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1 PREFACE

Around 40 % of the energy used in the world is used in buildings. Most of this energy is
used to maintain an indoor environment that provides human comfort and functionality
but also to create a suitable environment for industrial processes and storage of goods.
We provide daylight, electrical light, heating, cooling, fresh air, control the level of
humidity etc. At the same time the fundamental thermodynamic principles apply. Our
systems will always tend to change in the direction of maximum entropy. Conduction and
convection of heat, diffusion and convection of vapor, oxygen and other gasses and the
absorption of light are processes that will counteract our efforts to maintain a certain
state off balance with the natural environment.
This book is about how we can minimize the entropy production in the processes involved
in maintaining a defined indoor environment. Another way to put it is that we want to
minimize the exergy loss in the system. By introducing the concept of exergy into our
analysis we try to get a deeper insight into how the processes can be improved to bring
the need for high quality auxiliary energy to a minimum. This means that we are not only
looking at the amount of energy needed to maintain our environmental parameters but
also the energy quality. We would therefore make big distinction between a house that
needs annually 10000 kWh of electricity for space heating or a house that needs 10000
kWh of district heating water delivered at 80 OC and returned at 30 OC. In simpler terms
it can be stated that we generally try to provide heating with minimum temperature
difference between the heating or cooling medium and the indoor environment. This
means that the heat transfer has to be distributed over larger surfaces and one way to
achieve this is to integrate the heating or cooling processes into the building components
such as floors, walls and ceilings. This however calls for a more advanced set of solutions
compared to conventional systems.
The book is based on my lectures in building physics in my time as a professor at KTH
[15] and also my research activities starting in the mid-seventies until today that have
focused on solving heat transfer problems mostly involving thermal stability of buildings
and the practical solutions for modelling construction integrated heat distribution systems
for developing low temperature systems for heating and cooling and a more effective use
of the thermal capacity [10]. A number of such applications more often developed within
PhD and MSc work can be found in the references, [1; 21; 22; 29].
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This book assumes that the reader has basic knowledge on conventional analysis of
building heat transfer. The ambition here is to look deeper into the processes and provide
means to model the processes in a more detailed manner, to provide tools for modeling
integrated processes and to bring the analysis of the building as a system one step
further to include the quality of energy as well the quantity of energy. The analysis will
be limited to studying the processes in a steady or quasi steady state. Simulations of the
operations of whole buildings and its systems in the time domain is beyond the scope of
the text.
January 2013
Gudni A. Jóhannesson
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2. BUILDING PHYSICS

Building physics is the science of climate protection in buildings and in built structures.
We build and heat houses to create a comfortable indoor climate, which can be
maintained within specified limits, regardless of the variations in outdoor climate. To gain
this we need structures that can withstand the external and internal forces of wind, snow
and life loads but also to provide the structures with qualities such as thermal insulation,
air and rain tightness, solar radiation control, sound insulation and biological protection.
Furthermore, our task is not only to provide for a good indoor environment, but also to
provide for an environment within the building structures and for the building materials
that does not enhance the decay of the structures due to corrosion, mould growth and
rot, cracking due to thermal or humidity related stresses and so on. This even applies to
constructions that are not parts of a climatic shield such as bridge and road constructions
etc. where the decay and lost performance in many cases is more due to environmental
factors than to the loads over time. Thus the construction of a built structure for
optimum performance and durability has to be based on extensive knowledge on both
structural mechanics and building physics.

2.1 What building physics is mainly about
When we describe the physical state within a building or a building structure we usually
refer to the temperature, the air pressure and the moisture content. By moisture we
mean water in different phases. The physical state can either be the result of our
observations and calculations or give the initial and boundary conditions for further
calculations. The combination of temperature and moisture content can for instance give
us the risk estimate for fungi growth and rot in wooden construction parts and the
distribution of temperatures in a rigid construction part can be used to estimate thermal
stresses. We are also interested in how heat, air and moisture are transferred within our
structures and systems. The potentials for these processes can be expressed as the
physical parameters, the temperature, the air pressure and the moisture content
respectively.
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2.2 Examples of heat and mass transfer
A common example of the heat transfer process is the heat flow from the warm indoor
environment through an insulated wall to the cold outdoor environment. This can involve
heat conduction through parallel material layers as well as the treatment of two or threedimensional material layers as well as the influence of air movements in the construction.
During wintertime the warm indoor air has lower density than the cold surrounding
outdoor air. Thus by Archimedes law, the lightweight indoor air creates a force on the
inside of the roof and the upper parts of the building relating to the weight difference
between the outdoor and indoor air creating a pressure difference across the roof
construction. The pressure difference in its turn will generate air flow through the roof
through different leakage paths which may consist of air gaps, holes, cracks and porous
materials.

2.3 Combined processes
Even if this book gives the transfer processes as separate chapters the processes we deal
with in reality usually are combinations of these processes. As discussed above a
temperature difference generates a pressure difference, which generates air movement,
which in turn may affect the temperature difference. Since we are dealing with processes
that can be non-linear, the complexity of the general solution of a problem has often
been beyond what can be treated in normal engineering work and the problems have
often been studied in an oversimplified way.

2.4 New mathematical tools make life easier
With the new mathematical tools available for personal computers such as the latest
versions of Mathcad, Maple, Matlab and multiphysics finite element codes such as Comsol
the application of building physics has come into a new and revolutionary era.

Figure 2.1
If the user knows the governing transfer equations, boundary conditions and construction
and material parameters and links the transfer equations into balances that provide for
the conservation of energy and mass, the solutions will be given by the computer. The
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transfer equations can be non-continuous and the transfer parameters can be non-linear
i.e. varying with the physical state such as the temperature or the moisture content.

2.5 Building physics and the environment
When addressing the environmental issue, important parameters are the performance
and the durability of the construction.

Figure 2.2
One cubic meter of insulation in a well performing insulated construction may under its
lifetime reduce the heating demand for the building with 5 cubic meters of oil compared
to a poorly insulated construction. The main environmental issue is therefore not only the
environmental qualities of the materials used, but also that the materials used will serve
their purpose in an optimum way, regarding technical and economical as well as
environmental factors. With increased durability and service life of the construction, the
embedded environmental impact per year of use is reduced. Bad design of insulated
constructions also creates favorable conditions for biological growth which may endanger
indoor air quality and human health and in general have negative consequences for the
indoor environment and comfort.
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3. INTRODUCTION TO BUILDING HEAT TRANSFER

3.1 The basic elements of building heat transfer
There are numerous extensive textbooks on general heat transfer available, [4; 5; 7 20].
In this book the idea is to give a selection of the parts of general heat transfer that are
frequently applied in building heat transfer to serve as basis for higher education and
research and development within the field.

3.1.1 Temperatures

0 °C

273.15 K

Figure 3.1
Temperatures are in this text either expressed as the thermodynamic temperature T, K,
or the Celsius temperature

, °C. They are related as follows.

= T-273.15

(3.1)

+273.15

(3.2)

T=

Your thermodynamic body temperature is normally 310.15 K and can rise up to about
315 K when you get very ill.

3.1.2 Heat – a form of energy
For a certain amount of energy stored or released in the form of heat we use the quantity
Q, J (joules). Before the unit for heat was calorie, which is the quantity of heat needed to
heat one gram of water by one degree on the Celsius scale. One calorie is 4.184 J. In
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American literature the unit BTU (British thermal unit) is still used. One BTU is
1054.35026448 J, to be exact.
For the amount of heat produced or transferred per time unit we use the term heat-flow
rate

, W = J/s. The unit J/s is also called watt.

The following processes can release approximately equal amount of heat per time unit:
– Electrical radiator of 500 watts
– Burning 0.05 liter of oil per hour
– Burning 0.3 kg of wood per hour
– Solar radiation absorbed on a tilted surface of 0.5 m2 around noon on a clear day in
June
– 4 persons working in a factory
– 2 cows at rest.

3.1.3 Heat storage – heat capacity
If, for a body or a whole system, the temperature is raised by dT as a result of adding a
small quantity of heat dQ then the heat capacity is defined as
C = dQ/dT

J/K

(3.3)

If the body is made of homogenous material the specific heat capacity c is defined as
heat capacity divided by the mass m
.
J/(kg K)

c = C/m

or with known density

c = C/(V

.

