≤ G and ∀g ∈ G : gN = Ng.
(6) N is the kernel of some homomorphism.

Proof. Based on previous observations, (1)⇒ (2)⇒ (3)⇒ (4)⇒ (1), (1)⇔ (5) and (1)⇔ (6)
are all clear. �

Corollary 2.43. Let G be a group and let H ≤ G with |G : H|= 2. Then H /G.

Proof. Trivial by using item (5) of Proposition 2.42. �
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2.3.1. Exercises.

Problem 2.44. Show that the binary relation x ∼ y⇔ ∃g ∈ G : gxg−1 = y is indeed an equiva-
lence relation on G. Its classes are called conjugacy classes of G.

Problem 2.45. Using the notations of Definition 2.32: ∀g ∈ G the mapping αg is an automor-
phism, and α : G→ Aut(G), g 7→ αg is a homomorphism. Im(α) is denoted by Inn(G) (stands
for inner automorphism).

Problem 2.46. Find the inner description of the generated normal subgroup. (What does this
mean?)

Problem 2.47. Let A,B/G in a group G, and assume that A∩B = {e}. Prove that elements of
A commute with elements of B.

Problem 2.48. ∗ Let G be a finite group.

(1) Show that if Aut(G) is trivial, then |G|= 1 or 2.
(2) Prove that if |Aut(G)|= 2, then G∼= (Z3,+) or (Z6,+)?

Problem 2.49. * Determine the cardinality of the following groups in therms of the prime power
q and the positive integer n: GL(n,q),PGL(n,q),SL(n,q),PSL(n,q),ΓL(n,q),PΓL(n,q).

Problem 2.50. * Show that for any finite index subgroup H of a group G there exists a finite
index normal subgroup N /G, such that N ≤ H ≤ G. (Hint: solve Problem 2.27 first.)

2.4. Isomorphism theorems.

Theorem 2.51 (Homomorphism theorem). Let ϕ : G→ H be a group homomorphism. Then
Im(ϕ)∼= G/Ker(ϕ).

Proof. Let Ker(ϕ) := N and define the mapping ι : (G/N)→ Im(ϕ) by gN 7→ ϕ(g). Then ι

is well-defined and injective, as g1N = g2N ⇔ g−1
2 g1 ∈ Ker(ϕ)⇔ ϕ(g−1

2 g1) = eH ⇔ ϕ(g1) =

ϕ(g2). Clearly, ι is also surjective. Moreover, ι is a homomorphism, because ι(g1g2N) =

ϕ(g1g2) = ϕ(g1)ϕ(g2) = ι(g1N)ι(g2N). �

Example 2.4.
• Let K be a field with multiplicative group K×. Then det : GLn(K)→K× is a surjective ho-

momorphism with kernel SLn(K). Hence, SLn(K)/GLn(K) and K× ∼= GLn(K)/SLn(K).
• The map σ : Sn→ ({−1,1}, ·) sending even permutations to 1 and odd permutations to
−1 is a surjective homomorphism. The kernel Ker(σ) is the subgroup An of all even
permutations.
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Corollary 2.52 (First isomorphism theorem). Let G be a group, and let N /G, H ≤ G. Then

• (H ∩N)/H,
• 〈H,N〉= HN = NH ≤ G, and
• H/(H ∩N)∼= HN/N.

Proof. The assertions 〈H,N〉= HN = NH ≤G follow from properties of normal subgroups that
were covered before (2.37). In general, a homomorphism can be restricted to any substructure
of the domain, and then we obtain a homomorphism from that substructure. The restriction of
the natural homomorphism ν : G→ G/N to H is a H → G/N homomorphism. Its image is
〈H,N〉/N = HN/N, and its kernel consists of those elements in H that are mapped to N via the
natural homomorphism, i.e., H ∩N. We are done by the homomorphism theorem (2.51). �

Corollary 2.53 (Second isomorphism theorem). Let G be a group, and let M,N /G, with M⊆N.
Then

• (N/M)/ (G/M),
• (G/M)/(N/M)∼= G/N, and
• subgroups of G/M are in a one-to-one correspondence with subgroups of G containing

M. This correspondence pairs up all normal subgroups of G/M by all normal subgroups
of G that contain M.

Proof. Our goal is to define a homomorphism ϕ : G/M→ G/N that connects the natural homo-
morphisms G→ (G/M) and G→ (G/N). Let ϕ(gM) := gN for all g ∈ G. It is well-defined,
since g1M = g2M ⇔ g−1

2 g1 ∈ M ⇒ g−1
2 g1 ∈ N ⇔ g1N = g2N, and it is a homomorphism, as

ϕ(ghM) = ghN = gNhN = ϕ(gM)ϕ(hM). Here, Ker(ϕ) = N/M, thus (N/M) / (G/M), and
furthermore Im(ϕ) = G/N, hence the homomorphism theorem (2.51) yields (G/M)/(N/M) ∼=
G/N.

Let H be a subgroup such that M ≤ H ≤ G. Then M /H, and clearly (H/M)≤ (G/M). Thus
the function ι : H 7→ H/M maps subgroups of G containing M to subgroups of G/M. Moreover,
if K ≤ (G/M), then let χ(K) := {g ∈G | gM ∈ K}. It is easy to see that M ⊆ χ(K)≤G, and that
ι and χ are inverses of one another.

We have already seen that for H /G we have ι(H) / (G/M). Finally if K / (G/M),g ∈ χ(K)

and h ∈ G, then

hgh−1M = hMgMh−1M = (hM)(gM)(hM)−1 ∈ K,

thus h−1gh ∈ χ(K). Hence, χ(K) is normal in G. �

Remark 2.54. The homomorphism theorem, and the first and second isomorphism theorems can
be generalized to rings, and in fact to arbitrary algebraic structures.
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N(1):=N1(H1   N2)

N(2):=N2(H2   N1)

H:=H1   H2

H1 H2

N1 N2

H

N(1) N(2)

(H1   N2)(H2   N1)

HN(1) HN(2)

H1   N2H2   N1

FIGURE 1. By Corollary 2.55, the factor groups corresponding to the red lines are isomorphic.

We close the section by a lemma discovered by Hans J. Zassenhaus, which is sometimes
referred to as the third isomorphism theorem or butterfly lemma.

Corollary 2.55 (Zassenhaus lemma [28]). Let G be a group, and let H1,H2 ≤ G and N1 /H1,
N2 /H2. Then

N1(H1∩H2)

N1(H1∩N2)
∼=

H1∩H2

(H1∩N2)(N1∩H2)
∼=

N2(H1∩H2)

N2(H2∩N1)

Proof. Let

H := H1∩H2,N(1) := N1(H1∩N2),N(2) := N2(H2∩N1)

The idea is to apply the first isomorphism theorem (2.52) in the group HN(i) to the subgroup H
and the normal subgroup N(i) (for i = 1,2). In order to make this possible, we need to show that
H normalizes N(i) in G, that is, for all h ∈ H we have that N(i) is closed to conjugation by h (for
i = 1,2). We present the proof for i = 1.
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So let n1n2 ∈N(1) with n1 ∈N1,n2 ∈H1∩N2, and let h∈H. Then h−1n1n2h=(h−1n1h)(h−1n2h),
and h−1n1h ∈ N1 (since h ∈ H1,n1 ∈ N1), and moreover h−1n2h ∈ H1∩N2 (as h ∈ H1,n2 ∈ H1,
and because h ∈ H2,n2 ∈ N2).

Hence we indeed obtained 〈H,N(i)〉= HN(i).
In order to obtained the desired conclusion by applying the first isomorphism theorem, we

need to check the following:

H ∩N(1) = (H1∩N2)(N1∩H2)

In fact, we are going to see that the containments suggested by Figure 2.4 are all correct. Hence,
we show that (H1∩N2)(H2∩N1) = (H2∩N1)(H1∩N2) = H∩N(1) = H∩N(2) = N(1)∩N(2). For
the sake of being concise, put M := (H1∩N2)(H2∩N1).

Clearly, M ⊆ (H2 ∩ N1)(H1 ∩ N2), since if n2 ∈ H1 ∩ N2 and n1 ∈ H2 ∩ N1, then n2n1 =

n1(n−1
1 n2n1) ∈ (H2 ∩N1)(H1 ∩N2). By switching the roles of indices we obtain the reverse

containment as well. It follows directly that M ⊆ N(1) and M ⊆ N(2), that is, M ⊆ N(1)∩N(2).
Now we verify the crucial (H1∩N2)(H2∩N1) = H∩N(1) equation. In order to obtain this, we

write an arbitrary element of the left hand side as n2n1 with n2 ∈H1∩N2 and n1 ∈H2∩N1. Then
n1,n2 ∈ H, thus n2n1 ∈ H. Hence, M ⊆ H. On the other hand, we have already seen M ⊆ N(1),
thus M ⊆ H ∩N(1). For the reverse containment, let h ∈ H ∩N(1). Then h ∈ H can be written as
h = n1n2, where n1 ∈N1,n2 ∈H1∩N2. In particular, n2 ∈H, thus n1 = hn−1

2 ∈H, so n1 ∈H∩N1.
Hence, n1n2 is a proper decomposition: n1 ∈ H2∩N1,n2 ∈ H1∩N2. This yields M = H ∩N(1),
and by switching indices also M = H ∩N(2). We are done by the first isomorphism theorem
(2.52).

Finally (in order to fully verify the correctness of the picture)we show that N(1) ∩N(2) ⊆ M.
All we need to observe is that N(i) ⊆ Hi implies N(1)∩N(2) ⊆ H. �

2.4.1. Exercises.

Problem 2.56. Prove that every cyclic group is isomorphic to either (Z,+) or to (Zn,+) for
some n ∈ N.

Problem 2.57. Assume that (Z,+) is a homomorphic image of a group G. Show that for all
n ∈ N the group G contains a normal subgroup with index n.
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3. DIRECT PRODUCTS AND ABELIAN GROUPS

Definition 3.1 (Direct product). Let A and B be two groups. Then A× B is a group whose
underlying set is the Descartes product of A and B, and the operations are executed coordinate-
wise:

(a1,b1),(a2,b2) ∈ A×B⇒ (a1,b1)(a2,b2) = (a1a2,b1b2), (a1,b1)
−1 = (a−1

1 ,b−1
1 ), and the

unit element is (eA,eB).

If G = A×B, then elements of the form (a,eB) (a ∈ A) in G constitute a normal subgroup iso-
morphic to A. This normal subgroup is the image of the embedding ιA : A→G, a 7→ (a,eB). Sim-
ilarly, we can define the embedding ιB : B→ G, b 7→ (eA,b) whose image is a normal subgroup
in G isomorphic to B. Then Im(ιA)∩ Im(ιB) = {eG}, and 〈Im(ιA), Im(ιB)〉= Im(ιA) Im(ιB) = G.
We show that these properties also guaranteed that the group is a direct product of two groups.

Theorem 3.2 (Inner description of direct products ). Let G be a group, and let A,B be normal
subgroups in G such that A∩B = {e} and 〈A,B〉= G. Then

• every element in A commutes with every element in B,
• every g ∈ G can be written in the form g = ab, a ∈ A,b ∈ B in a unique way, and
• G∼= A×B.

Proof. The first assertion is Problem 2.47.
By Corollary 2.52 we have 〈A,B〉 = AB = G, thus every g ∈ G can be written as g = ab with

a ∈ A,b ∈ B. Given two such decompositions g = ab = a′b′, we have (a′)−1a = b′b−1 ∈ A∩B,
thus (a′)−1a = b′b−1 = e, and consequently a = a′ and b = b′. Thus the decomposition is unique.
An isomorphism G→ A×B can be given by mapping every g∈G to the pair (a,b) where g = ab
is the above unique decomposition of g. �

It is possible to generalize the definition of direct product to infinitely many components.

Definition 3.3. Let I be a nonempty set, and let Gi be a group for all i ∈ I. Then the underlying
set of the complete direct product of the Gi consists of the choice functions, i.e., ∏

i∈I
Gi = { f : I→⋃

i∈I
Gi | f (i) ∈ Gi}. Elements of the index set I can be referred to as coordinates. Operations are

executed coordinate-wise. Hence, let e : I →
⋃
i∈I

Gi, i 7→ eGi be the neutral element, and for all

f ,g∈ ∏
i∈I

Gi the function f−1 is defined by i 7→ f (i)−1 (the inverse f (i)−1 is computed in Gi), and

moreover f g is the function i 7→ f (i)g(i) (the product f (i)g(i) is computed in Gi). In algebra,
operations (multiplication, addition) typically have finite arity, and we can only compose them a
finite number of times (in order to define infinite sums of products, we need a notion of limes,
hence a topology). This is the reason that infinite direct products are not defined as above, but
as a subgroup in the complete direct product: namely the set of all those choice functions that
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assign the unit element to all but finitely many coordinates. When we intend to emphasize this
fact, we call the direct product the discrete direct product.

3.0.1. Exercises.

Problem 3.4. Let G1, . . . ,Gn be groups, n ∈ N, and let (g1, . . . ,gn) ∈ G1 × ·· · ×Gn. Then
o((g1, . . . ,gn)) is the least common multiple of the numbers o(g1), . . . ,o(gn) (in the sense that
is any of them is infinite, then so is the least common multiple).

Problem 3.5. Prove that the direct product of commutative groups is also commutative.

Problem 3.6. Show that if the index set I is finite, then both the complete and the discrete direct
product defined in Definition 3.3 coincide with the finite direct product we obtain as an iterated
application of Definition 3.1. However, if I is infinite and none of the Gi is the trivial group,
then the complete and the discrete direct products are never isomorphic. (Hint: compare their
cardinality.)

Problem 3.7. As a generalization of Theorem 3.2 (and by using it) prove that a group G is iso-
morphic to the direct product of the groups A1, . . . ,An iff there exist normal subgroups A∗1, . . . ,A

∗
n

in G such that the union of them generates G, but the union of any n− 1 of them intersects the
last trivially.

Problem 3.8. Find an example of a subgroup (and a normal subgroup) in some direct product
G×H that cannot be written as the direct product of a (normal) subgroup in A and a (normal)
subgroup in B.

3.1. Commutative groups.

Definition 3.9. If the binary operation + in a group (G,+,−,0) is commutative, that is, ∀a,b∈G
we have a+b = b+a, then G is an Abelian group.

Remark 3.10. In case of commutative groups, we say direct sum instead of direct product, and
we denote it by ⊕.

Example 3.1. Cyclic groups are commutative. Moreover, direct sums of cyclic groups are also
commutative.

Our goal is to show the converse for finite groups: every finite Abelian group decomposes into
a direct sum of cyclic groups. At a point in the proof, we are going to find the following theorem
useful (but we prove it for finite groups in general, not just for commutative groups).

Theorem 3.11 (Cauchy). Let G be a finite group, and let p ∈ N be a prime. Assume that p | |G|.
Then there is an element of order p in G.
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Proof. Let S := {(g1, . . . ,gp) ∈ Gp | g1 · · ·gp = e}. We define the binary relation ∼ on Gp as
(g1, . . . ,gp) ∼ (g′1, . . . ,g

′
p) ⇔ ∃1 ≤ i ≤ p such that gk = g′k+i where indices are understood

(mod p). This is an equivalence relation, and as p is a prime, it is easy to see that the equivalence
class of a tuple (g1, . . . ,gp) ∈ Gp does not consist of p different tuples g1 = · · · = gp, in which
case the equivalence class is a singleton. If we pick the first (p− 1) coordinates of a p-tuple
arbitrarily, then the p-th one can be chosen in a unique way so that the p-tuple be in S. Thus
|S| = |G|p−1, and in particular p | |S|. Observe that there exists a singleton equivalence class in
S, namely {(e, . . . ,e)} is surely such a class. Hence, as p | |S|, there must be at least another
singleton class: (g, . . . ,g) ∈ S. Then g 6= e and gp = e, thus o(g) = p. �

Theorem 3.12 (Fundamental theorem of finite Abelian groups). Every (nontrivial) finite Abelian
group decomposes into a direct product of cyclic groups of prime power order. The factors are
uniquely determined up to the order in which they are written.

We prove the theorem after some auxiliary lemmas. First, we show existence. The proof is
reduced to the case of Abelian groups with prime-power order.

Lemma 3.13. Let G be a finite Abelian group, and let |G|= pα1
1 pα2

2 · · · pαr
r be the decomposition

of the order of G to a product of prime powers. Then there exists a unique list of subgroups
G1, . . . ,Gr ≤ G such that |Gi|= pαi

i . Moreover, G = G1⊕·· ·⊕Gr.

Remark 3.14. The unique subgroup of order pα in G is called the p-component of G. (Later on
we will call it the Sylow p-subgroup of G.)

Proof. For all 1≤ i≤ r let Gi := {g ∈ G | o(g) is a power of pi}. Let Hi denote the set {g ∈ G |
pi - o(g)} in G. These are both subgroups in G, as o(a+b) | o(a)o(b) in Abelian groups.

By the Lagrange theorem (2.15) for all g ∈ G we can put o(g) = pβ1
1 pβ2

2 · · · p
βr
r . Let g1 =

(pβ2
2 · · · p

βr
r ) ·g and let h1 = pβ1

1 ·g. Then pα1
1 ·g1 = 0, thus g1 ∈ G1, moreover (pβ2

2 · · · p
βr
r ) ·h1 =

0, hence h1 ∈ H1. Since pβ1
1 and pβ2

2 · · · p
βr
r are coprimes, then for a suitable pair s, t ∈ N we

have spβ1
1 + t pβ2

2 · · · p
βr
r = 1, that is, s · h1 + t · g1 = g. This yields G = G1 +H1, and of course

G1∩H1 = {0}, thus by Theorem 3.2 we obtain G = G1⊕H1.
Decomposing H1 inductively we obtain the desired decomposition of G to the above defined

Gi. (Or we can directly refer to Problem 3.7 as well.) By the Cauchy theorem (3.11) we have
that the order of Gi is a power of pi. The product of these orders is |G|= pα1

1 pα2
2 · · · pαr

r , thus the
fundamental theorem of number theory yields |Gi|= pαi

i .
Uniqueness follows from Problem 3.4: the order of an element in G = G1⊕·· ·⊕Gr is a power

of pi iff other than the i-th coordinate all of its coordinates are 0. Hence, by Corollary 2.20 any
subgroup of pi-power order in G must be contained in Gi. �

Now we show existence in the fundamental theorem for group of prime power order.
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Lemma 3.15. Let G be a finite Abelian group such that |G|= pn, p is a prime. Then G decom-
poses into a direct product of cyclic groups all of whose order is a power of p.

Proof. For n = 1 the assertion is trivial. Hence, let n ≥ 2 and assume that the statement holds
for smaller values of n. Let g ∈ G be an element in G with largest order, and let K denote the
subgroup generated by g, and put pk := o(g). We show that K has a direct complement, i.e.,
a subgroup H ≤ G such that K ∩H = {0} and K +H = G. Let H be maximal with respect to
containment among those subgroups of G that intersect K trivially.

Assume indirectly that there exists an u ∈ G \ (K + H). By maximality of o(g), we have
pk · u = 0 ∈ K +H. Let 0 ≤ ` ≤ k be such that p` · u /∈ (K +H) and p`+1 · u ∈ (K +H). That
is, by putting v := p` ·u we have v /∈ (K +H) and p · v ∈ (K +H). The latter equality gives rise
to the decomposition p · v = r ·g+h with some r ∈ N,h ∈ H. Again by maximality of o(g), we
have pk · v = 0, thus pk−1r ·g+ pk−1 ·h = 0. Then K∩H = {0} implies pk−1r ·g = pk−1 ·h = 0.
As o(g) = pk, we obtain r = pt for some t ∈ N. Hence, h = p · (v− t · g). Let w := v− t · g.
Clearly w /∈ K+H (as otherwise v ∈ K+H), but p ·w ∈H. Consequently, w /∈H, that is, 〈H,w〉
is a strictly bigger subgroup than H, and |〈H,w〉 : H| = p. By the choice of H we have 〈H,w〉
intersects K nontrivially, so there exists an element s · g 6= 0. Since |〈H,w〉 : H| = p, we obtain
that 〈H,w〉 is the unique subgroup of 〈H,w〉 such that H is a proper subgroup of it. Hence,
〈H,s ·g〉= 〈H,w〉, and then w ∈ K +H, a contradiction.

By the induction hypothesis, H decomposes into a direct sum of cyclic groups all of whose
order is a power of p. �

The scene is set to put together the proof of Theorem 3.12.

Fundamental theorem of finite Abelian groups 3.12. By Lemmas 3.13 and 3.15 we have a com-
plete proof for the existence part of the theorem.

Now we show uniqueness. Given a prime p that divides |G|. According to Lemma 3.13 in
any decomposition of G to a direct sum of cyclic groups of prime power order, the direct sum of
those factors whose order is a power of p is the p-component of G. Hence, it suffices to show
uniqueness for Abelian groups with order pn.

Let p be a prime and G an Abelian group with |G| = pn. Let G ∼= Zpα1 ⊕ ·· · ⊕ Zpαk , and
without loss of generality assume that α1 ≤ ·· · ≤ αk. We count the number of elements in G
whose order is at most p` for all 1 ≤ ` ≤ n. We show that this set of numbers (which does not
depend on the decomposition, only on G) uniquely determines the value of k and the multiset
{{α1, . . . ,αk}}. For all 1 ≤ i ≤ n denote by βi the number of those indices 1 ≤ j ≤ k such that
α j ≥ i. (In particular β1 = k.)
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Let g ∈ G and assume that p` · g = 0. If g = (g1, . . . ,gk), then this condition is equivalent to
p` · gi = 0 for all 1 ≤ i ≤ k. The number of such gi in (Zpαi ,+) (by Corollary 2.24) is exactly
min(pαi, p`) = pmin(αi,`). (In particular: the number of elements of order at most p in G is exactly
pk, which determines the value of k.)

Thus
k
∏
i=1

pmin(αi,`) = p

k
∑

i=1
min(αi,`)

is uniquely determined by G, as this is exactly the number of

elements of order at most p` in G.

Hence, G determines
k
∑

i=1
min(αi, `), which is

k

∑
i=1

min(αi, `) = ` ·β`+(`−1) · (β`−1−β`)+ · · ·+2 · (β2−β1)+1 · (β1−β2) =
`

∑
i=1

βi

From the numbers
`

∑
i=1

βi (∀1 ≤ ` ≤ n) we can compute the βi as well. Clearly, the numbers

β1, . . . ,βn determine the values of k,α1, . . . ,αk, proving uniqueness in the theorem. �

We note that Theorem 3.12 is referred to as the primary form of the fundamental theorem of
finite Abelian groups. The fundamental theorem has another version, the invariant form.

Theorem 3.16 (Fundamental theorem of finite Abelian groups, invariant form). Every nontrivial
finite Abelian group can be written as a direct sum of nontrivial finite cyclic groups (Zm1,+)⊕
·· ·⊕ (Zmn,+), such that m1 | m2 | · · · | mn and mi ≥ 2. The numbers m1, . . . ,mn are unique.

This theorem is easy to deduce from the primary form, so it is left to the reader. Note that the
primary form is a longest, and the invariant form is a shortest decomposition of a finite Abelian
group to a direct sum of cyclic groups. These are covered by Problem 11.22.

3.1.1. Exercises.

Problem 3.17. Prove that (Zn,+)⊕ (Zk,+) is cyclic⇔ gcd(n,k) = 1.

Problem 3.18. For all 0 ≤ k ≤ 7 determine the number of elements of order 2k in the group
(Z8,+)⊕ (Z4,+)⊕ (Z2,+)⊕ (Z2,+).

Problem 3.19. Find all those n ∈ N such that there is exactly one Abelian group of order n (up
to isomorphism)?

Problem 3.20. Let p ∈ N be a prime. What is the asymptotics of the number of Abelian groups
of order pn?

Problem 3.21. Find the primary and invariant forms of all 72-element Abelian groups.

Problem 3.22. What are the primary and invariant forms of (Z12,+)⊕ (Z6,+)⊕ (Z6,+)⊕
(Z3,+)⊕ (Z4,+)?
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3.2. Finitely generated Abelian groups. The next theorem generalizes the fundamental theo-
rem of finite Abelian groups.

Theorem 3.23 (Fundamental theorem of finitely generated Abelian groups). Let G be a non-
trivial finitely generated Abelian group. Then G decomposes into a direct sum of infinite cyclic
groups (i.e., groups isomorphic to (Z,+)) and finite cyclic groups of prime power order. The
decomposition is unique up to the order of factors.

The following lemma is interesting on its own right, but it is also going to be useful in the
proof.

Lemma 3.24. Let z1, . . . ,zk ∈Z such that gcd(z1, . . . ,zk) = 1. Then there exists a matrix A∈Zk×k

whose first row is (z1, . . . ,zk) and det(A) =±1, and in particular A−1 ∈ Zk×k.

Proof. The proof is by induction on |z1|+ · · ·+ |zk|. If |z1|+ · · ·+ |zk| = 1, then exactly one of
the zi is ±1 and the rest is 0. This initial case is trivial.

In the general case we may assume that z1 and z2 are nonzero and z1 ≥ z2 > 0. Switch z1 to the
integer z1− z2. Then by the induction hypothesis the row obtained extends to an integer matrix
B with det(B) = ±1. We obtain an appropriate matrix A by adding the second column of B to
the first. �

Definition 3.25. A group G is a torsion group if all of its elements have finite order. If G is an
Abelian group, then the set of all elements of finite order in G constitute a subgroup, which is
called the torsion subgroup of G.

Definition 3.26. Let G be an Abelian group. The elements g1, . . . ,gn ∈ G are independent over
Z if whenever m1, . . . ,mn ∈ Z and m1 ·g1+ · · ·+mn ·gn = 0, then we have m1 = · · ·= mn = 0 (an
integer). The elements g1, . . . ,gn ∈G are weakly independent over Z if whenever m1, . . . ,mn ∈Z
and m1 · g1 + · · ·+mn · gn = 0, then we have m1 · g1 = · · · = mn · gn = 0 (the neutral element
of G). An infinite set is independent (resp. weakly independent), if all of its finite subsets are
independent (resp. weakly independent). The rank of an Abelian group G is the supremum of
the cardinalities of its independent subsets. A basis (resp. weak basis) of an Abelian group is an
independent (resp. weakly independent) generating set.

Proposition 3.27. Let G be an Abelian group and n ∈ N. Let g1, . . . ,gn ∈ G. Denote by Gi the
subgroup generated by gi, and denote by Hi the subgroup generated by all the g j except for gi in
G. The elements g1, . . . ,gn ∈G are weakly independent over Z iff for all i we have Gi∩Hi = {0}.
If this condition holds, then 〈g1, . . . ,gn〉= G1⊕·· ·⊕Gn.

Proof. The first statement follows trivially from the definition of weak independence. The second
assertion is a consequence of Problem 3.7. �
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Proof of the fundamental theorem of finitely generated Abelian groups.

Existence: Let (x1, . . . ,xk) be a sequence of elements of G which is a generating set such
that the sequence (o(x1), . . . ,o(xk)) of orders of the elements is minimal in the lexicographic
ordering. In the sequence (o(x1), . . . ,o(xk)) infinity can occur: we consider infinity as something
larger than any natural number in this sense. We claim that G = 〈x1〉⊕ · · ·⊕〈xk〉.

By definition {x1, . . . ,xk} is a generating set, thus by Proposition 3.27 it is enough to show
weak independence of these elements. Assume the contrary, and let m j+1 ·x j+1+ · · ·+mk ·xk = 0
such that m j+1, . . . ,mk ∈ Z and m j+1x j+1 6= 0. We may assume that 0 < m j+1 < o(x j+1). Let
m = (m j+1, . . . ,mk) and zi := mi

m for all j + 1 ≤ i ≤ k. Then by Lemma 3.24 there exists an
A ∈ Z(k− j)×(k− j) whose first row is (z j+1, . . . ,zk), and A−1 ∈ Z(k− j)×(k− j). Let x := (x1, . . . ,xk)

T

and y := (x1, . . . ,x j,y j+1, . . . ,yk)
T , where (y j+1, . . . ,yk)

T = A · (x j+1, . . . ,xk)
T . Observe that[

I j 0
0 A

]
· x = y, and

[
I j 0
0 A−1

]
· y = x

which shows that x and y generate the same subgroup in G. Consequently, y is a generating set
of G. Moreover, o(y j+1)≤ m≤ m j+1 < o(x j+1), which is in contradiction with minimality of x
in the above defined sense.

Uniqueness: Let G0 be the torsion subgroup of G. In any decomposition according to the
assertion, G0 is the direct sum of the finite factors. Hence, the direct sum of the finite factors is the
same in all decomposition, and the finite factors themselves are uniquely determined according
to Lemma 3.13.

We need to show that the number of infinite components is also uniquely determined by G. We
are going to prove that this number equals to the rank of G. (It is zero for finite Abelian groups.)

Assume that there are r infinite factors in a decomposition of G. Then there exist r independent
elements in G, e.g., those r elements that has one nonzero coordinate whose value is 1.

On the other hand, pick any (r + 1) elements g1, . . . ,gr+1 ∈ G. The coordinates of these
elements in the r infinite components form the matrix z1,1 . . . z1,r

...
zr+1,1 . . . zr+1,r

 ∈ Z(r+1)×r

Consider this as a matrix in Q(r+1)×r. Its rank is at most r, as it has r columns. Hence there
exists a nontrivial linear combination of the rows with rational coefficients that adds up to zero.
By multiplying all coefficients by the least common multiple of all the denominators, we obtain
a similar linear combination with integer coefficients. If we also multiply all of these coefficients
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by the order of G0 then we obtain a neq sequence n1, . . . ,nr+1 ∈ Z of coefficients such that
n1 ·g1 + · · ·+nr+1 ·gr+1 = 0. Indeed, the linear combination n1 ·g1 + · · ·+nr+1 ·gr+1 is zero in
the r infinite components and also in the torsion subgroup. Hence, it is impossible to find (r+1)
independent elements in G, which together with the above example of r independent elements
shows that the rank of G is r. �

Remark 3.28.

(1) The fundamental theorem of finitely generated Abelian groups also has an invariant form
similarly to Theorem 3.16: in this case, we need to allow some mi to be infinity (the
corresponding factors are isomorphic to (Z,+)).

(2) The fundamental theorem of finitely generated Abelian groups, the theorem about the
Jordan normal form in linear algebra, and the fact that every (finitely generated) vector
space has a basis, have a common generalization. It is called the fundamental theorem
of finitely generated modules over principal ideal domains (Theorems 11.12 and 11.14).
Abelian groups coincide with Z-modules, and vector spaces over a field K are exactly the
K-modules. In case of the Jordan normal form, the connection more obscure.

3.2.1. Exercises.

Problem 3.29. Show that the torsion subgroup of a finitely generated Abelian group is finite.
Find an infinite Abelian group all of whose elements have finite order.

Problem 3.30. Prove that every subgroup of a finitely generated Abelian group is finitely gener-
ated Does the same hold for factor groups, as well?

Problem 3.31. (A basic example to a non-finitely generated Abelian group.)

(1) Show that any two elements in (Q,+) are dependent over Z (thus the rank is 1).
(2) Prove that every finitely generated subgroup of (Q,+) is cyclic. Prove that there are

countably many such subgroups, and that (Q,+) itself is not finitely generated.
(3) Find a continuum of subgroups in (Q,+).
(4) Show that there is no minimal (proper) subgroup in (Q,+).
(5) Prove that for any generating set X of (Q,+) and x∈X the set X \{x} is also a generating

set.
(6) Show that there is no maximal (proper) subgroup in (Q,+) either.

3.3. Semidirect products.

Definition 3.32 (Semidirect product). Let N and H be two groups, and let ϕ : H → Aut(N)

be a group homomorphism. We define a group with underlying set N ×H (here × denotes
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the Descartes-product of sets rather than the direct product of groups) and the following binary
operation: (n1,h1)(n2,h2) = (n1ϕ(h1)(n2),h1h2).

The unit element is (eH ,eN), and the inverse is defined as (n,h)−1 = (ϕ(h)−1(n−1),h−1).
Notation: Noϕ H, or is we do not want to emphasize the homomorphism ϕ , then simply NoH.

Proposition 3.33. The semidirect product of two groups is indeed a group with the operations
defined above.

Proof. Multiplication is associative:

((n1,h1)(n2,h2))(n3,h3) = (n1ϕ(h1)(n2),h1h2)(n3,h3) =

= ((n1ϕ(h1)(n2))ϕ(h1h2)(n3),(h1h2)h3) = (n1(ϕ(h1)(n2)ϕ(h1)(ϕ(h2)(n3))),h1(h2h3)) =

= (n1(ϕ(h1)(n2ϕ(h2)(n3))),h1(h2h3))= (n1,h1)(n2ϕ(h2)(n3),h2h3)= (n1,h1)((n2,h2)(n3,h3))

Moreover, (eN ,eH)(n,h)= (ϕ(eH)(n),h)= (n,h) and (n,h)(eN ,eH)= (nϕ(h)(eN),h)= (n,h),
thus the axiom of the neutral element holds.

Finally, the axiom of the inverse is verified below:
(n,h)(ϕ(h)−1(n−1),h−1) = (nϕ(h)(ϕ(h)−1(n−1)),hh−1) = (nn−1,hh−1) = (eN ,eH), and

(ϕ(h)−1(n−1),h−1)(n,h) = (ϕ(h)−1(n−1)ϕ(h−1)(n),h−1h)= (ϕ(h)−1(n−1)ϕ(h)−1(n),h−1h)=
= (ϕ(h)−1(n−1n),eH) = (eN ,eH). �

If G = NoH, then elements of the form (n,eH) with n ∈ N in G constitute a normal sub-
group isomorphic to N, and elements of the form (eN ,h) with h ∈ H in G constitute a subgroup
isomorphic to H. By identifying these with N and H,respectively, we have N ∩H = {e} and
〈N,H〉= NH = HN = G. We show that these conditions are sufficient for G to decompose into
the semidirect product of N and H.

Theorem 3.34 (Inner description of semidirect products). Let G be a group. Let N /G and H ≤G
be such that H ∩N = {e} and 〈N,H〉= G. Then

(1) (G = NH and) any element g ∈ G can be written uniquely in the form g = nh, n ∈ N,
h ∈ H, and

(2) G ∼= NoH; here elements of H act on N by conjugation, that is, G ∼= Noϕ H, where
ϕ : H→ Aut(N), h 7→ αh �N .

Proof. We argue the first statement similarly to the case of direct products. Since N /G we have
that 〈N,H〉=NH =HN, so NH =G. Then every g∈G can be written in the form g= nh, n∈N,
h ∈ H. To prove uniqueness, assume that g = n′h′, n′ ∈ N, h′ ∈ H is also a decomposition of g.
Then nh= n′h′, thus (n′)−1n= h′h−1, which is an element in N∩H. Hence, (n′)−1n= h′h−1 = e,
and then n = n′ and h = h′.
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We prove the second item. As N /G, we have that for all h ∈ H the conjugation map αh

(x 7→ hxh−1) can be restricted to N, and the restriction is an automorphism of N. Let

ϕ : H→ Aut(N), h 7→ αh �N

For all n1,n2 ∈ N, h1,h2 ∈H we have n1h1n2h2 = n1(h1n2h−1
1 )h1h2 = n1ϕ(h1)(n2)h1h2. Thus if

the bijection G→ N×H is defined according to the decomposition g = nh of each element, i.e.,
nh 7→ (n,h), then we obtain an isomorphism G→ Noϕ H by the above calculation. �

The so-called holomorph is a special semidirect product.

Definition 3.35 (Holomorph). Let G be a group. Then Goid Aut(G) is the holomorph of G.
Notation: Hol(G).

By definition, we have G/Hol(G). In this larger group, every automorphism of G is a conju-
gation by some (ideal) element. Namely, if α ∈ Aut(G) then

(α,eG)
−1(idG,g)(α,eG) = (α−1,eG)(idG,g)(α,eG) = (α−1,eG)(α,α(g)) = (idG,α(g))

which means that if we conjugate g by the element corresponding to the automorphism α in
Hol(G), then we end up with the element corresponding to α(g) in G.

Example 3.2. Dn ∼= (Zn,+)o (Z2,+), the nontrivial (order 2) automorphism in (Zn,+) is the
inverse function.

Example 3.3. Hol(Z3,+)∼= S3

Example 3.4 (Fundamental theorem of affine geometry). Let K be a field and let V be a finite
dimensional K-vector space. Let AV be the affine geometry produced from V (forgetting the
origin, and keeping only the incidence structure). It is well-known that the collineations of AV

(i.e., bijections that map collinear triples to collinear triples) are exactly the semiaffine transfor-
mations, namely those maps that can be written as a products of a semilinear transformation and
a translation. Recall that a map ϕ : V → V , ϕ(0) = 0 is a semilinear transformation if there is
an α ∈ Aut(K) field automorphism such that ∀k ∈ K,u,v ∈ V we have ϕ(u+ v) = ϕ(u)+ϕ(v)
and ϕ(ku) = α(k)ϕ(u). These bijections among these are exactly the functions that decompose
into the product of a linear transformation in GL(V ) and a field automorphism α ∈ Aut(K).
The set of bijective semilinear transformations of V is denoted by ΓL(V ). It is easy to see that
GL(V ) is a normal subgroup in this group that intersects the subgroup of field automorphisms
trivially. Hence, ΓL(V )∼= GL(V )oAut(K). The group of all bijective collineations are obtained
by the composition of functions in this semidirect product with translations. It yields a group-
such that the set of translations is a normal subgroup in it. So the group of “symmetries” of AV

(it is logical to consider those bijections symmetries that preserve the geometrical structure, i.e.,
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collineations) can be written as a semidirect product (V,+)oΓL(V ) Summarizing, the group of
bijective collineation of AV is (V,+)o (GL(V )oAut(K)).

Example 3.5 (Fundamental theorem of projective geometry). Let K be a field and V = K3 a
three-dimensional vector space over K. We denote by PV the projective plane, with underlying
set (V \{0})/∼, where u∼ v⇔∃k ∈ K : ku = v. It is well-known that the bijective collineations
of PV (PV → PV bijections mapping lines to lines) are exactly the semiprojective transformations,
i.e., the functions induced by a semilinear transformation of V . More precisely, this is an action of
the group ΓL(V ) acts on the set (V \{0})/∼. Due to semilinearity this action s well-defined, and
two elements in ΓL(V ) induce the same transformation on (V \{0})/∼ iff each can be obtained
from the other by multiplication with a (nonzero) element of the K. We can get rid of this
redundancy by factoring ΓL(V ) by the normal subgroup that consists of all scalar matrices (which
is the center of this group according to Problem 11.70). As a result we obtain the group PΓL(V ).
Analogously, and for the same reason, we define the group GL(V )/Z(GL(V )) = PGL(V ) as
well.

Similarly to the argument in the previous example we can obtain PΓL(V )∼= PGL(V )oAut(K).
In fact, by properly defining projective spaces from a vector space V of dimension n ≥ 2, and
appropriately defining symmetries of these objects, we obtain PΓL(V ) ∼= PGL(V )oAut(K) as
the group of all symmetries of projective spaces in any dimension.

We note that every direct product is a semidirect product; we just need to choose ϕ as the
trivial homomorphism, i.e., the mapping assigning the identity to every element of H.

The notion of a semidirect product is very cleverly designed: it is much more general then
direct product, but it is still easy to compute and work in these structures. As a convincing illus-
tration of this fact, we mention that groups of small order (or with an order that decomposes into
a small number of prime powers) can be perfectly described up to isomorphism using semidirect
products. As an example, we classify six-element groups up to isomorphism.

Proposition 3.36. If G is a six-element group, then either G∼= (Z6,+) or G∼= S3.