)

(3.4)

, kg/m , and volume, V, m
3

3

J/(m3K)

(3.5)

Correspondingly the heat capacity for a given volume of material with specific heat
capacity c is given by

C=V

. .

c

J/K

(3.6)

The amount of heat stored in a body or a system with heat capacity C, always has to be
expressed in relation to some reference temperature T
to which the system is
ref
supposed to be cooled during the process of utilizing the stored heat.
The following systems can store approximately equal quantity of heat, or energy, which
can be transformed to heat.
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Figure 3.2
–
–
–
–
–

1 m3 water tank at 50 K above reference temperature
100 m2 concrete deck, 0.2 m thick at 5 K above reference temperature
200 m3 of water stored at 10 m above reference level
70 ordinary car batteries
5 liters of gasoline

3.1.4 Energy quality – exergy
The first law of thermodynamics tells us that energy can be transformed from one form
to another but energy cannot be produced or consumed, [23]. This is in good accordance
with what has been stated above. The second law of thermodynamics says that for all
transformation processes for energy in a closed system the exergy content will be lower
than in the original state. Therefore exergy can be lost contrary to energy. But what is
exergy?
For a certain amount of energy in a given state, the ability to perform work is limited to
only a certain fraction of the energy content. The exergy contained in this amount of
energy is defined as the theoretical maximum amount of work that can be performed by
transformations that bring the energy amount to the prevailing state of a reference
environment. Electrical energy is approximately 100 % exergy while the ratio of exergy
to energy or the energy quality of water at 80 °C is about 12 % for a reference state at 0
°C and the energy quality of energy at room temperature is then only 6%. The remaining
part of the energy, which is not transformed into work, is in the transformation process
fed to the environment at the environmental reference state or temperature and
therefore its value for any use is lost. This part is called anergy.
The exergy per mass unit of material in a given state is expressed in terms of the
differences in physical state between the actual state 1 and the reference state 2. The
specific exergy, e12, J/kg is expressed in terms of the temperature, T, K, specific heat
capacity cp, J/(kg K), height above reference level, z, m, velocity u in m/s, the pressure
P in Pa, density in kg/m3 and the chemical exergy, CEX in J/kg, which includes all exo- or
endothermic transformations such as chemical reactions and phase changes that takes
place in the transformations between the two states:
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T1

e12   (1 
T2

(

p1

1



p2

2

T2
u 2  u22

)c p (T )dT  g ( z1  z2 )  1
T
2

)  CEX
(3.7)

In many applications the influence of velocity and height can be neglected. For a
stationary mass the exergy can be calculated from the data on enthalpy and entropy for
the mass. For water and enthropy and enthalpy are found tabulated in a wide range of
temperature and pressure. . A practical expression for the exergy then becomes as
expressed by [4]:

e12, spec  h1  h2  T2 ( s1  s2 )

(3.8)

For a given volume of material with heat transfer to a colder environment the
temperature and thereby the quality of the energy will be gradually lowered in the heat
transfer process. The exergy content Ex12 for a given mass m, kg, with specific heat
capacity cp, J/Kg.K, at a constant pressure, at rest and with no changes in chemical
exergy can be found by integration as:


T 
Ex12  c p m  (T1  T2 )  T2 ln 1 
T2 


(3.9)

3.1.5 Heat conduction
If we have two systems or bodies at different temperatures T

and T which are in some
1
2
way thermally connected, heat will flow from the warmer to the colder

 = (T1 – T2)· W

(3.10)

(Big lambda), is the thermal conductance, W/K.
In many problems we have a uniform two dimensional cross section over a longer
distance L, m. An example is an insulated pipe or a duct. We define the linear thermal
conductance as

 = (T1 – T2) ·  · L, W

(3.11)

(Big psi) is the linear thermal conductance, W/K
If within a body of an isotropic material there exists a temperature gradient, grad T, the
density of heat flow rate q can be calculated as
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TK
dT T
dx

x

lm

Figure 3.3

q = –  · grad T, W/m2

(3.12)

This is often referred to as Fouriers law.

 is the thermal conductivity of the material, W/mK.
If T only depends on x, equ (3.12) becomes

q   

T , W/m2
x

The heat flow rate

 through a surface with area A given by

x = constant with a uniform temperature gradient then becomes

    A 

T

x

(3.14)

The thermal properties of a material are highly dependent on the structure and density of
the material. What is referred to as the thermal conductivity of a porous material is often
a combination of conduction, radiation exchange, convection and conduction in water in
the pore structure. Examples of thermal properties of building materials are given in
Appendix I.

3.2 Steady state calculations
In heat transfer calculations it is convenient to make a distinction between steady state
and non-steady state heat transfer. Steady state means that the temperatures of the
system do not vary with time. From the definition of the heat capacity

dQ = C dT

(3.15)
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it is evident that in steady state heat is not being stored in or removed from any part of
the system since this implies a change in temperature.
For a homogenous wall slab, with a temperature gradient in the direction normal to the
surface, the consequence is, that if no heat is being stored at any point in the wall, the
temperature gradient has to be constant. This also implies that the temperature is
linearly distributed between the surfaces.

T2
T1

d

x

Figure 3.4

dT/dx = constant = (T -T )/d
2 1

(3.16)

The density of heat flow rate q, W/m2, can accordingly be expressed as

q   

(T  T ) 
2
1   (T  T )
2 , W/m2
d
d 1

(3.17)

This can also be written as

q

(T  T )
1 2
R

R

d


W/m2

(3.18)

m2K/W

 

is known as the thermal resistance of the wall slab.
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(3.19)

3.2.1 Steady state heat flow and temperature distribution in a multilayer
wall with no internal heat sources

Figure 3.5

From the steady state condition it follows that the heat flow is constant through the
construction
q = q = q = q =.q
1
2
3
4

q

(T  T ) (T  T )
 Tn )
(T
3  ..........  n - 1
1
2  2
R
R
R
1
2
n -1

(3.20)

or
(T -T )=q.R
1 2
1

(3.21)

(T -T
)=q·R
k k+1
k

(3.22)

R tot 

q

n 1

 (R
k 1

k

)
(3.23)

T1  Tn
Rtot

(3.24)
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Assume that we have a known temperature T

on the left side of a construction and the
1
heat flow q through the construction. The temperature difference across a layer k is
given by
(T -T
) = q·R
k k+1
k

(3.25)

Obviously the temperature in on the left boundary of a layer k can then be calculated as
the sum of the temperature on the left side of the construction and the temperature
differences across all layers on the left side of the boundary
k 1

k 1

j 1

j 1

Tk  T1   q  R j  T1  q   R j
q

n≥k>1

(3.26)

T1  Tn
Rtot

(3.27)
k 1

Tk  T1 

(T1  Tn ) R j
j 1

R tot

(3.28)

3.2.2 Surface resistances
The heat transfer from a construction surface to the surroundings with a given
temperature is taking place by radiation to surrounding surfaces and due to heat
conduction and air movements close to the surface as will be treated in coming chapters.
The coefficient of surface heat transfer hs, W/m2K, is defined as

Ts
Ta

Figure 3.6

q  hs



Ts - Ta 

(3.29)
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In practical applications, these complicated processes are often approximated by a fictive
material layer between the surface, T , and an ambient temperature, T , which is often
s
a
chosen as the air temperature.

(Ts - Ta )
Rs

q

(3.30)

For simplified calculations in normal building applications these fictive resistances can be
chosen on the inside towards a heated room with normal indoor climate
R

si

= 0.13 m2K/W

(3.31)

and on the outside towards average external temperature and wind conditions
R

se

= 0.04 m2K/W

(3.32)

In reality however, the surface resistances vary greatly, due to miscellaneous factors,
which will be further discussed in the lectures on radiation and convection in buildings.

3.2.3 Definition of the U-value
The thermal transmittance or U-value, W/m2K, for a construction is defined as the ratio
between the density of heat flow rate q, W/m2, through the construction and the
temperature difference between the ambient temperatures on both sides

U

q
(T  T )
i
e

(3.33)

For a construction with n layers the U-value then becomes

U

1
n

R si   R j  R se
j1

(3.34)

3.3 Two-dimensional heat conduction
We have so far learned that
1. The relation between the temperature gradient, thermal conductivity of a material and
the heat flow rate known as Fouriers law.
2. The relation between a quantity of heat added to a given volume, the density and
specific heat capacity of a given material and the resulting increase in temperature.
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We are going to use these relations to establish a differential equality between the heat
flow to an infinitesimal volume during an infinitesimal period of time and the increase in
temperature. The aim is to establish a differential equation which describes the heat
conduction process in a homogenous material
Assume a homogeneous material with material properties given as thermal conductivity

, density  and specific heat capacity c.
The temperature field within the material is given as
T=T(x,y,z,t)

(3.35)

the heat flow rate at each point (x,y,z) is given as
q = - grad T

(3.36)

The heat production per unit volume is given as

= (x,y,z,t)

(W/m3)

(3.37)

The heat production can for instance be due to a chemical reaction as in concrete being
cured or due to absorbed solar radiation in a transparent insulation material. Let us look
at a small element in Cartesian coordinates. Assume for simplicity that all variables are
constant in the z direction that is
dT/dz = 0 and dz = 1

(3.38)

 = (x,y,t)

(3.39)



y+dy

c




y


x+dx

x

Figure 3.7
The regarded element has the dimensions dx and dy and one unit length in the z
direction. Since the temperature gradient in the z direction equals zero the heat
exchange between the element and the surrounding material goes through surfaces 1 to
4 and the areas of the sides of the elements are given by dx and dy respectively
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During a small time step dt the quantity of heat added to the volume is
.

.

1 – 2 – 3 + 4 +  dx dy)

dQ = dt (

(3.40)

By using Fouriers law we can express the heat flow rates

1 = - dy (dT/dx)

x

(3.41)

2 = -dx (dT/dy)

y+dy

(3.42)

3 = - dy (dT/dx)

x+dx

(3.43)

4 = - dx (dT/dy)

y

(3.44)
Expansion by using the first two terms of Taylor
(dT/dx)x+dx = dT/dx +(d2T/dx2)x.dx

(3.45)

(dT/dy)y+dy = dT/dy +(d2T/dy2)y.dy

(3.46)

and substituting into equation (3.40) we get

 

 dT d 2 T

 dT d 2 T

dT
dT 
.
.
dQ  dt  - dy
 dx 
 ( 2 )dy   dy 
 ( 2 )dx  - dx
   dx dy 
dx
dy 
dy
dx
 dy

 dx

 

(3.45)

 

d T
d T 
dQ  dt  dxdy ( 2 )  dxdy ( 2 )    . dx . dy 
dy
dx 
 

2

2

(3.47)

From the definition of thermal capacity



dQ= c.dx.dy.dT

 c dxdy dT
. .

.

= dt (dx.dy (

(3.48)

d 2T
d 2T
.
+dx
dy
)
( 2 ) ) +.dx.dy)
2
dy
dx
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(3.49)

dT   d 2 T
d 2T  
(
)
(


)

dt c  dy 2
dx 2  c

(3.50)

The thermal diffusivity a for a material is defined as



a= /( ·c) m2/s

(3.51)

and if dt, dx and dy are made infinitesimally small

T
 2T  2T

 a( 2  2 ) 
t
x
y
ρc

(3.52)

which is the general equation for heat conduction or in more general mathematical
terms

T/t= aT+ = a(T+/)

(3.53)

Equation (3.53) is valid in three dimensions as well.
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4. HEAT CONDUCTION EQUATIONS – SIMPLIFICATIONS
FOR NON-STEADY STATE SOLUTIONS

The conduction equation derived in chapter 3 in its general form is not easily solved
analytically. The choice between numerical and analytical solutions is generally made on
the basis of the relative cost effectiveness of the method chosen. The increasing
availability of computers has lead into the direction of more frequent use of numerical
methods. However new mathematical programs for personal computers now provide
convenient tools for analytical or hybrid solutions.

4.1 Simplifications
By stating some limitations the equation can be simplified to a form where trivial
analytical solutions can be found.

4.1.1 No heat production
Generation of heat within building materials is in most cases not relevant. The generation
of heat can then be put equal to zero.

=0

(4.1)

T/t = aT

(4.2)

The equation then becomes

4.1.2 No heat production with one dimensional heat flow
If we further assume that the temperatures are constant in the y and z directions it
follows that


T/y =T/z = 0

(4.3)

and the equation is reduced to

.
T/t = a 2T/x2

(4.4)
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4.2 Solution for a one dimensional slab with harmonic boundary
temperatures

T
q

 c

0
0

x

x=0
Figure 4.1
The following set of equations is based on [4]

A temperature variation that can be expressed as a sinus or cosinus function with time is
called harmonic. By limiting the temperature variations at the boundaries to harmonic
functions we can make use of their important properties that the derivative is equal to
the function multiplied with a complex constant. Since heat conduction in building
materials at normal temperature levels can be regarded as a linear process, all
temperature variations within the system will be harmonic as well, but with different
amplitude and phase lag. Since non-harmonic functions can be transformed to Fourier
series, i.e. a sum of harmonic functions, problems with arbitrary boundary conditions can
be solved in this way. A harmonic function always has the mean value zero. A rational
technique is
– to solve the problems for the mean boundary conditions as a steady state problem
– do the Fourier transform on the variations of the boundary conditions around the
mean value
– solve the response for the different frequency components as shown below
– get the final result by superposition.
An important precondition for rational calculation work is that a harmonic function at a
given frequency can be expressed ad a complex number relating the actual function to a
basic oscillation.
The figure below shows how a harmonic oscillation can be expressed in the complex
plane.
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12

v

Tamp


t
0 
t

u



2

Figure 4.2

(t+)
it
T =Tamp · ei
= (u+i v) · e

(4.5)

The time derivative of T then becomes

T/t = iT

(4.6)

And the heat equation can be written as

iT = a(2T/x2)

(4.7)

having a solution in the form

T= Csinh((1+i)x) + Dcosh((1+i)x)



(4.8)


2a

(4.9)

This can be verified looking at the properties of the hyperbolic function and the complex
i.

sinh(u) = (eu – e-u)/2

cosh(u) = (eu + e-u)/2
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(4.10)

1

i

2



i

2

(1  i)



2

(4.11)

The properties of the basic functions at x = 0

sinh(0)=0 cosh(0)=1

(4.12)

together with a known boundary temperature at x = 0.

T=T(0)=T0
(4.13)

gives the unknown coefficient D

D=T0

(4.14)

If we now apply Fouriers law we get the equation for the heat flow

.
q(0)=(-dT/dx)x=0=-C(1+i)cosh((1+i) 0) + ........ sinh(0)

(4.15)

which gives C in terms of the heat flow

C=(-q0)/((1+i))

(4.16)

and we can express the temperature at any location x in terms of the temperature and
the heat flow at the surface.

T ( x )  T0 cosh ((1  i )  .x )  q 0 .

sinh ((1  i )  x)
 (1  i ) 

(4.17)

An Important simplification is when we have a semi-infinite body with x=0 at the surface.
At an infinite distance from the surface the temperature variations at the surface have
vanished, or

x  then T(x) 0

q0



(4.18)

(1  i)  T0 cosh((1  i)  x)
sinh((1 i)  x
.

x  Then sinh(x) cosh(x)

(4.19)

(see equ. 4.10)
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(4.20)

and we can now for the semi-infinite body establish a relation between temperature and
heat flow at the surface.

.
q0 = (1+i) T0

(4.21)

And by substitution of equ. (4.21) into equ (4.17) we get

T(x)=T0{cosh((1+i)· x)-sinh((1+i)· x)}

(4.22)

-(1+i)x

T(x)=T0e

(4.23)

Expression (4.23) can as an example, be used to estimate the amplitude of the annual
temperature variation as a function of the depth from the surface. From equation (4.17)
the heat flows at the boundaries of a finite material layer can be related to the boundary
temperatures. This can be formalized as a matrix equation relating the temperatures and
heat flows at the boundaries by a two by two complex matrix.