Proof. By Cauchy’s theorem (3.11) there is a three-element subgroup P3 ∼= (Z3,+) and a two-
element subgroup P2 ∼= (Z2,+) in G. The index of P3 is 2, thus by Corollary 2.43 we have
P3 /G. Moreover, P2 ≤ G, and clearly P3 ∩P2 = {e} by comparing the order of elements in
the two groups. Finally, P3P2 has at least 6 elements, thus P3P2 = G. Hence, the requirements
of a semidirect product are met: G = P3oP2 ∼= (Z3,+)o (Z2,+), the only question left is to
find the action of the elements of (Z2,+) by conjugation on (Z3,+). It is enough to specify
the action of the generator of (Z2,+) by conjugation on a generator of (Z3,+), as that uniquely
determines the homomorphism. Generators of (Z3,+) have order 3, thus an automorphism can
only map such an element to itself or to the other generator. If it is mapped to itself, then the



27

homomorphism in the definition of the semidirect product is the identity, and we obtain a direct
product: G∼= (Z3,+)× (Z2,+)∼= (Z6,+). Finally, if conjugation by the order 2 element maps a
generator of P3 to its inverse, then we obtain a different group. As S3 is also a 6-element group,
and we have seen from the above argument that there is exactly one example other than the 6-
element cyclic group, the result in this case must be S3. We can end the proof here, but it is also
easy to check that the semidirect product obtained from the nontrivial homomorphism is indeed
isomorphic to S3. We leave it to the reader to fill the Cayley table of this construction, and verify
that it is indeed the Cayley table of S3. �

In proofs like this last one, it is important that we know the automorphism groups of those
groups that are relevant in the argument. We provide a short list to help the reader’s task in such
problems. Some of the claims made in this list are nontrivial.

• Aut(Zn,+) ∼= (Z×n , ·), each automorphism is multiplication by some reduced residue
class. (This is Problem 3.37.) Similarly, Aut(Z,+)∼= (Z×, ·) = ({1,−1}, ·)∼= (Z2,+).
• If V denotes the 4-element Klein group, then Aut(V )∼= S3. We note that the Klein group

is isomorphic to (Z2,+)× (Z2,+), and we will show a more general result later (see
Proposition 10.2).
• We are going to prove that Aut(Sn)∼= Sn for n≥ 3, except for n = 6, when Aut(S6) is an

index 2 extension of S6 (cf. Theorem 4.35). Moreover, Aut(An) ∼= Aut(Sn) for n ≥ 4,
thus this automorphism group is also isomorphic to Sn, except for n = 6.

We also note that it was crucial in the last proof that we found the subgroups P3 and P2, and that
we could argue that one of them is normal. Sylow’s theorems (5.13) are very helpful in proving
such statements, hence they are also crucial in problems where we need to classify groups of
given order up to isomorphism.

3.3.1. Exercises.

Problem 3.37. Prove that Aut(Zn,+)∼= (Z×n , ·). For which n is this automorphism group cyclic?

Problem 3.38. Find all groups of order 10 based on the proof of Proposition 3.36.

Problem 3.39. Show that (Z15,+) is the only group of order 15 (up to isomorphism).

Problem 3.40. Let H,N be two groups and let ϕ : H → Aut(N). Let α ∈ Aut(H). Prove that
Noϕ H ∼= Noϕ◦α H.

Problem 3.41. Show that there are exactly two different groups of order 21 up to isomorphism.

Problem 3.42. Let p < q be primes. Show that if p - (q−1) then (Zpq,+) is the unique group of
order pq up to isomorphism, and if p | (q−1) then there is exactly one group of order pq beside
(Zpq,+) up to isomorphism, and it can be written in the form (Zq,+)o (Zp,+).
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Problem 3.43. * Let p be a prime and n∈N. Prove that the group (Zp,+)⊕·· ·⊕(Zp,+) has an
automorphism that permutes all (pn−1) nontrivial elements in a single cycle, which is referred
to as a Singer cycle. (Hint: Think about this group as the additive group of the pn-element field.
Recall what we learned about the multiplicative group of a field.)

Problem 3.44. Let T be a 3-dimensional body with a central symmetry. Prove that Sym(T ) ∼=
Sym+(T )×(Z2,+). (Here, Sym and Sym+ is the group of isometries and orientation-preserving
isometries of the body, respectively.)

Problem 3.45. Show that On ∼= SOno (Z2,+). For which n can we replace the semidirect prod-
uct by a direct product?

3.4. Some important constructions. In this subsection, we revise some important notions about
groups.

Definition 3.46 (Commutator). Let G be a group and let a,b ∈G. Then [a,b] := a−1b−1ab is the
commutator of a and b.

The commutator “tests” is two elements commute: [a,b] = e⇔ ab = ba.

Definition 3.47. Let G be a group and g ∈ G, H ≤ G.

• The centralizer of g is CG(g)= {a∈G | [a,g] = e}. More generally, the centralizer CG(H)

of a subset H (e.g., a subgroup) is the intersection of the centralizers of all elements in
H.
• The normalizer of the subgroup H is NG(H) = {a ∈ G | a−1Ha⊆ H}.
• The commutator subgroup of G is G′ = 〈[a,b] | a,b ∈ G〉.
• In general, the commutator of two subgroups A,B≤ G is [A,B] = 〈[a,b] | a ∈ A,b ∈ B〉.
• The center of G is Z(G) =CG(G) =

⋂
h∈G

CG(h).

• The Frattini subgroup of G is the intersection of its maximal subgroups, and it is denoted
by Φ(G). (If there is no maximal subgroup in G, then Φ(G) = G.)

Proposition 3.48. Let G be a group and g ∈ G, H ≤ G. Then

• The centralizer CG(g)≤ G, and |G : CG(g)| is the size of the conjugacy class of g.
• The normalizer NG(H)≤ G, and it is the largest (with respect to containment) subgroup

of G in which H is a normal subgroup. The index |G : NG(H)| is the cardinality of the set
of all conjugates of H.
• The commutator subgroup G′ /G is the smallest (with respect to containment) normal

subgroup such that by factoring G with it the factor group is Abelian.
• The center Z(G)/G.
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The first two item of the previous proposition can be reformulated in terms of group actions;
we are going to discuss this in the next chapter.

Finally, we introduce a basic definition.

Definition 3.49. A subgroup H ≤ G is a characteristic subgroup of G if for all α ∈ Aut(H) we
have α(H)⊆ H.

It is easy to see that the center, the Frattini subgroup and the commutator subgroup are all
characteristic subgroups.

3.4.1. Exercises.

Problem 3.50. Let G,H be two groups. Is it true that Z(G×H) = Z(G)×Z(H)? What is the
centralizer of an element in G×H?

Problem 3.51. Prove that the kernel of the homomorphism in Problem 2.45 is Z(G). Conclude
that Inn(G)∼= G/Z(G), and show that this group is never cyclic (unless it is trivial).

Problem 3.52. Let A,B/G in a group G. Show that [A,B]⊆ A∩B. (Note that Problem 2.47 is a
special case of this.)

Problem 3.53. Let f , t ∈ Dn, f is a rotation, t is a reflection. What is t−1 f t? And f−1t f ? Show
that Dn can be generated by two reflections.

Problem 3.54. Find the center of Dn and the centralizer of each element of Dn. What are the
conjugacy classes? Which well-known group is isomorphic to Dn/Z(Dn)?

Problem 3.55. Let G be a group and let N /G. Prove that CG(N)/G.

Problem 3.56.

(1) Show that NG(H) is the largest subgroup of G such that H is a normal subgroup in it.
(What is the smallest?)

(2) What is the normalizer of the following subgroups in S4: H = 〈(1 2)(3 4)〉, K = 〈(1 2 3)〉
and V = {id,(1 2)(3 4),(1 3)(2 4),(1 4)(2 3)}?

(3) Find a group G and a subgroup H ≤ G such that CG(H) 6= NG(H).

Problem 3.57.

(1) Show that the following condition is equivalent to the definition of a characteristic sub-
group: K charG iff ∀α ∈ Aut(G) we have α(K) = K.

(2) Prove that the center, the commutator subgroup and the Frattini subgroup (the intersec-
tion of all maximal subgroups) are characteristic subgroups.
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Problem 3.58. Show that every characteristic subgroup is a normal subgroup, but the converse
does not hold.

Problem 3.59.
(1) Find a group G such that a normal subgroup of a normal subgroup is not a normal

subgroup in G.
(2) Prove that in any group G a characteristic subgroup of a normal subgroup is a normal

subgroup in G.

Problem 3.60. Prove that Φ(G) consists of the non-generators of G, i.e., those elements in G
that can be omitted from any generating set of G so the the remaining set is also a generating
set. (Cf. Problem 3.31.)



31

4. GROUP ACTIONS

4.1. Orbits, stabilizers, fixed points.

Definition 4.1. Let G be a group and let X be a set. A homomorphism ϕ : G→ SX is called a
group action.

Remark 4.2 (Alternative definition). Let G be a group and let X be a set, and furthermore let
∗ : G×X → X be a function such that:

• ∀x ∈ X we have e∗ x = x, and
• ∀g,h ∈ G,x ∈ X we have g∗ (h∗ x) = (gh)∗ x (pseudo-associativity)

Then the triple (G,X ,∗) is called a group action. The support of an element g ∈ G is the set of
points x ∈ X such that g∗x 6= x, and the size of the support is called the degree of g. The support
of the whole group is the union of supports of all elements, and its size is the degree of G.

Proposition 4.3. The two alternative definitions of group action are equivalent.

Proof. Given a homomorphism ϕ : G→ SX define the function ∗ : G×X→X by g∗x :=ϕ(g)(x).
It is easy to see that this satisfies both axioms of a group action. For the reverse direction, assume
that we are given a group action ∗ : G×X → X , and define the function ϕ : G→ SX by setting
ϕ(g) to be the permutation that maps every x ∈ X to g ∗ x. It is easy to verify that ϕ is a group
homomorphism.

These two operations between homomorphisms and group actions are inverses of one another.
�

Definition 4.4. Let ϕ : G→ SX be a group action (alternatively ∗ : G×X→ X), and let g∈G,x∈
X .

• The orbit of x is G(x) = {y ∈ X | ∃h ∈ G : ϕ(h)(x) = y}= {y ∈ X | ∃h ∈ G : h∗ x = y}.
• The stabilizer of x is Gx = {h ∈ G | ϕ(h)(x) = x}= {h ∈ G | h∗ x = x}. Then Gx ≤ G.
• The set of fixed points of g ∈ G is Fix(g) = {y ∈ X | ϕ(g)(y) = y}= {y ∈ X | g∗ y = y}.
• The kernel of the group action is Ker(ϕ). Equivalently, it is the set of group elements

stabilizing every element of X , thus {g ∈ G | ∀x ∈ X we have g∗ x = x}.

Remark 4.5. The orbits are the classes of the following equivalence relation: x∼ y⇔∃g ∈ G :
g∗ x = y.

Proposition 4.6 (Orbit-stabilizer theorem). Let ∗ : G×X → X be a group action, and let x ∈ X.
Then |G(x)|= |G : Gx|.

Proof. For any g,h ∈ G we have g∗ x = h∗ x⇔ (h−1g)∗ x = x⇔ h−1g ∈ Gx⇔ gGx = hGx. �
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Example 4.1. Let G be a group and let g ∈ G, H ≤ G.

• We have already defined the map α : G→ Aut(G), h 7→ αh where αh is the conjugation
by h on the underlying set of G. Since Aut(G)≤ SG, this is a group action. The orbit of
a group element is its conjugacy class, and the stabilizer of an a ∈ G is CG(a). Applying
the orbit stabilizer theorem (4.6) yields that the index of the centralizer of a is the size of
the conjugacy class of a.
• Similarly, we can define the action of a group element on a subgroup by conjugation.

Hence, let Sub(G) be the set of subgroups of G, and put g ∗H := g−1Hg for all g ∈
G,H ≤ G. This is a group action. Applying the orbit stabilizer theorem (4.6) yields that
the index of the normalizer of H is the number of conjugates of H.

Example 4.2. (The group of symmetries of the regular tetrahedron) In geometry, symmetry
usually means isometry (congruence). Note that the set of vertices is uniquely determined by
the distance. Indeed, inside the regular tetrahedron, the biggest distance is exactly the distance
between any pair of vertices (and no other pair of points), thus a point in the tetrahedron is a
vertex iff it is at maximum distance from some other point in the tetrahedron. Thus symmetries
map vertices to vertices. Moreover, it is clear that once we choose the image of all vertices, it
uniquely determines the isometry: in fact, a point in the three-dimensional Euclidean space is
uniquely determined by its distance from the vertices of a given regular tetrahedron. Thus the
isometries of a regular tetrahedron correspond to permutation of the vertices, although at this
point it is not clear if all permutations on the vertices are induced by symmetries. Hence, the
group of isometries embed into S4, the set of all permutations of the four vertices. Recall that S4

is generated by transpositions, as every permutation can be written as a product of transpositions.
Note that any permutation is induced by a symmetry. For example, if the vertices are numbered
by 1,2,3,4, then the transposition (1 2) is induced by reflection to the perpendicular bisector
plane of 1 and 2, as this plane contains 3 and 4.

Example 4.3. (The group of symmetries of the cube and the octahedron) As these two poly-
hedrons are dual, they have the same isometry group. We argue for the cube. Similarly to the
previous example, we are looking for a subgroup of S8, the group of permutations on the eighth
vertices induced by symmetries. We apply the orbit stabilizer theorem (4.6) iteratively. First
of all, we show that any vertex can be mapped to any other vertex by an appropriate symmetry
(such group actions are called transitive). In fact, it is (almost) enough to apply rotations around
lines by 90◦. By using such isometries, a vertex can be mapped to any other vertex on the same
face. Hence, we can reach six other vertices by applying at most one such rotation. The vertex
1 can be reached from itself by applying the identity, and in case of the eighth vertex we use
a central reflection. So by denoting the group of symmetries by G (identified by the group of
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induced permutations) and the vertices by 1,2,3,4,5,6,7,8, we have |G(1)| = 8. From now on
we focus on G1, i.e., those isometries of the cube that fix 1. As the distance is preserved, the set
of neighbouring vertices (2,4,5) are invariant under all these permutations (this is exactly the set
of vertices at distance one from vertex 1). It is easy to see that G1 acts transitively on this three-
element set: by applying the rotation around the line connecting 1,7 by 0◦,120◦,240◦ map 2 to
2,5,4, respectively. Hence, |G1(2)| = 3. So now we focus on the point-wise stabilizer G(1,2) of
the vertices 1 and 2. This group can only map 4 to 4 or 5 because of preservation of the distance.
Those two vertices can be reached indeed: the identity maps 4 to 4-be, and the reflection to the
plane containing 1,2,7,8 maps 4 to 5. Thus |G(1,2)(4)| = 2. Finally, the point-wise stabilizer
of 1,2,4 cannot move 5 (the only vertex at distance one from 1 other than 2 and 4). Moreover,
the space diagonals are the only longest segments inside a cube, thus space diagonals are also
permuted by symmetries. As 1 is fixed, this means that so is 7. Similarly, as 2 is fixed, so is 8, as
5 is fixed, so is 3, and as 4 is fixed, so is 6. Hence, G(1,2,4) stabilizes all eight vertices of the cube,
and then G(1,2,4) = {id}. The orbit stabilizer theorem can be applied three times to obtain |G|=
|G(1)| · |G1|= |G(1)| · |G1(2)| · |G(1,2)|= |G(1)| · |G1(2)| · |G(1,2)(4)| · |G(1,2,4)|= 8 ·3 ·2 ·1 = 48.

In fact, the orbit stabilizer theorem gives us much more than the size of G. It is easy to see that
the group of symmetries G is exactly the group generated by all symmetries that showed up in
the argument. That is, G consists of those isometries that are generated by rotations around lines
by 90◦ (more precisely those six of them that we used in the first step of the proof to move 1), of
the central reflection, the rotations around the line of 1,7 by 120◦ (the rotation by 240◦ need not
be included, it is the square of this one), and the reflection to the plane containing 1,2,7,8.

It is not hard to find all 48 symmetries by using this argument, but we can give an even more
transparent description of them that shows G∼= S4× (Z2,+).

The isometry group G acts on the set of four space diagonals, as we already observed. It is
easy to see that any permutation of the four diagonals is induced by a symmetry, and in fact, by
an orientation-preserving one (i.e., we do not need reflections to planes or to points: word of
warning, in the three-dimensional space, central reflections are orientation reversing, unlike in
the two-dimensional plane.). By using the orbit-stabilizer theorem it is also easy to see that all 24
permutations occur once. Thus the group G+ of orientation preserving symmetries of the cube
is isomorphic to S4. All these isometries commute with the central reflection, which together
with the identity form a two-element normal subgroup Z in G isomorphic to (Z2,+) (clearly it
is contained in Z(G), and in fact it is Z(G)). Both the identity and the central reflection induce
the identical permutation on the set of all space diagonals: the central reflection switches the
endpoints of each diagonal. This two-element subgroup is the kernel of the action. As |G+|= 24
and |G| = 48, we have that G+ is an index 2 subgroup, and hence normal. The two normal
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subgroups G+ and Z intersect trivially and they clearly generate G. Thus the conditions of the
inner description of direct products is satisfied, and then G∼= S4× (Z2,+).

Example 4.4. (The group of symmetries of the dodecahedron and the icosahedron) As these are
again duals, we only argue for the dodecahedron. Without too many details, we present a very
elegant argument that yields the isometry group. We can inscribe five cubes into a dodecahedron
that are largest among all inscribed cubes. Thus isometries permute these cubes. It is not hard
to verify (by using the orbit-stabilizer theorem to calculate the size of the group and to find a
generating set) that the group G+ of orientation-preserving isometries permute these five cubes
in 60 different ways, and that there are indeed 60 orientation-preserving isometries. Moreover,
G+ ∼= A5. Similarly to the previous example, we obtain the group of all symmetries G as a
direct product of G+ and the two-element center generated by the central reflection. Hence, the
isometry group G∼= A5× (Z2,+), and it has 120 elements. (Note that it is not isomorphic to S5:
in S5 the normal subgroup A5 does not have a direct complement.)

Burnside was a brilliant mathematician, and in particular an outstanding group theorist. The
next lemma is named after him, but it famously has nothing to do with him [21].

Theorem 4.7 (Burnside lemma). Let G be a finite group, and let X be a finite set. Let ∗ : G×X→
X be a group action. Then 1

|G| ∑
g∈G
|Fix(g)| is the number of orbits of the group action.

Proof. We use double counting. Let U = {(g,x) ∈ G×X | g ∗ x = x}. The size of U can be
determined in two different ways: by grouping its elements according to the first coordinate (in
G) or by the second coordinate (in X).

Thus |U |= ∑
g∈G
|Fix(g)|, and according to Proposition 4.6 we have |U |= ∑

x∈X
|Gx|= ∑

x∈X

|G|
|G(x)| =

|G| ∑
x∈X

1
|G(x)| . Let O1, . . .Ok be the orbits of this group action. By grouping the terms in the sum

by orbits, each sub-sum is one: |G| ∑
x∈X

1
|G(x)| = |G|

k
∑

i=1
∑

x∈Oi

1
|Oi| = |G|

k
∑

i=1
1 = |G| · k. Comparing

this with the other counting method yields ∑
g∈G
|Fix(g)|= |G| ·k and then 1

|G| ∑
g∈G
|Fix(g)|= k. �

The Burnside lemma is typically useful in situations when the group G is small (or it has a
transparent structure) and the underlying set X is large. In the next example, the underlying set
has size 2n, as opposed to the group which has only n elements. This make the problem easier to
attack by working with the group rather than the underlying set.

Example 4.5. How many ways are there to color the vertices of a regular n-gon by two colors,
if two colorings are considered equivalent if one can be obtained from the other by applying a
rotation?
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In order to prove the problem, we first have to rephrase it as a problem about group actions
(or in this case, permutation groups). The underlying set X consists of all colorings of the n
vertices: this is a 2n-element set. The group G consists of the n rotations of the n-gon, including
the identity. Then G∼= (Zn,+) is a cyclic group with generator f , namely the rotation by 360◦/n.
These rotations act on colorings in a natural way: by rotating the coloring x with f k we obtain
the coloring y such that the color of a vertex v can be read from the color in the coloring x of the
vertex we obtain by making k steps from v clock-wise. That is, f k(x)(v) = x( f k(v)). Note that
two colorings are in the same orbit iff one can be rotate to the other. Thus the above problem
asks the number of orbits in this group action. We can apply Burnside’s lemma. Hence, we
are interested in the number of fixed points of f k for all 0 ≤ k ≤ (n− 1) (among the colorings,
not the vertices). If k = 0, then all 2n colorings are fixed, as the identity fixes everything. If
1≤ k ≤ (n−1), then the number of fixed points of f k depends on the order of f k. If the order is
d | n, then clearly a coloring x is fixed iff the color of any vertex is the same as the one n/d steps
away from that vertex. By picking every n/d-th vertex starting from a given vertex, we obtain a
regular d-gon. The regular n-gon can be partitioned into n/d such regular d-gons, and a rotation
of order d fixes a coloring iff it is constant on all n/d of these regular n/d-gons. Thus there are
as many fixed points of an order d rotation as many ways to assign colors to these n/d regular
d-gons, i.e., 2n/d . This formula is also correct on the identity element: in that case d = 1, and
indeed it has 2n/1 fixed points. By Corollary 2.24 for all d | n there are exactly ϕ(d) elements of
order d in (Zn,+), where ϕ is the Euler totient function. Hence, by Burnside’s lemma the number
of orbits (i.e., of essentially different colorings) is 1

n ∑
d|n

ϕ(d) · 2n/d . For example, if n = 6, there

are 1
6(ϕ(1) ·2

6 +ϕ(2) ·23 +ϕ(3) ·22 +ϕ(6) ·21) = 1
6(64+8+8+4) = 14 essentially different

colorings.

Definition 4.8. A group action is transitive if it has one orbit. More generally, a group action
∗ : G×X → X is k-transitive if for any pair-wise distinct elements a1, . . . ,ak ∈ X and pair-wise
distinct elements b1, . . . ,bk ∈ X there exists a g ∈ G such that g∗ai = bi for all 1≤ i≤ k.

Proposition 4.9. Let k ≥ 2 be a natural number, and let ϕ : G→ SX be a group action, |X | ≥ k.
Then the following are equivalent.

(1) The group action ∗ : G×X → X is k-transitive.
(2) The group action ∗ : G×X → X is transitive and for all x ∈ X the action of the stabilizer

Gx on X \{x} is is (k−1)-transitive.
(3) The group action ∗ : G×X→X is transitive and for some x∈X the action of the stabilizer

Gx on X \{x} is is (k−1)-transitive.

Proof.
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(1)⇒ (2) By definition.
(2)⇒ (3) Trivial.
(3)⇒ (1) Let a1, . . . ,ak ∈ X be pair-wise distinct elements and let b1, . . . ,bk ∈ X be pair-wise

distinct elements. Because of transitivity there are elements g,h ∈ G such that g ∗ a1 = x and
h∗b1 = x. Moreover Gx is (k−1)-transitive, thus there is an f ∈Gx such that f ∗ (g∗ai) = h∗bi

holds for all 2≤ i≤ k. Then (h−1 f g)∗ai = bi for all 1≤ i≤ k. �

Example 4.6. Let G be a group and let H ≤ G. Then G acts on the set of left cosets of H
by left multiplication: g ∗ (aH) := gaH. This way we always obtain a transitive group action.
Observe that the special case H = {e} yields the Cayley representation. Hence, in the Cayley
representation the group acts on its own underlying set by left multiplication.

We show that the construction in the example covers all transitive group actions.

Definition 4.10 (Isomorphism of group actions). Let ∗ : G×X → X and ◦ : H×Y → Y be two
group actions. These are isomorphic if there exist a group homomorphism ϕ : G→ H and a
bijection f : X → Y such that f (g∗ x) = ϕ(g)◦ f (x) for all g ∈ G,x ∈ X . Often the same group
acts on different sets. Then the formula is simplified: G = H, ϕ = idG, and we need to check that
f (g∗ x) = g◦ f (x) for all g ∈ G,x ∈ X .

Proposition 4.11. Let ∗ : G×X→ X be a transitive group action. Let H := Gx for some element
x ∈ X. Then the action of G on left cosets of H by left multiplication is isomorphic to the given
group action.

Proof. By transitivity, every y ∈ X can be written in the form h∗x for some h ∈G. We define the
bijection between the underlying set according to this equation: let f assign to every y ∈ X the
left H-coset hH of such an element h.

Then f is well-defined by the proof of Proposition 4.6. Furthermore, for any g ∈ G we have
f (g∗y) = f (g∗ (h∗x)) = f ((gh)∗x) = ghH = g · f (y) because of pseudo associativity of group
actions and the definition of f , showing the isomorphism of the two actions. �

Example 4.7. The group of collineations of affine spaces coordinatizable by fields (Example 3.4)
acts transitively on the affine space. Indeed, any element can be mapped to any other element by
an appropriate translation. The stabilizer of an element is exactly the group ΓL(V ) of semilinear
transformations. The correspondence is obtained by picking the origin as the element whose
stabilizer was considered, and choosing an arbitrary (linear) basis with that origin. (This is not a
natural correspondence in the category theoretic sense.) Omitting the origin from the underlying
set, the group of semilinear transformations is also transitive on the remaining set. (Given any
two nonzero vectors u,v ∈ V there exists an invertible linear transformation of V that maps u to
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v.) Hence, the group of collineations of affine spaces coordinatizable by fields is 2-transitive.
Moreover, it was enough to use transformations in GL(V ) together with translations, field auto-
morphisms were not even necessary. That is, the group (V,+)oGL(V ) with the restricted action
is also 2-transitive. In case of affine spaces, the story usually ends here: if u1,u2 are dependent
vectors and v1,v2 are independent, then clearly there is no invertible linear transformation of
V (and in fact, no collineation), that maps the pair (u1,u2) to (v1,v2). Hence, (V,+)oGL(V )

(and the group of collineation of affine spaces coordinatizable by fields) are in general not 3-
transitive. (Why in general?) The geometrical reasoning is that collineations preserve the affine
ratio of triples.

Example 4.8. Given a field K the group PΓL2(K) can be considered as the group of symmetries
of the projective line. (Why?) The geometrical interpretation is that the underlying set of the
action is K∪{∞}. (The point at infinity ∞ is in fact the equivalence class of the vector (1,0)T ∈
K2, while points in K are represented by equivalence classes of vectors of the form (k,1)T ,
k ∈ K.) Thus we can define the action of PΓL2(K) on this set in the usual sense. For now we

restrict ourselves to studying the action of PGL2(K). Multiplying by a matrix

(
a1,1 a1,2

a2,1 a2,2

)
maps

the point (1,0) at infinity to a1,1
a2,1

(by using the above correspondence, and defining fractions with

zero denominator as infinity), and a point k ∈ K is mapped to a1,1k+a1,2
a2,1k+a2,2

(of course, the image

of −a2,2
a2,1

is ∞ by definition). This yields the group of Möbius-transformations of the projective
line, which in fact is the action of PGL2(K) on the projective line by using the above sensible
correspondence. The stabilizer of the point at infinity is the set of (cosets of) upper triangular

matrices:

(
a1,1 a1,2

a2,1 a2,2

)(
1
0

)
∼

(
1
0

)
⇔ a2,1 = 0. The action of the group of these matrices

on K is 2-transitive. To prove this it suffices to show that a given pair of distinct elements,
say 0 and 1, can be mapped to any pair of distinct elements x1,x2 ∈ K, x1 6= x2 by a suitable
Möbius-transformation in the stabilizer of ∞. Hence, we are looking for elements a1,1,a1,2,a2,2 ∈
K such that a1,1·0+a1,2

a2,2
= x1 and a1,1·1+a1,2

a2,2
= x2. Despite of the somewhat misleading notation,

a1,1,a1,2,a2,2 are the unknowns and x1,x2 are given parameters in the system of equations. There
is another condition, namely a1,1,a2,2 6= 0, as the matrix must be invertible. By solving the
system of equations we obtain a1,1

a2,2
= x2− x1 and a1,2

a2,2
= x1. Hence we proved 2-transitivity, and

we have also shown that up to a scalar multiple, there is exactly one matrix in the stabilizer of ∞

that maps a given pair to another pair. This means that the action of PGL2(K) on the projective
line is sharply 3-transitive, which means that it is 3-transitive and for any pair of triples there
is a unique group element mapping one to the other. This also clearly shows that the action is
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not 4-transitive. This phenomenon also has a clear geometrical reason: it is well-known that
multiplication by a matrix in GL2(K) preserves the cross ratio of any four elements.

4.1.1. Exercises.

Problem 4.12.

(1) Let G be a finite group ∗ : G→ G×X a transitive group action on the set X. Prove that
if X is finite, then its size divides that of G.

(2) How can we generalize the first item to k-transitive group actions?
(3) What stronger number theoretic condition do we obtain if the action is sharply k-transitive?

Problem 4.13. Let ∗ : G→G×X be a transitive group action, x∈X, H =Gx. Then the stabilizer
of g∗ x is gHg−1, and the kernel of the group action is Ker(ϕ) =

⋂
g∈G

gHg−1.

Problem 4.14. Two pairs of twins and a set of triplets enter a beauty contest. After the competi-
tion was over, the contestants and the main organizer had dinner sitting around a circular table
(they were sitting in the vertices of a regular octagon). How many different ways are their to seat
them, if we do not distinguish between arrangements that can be rotated to each other (and we
cannot tell the difference between siblings)? What is the answer if we also do not distinguish
between arrangements that are mirror images of each other?

Problem 4.15. What formula do we get if we modify Problem 4.5 so that mirrored colorings are
also considered equivalent?

Problem 4.16. A hole puncher makes three holes on a 5× 5 square grid of a tram ticket. How
many different triples of holes can be punched in the ticket, if we do not distinguish between
results that can be rotated or reflected to each other?

Problem 4.17. Edges of a regular tetrahedron are colored with three colors. It is not expected
to use all three colors in a coloring. How many different colorings are there, if two colorings
are considered equivalent iff they can be mapped to one another by an orientation-preserving
transformation?

Problem 4.18. An equilateral triangle is divided into 9 identical equilateral triangles with lines
parallel to the sides. How many 2-colorings are there of the 9 small triangles, if we do not
distinguish between results that can be rotated or reflected to each other?

Problem 4.19. Prove that if G is a finite group acting transitively on a finite set X, and |X | ≥ 2,
then there is a fixed point free element in G. (Hint: apply Burnside’s lemma.)
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4.2. Permutation groups and primitivity.

Definition 4.20. Let X be a finite set and let G≤ SX be a group. Then G is a permutation group.
Permutation groups can be considered as special group actions: if ϕ : G→ SX is an injective
homomorphism (i.e., Ker(ϕ) is trivial), then ϕ embeds G into SX . Another terminology in use
for such group actions is faithful action.

As permutation groups are special group actions, every statement we had about group actions
can be applied to them. In the sequel, we study transitive group actions almost exclusively. Due
to Proposition 4.11, given a transitive permutation group G ≤ SX , it is enough to specify the
abstract group structure of G in a sense: the action is uniquely determined by the stabilizer of an
element, which is a subgroup of G.

Definition 4.21. A permutation group G ≤ SX is semiregular if all its nonidentity elements are
fixed point free. A permutation group G≤ SX is regular if it is semiregular and transitive.

Remark 4.22. Cayley representations are regular. Given a field K and a vector space V over K,
the action of (V,+) on the affine space induced by V is regular.

Definition 4.23. Let f : A→ A be a function and let R ⊆ An be an n-ary relation. We say that
f preserves R if for all (a1, . . . ,an) ∈ R we have ( f (a1), . . . , f (an)) ∈ R. Moreover, f strongly
preserves R if for all (a1, . . . ,an) ∈ An we have (a1, . . . ,an) ∈ R⇔ ( f (a1), . . . , f (an)) ∈ R. These
notion apply to sets of functions of the form A→ A, as well, if they hold for all functions in the
set. In particular, a permutation group preserves (resp. strongly preserves) a relation if every
element of the group preserves (resp. strongly preserves) the given relation.

Remark 4.24. Equality is preserved by every function, and it is strongly preserved by a function
iff it is injective. A permutation group preserves a relation iff it strongly preserves the relation.
Word of warning: a similar statement does not hold for a single permutation! E.g., the function
f : Z → Z, x 7→ x + 1 preserves the set of positive integers (which is a unary relation), but
f (0) = 1, and thus the relation is not strongly preserved.

Definition 4.25. A permutation group G ≤ SX is primitive, if it is transitive and it does not
preserve any nontrivial equivalence relation (equality and X ×X are preserved by all functions,
thus in this sense these two are the trivial equivalence relations). If a permutation group is not
primitive, we say that it is imprimitive.

Remark 4.26. The definition makes sense to group actions in general, but it is not too interesting
to broaden the perspective like that: ϕ : G→ SX is primitive⇔ G/Ker(ϕ) primitive.

Definition 4.27 (Domains of imprimitivity). Let G ≤ SX be a permutation group. A nonempty
set ∆ ⊆ X is a domain of imprimitivity if for all g ∈ G we have ∆∩ g ∗ ∆ = /0 or ∆. Trivial
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equivalence relations (equality and X ×X) give rise to trivial domains of imprimitivity: every
singleton set and the full set X are always domains of imprimitivity.

Proposition 4.28. A transitive permutation group G ≤ SX is primitive iff it only has trivial do-
mains of imprimitivity.

Proof. Given a domain of imprimitivity ∆ the sets g∗∆ (g ∈ G) partition X . The corresponding
equivalence relation, namely x ∼ y⇔ x and y are in the same set of the form g∗∆, is preserved
by G. Indeed, ∀h ∈ G and x ∼ y we have that if x,y ∈ g ∗∆, then h ∗ x,h ∗ y ∈ (hg) ∗∆. Thus a
primitive permutation group cannot have a proper domain of imprimitivity.

For the reverse implication, observe that whenever a permutation group preserves an equiva-
lence relation, then the classes of that equivalence relation are domains of imprimitivity. �

Proposition 4.29. If G≤ SX is 2-transitive, then it is primitive.

Proof. A 2-transitive permutation group preserves no other binary relations than /0,=, 6= and
X×X . �

Thus the class of primitive permutation groups is between that of the transitive and the 2-
transitive permutation groups.

4.2.1. Exercises.

Problem 4.30. Show that if the degree of a transitive permutation group G is a prime, then G is
a primitive.

Problem 4.31. Let G ≤ SX be a transitive permutation group, and let H = Gx for some x ∈ X.
Show that G is primitive iff H is a maximal subgroup in G.

Problem 4.32. Let G≤ SX be a primitive permutation group and let {e} 6= N /G. Prove that the
action of N (inherited from G) is transitive.

Problem 4.33.
(1) If the permutation group G preserves two equivalence relations, then G also preserves

their intersection.
(2) If N /G preserves an equivalence relation ∼ and g ∈ G, then N preserves the relation

obtained from ∼ by translation by g (left multiplication).

Problem 4.34. Given a H ≤ G consider the action of G on the set of left H-cosets by left multi-
plication. Is this action primitive if

(1) G = A4,H = {id,(1 2)(3 4)}?
(2) G = A4,H = {id,(1 2 3),(1 3 2)}?

Prove that in both items a permutation group was defined.
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4.3. Automorphism group of symmetric groups. We close the chapter with a classical result
and its proof.

Theorem 4.35. For all n ≥ 3,n 6= 6 we have Aut(Sn) = Inn(Sn) ∼= Sn. In the exceptional case
n = 6, the outer automorphism group Out(S6) = Aut(S6)/ Inn(S6) is a 2-element group.

The proof is based on the next observation, namely that the automorphism group of Sn as a
permutation group (rather than as an abstract group) is clearly Sn. (Isomorphism of group actions
was defined in Definition 4.10, and automorphisms are isomorphisms from the structure to itself.)

Lemma 4.36. Consider the standard action of Sn on the set [n] := {1, . . . ,n}, and let f : [n]→ [n]
be a bijection, that is, f ∈ Sn. Then there is exactly one automorphism of the standard action
of Sn that maps the underlying set to itself via f . Namely, this automorphism is ϕ : Sn → Sn,
g 7→ f ◦ g ◦ f−1. Thus the automorphism group of the standard action of Sn is isomorphic to
Inn(Sn), which is isomorphic to Sn.

Proof. By definition of the isomorphism of group actions, in order to extend the bijection f to an
automorphism of the standard action of Sn, we need to meet the condition f (g(i)) = ϕ(g)( f (i))
for all i ∈ [n]. Hence, ϕ(g) = f ◦g◦ f−1 is the exact condition. �

The above lemma indicates the strategy of the proof of the main theorem. Our goal is to
show that the permutation group structure of Sn can be reconstructed (in some strong enough
sense) from the abstract group structure of Sn, so that every symmetry of the latter is also a
symmetry of the former. This can be achieved by describing the permutation action using only
the abstract group structure and notions that are preserved by automorphisms. Note that the order
of elements, two elements being conjugates and the size of conjugacy classes are such notions
(as automorphisms are bijective).

Lemma 4.37. The involutions (order 2 elements) in Sn are exactly those permutations that can
be written as a product of disjoint transpositions: (a1b1)(a2b2) · · ·(akbk), k ≤ n/2.

(1) The size of the conjugacy class of the above element is C(n,k) = n!
2k·k!·(n−2k)! .

(2) If n ≥ 3 and k ≥ 2, then the equation C(n,1) = C(n,k) has a unique solution, namely
n = 6,k = 3. Thus if n ≥ 3,n 6= 6, then the size of the conjugacy class of transpositions
differ from the size of all other conjugacy classes of involutions. (However, if n = 6, then
this is not true: there are 15 transpositions in S6, and there are also 15 permutations that
can be written as a product of three transpositions.)

Proof. Imagine n empty slots in a row, the first 2k of which corresponds to the k pairs we trans-
pose. In these n slots, the elements of [n] can be listed in n! different ways. Given a list, by
applying the following operations, we can reach all equivalent lists (the ones corresponding to
the same involution): permute the set of fist k pairs, permute the elements withing each pair, and
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finally permute the last n−2k elements. The set of pairs has k! permutations. Within a pair we
can permute in two ways, and the last n−2k positions can be permuted in (n−2k)! ways. Thus
each involution is represented 2k · k! · (n−2k)! times in the n! lists. This concludes the proof of
the first assertion.

Fro the second part of the lemma, assume that n!
21·1!·(n−2)! =

n!
2k·k!·(n−2k)! , that is, (n−2)!

k!·(n−2k)! =

2k−1 for some k > 1.
If k = 2, then the left hand side is

(n−2
2

)
= (n−2)(n−3)

2 . The only way this is a power of 2 is if
n−2 and n−3 are both powers of 2. The only consecutive powers of 2 is the pair 1,2, thus such
a solution can only be obtained for n = 4. However, there is no unexpected solution for n = 4, as
C(4,1) = 6 and C(4,2) = 3.

If k ≥ 3, then (n−2)!
k!·(n−2k)! =

(n−k
k

)
(n− k+ 1) · · ·(n− 2). Hence,

(n−k
k

)
and n− k+ 1, . . . ,n− 2

are all powers of 2. This shows that there is no solution for k ≥ 4: the same argument as before
would lead to the only possibility n = 4, and we analysed that case already.

Thus there can only be a solution if k = 3. Then the equation simplifies to (n−2)(n−3)(n−
4)(n−5) = 24. The left hand side of this equation is 0 for n = 3,4,5. For n≥ 6 the left hand side
is strictly monotone increasing, hence there can be at most one solution. Since n = 6 is indeed
correct, we obtain the unique solution C(n,1) = C(n,3) of the equation. This yields the only
exceptional case in the statement (n = 6 and k = 3), and the proof is finished. �

Corollary 4.38. Let n≥ 3,n 6= 6, and let Tn ⊆ Sn be the set of transpositions. Any automorphism
ϕ ∈Aut(Sn) acts coordinate-wise on S2

n, which induces an action on the subsets 2S2
n . The follow-

ing n sets form an orbit of this induced action: Hi = {((i, j),(i,k))∈ T 2
n | j,k ∈ [n], i 6= j 6= k 6= i},

for i ∈ [n]. If n = 6, then the same holds for all automorphisms that preserve the set Tn of trans-
positions.

Proof. It is clear that any inner automorphism of Sn that maps i to j also maps Hi to H j in the
induced action. Thus the above n sets are indeed in the same orbit.

We show that there is no other set in that orbit. An automorphism ϕ is bijective and it permutes
conjugacy classes in the induced action, thus by Lemma 4.37 it preserves Tn (or in case n = 6
we only allowed such automorphisms in the statement). Moreover, observe that the support
of two transpositions have exactly one element in common iff they do not commute. As the
set of commutating pairs is also preserved by automorphisms, we have that the set

⋃
i∈[n]

Hi of

pairs of transpositions with one element in common is also preserved by automorphisms in the
coordinate-wise action on S2

n. On the set
⋃

i∈[n]
Hi as underlying set, we define a graph relation.