~   A1
q~1   C
 1   1

B  ~ 
1 0
D  q~ 
1 0 

(4.24)

A 1  cosh((1 i)1d1)
B1  

(4.25)

sinh((1 i)1d1 )
1(1  i)1

(4.26)

C1  1(1  i)1  sinh((1 i) 1d1 )

(4.27)

D1  cosh((1 i)1d1 )

(4.28)

4.2.1 Solution for a multilayer construction
A resulting matrix for a multilayer construction with n layers can then be calculated by a
simple multiplication of the 2×2 matrices for the single layers. A matrix relation between
heat flows and temperatures on both surfaces can in this way be established.

~  A

si   
~
q
 si   C

~
B  ~
v 
 ~  ~so 
D  q 
  so 

(4.29)
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A
C


B  A n
 
D 
 C n

B n A n 1 B n  1  A 1 B1 


.... 
D n 
C n 1 D n 1  C1 D1 

(4.30)

Purely resistive layers such as surface layers and air gaps can represented by a matrix as
well in order to calculate the heat flows at the ambient temperatures.

A k
C
 k

B k 

D k 


1
0


R k 
1 


(4.31)

Equ (4.29) can be rearranged to give the heat flow variations as a function of the
temperatures on both sides

 q~si   E
q~   G
 so  
E=D/B

F  ~si 
H  ~so 
F=C-DA/B

(4.32)

G=1/B

H=-A/B

(4.33)

Equation (4.33) is most useful to study the dynamic behavior of multilayer constructions.
This is the basis for the work on an equivalent or so called active heat capacity in [10]
and later introduced as effective heat capacity in international standards. In [4] a
solution for cylindrical geometries is also to be found and this has been corrected for
minor errors and applied for study of borehole dynamics in [29]

4.3 Steady state heat flow – simplifications
By steady state heat flow we mean that the boundary conditions and generated heat are
constant with time or

T/t = 0

(4.34)

The general equation for heat conduction is then reduced to

T + / = 0

(4.35)

This equation is for instance useful when calculating the resulting temperatures in newly
cast concrete slabs during the curing process.

4.3.1 Steady state one dimensional heat flow with heat generation
If we further assume that the temperature is constant in the y and z directions we get

2T/x2 + / = 0

(4.36)
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This equation can as an example be applied to a cooling fin or a relatively thin wall with
thickness d, high thermal conductivity

 and linear surface heat transfer coefficient h

s

=

1/Rs on both sides.

2

h


a

s

h

d

s

a

x=0

x=L
Figure 4.3

The heat production can be expressed as the heat flow from the ambient temperature to
the cooling fin per volume

(x) = 2·hs· (Ta-T(x))/d

(4.37)

2T(x)/x2 – 2·hs· (T(x)-Ta)/(d· = 0

(4.38)

By expressing

(x)T(x) – Ta and 

hs . 2
.
d

(4.39)

and making the substitution, equ (4.38) becomes
–
2/x2 2 = 0

(4.40)

having a solution in the form

  Ce

 x

 De

x

We assume that at x=0 the temperature is

 from where it follows that
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(4.41) 

= C + D



which gives C = - D
(4.42)
and, that the heat flow in the x direction at the farther end in x=L is equal to 0 which
gives the other condition
( x )L    Ce L   DeL    (0  D)e L  DeL  0

De

 bL

 De

bL

 0 e

(4.43)

 bL

(4.44)

Rearranging we get

e  bL
D   0 bL
e  e bL

(4.45)

e  L
e L
)   0 (  L
)
C   0 (1   L
e  e L
e  e L
e L e  x  e  L e x
  0
e L  e L     
When

(4.46)



(4.47)

L
3 this expression can with acceptable accuracy be given as

x



  0 e  x 

(4.48)

If we assume that the wall has a unit length in the direction perpendicular to the paper
the heat flow from the base to the thin wall at x=0 can be expressed as

    d( x)0





(4.49)

e  L  e L 
  d0 
 L  e L 
e

(4.50)

   d0  tanh(L)

(4.51)

In building physics equation (4.51) is useful to study the heat transfer along surface
layers and attached wall or floor slabs toward a thermal bridge in an insulated wall. At
values for

L above 2.0, tanh(L)

approaches 1 and equation (4.51) approaches

   d0

(4.52)

This theory has been used as basis for the development of simplified equations for
thermal bridges, [11], [21].
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4.3.2 One dimensional steady state heat flow without heat sources
Since the temperatures are constant in time and in the y and z direction the general
equation for heat conduction reduces to

d2T(x)/dx2 = 0

(4.53)

Integrating on both sides

dT(x)/dx = konstant

(4.54)

T

T

2

1
x

d
Figure 4.4
and we see that the trivial solution is
T(x) = T1+(x/d)(T2-T1)

(4.55)
See chapter 3.
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5. NUMERICAL METHODS

This chapter gives the basic knowledge for the reader to be able to model, from relatively
simple principles, time dependent and two dimensional heat flow problems. For a deeper
study into this subject see for instance [5]

5.1 The control element – two dimensional heat flow
We are going to us the same relations as in chapter 3 to establish a differential equality
between the heat flow to an infinitesimal volume during an infinitesimal period of time
and the increase in temperature. The aim is to establish a difference equation, which
describes the heat conduction process in a homogenous material, on the border between
two materials and on the surface of a material where we have convective and radiative
heat transfer to an ambient temperature.
The temperature field within the material is given as

T=T(x,y,z,t)

(5.1)

the heat flow rate at each point (x,y,z) is given as

q = - grad T

(5.2)

The heat production per unit volume is given as

= (x,y,z,t)

(W/m3)

(5.3)

The heat production can as an example be due to a chemical reaction as in concrete
being cured or due to absorbed solar radiation in a transparent insulation material.
We now look at a small element in Cartesian coordinates. Assume for simplicity that all
variables are constant in the z direction that is

dT/dz = 0

(5.4)
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 = (x,y,t)

(5.5)

dx k-1

dy

dy

dx k

x

T
k,j-1

j-1


Tk-1,j

j

dx k+1



 T

Tk,j

k+1,j


dy

j+1

T
k,j+1

y
Figure 5.1
The material field is divided into rectangular elements k,j that have the dimensions dxk
and dyj and a unit length in the z direction. Each element can have material properties
given as thermal conductivity,

, density,  and specific heat capacity, c. Each element

is represented by its temperature at a nodal point in the center of the element.
Since the temperature gradient in the z direction equals zero the heat exchange between
the element and the surrounding material goes through surfaces 1 to 4.
During a time step dt the quantity of heat added to the volume is

dQ = dt (1 + 2 + 3 + 4 + · dx· dy)

(5.6)

Between each adjacent pair of nodal points we have a two layer construction with
dimensions given by dx and dy. The heat flow between two adjacent nodal points can be
calculated according to chapter 3.
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T
k-1

Tk

dx k-1
2

dy

j

dx k
2

Figure 5.2
If all the heat flows are defined as directed towards the element k, j we get



1

=



k-1,k

= (Tk-1 – Tk,j)

dx k

2 = j-1,j =

dy j 1 dy j

2  j 1 2  j

3 = k+1,k =
4 = j+1,j=

(5.7)

(Tj-1 – Tk,j)

(5.8)

dy j

(Tk+1 – Tk,j)
dx k 1 dx k

2  k 1 2 k
dx k
(Tj+1 – Tk,j)
dy j1 dy j

2  j 1 2  j

(5.9)

(5.10)

We define the conductance s between adjacent elements as

k-1,k = sk-1,k(Tk-1 – Tk,j)
j-1,j = sj-1,j(Tj-1 – Tk,j)
k+1,k = sk+1,k (Tk+1 – Tk,j)
j+1,j = sj+1,j (Tj+1 – Tk,j)
sk-1,k =

sj-1,j =

(5.11)
(5.12)
(5.13)
(5.14)

dy j

(5.15)

dx k 1 dx k

2  k 1 2 k
dx k

dy j 1

2  j 1



dy j

(5.16)

2 j
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dy j

sk+1,k =

(5.17)

dx k 1 dx k

2  k 1 2 k
dx k

sj+1,j =

dy j1

2  j 1



dy j

(5.18)

2 j

5.2 Expression of boundary conditions
The element can be next to a surface with a given boundary temperature. The
conductance is then calculated as

dy j
dx k
2 k

sk+1,k =

(5.19)

The element can be next to a surface with a given surface coefficient of heat transfer hs
and a known ambient temperature. The conductance is then calculated as

dy j
1 dxk

h s 2 k

sk+1,k =

(5.20)

The element can be next to an adiabatic boundary due to symmetry or extreme
insulation. No heat flow can take place across an adiabatic boundary. It follows that

sk+1,k = 0

(5.21)

5.3 Resulting heat balance
The quantity of heat Q added to an element k,j during a time step dt can thus be
expressed
dQ = dt { sk-1,k(Tk-1 – Tk,j)

s

j+1

(Tj+1 – Tk,j)+
,j

.

s

j-1,j(Tj-1

.