Two pairs ((i, j),(i,k)) and ((i′, j′),(i′,k′)) are linked by an edge iff all four of the transpositions
involved are pairwise non-commuting. This graph relation was also defined by using ntions that
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automorphisms preserve, thus the graph relation is preserved by automorphisms. It is easy to see
that the above two pairs are linked iff i = i′. Thus the graph is the disjoint union of n cliques
of the same size, and the cliques are exactly the sets Hi. hence, as ϕ is an automorphism of the
graph, it permutes the cliques Hi. �

We now study the exceptional case to find the outer automorphism of S6. This was first dis-
covered by Otto Hölder in 1895 [13]. Using only the techniques we have at our disposal, we
show one method here that constructs this exceptional automorphism. An alternative way can be
obtained by solving Problem 5.22 later, once we understand Sylow’s theorems.

Let H ≤ Sn be a subgroup of index m. Then Sn acts on the set of left H-cosets by left multipli-
cation (cf. Example 4.6). This yields a homomorphism ψ : Sn→ Sm, such that H is the stabilizer
of some element. If m = n, then ψ : Sn→ Sn, and Ker(ψ)/Sn is contained in H by Problem 4.13.
If n≥ 5, then by using the fact that An is simple, it is easy to show that the only nontrivial normal
subgroup in Sn is An, and the index of this subgroup is 2 (the isomorphism theorems should be
used in this argument). Thus if n≥ 5 then Ker(ψ) is trivial, so ψ is injective. As the domain and
the image coincide, and they are finite, ψ is also surjective, thus bijective. Hence, ψ ∈ Aut(Sn).
This way every subgroup of index n provides us with an automorphism ψ ∈ Aut(Sn).

Assume that ψ is an inner automorphism, i.e., conjugation with a suitable f ∈ Sn. Pick rep-
resentatives from cosets of H: hence these cosets are H = a1H,a2H,a3H,a4H,a5H,a6H. By
the construction above for all g ∈ Sn we have gaiH = a( f◦g◦ f−1)(i)H. The stabilizer of the coset
H = a1H is on the one hand H itself, and on the other hand, based on the above calculation,
it is the collection of those g ∈ Sn such that ( f ◦ g ◦ f−1)(1) = 1, that is, such that f−1(1) is a
fixed point. Hence, if ψ is an inner automorphism, then the subgroup H is the stabilizer of some
i ∈ [n] with respect to the standard action of Sn. This is seemingly a contradiction, as it seems to
imply that S6 only has six inner automorphism. The contradiction is resolved if we observe that
the inner automorphism corresponding to H depends on the choice (more precisely, the choice
of indices) of representatives.

The projective linear group PGL(2,5) over the five-element field acts on the six-element pro-
jective line. Thus PGL(2,5) ≤ S6. However, if we solve Problem 2.49, then we obtain that
|PGL(2,5)| = 120, or equivalently |S6 : PGL(2,5)| = 6. The automorphism ψ obtained by the
above construction cannot be inner: otherwise the subgroup PGL(2,5) would be the stabilizer
of some element in the standard action of S6, but we have already seen that the projective linear
group is transitive (in fact, 3-transitive, see Example 4.8). Hence the automorphism correspond-
ing to PGL(2,5) is an outer automorphism of S6.

We are ready to prove Theorem 4.35 stated in the beginning of the subsection.

Proof of Theorem 4.35. Let n ≥ 3, and let ϕ ∈ Aut(Sn) be an arbitrary automorphism if n 6= 6,
and if n = 6 assume that it is an automorphism that preserves the set of transpositions. We show
that ϕ ∈ Inn(Sn). By Corollary 4.38 we have that ϕ permutes the collection of sets Hi. Let f
denote the permutation induced by ϕ on the indices: ϕ(Hi) = H f (i).

We define an action of Sn on the set X = {Hi | i ∈ [n]}. If g ∈ Sn and Hi ∈ X , then let g∗Hi :=
Hg(i). Clearly, this action is isomorphic to the standard action of Sn (identify Hi by i for all
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i ∈ [n]). On the other hand, observe that this action is also isomorphic to the action induced by
conjugation on 2S2

n , after restriction to X . Indeed, the transposition (i j) is mapped to (g(i) g( j))
via conjugation by g, thus the set Hi of pairs of transpositions intersecting in i is mapped to
g ◦Hi ◦ g−1, which is exactly the set of pairs of transpositions intersecting in G(i), which is
Hg(i). As we have just defined the action using nothing but the abstract group structure of Sn,
it must be compatible with the automorphism ϕ in the following sense: H f (g(i)) = ϕ(Hg(i)) =

ϕ(g ◦Hi ◦ g−1) = ϕ(g) ◦ϕ(Hi) ◦ϕ(g)−1 = ϕ(g) ◦H f (i) ◦ϕ(g)−1 = Hϕ(g)( f (i)). Identifying the
set Hi by i ∈ [n] as above, we obtain f (g(i)) = ϕ(g)( f (i)). Thus ϕ is an automorphism of Sn as
a permutation group (with the standard action), and then it must be an inner automorphism by
Lemma 4.36.

The proof is complete for n 6= 6. Moreover, if n = 6, then we have shown that the only way
to obtain an outer automorphism is if it does not preserve the set of transpositions. According
to Lemma 4.37 such an automorphism necessarily switches the set of transpositions with the set
of those permutations that can be written as a product of three disjoint transpositions, as in the
n = 6 case the equation C(6,1) =C(6,k) has only one solution, namely k = 3. Hence, if ϕ,ψ ∈
Aut(S6)\ Inn(S6), then ϕ−1 ◦ψ preserves the set of transpositions, thus according to the part of
the theorem that is already proven we have ϕ−1 ◦ψ ∈ Inn(S6), that is, ϕ ◦ Inn(S6) = ψ ◦ Inn(S6).
Thus Inn(S6) has at most two cosets in Aut(S6). In the argument before the proof, we constructed
an outer automorphism, thus the index |Aut(S6) : Inn(S6)| must be exactly 2. �

4.3.1. Exercises.

Problem 4.39. Verify that the outer automorphism constructed before the proof of Theorem 4.35
using the subgroup PGL(2,5) in S6 indeed maps transpositions to permutations that can be
written as a product of three disjoint transpositions, and vice versa.

Problem 4.40. Show that for n≥ 3,n 6= 6 the subgroups in Sn of index at most n are the following:
Sn, An, and for all i∈ [n] the stabilizer of i. Show that if n = 6, then this list is extended by exactly
the six conjugates of PGL(2,5).

Problem 4.41. Prove that PGL(2;5) ∼= S5. (Hint: use the outer automorphism defined by
Hölder.)
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5. P-GROUPS AND SYLOW’S THEOREMS

5.1. p-groups.

Definition 5.1. Let p≥ 2 be a prime and let G be a (nontrivial) group. We say that G is a p-group
if the order of any element in G is a (finite) power of p.

Proposition 5.2. A (nontrivial) finite group G is a p group for a given prime p iff |G| = pk for
some k ∈ N.

Proof. If G is a p-group, then there cannot be a prime q different from p in the prime decomposi-
tion of |G|, as otherwise there would be an element of order q in G by Cauchy’s theorem (3.11).
The other direction follows from Corollary 2.20 (essentially the Lagrange theorem). �

Definition 5.3 (Class equation). Let G be a finite group, and let N /G. The formula that equates
the sum of the sizes of conjugacy classes in N with the cardinality of N is called class equation
(often used in the special case G = N).

Proposition 5.4. Let G be a (nontrivial) finite p-group with some prime p. Then Z(G) is non-
trivial.

Proof. We write down the class equation for G. The conjugacy class of g ∈ G has size |G|
|CG(g)| .

Since |G| = pk for some k ∈ N, and as |CG(g)| divides |G|, the conjugacy class of g is either a
singleton or its size is a multiple of p. If g = e, then we obtain a singleton class. As the order of
G is divisible by p, there must be at least one other singleton class, which is an element of the
center. �

Nontriviality of the group is of course necessary in Proposition 5.4. We show that the other
condition, finiteness can not be omitted either: there exist infinite p-groups with trivial center.

Example 5.1. Let p ∈ N be a prime and n ≥ 2 an arbitrary positive integer. Let Gn,p be the set
of n×n upper triangular matrices over Zp such that all entries in the main diagonal are 1. These
matrices are invertible, as their determinant is 1, and moreover the identity matrix belongs to
the set. The inverse of a matrix in Gn,p is also in Gn,p. Finally, the set is closed under matrix
multiplication, thus Gn,p ≤ GL(n, p). In other words, Gn,p is a group with matrix multiplication
as the binary operation. It is also easy to verify that the center of Gn,p consists of those matrices
in Gn,p all of whose entries except for the upper right one above the main diagonal are 0.

The infinite counterexample can be defined using Example 5.1. Simply put, we fix a prime
p ∈N an consider the union of the upward chain of groups Gn,p. Union of chains is a very useful
construction all over algebra and model theory, as many interesting examples can be produced
this way, just like the next one.
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Example 5.2. Let p∈N be a prime. Let G∞,p be the set of those ∞×∞ upper triangular matrices
(indices of rows and column run through the set of positive integers) over Zp such that all entries
in the main diagonal are 1, and all but finitely many of the remaining entries are 0. Operations are
defined similarly as in Example 5.1. The fact that the dimension is infinite makes no difference,
as the operations have finite arity. In particular, we can multiply two elements in a subgroup of
the form Gn,p by choosing a large enough n so that the upper left n× n submatrix contains all
nonzero elements of both matrices outside the main diagonal. The system of group axioms holds
for the same reason: when we check a group axiom by a substitution, we only substitute finitely
many elements and do the calculation in some Gn,p, which is a group. Moreover, G is a p-group:
again, every element is contained in a subgroup of the form Gn,p, hence its order is finite and a
power of p, since Gn,p is a finite p-group.

Let g ∈ G∞,p be an arbitrary element. Then g ∈ Gn,p with some sufficiently large n. Also,
g ∈ Gn+1,p. Hence, in order for g to be in the center of G, by Example 5.1 and by g ∈ Gn,p it is
necessary the every element other than the one in the n-th position of the first row (outside the
main diagonal) is 0. Similarly, as g ∈ Gn+1,p, the same holds with the (n+1)-th element in the
first row. Thus g is the infinite identity matrix, and consequently, Z(G) is trivial.

Remark 5.5. The famous Tarski monster is an infinite p-group all of whose proper subgroups
have order p. Alexander Yu. Olshanskii [22] showed that for all primes p > 1075 there exists a
Tarski monster, and in fact he constructed a continuum of nonisomorphic examples. Clearly, the
center of a Tarski monster is trivial, otherwise the center together with a different element would
generate a subgroup of order p2.

5.1.1. Exercises.

Problem 5.6. Show that for a fixed prime p, the class of p-groups is closed under taking sub-
groups, homomorphic images and finite direct products. (Such classes of algebraic structures
are called pseudovarieties.) Prove that the class is also closed under arbitrary (discrete) direct
products, but not under complete direct products.

Problem 5.7. Prove that the center of a p-group intersects every nontrivial normal subgroup in
the group nontrivially.

Problem 5.8. Show that for every prime p there are exactly two groups of order p2 up to iso-
morphism, namely (Zp2,+) and (Zp,+)× (Zp,+). (Hint: use the result of Problem 3.51.)

Problem 5.9. Let G be a finite p-group for some prime p ∈ N. Prove that if |G| = p3 and G is
non-Abelian, then Z(G) = Φ(G) = G′, and this subgroup has order p. (Hint: use the result of
Problem 3.51.)
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Problem 5.10. Show that the 8-element groups up to isomorphism are exactly the following five
well-known groups:

(Z8,+),(Z4,+)× (Z2,+),(Z2,+)× (Z2,+)× (Z2,+),D4,Q

Problem 5.11. Prove all the statements in Example 5.1.

5.2. Sylow theorems.

Definition 5.12 (Sylow p-subgroup). Let G be a finite group, and assume that some prime p
divides |G|. Let k be the largest positive integer such that pk | |G|. Then subgroups of G of order
pk are called Sylow p-subgroups.

Theorem 5.13 (Sylow theorems). Let G be a finite group, and assume that some prime p divides
|G|. Let k be the largest positive integer such that pk | |G|. Then:

• there are subgroups of order p` for all `≤ k in G 1≤ `≤ k,
• the number n(p, `) of such subgroups satisfies n(p, `)≡ 1 mod p, and moreover
• any two Sylow p-subgroups are conjugates in G, and
• n(p,k)| |G|pk (and n(p,k)≡ 1 mod p).

Proof. Let ` ≤ k, and let X be the set of all p`-element subset (complex) in G. Consider the
action of G on X by left multiplication: for g ∈ G,x ∈ X let g∗ x := gx = {gh | h ∈ x}. Clearly,
this is indeed a group action. If x ∈ X is a subgroup of G, then the orbit G(x) consists of all left
cosets of x. In particular, |G(x)| = |G|

p` in this case. Now assume that x ∈ X is such that none of
the complexes in G(x) is a subgroup. Let H := Gx. Then x = Hx (as complexes), that is, x is a
union of right H-cosets. If x is a single right H-coset, so x = Hh with an appropriate h ∈ x, then
h−1x = h−1Hh ∈G(x) is a subgroup in G, a contradiction. Thus whenever G(x) does not contain
a subgroup, then there is a positive integer m(x) ≥ 2 such that p` = |x| = m(x)|Gx|. On the one
hand p | m(x), as 1 < m(x) | p`, and moreover |G(x)|= |G|

|Gx| = m(x) |G|p` .
Let m(G) be the integer (depending only on G) that we obtain by adding up all the m(x) for

a representative x in every orbit that does not contain a subgroup. Then writing |X | =
(|G|

p`
)

as

the sum of the sizes of orbits we obtain
(|G|

p`
)
= n(p, `) |G|p` + m(G) |G|p` = |G|

p` (n(p, `) + m(G)).

Expressing n(p, `) yields n(p, `) = p`
|G|
(|G|

p`
)
−m(G). Since m(G) is divisible by p, we have

n(p, `)≡ p`
|G|
(|G|

p`
)
(mod p).

Observe that the expression on the right hand side of this congruence does not depend on the
group G, only on the order of the group. Hence the (mod p) residue of n(p, `) can be obtained
by computing it in the |G|-element cyclic group. According to Corollary 2.24 in that group
n(p, `) = 1. This concludes the proof of the first two items.
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Now that the existence of Sylow p-subgroups is proven, let P,Q ≤ G be such subgroups. Let
Y be the set of all conjugates of P in G (all of these are Sylow p-subgroups). Consider the
action of Q on Y by conjugation: for all y ∈ Y,g ∈ Q we put g ∗ y := gyg−1. According to the
orbit-stabilizer theorem (Proposition 4.6) we have |Y | = |G|

|NG(P)| . Here NG(P) is a subgroup that

contains the Sylow p-subgroup P, thus |G|
|NG(P)| divides |G|pk , and in particular, |Y | is not divisible

by p.
The size of every Q-orbit in Y is a power of p, as it is equal to the index of a subgroup in

the p-group Q. Not all these powers have a positive exponent, as otherwise p would divide |Y |.
Hence, there is a singleton Q-orbit in Y , namely a Sylow p-subgroup R := gPg−1 in G (with some
g ∈ G) that is normalized by all the elements in Q. Then RQ ≤ G, and by the first isomorphism
theorem (2.52) we have RQ/R∼= Q/(R∩Q). If R∩Q is a proper subgroup of Q then RQ≤ G is
a p-subgroup of G whose size is bigger than |R| = pk, a contradiction. Hence, Q = R∩Q, and
then by comparing the size of these groups we have R = Q. This concludes the proof of the third
item. Moreover, Y is exactly the set of all Sylow p-subgroups of G, thus the number of these
subgroups is |Y |= |G|

|NG(P)| |
|G|
pk . �

Remark 5.14. The second part of the proof can be copied for all subgroups Q with |Q| = p`,
` ≤ k. This yields that if Q ≤ G is a p-subgroup, then Q is contained in a Sylow p-subgroup.
Further details can be found in [7].

We close the section by determining the Sylow p-subgroups in an interesting class of groups.

Theorem 5.15. The Sylow p-subgroup of GL(n, p) consists of those upper triangular matrices all
of whose elements in the main diagonal are 1. In this Sylow p-subgroup all nontrivial elements
have order p.

Proof. Let us compute the order of these groups. A matrix in GL(n, p) can be built row-by
row. There are pn− 1 possibilities for the first row, as the only prohibited vector is the all zero
vector. In the following rows, a vector is prohibited to use iff it is a linear combination of the
previous rows. Thus there are pn− p possibilities for the second row, pn− p2 for the third row,
and in general pn− pi−1 possibilities for the i-th row. This yields |GL(n, p)| = (pn− 1)(pn−
p)(pn− p2) · · ·(pn− pn−1). The exponent of p in the prime decomposition of this product is
0 + 1 + 2 + · · ·+ (n− 1) = n(n−1)

2 , thus the Sylow p-subgroup we are looking fro has order

p
n(n−1)

2 .
Now we consider the subset defined in the theorem. It is easy to check that the set of these

matrices is closed under multiplication and inverse (the latter one is apparent from the formula
of the inverse using the adjoint matrix), and the set clearly contains the identity matrix. Thus
it is a subgroup in GL(n, p). All matrices in this subgroup are of the form I +U , where U is a
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strictly upper triangular matrix. Thus the order of the subgroup is the number of strictly upper
triangular matrices U . As we can choose all the 1+ 2+ · · ·+(n− 1) = n(n−1)

2 elements of U
strictly above the main diagonal freely and independently from each other from Zp, there are

p
n(n−1)

2 possibilities.
Finally, we show the claim about the order of element by computing (I+U)p. We can expand

the power according to the binomial theorem, as I and U commute.

(I +U)p = Ip +

(
p
1

)
U +

(
p
2

)
U2 + · · ·+

(
p

p−1

)
U p−1 +U p

Other than the first and last terms in this sum, all summands are 0, since the coefficient
(p

i

)
is divisible by p if 1 ≤ p ≤ p− 1. The last summand is also 0 for a different reason: when we
raise a strictly upper triangular matrix to a power, the front line of nonzero elements is moving
upwards, and it vanishes after p steps.

Hence, (I +U)p = I, proving the claim. �

5.2.1. Exercises.

Problem 5.16. Determine the number and isomorphism type of all Sylow subgroups of the fol-
lowing groups: S3, S4, A5, Dn.

Problem 5.17. Prove that there exists no simple group of order 100, 200, 204, 260, 56, 616, 120.

Problem 5.18. Prove that there exists no simple group of order pq, pqr, p2q (p,q,r are pairwise
distinct primes).

Problem 5.19. Find all groups of order 12 up to isomorphism.

Problem 5.20. Find all groups of order 30 up to isomorphism. (Hint: Show that there must be a
subgroup of order 15 in such a group.)

Problem 5.21. Show that if p ∈ N is a prime and the finite group G has exactly one Sylow
p-subgroup, then that subgroup is characteristic. In particular, a Sylow p-subgroup is charac-
teristic iff it is normal.

Problem 5.22.
(1) Find the number of Sylow 5-subgroups in S5.
(2) By using Problem 4.40, show that the action of S5 on its Sylow 5-subgroups by conjuga-

tion is isomorphic to the action of PGL(2,5) on the projective line over the five-element
field?

(3) What is the kernel of this action, and what is the stabilizer of an element?
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Problem 5.23.
(1) Let G be a finite group, and let p be the smallest prime divisor of its order. Let H ≤

G be a subgroup with |G : H| = p. Prove that H /G. (Hint: use the homomorphism
constructed before the proof of Theorem 4.35. Show that the image of this homomorphism
is necessarily a p-element group.)

(2) Conclude that an index p subgroup in a finite p-group is normal.

Problem 5.24. * Prove that if G is a finite p-group, then the maximal subgroups in G are exactly
the index p normal subgroups. (Hint: If G is commutative, then apply the fundamental theorem
of finite Abelian groups. Then use induction on the order of G. We reduce to a group of smaller
order by a case distinction on whether or not the maximal subgroup contains the center. If it
does, then finish the proof with the second isomorphism theorem (2.53). If it doesn’t, then show
that the index of the maximal subgroup must be p, and cite Problem 5.23.)
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6. NILPOTENT GROUPS

Recall that for subgroups H,K ≤ G we define [H,K] = 〈[h,k] | h ∈ H,k ∈ K〉.

Lemma 6.1. Let G be a group, and let N /G. Then [N,G] = [G,N] is a normal subgroup in G.

Proof. We show [N,G] ⊆ [G,N], the reverse containment is similar. For any n ∈ N,g ∈ G we
have

[n,g] = n−1g−1ng = g(g−1n−1g)g−1(g−1ng) =

= (g−1)−1(g−1ng)−1g−1(g−1ng) = [g−1,g−1ng] ∈ [G,N]

�

Lemma 6.2. Let G be a group and let M,N /G, M ≤ N. Then N/M ≤ Z(G/M)⇔ [G,N]≤M.

Proof. N/M≤ Z(G/M)⇔∀n∈N we have nM ∈ Z(G/M)⇔∀n∈N,g∈G we have [gM,nM] =

M⇔∀n ∈ N,g ∈ G we have [g,n] ∈M⇔ [G,N]≤M. �

Definition 6.3. [Nilpotent group] Let G be a group and let c ∈ N0. Then a chain {e} = N0 ≤
N1 ≤ ·· · ≤ Nc = G of subgroups of G is called a (length c) central series of G if ∀1 ≤ i ≤ c we
have Ni /G and Ni/Ni−1 ≤ Z(G/Ni−1). If such a chain exists, then we say that G is nilpotent,
and the smallest possible c that occurs in such chains is the nilpotency index or nilpotency class
of the group.

Example 6.1 (Lower- and upper central series). Let G be a group. Put Z0 := {e} and for i ≥
1 we define recursively the normal subgroup Zi /G by Zi/Zi−1 := Z(G/Zi−1). (According to
the second isomorphism theorem (2.53) this indeed uniquely defines a normal subgroup.) E.g.,
Z1(G) = Z(G).

If for some c ∈N0 we have Zc = G, then (with the smallest such c) the series {e}= Z0 ≤ Z1 ≤
·· · ≤ Zc = G is called the upper central series of G. (Clearly this is a central series.)

Furthermore, let G[0] := G, and for i ≥ 1 we define recursively the normal subgroup G[i] /G
by G[i] := [G,G[i−1]]. (E.g., G[1] = G′.) If for some c ∈ N0 we have G(c) = {e}, then (with the
smallest such c) the series {e} = G0 ≤ G1 ≤ ·· · ≤ Gc = G with Gi := G[c−i] is called the lower
central series of G. By Lemma 6.2 this is indeed a central series.

Theorem 6.4. The following are equivalent for a group G.

(1) The group G is nilpotent (it has a central series).
(2) The lower central series of G exists.
(3) The upper central series of G exists.
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Moreover, under these conditions the length of the lower- and upper central series of G coin-
cide, and these are among the shortest central series of G.

Proof. (2)⇒ (1) and (3)⇒ (1) are trivial. Assume that (1) holds, and let {e} = N0 ≤ N1 ≤
·· · ≤ Nc = G be a central series of G.

First, we show by induction that Ni ≤ Zi for all i (cf. Example 6.1). This trivially holds for
i = 0. Assume that it holds for (i−1), and we show it for i. By definition, Ni/Ni−1 ≤ Z(G/Ni−1).
According to Lemma 6.2 we have [G,Ni] ≤ Ni−1 ≤ Zi−1, that is, [G,Ni] ≤ Zi−1. Moreover, by
Lemma 6.2 the subgroup Zi is the largest possible Ni, so Ni ≤ Zi. Hence, the upper central series
if the most rapidly increasing one (from left to right) among all central series.

Secondly, we show by induction that G[i]≤Nc−i for all i (cf. Example 6.1). This trivially holds
for i = 0. Assume that it holds for i, and we show it for (i+ 1). By definition, Nc−i/Nc−i−1 ≤
Z(G/Nc−i−1). According to Lemma 6.2 we have [G,Nc−i]≤Nc−i−1. By the induction hypothesis
G[i] ≤ Nc−i, thus G[i+1] = [G,G[i]] ≤ [G,Nc−i] ≤ Nc−i−1. Hence, the lower central series if the
most rapidly decreasing one (from right to left) among all central series.

The above argument proves the implications (1)⇒ (2) and (1)⇒ (3). Moreover, it is also
clear that the length of the lower- or upper central series can not be larger than that of any central
series. In particular, the two have equal lengths. �

Remark 6.5. A trivial alternative definition of groups of nilpotency class at most c is the follow-
ing: nested commutator expressions of the form [. . . [[g0,g1],g2] . . .],gc] yield the unit element.

Corollary 6.6. A nontrivial nilpotent group G has a nontrivial center and G′ � G.

The trivial group has nilpotency index 0, and exactly the (nontrivial) Abelian groups have
nilpotency class 1.

Theorem 6.7. Let p be a prime and let G be a finite p-group. Then G is nilpotent.

Proof. By Proposition 5.4 and by the second isomorphism theorem (2.53) we have Zi � Zi+1 for
all i. �

Clearly the direct product of finitely many nilpotent groups is nilpotent. Nilpotency is a natural
generalization of commutativity, and in fact we are going to show a structure theorem for finite
nilpotent groups that is similar to the fundamental theorem of finite Abelian groups: we prove
that all finite nilpotent groups decompose into a direct product of p-groups. In the proof we are
going to use the next observation discovered by Giovanni Frattini, which is rather important in
finite group theory, even though quite easy to prove.

Lemma 6.8 (Frattini argument). Let G be a finite group, N /G, and let P be a Sylow p-subgroup
of N for some prime p. Then NG(P)N = G.
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Proof. Let g ∈G be arbitrary. Then gPg−1 ≤ N as N /G, and gPg−1 is also a Sylow p-subgroup
in N. Then by Sylow’s theorem (5.13) we have that P and gPg−1 are conjugates in N, thus ∃n∈N
such that g−1Pg = n−1Pn. After rearranging the equation we obtain (gn−1)−1P(gn−1) = P, so
gn−1 ∈ NG(P), and then g ∈ NG(P)n≤ NG(P)N. �

Corollary 6.9. If in a finite group G there is P /N /G, and P is a Sylow p-subgroup of G for
some prime p, then P/G and P is the unique Sylow p-subgroup of G (cf. Problem 3.59)

Theorem 6.10 (Structure theorem of finite nilpotent groups). The following are equivalent for a
finite group G.

(1) The group G is nilpotent.
(2) Every Sylow p-subgroup in G is normal in G (i.e., for all prime divisors of |G| there is a

unique Sylow p-subgroup in G).
(3) The group G is the direct product of its Sylow subgroups.
(4) The group G is the direct product of p-subgroups (for potentially different primes p).

Proof. Equivalence of (2),(3),(4) is clear, and we have already seen (4)⇒ (1) (Theorem 6.7
and the argument that follows it). The cycle is closed by the implication (1)⇒ (2). It is going to
be shown by induction on |G|. The assertion is trivial for |G|= 1.

Assume that |G| > 1, and that the statement holds for smaller groups. Since G is nilpotent,
Z(G) is nontrivial. Hence, G/Z(G) is smaller than G, and it is also clearly nilpotent. (Why?)
By the induction hypothesis, all Sylow subgroups in G/Z(G) are normal in G/Z(G). Let |G| =
pα1

1 · · · pαr
r , and let |Z(G)| = pβ1

1 · · · p
βr
r . There is a unique Sylow pi-subgroup in G/Z(G): Q̃i /

G/Z(G), and |Q̃i|= pαi−βi
i . (If αi = βi, then this is the trivial group, and the following argument

is going to apply in that case as well.) According to the second isomorphism theorem (2.53)
we have that Q̃i = Qi/Z(G) for some Qi / G such that Z(G) ≤ Qi. Then |Qi| = |Q̃i||Z(G)|,
and the exponent of pi in the prime decomposition of this number is αi. Hence, if Pi ≤ Qi is
a Sylow pi-subgroup of Qi, then Pi is a Sylow pi-subgroup of G. Thus |Pi| = pαi

i , |Z(G)| =
pβ1

1 · · · p
βr
r and by Pi ≤ Qi, Z(G) /Qi we have PiZ(G) ≤ Qi. Moreover, |PiZ(G)| is at least the

least common multiple of |Pi| and |Z(G)| by the Lagrange theorem (2.15), and that number is
|Qi|. Consequently, PiZ(G) = Qi. Then Pi/Qi, as Pi is normalized by its own elements and by the
elements of the center. Applying the Frattini argument, or more precisely, Corollary 6.9, since
Pi /Qi /G we have Pi /G, and then Pi is the unique Sylow pi-subgroup of G. �

Remark 6.11. There are many different ways to classify finite nilpotent groups. E.g., these are
exactly the finite groups all of whose maximal subgroups are normal (cf. Problem 6.14).

6.0.1. Exercises.
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Problem 6.12. Prove that in a finite nilpotent group G the converse of Lagrange’s theorem holds,
i.e., for all k | |G| there exists a k-element subgroup in G. Describe the subgroups of G.

Problem 6.13. What are the maximal subgroups in a finite nilpotent group? Prove that all of
them are normal.

Problem 6.14. Show that a finite group G is nilpotent iff all its maximal subgroups are normal.

Problem 6.15. Prove that for a given c ∈ N the class of nilpotent group of nilpotency class at
most c is closed under (arbitrary, potentially infinite, complete) direct products, taking homo-
morphic images and substructures. (Such classes of algebraic structures are called varieties.)

Problem 6.16. Let G be a finite p-group for some prime p ∈N. Show that G′ ≤Φ(G). Does the
same hold for finite nilpotent groups?
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7. SOLVABLE GROUPS

7.1. Jordan-Hölder theorem. In the next definition, we refer to the notion of simple groups,
which we later discuss in a separate chapter. Here we only mention that a (nontrivial) group is
simple iff it has exactly two normal subgroups.

Definition 7.1 (Normal series, composition series). Let G be a group and c ∈ N0. Then a chain
{e} = N0 /N1 / · · · /Nc = G of strictly increasing subgroups of G is called a (length c) normal
series of G. The multiset of groups Ni/Ni−1 for 1≤ i≤ c is the multiset of factors of the series.
A normal chain with all factors simple is called a composition series. The normal chain {e} =
M0 /M1 / · · · /Mk = G is a refinement of the above normal chain if for all 0 ≤ i ≤ c there is a
0≤ j ≤ k such that Ni = M j.

Remark 7.2. By the second isomorphism theorem (2.53) we have that a normal chain is a com-
position chain iff it cannot be refined.

Definition 7.3. A group G is solvable if it has a normal chain with all factors Abelian.

Remark 7.4. Compare the previous definition to that of nilpotent groups, and observe the differ-
ences. Clearly, the requirements for solvability are weaker, thus every nilpotent group is solvable.

Corollary 7.5. Finite p-groups, and finite direct products of such groups are all solvable.

The next theorem provides the most transparent construction for non-solvable groups.

Theorem 7.6. The alternating groups An are non-Abelian simple groups for n≥ 5.

Proof. The proof is by induction on n. The statement holds for n = 5, and it is an easy exercise
after computing the conjugacy classes of A5. Hence, assume that n ≥ 6 and An−1 is simple.

Denote by H1,H2, . . . ,Hn the stabilizer of 1,2, . . . ,n in An, respectively. Clearly 〈
n⋃

i=1
Hi〉 = An

and the subgroups Hi are conjugates in An.
Let N /An. Then N ∩Hi /Hi for all i. By the induction hypothesis Hi ∼= An−1 is simple, thus

N∩Hi equals to {id} or Hi for all i.
Case 1: there is a j such that N ∩H j = H j. Then H j ⊆ N, thus by the fact that all the Hi

are conjugates of one another and that N is a normal subgroup, we have Hi ⊆ N for all i. Thus
n⋃

i=1
Hi ⊆ N. As 〈

n⋃
i=1

Hi〉= An, we have N = An.

Case 2: for all i we have N∩Hi = {id}.
This means that N is semiregular. Thus if f 6= g are in N, then they differ at every point,

otherwise f g−1 would have a fixed point. If the cycle decomposition of an element of N contains
a 6-cycle, for example f = (1 2 3 4 5 6 · · ·) · · · , then (1 2 4) f (1 2 4)−1 would be a permutation
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in N different from f , but both map 5 to 6. We are going to obtain a similar contradiction if
there are more than one cycles of length more than one. Again, for simplicity, assume that it is
f = (1 2 · · ·)(3 4 · · ·) · · · First observe that there are at most two nontrivial cycles, as conjugation
by (1 2 3) would leave the other cycles unaltered resulting in an element different from f that
agrees with f at some numbers. (The result must be different from f , as 1 and 2 are in the same
cycle in f but not in the conjugate.) As n ≥ 6, we may assume that the second cycle has length
at least 3 by the pigeonhole principle: f = (1 2 · · ·)(3 4 5 · · ·). Considering the conjugate of f
by (1 2 3) would result in a permutation different from f that agrees with f on 4. To sum up,
any permutation f ∈ N \ {id} is fixed point free (i.e., all cycles in the cycle decomposition has
length at least 2). all cycles in the cycle decomposition have length at most 5, and at most one
cycle is nontrivial. Hence f is a single cycle of length at most 5 with no fixed points, which is a
contradiction as n≥ 6. Thus N = {id}. �

Remark 7.7. The groups S3 and A4 are not nilpotent but solvable. The smallest non-solvable
group (of course also the smallest non-Abelian simple group) is A5 of order 60.

Solvability was defined by Évariste Galois. The choice of word is justifiable by the fact that
the roots of a polynomial p(x) ∈Q[x] can be expressed using rational numbers, basic operations
and radicals (in other words, the equation p(x) = 0 is solvable) iff the Galois group of the cor-
responding field extension is solvable. By Theorem 7.6 we have that An, and by extension also
Sn are non-solvable for n ≥ 5, and it is well-known that Sn is the Galois group of some rational
polynomial. This is the reason that for all n≥ 5 the n-ary equation is not solvable by radicals.

Proposition 7.8. Let G be a group. Let G(0) := G, and we recursively define G(i) := (G(i−1))′.
Then the group G is solvable iff G(k) = {e} for some k ∈ N.

Proof. -if G(k) = {e} for some (minimal) k ∈ N, then the normal series G(k) /G(k−1) / · · ·/G(0)

shows solvability of G, since for all groups H we have that H/H ′ is Abelian.
Let {e} = N0 /N1 / · · ·/Nc = G be a normal series all of whose factors are commutative. By

Proposition 3.48 we have G′ ≤ Nc−1. It is easy to show by induction that G(i) ≤ Nc−i for all i.
Hence, G(c) = {e}. �

Corollary 7.9. The class of solvable groups is closed under finite direct products, and under
taking homomorphic images or substructures.

Proof. This is Problem 7.15. �

The normal series defined in Proposition 7.8 is the most rapidly decreasing (and hence short-
est) normal series with commutative factors of a solvable group G.
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Definition 7.10. Two normal series of a group G are isomorphic (or equivalent) if the multisets
of their factors coincide. (That is, the same factors appear in both, and the same number of
times.)

Theorem 7.11 (Schreier’s refinement theorem). Any two normal series of a group G have iso-
morphic refinement.

Proof. Let {e} = N0 / · · ·/Nc = G and {e} = M0 / · · ·/Mk = G be two normal series of G. We
define the subgroups Hr and Kr for 0≤ r ≤ ck:

Hik+ j := Ni(Ni+1∩M j) and

K jc+i := M j(M j+1∩Ni),

if 0≤ i≤ c−1,0≤ j≤ k−1, and finally Hck =Kck =G. For simplicity, we can think about Hik+k

as Ni(Ni+1∩Mk), because it fits the pattern according to Ni(Ni+1∩G) =NiNi+1 =Ni+1 =H(i+1)k.
Similarly, K( j+1)c can be considered as setting the value of i to k in the above definition of K jc+i.
Then {e} = H0 / · · · /Hck = G and {e} = K0 / · · · /Kck = G are normal series of G (with some
potential repetitions), and by Corollary 2.55 we have Hik+ j+1/Hik+ j

∼= K jc+i+1/K jc+i. Thus
there is the same number of repetitions in the above two series, and then after deleting them we
obtain isomorphic refinements of the original two series. �

Corollary 7.12 (Jordan-Hölder theorem). Let G be a group.

• Any two composition series of G are isomorphic.
• If G has a composition series, then any normal series of G can be refined to a composition

series (which is unique up to isomorphism).

Corollary 7.13. Every finite group G has a composition series, and any two composition series
of G are isomorphic. Moreover, any normal series of G can be refined to a composition series
(which is unique up to isomorphism). The finite group G is solvable iff in any composition chain
of G all factors are cyclic groups of prime order.

7.1.1. Exercises.

Problem 7.14. Let G be a group and N /G. Prove that G is solvable iff N and G/N are solvable.

Problem 7.15. Prove that the class of solvable groups is closed under finite direct products, and
under taking homomorphic images or substructures.

Problem 7.16. Assume that the group G has a normal series where all factors are cyclic groups
(potentially infinite cyclic groups). Prove that in all normal series of G there is the same number
of factors isomorphic to (Z,+). (What is this number if G is a finitely generated Abelian group?)
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7.2. Some deeper results. The structure of finite solvable groups is much more complicated
in general than that of nilpotent groups. It is hopeless to find a transparent description like
Theorem 6.10 for nilpotent groups. We show a result (7.20) which in essence is similar, though.
The proof of this result requires representation theory. In this subsection, we prove the theorem
assuming Burnside’s pαqβ -theorem, which is only proven in the last chapter.

Definition 7.17. Let G be a finite group, and let |G| = pα1
1 · · · pαr

r be the prime decomposition
of its order. Let π ⊆ {p1, . . . , pr}. We say that H ≤ G is a Hall π-subgroup of G if the prime
decomposition of |H| consists of powers of primes in π , and p j has exponent α j in it.

Thus Hall π-subgroups are generalizations of Sylow subgroups. Hall π-subgroups need not
exist in general in a finite group for all π ⊆ {p1, . . . , pr}. E.g., in A5 there is no subgroup of index
3 or 4, thus there are no Hall {2,5}- and {3,5}-subgroups in A5. (Why?) This example indicates
the connection between the existence of Hall subgroups and solvability.

Theorem 7.18 (Hall theorem). Let G be a finite solvable group, and let |G|= pα1
1 · · · pαr

r be the
prime decomposition of its order. Let π ⊆ {p1, . . . , pr}. Then there exists a Hall π-subgroup of
G, an two Hall π-subgroup of G are conjugates in G, and every subgroup is contained in a Hall
π-subgroup of G whose order is a product of powers of primes in π .

Before showing the proof of the first statement of this theorem, we discuss the converse. If the
order of G is a product of at most two prime powers, then of course all possible Hall subgroups
exist in G by Theorem 5.13, as Hall subgroups coincide with Sylow subgroups in this particular
case. Thus if we want to know whether or not the converse holds, it is crucial to solve the
problem in the special case when |G| is a product of at most two prime powers. This is the main
motivation behind the following theorem, which inspired Burnside to work out the foundations
of representation theory of groups (independently, Frobenius has done the same thing at the same
time because of different reasons, see later).

Theorem 7.19 (Burnside’s pαqβ theorem). Let G be a finite group whose order is the product of
at most two prime powers. Then G is solvable.

We are not going to prove every statement in Theorem 7.18, as the full proof is relatively long
and tedious. Instead, we show the main part of it and its converse in this subsection:

Theorem 7.20 (Hall). A finite group G is solvable iff for any subset π of the set of primes in the
prime decomposition of |G|, there is a Hall π-subgroup in G.

We note that proving the remaining statements in Theorem 7.18 would not be too hard, and
the same techniques that we encounter in the proof of the above shorter statement (7.20) would
do the job without any further, deep ideas.

Burnside’s theorem can be rephrased as follows: the prime decomposition of the order of every
finite non-Abelian simple group contains at least three primes. This is a basic result in the theory
of finite non-Abelian simple groups. The following theorem is equally important.
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Theorem 7.21 (Feit-Thompson theorem [8]). Groups of odd order are solvable. (That is, the
order of every finite non-Abelian simple group is even.)

The shortest proof of this theorem we know about is more than 100 pages long (the original
proof was more than 250 pages long).

In fact, it is easy to improve the theorem.

Proposition 7.22. Assume that the order of a finite group G is of the form 4k+2 for some k ∈N.
Then there is an index 2 normal subgroup in G. In particular, G is not simple.

Proof. Consider the Cayley representation of G (2.11): π : G→ SG, g 7→ πg, where πg : G→ G,
x 7→ gx. According to the Cauchy theorem (3.11) there is an element g ∈ G of order 2. The
corresponding permutation πg in the Cayley representation is an involution, thus it is a product
of disjoint transpositions. As πg : G→ G is fixed point free, it must be a product of 2k + 1
disjoint transpositions, and in particular, πg is an odd permutation. This way we have found an
odd permutation in the group H := Im(π) ≤ SG isomorphic to G. Let AG denote the subgroup
of even permutations in SG. Then AG /SG, and by the first isomorphism theorem (2.52) we have
HAG/AG ∼= H/(H ∩AG). As there is an odd permutation in H, we have HAG = SG, thus the left
hand side of the above isomorphism is a 2-element group. Hence, H ∩AG is an index 2 normal
subgroup in H. �

Corollary 7.23 (Feit-Thompson theorem+ε). Finite groups of order not divisible by 4 are solv-
able. That is, the order of every finite non-Abelian simple group is divisible by 4.

We close the chapter with the proof of Hall’s theorem (7.20). First, we introduce some new
techniques that will be useful later as well.

Proposition 7.24.
(1) If a finite group G is characteristically simple, i.e., it has no nontrivial subgroup that is

closed under all automorphisms, then G is a direct power of a finite simple group.
(2) If N is a minimal normal subgroup in a group G, then it is characteristically simple.

Hence if N is finite, then it is a direct power of a finite simple group.
(3) If G is a finite solvable group and N is a minimal normal subgroup in G, then N is an

elementary Abelian p-group for some prime p, that is, isomorphic to a power of (Zp,+).

Proof. (1) If G is simple, then it is the first power of a simple group. Assume that G is not simple,
and let T be a minimal normal subgroup in G. Let T = T1, . . . ,Tk the set of all images of T via
automorphisms of G. Then all the Ti are minimal normal subgroups in G. In particular Ti∩Tj is
trivial, and then these minimal normal subgroups pairwise commute (Problem 2.47).

Consider those sets J⊆{1,2, . . . ,k} such that the subgroup generated by the union of elements
in {Tj | j ∈ J} is their direct product. Such a J exists, e.g. singleton index sets are appropriate,
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and in fact two-element index sets are also good choices by the above argument. Pick a maximal
J with respect to inclusion. Then 〈Tj | j ∈ J〉 = ∏

j∈J
Tj contains all the Ti, since if some Ti were

disjoint from this generated subgroup, then J could be extended by the element i. Thus the
generated subgroup equals to the subgroup generated by all the Ti. As the Ti are all automorphic
images of a given subgroup, the subgroup they generate is characteristic. By the conditions of
the statement, this subgroup must be G, thus 〈Tj | j ∈ J〉= ∏

j∈J
Tj = G.

Hence, G decomposes into a direct power of T . We show that T is simple. Assume that there
is a proper normal subgroup in T . As T is a component in the direct product, this proper normal
subgroup of T would be a proper normal subgroup of G, which contradicts the minimality of T .

(2) A normal subgroup of a characteristic subgroup of G is a normal subgroup of G. Indeed,
if M charN /G, then the conjugation map by an element g ∈ G can be restricted to N, and it
produces an automorphism of N. Thus M is closed under conjugation by g. Hence, in a minimal
normal subgroup N there cannot be a proper characteristic subgroup M, as otherwise M would
be a smaller normal subgroup than N.
(3) Let N be a minimal normal subgroup in the finite solvable group G. By the previous items

of the statement we have already proven, N ∼= T k for some finite simple group T . According
to Corollary7.9 we have that T is solvable. Solvable simple groups are commutative, and the
commutative simple groups are exactly the cyclic groups of prime order. �

Proposition 7.25. Let H and K be two subgroups of a group G.

(1) The product of complexes HK is a subgroup in G iff HK = KH.
(2) If H or K is normal in G, then HK is a subgroup in G.
(3) If H and K are finite groups then |HK|= |H|·|K|

|H∩K| .

Proof. This is Problem 7.29. �

By using Proposition 7.25 we can rephrase Hall’s theorem.

Corollary 7.26. Let G be a finite group and let |G|= pα1
1 · · · pαr

r be the prime decomposition if its
order. Then there is a Hall π-subgroup of G for every subset of the primes in this decomposition
iff there is a Hall π-subgroup for every (r−1)-element subset of the primes in this decomposition.

Proof. We may assume that r ≥ 2, as otherwise the statement holds trivially. Let Hi be the Hall
subgroup corresponding to the set of all but the i-th prime. Observe that by Proposition 7.25 the
product of any two of the Hi is G, and the intersection is the greatest common divisor of their

orders. Thus by induction on k we can easily prove using Proposition 7.25 that
k⋂

j=1
Hi j ≤ G is a

Hall subgroup corresponding to the set obtained by omitting the primes of indices i1, . . . , ik. �
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Lemma 7.27. Assume that there are three solvable subgroups A,B,C in a finite group G with
pairwise coprime index. Then G contains a nontrivial solvable normal subgroup N /G.

Proof. Pick a minimal normal subgroup M in A. By Proposition 7.24, this M is an elementary
Abelian p-group for some prime p.

As the indices of B and C are coprime, at least one of them is not divisible by p. Without
loss of generality we may assume that it is B. Thus any Sylow p-subgroup P in B is also a
Sylow p-subgroup in G. Such a P can be conjugated by an element g ∈ G onto another Sylow
p-subgroup gPg−1 that contains M by Sylow’s theorem 5.13 . By replacing B with gBg−1, the
above conditions and conclusion still apply, thus we may assume that B itself contains M.

Observe that AB = G, as the indices of A and B are coprime. Put N :=
⋂

g∈G
gBg−1 =

⋂
g∈A

gBg−1.

The former formulation implies that G 6= N /G, and by the latter formulation it is clear that N
contains M, as M is normal in A. Thus N is a nontrivial normal subgroup in G. As N ≤ B by
definition, and as B is solvable, we have that M is also solvable by Corollary 7.9. �

Lemma 7.28. Assume that there are three solvable subgroups A,B,C in a finite group G with
pairwise coprime index. Then G is solvable.

Proof. By induction on |G|. The statement is trivial if |G| = 1. Now let G be any group that
satisfies the conditions of the assertion, and assume that the statement holds for groups of smaller
order. By Lemma 7.27 there is a nontrivial solvable normal subgroup N /G. The group G/N
is solvable by the induction hypothesis with subgroups A/N,B/N,C/N. As N and G/N are
solvable, G is solvable. �

Proof of Theorem 7.20. Let |G|= pα1
1 · · · pαr

r .
First assume that G is solvable. We verify the reformulation of the theorem provided by

Corollary 7.26 by induction on |G|. The initial case |G| = 1 is trivial. In fact, we may assume
that r ≥ 2, otherwise the assertion is trivial. Let G be a group satisfying the conditions, and
assume that the statement holds for smaller groups. Let |G| = pα1

1 · · · pαr
r , and assume that π

consists of the primes p2, . . . , pr.
Let N be a minimal normal subgroup of G. By Proposition 7.24 this is an elementary Abelian

p-group for some prime p. If p∈ π , then we are done by the second isomorphism theorem (2.53):
the factor group G/N has a Hall π-subgroup, and by lifting it to G we obtain a Hall π-subgroup
of G.

Hence, we may assume that none of the primes in π divides the order of N, and in fact, neither
do they divide the order of any minimal normal subgroup of G. Hence, p = p1.

If |N| < pα1
1 , then we can again apply the induction hypothesis, and pick a Hall π-subgroup

in G/N. By lifting it to G according to the second isomorphism theorem (2.53), we obtain a
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subgroup H with order |H| = |N|pα2
2 · · · pαr

r < |G|. By the induction hypothesis, H has a Hall
π-subgroup, which is also a Hall π-subgroup of G.

Thus the only remaining possibility is if |N| = pα1
1 , and in fact, we may assume the same for

any minimal normal subgroup. Pick a minimal normal subgroup in G/N. This is an elementary
Abelian q-group for some prime q ∈ π . According to the second isomorphism theorem (2.53)
this normal subgroup is of the form M/N, where M /G and |M|= pα1

1 qβ .
Let Q be a Sylow q-subgroup in M. Then Q∩N is trivial, thus by Proposition 7.25 we have

M = QN. According to the Frattini argument (6.8) G = NG(Q)M = NG(Q)QN = NG(Q)N.
We have NG(Q) 6= G, as otherwise Q would be a normal subgroup whose order is a power of

q, and then there would be a minimal normal subgroup in G with q-power order. Hence, N 6≤
NG(Q). By the first isomorphism theorem (2.52) N∩NG(Q)/NG(Q), and N∩NG(Q)/N, as N is
Abelian. Thus N ∩NG(Q)/NG(Q)N = G, which by minimality of N and by N 6≤ NG(Q) shows
that N∩NG(Q) is trivial. By applying Proposition 7.25 once again we obtain |N| · |NG(Q)|= |G|,
thus |NG(Q)| is a Hall π-subgroup, which concludes one direction of the proof.

For the other direction, we use induction on the order of the group, again. The statement is triv-
ial for the one-element group. Recall the definition of the subgroups Hi in Corollary 7.26. These
subgroups exist according to the conditions. As we have seen in the proof of Corollary 7.26, all
possible Hall subgroups of Hi can be obtained by intersecting Hi with some other H j. Thus by
the induction hypothesis, Hi is solvable for all i. Thus if |G| has at least three pairwise distinct
prime divisors, then G is solvable according to Lemma 7.28. If |G| is a prime power, then we are
done by Theorem 6.7, and if |G| is the product of powers of two different primes, then we are
done by Theorem 7.19. �

7.2.1. Exercises.

Problem 7.29. Prove Proposition 7.25.

Problem 7.30. * Prove that a finite group G is solvable iff it has a normal series all of whose
factors have prime power order and such that every subgroup in the series is normal in G. (Hint:
in the proof of the harder direction, apply the fundamental theorem of finite Abelian groups, but
be careful: a normal subgroup of a normal subgroup is not necessarily normal in G. Thus use
Problem 3.59 instead.)

Problem 7.31. Provide a counterexample that shows that the following condition, which is
stronger than the one in Problem 7.30, is not equivalent to solvability: there exists a normal
series all of whose elements are Hall subgroups. (Hint: find a group of order 24 neither of whose
Sylow subgroups are normal. To see where the idea goes wrong, find all normal series of the
group that satisfy the condition in Problem 7.30.)
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8. SIMPLE GROUPS

According to the fundamental theorem of Galois theory exactly those rational polynomials
p(x) ∈ Q[x] are unsolvable by radicals whose Galois group (a certain permutation group acting
on the roots) is not solvable. The smallest non-solvable group is A5; this is the reason that 5 is
the smallest degree where there is no radical formula that solves all univariate equations. (Every
permutation group of degree at most 4 is solvable as an abstract group.) This was the first central
problem that turned the attention to finite non-Abelian simple groups.

In the following chapters we will also see that it is possible to understand the structure of
finite primitive and multiply transitive groups via finite non-Abelian simple groups. This is only
a small number of applications out of many of them. The classification of finite simple groups
is the most important theorem in group theory, which was the result of a collaboration of many
mathematicians for several decades. The whole proof is written in a series of books whose total
length is thousands of pages, but this number alone does not express the depth and complexity
of the arguments.

In this chapter we study some special classes of finite simple groups, and we make some
remarks on the classification theorem - without proofs, for obvious reasons.

Let us summarize what we have learned so far.

Proposition 8.1. The finite commutative simple groups are exactly the cyclic groups of prime
order.

We have already seen the “simplest” class of examples for finite non-Abelian simple groups.

Theorem 8.2. The alternating group An is simple for n≥ 5.

Besides these two well-known classes of examples, there are 16 transparently described series
and a set of 26 sporadic examples that together contain all finite simple groups.

We are not going to talk about the proof of this result. But we present a method which can
be used to prove that a finite group is simple. (Even constructing the examples and showing that
they are indeed simple is a highly non-trivial problem.)

Lemma 8.3 (Iwasawa lemma). Let G ≤ SX be a permutation group, and let H be the stabilizer
of an element. Assume that

• G is primitive,
• G′ = G, and
• there exists a commutative subgroup A/H such that 〈g−1Ag | g ∈ G〉= G.

Then G (as an abstract group) is simple.

Remark 8.4. The lemma can be phrased in terms of abstract groups rather than permutation
groups: the first condition is equivalent to the property that H be a maximal subgroup in G
(4.31).
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Proof. Let {e} 6= N /G be a normal subgroup. Then by Problem 4.32 N is transitive, and in
particular N �H. By maximality of H we have G=HN. Our goal is to show AN =G. Let g∈G,
and then g = hn for some n ∈ N,h ∈ H. Hence, gAg−1 = nhAh−1n−1 = nAn−1 ⊆ NAN = AN,
since A/H and N /G. Thus the third condition of the lemma implies AN = G. According to the
first isomorphism theorem (2.52) we have G/N = AN/N ∼= A/(A∩N), which is commutative, as
A is commutative. Thus G′ ≤ N, and then by the second condition of the lemma N = G. �

Remark 8.5. This lemma provides the easiest strategy to verify simplicity of most finite simple
groups. Note that the second condition is necessary, as G′ is a normal subgroup different from
{e} if G is non-Abelian.

8.1. The projective general linear group. We present a nontrivial application of the Iwasawa
lemma, which provides one on the parametrized series in the classification of finite simple
groups.

Theorem 8.6. Let n ≥ 2, and let q ≥ 2 be a prime power. Then PSL(n,q) is simple except if
(n,q) ∈ {(2,2),(2,3)}.

First we prove an in essence similar theorem with slightly modified conditions. In order to
obtain a complete proof of Theorem 8.6, the reader is advised to solve the exercises at the end of
this subsection.

Theorem 8.7. Let V be an n-dimensional vector space (over an arbitrary field) where n ≥ 3.
Then PSL(V ) is simple.

Definition 8.8. Let V be an n-dimensional vector space, and let ϕ : V →V be a linear transforma-
tion. Then ϕ is a transvection is there is a linear hyperplane W in V (i.e., an (n−1)-dimensional
subspace), such that ϕ �W= idW and ϕ(v)− v ∈W for all v ∈V .

Remark 8.9. First of all, observe that transvections are in SL(V ): their matrix is of the form
1 0 . . . 0 c
0 1 . . . 0 0

... . . .
0 0 . . . 0 1

 in an appropriate basis.

Lemma 8.10. Let V be an n-dimensional vector space (over an arbitrary field) where n ≥ 2.
Then SL(V ) is generated by transvections.

Proof. A matrix in SL(V ) has nonzero determinant, thus by using elementary steps of Gaussian-
elimination we can transform it to the identity matrix. In fact, we show that it suffices to use
the following elementary steps: adding a scalar multiple of a row to another row, and switching
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two rows. First we produce a diagonal matrix using such elementary steps. Then any pair of
(nonzero) elements c,d in the main diagonal can be replaced by the pair cd,1:(

c 0
0 d

)
→

(
c 0

c(d−1) d

)
→

(
cd d

c(d−1) d

)
→

(
cd d
0 1

)
→

(
cd 0
0 1

)
As the determinant is unaltered by the elementary steps we allowed, the final matrix we obtain

must be In. Note that all elementary steps are multiplications by suitable transvection matrices.
Hence, for all A ∈ SL(V ) there exist T1, . . . ,Tk transvection matrices such that T1 · · ·TkA = In, and
thus A = T−1

m · · ·T−1
1 . �

Lemma 8.11. Let V be an n-dimensional vector space (over an arbitrary field) where n ≥ 2.
Then any two nontrivial transvections are conjugates in GL(V ).

Proof. According to Remark 8.9 the following calculation verifies the claim:
1 0 . . . 0 0

... . . .
0 0 . . . 1 0
0 0 . . . 0 c

d




1 0 . . . 0 c
0 1 . . . 0 0

... . . .
0 0 . . . 0 1




1 0 . . . 0 0
... . . .

0 0 . . . 1 0
0 0 . . . 0 d

c

=


1 0 . . . 0 d
0 1 . . . 0 0

... . . .
0 0 . . . 0 1

 �

Lemma 8.12. Let V be an n-dimensional vector space (over an arbitrary field) where n ≥ 3.
Then any two nontrivial transvections are conjugates in SL(V ).

Proof. According to Lemma 8.11 any nontrivial transvection A is a conjugate of the matrix

M =


1 0 . . . 0 c
0 1 . . . 0 0

... . . .
0 0 . . . 0 1

 in GL(V ). Assume that this requires conjugation by a matrix B ∈

GL(V ) with det(B) = b ∈ K×. Hence, it is enough to show that there is a matrix C in the
centralizer of M whose determinant is b−1, since that would yield BC ∈ SL(V ), and that the
conjugate of A by BC equals to M. As n ≥ 3, the following diagonal matrix is an appropriate
choice of C:

C :=


1 0 . . . 0 0
0 b−1 . . . 0 0

... . . .
0 0 . . . 0 1

. �

Lemma 8.13. Let V be an n-dimensional vector space (over an arbitrary field) where n ≥ 3.
Then SL(V )′ = SL(V ).
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Proof. According to Lemma 8.10it is enough to show that the matrices in Remark 8.9 can be
written as a commutator of two matrices.


1 1 0 . . . 0 0
0 1 0 . . . 0 0

... . . .
0 0 0 . . . 0 1

 ,


1 0 0 . . . 0 0

... . . .
0 0 0 . . . 1 c
0 0 0 . . . 0 1


=


1 0 . . . 0 c
0 1 . . . 0 0

... . . .
0 0 . . . 0 1

. �

Proof of Theorem 8.7. It is easy to see that PSL(V ) acts 2-transitively on the (n−1)-dimensional
projective space. The stabilizer of the point at infinity (1,0, . . . ,0)T (more precisely its equiva-
lence class) consists of those matrices whose first column is all zero except for the first element.
(The computation is analogous to that in Example 4.8.) This set assumes the role of H in the
Iwasawa lemma (8.3). By Proposition 4.29, the first item of Lemma 8.3 holds for PSL(V ).

The commutator subgroup of a homomorphic image coincides with the homomorphic image
of the commutator subgroup, thus by Lemma 8.13 we have PSL(V )′ = PSL(V ). This covers the
second item of Lemma 8.3.

Finally, let A consist of cosets of the center of SL(V ) corresponding to those matrices, whose
main diagonal is all 1 and all the elements outside the union of the main diagonal and the first
row are zero. It is easy to see that the product of two such matrices is obtained by adding the first
rows (except for the first element, of course). Thus A is isomorphic to the additive group of the
(n− 1)-dimensional vector space over the base field, and in particular, A is commutative. It is
straightforward to check that A/H. As A contains (the coset of) a transvection, conjugates of A
cover the set of all transvections, and that set generates PSL(V ) according to Lemma 8.10. Thus
the third item of the Iwasawa Lemma is also verified, finishing the proof. �

8.1.1. Exercises.

Problem 8.14. Prove that A5 is the only simple group of order 60. (Hint: Use the homomorphism
defined in the argument before the proof of Theorem 4.35, and show that if |G| = 60 and G is
simple, then every proper subgroup in G has index at least 5. Moreover show that if G has an
index 5 subgroup, then G∼= A5. Apply the Sylow theorems to finish the proof. )

Problem 8.15. Find well-known groups that are isomorphic to PSL(2,2) and to PSL(2,3), re-
spectively. (First, determine the cardinality of these groups.) Conclude that these two groups are
solvable.
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Problem 8.16. Let q ≥ 3 be a prime power. Prove that the set of nontrivial transvections in
SL(2,q) form two conjugacy classes (in SL(2,q)): each of these transvections are conjugate to a

matrix of the form

(
1 c
0 1

)
For elements in one of the conjugacy classes, c is a quadratic residue in GF(q), and for the

other class it is a quadratic non-residue. Prove that elements of one of these classes generate the
other class.

Problem 8.17. Let q ≥ 4 be a prime power. Prove that there exists a transvection in SL(2,q)′.
(This fails to hold for q = 2,3.) Conclude that SL(2,q)′ = SL(2,q), and that PSL(2,q) is simple.

Problem 8.18. Show that PSL(2,4)∼= PSL(2,5)∼= A5.

Problem 8.19. Show that |PSL(2,7)|= |PSL(3,2)|= 168. (In fact, these groups are isomorphic.)
Moreover, |PSL(3,4)| = |PSL(4,2)| = 20160. (These groups are also isomorphic.) Remark:
|A8| = |PSL(3,4)| = |PSL(4,2)| = 20160, and A8 � PSL(3,4) ∼= PSL(4,2). The number 20160
is the smallest order of non-isomorphic finite simple groups.

8.2. Golay codes, Steiner systems, Mathieu groups.

Definition 8.20 (Linear codes). Let q ≥ 2 be a prime power, let n ∈ N, and let V be an n-
dimensional vector space over GF(q). Then subspaces C ≤ V are called linear codes. Given a
codeword x ∈C, its weight w(x) is the number of nonzero coordinates in x. This is a norm, the
metrics induced (called the Hamming-distance) is d(x,y), which is the number of coordinates
where x and y differ. Linear codes are often (partially) described by using the parameter [n,k,d],
where n = dim(V ),k = dim(C), and d = min

x 6=y
(d(x,y)) = min

x 6=0
(w(x)) is the minimum distance of

the code. The code C is t-error correcting if d ≥ 2t +1 (and t-error detecting if d ≥ t +1). A t-
error correcting code C is perfect, if every element of V is contained in a radius t neighbourhood
of a (necessarily unique) codeword.

Based on the result of Problem 8.25, Marcel J. E. Golay [12] has found three possibilities for
the set of parameters of a perfect code:

• [23,12,7]2:
3
∑
`=0

(23
`

)
= 2048 = 211

• [90,78,5]2:
2
∑
`=0

(90
`

)
= 4096 = 212

• [11,6,5]3:
2
∑
`=0

(11
`

)
2` = 243 = 35

The second item is in fact not possible, but the other two occur as parameters of a linear code.
These are the Golay codes; they are particularly interesting, as there is no other t-error correcting
code for t ≥ 2 [25]!
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In the sequel, we study the Golay code with parameters [23,12,7]2 (the binary Golay code).
A generator matrix can be given as follows:

B23 =



1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1
0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 1 1 0 0 0 1
0 0 1 0 0 0 0 0 0 0 0 0 1 1 0 1 1 1 0 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 1 1 0 0 0 1 0 1
0 0 0 0 1 0 0 0 0 0 0 0 1 1 1 1 0 0 0 1 0 1 1
0 0 0 0 0 1 0 0 0 0 0 0 1 1 1 0 0 0 1 0 1 1 0
0 0 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 1 0 1 1 0 1
0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 1 1 0 1 1
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 1 0 1 1 0 1 1 1
0 0 0 0 0 0 0 0 0 1 0 0 1 0 1 0 1 1 0 1 1 1 0
0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 1 1 0 1 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 1 0 1 1 1 0 0 0


By adding a parity checking bit, we obtain the code G24 defined by the following generator

matrix:

B24 =



1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1
0 1 0 0 0 0 0 0 0 0 0 0 1 1 1 0 1 1 1 0 0 0 1 0
0 0 1 0 0 0 0 0 0 0 0 0 1 1 0 1 1 1 0 0 0 1 0 1
0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 1 1 0 0 0 1 0 1 1
0 0 0 0 1 0 0 0 0 0 0 0 1 1 1 1 0 0 0 1 0 1 1 0
0 0 0 0 0 1 0 0 0 0 0 0 1 1 1 0 0 0 1 0 1 1 0 1
0 0 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 1 0 1 1 0 1 1
0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0 1 1 0 1 1 1
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 1 0 1 1 0 1 1 1 0
0 0 0 0 0 0 0 0 0 1 0 0 1 0 1 0 1 1 0 1 1 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 1 1 0 1 1 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 1 0 1 1 1 0 0 0 1


The binary linear code G24 has parameters [24,12,8]2. It is easy to see that it is self-dual, i.e.,

G24 = G⊥24. It is not hard to conclude that the weight of every codeword must be divisible by 4
(Problem 8.26).

Observe that the all 1 vector is in G24 it is the sum of all rows in B24). Moreover, there is no
codeword of weight 4 or 20 in G24, as the minimum distance is 8. In G24 the distribution of the
weight of codewords is:

• w = 0: 1 codeword,
• w = 8: 759 codewords, these are called octads,
• w = 12: 2576 codewords, these are called dodecads,
• w = 16: 759 codewords,
• w = 24: 1 codeword.
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There cannot exist 5 coordinates such that two different octads are both 1 there, as otherwise
their distance would be at most 6. Considering octads as characteristic vectors of 8-element
subsets in the 24-element set of coordinates, then we can rephrase the above observation as
follows: every 5-element subset is contained in at most one octad.

On the other hand,
(24

5

)
= 42504 = 759 · 56 = 759 ·

(8
5

)
, thus every 5-element subset is con-

tained in exactly one octad.

Definition 8.21. Given k,n ∈ N, a collection S of k-element subsets of an n-element set H is a
Steiner system, if for some t ∈ N it holds that any t-element subset of H is contained in exactly
one set in S . Sets in S are called blocks. The class of such Steiner systems is denoted by
S(t,k,n). E.g., finite projective geometries are in S(2,q+ 1,q2 + q+ 1) for some q ∈ N. An
isomorphism between two Steiner systems is a bijection between the underlying sets that induce
a bijection between blocks. Automorphism are isomorphisms from a Steiner system to itself.

Thus the octads in G24 (as sets corresponding to characteristic vectors) form a Steiner system
in S(5,8,24). Ernst Witt [27] has shown that up to isomorphism this is the unique Steiner system
in (5,8,24) (called Witt design), and that its automorphism is the Mathieu group M24. As we
have not introduced the original (more complicated) definition of Mathieu groups before, we
can consider this as the definition of M24. Note that M24 is one out of the only two finite 5-
transitive permutation groups that are not isomorphic to the standard action of a symmetric or an
alternating group! The other one is M12, introduced in the following definition.

Definition 8.22. Define M24 ≤ S24 as the group of those permutations, viewed as permutation
matrices, such that right multiplication with them do not alter the row space of the matrix B24.
The stabilizer of an element (coordinate) in M24 is denoted by M23 acting on the remaining 23
elements. Similarly, M22 is the point-wise stabilizer of a pair of coordinates in M24 acting on the
remaining 22 elements. The permutation group M12 is the set-wise stabilizer of a dodecad in M24

on the remaining 12 elements, and finally M11 is the stabilizer of an element in M12, acting on
the remaining 11 elements. The groups M24,M23,M22,M12 and M11 are called Mathieu groups.

Theorem 8.23. All five Mathieu groups are simple. (These are among the 26 sporadic simple
groups.) Disregarding symmetric and alternating groups, M24,M23,M12 and M11 are all the 4-
transitive permutation groups up to isomorphism, among which M24 and M12 are 5-transitive
and none of them is 6-transitive.

Based on the Golay code, one can introduce the so-called Leech lattice; we do not present its
definition here. But we mention that six further sporadic simple groups could be easily defined
using that construction: HS (Higman-Sims), Co1,Co2,Co3 (Conway groups), J2 (Janko group),
and Suz (Suzuki group). We describe the group HS.
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Consider the Witt design, that is, the unique Steiner system in (5,8,24). Pick two elements
from the underlying set, and keep those octads only that contain these points. Omit these two-
points from the underlying set (and from all remaining octads). We obtain a (3,6,22)-design with
77 blocks. One can check that every element of the underlying set is in 21 blocks (Problem 8.27).

Using this (3,6,22)-design we can define a regular graph on 100 vertices. Let x be a new
symbol, v1, . . . ,v22 the elements of the underlying set, and b1, . . . ,b77 the block of this Steiner
system. Link x to all the vi, and let vib j be an edge iff vi ∈ b j. Finally, two blocks are linked iff
they are disjoint. Every vertex has degree 22 in this graph. In fact the graph obtained is transitive,
i.e., its automorphism group is transitive on the set of vertices. (Moreover, on edges too). The
automorphism group decomposes into a semidirect product HSo (Z2,+). The unique index 2
normal subgroup in the automorphism group of the graph defined above is the Higman-Sims
group.

The most important properties of finite simple groups are collected in the ATLAS [4], which
can be found online. It is particularly interesting how few conjugacy classes there are in these
group compared to their size. The ATLAS also lists the maximal subgroups of finite simple
groups. This is important to understand the primitive permutation group representations of finite
simple groups (cf. O’Nan-Scott theorem and its consequences, Theorems 10.36 and 10.26).
Schreier conjectured that the outer automorphism group of every finite simple group is solvable.
To this day, the only proof of this fact is based on the classification of finite simple groups.
The ATLAS contains the outer automorphism group of every finite simple group, and these are
often small solvable groups (very often cyclic or commutative). E.g., for n ≥ 5,n 6= 6 we have
Aut(An) ∼= Sn, thus Out(An) ∼= Z2. The case n = 6 is exceptional as it is for Sn (Theorem 4.35).
In that case the outer automorphism of S6 can be restricted to A6, yielding |Out(A6)|= 4.

Maybe the most mysterious of the sporadic finite simple groups is the Monster group M. The
existence of this group (a new sporadic simple group with certain parameters that was unknown
at the time) was conjectured by Bernd Fischer and Robert Griess around 1973. But the precise
construction was only published in 1982, when Robert Griess found it as the automorphism group
of a 196884-dimensional algebra. Using that construction, some new sporadic simple groups
were found, making the list of finite simple groups complete. (The Monster group contains 20
out of the 26 sporadic simple groups as subgroups.)
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The following short table was prepared using the ATLAS [4].

Size Nr. of conj. Nr. of max. subgr. |Out | Year of discovery
classes (up to conj.)

M24 244823040 26 9 1 1873.
= 210 ·33 ·5 ·7 ·11 ·23

M23 10200960 17 7 1 1873.
= 27 ·32 ·5 ·7 ·11 ·23

M22 443520 12 8 2 1873.
= 27 ·32 ·5 ·7 ·11

M12 95040 15 11 2 1873.
= 26 ·33 ·5 ·11

M11 7920 10 5 1 1873.
= 24 ·32 ·5 ·11

HS 44352000 24 12 2 1968.
= 29 ·32 ·53 ·7 ·11

M ≈ 8 ·1053 194 43 (?) 1 1982.

Notice how few conjugacy classes all these groups have compared to their size. The prime
decomposition of the order usually contains many primes (cf. Theorem 7.19), and the order is
always divisible by 4 (cf. Corollary 7.23).

Although the classification of finite simple groups (CFSG) is widely accepted by experts by
now, some people are still not convinced that the proof is complete, due to its sheer volume and
complexity that makes it hard to check the whole argument. It is a work in progress to write down
parts of the proof in a more transparent way, and to make the proof clearer and shorter. Those
who do not completely believe in the completeness of the classification itself or its proof, but still
want to use it, ofter make the remark (CFSG) when proving a new result using the classification.

8.2.1. Exercises.

Problem 8.24. Find the condition on the parameters t,k,n that follows directly Definition 8.21.

Problem 8.25. Let C be an [n,k,d]q linear code, and let t = bd−1
2 c. Then C is perfect iff

t
∑
`=0

(n
`

)
(q−1)` = qn−k.

Problem 8.26. Assume that the weight of every codeword in the generator matrix of a self-dual
binary linear code is divisible by 4. Show that the same holds for every codeword in the code.

Problem 8.27. Consider the Steiner system defined in the argument after Theorem 8.23. Prove
that every element of the underlying set is contained in exactly 21 blocks.
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9. FREE GROUPS

9.1. Congruences.

Definition 9.1. Let X be a set and f : Xn → X an n-ary operation on X . Let ≈ be an equiv-
alence relation on X , that is, ≈⊆ X ×X is reflexive, symmetric and transitive. Then we say
that ≈ is compatible by f if for all x1, . . . ,xn,y1, . . . ,yn ∈ X with x1 ≈ y1, . . . ,xn ≈ yn we have
f (x1, . . . ,xn)≈ f (y1, . . . ,yn) (cf. Definition 4.23). If an equivalence relation ≈ is compatible by
all operations of an algebraic structure A, then it is a congruence of A. If this is the case, then
we can define the factor algebra A/ ≈: the elements are the ≈ classes of A, and the operations
are induced by those of A. Namely, given an n-ary operation f of A, we can substitute an n-
tuple of equivalence classes into it by substituting an n-tuple of representatives, and taking the
equivalence class of the result.

Remark 9.2. Equality and the largest equivalence relation (that consists of a single class con-
taining all element of the underlying set) are always congruences. These are the trivial congru-
ences.

Example 9.1. For an n≥ 2 the equivalence relation that consists of the (mod n) residue classes
of (Z,+,−, ·,0) is compatible by addition, negation and multiplication, thus it is a congruence of
the ring (Z,+,−, ·,0). The factor algebra is the ring (Zn,+,−, ·,0) of (mod n) residue classes.

Example 9.2. Given a group G with a normal subgroup N /G, the equivalence relation whose
classes are the cosets of N is a congruence of G. The factor algebra is the factor group G/N.

In case of groups, this example provides us with all congruences.

Proposition 9.3. Let G be a group, and let ≈ be a congruence of G. Then the equivalence class
of e ∈ G is a normal subgroup N, and the equivalence classes of ≈ are exactly the cosets of N.

Proof. If a,b ∈ N, then ab ≈ ee = e, thus ab ∈ N. If a ∈ N, then a−1 ≈ e−1 = e, thus a−1 ∈ N.
Moreover, e ∈ N by definition. Hence, N ≤ G. Let g ∈ G,n ∈ N be arbitrary elements. Then
gng−1 ≈ geg−1 = e, that it, gng−1 ∈ N. Hence, N is a normal subgroup in G.

For all g1,g2 ∈ G we have g1 ≈ g2⇔ g1g−1
2 ≈ e⇔ g1g−1

2 ∈ N⇔ g1N = g2N. �

Example 9.3. A permutation group G ≤ SX can be viewed as an algebraic structure (these are
called G-sets): let X be the underlying set of the structure, and to every element g ∈ G assign
a different unary function symbol, such that the function itself is the permutation we obtain by
multiplication by g. The permutation group is primitive iff the corresponding G-set has only
trivial congruences.
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9.1.1. Exercises.

Problem 9.4. Prove that the congruences in Example 9.1 together with the trivial ones are all
congruences of the ring (Z,+,−, ·,0).

Problem 9.5. Find the description of congruences of a ring similarly to that of groups in Propo-
sition 9.3.

Problem 9.6. Show that the i-th n-ary projection preserves all relations. (The i-th n-ary projec-
tion is the function π

(n)
i : An→ A, (x1, . . . ,xn) 7→ xi.)

Problem 9.7. Let A = (A; f1, . . . , fr) be an algebra. Let f be an n-ary and g1, . . . ,gn be k-ary
operations of A. Assume that the equivalence relation ≈ is compatible to all of them. Prove that
≈ is also compatible to the k-ary function f ◦ (g1, . . . ,gn).

Problem 9.8. Show that if an algebra has a group operation among its basic operations (or such
an operation can be obtained as a composition of basic operations and projections), then for
every congruence ≈ of the algebra the classes of ≈ have equal size.

9.2. Fundamental results on free groups.

Definition 9.9. Let S be a set of symbols (alphabet). Let TS consist of all words, including
the empty word, that we can produce out of elements of S and their formal inverse. (E.g.,
xyx−1z−1y−1yzz ∈ TS is S = {x,y,z}.) If a,b ∈ TS, then let a ∼ b if a = b is a group identity,
that is, for any group G and any substitution of elements of the alphabet S by elements of G, we
obtain the same group element in G after executing the operations according to a and b. (The
result of any substitution into the empty word is eG.)

Proposition 9.10. For any set S the relation ∼ is an equivalence relation on TS.

Proof. It is clearly reflexive, symmetric and transitive. �

Definition 9.11. Let S be a set. We define a binary operation ·, a unary operation −1 and the
constant e on TS as follows.

• For all a,b ∈ TS let a ·b be the concatenation of a and b. Usually, the dot is not indicated.
• For all a ∈ TS let a−1 be the word obtained from a by first writing its letters in reverse

order, and then switching all of them to their inverse. The latter operation means that a
symbol x ∈ S is switched to x−1 and vice versa.
• Let e := /0 be the empty word.

If ∼ denotes the equivalence relation in Definition 9.9, then the factor algebra (TS, ·,−1 ,e)/∼
is denoted by FS and it is called the free group generated by S. If S is finite with |S| = n, then
usually the notation is simplified to Fn.
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The following theorem states that this factor algebra exists and that it is indeed always a group.

Theorem 9.12. For any set S the equivalence relation ∼ introduced in Definition 9.9 is a con-
gruence of the structure TS := (TS, ·,−1 ,e). The factor algebra FS = (TS, ·,−1 ,e)/∼ is a group.

Proof. Let G be an arbitrary group and let f : S→ G be a substitution.
Assume that a1 ∼ b1 and a2 ∼ b2. Then the f -value of the words a1 and b1 coincide, and we

denote this element by g1 ∈ G. Similarly, the f -value of the words a2 and b2 coincide, and we
denote this element by g2 ∈G. By associativity, we have that the f -value of a1a2 and b1b2 equal
to g1g2. Thus ∼ is compatible with concatenation. Let a ∼ b. Let the f -value of a and b be
g ∈G. By Corollary 2.5 the f -value of a−1 and b−1 equal to g−1. Thus ∼ is compatible with the
inverse, and then ∼ is indeed a congruence.

For all a,b,c ∈ TS the equation (ab)c = a(bc) is a group identity, thus (ab)c ∼ a(bc). This
means that multiplication in FS is associative. For all a ∈ TS the equation aa−1 = e is a group
identity by Corollary 2.5 and associativity. Similarly, a−1a = e is a group identity. Hence, FS

satisfies the axiom of inverse. Finally, ea = ae = a holds in TS by definition of e, showing that
all group axioms hold in FS. �

Remark 9.13. The name suggests that S is a generating set of FS. Of course, this is strictly
speaking nonsense, as formally S is not even a subset of FS. But the equivalence classes of ∼
corresponding to elements of S indeed constitute a generating set of FS. In the sequel we identify
elements of S by their equivalence classes. Elements of FS are equivalence classes in TS, and
they are usually referred to as [a] (a ∈ TS).

Theorem 9.14 (Universality and alternative definition of free groups). Let G be a group. Let S
be a set, and let f : S→ G be an arbitrary substitution. Then the function f can be uniquely
extended to a homomorphism ϕ : FS→G. Moreover, this universal property uniquely determines
the free group FS up to isomorphism.

Proof. Uniqueness of the extension follows from the fact that S is a generating set in FS. This
also indicates the only way that we have to define ϕ . For any [a] ∈ FS with a = x1x2 · · ·xk,
where each xi is an element of S or a formal inverse of such a symbol, then ϕ([a]) must be

f̃ (x1) f̃ (x2) · · · f̃ (xk), where f̃ (x) =

{
f (x) if x ∈ S
f (y)−1 if x = y−1,y ∈ S

The only thing to check is that this is well-defined. Let [a] = [x1x2 · · ·xk] = [y1y2 · · ·yn]. Then
x1x2 · · ·xk = y1y2 · · ·yn is a group identity. (Why?) Hence, it holds in G for the substitution f
which shows that ϕ is indeed well-defined.

For the second assertion, assume that a group HS with S ⊆ HS satisfies the universal property.
Then the function idS : S→ S extends to a homomorphism ϕ : FS → HS and a homomorphism
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ψ : HS→ FS (universality of both groups are used here). Note that ψ ◦ϕ : FS→ FS is a homo-
morphism such that (ψ ◦ϕ) �S= idS. Since there is only one such homomorphism according to
the first part of the theorem that we have already shown, and as idFS is such a homomorphism,
we have ψ ◦ϕ = idFS . Similarly, ϕ ◦ψ = idHS . Thus ϕ and ψ are mutual inverses, and thus they
are both isomorphism. �

Corollary 9.15. Let S,T be sets, and let G be a group with generating set T . Assume that
|T | ≤ |S|, that is, S can be mapped onto T . Then G is isomorphic to a factor group of FS. In
particular, if G is n-generated, then G∼= Fn/N for some N /Fn.

9.2.1. Exercises.

Problem 9.16. For a word a ∈ TS let a0 be the word in TS that we obtain from a by successive
deletion of subwords of the form xx−1 and x−1x with x ∈ S (we delete such subwords as long as
there is none left). Prove that a0 is well-defined, i.e., it does not depend on the order of deletions.
Show that a∼ b iff a0 = b0.