– Tk,j)

s

k+1,k

(Tk+1 – Tk,j)

.

 dx dy} = C dT
(5.22)
(5.23)

C = cdxk,jdyk,j

The solution for the temperature in k,j at the end of a time step t+dt can now be solved
explicitly assuming that all temperatures at the time t are known

Tk,j(t+dt) =Tk,j + dT= Tk,j+(dt/C){sk-1,k(Tk-1 – Tk,j) sj-1,j(Tj-1 – Tk,j)

 sk+1,k (Tk+1 – Tk,j)sj+1,j(Tj+1 – Tk,j)+ .dx.dy}

(5.24)
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When solving the variations in the temperature field with time we in many cases do not
have the starting values. If we know the starting values for all temperatures the solution
can be calculated correctly from the beginning. If we do not know the initial
temperatures we have to carry out the calculation over a sufficiently long period with the
prevailing boundary conditions, till the calculated solution has converged to the correct
solution.

5.4 Choice of time steps and element size – stability
The choice of the calculation time step dt is made to give a proper representation of the
boundary condition in time and to ensure the stability of the solution with time. For the
representation of normal daily variations of temperature a satisfactory time step can be
about one hour or 3600 s. The maximum time step to avoid instability in equation (5.24)
is for each cell given by the thermal capacity of the cells divided by the sum of the
conductances to the adjacent cells

dtmax = Ck,j/( sk-1,k sj-1,j + sk+1,k sj+1,j )

(5.25)

With larger elements the stability time step is increased but since the resulting solution is
linearly varying between the nodes the inaccuracy is increased. It is difficult to give a
general recommendation for the choice of element sizes but as a rule of thumb for the
calculation of ordinary building constructions the element size can be chosen 20 – 30 mm
where larger temperature gradients are expected and enlarged up to 5 to 10 times where
only small gradients are expected.

5.5 Simplifications for special cases
No generation of heat within the construction

 =0

Tk,j(t+dt)=Tk,j+(dt/C){sk-1,k(Tk-1 – Tk,j) sj-1,j(Tj-1 – Tk,j) 
sk+1,k(Tk+1 – Tk,j)sj+1,j(Tj+1 – Tk,j)}

(5.26)

One dimensional heat flow, T independent of j

Tk(t+dt)=Tk+(dt/C){sk-1,k(Tk-1 – Tk)  sk+1,k (Tk+1 – Tk))}

(5.27)

Steady state two dimensional heat flow, Temperature independent of the time t.

0={sk-1,k(Tk-1 – Tk,j) sj-1,j(Tj-1 – Tk,j)  sk+1,k (Tk+1 – Tk,j) sj+1,j(Tj+1 – Tk,j)}
(5.28)

sk-1,kTk-1sj-1,jTj-1 sk+1,k Tk+1sj+1,jTj+1 =Tk,j sk-1,k sj-1,j  sk+1,k sj+1,j) (5.29)
(

Tk,j = (sk-1,k sj-1,j  sk+1,k sj+1,j)/ (sk-1,kTk-1sj-1,jTj-1 sk+1,k Tk+1sj+1,jTj+1)

(5.30)
In this way each element has a balance equation expressing the temperature in terms of
the temperatures for the adjacent elements or boundaries. This generates a system of N
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equations which can be solved simultaneously where N is the number of cells. A common
way of solving two or three dimensional temperature fields is by iteration where a
calculation is started with the actual boundary condition but with arbitrary initial
temperatures in the cells. The temperatures are then calculated repeatedly using
equation (5.30) till the temperature field converges.

5.6 Finite element solutions
The advantage of the finite difference solution is that the formulation is transparent for
the user and that the flexibility is almost total to adjust the model to the actual problem.
The alternative to this is the various finite element methods. In short the difference is
that the problem is formulated with elements which need not to be rectangular and the
field variable is modelled with stepwise continuous functions that are linked through a so
called stiffness matrix that can be inverted to give the explicit solution for the variable. A
further treatment of the nature of finite element techniques and solutions is beyond the
scope of this text. The development of commercially available software has made this
technique very competitive. The polygon shaped elements and graphical interactive
preprocessors with a CAD functionality have made it possible to model complex
geometries with relatively limited effort. The so called multi-physics approach also makes
it possible to simultaneously solve different physical field problems and to freely create
couplings between them. We can calculate a temperature field and at the same time
study how the temperature variations create tension in the materials and study the risk
for forming of cracks. The need for special software for research and development on
thermal problems has therefore been greatly reduced. In the following chapter we will
see how these features can be utilized in practical modeling work.
The calculation of heat transfer in systems with large thermal inertia in the time domain
is a process that needs high computer capacity and CPU time. This is the case for
problems as two or three dimensional heat transfer to the ground when calculating
ground heat loss from buildings and different configurations for ground heat storage.
Furthermore a finite difference software based on rectangular elements gives an
ineffective element structure resulting in an excessive number of elements and elements
with an unfavorable aspect ratio.
The strategy chosen in the present work is to use standard finite element software which
gives the possibility to use triangular elements and to run different physical models in
parallel and with interaction between the models. From earlier work the formulation of
the solution for the heat transfer equation in the for a given in the frequency domain
gives the possibility to formulate the problem as two steady state temperature fields, one
for the real and one for the imaginary parts of the solution. The different temperature
fields are interlinked via the heat source term. In this way the solution time for each
frequency will be of the same order of magnitude as for the steady state solution.
The modern finite element software gives the user the possibility to create macros or
scripts for administration of calculations giving the possibility within the software
environment to convert real time data into Fourier series, run the solution for a large set
of frequencies and to carry out the inverse transformation of the results to time series. In
this way a rational and highly effective calculation technique for this problem area can be
reached. The use of the technique is demonstrated for simulation of annual heat and
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moisture balance for a crawlspace, for building heat loss to the ground and for ground
heat storage.

5.6.1 Modelling ground heat exchange with FEM multiphysics
In many design problems we are depending on modeling the heat exchange with the
ground. The most common problem is the heat loss through an insulated floor
construction to the ground during the heating season, [16]. There is also the need to
study the heat and moisture balance in a ventilated crawl space and we have several
configurations for thermal geo-exchange such as boreholes, inlet air ducts in the ground
and coils in the ground.
Simulations of such problems in the time domain are however very tedious since we have
to include large ground volumes in our simulations and the time for convergence may be
of the order of magnitude 10 to 100 years in real time. It is therefore tempting to move
the calculation work to the frequency domain and use the Fourier transform for the
representation of the actual boundary conditions in time. Furthermore the system is
assumed to be linear and the boundary conditions are expressed as Fourier series. The
solution can then be limited to the frequency domain where each entity can be expressed
as a complex numbers representing amplitude and phase shift from a basic oscillation.
The solution for each frequency can be found in similar way and with similar calculation
effort as for the steady state solution and the results for the different frequencies are
then transformed back to time series showing for instance different temperatures in the
crawl space as a function of time.
The following methodology has been gradually developed through a long sequence of
theoretical projects [10], [21], [13] and [16] to mention some.
The heat conduction equation in two dimensions can be expressed

 2  2
1 
 2 
2
a t
x
y

(5.31)

If the temperature variation over time now is limited to a harmonic variation that can be
expressed as a sinus function or expressed in exponential form, [11]

  (u  i  v)  eit

(5.32)
where the exponential part is the basic unit oscillation with angular frequency  and
(u+i.v) is a complex quantity giving the amplitude and phases shift. In this way the
equation to be solved is

 2  2
i
 2  
2
a
x
y

(5.33)