Problem 9.17. What is the n-generated free Abelian group?

Problem 9.18. Can we hang a painting on a wall using two nails such that none of the two nails
support it on its own, that is, if we remove any of them, the picture falls. (Hint: the fundamental
group of the infinity sign is the 2-generated free group F2; we can find an element in it that is not
a trivial word, but by replacing any of the two generators by the identity element, it simplifies
to the trivial word.) Generalize the problem to an arbitrary number of nails, and construct the
loops for 2,3,4 nails. Do an experiment to see that it works!

Problem 9.19. Find a subgroup of the 2-generated free group F2 that is isomorphic to F∞.

Problem 9.20. Prove that the commutator subgroup F ′S of a free group FS consists exactly of
those words w, such that for any generator x ∈ S the sum of all exponents of powers of x in w is
zero.

9.3. Group presentations. Corollary 9.15 makes it possible to represent groups as factor groups
of free groups. The corresponding normal subgroup N is the collection of all identities that hold
for a particular generating set of the given group G. In general, there are infinitely many such
identities, but of course these are not necessarily “independent”. The idea leads to the definition
of finitely presentable groups.

Definition 9.21. A presentation of a group G is an expression of the form FS/N for some set
S and normal subgroup N /FS. Elements of N (represented by words in TS) are called relations
(or sometimes defining relations). A presentation is finite if S is a finite set and N is generated
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by finitely many words as a normal subgroup in FS. We can describe such a presentation as
G= 〈(si)i∈I | (r j = e) j∈J〉, where I and J are index sets, si lists S and r j lists a set of that generates
N as a normal subgroup.

Presentations were first studied by Walther von Dyck, who realized that this terminology is
often convenient to work with and to define groups. His next theorem is very useful for these
purposes.

Theorem 9.22 (Dyck theorem). Let G = 〈(si)i∈I | (r j = e) j∈J〉 be a presentation, S = {si | i ∈ I}.
Moreover, let H be a group with a generating set {hi | i ∈ I}, and assume that all relations in the
presentation of G holds for these element: r j(hi1, . . . ,hik) = eH , where the generators in r j ∈ TS

are si1 , . . . ,sik . Then the assignment si 7→ hi uniquely extends to a surjective homomorphism
G→ H. In particular, if the relations of a presentation of G hold for a generating set of H, then
H is a homomorphic image of G.

Proof. Let ϕ : FS→ G and ψ : FS→ H be the unique extensions of the functions idS and si 7→ hi

(i ∈ I), respectively (cf. Theorem 9.14). Let M := Ker(ϕ) and N := Ker(ψ). By assumption we
have M ⊆ N. According to the homomorphism theorem (2.51) we have G ∼= FS/M, H ∼= FS/N,
and by the second isomorphism theorem (2.53) we have H ∼= G/(N/M). The isomorphism
provided by the second isomorphism theorem between H and G/(N/M) is exactly the unique
extension of si 7→ hi. �

Example 9.4. (Zn,+)∼= 〈x | xn = e〉

Remark 9.23. Group presentations are widely used in algebraic topology. The Van Kampen
theorem provides a technique to find a presentation of the fundamental group of a topological
space obtained by gluing topological spaces whose fundamental groups are known, provided
that we know a presentation of each of those groups and the gluing is “nice” enough. We obtain
as a corollary that every group occurs as the fundamental group of a topological space, and the
Nielsen-Schreier theorem is also based on this idea (it states that subgroups of free groups are
free).

9.3.1. Exercises.

Problem 9.24. Prove that 〈x,y | xn = e,y2 = e,yxy = x−1〉 ∼= Dn.

Problem 9.25. The infinite dihedral group can be defined as follows: 〈x,y | y2 = e,yxy = x−1〉 ∼=
D∞. Show that this group is indeed infinite.

Problem 9.26. Prove that 〈x,y | x3 = e,y7 = e,xyx−1 = y2〉 is the unique non-Abelian group of
order 21.
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Problem 9.27. Which well-known groups are presented below?

(1) 〈x,y | x2 = e,y7 = e,xyx−1 = y2〉
(2) 〈x,y | x2 = e,y2 = e,(xy)n = e〉
(3) 〈x,y,z | x2 = e,y2 = e,z3 = e,xy = xy,zxz−1 = y〉
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10. PERMUTATION GROUPS

10.1. Regular normal subgroups and Frobenius groups. Permutation groups with a regular
normal subgroup can be perfectly described ny the next proposition. It says that such a group
action can be decomposed to the Cayley action of the normal subgroup and the conjugation
action of a semidirect complement.

Proposition 10.1. Let G ≤ SX be a permutation group, and let N /G be a regular normal sub-
group. Let x ∈ X be arbitrary and H = Gx. Then

• G = NoH, and thus we may assume that H ≤ Aut(N), and
• we can define an action of G on N such that for all g∈G, m∈N, if the unique decomposi-

tion of g according to the semidirect decomposition is nh, then g∗m= (nh)∗m= nhmh−1

(i.e., elements of H act by conjugation, and those of N by left multiplication), and
• this action is isomorphic to the given action of G on X.

Proof. Note that G ≤ SX is transitive, as N is transitive on X . Thus the action of G on X is
isomorphic to the action of G on left cosets of H by left multiplication by Proposition 4.11. As
N is transitive, by multiplying H with elements of N we obtain all H-cosets. Thus NH = G.
Moreover, N /G, H ≤ G. To finish the proof of the first item we need N ∩H = {e}. If e 6=
g ∈ N ∩H, then gH = H = eH, contradicting regularity of N. Hence, N ∩H = {e}, and then
G = NoH.

We argue that the mapping in the second item is indeed a group action. The unit element acts
as the identity: the decomposition of e according to the semidirect product structure is ee, thus
(ee)∗m = eeme−1 = m. To prove pseudo associativity, note that if g1 = n1h1 and g2 = n2h2, then

(n1h1)∗ ((n2h2)∗m) = n1h1(n2h2mh−1
2 )h−1

1 = (n1h1n2h−1
1 )(h1h2mh−1

2 h−1
1 ) =

= (n1h1n2h−1
1 )(h1h2)m(h1h2)

−1 = (n1h1n2h−1
1 h1h2)∗m = ((n1h1) · (n2h2))∗m.

In order to prove that the two actions are isomorphic, we define the following function f : X→
N: if y = mx, then f (y) = m. As N is a regular normal subgroup, the function f is well-defined:
every element y can be written as mx in a unique way. If g = nh is the unique decomposition
of g ∈ G according to the semidirect product structure, then gy = nhy = nhmx = nhmh−1hx =

nhmh−1x, since h ∈ Gx. Observe that nhmh−1 = n(hmh−1) ∈ N, thus this is the unique decom-
position of the element in the from m′x (m′ ∈ N). Hence, f (gy) = g∗ f (y), proving that the two
actions are isomorphic.

Finally, the homomorphism ϕ : H → Aut(N) in the definition of the semidirect product is
injective, as different elements of H act in a different way on N (because G is a permutation
group). �
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One of the main examples to a permutation group with a regular normal subgroup is the group
of symmetries of an n-dimensional affine space over the field Zp.

Proposition 10.2. Let p ∈ N be a prime and Vn an n-dimensional vector space over the field
Zp. Then the automorphism group of the additive group (Vn,+) ∼= (Zp,+)× ·· · × (Zp,+) is
isomorphic to GL(n, p); in particular Hol(V,+)∼= (Vn,+)oGLn(Zp) is the affine group.

Proof. Clearly, linear transformations are additive. For the reverse implication, let ϕ be an au-
tomorphism of the additive group (V,+). We show that ϕ is compatible with multiplication by
scalars as well, that is, if k ∈ Zp, then ϕ(kv) = kϕ(v) for all v ∈ V . If k = 1+ 1+ · · ·+ 1, then
ϕ(kv) = ϕ((1+1+ · · ·+1)v) = ϕ(v+v+ · · ·v) = ϕ(v)+ϕ(v)+ · · ·+ϕ(v) = kϕ(v) because of
additivity of ϕ . �

Consider the group (Zp,+)oZ×p , that is, the one dimensional affine group over the field Zp.
(It is often convenient to think about the elements of this group as affine transformations x 7→
ax+b, b∈ (Zp,+),a∈Z×p , and the group operation is composition.) The subgroup K :=(Zp,+)
is a regular normal subgroup in this group (K is the set of translations x 7→ x+b). In particular,
every nonidentity element in K is fixed point free. The semidirect complement is H := Z×p (the
set of all linear maps of the form x 7→ ax, a 6= 0). Every nonidentity element of H has exactly
one fixed point, namely 0.

Definition 10.3. A finite, transitive permutation group G acting on at least two elements is called
a Frobenius group if all nonidentity elements in G has at most one fixed point, and there exists
an element in G with exactly one fixed point.

Example 10.1.
• The group Dn with its standard action is a Frobenius group for all odd numbers n ≥ 3.

Nonidentical rotations are fixed point free, and reflections have exactly one fixed point.
For even n we do not obtain a Frobenius group, as in that case, half of the reflections have
two fixed points.
• Let K be a finite field and let G consist of the affine transformations f : K→K, x 7→ ax+b

of the one-dimensional space. Then nonidentical translations (a = 1,b 6= 0) in G are fixed
point free. All remaining nonidentical transformations in the group have exactly one fixed
point, since for a 6= 1 the linear equation x = ax+b has a unique solution x = b(1−a)−1.
Thus one-dimensional affine groups are Frobenius groups.

Frobenius groups have a central role in permutation group theory, and it is fair to say that they
are very important in group theory in general. This makes the following structure theorem a
crucial result in group theory. The theorem was proven by Ferdinand Georg Frobenius in 1901.
To further argue the relevance to the result, we mention that this was the motivation for Frobenius
to work out the fundamental results of representation theory (at the same time Burnside did, but
independently from him), which is one of the strongest techniques in group theory.
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Theorem 10.4 (Frobenius [10]). Let G be a Frobenius group, and let K ⊆ G consist of all fixed
point free elements and the identity. Then K /G.

This K is the Frobenius kernel. If we pick an arbitrary element from the underlying set, its
stabilizer H is a Frobenius complement (cf. Proposition 10.1).

The proof of the Frobenius theorem is in the last chapter. In fact, we can immediately
strengthen the theorem, and obtain that the kernel is a regular normal subgroup.

Lemma 10.5. If in a finite group action every group element has at most one fixed point, then
the set K of fixed point free group elements together with the identity has the same size as the
underlying set X of the group action.

Proof. Applying the Burnside lemma (4.7) to this transitive action (i.e., the number of orbits is
1) we obtain 1 = 1

|G| · (1 · |X |+(|K|−1) ·0+(|G|− |K|) ·1), that is, |K|= |X |. �

Corollary 10.6. In a Frobenius group G, the Frobenius kernel K is a regular normal subgroup.

Proof. Since G is transitive, by Proposition 4.11 its action on X is isomorphic to the left multipli-
cation action on H = Gx for some x ∈ X . If K∩gH has at least two elements for some g∈G, that
is, there are two different elements a,b ∈ K∩gH, then e 6= a−1b ∈ K∩H. But then a−1b would
be fixed point free, and at the same time, it would stabilize x, a contradiction. Thus K intersects
every left H coset in at most one element. The number of left H cosets is |G : H|= |X | by the or-
bit stabilizer theorem (4.6), and according to Lemma 10.5. Lemma we have |G : H|= |X |= |K|.
Thus K must intersect every left H coset in exactly one element. In particular, the left multipli-
cation action of K on H cosets is transitive, and by definition, K is semiregular, thus regular. �

The notion of Frobenius groups is very strong, because it is general enough to be applicable
all through group theory, but specific enough so that we understand its structure quite well. This
latter claim is well illustrated by the above theorem of Frobenius: the Frobenius kernel is always
a regular normal subgroup, and we have seen that in such a case the action can be perfectly
described in terms of the group operations. But there are further deep results about the structure
of the kernel K and that of the complement H as well. We mention some of these results without
proof.

Theorem 10.7 (Thompson). Frobenius kernels are nilpotent.

We note that Thompson’s theorem cannot be improved in the sense that the nilpotency index
can be arbitrarily large. The list of examples of nilpotent groups of index tending to infinity was
constructed by Itô. In particular, the kernel is not necessarily commutative. This weaker problem
was first solved by Otto Schmidt, who found a Frobenius group with a non-Abelian kernel of
order 73 and a complement of order 3 (Problem 10.17).

The Frobenius complement H is not solvable in general. Zassenhaus has shown that if H
is not solvable, then there are very limited possibilities for its isomorphism type: the group H
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must have a normal series with at most three cyclic group on top, followed by the non-solvable
group SL(2,5) in the bottom of the chain. According to the very hard Feit-Thompson theorem
(7.21), groups of odd order are solvable. If the Frobenius complement H has even order, then the
Frobenius kernel K must be commutative (cf. Problem 10.13).

After mentioning these deep facts, let us focus on the basics of Frobenius groups once again.
Recall that a transitive group action is uniquely determined by the abstract group structure and a
stabilizer subgroup (cf. Proposition 4.11). Thus we can talk about Frobenius groups as abstract
groups (in particular, the action is not mentioned in the last two items of Proposition 10.8).

Proposition 10.8. The following are equivalent for a group G.

(1) The group G is a Frobenius group (acting on a set X, the stabilizer of an element of X is
H, and the Frobenius kernel is K).

(2) There is a proper subgroup H ≤ G such that H ∩gHg−1 = {e} for all g ∈ G\H.
(3) There is a proper subgroup H ≤G such that gHg−1∩hHh−1 = {e} for all g,h ∈G from

different H cosets, that is, if gH 6= hH.
(4) The group decomposes into a semidirect product G=KoH of a proper normal subgroup

K and a proper subgroup H, and CG(k)≤ K for all k ∈ K \{e}.

Proof. (1)⇒ (2) According to Problem 4.19 there must be a fixed point free element in G (the
underlying set is not a singleton), and moreover it has an element with a fixed point. Thus H is a
proper subgroup. According to Problem 4.13 if H = Gx, then gHg−1 is the stabilizer of g∗x. As
nonidentity elements have at most one fixed point, we have that H ∩gHg−1 is trivial.

(2)⇒ (3) Observe that gH 6= hH⇔ (g−1h) /∈H. Thus applying item (2) to the element g−1h
yields H ∩ (g−1h)H(g−1h)−1 = {e}, that is, H ∩g−1hHh−1g = {e}. Conjugation by g results in
gHg−1∩hHh−1 = {e}.
(3)⇒ (1) The left multiplication action of G on left H cosets is a transitive permutation group.

According to the condition in item (3), there is a non-identity element in this permutation group
with a fixed point (H 6= {e}), not all elements are such (H 6= G), and all non-identity elements
have at most one fixed point (gHg−1∩hHh−1 are the stabilizers of gH and hH by Problem 4.13).
This is clearly equivalent to the definition of Frobenius groups.

(1)⇒ (4) Of course, we need the Frobenius theorem for this implication, which is shown at
the end of the last chapter. Hence, combine Corollary 10.6 with Proposition 10.1.

(4)⇒ (1) As usual we work with transitive group actions as left multiplication actions on
cosets of a subgroup H (cf. Proposition 4.11). Since G = K oH, K intersects every coset
nontrivially, thus K is a transitive normal subgroup. Moreover, as |K| = |G : H| we have that K
consists of exactly the same number of elements as the underlying set it acts on transitively. Thus
K is semiregular, and consequently, K is a regular normal subgroup. By Proposition10.1 we can
work with the action on the regular normal subgroup K instead. On the set K elements of K act by
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left multiplication, thus all of them are fixed point free except for the identity. Moreover, let nh∈
G \K with n ∈ K,h ∈ H. Equivalently, n 6= e. We prove that this element has exactly one fixed
point. First, we show there cannot be two different fixed points. If m1 6= m2 are both such fixed
points in K, then m1 = nhm1h−1 and m2 = nhm2h−1. Hence, m−1

1 m2 = hm−1
1 h−1n−1nhm2h−1 =

hm−1
1 m2h−1, which yields h ∈CG(K), a contradiction. Thus we can apply Lemma 10.5: the size

of the set that consists of the identity element and all fixed point free elements equals to the size
of the underlying set, which was already proven to equal to the size of K. Thus there cannot be
any fixed point free elements outside K. �

Corollary 10.9. The group G is a Frobenius group with kernel K and complement H iff K is a
proper normal subgroup, H is a proper subgroup and CH(k) is trivial for all nontrivial elements
k ∈ K. (That is, if k ∈ K \ {e} and h ∈ H \ {e}, then k and h do not commute, or equivalently,
hkh−1 6= k.) Another alternative formulation is that conjugation by every nontrivial element of
H is a fixed point free permutation of K \{e}.

Proof. We show that these are equivalent to item (4) of Proposition 10.8. Clearly, the assertion is
a special case of the statement in that item. The reverse implication is proven indirectly. Assume
that km = mk for some k ∈ K \ {e} and m ∈ G \K. Since K is transitive, there is an n ∈ K
that maps the fixed point of m to the element x ∈ X with H = Gx. Then nmn−1 ∈ H \ {e} and
nkn−1 ∈ K \{e} would commute. �

10.1.1. Exercises.

Problem 10.10. Let G be a Frobenius group with kernel K and complement H. Show that
(|K|, |H|) = 1. What stronger arithmetical condition can be stated?

Problem 10.11. Let K be a finite Abelian group of odd order, and let H = (Z2,+). Define the
conjugation action of the nontrivial element of H on K to be inversion: α : K → K, k 7→ k−1.
(Show that this is indeed an order 2 automorphism.) Prove that the corresponding semidirect
produc KoH is a Frobenius group. Which basic example is generalized by this construction?

Problem 10.12. Let G be a finite group, and let α ∈Aut(G) such that Fix(α) = {e} and o(α) =

2.

(1) Show that the function f : G→ G, g 7→ gα(g)−1 is injective.
(2) Prove that α is the inversion.
(3) Prove that G is an Abelian group of odd order.

Problem 10.13. Let G be a Frobenius group with kernel K and complement H. Assume that the
order of H is even. Prove that K is an Abelian group of odd order. (Hint: solve the previous
problem.)
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Problem 10.14. Find an example of a Frobenius group of order 21, 42, 46 and 56, respectively.
Find two nonisomorphic examples of order 42. Is there a Frobenius group of order 44?

Problem 10.15. Find all 12-element Frobenius groups (up to isomorphism of permutation groups).

Problem 10.16.
(1) Prove that 14-element groups do not have automorphisms of order 13.
(2) Prove that the unique 182-element Frobenius group (up to isomorphism) is D91.

Problem 10.17. (Otto Schmidt’s construction of a Frobenius group with non-Abelian kernel) Let
K consist of those 3× 3 upper triangular matrices over the 7-element field all of whose entries

in the main diagonal are 1. That is, K =

M ∈M3(Z7) |M =

1 a b
0 1 c
0 0 1




Define the mapping α : K→ K,

1 a b
0 1 c
0 0 1

 7→
1 2a 4b

0 1 2c
0 0 1

.

(1) Prove that K is a non-Abelian group of order 73.
(2) Show that α ∈ Aut(K).
(3) Prove that the order of α ∈ Aut(K) is 3.
(4) Let H ≤Aut(K) be the 3-element subgroup generated by α . Prove that the corresponding

semidirect product KoH is a Frobenius group with kernel K and complement H.

Problem 10.18.
(1) Let G = KoH be a Frobenius group with kernel K and complement H Assume that there

is no proper subgroup in K of order (m|H|+1) for any m ∈N. Prove that G is primitive.
(2) Find an imprimitive Frobenius group.

10.2. Socle of primitive permutation groups. The next arguments collect the basic ideas be-
hind the O’Nan-Scott theorem (10.35). The central notion of this argument is the socle.

Definition 10.19. Let G be a group. Then Soc(G) = 〈N | N /G minimal〉 is the socle of G.

Lemma 10.20. Let G be a primitive permutation group, and let N /G be a nontrivial normal
subgroup. If CG(N) is nontrivial, then CG(N) is a regular normal subgroup in G.

Proof. According to Problem 3.55 we have CG(N) /G. As N is a nontrivial normal subgroup,
it is transitive by Problem 4.32. For the same reason CG(N) is also transitive. If an element
e 6= g ∈CG(N) has a fixed point, then Fix(g) is an N-invariant subset, since for all x ∈ Fix(g) and
n ∈ N we have
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g∗ (n∗ x) = (gn)∗ x = (ng)∗ x = n∗ (g∗ x) = n∗ x.

This would contradict the fact that N be transitive. Hence, CG(N) is semiregular. As it is also
transitive, we have that CG(N) is regular. �

Proposition 10.21. Let G finite primitive permutation group, and let N1,N2 /G be nontrivial
normal subgroups such that N1∩N2 = {e}. Then

• N2 =CG(N1) and N1 =CG(N2), and in particular these are regular normal subgroups,
• N1 ∼= N2 is non-Abelian minimal normal subgroups of G, and
• Soc(G) = N1×N2, moreover N1 and N2 are the only minimal normal subgroups in G.

In particular, in a primitive permutation group G there are at most two minimal normal sub-
groups, and if there is a commutative normal subgroup in G, then that is the unique minimal
normal subgroup of G (and hence the socle of G).

Proof. Since N1 ∩N2 = {e}, we have N2 ≤ CG(N1). The normal subgroup N2 is transitive by
Problem 4.32, and CG(N1) is regular by Lemma 10.20. Hence, denoting the underlying set by X ,
we have |N2| ≥ |X |= |CG(N1)|, and then N2 =CG(N1). Similarly, N1 =CG(N2).

If N1 is not a minimal normal subgroup, then there is a normal subgroup M1 ( N1, and by
switching N1 to M1 the above argument still holds, yielding M1 =CG(N2) = N1, a contradiction.
Hence, N1 (and similarly N2) is a minimal normal subgroup in G. For the same reason N1 and N2

are the only minimal normal subgroups in G, that is, Soc(G) = N1×N2.
If N1 is commutative, then we have N1≤CG(N1) =N2, a contradiction. Thus N1 (and similarly

N2) is non-Abelian.
We show that N1 and N2 are isomorphic. Pick an element x ∈ X and denote its stabilizer by H

in Soc(G) = N1×N2. As N1 and N2 are regular, we have H ∩N1 = H ∩N2 = {e}. According to
the orbit-stabilizer theorem (4.6), |X |= |H|, thus by comparing the sizes we have HN1 = HN2 =

N1×N2. By the first isomorphism theorem (2.52) we obtain H ∼= H/(H ∩N1) ∼= HN1/N1 =

(N1×N2)/N1 ∼= N2, and similarly H ∼= N1, thus N1 ∼= H ∼= N2. �

Theorem 10.22 (The affine case). Let G be a finite primitive permutation group, and assume
that there is a nontrivial Abelian normal subgroup in G. Then there are n, p ≥ 1, p is a prime,
such that G (as a permutation group) is isomorphic to a subgroup of AGL(n, p) that contains all
translations.

Proof. There is a minimal normal subgroup in G, as every Abelian normal subgroups contains
one. By Proposition 10.21 there can be at most one. Hence, this unique minimal normal subgroup
N is Abelian and N = Soc(G). According to Proposition 7.24, N decomposes into a direct power
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of (Zp,+) for some prime p ∈ N. Hence, N ∼= (Zp,+)× ·· · × (Zp,+) = (V,+), where this
product has n components, and then V is an n-dimensional vector space over Zp.

We show that N = CG(N). By commutativity of N we have N ≤ CG(N). According to
Lemma 10.20 we have that CG(N) is regular, hence denoting the underlying set by X we have
|CG(N)| = |X |. The normal subgroup N is also transitive according to Problem 4.32, thus
|CG(N)| ≥ |N| ≥ |X |= |CG(N)|, and then N =CG(N).

Hence, N is a regular normal subgroup. We can apply Proposition 10.1. By picking an ele-
ment x ∈ X and denoting its stabilizer by H we have G = NoH, H ≤ Aut(N). According to
Proposition 10.2 we have Aut(N)∼= GL(n, p). Thus we may assume that H ≤GL(n, p), and then
(V,+)≤ G∼= NoH ≤ (V,+)oGL(n, p). �

The O’Nan-Scott theorem provides a description to finite primitive permutation groups. In
fact the theorem has many different versions in the literature, many theorems are referred to by
this name. This phenomenon has several reasons. The main one of them is that the strategy of
the proof of the O’Nan-Scott theorem is based on a witty case distinction about the socle of the
group. Depending on the depth of the analysis of each case, we can obtain a description with
more and more details for each type of primitive permutation groups. It is important to note that
none of the variants of the theorems is a classification theorem in the usual sense (that is why we
are careful to use the word description instead), as the cases cross reference each other, yielding
a kind of recursive description of finite primitive permutation groups.

In order for the reader to get a taste of this theorem, we now phrase the simplest form, that
we have in fact proven already. In this version, the class of finite primitive permutation groups is
partitioned into three smaller classes. (In the most popular, classical version of the O’Nan-Scott
theorem these are further broken down to obtain a total of five types. There are variants in the
literature with eight or more types in it.)

Theorem 10.23 (O’Nan-Scott, version nr. 0). Let G be a finite primitive permutation group.
Then G falls into one of the three cases below.

• (affine case) Soc(G)∼= (Zp,+)×·· ·×(Zp,+), and then (V,+)≤G≤AGL(V ) for some
finite dimensional vector space V over Zp (p is a prime).
• Soc(G) is the smallest normal subgroup in G that is a direct power of a finite non-Abelian

simple group T , i.e., Soc(G)∼= T k.
• Soc(G) = N1×N2 is the product of two minimal normal subgroups in G, and N1 ∼= N2 ∼=

T k is a direct power of a finite non-Abelian simple group T . Then N1 = CG(N2),N2 =

CG(N1) are regular normal subgroups, and there are exactly two minimal normal sub-
groups in G, namely N1 and N2.

Proof. Combine Proposition 10.21, Theorem 10.22 and Proposition 7.24. �

The affine case is well-understood (cf. Theorem 10.22). The other cases can be divided into
subcases, the number of such subcases depends on the depth of the analysis. These subcases are
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much more complicated that the affine case. One of them consists of the class of almost simple
groups, where we cannot provide details about the action, only the abstract group structure.

Definition 10.24. A finite group G is almost simple if there is a finite non-Abelian simple group
T such that (T ∼=) Inn(T )≤ G≤ Aut(T ).

Example 10.2. The alternating group An and the symmetric group Sn are almost simple for all
n≥ 5 (cf. Theorem 7.6).

It was Burnside who discovered that the finite 2-transitive groups can be described by using
only the affine and almost simple types of finite primitive permutation groups. Before we state
and prove that theorem, we show how the almost simple case fits into the list in Theorem 10.23.

Theorem 10.25. A finite group G is almost simple iff the socle Soc(G) ∼= T is a non-Abelian
finite simple group.

Proof. Let G be almost simple, that is, T ∼= Inn(T )≤ G≤ Aut(T ) with some non-Abelian finite
simple group T . Since Inn(T )/Aut(T ) we have Inn(T )/G, and then Inn(T ) ∼= T is a minimal
normal subgroup, as T is simple. We show that CG(Inn(T )) is trivial. Indeed, given a σ ∈Aut(T )
we have σαtσ

−1 = ασ(t), and moreover conjugation by different elements of T act differently
on T as Z(T ) is trivial. Hence, if σ ∈ Aut(T ) is in the centralizer of Inn(T ), then for all t ∈ T
we have σ(t) = t, and consequently, σ = idT . Applying Proposition 10.21 yields that there
is a unique minimal normal subgroup in G, and that is Inn(T ) ∼= T . In particular, this normal
subgroup also coincides with the socle.

For the reverse implication, let G be a finite group whose socle is a non-Abelian finite simple
group T . Then T is the unique minimal normal subgroup in G, thus T is contained in all nontrivial
normal subgroups of G. Let ϕ : G→Aut(T ),g 7→αg. Then ϕ is a homomorphism. We show that
ϕ is injective. This will finish the proof, as the ϕ-image of T is Inn(T ), and hence G∼= Im(ϕ) is
a group between Inn(T ) and Aut(T ). By definition, we have Ker(ϕ) =CG(T )/G, and as Z(T )
is trivial, we obtain that CG(T )∩T is trivial. Thus if CG(T ) is nontrivial, then it would contain a
normal subgroup of G that intersects T trivially, which is in contradiction with Soc(G) = T . �

Theorem 10.26 (Burnside). Let G be a finite 2-transitive permutation group. Then either G is
almost simple, or (V,+)≤ G≤ AGL(V ) for some finite dimensional vector space V over Zp (p
is a prime).

Proof. According to Theorem 10.22 we may assume that all normal subgroups in G are non-
Abelian, as otherwise we are in the affine case. Let M be a minimal normal subgroup in G.

Case 1: the action of M is imprimitive. Then M is transitive by Problem 4.32, but not 2-
transitive by Proposition 4.29. We show that all nontrivial elements in M have at most one fixed
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point. As M is imprimitive, it has a nontrivial domain of imprimitivity ∆; pick ∆ so that it is
minimal with respect to inclusion. Then two translates of ∆ by elements of G meet in at most one
point, as otherwise their intersection would yield a smaller nontrivial domain of imprimitivity
than ∆ (see Problem 4.33). We are going to refer to translates of ∆ as lines: it is convenient
to think about them as lines of an affine plane. By 2-transitivity of G any two points are on a
line, and by the previous observation, that line is unique. Let x,y,z be three non-collinear points.
Then Mx preserves the line of xz and My preserves the line of yz. The two lines meet at one point,
namely z. Thus M(xy) stabilizes z. Any point outside the line of xy can assume the role of z in the
above argument. By picking different pairs of points, it is easy to see that points on the line of xy
are also stabilized by M(xy). Hence, M(xy) = {e} for all x,y.

Thus M is either a regular normal subgroup or a Frobenius group (depending on whether or
not there is an element in M with one fixed point). We argue that M cannot be a Frobenius
group. Otherwise the Frobenius kernel K of M guaranteed by Theorem 10.4 would consist of the
identity and all fixed point free elements in M. This set is closed under conjugation by elements
of G, and K it would be a normal subgroup in G smaller than M, a contradiction.

Thus M is a regular normal subgroup in G. Applying Proposition 10.1 yields G∼= MoH, and
H ≤ Aut(M), where H is the stabilizer of an element. As G is 2-transitive, the action of H (by
conjugation) on M\{e} is transitive. Hence, any two nonidentity element in M can be mapped to
each other by an automorphism, and in particular their order is the same. Thus every nontrivial
element in M has the same order p, which is necessarily a prime, since by the Cauchy theorem
(3.11) there must be an element of prime order. By comparing this with Proposition 7.24, we
obtain that M is a direct power of (Zp,+), which contradicts the fact that M is non-Abelian.

Case 2: the action of M is primitive. If there were another minimal normal subgroup in G,
then by Proposition 10.21 M would be regular. Thus the stabilizer of a point in M would be {e},
and then by Problem 4.31 this trivial subgroup would be maximal in M. Thus M would have no
proper subgroups, which means that is a cyclic group of prime order, a contradiction to the fact
that M is non-Abelian. Thus M = Soc(G) is the smallest normal subgroup. By Proposition 7.24
we have that M is characteristically simple, but we need the stronger statement that M is simple.
Assume indirectly that M ∼= T k for some k ≥ 2. All components of the direct power are normal
in M, and in particular there are at least two minimal normal subgroups of M, and Soc(M) = M.
Since M is primitive, we can apply the weak version of he O’Nan-Scott theorem (Theorem 10.23)
to M. Hence, we are in the third case, k = 2, and both copies of T are regular. Thus M = T1×T2

with isomorphic regular normal subgroups T1 and T2 in M, and these two are the only minimal
normal subgroups in M.

Hence, conjugation by any g ∈ G (it is an automorphism of M) maps T1 to T1 or T2. The same
applies to T2, thus conjugation by any g ∈ G either leaves both Ti invariant or switches them.
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There must be some g ∈ G that switches them, as otherwise T1 would be normal in G, and that
is not possible by minimality of M. Hence, let N = NG(T1) = NG(T2). This is an index 2 normal
subgroup in G, and M ≤ N. As both N and G are transitive (because they contain M), the orbit-
stabilizer theorem (4.6) yields |G : Gx| = |N : Nx| for all x. Thus |Gx : Nx| = 2, and then Nx is
an index 2 normal subgroup in Gx. According to the first isomorphism theorem (2.52) and the
orbit-stabilizer theorem (4.6) we have that N(x,y) and G(x,y) either coincide or the former is an
index 2 normal subgroup in the latter for all x,y. Thus either Nx is transitive on the set of points
we obtain by omitting x, or there are exactly two orbits on this set. Observe that N is primitive
as M ≤ N, and T1 /N is a regular normal subgroup. By using the observation we made on orbits
of Nx and Proposition 10.1 we can make a similar argument that that at the end of case 1. In this
case, inner automorphisms of N partition the set T1 \{e} to at most two orbits, thus there are at
most two different orders of elements in T1 \ {e}. Hence, all these orders in T1 \ {e} are prime
powers: if there were an order with two different prime divisors p,q, then there were elements
of order pq, p and q. But T1 cannot be a p-group, as those have a nontrivial center, thus there
are at least two primes in the prime decomposition of the order of T1. If there is an element in
T1 \{e} whose order is not a prime, then we can find at least three different orders again: p2, p,q.
Thus there are exactly two different orders of elements in T1 \{e}, and both of them are primes
p and q. By the Cauchy theorem (3.11) T1 is a group of order pαqβ , and hence not simple by
Burnside’s theorem (12.31) that we prove in the last chapter. According to this contradiction and
Theorem 10.25 we are in the almost simple case. �

By using the classification of finite simple groups (CFSG) group theorists have classified all
almost simple groups. This provides a transparent description of 2-transitive finite permutation
groups (see, e.g., Examples 4.7 and 4.8, but there are many more examples, of course). Using that
list, the 3-transitive examples are easy to find. There are still infinitely many such permutation
groups other than An or Sn, but they are easy to understand. In fact, other than a handful of
sporadic simple groups, there are two infinite parametrized sequences of examples left, one of
which is the family of projective groups (Example 4.8). By selecting the 4-transitive examples
from this list, (other than An or Sn) we are left with only four sporadic simple groups, namely
four Mathieu groups (cf. Definition 8.22). Only to out of these four is 5-transitive, and none
of those is 6-transitive. Thus by using CFSG and Burnside’s theorem above, we can perfectly
understand finite multiply transitive permutation groups, and we obtain that there is no other
finite 6-transitive permutation group than Sn (n ≥ 6) and An (n ≥ 8). Both of these fall into the
almost simple case of Burnside’s theorem according to Theorem 7.6.

10.2.1. Exercises.

Problem 10.27. Prove that the socle Soc(G) of a group G is a characteristic subgroup of G.

Problem 10.28.
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(1) Which groups occur as the socle of some finite solvable group?
(2) Classify the finite solvable primitive permutation groups?

Problem 10.29. The permutation groups A4,S3 and S4 are all 2-transitive, thus by Theorem 10.26
these are either in the affine or in the almost simple case. Determine which case they belong to.
(Word of warning: in Theorem 7.6 there is the condition n≥ 5.)

10.3. Wreath products. The affine case is the clearest item in the O’Nan-Scott theorem. In or-
der to (at least partially) understand the remaining cases it is vital to understand the construction
of wreath products and their basic properties.

Definition 10.30 (Wreath product). Let X be a finite set and let H ≤ SX be a permutation group.
Let G be a group. Let B = GX = { f | f : X → G is a function} be a direct power of G. (E.g.,
if X = {x1, . . .xn}, then B ∼= Gn.) Then we can define the semidirect product Boϕ H where
ϕ : H → Aut(B) is defined by ϕ(h)( f (x)) = f (h(x)). We call this group the wreath product
of G by H, and denote it by G oH, GWrH or GwrH, and it is also optional to indicate the
homomorphism ϕ in the lower index. Here, B is the base of the wreath product. The special case
X = H (and ϕ = idH) is called regular wreath product. This can also be denoted by G oH, GWrH
or GwrH. But the same notation is in use when there is a standard action of H (e.g., H = Sn).

Remark 10.31. If |G|= n and |H|= k, then |G oH|= knk.

Remark 10.32. The notion can be defined similarly for infinite X. Then GWrH denotes the
group defined above. If the construction of B is restricted to those functions that assign the unit
element of G to all but finitely many elements of X (discrete rather than complete direct product),
then we obtain a subgroup of GWrH. This is denoted by GwrH.

Definition 10.33. Let ∗ : H×X → X and ◦ : G×Y → Y be group actions, where X ,Y are finite
sets, |X | ≥ 2, and both groups are nontrivial. Then we can define an action of G oϕ H on the set
Y X , • : (G oϕ H)×Y X →Y X as follows: if h ∈H,b ∈ B, and b has the form b = (gx)x∈X , then for
all t = (yx)x∈X ∈ Y X let ((b,h)• t)(x) := (gh−1∗x)◦ (yh−1∗x).

Proposition 10.34. The above defined action of the wreath product is primitive iff ∗ : H×X→ X
is transitive and ◦ : G×Y → Y is primitive but not regular.

The proof can be found in the book of Dixon and Mortimer [6, Lemma 2.7A.].
Twisted wreath products can be defined similarly to wreath product, but we avoid the compli-

cated definition (and we do not discuss the precise way how a primitive action of that construction
can be defined either). Without providing further details about the more complicated cases, we
mention the most popular form of the O’Nan-Scott theorem.

Theorem 10.35 (O’Nan-Scott, classical version). Every finite primitive permutation group falls
into one and only one of the following five types.
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• (affine type) Soc(G) ∼= (Zp,+)× ·· ·× (Zp,+), then (V,+) ≤ G ≤ AGL(V ) for a finite
dimensional vector space V over Zp (p is a prime).
• (almost simple type) T ∼= Inn(T )≤G≤Aut(T ) for a finite non-Abelian simple group T .
• (twisted wreath prodcut type) A variant of wreath product, we do not define it.
• (diagonal type) Can be defined from a direct power of a finite non-Abelian simple group,

we do not provide the precise definition.
• (product type) The wreath product of a finite primitive permutation group of almost sim-

ple or diagonal type by an appropriate group, we do not provide the details here.

In fact, O’Nan and Scott have shown the following theorem describing maximal subgroups of
symmetric groups (note that in this statement, some of the above types do not appear).

Theorem 10.36 (O’Nan-Scott). Let H be a proper subgroup of Sn. Then H is in at least one of
the following cases.

• (intransitive case) Sk×Sm, where n = k+m
• (imprimitive case) Sk oSm, where n = km
• (primitive wreath product) Sk oSm, where n = km

• (affine case) AGL(V ) for a finite dimensional vector space V over Zp (p is a prime), thus
n = pk

• almost simple group
• a primitive group of diagonal type (we do not define this one)

Proof. (Sketch) If a maximal subgroup G of Sn is intransitive, then the n-element underlying
set can be partitioned into two nonempty G-invariant subsets. If these have cardinality k and m,
respectively, then G≤ Sk×Sm, thus by maximality we have G = Sk×Sm.

Assume that G is transitive. If G is imprimitive, then it has a k-element domain of imprimitivity
with some k | n. Let n= km. Thus we can partition the n-element underlying set to m sets of size k
so that G is compatible by the equivalence relation with these classes. (I.e., for any element g∈G
multiplication by g maps a subset to a subset.) By maximality, G must coincide with the group
of all permutations that are compatible with this equivalence relation. Thus G is isomorphic to
the wreath product Sk o Sm. We do not discuss the proof for primitive G. The case distinction if
based on the argument before the theorem. �

The section is closed by a theorem describing Sylow p-subgroups of some symmetric groups.
This result was one of the earliest applications of wreath products.

Theorem 10.37 (Kaluznin [18]). The Sylow p-subgroup of the symmetric group Spk is isomor-
phic to the wreath product (Zp,+) o · · · o (Zp,+) with k components.
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Proof. Divide the pk points of the underlying set into p subsets of equal size. Then iterate this
process to the small subsets obtained, until we have p-element subsets in the end. Then the group
(Zp,+) o · · · o (Zp,+) has a natural action on this set. We define it recursively. Assuming that the
action of the wreath product with (k−1) components is already defined on the pk−1-element set,
then the k-th copy of (Zp,+) determines the permutation of the p sets of size pk−1, and the base
group acts on these pk−1-element sets. This way we obtain an embedding of the wreath product
with k components into Spk .