A finite element formulation for direct solution of this equation where the temperatures
are represented by complex numbers has been provided with a computer code in [32]
and utilized to investigate the dynamic properties of water coils embedded in an
intermediate floor constructions in [31].
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Inserting equation 2 into equation 3 we get one equation for the real part and one
equation for the imaginary part

 2u  2u 

 v
x 2 y 2 a

(5.34)


 v  v
 2   u
2
a
x
y

(5.35)

2

2

The solution for the real term is the steady state solution with the complex part of the
temperature as a source term. The solution for the imaginary part is in the same way
depending on the real part. The solution for each frequency can be set up as two steady
state temperature fields, the real and the imaginary, that are solved simultaneously. This
is nicely solved by the multi-physics approach where the two temperature fields are
given in separate models and where the source term for the real temperature models is
calculated from the complex model and vice versa. The calculation work for each
frequency will be of the same order of magnitude as that of solving a steady state two
dimensional temperature field. The periodic boundary conditions such as the outdoor
temperature can be expressed with Fourier series and the Fourier coefficients also
represent the real and imaginary inputs for corresponding frequencies. The formulation
above has been used to solve the dynamic part of an annual heat balance for a crawl
space in [13].
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6. CONVECTIVE HEAT TRANSFER

For excursions in arctic or mountain climate, people take with them a table that shows
the equivalent cooling temperature based on the actual wind speed. This is due to the
fact that the cooling of the skin is not only taking place by heat conduction from the skin
to the ambient air but also enhanced by air movements at the skin surface or, as we also
could express it, by convection.
Important applications of convective heat transfer in buildings are for instance radiators
heating the air, heating or cooling of air flowing in ducts, air movements and their
influence of human comfort, air leakage in the building envelope leading to extra heat
loss, air movements in cavities and porous materials within insulated building
constructions and heat transfer between building surfaces and ambient air.

6.1 Basics of convective heat transfer
Heat flow due to air flow between two systems at temperatures T1 and T2 can be
expressed in terms of the mass flow and temperature difference. If a volume dV1 is
removed from system 1 and added to system 2 and the same mass of air from system 2
at temperature T2 is added to system 1 the resulting quantity of heat removed from
system 1 is for constant c given by

dQ1= -dV1·1·c(T1-T2)

(6.1)

and the resulting quantity of heat added to system 2 is given by

dQ2= dV1·1·c(T1-T2) = dV2·2·c(T1-T2)

(6.2)

If we have a continuous flow of air between the systems

L=dV1/dt

(6.3)

the heat flow rate from system 1 to system 2 due to air flow is

12=L·1·c(T1-T2)

(6.4)
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6.1.1 Convective surface heat transfer
An important application of convective heat transfer is the heat transfer between the
boundary surfaces and the air within a given volume. If the air in the volume is standing
still, heat is transferred with conduction in the air only, but at higher temperature
differences between the surface and the air the density differences will generate air
movements and the heat transfer will be a combined process of conduction and
convection. When referring to convective surface heat transfer we usually mean the
combined process including conduction in the air as well.

6.1.2 Natural convection

T+

T-

Figure 6.1
Air movements are generated due to density differences. Density differences usually
occur as a result of different temperatures as can be seen in table 5.1. Warmer air will
always tend to rise upwards and cooled air will sink downwards tills an equilibrium is
gained. If heat is constantly supplied or removed at different surfaces of a volume like
shown in the figure this will lead to continuous rotation of the air. Examples of this can
be seen in rooms heated by a radiator with cooling at the inner surfaces of the exterior
walls and in vertical air gaps in multiple glazed windows

6.1.3 Forced convection
By forced convection we mean situations where air flow along the surface is generated by
an external force independent of the actual temperature difference between the surface
and the medium. Examples are wind on an exterior surface, air gaps ventilated due to
wind effects and air flow in a fan coil unit.

6.1.4 Dimensionless numbers
The properties of the flowing medium and the mode of flow is characterized by
dimensionless numbers (ref. course in hydraulics).

Nu 

hc  l Nusselt: Actual heat transfer coefficient hc in relation to that of still air

over a given characteristic length l. When the air is standing still the
Nusselt number will be equal to 1. With increasing air movements either
due to temperature differences or to external forces the Nusselt number will increase.
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Gr

g  l 3  T Grashof: Criterium for fluid movements due to natural convection.
As gravity g, volume expansion coefficient  and the kinematic
2

viscosity for air are fairlyconstant in the normal temperature range
the Grashof number will depend strongly on the geometry represented by the
characteristic length l and the temperature difference T.

Re 

ul Reynolds: Properties of the flow at forced convection. For a given fluid and
geometry Reynolds number will increase linearly with the velocity of the


fluid. With increasing velocity, when the Reynolds number reaches a certain
limit, we will have transition from laminar to turbulent flow.

Pr

  c Prandtl: Properties of the flowing medium. For applications to building
air flow the Prandtl number can normally be set equal to 0.7.


g = acceleration of gravity 9.81 m/s2

= volume expansion coefficient K-1

l = characteristic length, m, that can be the hydraulic diameter in forced duct flow or the
length of the surface in the direction of the flow for air flow along exposed surfaces.

u = air velocity, m/s

= kinematic viscosity, m2/s

hc = the coefficient of surface heat transfer due to conduction and convection, W/m2K.
When the Nusselt number has been calculated for a given characteristic length l the
convective surface heat transfer coefficient can be calculated as

.
hc = Nu /l

(6.5)

Table 6.1 Properties of dry air at 1.013 bar (atmospheric pressure)





-20

0

+20

+40

°C

1.395

1.293

1.205

1.127

kg/m3

-

0.00367

0.00343

0.00320

c

1006

1006

1007

1008




-

0.0243

0.0257

0.0271

-

Pr

-

.
13.30 10-6
0.715

.
15.11 10-6
0.713

.
16.97 10-6
0.711
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K

-1

.
J/K kg
W/mK
m2/s
-

6.2 Expressions for different flow types
6.2.1 Forced convection
For forced convection we usually have a system with a given air flow or given air velocity
and the Nusselt number is a function of the Reynolds number and the Prandtl number.

Nu = f(Re,Pr)

(6.6)

6.2.2 Natural Convection
For natural convection it is the temperature difference that generates the air movements
and thereby the conditions for surface heat transfer and the Nusselt number will be a
function of the Grashof number.

Nu = f(Pr,Gr)

(6.7)

Below are given useful expressions for different types of air flow. The natural
classification of the flow type is, if it is natural or forced flow, if it is laminar or turbulent
and the geometry of the boundary surfaces for the flow.

6.3 Expressions for surface heat transfer coefficients
6.3.1 Forced laminar duct flow
The flow is generated by external forces and the criteria for laminar flow is

Pr > 0.6

Re < 2300

(6.8)

The characteristic length for calculation of the Reynolds number is the hydraulic diameter
of the duct which for non-circular geometries can be calculated as four times the section
area A divided by the length of the perimeter P of the interior duct section.

dh 

4 A
P

(6.9)

It follows that the hydraulic diameter for a rectangular duct with sides a and b will be

dh 

4 a  b
2a  b

(6.10)

and if a>>b the hydraulic diameter will become 2 b. This condition is typical for
ventilated air gaps in the exterior part of insulated constructions.
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The following expression gives the average Nusselt number along the surface.

Nu  3.65 

0.067(Re. Pr. d h / L)
(1  0.045(Re. Pr. d h / L)2 / 3 )

(6.11)

L is the length of the duct in the direction of the flow, m.

6.3.2 Forced turbulent flow of air in a duct

u

d
l
Figure 6.2

0.7 < Pr < 100
l/d > 60
Re > 10000
The following expression is valid for a duct with smooth surfaces with constant surface
temperature. The characteristic length for calculation of the Reynolds number is the
hydraulic diameter of the duct which for non-circular geometries can be calculated as
four times the section area divided by the length of the perimeter of the interior duct
section.

Nu = 0.023 . Re0.8 Prn = hc·dh/

 

(6.12)

n=0.4 if the surface is warmer than the air
n=0.3 if the surface is colder than the air
The expression can for air also be used approximately in the interval 2300 < Re < 10000
if n is set equal to 0.4.