In order to show that it yields a Sylow p-subgroup, we need to compare the orders. The order
of a Sylow p-subgroup of Spk is the largest divisor of pk! that is a power of p. The exponent of p
in the prime decomposition of pk! is 1+ p+ p2 + · · ·+ pk−1, as there are pk−1 numbers between
1 and pk that are divisible by p, exactly pk−1 of them is divisible by p2, etc. Thus the order of a
Sylow p-subgroup is p1+p+p2+···+pk−1

.
We obtain the same value for the wreath product by induction on k. If k = 1, then the wreath

product is (Zp,+), which has order p = p1. If the formula is correct for k, then it is also correct
for k+1, since the wreath product of a group of order p1+p+p2+···+pk−1

by a group of order p has
size p · (p1+p+p2+···+pk−1

)p = p1+(1+p+p2+···+pk−1)·p = p1+p+p2+···+pk
. �

10.3.1. Exercises.

Problem 10.38.
(1) Define the natural action of wreath products on the Descartes products of the underlying

sets.
(2) Shoe that this operation is associative.
(3) Show that this construction essentially never yields a primitive permutation group.

Problem 10.39. Prove that every maximal subgroup of Sn has even order if n≥ 4.

Problem 10.40. * Two players play the following game. (An n ≥ 2 is fixed.) They take turns
choosing a permutation in Sn. In any given move, a player cannot pick a permutation that has
already been chosen by either of them. The one who picks a permutation such that the generated
subgroup of all chosen permutations is Sn loses. In terms of n, who has a winning strategy?
(Hint: solve the previous exercise.)
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11. THEORY OF RINGS AND MODULES

11.1. Introduction to modules. The whole subsection is based on the book of Emil Kiss [7].
For further details, we suggest the book [3, 20].

Definition 11.1. Let R be a ring, and let M be an Abelian group. Then M is a (left) R-module
with a given function R×M→M (“multiplication”) if for all r,s ∈ R and m,n ∈M we have

• (r+ s)m = rm+ sm,
• r(m+n) = rn+ sm, and
• (rs)m = r(sm).

This is expressed by the notation RM.
If moreover R is unital with 1 ∈ R and 1m = m for all m ∈M, then RM is a unital module.

We are going to mostly study unital modules over unital rings, but not exclusively. It is worth
studying modules even if we are only interested in rings: rings are often understood via the
modules over them.

Example 11.1.
(1) If R = K is a field, then K-modules are exactly the K-vector spaces.
(2) Modules over Z coincide with Abelian groups.
(3) Let K be a division ring, R = Mn(K), M = Kn. Then RM is a module, where multipli-

cation of a matrix and a vector is defined in the usual sense. This is a simple module
(Problem 11.3).

(4) Let K be a field, let V be an (m-dimensional) K-vector space, and let ϕ : V → V be
a linear transformation. Then V is a K[x]-module: for all f (x) ∈ K[x] and v ∈ V we
put f (x)v = f (ϕ)(v). This is an important example of a module over a PID (short for
principal ideal domain), which is finitely generated if V is finite dimensional.

(5) For all rings R we have that RR is a module. This is a special case of the following
example: if S≤ R then SR is a module.

(6) If B/` R (left ideal) then RB is a module. These are exactly the submodules of RR (Prob-
lem 11.5).

Submodules and homomorphisms are defined in the natural way. The image of a homomor-
phism is a submodule. Every submodule is the kernel of some homomorphism, there is no further
restriction as opposed to the case of groups or rings. Thus the factor module can be defined by
any submodule. The trivial submodules of M are {0} and M.

The homomorphism theorem, the first and second isomorphism theorems can be stated analo-
gously to groups or rings.

Simple module: it has no proper submodule.
Generated submodule: as usual, i.e., 〈X〉 is the smallest submodule with respect to inclusion

that contains X .
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If 1 ∈ R, X ⊆ M, then 〈X〉 consists of all R-linear combinations of elements in X , that is,
{r1x1 + · · ·+ rnxn | r1, . . . ,rn ∈ R, x1, . . . ,xn ∈ X}.

Direct sum: N = M1⊕M2⊕·· ·⊕Mn with coordinate-wise operations. Independence, weak
independence, basis, weak basis and rank are defined similarly to Definition 3.26. Provided that
R be a unital ring, Proposition 3.27 can be generalized to modules.

The notion of the order of an element can be generalized from Abelian groups to modules, as
well. Given an m ∈M we have o(m) = {r ∈ R | rm = 0}. This is an ideal of R. If the module is
an Abelian group, then its order according to this definition is the ideal in the ring of integers that
is generated by its order according to the original definition, if that order is finite. (The analogy
would be perfect if elements of infinite order would have been called elements of order 0.)

If R is a PID, then instead of the ideal defined above, we can refer to a generator as the order
of the element. We can define torsion elements and the torsion submodule in this case (if R is
a PID). An element m ∈ RM is a torsion element if o(m) is nontrivial, that is, if o(m) = (r) and
r 6= 0. Torsion elements constitute a submodule (the product of the order of two elements is in the
ideal corresponding to the product, and the problem for scalar multiple is trivial), this is called
the torsion submodule of RM. A module is a torsion module if it is the torsion module of itself,
i.e., if every element in the module has nonzero order. A module is torsion-free if the order of
all nonzero elements in the module is zero. Furthermore, the exponent of a module (over a PID)
is the intersection of the order of all its elements (as ideals). This is also an ideal of R. All these
notions are natural generalizations of the analogous definitions for Abelian groups.

11.1.1. Exercises.

Problem 11.2. If we do not assume unitality of R how should we modify the description {r1x1 +

· · ·+ rnxn | r1, . . . ,rn ∈ R, x1, . . . ,xn ∈ X} that we gave to the generated submodule?

Problem 11.3. Let K be a division ring, R = Mn(K), M = Kn.

(1) Prove that RM is a simple module.
(2) Decompose RR into a direct sum of simple submodules, and observe that the components

are pairwise isomorphic.

Problem 11.4. Let RM be a module, m ∈M. Prove that

ϕm : RR→R M

r 7→ rm

is a homomorphism whose image is a cyclic module (i.e., it is generated by one element).

Problem 11.5. Show that the submodules of RR are exactly those of the form RB where B is a left
ideal of R.
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11.2. Fundamental theorem of finitely generated modules over PIDs. The main objective of
this subsection is to generalize the fundamental theorem of finitely generated Abelian groups.
We need to recall some ring-theoretic notions first.

An ideal I /R of a commutative ring R is a prime ideal if I 6= R and for all a,b ∈ R\ I we have
ab /∈ I. The ideal I 6= R is primary if for all a,b ∈ R,ab ∈ I we have a /∈ I or b ∈

√
I, where

√
I

is the radical of I, namely
√

I = {r ∈ R | rn ∈ I for some n ∈ N}. The prime ideals of a PID are
exactly those generated by primes (and 0), and the primary ideals are those generated by prime
powers (and 0). A ring is left Artinian if the partially ordered set of its left ideals (with respect
to inclusion) does not contain an infinite descending chain. Right Artinian rings are defined
analogously with right ideals, and Artinian rings are defined by the same property for ideals. A
module is Artinian if there is no descending chain in the partially ordered set of its submodules.

Proposition 11.6. Let R be a commutative ring with no zero divisors, and let M be a finitely
generated R-module. Then the size of any independent set in M is at most as big as that of any
generating set.

Proof. Let g1, ...,gn be a generating set, and let f1, ..., fk be independent elements. We produce a
k×n matrix whose rows correspond to the elements of the independent set, and whose columns
correspond to the elements of the generating set. Every fi can be written as an R-linear combi-
nation of the g j-k. Choose such a linear combination, and put its coefficients in the rows. Hence,
the element in the intersection of the i-th row and j-th column is the coefficient of g j in the linear
combination expressing fi.

We are allowed to alter the independent set by the following elementary steps:

(1) Multiplying an element by a nonzero ring element r. This translates to the matrix as
multiplication of a row by r.

(2) Reindexation of the elements by transposing two of them. In the matrix, this means that
we transpose two rows.

(3) We add a multiple (by some ring element r) of an element to another element. In the
matrix, this yields adding the multiple of a row by r to another row.

It is a routine exercise to check that these operations indeed produce an independent set out
of an independent set. (It is unnecessary to include the deletion of all zero rows, as that would
mean that the 0 element somehow appeared in an independent set, which is impossible.)

Using the above elementary steps the matrix can be transformed into a trapezoidal one (simi-
larly to Gaussian elimination in linear algebra). The number of rows and columns are unaltered,
and trapezoidal matrices have less rows than columns. �

Corollary 11.7. In a finitely generated module over a commutative ring with no zero divisors,
any two bases have the same (finite) size (provided that there exists a basis). This number is the
dimension of the module.
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If R is a commutative ring with no zero divisors, and RM has a finite basis, then M = 〈b1〉⊕
〈b2〉⊕ · · ·⊕ 〈bn〉. Every component in this direct sum is isomorphic to RR if R is unital. These
are exactly the finitely generated free modules.

Proposition 11.8. Let 1 ∈ R is a commutative ring with no zero divisors, and let RM = 〈b1〉⊕
〈b2〉 ⊕ · · · ⊕ 〈bn〉 be a module such that all components are isomorphic to RR. Let RN be an
n-generated module with generating set m1, . . . ,mn. Then the assignment b j 7→ m j (1 ≤ j ≤ n)
uniquely extends to an R-module homomorphism M→ N.

Proof. Every element in M can be uniquely written in the form r1b1+ · · ·rnbn with r1, . . . ,rn ∈ R.
The homomorphism must map r1m1 + · · ·rnmn to this element; and that is indeed a homomor-
phism. �

Thus every finitely generated module is isomorphic to a factor of RRn. Our goal is to un-
derstand the structure of finitely generated modules over PIDs R. Thus we need to understand
submodules K of RRn, as all finitely generated R-modules are of the form RRn/K. The basic idea
is to simultaneously find “nice” generating sets in RRn and in K (the former is going to be a basis,
and the latter a generating set that can be expressed in that basis in a very simple way), and to
use them to provide a generating set of RRn/K.

Lemma 11.9. Ler R be a PID and M = RRn for some n ∈ N, such that {b1, . . . ,bn} is a basis in
M. Let K ≤M. Then there exist a basis {b′1, . . . ,b′n} in M and elements s1 | s2 | · · · | sn in R such
that {s1b′1, . . . ,snb′n} is a generating set of K.

Corollary 11.10. The submodules of finitely generated modules over PIDs are also finitely gen-
erated (moreover, they are generated by at most as many elements as the original module).

Proof. We are going to work with matrices that have n columns and a potentially infinite number
of rows (of any cardinality). Columns correspond to a basis of M and rows to a generating set of
K throughout the calculation. Thus the j-th element of the row of index i is the j-th coordinate
of the index i element in the given generating set of K with respect to the given basis.

Fix an initial matrix (the generating set can be K itself). We are allowed to make the following
elementary steps:

(1) Given two elements b1,b2 in the basis, we can replace them by c1 = sb1 + tb2 and c2 =

−vb1+ub2, where s, t,u,v ∈ R and su+ tv = 1. This yields a basis, as b1 = uc1− tc2 and
b2 = vc1 + sc2. The effect of this step on the matrix is clear.

(2) Introduce a new row (say, as a first row) that is a linear combination of rows in the matrix.
(3) Add a multiple of a row (by a ring element) to other rows. It is allowed to do this simul-

taneously for infinitely many rows. (But we have to add a multiple of the same row.)
(4) Simultaneously delete some all zero rows (potentially infinitely many of them).
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Clearly, the last three elementary steps preserve the submodule generated by the rows, thus it
is always K.

We show that by using elementary steps, we can replace any row r1,r2, . . . ,rn with d,0, . . . ,0
such that (d) = (r1,r2, . . . ,rn), that is, d is the greatest common divisor of r1,r2, . . . ,rn (uniquely
determined up to multiplication by an invertible element). This is going to be referred to as step
* in the sequel.

The argument is recursive: first we replace the first two elements with the pair d12,0, where
(d12) = (r1,r2). Then we apply the same for d12 and r3 to obtain the triple d123,0,0 such that
d123 = (r1,r2,r3), etc. Hence, every step is analogous to the first one, and thus we only argue for
the first pair. Let d12 = ur1 + vr2. As d12 | r1 and d12 | r2, we have r1 = sd12 and r2 = td12. Thus
su+ tv = 1. By applying the first elementary step for the basis elements b1,b2 with this choice
of s, t,u,v, we obtain the desired result as r1b1 + r2b2 = d12c1 +0c2.

Let J1 /R be the ideal generated in R by the first column of the initial matrix, and let d1 be a
generator of J1. By using the second elementary step, we can have a row (as a new first row) in
the matrix whose first element is d1. Apply step * to this row. We obtain a row d,0, . . . ,0 such
that d | d1. Hence, d divides the first element of every row in the new matrix. By using the third
elementary step, we can transform the first element of all but the first row to 0.

Let us forget about the the first row and the first column of the matrix, and iterate the same
process to the truncated matrix. Thus J2 /R is the ideal generated by the second elements of all
rows, d2 is a generator of J2, etc.

After the n-th iteration, we obtain a matrix that is diagonal in the first n rows, and below those,
every element of the matrix is zero. These all zero rows can be deleted simultaneously by the
fourth elementary step. This yields an n×n matrix that is going to remain finite throughout the
rest of the argument.

Let s1 be the greatest common divisor of the elements in the main diagonal.
We can transform the matrix by applying the second elementary step and step * so that s1

appears in the upper left corner of the matrix (some new rows were introduced in the process).
By applying step * to the first row, it becomes s1,0, . . . ,0.
By applying the third elementary step with multiples of the first row, we can once again trans-

form the first element of all but the first row to 0. We diagonalize the matrix as before. Note that
s1 divided all elements in the matrix at the point it was introduced, and elementary steps cannot
change this fact.

We iterate the same process for the truncated matrix obtained by omitting the first row and
first column. It yields a diagonal matrix with s1,s2, . . . ,sn in the main diagonal. By the above
construction, we have s1 | s2 | · · · | sn. �
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Remark 11.11. If R is Euclidean, then the proof of Lemma 11.9 simplifies. In that case the
elements si can be effectively computed by using the Euclidean algorithm [7, 7.4.5. Lemma]. If
the original generating set of K is finite, then this yields a finite algorithm. This is relevant, as it
provides an algorithm to compute the Jordan normal form effectively, in a sense.

The fundamental theorem has two forms. We start with the invariant form.

Theorem 11.12 (Fundamental theorem of finitely generated modules over PIDs, invariant form).
Let R be a PID, and let RM be a finitely generated R-module. Then the exists a unique sequence
s1 | s2 | · · · | sn - 1 of elements in R (up to multiplication by invertible elements), such that M ∼=
R/(s1)⊕R/(s2)⊕·· ·⊕R/(sn). Moreover, if this decomposition is realized by submodules of M,
then the sum of components corresponding to nonzero elements si is uniquely determined, as it
is the torsion submodule of M.

Proof. Let m1, . . . ,mn be a generating set of minimal size in M. Then M is a homomorphic image
of RRn by Proposition 11.8. Let K be the kernel of this homomorphism. Thus M ∼= RRn/K. By
Lemma 11.9 we obtain a basis {b′1, . . . ,b′n} in RRn and the sequence of elements s1 | s2 | · · · | sn

in R such that {s1b′1, . . . ,snb′n} generates K. Put ui := b′i +K ∈ RRn/K, and then it is is easy to
see that RRn/K =

⊕
1≤i≤n

〈ui〉, and 〈ui〉 ∼= RR/(si) [7, 7.4.7. Lemma]. This verifies existence in the

theorem.
Now we discuss uniqueness of the ring elements. First, we separate the components in the

directs sum with si = 0 from the rest. It is clear that the direct sum of summands where the si

is nonzero equals to the torsion submodule M0 of M. The sum of the components isomorphic to

RR is usually not unique as a subset. We only need to show that the number of such summands
is uniquely determined by M. This is clear as that number is the rank of M/M0: indeed, by
Proposition 11.6 the rank of a k-generated free module is k.

Thus we may assume that M is a torsion module. The rest of the proof for this special case is
briefly presented after the introduction of the primary form of the theorem. �

In order to obtain the primary form of the fundamental theorem, we show that cyclic mod-
ules can be decomposed into a direct sum of cyclic modules that can be obtained from RR by
factorization by a primary ideal.

Lemma 11.13. Let R be a PID, and let s∈ R be a nonzero element. Let s = rt such that (r, t) = R.
Then RR/(s)∼= RR/(r)⊕ RR/(t). In particular, if s = q1 · · ·qk where all the qi are prime powers,
then RR/(s)∼= RR/(q1)⊕·· ·⊕ RR/(qk). (cf. Lemma 11.57)

Proof. Let RR/(s) = 〈m〉. Then 〈rm〉 ∼= RR/(t) and 〈tm〉 ∼= RR/(r). It is a routine exercise to
check that {rm, tm} is weakly independent. �
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Theorem 11.14 (Fundamental theorem of finitely generated modules over PIDs, primary form).
Let R be a PID, and let RM be a finitely generated R-module. Then there is a unique list
(q1), . . . ,(qk) of primary ideals in R such that M ∼= R/(q1)⊕R/(q2)⊕·· ·⊕R/(qk).

Proof. According to Lemma 11.13 the components in Theorem 11.12 can be further decomposed
into a direct sum of factors of RR by primary ideals. Thus existence is clear. We need some further
auxiliary lemmas to prove uniqueness. �

Observe that the torsion submodule is the direct sum of all components with nonzero si in
both forms of the theorem, and as we have seen already, the number of components with si = 0
is uniquely determined. Thus it is enough to verify uniqueness for torsion modules.

There is also a clear one-to-one correspondence between invariant forms and primary forms.
Lemma 11.13 produces a primary decomposition from the invariant factors. Moreover, given a
primary decomposition, then the product of the highest powers of all primes is sn, the prodcut of
the second highest powers is sn−1, etc. in the invariant decomposition. Hence, it suffices to show
uniqueness of the primary decomposition for torsion modules. The proof is analogous to the case
of finite Abelian groups (Theorem 3.12), except that some technical details are somewhat more
complicated.

First, we reduce the problem to modules whose exponent is a primary ideal.

Proposition 11.15 ([7, Exercise 7.3.21.]). Let M be a finitely generated torsion module over a
PID R. Let E consist of those primes p∈R that divide the exponent of M. (According to existence
in the primary form of the fundamental theorem, E is a finite set.) Define the p-component of M
as Mp := {m ∈M | o(m) is a power of p} for all p ∈ E. Then M =

⊕
p∈E

Mp, and in every primary

decomposition of M, the factors corresponding to powers of the same prime p add up to Mp.

The proof is analogous to that of Lemma 3.13.
Thus it is enough to prove uniqueness for modules of the form Mp. Hence, assume that the

exponent of M is a power of p for some prime p ∈ R. Define the submodule M[p] := {m ∈
M | pm = 0} in M. It is easy to see that given a primary decomposition M = 〈m1〉⊕ · · ·⊕ 〈mk〉,
with o(mi) = pαi , we have M[p] = 〈pα1−1m1〉⊕ · · ·⊕ 〈pαk−1mk〉. Moreover, M[p] is an R/(p)-
module, where R/(p) is a field (as it is the factor of a commutative, unital ring by a maximal
ideal). Hence the number of components k in this decomposition is uniquely determined, as it
is the dimension of the R/(p)-vector space M[p]. Finally, one can show that M/M[p] = 〈m1 +
M[p]〉⊕· · ·⊕〈mk +M[p]〉, where o(mi+M[p]) = pαi−1. The argument can be finished similarly
to the proof of Theorem 3.12.

11.2.1. Consequences of the fundamental theorem. If R is a field, then the theorem simplifies to
the fact that every finitely generated vector space has a basis, and the dimension is well-defined.
Using some elementary set theory, the statement can be generalized to arbitrary vector spaces
over fields. (We cannot really consider this a corollary, as this special case was used in the
proof.)
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In the special case R = Z we obtain the fundamental theorem of finitely generated Abelian
groups (3.23).

Finally, we can prove the theorem about the Jordan normal form in linear algebra by applying
the fundamental theorem for the module in item (4) of Example 11.1, and assume that K is al-
gebraically closed. The ring K[x] is indeed a PID. Thus the vector space Kn decomposes into a
direct sum of cyclic K[x]-modules as in the primary form Theorem 11.14. (Nontrivial) primary
ideals of K[x] are generated by powers of primes. The prime elements are exactly the irreducible
polynomials, as K[x] is a UFD. As K is algebraically closed, the irreducible polynomials are
exactly the linear ones. Thus primary ideals in K[x] are exactly those generated by some poly-
nomial (x−λ )n where λ ∈ K. Let M ∼= M1⊕·· ·⊕Mk be the primary decomposition guaranteed
by Theorem 11.14, where Mi = K[x]/((x−λi)

ni). Jordan blocks correspond to these Mi. For
simplicity, we focus on one component and omit the index i from now on. We decribe the action
of ϕ on this one component. The action is multiplication by x. It is a linear transformation on
the n-dimensional K-vector space K[x]/((x−λ )n). In order to obtain a nice, sparse matrix, we
have to choose the basis carefully. Our choice for the basis consists of the cosets of the poly-
nomials 1,x− λ ,(x− λ )2, . . . ,(x− λ )n−1. Instead of multiplication by x, let us first consider
multiplication by (x−λ ). The matrix of this linear transformation in the above basis is clearly

0 0 0 · · · 0 0
1 0 0 · · · 0 0
0 1 0 · · · 0 0
... . . .
0 0 0 · · · 1 0


Thus by adding the matrix of the linear transformation induced by multiplication by λ (a

diagonal matrix with all entries in the diagonal equal to λ ), we obtain the matrix of ϕ:
λ 0 0 · · · 0 0
1 λ 0 · · · 0 0
0 1 λ · · · 0 0
... . . . . . .
0 0 0 · · · 1 λ


This yields the Jordan blocks in the appropriate basis.
The Jordan normal form is a basic concept in linear algebra. From a practical viewpoint, its

main advantage is that it is very easy to compute its powers. In fact, it is easy to provide a closed
formula for the k-th power of a Jordan block, and the blocks are raised to powers independently
when we compute a power of the Jordan normal form. Thus if we find the Jordan normal form
J = S−1AS of A by a suitable change of bases, then Jk = S−1AkS, thus A = SJkS−1 is easy
to compute. This idea can be used to find the explicit form of sequences defined by a linear
recursion, but it can also be applied in many other theoretical and practical problems as well.

The disadvantage of the previous argument is that we have to work in the algebraic closure
of K if K is not algebraically closed. In particular, even if all entries of the matrix A are, say,
rational numbers, we have to make the computations in the field of complex numbers. Moreover,
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the entries in the main diagonal of the Jordan normal form are the eigenvalues of A, which are
the roots of the m-ary characteristic polynomial if A is an m×m matrix. We show that every
monic polynomial in K[x] occurs as the characteristic polynomial of some m×m matrix, thus the
roots of all such polynomials can appear in the above calculation. This causes complications, as
the roots of such polynomials usually do not have a simple representation that is easy to work
with: we have already mentioned the result in Galois theory that says that roots of polynomials
of degree five or bigger cannot be expressed by radicals.

Definition 11.16. Let K be a field, and let xm +am−1xm−2 + · · ·+a1x+a0 = f (x) ∈ K[x] be an
arbitrary degree m monic polynomial, m ∈ N. Then the following matrix in Mm(K) is called the
companion matrix of f (x):

0 0 0 · · · 0 0 −a0

1 0 0 · · · 0 0 −a1

0 1 0 · · · 0 0 −a2
... . . .
... . . .
0 0 0 · · · 1 0 −am−2

0 0 0 · · · 0 1 −am−1


Theorem 11.17. Let m∈N and let A∈Mm(K) be the companion matrix of the monic polynomial
f (x) ∈ K[x]. Then the characteristic polynomial and minimal polynomial of A are both f (x).
(We have to consider the monic version of the characteristic polynomial, that is, the usual notion
should be multiplied by (−1)m.)

Proof. Let e1, . . . ,em denote the vectors of the standard basis. By definition of the companion
matrix we have Ae1 = e2,Ae2 = e3, . . . ,Aem−1 = em, and Aem = −am−1em− ·· ·− a1e2− a0e1.
Hence, Aie1 = ei+1 for all 0≤ i≤m−1, which we can take into consideration in the last equation
to obtain Ame1 = −am−1Am−1e1−·· ·− a1Ae1− a0Ine1. Rearrangement of this equation yields
the vector identity f (A)e1 = 0. As Ai commute with f (A) for all 0≤ i≤m−1, by multiplication
by Ai from the left we obtain 0 = Ai f (A)e1 = f (A)Aie1 = f (A)ei+1, thus every vector in the
standard basis is in the kernel of f (A). Hence, f (A) = 0. Moreover, observe that the vectors Aie1

for 0≤ i≤ m−1 are linearly independent, the substitution of A into a polynomial of degree less
than m never yields the zero matrix as a result. Hence, f (x) is indeed the minimal polynomial of
A. According to the Cayley-Hamilton theorem, we have that f (x) divides the characteristic poly-
nomial A, which has the same degree and leading coefficient as f (x), thus the two polynomials
are equal. �
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Remark 11.18. At the end of the proof, the Cayley-Hamilton theorem can be avoided by a short
calculation for these very special matrices. Those who do that calculation gain a new proof for
the Cayley-Hamilton theorem by the end of this subsection.

Remark 11.19. By Theorem 11.17 is it very easy to solve the basic linear algebraic problems
for companion matrices. The determinant of the matrix is the constant term of its characteristic
polynomial (according to the standard, non-monic definition), thus (−1)ma0 = (−1)m+1(−a0),
which is the product of (−1)m+1 by the element in the upper right corner of the companion
matrix. The rank is m−1 or m depending on whether of not the upper right element of the matrix
is zero. The inverse of a companion matrix is also easy to compute (Problem 11.26).

Our goal was to find a sparse normal form whose elements are in the same field as those of
the original matrix. This was the reason Frobenius defined the invariant form. If we apply the
invariant form of the fundamental theorem to item (4) of Example 11.1 rather than the primary
form, then instead of the Jordan normal form we obtain the so-called Frobenius normal form or
rational normal form.

Example 11.2. By standard Gaussian elimination the basic linear algebraic problems (rank, de-
terminant, inverse, characteristic polynomial, minimal polynomial) of the matrix A below would
be an arduous task to solve.

A=



32978/3 −27328/3 168 232 −1570 1283 −1481 23509/3
43735/2 −35811/2 781/2 1055/2 −3074 2517 −5953/2 30827/2
−81533/6 34034/3 −189 −266 3925/2 −3203/2 3651/2 −58525/6
−55072/3 90139/6 −669/2 −905/2 5165/2 −4229/2 2509 −38786/3
−164882/3 273137/6 −1683/2 −2321/2 15683/2 −12817/2 7400 −117493/3

2348/3 −3533/6 47/2 61/2 −191/2 161/2 −108 1537/3
1015 −950 −20 −23 −164 132 −107 817
−337/3 938/3 56 65 66 −49 −16 −776/3



However, by conjugation with the inverse of the matrix S below
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S =



1 6 2 −5 4 1 8 9
3 17 11 −8 6 −3 26 35
−1 −6 −1 8 −4 −1 1 −7
−2 −12 −4 11 2 −8 −21 −14
−5 −30 −10 25 −19 3 −49 −48
1 5 8 6 9 −1 1 2
0 0 1 4 10 −6 2 7
1 5 7 2 −2 −5 10 20


we obtain the following sparse matrix, which is the Frobenius normal form of A

S =



2 0 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 12
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 −3
0 0 0 0 0 1 0 4
0 0 0 0 0 0 1 0


Now it is clear that the rank is 8 and A is invertible. We can compute the inverse of the

Frobenius normal form block by block by using the result of Problem 11.26, as all such blocks are
companion matrices. We then multiply it by S from the left and by S−1 from the right to obtain the
inverse of A. The determinant of the Frobenius normal form, which is the same as the determinant
of A, is the product of the determinants of the blocks, i.e., 2 · (−4) ·12 = −96, that we can read
from the upper right corners of the blocks. . The characteristic polynomial of each block (which
coincides with their minimal polynomial) is x− 2, x2− 4 and x5− 4x3 + 3x2− 12, respectively
by Theorem 11.17. Note that x− 2 | x2− 4 | x5− 4x3 + 3x2− 12, which is consistent with the
requirement we had for the Frobenius normal form. Thus the minimal polynomial of the matrix
A is x5−4x3+3x2−12, and its characteristic polynomial is (x−2)(x2−4)(x5−4x3+3x2−12).
The former can be argued as follows. In order for the largest block to vanish, the minimal
polynomial must be divisible by x5− 4x3 + 3x2− 12. Moreover, as x− 2 | x2− 4 | x5− 4x3 +

3x2− 12, we have that the substitution of all blocks into x5− 4x3 + 3x2− 12 yields the zero
matrix.

Finally, we note that two matrices are similar iff their Frobenius normal forms coincide (up to
the order of blocks).
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Hence, we can find the answer to many basic problems in linear algebra, provided that we
have the Frobenius normal form. Note that in order to compute the inverse, the inverse of the
Frobenius normal form alone is not enough, we also need the matrix S and its inverse.

Surprisingly, this strategy can be carried out by using a randomized algorithm. The runtime
of the algorithm is not cubic, as that of the Gaussian elimination, but it is proportionate to the
runtime of the best algorithm that multiplies a pair of m×m matrices. We also note that the latter
runtime is a well-known lower bound: it is impossible to compute the determinant faster than to
multiply matrices, and the determinant can be read from the Frobenius normal from in constant
time (or linear, depending on the representation). Maybe somewhat counter-intuitively, the prod-
uct of a pair of m×m matrices can be computed by executing much less then m3 operations: a
witty algorithm designed by Strassen [24], or in fact an improvement of it, computes the product
in about m2.373 steps. This is the best known algorithm today (see Coppersmith-Winograd algo-
rithm [5]). To summarize: there is a randomized algorithm with approximate expected runtime
m2.373 that solves all basic problems of linear algebra mentioned above. This is significantly
better than Gaussian elimination, which has a cubic runtime [11].

Proposition 11.20. Choose the polynomials s1 | · · · | sn in the invariant form of the module defined
in item (4) of Example 11.1 (Frobenius normal form) such that all of them are monic. Then sn is
the minimal polynomial of A, and the product s1 · · ·sn is the characteristic polynomial of A (more
precisely the multiple of it by (−1)m, if we consider the usual definition).

Proof. We apply the argument shown in Example 11.2. Every block vanishes if we substitute
into sn, as the minimal polynomials of the blocks are s1, . . . ,sn, respectively. Moreover if the
substitution of A into a polynomial yields the zero matrix, then, the same applies for the n-th
block, thus sn divides the minimal polynomial of A. As sn is also monic, it must be the minimal
polynomial itself.

The characteristic polynomial of A is the product of those of the blocks. If the dimensions
of the blocks are d1, . . . ,dn, then the product is (−1)d1s1 · · ·(−1)dnsn = (−1)d1+···dns1 · · ·sn =

(−1)ms1 · · ·sn. �

Example 11.3. Let

A =


0 0 0 0 −2
1 0 0 0 4
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0


This matrix is given in Frobenius normal form. If we want to find its Jordan normal form, then

we either need some approximation, or we have to work with abstract symbols (such as rational
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polynomials rather than numbers): the roots of x5−4x+2 cannot be expressed by radicals. This
problem makes it difficult to do calculations that involve the Jordan normal form. On the other
hand, the Frobenius normal form is a sparse rational matrix, which is easy to work with.

11.2.2. Exercises.

Problem 11.21. In the proof of Proposition 11.8 we seemingly don’t use unitality of R. Find the
sentence that would be false if we dropped this assumption.

Problem 11.22. Let R be a PID, and let M be a finitely generated R-module. Consider all
possible decompositions of M into a direct sum of cyclic R-modules. Show that the invariant
decomposition is a shortest, and the primary decomposition is a longest one.

Problem 11.23. Prove that if a module M over a commutative ring with no zero divisors does
not have finite rank, then there is an infinite independent subset in M. (Hint: find the infinite
independent set as the union of a chain of finite independent sets. At the critical point, use
Proposition 11.6.)

Problem 11.24. Prove that if 1 ∈ R, then cyclic R modules are exactly the factor modules of RR
up to isomorphism (i.e., homomorphic images of RR). Compare this with the characterization of
cyclic groups. Does the statement hold without the condition that R be unital?

Problem 11.25. Show that the (nontrivial) prime ideals of a PID are exactly those that are
generated by a prime power.

Problem 11.26. Prove that the companion matrix in Definition 11.16 is invertible iff a0 6= 0, and
then its inverse is

0 0 0 · · · 0 0 −a0

1 0 0 · · · 0 0 −a1

0 1 0 · · · 0 0 −a2
... . . .
... . . .
0 0 0 · · · 1 0 −am−2

0 0 0 · · · 0 1 −am−1



−1

=



−a−1
0 a1 1 0 · · · 0 0 0

−a−1
0 a2 0 1 · · · 0 0 0
... . . .
... . . .

−a−1
0 am−2 0 0 · · · 0 1 0

−a−1
0 am−1 0 0 · · · 0 0 1
−a−1

0 0 0 · · · 0 0 0


11.3. Jacobson radical, Nakayama lemma. We study non-commutative rings in this subsec-
tion. A typical example to such rings is the matrix ring Mn(D) over a division ring D if n≥ 2 or
if D itself is not commutative. Recall that if a ring is unital, then every left ideal can be extended
to a maximal left ideal (Zorn lemma).
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Definition 11.27 (Jacobson radical). Let 1 ∈ R be a ring. Then the intersection of all maximal
left ideals in R is denoted by J(R), and it is called the Jacobson radical of R.

The notation does not reflect in any way that we picked the left side in the definition. It will
soon be clear why: we are going to see that the analogous notion defined for right ideals leads to
the same set.

Theorem 11.28. Let 1 ∈ R be a ring. Then J(R) is an (two-sided) ideal in R, and moreover
J(R)= {x∈R | ∀r∈R : 1+rx is invertible}= {x∈R | ∀r,s∈R : 1+rxs is invertible}. According
o this symmetrical description, J(R) is also the intersection of all maximal right ideals.

Proof. Since J(R) is an intersection of left ideals, it is also a left ideal. We show that ∀r ∈ R,x ∈
J(R) the element 1+ rx ∈ R has a left inverse. Assume indirectly that it does not have one. Then
the product R(1+ rx) of complexes is a left ideal, but not the whole R, as 1 /∈ R(1+ rx). By the
Zorn lemma, R(1+ rx) can be extended to a maximal left ideal B. Hence, 1+ rx ∈ B, and by
the definition of the Jacobson radical, we have x ∈ B, thus rx ∈ B. These yield the contradiction
1 ∈ B (a maximal left ideal cannot contain 1).

Now we show that J(R) is an ideal, that is, for all s ∈ R, x ∈ J(R) we have xs ∈ J(R). Assume
indirectly that some maximal left ideal B does not contain xs. Then Rxs+B is a left ideal, which is
strictly larger than B. Thus Rxs+B = R, and then there are r ∈ R,b ∈ B such that rxs+b = (−s),
i.e., (1+ rx)s ∈ B. The part of the assertion that was already proven implies that 1+ rx has a left
inverse. Multiplying by that element from the left yields s ∈ B, and then xs ∈ B, a contradiction.

Summarizing, we have ∀r,s ∈ R,x ∈ J(R) the element 1+ rxs ∈ R has a left inverse 1+ t.
Then (1+ t)(1+ rxs) = 1, or equivalently t + rxs+ trxs = 0, and then t =−rxs− trxs ∈ J(R), as
x ∈ J(R) and J(R) is an ideal. Thus (1+ t) has a left inverse. It also has a right inverse 1+ rxs.
It is a trivial exercise to show that the two inverses must coincide, and in particular both the left-
and the right inverse are unique. Thus 1+ t and 1+ rxs are inverses of one another, and then
1+ rxs ∈ R is invertible.

To finish the proof, we need to show that {x ∈ R | ∀r ∈ R : 1+ rx is invertible} ⊆ J(R). Let
x be an element of the left hand side, and let B be a maximal left ideal in R. Assume indirectly
that x /∈ B. Then Rx+B = R, as before, and thus (−r)x+ b = 1 for some r ∈ R,b ∈ B. hence,
b = 1+ rx is invertible, a contradiction. �

Lemma 11.29 (Nakayama lemma). Let 1 ∈ R be a ring, and let RM be a finitely generated
R-module. If M 6= 0, then J(R)M �M.

Proof. Assume that J(R)M = M. (We show that M = 0.) Let m1, . . . ,mn ∈ M be a generating
set of M. Then each mi can be written as rim′i such that ri ∈ J(R) and m′i ∈M. The element m′i
can be expressed as an R-linear combination of m1, . . . ,mn. Hence, for all 1 ≤ i ≤ n there exist
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some coefficients ri1, . . . ,rin ∈ J(R) such that mi =
n
∑
j=1

ri jm j. If we define the matrix and vector

A =


r11 r12 · · · r1n

r21 r22 · · · r2n
...

rn1 rn2 · · · rnn

 , m =


m1

m2
...

mn

, then Am = m.

Thus if B := A− In =


r11−1 r12 · · · r1n

r21 r22−1 · · · r2n
... . . .

rn1 rn2 · · · rnn−1

 , then Bm = 0.

Observe that by multiplying a row with a ring element from the left, or by adding such a
multiple of a row to another row, the identity Bm = 0 still holds. By such elementary steps of
Gaussian elimination, the matrix B can be transformed into the identity matrix. Indeed, according
to Theorem 11.28 the upper left element can be transformed into 1 by multiplication of the first
row with an appropriate element. By applying the second elementary step iteratively, all other
entries of the first columns can be changed to 0. Every entry of the matrix has a similar form
after these operations as before, that is, elements of the main diagonal are in 1+ J(R) and the
rest is in J(R). The remaining steps of Gaussian elimination do not affect the first column, and
hence carrying on in the usual way, we can obtain the identity matrix. Thus m = Inm = 0, and
then M = 0. �

The Nakayama lemma has many versions, applied in several areas of algebra. We show one
such variant that can be proven similarly as the previous one.

Lemma 11.30 (Nakayama lemma). Let 1 ∈ R be a commutative ring. Let RM be a finitely
generated R-module and I /R an ideal. If IM = M, then ∃r ∈M such that rM = 0 and 1− r ∈ I.

Proof. Defining the matrix B as in the previous proof we have Bm = 0. Multiplying this equation
from the left by the adjoint matrix of B yields adj(B)Bm = 0, that is, det(B)m = 0. (Show that
the matrix identity adj(B)B = det(B)In holds for matrices over arbitrary commutative rings. Note
that commutativity is necessary: it is unclear how the determinant should be defined over non-
commutative rings, and the Laplace cofactor expansions certainly do not hold anyway.) Hence,
(−1)n det(B) := r is an appropriate choice. �

The subsection is concluded by some observations on algebraic numbers. The following the-
orem is based on the same idea as the Nakayama lemma.

Definition 11.31. Let R≤ S be unital commutative rings with the same unit element. An element
α ∈ S is integral over R if there exists a monic polynomial f (x) ∈ R[x] with f (α) = 0.
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Theorem 11.32. Let R≤ S be unital commutative rings with the same unit element. The follow-
ing are equivalent.

• The element α ∈ S is integral over R.
• The module RR[α] is a finitely generated R-module.

Proof. If α ∈ S is integral over R, then by definition it is the root of some monic polynomial
f (x) ∈ R[x]. If this polynomial has degree n, then 〈1,α, . . . ,αn−1〉= R[α].

For the reverse direction, let m be a finite column vector whose elements generate the module

RR[α]. Let A be the matrix of the R-linear map induced by multiplication with α . This map is a
homomorphism RR[α]→ RR[α]. Put B = A−αIn as in the proof of the Nakayama lemma. Then
Bm = 0, and by multiplying with the adjoint matrix of B from the left it yields det(B)m = 0. We
show that det(B)= 0. The element 1∈R[α] is generated by elements of m, thus 1= rT m for some
row vector rT = (r1, . . . ,rn) in Rn. Hence, 0 = rT 0 = rT det(B)m = det(B)rT m = det(B) · 1 =

det(B).
The element det(B) ∈ S is a polynomial of α with coefficients in R and leading coefficient
±1. �

Corollary 11.33. Let R≤ S be unital commutative rings with the same unit element. Then the set
of elements if S that are integral over R constitute a subring of S. In particular, algebraic integers,
i.e., the integral elements of the ring extension Z≤ C, are closed under additive operations and
multiplication.

Proof. Similarly to the multiplicative formula of multiple field extensions, it can be shown that a
finite ring extension of a finite ring extension is again a finite ring extension. (For this purpose, a
finite ring extension is a ring extension that is finitely generated over the small ring as a module.)
This concludes the proof as αβ ,α +β ∈ R[α][β ]. �

11.3.1. Exercises.

Problem 11.34. Let 1 ∈ R be a ring and let 0 /∈ S⊆ R.

(1) Show that R contains a (left) ideal that is maximal among the proper (left) ideals disjoint
from S.

(2) Show that R contains a maximal (left) ideal.
(3) As an extension of the first item, show that is S is multiplicatively closed, then a maximal

ideal among the proper ideals disjoint from S is a prime ideal.
(4) Prove that if R is commutative, then its nilradical is the intersection of all the prime ideals

of R:
Nil(R) = {r ∈ R | ∃n ∈ N : rn = 0}=

⋂
P/Ris a prime ideal

P
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Problem 11.35. What is the intersection of the set of rational numbers and the set of algebraic
integers, i.e., integral elements of the ring extension Z⊆ C?

Problem 11.36. Let R,S be unital rings (but not necessarily commutative rings). Show that
J(R⊕S) = J(R)⊕ J(S).

Problem 11.37. Let D be a division ring, R = Mn(D). Prove that left ideals of R are in a
one-to-one correspondence with the sets of columns: the left ideal corresponding to a set of
columns consists of those matrices all of whose entries are 0 outside these columns. Rephrase
the statement for right ideals as well. Conclude that R is left Artinian and simple, and that
J(R) = 0. Prove that if S is a finite direct sum of complete matrix rings over division rings, then
S is left Artinian and J(S) = 0.

Problem 11.38. Let R be a unital ring. Prove that J(R/J(R)) = 0+ J(R).

11.4. Semisimple modules. From now on, every ring is unital.

Lemma 11.39. Let R be a unital ring and let RM 6= 0 be a cyclic R-module. Then there is a
maximal submodule in M.

Proof. Let M = 〈m〉. Consider the set of submodules of M that do not contain m. This is a
nonempty set (e.g., {0} is in it), and it is closed under chain union. By Zorn’s lemma, there is a
maximal element N of the above set with respect to inclusion. By definition, this is a maximal
submodule of M. �

Proposition 11.40. Let 1 ∈ R be a ring and let RM be a module. The following are equivalent.

(1) M = ∑
N≤M minimal

N (generated submodule)

(2) M =
⊕
i∈I

Ni, where Ni ≤M is minimal.

(3) For all N ≤M there exists an N′ ≤M such that M = N⊕N′.

(Remark: minimal submodule = simple submodule)

Before proving the claim, we show that the condition in the third item transfers to submodules.

Lemma 11.41. Let 1 ∈ R be a ring and let RM be a module. Assume that for all N ≤M there
exists an N′ ≤M such that M = N⊕N′. Then the same holds for every submodule N0 ≤M.

Proof. Let N1 ≤ N0 be arbitrary. Then there exists an N′1 ≤ M such that N1⊕N′1 = M. Let
L′1 = N′1∩N0 (this is a submodule of N0). We claim that this is an appropriate complement of N1

in N0.
Clearly, by N1∩N′1 = {0} we have N1∩L′1 = {0}. We need to show that N1 +L′1 = N0. Let

n0 ∈ N0 be an arbitrary element. It decomposes into a sum n1 +n′1 with n1 ∈ N1,n′1 ∈ N′1. Here,
n′1 = n0−n1 ∈ N0, thus n′1 ∈ N′1∩N0 = L′1. �
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Proof of Proposition 11.40. (1)⇒ (2) Let us minimal submodules in M by elements of an index
set K: Ni, i ∈ K. Let S = {J ⊆ K | ∑

i∈J
Ni =

⊕
i∈J

Ni}. Then S is nonempty (e.g., /0 ∈ S) and closed

under chain union, thus it has a maximal element I by the Zorn lemma. If
⊕
i∈I

Ni 6= M, then by

condition (1) there is a minimal submodule N j ≤M such that N j �
⊕
i∈I

Ni. Then by simplicity of

N j we obtain N j ∩
⊕
i∈I

Ni = {0}. Two submodules are disjoint iff they generate their direct sum.

Hence, ∑
i∈I∪{ j}

Ni = N j +
⊕
i∈I

Ni = N j⊕
⊕
i∈I

Ni =
⊕

i∈I∪{ j}
Ni, which contradicts maximality of I.

(2)⇒ (3) Given an N ≤M. Let S = {J ⊆ I | N +
⊕
i∈J

Ni = N⊕
⊕
i∈J

Ni}. By Zorn’s lemma there

is a maximal set J0 in S. Let j ∈ I \ J0. Then by maximality of J0 we have N ∩
⊕

i∈J0∪{ j}
Ni 6= {0},

and keep in mind that by the definition of J0 we have N∩
⊕
i∈J0

Ni = {0}). Thus there are elements

0 6= n j ∈ N j and m ∈
⊕
i∈J0

Ni such that n j +m = n ∈ N, and then n j = n−m ∈ N⊕
⊕
i∈J0

Ni. Hence,

N j∩ (N⊕
⊕
i∈J0

Ni) 6= {0}, which combined with minimality of N j yields N j ≤ N⊕
⊕
i∈J0

Ni.

Thus N⊕
⊕
i∈J0

Ni = M, and then
⊕
i∈J

Ni = N′ is an appropriate choice.

(3)⇒ (1) Let N be the submodule generated by all minimal submodules in M. At this point
we do not know if there exists a minimal submodule in M, although it will turn out to be neces-
sarily true if M 6= {0}. The module generated by the empty set is {0}, so at this point, N = {0}
is a hypothetical possibility. Let N′ be the submodule guaranteed by (3). Assume indirectly
that N′ 6= {0}. Pick a nonzero element in N′, and denote by N1 the cyclic submodule generated
by that element. According to Lemma 11.39 there is a maximal submodule N′1 in N1, and by
Lemma 11.41 condition (3) applies to N1. Hence, N1 = N′1⊕N′′1 for some submodule N′′1 . Then
N′′1 is simple, as the sum of a proper submodule in N′′1 and N′1 would be a submodule strictly be-
tween N′1 and N1. Thus N′′1 ≤ N′is a minimal submodule in M. But then N′′1 ≤ N, a contradiction.
Hence, N′ = {0}, that is, N = M. �

Definition 11.42. A modules that satisfies the equivalent conditions of Proposition 11.40 is a
semisimple module. The trivial module is semisimple by definition.

Corollary 11.43.

• Submodules of semisimple modules are also semisimple.
• If M 6= {0} is a semisimple module, then there is a minimal submodule in M.
• Simple modules are semisimple.

11.4.1. Exercises.
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Problem 11.44. Let 1 ∈ R be a ring. Prove that the class of R-modules is closed under direct
sums (or arbitrary cardinality), taking substructures and taking homomorphic images.

Problem 11.45. Prove that an Abelian group is semisimple (as a Z-module) iff the order of each
element in it is a squarefree number.

11.5. Semisimple rings.

Proposition 11.46. Let 1 ∈ R be a ring. The following are equivalent.

(1) The module RR is semisimple.
(2) Every cyclic R-module is semisimple.
(3) Every finitely generated R-module is semisimple.

Proof. (1)⇒ (3) According to Proposition 11.8 every n-generated R-module is a homomorphic
image of RRn. By assumption this is a homomorphic image of a direct sum of semisimple module,
hence semisimple.

(3)⇒ (2) trivial.
(2)⇒ (1) trivial. �

Definition 11.47. A ring that satisfies the equivalent conditions of Proposition 11.46 is a semisim-
ple ring.

Remark 11.48. Note that in the definition of semisimple rings, we made the arbitrary choice of
working with left R-modules. Hence, it seems we should have called those objects left-semisimple
rings, and we could have provided the analogous notion of right semisimple rings. We will soon
find out that all of this is unnecessary: R is semisimple iff Rop is semisimple according to a
corollary of the Wedderburn-Artin theorem (11.58).

Example 11.4. Let D be a division ring. According to Problem 11.37, minimal left ideals of
Mn(D) correspond to column: Bi consists of those matrices whose elements outside the i-th
column are zero. The module Mn(D)Mn(D) is the direct sum of these submodules. Thus Mn(D) is
a semisimple ring.

Example 11.5. By combining the previous example and Problem 11.63, all rings of the form
Mn1(D1)⊕·· ·⊕Mnk(Dk) are semisimple (k,n1, . . . ,nk ∈ N, D1, . . . ,Dk are division rings).

Example 11.5 is crucial: according to the Wedderburn-Artin theorem we are going to prove
soon, the example covers all semisimple rings.

Lemma 11.49. Let 1 ∈ R be a semisimple ring. Assume that
⊕
i∈I

RMi ≤ RR such that none of the

components is trivial. Then the index set I is finite.
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Proof. According to one of the equivalent conditions that defines semisimple modules we have

RR = RN⊕
⊕
i∈I

RMi for some submodule RN ≤ RR. Thus the element 1 ∈ R decomposes into a

sum according this direct sum. That sum can only have finitely many nonzero summands, which
are included in finitely many components of the direct sum. Those finitely many components
generate RR, since ever element in RR can be written as r ·1 for some r ∈ R. �

Proposition 11.50. Let 1 ∈ R be a semisimple ring. Then R is left-Artinian.
Moreover, RR = RB1⊕·· ·⊕ RBn such that B1, . . . ,Bn are minimal left ideals in R.

Proof. Let L1 ≥ L2 ≥ ·· · be an infinite descending chain of left ideal in R. Then every RLi is a
submodule of RR, and hence these are all semisimple modules. Thus RLi = RL′i⊕ RLi+1 for all i
with some left ideal L′i. The submodules {RL′i | i≥ 1} generate their direct sum, hence according
to Lemma 11.49 all but finitely many of them are trivial. This means that the chain L1 ≥ L2 ≥ ·· ·
stabilizes after finitely many steps.

According to one of the equivalent conditions that defines semisimple modules we have RR =⊕
i∈I

RBi, where all the Bi are minimal left ideals. By Lemma 11.49 this direct sum is finite. �

In case of modules, semisimplicity is clearly a weaker condition than simplicity. Does the
same hold for rings? We have just shown that semisimple rings are left-Artinian. We construct
an interesting unital ring, which is simple but not left-Artinian, and hence it cannot be semisimple
either. Later on we will see that under the assumption that the unital ring be left-Artinian, simple
rings are semisimple. Hence, in this sense, semisimplicity is indeed a weaker condition than
simplicity for rings as well (among left-Artinian rings it is).

Example 11.6 (A simple unital ring that is not left-Artinian). Let D be a division ring, and let
R consist of those infinite block diagonal matrices A over D that is produced from infinitely
many copies of the same 2n× 2n matrix along the main diagonal. This set is indeed closed
under usual matrix multiplication, which is well-defined as the computation of each element in
the product involves only finitely many elements from the infinite matrices in the product. The
ring R is unital, as it contains the infinite identity matrix. If Rn denotes the subring of R that
consists of those elements such that the matrix copied along the main diagonal has size at most

2n, then R =
∞⋃

n=1
Rn is a chain union. Moreover, each Rn is simple, because Rn ∼= Mn(D) (cf.

Problem 11.37). We show that a chain union of simple rings is simple. If {0} 6= I /R, then
for some k we have I ∩Rk 6= {0}, thus I ∩Rk = Rk. Hence, the same applies to all n ≥ k, thus

I =
∞⋃

n=k
Rn =

∞⋃
n=1

Rn = R.

But R is not left-Artinian. Given an n∈N, partition the scheme of infinite matrices into stripes
of the form ∞× 2n, and enumerate these stripes from left to right. Consider the set of those
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infinite matrices in R all of whose entries in stripes of off indices is 0. This set Bn is a left ideal
in R, and B1  B2  · · · is an infinite strictly descending chain of left ideal in R.

Definition 11.51 (Endomorphism ring). Let 1 ∈ R be a ring, and let RM,R N be R-modules. Then
the set HomR(M,N) = {ϕ : M→ N | ϕ is a homomorphism} can be equipped with the additive
operations addition, inversion and 0 in a natural way, making HomR(M,N) an Abelian group,
namely:

• ϕ +ψ : M→ N, x 7→ ϕ(x)+ψ(x)
• −ϕ : M→ N, x 7→ −ϕ(x)
• 0 : M→ N, x 7→ 0

If M = N, then these homomorphisms can be composed, too. Introducing multiplication as
ϕ ·ψ := ψ ◦ϕ yields the ring HomR(M,M) = EndR(M). This is the endomorphism ring of RM.

Definition 11.52 (Annihilator). Let 1 ∈ R be a ring and let RM be an R-module. Let X ⊆M be a
subset. Then the annihilator of X is AnnR(X) = {r ∈ R | ∀x ∈ X we have rx = 0}, and it is a left
ideal in R. If X is a submodule of M, then AnnR(X) is an (two-sided) ideal.

Lemma 11.53 (Schur lemma). Let 1 ∈ R be a ring and let RM be a simple R-module. Then
D := EndR(M) is a division ring and M is a D-vector space.

Proof. Let 0 6=ϕ ∈EndR(M). Then Ker(ϕ), Im(ϕ)≤M, and moreover Ker(ϕ) 6=M and Im(ϕ) 6=
{0}. By simplicity of M we have Ker(ϕ) = {0} and Im(ϕ) = M, thus ϕ is a bijection. Thus ev-
ery nonzero element of the ring EndR(M) is invertible, and hence it is a division ring. It is a
routine exercise to check the vector space axioms, e.g., the left-distributivity law follows from
ϕ(x+ y) = ϕ(x)+ϕ(y) = ϕ · x+ϕ · y, which holds because ϕ is a homomorphism. �

Theorem 11.54 (Jacobson density theorem [16]). Let 1 ∈ R be a ring and let RM be a simple
R-module. Let D := EndR(M). Assume that u1, . . . ,un ∈ M are linearly independent over D.
Then for all v1, . . . ,vn ∈M there is an r ∈ R such that rui = vi for all 1≤ i≤ n.

Proof. We rephrase the statement in two different ways. One trivial equivalent reformulation is
that for any linearly independent u1, . . . ,un ∈M and vn ∈M there is an r ∈ R such that run = vn

and ru1 = · · ·= run−1 = 0. On the one hand, this is a special case of the original condition, and
in return, the original condition is implied by this special case. Indeed, given the elements ri such

that riui = vi and riu j = 0 for all other u j, we have
n
∑

i=1
ri ∈ R is an appropriate choice for r in the

original requirement.
The other reformulation follows directly from the first: AnnR(u1, . . . ,un−1) · un = M for all

linearly independent u1, . . . ,un ∈M.
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The proof is by induction on n. If n = 1, then linear independence of {u1} means that u1 6= 0.
Thus Ru1 = M, as M is simple and {0} 6= Ru1 ≤M. (Observe that here we used the fact that R
be unital.) Hence, there is an r ∈ R such that ru1 = v1.

Assume that (whichever formulation of) the statement holds for (n−1) with n≥ 2.
Let B=AnnR(u1, . . . ,un−1); this is a left ideal in R. Thus RB⊆B, and then R(Bun)= (RB)un⊆

Bun, and moreover Bun is an additive subgroup of M. Hence, Bun ≤ M, that is, if Bun 6= {0}
then Bun = M by simplicity of M. This would conclude the proof, thus we need to show that
Bun 6= {0}. Assume indirectly that Bun = {0}. Thus whenever an element in R annihilates
u1, . . . ,un−1 ∈M then it also annihilates un ∈M.

This last observation sets the scene for a very tricky construction of an R-module homomor-
phism ϕ : M→M. Let m ∈M. Then by the induction hypothesis, there exists an s ∈ R such that
su1 = · · · = sun−2 = 0 and sun−1 = m. Given such an s we put ϕ(m) := sun. This function is
well-defined: given a t ∈ R such that tu1 = · · · = tun−2 = 0 and tun−1 = m, we have s− t ∈ B,
thus (s− t)un = 0, and then sun = tun. A similar calculation show that ϕ ∈ EndR(M).

Let u := un−ϕ(un−1), and let t ∈ R be such that tu1 = · · ·= tun−2 = 0. Then by the definition
of ϕ we have ϕ(tun−1) = tun. Hence, tu = t(un−ϕ(un−1)) = tun−tϕ(un−1) = tun−ϕ(tun−1) =

0. By the induction hypothesis we have that u1, . . . ,un−2,u are D-dependent (but u1, . . . ,un−2 are
D-independent or it is an empty list). Thus u= un−ϕ(un−1) is in the linear D-subspace generated
by u1, . . . ,un−2. Hence, un is in the linear D-subspace generated by u1, . . . ,un−1, which is in
contradiction with the independence of u1, . . . ,un. �

Remark 11.55. The theorem basically says that in the topological space MM (the set of all
functions M→M with the topology of point-wise convergence) the closure of the set of functions
µr : M → M,x 7→ rx for all r ∈ R contains all D-linear transformations. If the ring R is non-
commutative, then of course a map µr is not necessarily an endomorphism (it is in general not
compatible with multiplications by ring elements), however it is a D-linear transformation of M.
Indeed, it is compatible with the additive operations, and for all ϕ ∈ D,r ∈ R,m ∈ M we have
ϕ(µr(m)) = ϕ(rm) = rϕ(m) = µr(ϕ(m)), i.e., for all ϕ ∈D,r ∈ R we have ϕµr = µrϕ . Thus the
theorem can be rephrased as follows: in the topological space of all D-linear transformations of
M (with the topology of point-wise convergence) the set {µr | r ∈ R} is dense. Hence the name
of the theorem.

The remark has even stronger implications if M is a finite dimensional D-vector space.

Corollary 11.56. Let 1 ∈ R be a ring and let RM be a simple R-module. Let D := EndR(M).
Assume that M is a finite dimensional D-vector space, and let dimD(M) = n.

Then R/AnnR(M)∼= Mn(D).
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Proof. By Remark 11.55 the topological space of all D-linear transformations of M (with the
topology of point-wise convergence), which is Mn(D) by assumption, the set {µr | r ∈ R} is
dense. By finiteness of the dimension, we obtain that the topological space of all D-linear
transformations of M coincides with {µr | r ∈ R}. We show that this ring is isomorphic to
R/AnnR(M). Since µr +µs = µr+s and µrµs = µrs, we have that the map µ : R→ {µr | r ∈ R},
r 7→ µr is a ring homomorphism. It is surjective by definition. Moreover, the kernel of µ is
Ker(µ) = {r ∈ R | ∀m∈M we have rm = 0}= AnnR(M)/R. Thus the homomorphism theorem
implies that Mn(D)∼= {µr | r ∈ R}= Im(µ)∼= R/AnnR(M). �

The matrix rings over division rings in the Wedderburn-Artin theorem appear due to Corol-
lary 11.56. We need one more technical lemma before the proof of the Wedderburn-Artin theo-
rem.

Lemma 11.57 (Generalized Chinese remainder theorem). Let 1 ∈ R be a ring, I1, . . . , In / R.

Assume that for all i 6= j we have Ii + I j = R. Then R/
n⋂

k=1
Ik
∼=

n⊕
k=1

R/Ik.

Proof. The isomorphism is defined by the mapping ϕ : (R/
n⋂

k=1
Ik)→ (

n⊕
k=1

R/Ik), x+
n⋂

k=1
Ik 7→

(x+ I1, . . . ,x+ In). This is clearly well-defined, compatible with the operations and surjective.
We only have to verify surjectivity, and unitality of the ring is going to be crucial in this

argument. If i 6= j, then according to Ii+ I j = R we have 1 = ri j +r ji for some ri j ∈ Ii and r ji ∈ I j.
For a given i we have 1 = ∏

j 6=i
(ri j + r ji). Define si := ∏

j 6=i
r ji. Then si ≡ 1 (mod Ii) and for all

j 6= i we have si ≡ 0 (mod I j). Thus for all t1, . . . , tn ∈ R the ϕ-image of x = t1s1 + · · ·+ tnsn is
(t1 + I1, . . . , tn + In). �

We close the subsection by the classification theorem of semisimple rings and its conse-
quences.

Theorem 11.58 (Wedderburn-Artin theorem [26, 1]). Let 1 ∈ R be a semisimple ring. Then for
some k,n1, . . . ,nk ∈ N and division rings D1, . . . ,Dk we have R∼= Mn1(D1)⊕·· ·⊕Mnk(Dk).

Proof. According to Proposition 11.50 there is a decomposition RR = RB1⊕ ·· · ⊕ RBn where
B1, . . . ,Bn are minimal left ideals of R, i.e., simple R-modules. By the Schur lemma (11.53) the
endomorphism monoids EndR(Bi) := Di are division rings; these assume the role of the division
rings in the statement of the theorem. Every Bi is a vector space over Di. Assume indirectly that
for some i this is not a finite dimensional vector space, and let u1,u2, . . . be infinitely many Di-
independent vectors in Bi. Then the sequence AnnR(u1)≥ AnnR(u1,u2)≥ ·· · would be a strictly
descending chain of left ideals according to the Jacobson density theorem (11.54). This would
be a contradiction by Proposition 11.50.
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Thus Bi is a finite dimensional vector space over Di. Let ni denote its dimension. Then by
Corollary 11.56 of the Jacobson density theorem, we have R/AnnR(Bi) ∼= Mni(Di), which is a
simple ring (cf. Problem 11.37). Thus by the second isomorphism theorem, the ideal AnnR(Bi)

is maximal in R. Thus if for some i 6= j we have AnnR(Bi) 6= AnnR(B j), then AnnR(Bi) +

AnnR(B j) = R. After omitting the redundancies, let {I1, . . . , Ik} be the set of all ideals of the

form AnnR(Bi). The intersection of these ideals is
k⋂

i=1
AnnR(Bi) = AnnR(R) = {0}, because the

annihilator of 1 ∈ R is trivial. Hence, by the generalized Chinese remainder theorem (11.57)

we have R∼= R/AnnR(R)∼=
k⊕

i=1
R/Ii, where every factor R/Ii is isomorphic to a ring of the form

Mn(D) for some n ∈ N and division ring D. �

Corollary 11.59. For a ring R we have that R is semisimple iff Rop is semisimple. Thus the arbi-
trary choice of left modules over right modules mentioned in Remark 11.48 makes no difference
in the outcome of the class of semisimple rings.

Proof. If R∼= Mn1(D1)⊕·· ·⊕Mnk(Dk), then Rop ∼= Mn1(D
op
1 )⊕·· ·⊕Mnk(D

op
k ). �

Corollary 11.60. Every semisimple ring is left-Artinian, left-Noetherian, right-Artinian, right-
Noetherian.

Proof. Clear from the classification. �

Corollary 11.61. A unital ring R is semisimple iff R is left Artinian and J(R) = {0}.

Proof. According to Problem 11.37 if R∼= Mn1(D1)⊕·· ·⊕Mnk(Dk), then J(R) = {0}. Combin-
ing this with Proposition 11.50 yields the⇒ direction.

For the reverse implication, assume that R is left Artinian and J(R) = {0}. Let L j, j ∈ J
be an enumeration of maximal left ideals of R. The intersection of these left ideals is trivial.
If this intersection cannot be replaced by the intersection of finitely many of the maximal left
ideals, it would mean that there is an infinite strictly descending chain of left ideals in R, a

contradiction. Thus after an appropriate reindexation we have
n⋂

i=1
Li = {0}. As in the proof of

the generalized Chinese remainder theorem, we can embed the module RR into the direct sum
n⊕

i=1
RR/RLi by ϕ : RR→

n⊕
i=1

RR/RLi, r 7→ (r+L1, . . . ,r+Ln). This is clearly a homomorphism, and

Ker(ϕ) =
n⋂

i=1
Li = {0} shows that it is injective. Every component in the direct sum

n⊕
i=1

RR/RLi

is a factor by a maximal submodule, hence simple by the second isomorphism theorem. This

makes
n⊕

i=1
RR/RLi a sum of simple modules, hence semisimple. As RR is a submodule of this

direct sum, we have that RR is a semisimple module, i.e., R is a semisimple ring. �
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Corollary 11.62. If 1 ∈ R is a simple left-Artinian ring, then it is semisimple (cf. Example 11.6).

Proof. As 1 /∈ J(R), J(R) 6= R is an ideal in the simple ring R, thus J(R) = {0}. �

For further reading, we suggest the book [15].

11.5.1. Exercises.

Problem 11.63. By using only the definition of semisimple rings, show that the direct sum of two
(or in fact finitely many) semisimple rings is semisimple.

Problem 11.64. Show that a ring 1 ∈ R is semisimple iff every R-module is semisimple.

Problem 11.65. Classify the unital, simple left-Artinian rings?

Problem 11.66. Let 1 ∈ R be a left-Artinian ring. Prove that R/J(R) is the largest semisimple
factor of R (in the sense that every semisimple factor of R is a homomorphic image of this one).
In other words: J(R) is the smallest ideal in R such that factoring by it yields a semisimple ring.

Problem 11.67. By using the Wedderburn-Artin theorem, find all minimal left ideals in a semisim-
ple ring 1 ∈ R, and compute their annihilator in R. Observe that these annihilators are maximal
ideals in R. How many ways are there to obtain such an ideal as the annihilator of some minimal
left ideal?

Problem 11.68. What kind of ring do we obtain by factoring a finite ring R by its Jacobson
radical? And if R is commutative? (This problem is crucial in the theory of finite commutative
rings, as many problems can be reduced to understanding the Jacobson radical and to solving
the problem for finite fields.)

Problem 11.69. Let V be a vector space over the field K, and let ϕ : V → V be a linear trans-
formation such that ϕ2 = ϕ (projection). Then V = Ker(ϕ)⊕ Im(ϕ). Show the analogous state-
ment for ring homomorphisms, too: if ϕ : R→ R is a ring homomorphism with ϕ2 = ϕ , then
R = Ker(ϕ)⊕ Im(ϕ).

Problem 11.70. Let D be a division ring and n∈N. Prove that Z(Mn(D)) = Z(D) ·In. Generalize
the result and find the center of the ring Mn1(D1)⊕·· ·⊕Mnk(Dk), where k,n1, . . . ,nk ∈ N, and
D1, . . . ,Dk are division rings.

Problem 11.71. Let R = Mn1(D1)⊕·· ·⊕Mnk(Dk) be a semisimple ring, where k,n1, . . . ,nk ∈ N
and D1, . . . ,Dk are division rings. Let B be a minimal left ideal in R (a simple R-module). By the
Schur lemma, EndR(B) is a division ring. What is this division ring?

Problem 11.72. To what extent is the decomposition in the Wedderburn-Artin theorem unique?
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Problem 11.73 (Brauer lemma). Let B be a minimal left ideal in R such that B2 6= 0. Then there
is an element e ∈ B such that

• e is a right unit of B,
• e is idempotent, i.e., e2 = e,
• B = Re, and
• eRe≤ R is a division ring.

(The Brauer lemma is the fundamental observation that leads to a different version of the
Wedderburn-Artin theorem. One can show that a unital ring R is semisimple iff R is left Artinian
and the square of every nonzero ideal of R is nonzero.)

Problem 11.74. Assume that the ring 1 ∈ R decomposes into a direct sum of some ideals: R =

I1⊕ I2⊕·· ·⊕ In. Show that there are pairwise orthogonal idempotents ei ∈ Ii in these ideals, that
is, e2

i = ei and eie j = 0 for i 6= j.

Problem 11.75. Prove one direction of the above mentioned theorem. If 1 ∈ R is a semisimple
ring, then R is left Artinian and the square of every nonzero ideal of R is nonzero. (Do not use
the classification theorem.)

11.6. Algebras over fields.

Definition 11.76. Let 1 ∈ A be a ring and let K be a field. Assume that A is a K-vector space
such that ∀λ ∈ K,a,b ∈ A we have (λa)b = λ (ab) = a(λb). Then A is a K-algebra.

Remark 11.77. The injective ring homomorphism K→ A, λ 7→ λ ·1 identifies K by a subring of
A, which is a field with the same unit element 1 as A. The image of K is in the center of A. This
yields to the following equivalent definition: given a ring 1 ∈ A, and a field K ≤ Z(A) with unit
element 1, then A is a K-algebra. Indeed, A is automatically a K-vector space (scalar multiples
are obtained simply by multiplication with an element of K.)

Example 11.7.
• The ring Mn(K) is a K-algebra. (Assuming that K is identified by scalar matrices, as

we would naturally do. In Mn(K), there are other subrings isomorphic to K, e.g., the set
of those matrices all of whose elements other then the upper left one are zero. But this
subring is not in the center of Mn(K).)
• The polynomial ring K[x1, . . . ,xn] is a K-algebra.
• Given a field extension K ≤ L, A = L is a K-algebra.

Proposition 11.78. Let A be a finite dimensional K-algebra.

• If A has no zero divisors, then A is a division ring.
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• If K is algebraically closed and A has no zero divisors, then A = K.

Proof. Let 0 6= a ∈ A. Then the map µa : A→ A, x 7→ ax is a K-linear transformation. Its kernel
is Ker(µa) = {0}, as A has no zero divisors. As the dimension of A is finite, µa is bijective. Thus
∀a,b ∈ A,a 6= 0 there is an x ∈ A such that ax = b. Hence, A is a division ring.

Assume that K is algebraically closed. As the dimension of A is finite, a−1 ∈ K[a] (why?),
thus K[a] = K(a)≤ A is a K-subalgebra. It consists of the polynomial expressions of a with co-
efficients in K, hence it is commutative. Moreover, K[a] is a K-subalgebra with no zero divisors,
thus it is a division ring by the first statement. Hence, K ≤ K[a] is a finite (dimensional) field
extension. As K is algebraically closed, we have K = K[a]. This argument applies for all a ∈ A,
thus A = K. �

Thus there exist no interesting finite dimensional algebras with no zero divisors over alge-
braically closed fields. The field of real numbers is “almost” algebraically closed, in the sense
that it has a degree 2 extension which is algebraically closed. This suggests that there should be
few different real algebras with no zero divisors that are finite dimensional over R. This is the
idea behind the famous theorem of Frobenius, which we mention as an interesting fact, but we
will not use it later.

Theorem 11.79 (Frobenius [9]). If A is a finite dimensional R-algebra with no zero divisors,
then A is isomorphic to either R,C or H, where H is the quaternion algebra.

Algebras are studied here in order to later introduce a strong tool in group theory, namely
group representations. The idea is based on a construction that produces an algebra from a group
(thereby gaining extra structure, since we can add and multiple elements of an algebra, but we
can only multiply group elements).

Definition 11.80 (Group algebra). Let K be a field, and let G be a group. We define a K-
algebra, such that G is a basis of this algebra as a K-vector space. The underlying set is K[G] =

{κ1g1 + · · ·κngn | κ1, . . . ,κn ∈ K,g1, . . . ,gn ∈ G}, i.e., the set of formal K-linear combinations
of group elements. Hence, vector space operations can be defined in a straightforward fashion.
The group algebra K[G] is also a ring. We can multiply two formal k-linear combinations by
expanding the brackets according to the distributive law, and collect like terms. (In particular, it
is going to be convenient to work with multiplicative groups, even if they are Abelian.)

Remark 11.81. If G is finite, then K[G] is a finite dimensional K-algebra. But it always has zero
divisors if G is a nontrivial group. Let e 6= g ∈ G be an element of order r, then (e+ g+ · · ·+
gr−1)(e−g) = 0 is a product of nonzero elements.

Remark 11.82. The left ideals of K[G] are exactly those K-subspaces that are closed under left
multiplication by group elements. The ideals of K[G] are exactly those K-subspaces that are
closed under (left or right) multiplication by group elements.
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The representation theory of finite groups is based on the following fundamental result.

Theorem 11.83 (Maschke [19]). Let K be a field and let G be a finite group. Then the following
are equivalent.

• K[G] is semisimple
• char(K) - |G|

In particular, the group algebra C[G] is a semisimple ring for all finite groups G.

Proof. If |G|= 1, then both items hold trivially. Assume that G is a nontrivial group for the rest
of the proof.

First we show that the number theoretic condition is necessary for semisimplicity. Hence, let
K[G] be semisimple and assume indirectly that char(K) | |G|. Put x := ∑

g∈G
g and J := { ∑

g∈G
κg ·g |

∑
g∈G

κg = 0}. Note that J is an ideal in K[G] and a K-subspace of codimension 1. As char(K) | |G|,

we have 0 6= x ∈ J.
Let B be a left ideal in K[G] such that K[G]K[G] = K[G]J⊕ K[G]B. Such a left ideal exists by

semisimplicity of K[G]. By comparing dimensions, we obtain dimK(B) = 1, so any nonzero
element generates B as a K-subspace. Let 0 6= y ∈ B, y = ∑

g∈G
λg ·g, and let h ∈ G. Then hy ∈ B,

because B is a left ideal. We have hy = ∑
g∈G

λg · hg = ∑
g∈G

λh−1g · g. As B = 〈y〉 the element

hy = ∑
g∈G

λh−1g · g is a scalar multiple of y, thus for some λ ∈ K we have λλg = λh−1g. By

adding up these equations for all elements g ∈ G we obtain λ ∑
g∈G

λg = ∑
g∈G

λh−1g = ∑
g∈G

λg. Here,

∑
g∈G

λg 6= 0, as that would mean y ∈ J. After simplification we have λ = 1, thus λg = λh−1g. This

holds for all h ∈ G, therefore λg is the same field element for all g ∈ G. Hence, y ∈ 〈x〉 ≤ J, a
contradiction.

For the reverse direction, assume that char(K) - |G|, and let N be a left ideal of K[G]. Let ϕ

be a K-linear projection (ϕ2 = ϕ) with image N. Of course, ϕ is only a K-linear transformation,
not necessarily a K[G]-module homomorphism. If we find some K[G]-module homomorphism
π with π2 = π and image N, then we are done, as in that case K[G]K[G] =K[G] Ker(π)⊕K[G] N.
The idea is to construct such a π by using ϕ .

Put π := 1
|G| ∑

g∈G
gϕg−1. The definition is formally correct, as char(K) - |G|, and thus 1

|G| ∈ K.

The above π is a K-linear transformation of K[G].



120

Moreover, for all x∈N we have π(x)= 1
|G| ∑

g∈G
gϕ(g−1x)= 1

|G| ∑
g∈G

gg−1x= 1
|G| ∑

g∈G
x= 1

|G| |G|x=

x. Clearly Im(π) ⊆ N, thus Im(π) = N and π2 = π . In order to prove that π is a K[G]-
module homomorphism, the only thing left to show is that for all h ∈ G and x ∈ K[G] we have
π(hx) = hπ(x). Hence, the following calculation finishes the proof.

π(hx) = 1
|G| ∑

g∈G
gϕ(g−1hx) = 1

|G| ∑
g∈G

hh−1gϕ(g−1hx) = h · 1
|G| ∑

g∈G
h−1gϕ(g−1hx) = hπ(x). �

Theorem 11.84. Let G be a finite group. ThenC[G]∼=Mn1(C)⊕Mn2(C)⊕·· ·⊕Mnk(C) for some
k,n1, . . . ,nk ∈ N. The number k is uniquely determined by G, as it is dimC(Z(C[G])). Moreover,
n2

1 + · · ·+n2
k = |G|, as this is dimCC[G].

Proof. According to the Wedderburn-Artin theorem (11.58) and the Maschke theorem (11.83)
we can decompose the ring C[G] into a direct sum of ideals that are complete matrix ring of the
form Mn(D), where D is a division ring and n ∈N. The components are also C[G]-modules, thus
all of them are subalgebras in C[G]. The subfield in the group algebra corresponding to complex
numbers (i.e., the subfield in a component of the form Mn(D) according to Remark 11.77) is in
the center of Mn(D). According to Problem 11.70 this center Z consists of the scalar matrices
of the form λ · In such that λ ∈ Z(D). Thus C ≤ Z (for simplicity we identify the image of C
by the set of complex numbers), and then D is a C-algebra. It has no zero divisors, as it is a
division ring, and it is finite dimensional over C, as so is C[G]. Hence, by Proposition 11.78 we
have D ∼= C, showing the first statement of the theorem. Uniqueness of k follows from simple
calculations: Z(C[G]) = Z(Mn1(C))⊕Z(Mn2(C))⊕ ·· ·⊕Z(Mnk(C)), where all components of
the direct sum is isomorphic to C. �

11.6.1. Exercises.

Problem 11.85. Let K be a field and G ∼= (Z,+). Which well-known ring do we obtain as the
K-subspace of K[G] generated by all non-negative elements of Z? And if G ∼= (Z,+)n (with
elements non-negative in all coordinates)?

Problem 11.86. Show that K[G] is commutative iff G is Abelian.

Problem 11.87. Let G be a finite group. Show that if the sum of all coordinates of x ∈ K[G] is
zero, then x is a zero divisor or 0. Find all zero divisors of K[Z2].

Problem 11.88. In terms of the field K, find the nilpotent elements in K[Z2] and K[Z3].

Problem 11.89. Let p ∈ N be a prime and let K be a field. Let G = {e,g, . . . ,gp−1} be a p-
element cyclic group, and let R = K[G].

(1) Prove that R is a commutative ring with charR = charK.
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(2) Show that the element r =
p−1
∑

i=0
κi ·gi ∈ K[G] is nilpotent iff rp = 0.

(3) Prove that if (charR =)charK = p, then r =
p−1
∑

i=0
κi ·gi is nilpotent iff

p−1
∑

i=0
κi = 0.

(4) Show that for any field K, in the p-th power of r =
p−1
∑

i=0
κi · gi the sum of coordinates is

(
p−1
∑

i=0
κi)

p. Conclude that if r is nilpotent then
p−1
∑

i=0
κi = 0.
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12. REPRESENTATION THEORY

12.1. Introduction to representation theory. We carry on studying complex group algebras
C[G] for finite groups G. What are the simple C[G]-modules? This question is important, as we
want to understand C[G]-modules, and as C[G] is semisimple (11.83), every C[G]-module is a
direct sum of simple C[G]-modules. If we restrict our attention to C[G]-modules that are finite
dimensional C-vector spaces, then clearly those are finite direct sums of simple C[G]-modules.
As simple C[G]-modules are cyclic, they are homomorphic images of C[G]C[G]. Since C[G] is a
finite direct sum of complete matrix rings, we fully understand the submodules of C[G]C[G], as
those are the left ideals of C[G] (cf. Problem 11.37). The factor module is simple iff the kernel
is a maximal left ideal. Thus the factor is isomorphic to a complement, a minimal left ideal.
Hence, if we decompose C[G] into C[G] ∼= Mn1(C)⊕Mn2(C)⊕ ·· ·⊕Mnk(C) as guaranteed by
Theorem 11.84, the every minimal C[G]-module is isomorphic to the left ideal in one of the
matrix rings corresponding to one of the columns (cf. Problem 11.37). Two columns in the same
component yield isomorphic minimal modules. It is important to study the converse.

Proposition 12.1. Let G be a finite group, and let C[G]∼= Mn1(C)⊕Mn2(C)⊕·· ·⊕Mnk(C) the
decomposition in Theorem 11.84. Then up to isomorphism, there are exactly k simple C[G]-
modules, corresponding to a column in the k matrix rings. Moreover, the components in the
above decomposition are unique as subsets.

Proof. The only thing left to show from the first statement, based on the argument before the
proposition, is that a minimal left ideal B1 of Mn1(C) and a minimal left ideal B2 of Mn2(C) are
not isomorphic as modules. Their annihilators are AnnC[G](B1) = Mn2(C)⊕ ·· ·⊕Mnk(C) and
AnnC[G](B2) = Mn1(C)⊕Mn3(C)⊕·· ·⊕Mnk(C), which do not coincide. For the second state-
ment, observe that Mni(C) is the submodule generated by all minimal submodules isomorphic to
Bi in C[G]C[G]. �

Definition 12.2. Let G be a finite group, and let C[G] ∼= Mn1(C)⊕Mn2(C)⊕ ·· ·⊕Mnk(C) the
decomposition in Theorem 11.84. Let B1, . . . ,Bk be the minimal left ideals in each component,
respectively. Then C[G]C[G] ∼= n1B1⊕ ·· · ⊕ nkBk, where niBi is short for the direct sum of ni

copies of the simple C[G]-module Bi. This is called the regular representation of the group G.