6.3.3 Forced flow along flat surfaces

u
l

Figure 6.3
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The convective surface heat transfer at the exterior surfaces of outer walls and the roof
is usually governed by the wind generated air flow along the surfaces. The characteristic
length here is the length of the surface in the direction of the air flow at the surface i.e.
the length or width of a roof or a wall. A complication here is that the air velocity at
different locations around the house will differ substantially from the free wind speed
observed at a distance from the building. Calculations of this types are however seldom
carried out to get exact values for the heat transfer coefficient at the exterior surfaces of
a building but rather to study the influence of different parameters.

6.3.4 Forced laminar flow along a flat surface

The conditions for laminar flow are as follows
0.6 < Pr < 2000 and Re < 105

(6.13)

And the expression for the Nusselt number becomes:

Nu = 0.664 Re1/2Pr1/3=( hc·l)/

 

(6.14)

l, which is the length of the surface in the direction of the flow, m, is also the
characteristic length to be used in the calculation of the Reynolds number.


6.3.5 Forced convection with turbulent flow along a flat surface
The criteria for turbulent flow along a flat surface are as follows:

0.6 < Pr
5.105 < Re < 107

0.037  Re0.8 Pr
hc .l
Nu 

.
0.1
2 /3

1  2.443 Re (Pr  1)

(6.15)

Expression (6.15) is mostly used to estimate the dependency of the convective surface
heat transfer coefficient on the convective surface heat transfer coefficients on the
exterior surfaces of buildings. Using those equations one has to bear in mind that the air
velocity around buildings usually is different from the meteorological wind and there are
many elements around the building that can disturb the air flow.
If a building is 12 m wide Reynolds number will exceed 5.105 at 0.5 m/s and 107 at 10
m/s. The average wind velocity in Stockholm is about 3 m/s.
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6.3.6 Natural convection on room surfaces

T

T+

-

Figure 6.4
The following equations apply for the natural convection surface heat transfer coefficients
on room surfaces i.e. floors, walls and ceilings. The characteristic length used in the
calculation of the Grashof and Nusselt numbers is usually the height of the wall or the
ratio Area/Perimeter of the floor/ceiling, which is being considered. All cases can be
expressed with the same basic equation (6.20) where A and B have different values for
different situations.

Nu  A(Gr Pr)B 

hc  l





For laminar flow B=1/4 and for turbulent flow B=1/3.

 

(6.16)

6.3.6.1 Vertical walls
For vertical walls we can use the same expression independent on whether the wall is
colder or warmer than the room air. The mode of flow is determined from the Grashof
number and the characteristic length to be used in the calculation of the Grashof number
is the wall height.
Laminar flow
Turbulent flow

(Gr.Pr<109) A=0.59 B=1/4
(Gr.Pr>109) A=0.13 B=1/3

(6.17)
(6.18)

6.3.6.2 Horizontal surfaces
For horizontal surfaces the heat transfer will depend not only on the temperature
difference but also on the thermal stability at the surface. For a ceiling colder than the
room air the density of the air at the surface will be higher than below which will
generate turbulent air movements at relatively low Grashof numbers. Similar instability
will appear at warm floors where the density of the air in the vicinity of the surface is
lower than for the room air. The characteristic length will be the floor or ceiling area
divided by the perimeter of the floor or the ceiling. As an example consider a room
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3×6×2.4 m. The floor area is 18 m2 and the perimeter is 18 m which will give the
characteristic length 1 m.
For a relatively warm floor or a cold ceiling:
(Gr.Pr< 2.107) A=0.54 B=1/4

(6.19)

Turbulent flow (Gr.Pr>2.107) A=0.15 B=1/3

(6.20)

Laminar flow

For a relatively cold floor or a warm ceiling we expect conditions to be stable up to high
Grashof numbers.
Laminar flow

(Gr.Pr< 3.1010) A=0.27 B=0.25

(6.21)

6.3.7 Natural air convection within an enclosure
It is not always easy to make a distinction between a room and an enclosure. By an
enclosure we mean a space where the distance between the surfaces is so small that the
convection flow generated at one surface affects the other. The most common examples
are thin non-ventilated air layers in building constructions and the air gaps between the
panes in a multi-glazed window.

6.3.7.1 Horisontal gap with upwards heat flow
The thickness of the gap d, m, is the characteristic length to be used in the calculation of
the Grashof number

T-

q

d
T+
Figure 6.5
The following expressions are valid for air

Nu  0.195  Gr1/ 4

3.7.104<Gr<3.7.105

(6.22)

Nu  0.068  Gr1/ 3

3.7.105<Gr<3.7.107

(6.23)

And a more general expression for fluids is

Nu  0.069  Gr  Pr 

1/ 3

 Pr 0.074 1.5.105<Gr.Pr<109

(6.24)

The heat transfer coefficient hc is in this case given from surface to surface. When Nu =
1 the heat transfer coefficient is given as
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hc = /d



(6.25)

which means that the air in the gap is standing still and the heat transfer in the air is
taking place by conduction only.

6.3.7.2 Vertical gap with limited height H and horizontal heat flow
The thickness of the gap, d, m , is the characteristic length to be
used in the calculation of the Grashof number

d

T
+

T
-

2·104 < Gr < 2·105 H>3d
Nu = 0.18·Gr1/4(H/d) –1/9

(6.26)

H
q

.
2 105 < Gr < 2·107 H>3d
Nu = 0.065·Gr1/3(H/d) –1/9

(6.27)

Expressions (6.25) and (6.26) are used for instance for the
calculation of the convective heat transfer between the panes of a multi-glazed window.
The heat transfer coefficient is given as

hc 

Nu  
d

(6.28)
and the average density of heat flow rate between the surfaces can be calculated as

q  hc  T  T 

(6.29)

At high Grashof numbers the air in the cavity will start rotating due to the density
differences and we can assume that we have downward flow of air on the cold side and
upward flow of air on the warm side. This means that there will be a temperature and
heat flow gradient along the surfaces.

6.4 Air flow through building components
The pressure difference as calculated above from various processes is the governing
potential which generates air flow through leakage paths in the construction. The leakage
paths are seldom desired or planned, which implies a high degree of uncertainty
concerning the geometry and other properties of the paths. Uncontrolled air leakage
through building constructions is usually linked to unwanted consequences such as
moisture problems, distribution of odors, energy loss and draught. Important exceptions
are fresh air inlets and air gaps for ventilation of the exterior parts of constructions. It is
however of great value to provide means to study the air leakage processes in order to
quantify crucial construction and material properties to ensure the required air tightness.
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Figure 6.6
The air leakage path through a construction is usually of a complex nature. As an
example we have air entering from the inside through a crack in the drywall, through an
overlap in the vapor barrier, through a porous insulation material to a crack in the wind
barrier into the external ventilation gap and out through the ventilation openings in the
exterior brick cladding. The air tightness however is often provided for in one layer in the
construction such as the vapor barrier, a concrete layer, a sheet metal deck or a wall
layer of aerated concrete. The rest of the construction can then often be considered as
non-airtight and the openings in the airtight layer can be studied as connecting directly
the inside and the outside.

6.4.1 Air flow through an opening
The equations used for the calculation of air flow through leakage paths are the same
equations as used for circular pipe and duct flow. The shape of a crack in a building layer
is of course rather far away from the cylindrical form of a pipe. By using the hydraulic
diameter for the actual configuration in the equation we get a quite accurate solution.
Assume that we have a general opening consisting of an inlet, a narrow duct between the
surfaces and an outlet as shown in the figure. The loss in static pressure through the
opening can be considered in four steps as shown in principle
1. As the air enters the inlet the velocity is increased from 0 to a mean velocity um given
by the flow and the dimensions of the opening. In the very opening of the inlet a
phenomenon occurs called the vena contracta with stagnation zones at the edges and
thereby a still higher velocity um+ before the flow develops. The pressure drop is given
from Bernoulli’s equation as
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Figure 6.7

dp1 > -(um+)2/2

(6.30)

2. When the flow develops a part of this is regained

dp2 < (um+)2/2-(um)2/2

(6.31)

3. Through the gap itself the friction between the wall and the air generates a linear
pressure drop. The friction loss is given by the equation

dp3 = (f.d/Dh) .(um)2/2

(6.32)

f is the friction coefficient which is a parameter depending on the Reynolds number of
the flow in the gap and the surface roughness.