We have used the word representation in Definition 12.2, but we haven’t made it clear what
we mean by it. The way we designed this set of lecture notes, there is a very easy way to do it.

Definition 12.3 (Group representation). Let G be a finite group. Then a (complex) represen-
tation of G is a C[G]-module. The representation is finite dimensional if the module is finite
dimensional as a C-vector space.

We will study finite dimensional (complex) representations of finite groups exclusively. Def-
inition 12.3 does not make it clear why such objects are called representations. Usually when
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we say representation of a structure, we mean that the given structure is described as the isomor-
phic copy of a structure in a restricted, well-understood class of structures, or at least we find
a homomorphic image of it in this nice class (typically with small, ideally trivial kernel). E.g.,
a permutation representation of a group G is a permutation group that is isomorphic to G as an
abstract group. We have already seen how useful this can be: we used the Cayley representation
of groups to prove Proposition 7.22, stating that groups of order 4k+2 are not simple. The proof
was short and not very hard, because it is easy to calculate in symmetric groups. A similar idea
is behind group presentations, when we find an isomorphic copy of the given group as a factor
of a free group.

The concept of a group presentation is also based on a very similar idea, even though it is not
clear for first sight what the class of transparent groups are that we “represent” by.

Definition 12.4 (Group presentation, alternative definition). Let G be a finite group. Then a
(complex) representation of G is a homomorphism ϕ : G→GL(V ), where V is a C-vector space.
It is finite dimensional if V is finite dimensional. (And then the representation is of the form
ϕ : G→ GLn(C) for some n ∈ N.)

This makes the origin of the name clear: we represent groups as groups of complex matrices
(with matrix multiplication).

Let us explore the connection between the two alternative definitions. Given a homomorphism
ϕ : G→ GL(V ), we can view V as a C[G]-module. On the one hand, V is a C-vector space by
definition, and multiplication of a vector v∈V by g∈G-vel can be defined by applying the linear
transformation corresponding to g on v: g ·v := ϕ(g)(v). In the reverse direction, given a module
C[G]M, let V := M be the C-vector space and let ϕ : G→ GL(V ), g 7→ µg, where µg : V → V ,
x 7→ gx is a C-linear transformation.

Definition 12.5 (Terminology).
Direct sum of representations: direct sum of C[G]-modules.
Invariant subspace of a representation: submodule of the C[G]-module.
Equivalent representations: isomorphic C[G]-modules.
Irreducible representation: simple (or minimal) C[G]-module.
Kernel of a representation: Ker(ϕ)/G.

E.g., let G,k be as in Theorem 11.84. Then G has exactly k inequivalent irreducible represen-
tations.

We have seen that this number k is the dimension of the center of the regular representation of
G. We show that this number is also a very basic parameter of the group.

Proposition 12.6. Let G be a finite group, and let C[G]∼= Mn1(C)⊕Mn2(C)⊕·· ·⊕Mnk(C) the
decomposition in Theorem 11.84. Then k is the number of conjugacy classes in G.
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Proof. Let us describe the elements ∑
g∈G

λg ·g in the center of the algebra C[G]. These are exactly

those elements that commute with all h ∈ G, thus h( ∑
g∈G

λg · g) = ( ∑
g∈G

λg · g)h. After rearrange-

ments, we obtain ∑
g∈G

λg · g = ∑
g∈G

λg · (h−1gh). By comparing coefficients of group elements

g ∈ G we obtain that ∑
g∈G

λg ·g is in Z(C[G]) iff elements of G in the same conjugacy class have

equal coefficients in this sum. �

Example 12.1 (Irreducible representations of D4). There are five conjugacy classes in D4:
{id},{180◦},{90◦,−90◦},{t1, t3},{t2, t4}. Thus k = 5, and n2

1 + n2
2 + n2

3 + n2
4 + n2

5 = 8. Up to
permutation of indices, this has a unique solution, namely n1 = n2 = n3 = n4 = 1 and n5 = 2.
It is easy to find the four 1-dimensional (and then by default irreducible) representations, as we
only need to find four different homomorphisms from D4 into C×.

ϕ1: the trivial homomorphism mapping everything to 1.
ϕ2: {id,90◦,180◦,−90◦} 7→ 1, {t1, t2, t3, t4} 7→ −1.
ϕ3: {id, t1,180◦, t3} 7→ 1, {90◦, t2,−90◦, t4} 7→ −1.
ϕ4: {id, t2,180◦, t4} 7→ 1, {t1,90◦, t3,−90◦} 7→ −1.
We still have to find the remaining 2-dimensional irreducible representation. It is induced by

the standard, geometrical interpretation of D4: its elements are defined as linear transformations
of the 2-dimensional vector space, albeit over the reals. But the corresponding matrices can be

viewed as complex matrices: ϕ5(id) =

(
1 0
0 1

)
, ϕ5(180◦) =

(
−1 0
0 −1

)
, ϕ5(90◦) =

(
0 −1
1 0

)
,

ϕ5(−90◦) =

(
0 1
−1 0

)
,

ϕ5(t1) =

(
1 0
0 −1

)
, ϕ5(t2) =

(
0 1
1 0

)
, ϕ5(t3) =

(
−1 0
0 1

)
, ϕ5(t4) =

(
0 −1
−1 0

)
.

At this point it is unclear that ϕ5 is indeed irreducible. We will understand this by the end of
the next subsection. (Although in this particular case, it is not that hard to argue: it suffices to
show that the above 8 matrices do not have a common eigenvector in C2.)

12.1.1. Exercises.

Problem 12.7. Before reading the next subsection, show that the 2-dimensional representation
in Example 12.1 is indeed irreducible.

Problem 12.8. Given an n-element finite group G. Show that in all finite dimensional complex
representations of G, the matrices used to represent group elements are diagonalizable, and in
their diagonal form the entries in the main diagonal are complex n-th roots of unity.
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12.2. Characters, character table.

Proposition 12.9. Let G be a finite group. Let g,h ∈ G, and let ϕ : G→ GLn(C) be a finite
dimensional representation. Then tr(ϕ(g)) = tr(ϕ(h−1gh)).

Proof. The statement is formally correct, as the trace is independent of the choice of basis, be-
cause similar matrices has the same trace (in fact, the same characteristic polynomial). As ϕ is
a homomorphism, we have ϕ(h−1gh) = ϕ(h)−1ϕ(g)ϕ(h), thus ϕ(h−1gh) and ϕ(g) are similar
matrices. �

This statement shows that the next notion is well-defined.

Definition 12.10 (Character of a representation). Let G be a finite group. Let ϕ : G→ GLn(C)
be a finite dimensional representation. Then the character of ϕ is the function χ that maps every
conjugacy class of G to the trace tr(ϕ(g)) of a representative g in the class. We often think about
χ as a function G→ C whose restriction to each conjugacy class is constant.

Example 12.2. The character ρ of the regular representation assigns |G| to the (singleton con-
jugacy class of the) unit element of the group, and 0 to all other conjugacy classes. This is
most apparent is we pick the group G as a basis in C[G]C[G], and we find the matrix of linear
transformations corresponding to left multiplications by group elements. These are permutation
matrices: the one corresponding to the unit element is the identity matrix, and the rest are per-
mutation matrices induced by fixed point free permutations. All entries of the main diagonal in
a matrix of the latter type are 0, thus their trace is 0.

Corollary 12.11. The kernel of the regular representation is trivial.

Definition 12.12 (Character table). Let G be a finite group. The number of conjugacy classes
of G is k. We produce a k× k table, whose rows correspond to the irreducible representations
of G, and whose columns correspond to the conjugacy classes of G. The j-th element of the
i-th row is χi(g j), where χi is the character of the i-th irreducible representation of G, and g j

is a representative of the j-th conjugacy class. (Typically the first row corresponds to the trivial
character, i.e., the character of the trivial representation, and the first column corresponds to the
unit element of the group.) This is the character table of the group G.

Example 12.3 (The character table of D4).
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{id} {180◦} {90◦,−90◦} {t1, t3} {t2, t4}
χ1 1 1 1 1 1
χ2 1 1 1 -1 -1
χ3 1 1 -1 1 -1
χ4 1 1 -1 -1 1
χ5 2 -2 0 0 0

It is instructive to compute a basis in C[D4]C[D4] (as a C-vector space), in which the space
decomposes into the direct sum of 6 invariant subspaces, four of which correspond to the 1-
dimensional irreducible representations, and the remaining two are isomorphic to the 2-dimensional
irreducible representation. (This requires the computation of the eigenspaces of eight 8×8 ma-
trices, and then finding the common eigenspaces.)

12.2.1. Exercises.

Problem 12.13. Let G be a finite group with k conjugacy classes and inequivalent irreducible

representations ϕ1, . . . ,ϕk. Prove that
k⋂

i=1
Ker(ϕi) = {eG}. (This means that the collection of all

irreducible representations uniquely determines the group.)

Problem 12.14. Finish the computation suggested in Example 12.3.

12.3. Properties of characters, orthogonality relations.

Proposition 12.15. Let G be a finite group, |G|= n, and let ϕ be a finite dimensional represen-
tation of G with character χ . Then for all g ∈ G we have that χ(g) is the sum of some n-th roots
of unity, and in particular, it is an algebraic integer. Moreover, χ(g−1) = χ(g).

Proof. If the representation is d-dimensional, then ϕ(eG) = Id . Thus for all g ∈ G we have
gn = eG, i.e., ϕ(g)n = Id . Change the basis in Cd so that the matrix of ϕ(g) is in Jordan normal
form. Then this normal form must be a diagonal matrix (why?), whose eigenvalues are n-th
complex roots of unity. Changing the basis does not affect the trace of the matrix, thus χ(g) is
the sum of these n-th complex roots of unity. It is an algebraic integer by Proposition 11.33.

Using the same basis, it is apparent that the matrix of ϕ(g−1) = ϕ(g)−1 is obtained by replac-
ing every element in the main diagonal of ϕ(g) by its multiplicative inverse, which in case of a
complex root of unity coincides with the complex conjugate of each entry. �

We are going to understand characters by studying the module C[G]C[G]. By working in the
“natural” basis G, it is easy to describe the left multiplication action of group elements: they
are represented by permutation matrices (cf. Example 12.2). This observation made it possible
to compute the character of the regular representation. If we change the basis according to
Theorem 11.84, that makes is possible to describe the left multiplication action of completely
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different elements in the ring, which are not in the group. After understanding all these, we
can deduce new identities about group elements. Hence, the strength of the method lies in the
possibility of leaving the realm of the group, making computations with some abstracts, ideal
objects that do not exist in the group, not to mention making use of the richer ring structure (as
opposed to the group structure).

Now we introduce a scalar product on the C-vector space of characters.
We now view characters as linear functions mapping the group algebra C[G] to C. This is

a natural reformulation: a character as a function χ : G→ C uniquely extends to a linear map
C[G]→C. A linear mapC[G]→C is not necessarily induced by a character, but we do not worry
about that. The scalar product is simply introduced on the whole vector space ofC[G]→C linear
maps. This vector space is the dual of the C-vector space C[G], and thus it also has dimension
|G|. The standard basis of the dual space consists of those linear maps that assign 1 to one group
elements and 0 to the rest. Hence, by listing the elements of the group g1,g2, . . . ,gn, the element

b j of the standard base of the dual space is the linear map b j : C[G]→ C,
n
∑

i=1
λigi 7→ λ j.

Consider the (up to change of basis) unique scalar product on the dual space of C[G], i.e.,

[
n
∑

i=1
λibi,

n
∑

i=1
µibi] := 1

|G|
n
∑

i=1
λiµi. The relevance of the normalizing factor 1

|G| is going to be appar-

ent later.
Choose the basis in C[G] according to Theorem 11.84. Then the vector space decomposes

into n1 subspaces of dimension n1, . . . ,nk subspaces of dimension nk, which we denote by
B1,1, . . . ,B1,n1 , B2,1, . . . ,B2,n2 , . . . ,Bk,1, . . . ,Bk,nk , respectively. Here, Bi, j is not only a C-vector
space, but also a simple C[G]-module, that is isomorphic to Bi. Denote the n2

i -dimensional sub-
space Bi,1⊕·· ·⊕Bi,ni by Vi. Let the decomposition of eG ∈C[G] be eG = e1+ · · ·+ek with ei ∈Vi
orthogonal idempotents according to the direct sum in Theorem 11.84 (cf. Problem 11.74). Then
Vi = eiC[G] = C[G]ei.

Thus if we pick a basis that is the union of bases in the subspaces Bi, j, then the matrices
assigned to the group elements in the regular representation are block diagonal. The matrix of
the linear transformation of C[G] induced by left multiplication with some g ∈ G is as follows:

n1 nk
n1 n1 . . . n1 . . . nk nk . . . nk

(∼ ϕ1(g))
(∼ ϕ1(g))

. . .
(∼ ϕ1(g))

. . .
(∼ ϕk(g))

(∼ ϕk(g))
. . .

(∼ ϕk(g))
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By linearity, we obtain the matrix of the linear transformation induced by left multiplication
of any x ∈ C[G] by replacing g with x in the above figure. As the restriction of multiplication by
g ∈ G to Bi, j is equivalent to that of ϕi(g), the trace of the main diagonal of the corresponding
restricted matrix is χi(g). There are ni copies of this in a block, where ni = χi(eG). This yields

ρ(g) =
k

∑
i=1

niχi(g)

In particular, with g = eG this yields another proof of the equation |G|=
k
∑

i=1
n2

i , and with g 6= eG

we obtain
k
∑

i=1
niχi(g) = 0.

Remark 12.16. This last equation is sufficient to fill the last row of the character table of D4,
without checking irreducibility of the 2-dimensional representation in Example 12.1. We will
soon see that a representation is uniquely determined by its character (Theorem 12.18), thus the
2-dimensional representation in Example 12.1 is indeed the missing 2-dimensional irreducible
representation of D4. Similarly, one can easily find the four 1-dimensional irreducible represen-
tation of the quaternion group Q, and fill the first four rows of its character table. We obtain that
they coincide with the first four rows of the character table of D4, and the remaining irreducible
character is again 2-dimensional. Thus by the equations proven before this remark it becomes
clear that the remaining fifth rows also have to coincide, without finding the 2-dimensional irre-
ducible representations of D4 and Q. Hence, it is important to note that the character table does
not determine the group uniquely up to isomorphism.

By the above figure we have χi(e j) = δi, jni = δi, jχi(eG) =

{
ni if i = j
0 if i 6= j

, and if g∈G, then

χi(e jg) = δi, jχi(g).
Using only these equations we can already compute the coordinates of the orthogonal idempo-

tents with respect to the natural basis G. Let e j = ∑
g∈G

λg ·g. Then e jh = ∑
g∈G

λg ·gh = ∑
g∈G

λgh−1 ·g,

and by substituting both sides into the character χi we obtain χi(e jh) = χi( ∑
g∈G

λgh−1 ·g). Using

the identities we have already proven on the left hand side and linearity of characters on the right
hand side, we have δi, jχi(h) = ∑

g∈G
λgh−1 χi(g). Multiplying both sides by ni = χi(eG) and adding
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up the equations for all i yields
k

∑
i=1

χi(eG)δi, jχi(h) =
k

∑
i=1

χi(eG) ∑
g∈G

λgh−1 χi(g)

χ j(eG)χ j(h) = ∑
g∈G

λgh−1

k

∑
i=1

χi(eG)χi(g)

χ j(eG)χ j(h) = ∑
g∈G

λgh−1ρ(g) = λh−1|G|.

Now we can express the coefficients we are looking for by using Proposition 12.15.

Proposition 12.17. Let G be a finite group, and let χ1, . . . ,χk be its irreducible characters. Let
e1, . . . ,ek ∈ C[G] be the orthogonal idempotents corresponding to the decomposition in Theo-

rem 11.84. Then e j = ∑
g∈G

χ j(eG)χ j(g)
|G| ·g.

We can combine this proposition with the identity eie j = δi, je j to obtain(
∑

g∈G

χi(eG)χi(g)
|G|

·g

)(
∑

h∈G

χ j(eG)χ j(h)
|G|

·h

)
= δi, j ∑

s∈G

χ j(eG)χ j(s)
|G|

· s

By comparing the coefficient of eG on both sides and applying χi(h−1) = χi(h) yields

∑
h∈G

χi(eG)χ j(eG)χi(h)χ j(h)
|G|2

=δi, j
χ j(eG)

2

|G|
1
|G| ∑h∈G

χi(h)χ j(h) =δi, j
χ j(eG)

χi(eG)

[χi,χ j] =δi, j

Thus the irreducible characters are pairwise orthogonal unit vectors. We interested in the
subspace in C|G| spanned by the characters, so let us focus on those functions in the dual space
(viewed as row vectors) with equal coordinates corresponding to elements in the same conjugacy
class of the group. We can cluster these sets coordinates, and replace each cluster corresponding
to a whose conjugacy class by one single coordinate. (As we did in the original definition of
characters.) We have to modify the definition of scalar product accordingly: a coordinate is
weighted by the size of the conjugacy class it represents.

Thus characters are viewed as row vectors in Ck, and their normed scalar product is [u,v] =
1
|G|uDv∗, where u,v ∈ Ck are row vectors, v∗ is the complex conjugate of the column vector vT ,
and D is a diagonal matrix such that the i-th element of its main diagonal is the size of the i-th
conjugacy class in G. (The conjugacy classes were indexed at the point when characters were
clustered and replaced by row vectors in Ck.)

Thus irreducible characters form an orthonormal basis in this space. These results are summa-
rized in the following theorem, essentially due to Issai Schur [23].
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Theorem 12.18. Let G be a finite group whose complex irreducible characters are χ1, . . . ,χk.
Let the matrix A ∈Mk(C) be its character table. Let D be the diagonal matrix such that the i-th
element of its main diagonal is the size of the i-th conjugacy class in G.

(1) First orthogonality relation: ADA∗ = |G|Ik, that is, characters form an orthonormal
basis in Ck with the above defined scalar product.)

(2) Second orthogonality relation: A∗A = |G|D−1, that is, different columns of the charac-
ter table are orthogonal (this time with respect to the standard scalar product), and the
squared norm of a column (with respect to the standard scalar product) is |CG(g)|, where
g is a representative of the conjugacy class corresponding to the column, and |CG(g)| is
the size of its centralizer subgroup.

(3) If a representation ϕ of G with character κ decomposes into the direct sum κ1B1 ⊕
·· ·⊕κkBk of irreducible representations, where κ1, . . . ,κk are non-negative integers, then
κi = [κ,χi].

(4) The representation ϕ with character κ is irreducible iff [κ,κ] = 1.
(5) A row vector u ∈ Ck is a character (of some representation of G) iff for all 1 ≤ i ≤ k

we have that κi := [u,χi] is a non-negative integer. Moreover, if this holds, then u is the
character of a representation equivalent to κ1B1⊕·· ·⊕κkBk.

(6) Two representations of G are equivalent iff their characters coincide.

Proof. We have already shown that the k vectors χ1, . . . ,χk in Ck forms an orthonormal system,
and in particular, they are linearly independent. Hence, they form a basis of Ck-ban, concluding
the proof of the first item.

By rearranging the matrix identity ADA∗ = |G|Ik we obtain A( 1
|G|DA∗) = Ik, thus A and 1

|G|DA∗

are mutual inverses. Thus their product in the reverse order is also the identity matrix, finishing
the proof of the second item.

Let u ∈ Ck be a row vector, and let us write it as a linear combination of the basis vectors
{χ1, . . . ,χk} as u = λ1χ1 + · · ·+ λkχk. By taking the scalar product of both sides with χi, we
obtain [u,χi] = λi. Thus if u is the character of the representation ϕ = κ1B1⊕·· ·⊕κkBk, which
is clearly κ1χ1 + · · ·+κkχk, then comparison of the coordinates yields κi = λi. Hence, all the λi

are non-negative integers, and if that holds, then the above representation is the up to equivalence
unique one with character u (as we can read the coefficient κi from u, and those determine the
representation). This yields items (3), (5) and (6).

Finally, for the proof of (4), we write κ as κ = κ1χ1 + · · ·+κkχk as above, where κi = [κ,χi].

Then [κ,κ] =
k
∑

i=1
κ2

i . As exactly the characters χi are irreducible, a character vector written in

the basis {χ1, . . . ,χk} is an irreducible character iff it has exactly one coordinate equal to 1 and
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the remaining k− 1 coordinates are all 0, which is equivalent to the sum of coordinate squares
being equal to 1. �

For further reading about group representations and characters we suggest the books [14, 17].

12.3.1. Exercises.

Problem 12.19. Given a finite dimensional complex representation ϕ with character κ of a finite
group. Show that ϕ is the sum of two different irreducible characters iff [κ,κ] = 2. What is the
equivalent description of [κ,κ] = 3 and of [κ,κ] = 4?

Problem 12.20. Find the character tables of the groups (Z4,+), V , (Z6,+), D4, Q, and check
the claims of Remark 12.16.

Problem 12.21. Prove that a finite group G is Abelian iff all its irreducible complex representa-
tions are 1-dimensional.

Problem 12.22. How can we find the kernel of irreducible representations using the character
table?

Problem 12.23. Somebody shuffled the columns of the character table of a finite group G. (This
time, neither the conjugacy classes, nor their sizes are indicated on the top of the columns.)
Prove that we can tell which column corresponds to the unit element.

Problem 12.24. Let G be a finite group and N /G. Prove that the (finite dimensional, complex)
representations of G/N can be “lifted” to those of G. Show that this way, irreducible representa-
tions yield irreducible representations. Prove that (finite dimensional, complex) representations
of G/N correspond to those (finite dimensional, complex) representations of G whose kernel con-
tains N. Conclude that every normal subgroup of G can be read from the character table. (These
are exactly the sets that can be obtained as intersections of kernels of finite dimensional, complex
irreducible representations.) How can we compute the character table of G/N from that of G?

Problem 12.25. Let G be a finite group with commutator subgroup G′. Prove that G′ can be
read from the character table, as it is exactly the intersection of the kernels of all 1-dimensional
irreducible characters. .

Problem 12.26. Find a finite algorithm (not necessarily a fast one), that only uses the character
table of a finite group G, and decides if G is

• simple;
• Abelian;
• nilpotent;
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• * solvable. (Hint: use the result of Problem 7.30)

Problem 12.27. How can we find the center of a finite group using only its character table? After
answering the question, revisit the previous problem, and solve the item concerning nilpotency.

Problem 12.28. Prove that it is impossible to tell the order of elements in a finite group using its
character table. (Hint: solve Problem 12.20 first.)

12.4. Burnside’s theorem, Frobenius’ theorem. Following two technical lemmata, we show
that the order of a finite non-Abelian simple group must be divisible by at least three different
primes. This was one of the first major results in group theory whose proof was based on repre-
sentation theory. We note that since then, the theorem has an “elementary” proof (one that uses
concepts of number theory and classical group theory, such as Sylow subgroup, Fitting subgroup,
etc.), but it is rather long and complicated.

By Proposition 12.15, the entries of character vectors are algebraic integers. We show a similar
statement here.

Lemma 12.29. Let G be a finite group with a complex irreducible character χ , and let g ∈ G.
Then |G:CG(g)|χ(g)

χ(eG)
is an algebraic integer.

Proof. Let χ1, . . . ,χk denote the complex irreducible representations of G, corresponding to the
irreducible representations ϕ1, . . . ,ϕk, respectively. Let us pick a representative g1, · · · ,gk from
each conjugacy class of G. Let x j be the sum of all conjugates of g j. Then x j ∈ Z(C[G]) according
to the proof of Proposition 12.6. Hence, ϕi(x j) is a scalar matrix, so let ϕi(x j) = λi, jIni with
ni = χi(eG),λi, j ∈C. Computing the trace of both sides results in |G : CG(g j)|χi(g j) = λi, jχi(eG).
Thus the assertion claims that all the λi, j are algebraic integers.

By expanding the product x jx` where both terms are sums of groups elements, we obtain a
linear combination of group elements with positive integer coefficients, and the coefficients are

constant on conjugacy classes. Thus for every triple 1 ≤ j, `≤ k we have x jx` =
k
∑

m=1
a j(`,m)xm

for some positive integer a j(`,m). For j fixed, we define the matrix A j ∈Mn(Z) such that the m-
th entry in the `-th row is a j(`,m). Moreover, for i fixed, let ui ∈Ck be the column vector whose
`-th element is λi,`. We obtain A jui = λi, jui, thus λi, j is an eigenvalue of the integer matrix A j.
Hence, λi, j is a root of the characteristic polynomial of A j, a polynomial with integer coefficients
and leading term ±1. Thus λi, j is an algebraic integer. �

In the next proof we use some basic Galois theory.

Lemma 12.30. Let G be a finite group with a complex irreducible character χ , and let g ∈ G. If
gcd(χ(eG), |G : CG(g)|) = 1, then χ(g) = 0 or |χ(g)|= χ(eG).
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Proof. By assumption there exist a,b∈Z such that aχ(eG)+b|G : CG(g)|= 1. After rearranging
the equation, we have α := χ(g)

χ(eG)
= aχ(g)+b |G:CG(g)|χ(g)

χ(eG)
, which is an algebraic integer (12.15,

12.29 and 11.33). Let m(x) ∈ Z[x] be the minimal polynomial of α over Q.
Let d = χ(eG) and n = |G|. Then χ(g) can be written as the sum of d n-th roots of unity,

namely χ(g) = ε1 + . . .+ εd . These roots of unity are in the n-th cyclotomic field extension of
Q, whose Galois group is isomorphic to (Z×n , ·).

Thus α = ε1+...+εd
d , and by applying any element of the Galois group on α , we obtain the

average of d n-th roots of unity again. These are exactly the roots of the minimal polynomial
m(x), thus all these roots have absolute value at most 1. In particular, the constant term m(0) of
m(x) is also a complex number whose absolute value is at most 1. As m(x) ∈ Z[x], we have that
this constant term is either 0 or ±1.

If the constant term is 0, then by irreducibility of m(x) we obtain m(x) = x, so α = 0, and then
χ(g) = 0.

If the constant term is±1, then all algebraic conjugates of α are complex numbers of absolute
value 1. In particular |α|= 1, and then |χ(g)|= χ(eG). �

Theorem 12.31 (Burnside’s pαqβ theorem [2]). Let G be a finite group whose order is divisible
by exactly two different primes. Then G is not simple. Equivalently, every group of order pαqβ

is solvable.

Proof. Assume indirectly that G is simple. Then G is non-Abelian, as otherwise both Sylow
(5.13) subgroups would be proper normal subgroups in G. Let |G| = pαqβ be the prime de-
composition of the order of G, and let Q be a Sylow q-subgroup of G, i.e., |Q| = qβ . Let
eG 6= g∈ Z(Q); such an element exists by Proposition 5.4. The centralizer of G contains Q. Thus
|G : CG(g)| divides pα , and hence it is a power of p.

Let χ be a complex irreducible character of G whose dimension is not divisible by p. Our
goal is to show that χ is either the trivial character, or χ(g) = 0. Let ϕ be the irreducible
representation corresponding to χ , and denote its dimension by d := χ(eG). By Lemma 12.30, if
χ(g) 6= 0 then χ(g) = εχ(eG), where ε is a complex root of unity, and then ϕ(g) = εId . If ε = 1,
then g ∈ Ker(ϕ). As G is simple, we obtain that ϕ is the trivial representation. IF ε 6= 1, then
g /∈ Ker(ϕ), and then simplicity of G implies that ϕ be injective. But ϕ(g) is an element of the
center of Im(ϕ), yielding the contradiction that the non-Abelian simple group G has a non-trivial
center.

By applying the second orthogonality relation to the column of eG and g−1, we obtain 0 =
k
∑

i=1
χi(eG)χi(g). If the dimension of the character is not divisible by p, then the correspond-

ing summand is 0, except for the trivial character which contributes 1 into the sum. Thus



134

the sum of the remaining summands is −1 = ∑
χ is irreducible

p|χ(eG)

χ(eG)χ(g), and consequently, − 1
p =

∑
χ is irreducible

p|χ(eG)

χ(eG)
p χ(g).

However, the right hand side of this last equation is an algebraic integer (12.15), and the left
is not, a contradiction. �

Our final result is the Frobenius theorem, whose proof uses the concept of an induced repre-
sentation. The idea is to find a connection between representations of a finite group and those of
its subgroups. The implication is clear in one direction. If G is a finite group and H ≤ G, and
moreover ϕ : G→GL(V ) is a representation, then the restriction of ϕ to H is a representation of
H. Of course we do not suggest here that every representation of H should be obtained this way,
or that a representation of H cannot be obtained as a restriction of two different representations
of G. The restriction of an irreducible representation of G is also not necessarily irreducible.
Nevertheless, this is a useful construction, which is easy to handle on the level of characters: if
χ is the character of ϕ , then χ �H is the character of ϕ �H .

We show a construction that works the other way around: every representation of H induces a
representation of G.

Definition 12.32. Let G be a finite group and let H ≤G. Let ψ : H→GL(V ) be an n-dimensional
representation of H. This induces nm-dimensional representation of G. Pick a representative
t1, . . . , tm ∈ G from every left H-coset. In order to simplify the notations, we view the nm-
dimensional vector space W as the direct sum of m isomorphic copies t1V, . . . , tmV of V , that
is, W := t1V ⊕·· ·⊕ tmV . Given a g ∈ G and 1 ≤ i ≤ m the element gti ∈ G is in exactly one H-
coset, and there is a unique way to write is as a product of the representative of that class by an
element of H. Hence, there exist unique 1≤ j(g, i)≤ m, h(g, i) ∈ H such that gti = t j(g,i)h(g, i).
The homomorphism ψG : G→GL(W ) can be defined using these notation (it suffices to describe
the action of ψG(g) on the i-th component): for tiv ∈ tiV let ψG(g)(tiv) = t j(g,i)ψ(h(g, i))(v).

Remark 12.33. The image of an element is not necessarily in the same component as the element.
Thus t1V, . . . , tmV are usually not invariant subspaces. It is easy to see that they are invariant iff
H /G. In that case, the induced representation is easier to describe.

It is not necessary to remember the above complicated construction for too long. We are now
going to find the character of the induced representation (the “induced character”), and then we
will only work with those characters. The only reason why induced representations are relevant
to us now is that we use them to show that the formula in the next statement indeed defines a
character. More precisely, it construct a character of G from a character of H. The representation
corresponding to the induced character is not going to play a role later. We note that it is again
unreasonable to expect that every character occurs this way, etc.
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Proposition 12.34. Let G be a finite group, and let H ≤G be a subgroup of index m. Let ψ : H→
GLn(C) be an n-dimensional complex representation of H with character ϑ . Let t1, . . . , tm ∈ G
be representatives from each left H-coset in G. Then the induced character ϑ G of the induced

representation ψG is defined by ϑ G(g) =
m
∑

i=1
ϑ̂(t−1

i gti), where ϑ̂(g) =

ϑ(g) if g ∈ H

0 if g /∈ H

Equivalently, ϑ G(g) = 1
|H| ∑

s∈G
ϑ̂(s−1gs).

Proof. Observe that ϑ̂(t−1
i gti) does not depend on the choice of the representative ti: if it is re-

placed by tih for some h ∈ H then ϑ̂((tih)−1gtih) = ϑ̂(h−1(t−1
i gti)h). Here, we have t−1

i gti ∈
H⇔ h−1(t−1

i gti)h ∈ H, and if they are in H, then ϑ agrees on them as they are in the same con-

jugacy class. This yields
m
∑

i=1
ϑ̂(t−1

i gti) = 1
|H| ∑

s∈G
ϑ̂(s−1gs), as by clustering the sum on the right

hand side according to H-cosets, the average of |H| equal numbers corresponds to a summand of
the left hand side.

Thus it suffices to verify the identity ϑ G(g) = 1
|H| ∑

s∈G
ϑ̂(s−1gs), which is a routine exercise.

�

Theorem 12.35 (Frobenius reciprocity theorem). Let G be a finite group, and let H ≤ G. Let
χ be a finite dimensional complex character of G, and let ϑ be a finite dimensional complex
character of H. Then [ϑ G,χ] = [ϑ ,χ �H ].

Proof. According to Proposition 12.34 we have

[ϑ G,χ] =
1
|G| ∑g∈G

ϑ
G(g)χ(g) =

1
|G| ∑g∈G

1
|H| ∑s∈G

ϑ̂(s−1gs)χ(g) =
1
|G|

1
|H| ∑s∈G

∑
g∈G

ϑ̂(s−1gs)χ(g).

In the inner sum, s−1gs runs through G just like g does. By replacing g with s−1gs we obtain

[ϑ G,χ] =
1
|G|

1
|H| ∑s∈G

∑
g∈G

ϑ̂(g)χ(sgs−1) =
1
|G|

1
|H| ∑s∈G

∑
g∈G

ϑ̂(g)χ(g) =

1
|G|

1
|H|
|G|∑

g∈G
ϑ̂(g)χ(g) =

1
|H| ∑g∈G

ϑ̂(g)χ(g) =
1
|H| ∑

h∈H
ϑ(h)χ �H(h) = [ϑ ,χ �H ].

�

We are ready to prove Theorem 10.4.

Remark 12.36. Interestingly, if we could show that K is a subgroup, then the theorem would
follow trivially, as the set of fixed point free elements is closed under conjugation. Thus K would
be a normal subgroup, and then it would be a regular normal subgroup by Corollary 10.6. To this
day there is no elementary proof (i.e., one not using representation theory) that shows directly
that K is a subgroup.
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Proof of Theorem 10.4. [Strategy: Let H be the stabilizer of an element. We want to construct
a large enough set of irreducible representations, such that the intersection of their kernels is K.
If we obtain these representations from all irreducible representations of H in an appropriate way,
then we can guarantee that the intersection of kernels is disjoint from H \ {eg}, as the kernels
of all irreducible representations of H is trivial. Thus if we use a similar construction to all
conjugates of H, then the intersection of kernels is in K.]

Let π : G→ C be the character of the representation obtained from the permutation group
representation of G (cf. Problem 12.39). Then π(g) = |Fix(g)|. Let eG = g1,g2, . . . ,gk be an
enumeration of K, and we can extend the list to the rest of G as gk+1, . . . ,gn, where n = |G|. Thus
we obtain the following characters.

eG g2 · · · gk gk+1 · · · gn

χ1 1 1 · · · 1 1 · · · 1
π k 0 · · · 0 1 · · · 1

π−χ1 k-1 -1 · · · -1 0 · · · 0
We have [π,χ1] =

1
n(k+n− k) = 1, thus π− χ1 is indeed a character. The square of its norm

is [π−χ1,π−χ1] =
1
n((k−1)2 + k−1) = k(k−1)

n .
Let ψ be an arbitrary irreducible character of H with ψ(eG) = m. We define the character

ψ∗ := ψG−m(π − χ1). These will assume the role of the irreducible characters mentioned in
the strategy above.

First, we show that K ⊆ Kerψ∗. We need to compute ψ∗(eG) and compare it with the value
of ψ∗ on elements of K. We have ψ∗(eG) = ψG(eG)−m(k− 1) = mk−m(k− 1) = m, and
moreover for all g ∈ K \{eG} we have ψ∗(g) = ψG(g)−m(−1) = m by Proposition 12.34.

We prove irreducibility of ψ∗ by computing [ψ∗,ψ∗]:
[ψG−m(π−χ1),ψ

G−m(π−χ1)] = [ψG,ψG]−2mℜ[ψG,π−χ1]+m2[π−χ1,π−χ1].

The third was computed above: m2[π−χ1,π−χ1] = m2 k(k−1)
n .

The second summand can be determined by the Frobenius reciprocity theorem (12.35):

2mℜ[ψG,π−χ1] =−2mℜ[ψ,(π−χ1) �H ] =−2m
1
|H|

m(k−1) =−2m2 k(k−1)
n

.

Finally, we can use the Frobenius reciprocity theorem (12.35) again for the first term, so we
need to compute [ψ,ψG �H ]. According to Proposition 12.34 we have ψG(h) = 1

|H| ∑
g∈G

ψ̂(g−1hg)

for all h ∈ H. Observe that elements in H ∩g−1Hg have at least two fixed points if g /∈ H, thus
the intersection is trivial. Hence, g−1hg ∈ H iff g ∈ H or h = eG. Therefore, it is enough for the
group element g in the sum ∑

g∈G
ψ̂G �H(g−1hg) to range over H is h 6= eG. Thus we obtain for

all h 6= eG that the sum is ψG �H (h) = 1
|H| ∑

g∈H
ψ̂(g−1hg) = 1

|H| ∑
g∈H

ψ(g−1hg) = 1
|H| ∑

g∈H
ψ(h) =
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1
|H| |H|ψ(h) = ψ(h). For h = eG we have ψG �H (eG) =

|G|
|H|ψ(eG) = km. Summarizing, ψG �H

can be obtained from the character ψ by increasing the value at the unit element by (k− 1)m.
So the first term we were looking for is [ψ,ψG �H ] = [ψ,ψ]+m 1

|H|(k−1)m = 1+m2 k(k−1)
n , as

[ψ,ψ] = 1 because of the irreducibility of ψ .
Hence, the three terms add up to 1, that is, [ψ∗,ψ∗] = 1. Formally, we have not yet proven

that ψ∗ is an irreducible character, as ψ∗ was defined as an integer linear combination of char-
acters, thus it may not be a character. Nevertheless, it is a vector with integer coordinates in the
orthonormal basis of irreducible characters, whose squared norm is 1. Hence,it is either an irre-
ducible character or the negative of an irreducible character. It is easy to decide which possibility
occurs by testing the value on eG: ψ∗(eG) = m > 0. Thus ψ∗ is an irreducible character, and its
kernel contains K.

Given an element eG 6= h ∈ H, if ψ is an irreducible character of H whose kernel does not
contain h (such a ψ exists for all h), then h is also not in the kernel of ψ∗ (we have seen this
during the computation of the first term, namely that for all h∈H \{eG} we have ψG(h) = ψ(h),
thus ψ∗(h) = ψ(h)). Thus the intersection of kernels of irreducible characters of the form ψ∗ is
a normal subgroup containing K that intersects H trivially.

The whole argument can be applied to every conjugate of H. Thus the intersection of all
kernels occurring in all these analogous arguments is K. �

12.4.1. Exercises.

Problem 12.37. (The product of characters is a character.) Let χ,η be two finite dimensional
representations of the finite group G. Let χ ⊗η be the function that maps to every g ∈ G the
complex number χ(g)η(g). Prove that χ ⊗η is also a character of G, whose dimension is the
product of the dimensions of the two characters. (Hint: Let K be a field, n,m∈N, A∈Mn(K),B∈
Mm(K). Then the Kronecker product A⊗B ∈Mnm(K) of A and B is the following block matrix:a1,1B a1,2B · · · a1,nB

...
an,1B an,2B · · · an,nB


Define a representation using this construction.)

Problem 12.38. Show that if χ is a 1-dimensional character, and η is an arbitrary irreducible
character of G, then χ⊗η is irreducible.

Problem 12.39. Let G be a finite group, and let ∗ : G×X → X a G be an action on n elements.
Given a g ∈ G let π(g) = |Fix(g)| be the number of fixed points of g. Prove that π is an n-
dimensional character of G. (Observe that the regular character occurs as a special case of this
construction.)
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Problem 12.40. Using the new constructions above, determine the character table of D4 again,
and find the character table of S3,S4,D4× (Z3,+) and S5.

Problem 12.41. Let π be the permutation character corresponding to ∗ : G×X→ X (as in Prob-
lem 12.39). How many isomorphic copies of the trivial character are there in the decomposition
of π to a sum of irreducible characters? In particular, what do we obtain if the group action is
transitive?

Problem 12.42. * Prove that the sum of all elements in each row of a character table is an
integer. (Hint: prove that these sums are algebraic integers and rational numbers. The latter
proof involves Galois theory.)

Problem 12.43. * Prove that if the first element of a row in a character table (the dimension of
the irreducible character) is at least 2, then there is a 0 somewhere in that row.

Problem 12.44. * The table below is a fragment of the character table of a group G:

12 12

χ1 1 1 1 1 1
χ2 4 0 1 -1 -1
χ3 5 1 -1 0 0
χ4 3 -1
χ5 3 -1

(The upper row contains the size of each conjugacy class.)

(1) Fill the blank spaces in the table. Show that there is a unique way to do this.
(2) Which well-known group has this table as a character table?
(3) Prove that up to isomorphism there is a unique group whose character table is compatible

with the above fragment.
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