Dh is the hydraulic diameter, m.
4. In the outlet of the gap the velocity goes down from to 0 and a part of the pressure
loss due to the increase of the velocity at the opening is regained.

dp4 < (um)2/2

(6.33)
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The friction loss according to the processes 1, 2 and 4 are related and in practical
calculations given as

dp1+dp2+dp4 = .(um)2/2

(6.34)

For laminar flow in the gap i.e. when Reynolds number is below 2300,  can be set equal
to 1.5 and the friction coefficient can be calculated as
f. = 64/Re for a circular geometry

(6.35)

f. = 96/Re for a rectangular air gap of infinite length
In the turbulent zone i.e. if the Reynolds number is above 4000, can be set equal to 1.8
and the Colebrook-White formula is used for f

1



f

 2 , 51
  2 log 

 Re


f

k /b
3 , 71





(6.36)

This formula does not have an explicit solution but has to be solved by iteration.
k is the surface roughness of the surfaces along the air gap, m. For building materials k
can be of the order of magnitude 0.00001 m for smooth plastic surfaces, 0.0001 m for
smooth steel surfaces and 0.001 m for concrete.
In the range 2300< Re < 4000 or the so called transition zone, the type of flow can vary.
A practical approach is to use equation (8.17) or (8.18) for calculation of f. depending on
which choice gives results on the safe side for the actual purpose of the calculation.
The total pressure loss over the gap can now be expressed as

p1-p2 = (f.d/Dh) .(um)2/2

(6.37)

6.4.2 Air flow through an orifice plate
In building applications air flow and pressure drops over holes or slots in thin plastic films
or sheet metal plates often has to be estimated. This can be approximately treated with
Dicks formula relating the air flow L through the hole with area A to the pressure drop
over the hole.

L  0.65  A 

2  p
m3/s


(6.38)
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6.4.3 Air flow through porous materials
Since air flow through porous material is more often laminar, a linear relation between
the average velocity u, m/s and a pressure gradient p, pa, can be established in the
material and for the flow of an incompressible fluid, Darcy’s law is valid.

u 

B0 p

 x

(6.39)

B0 =The specific permeability of the material, m2
The dynamic viscosity of the fluid, Ns/m2
p/x =The pressure gradient, (m/s)
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7. RADIATIVE HEAT TRANSFER – LONG WAVE RADIATION

In Chapter 3 we have stated that the surface heat transfer normally is a combination of
the two processes convection and radiation. In Chapter 6 we established formulae to
calculate the convective heat transfer coefficient at free surfaces, within enclosures and
in duct flow. In this chapter we intend to study the exchange of long wave radiation
between surfaces. The equations are based on commonly known textbooks on heat
transfer, [7; 19; 20].

7.1 Exemplification of applications
Radiation exchange is important for several processes in our environment.
On cold nights the sky temperature can be at a temperature 10 to 20 K below the air
temperature. Horizontal surfaces are cooled by radiation exchange towards the sky and
reach a temperature below the dew point of the air. Condensation of water vapor from
the air will occur at the surface and at temperatures below zero this can lead to frosting
on car windows and icy, slippery roads.
The temperature we sense on our skin is partly the air tem perature and partly the
temperature of the surrounding surfaces due to the radiation exchange. Therefore human
comfort is depending not only on air temperatures and velocities but also on the
temperatures of the surrounding surfaces.
In simplified building heat loss calculations we assume that heat transfer takes place
from indoor air to outdoor air through a series of resistive layers. In more detailed
studies of indoor heat exchange and comfort we have to consider the heat transfer in a
room as a complex system with radiation exchange between the surfaces parallel to the
convective heat transfer between the surfaces and the air.
In porous insulation materials and in construction with air cavities and air gaps, heat
transfer is partly taking place by radiation between fibers and cell walls.
Material surfaces emit long wave radiation that is a function of the surface temperature.
By measuring the infrared radiation from a surface, information on the distribution of the
surface temperature can be monitored. Cameras for infrared thermography are widely
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used in industry, in medical applications and of course in buildings where cold spots
detected on insulated surfaces indicate bad insulation, air leakage, moisture etc.

7.2 Basic theory
7.2.1 Thermal radiation
1. As the air enters the inlet the velocity is increased from 0 to a mean velocity um given
by the flow and the dimensions of the opening. In the very opening of the inlet a
phenomenon occurs called the vena contracta with stagnation zones at the
edges and thereby a still higher velocity um+ before the flow develops. The pressure
drop is given from Bernoulli’s equation as

Infrared
radiation

Visible
light

Ultraviolet
radiation
Thermal
radiation

Wavelength, m
10-3 10-4 10-5 10-6 10-7 10-8 10-9 10-10
1 mm

1 m

1Å

Figure 7.1
All bodies emit energy by electromagnetic waves which we call thermal radiation. The
characteristics of the radiation are depending on the properties of the surface material
and on the surface temperature. Thermal radiation is defined as radiation with
wavelength between 10-5 and 10-8 m. This includes visible light as well as a part of the
infrared and of the ultraviolet spectrum. At normal room temperature, surfaces emit
radiation far into the infrared spectrum which we are not able to see. The visible light
that we detect with our eyes, as coming from a surface of a body, is not emitted
radiation but reflected radiation that originates from the sun or some artificial light
source.

7.2.2 Black body radiation
When treating radiation from a real body surface we first find the radiation from a black
body at the same temperature. Black body is defined as a body with a surface that
absorbs all incident radiation for all wavelengths, directions and polarizations. The
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radiation from the real body can then be expressed as the black body radiation multiplied
by the emissivity of the real surface.
Black body total excitance is expressed by the Stefan Boltzman law

M°= T4 W/m2

(7.1)

Black body spectral excitance giving the distribution of the radiation over the spectrum
can be given as a function of the temperature, K.

o

M 

C1  5
C2
e T

W/m3

(7.2)

1

 is the wavelength in m.
C1 = 3.741.10-16 W.m2

C2 = 0.014388 m.K

7.2.3 Gray body properties
7.2.3.1 Emissivity
The emissivity of a surface is the ratio between the emitted radiation and the radiation of
a black body at the same temperature. The emissivity of surfaces can vary with the
wavelength. This is for instance utilized in window glazing with so called LE or low
emittance coating where the surface is treated to have low emissivity for the infrared
spectrum while visible light is less affected.
Total hemispheral emissivity is the total excitance of the considered surface M divided by
the total hemispheral excitance of a black body M° at the same temperature. Since the
spectral distribution of the black body excitance varies with temperature the emissivity
will also vary with temperature

=M/M°

(7.3)

7.2.3.2 Total absorptance
Assume that we have an incident radiation with heat flow rate
surface. A part of this incoming radiation,
absorptance of the surface,

a,

i

towards a gray

is absorbed at the surface. The

 is defined as

=a/i

(7.4)
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7.2.3.3 Total reflectance
A part of the incident radiation,

r, is reflected by the surface and the reflectance, , of

the surface is defined as

=r/i

(7.5)

7.2.3.4 Total transmittance
With transmitted radiation is meant incident radiation that is neither reflected nor
absorbed in the surface but passes further into or through the material layer. Even for so
called transparent materials the transmittance will vary dramatically with the
wavelength. For most opaque building materials the transmittance is zero for the whole
spectrum. For normal window glass the transmittance for visible light will be about 90 %
but for long wave radiation as generated at normal temperatures the transmittance is
practically zero. The transmittance is defined as the radiant heat flow rate transmitted
through a surface,

t, divided by the incident heat flow rate, i

=t/i

(7.6)

From the above definitions it is clear that the incident radiation is either reflected,
absorbed or transmitted and it follows that

= t/i +r/i +a/i = 1
For opaque bodies where

(7.7)

 is equal to zero it follows that

 = 1

(7.8)

It can also be shown by regarding two identical surfaces facing each other and at the
same temperature that, since the net heat flow is zero, the absorptance must be equal to
the emittance. For longwave radiation exchange this can be assumed to be valid with
good accuracy.
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(7.9)

7.3 Long wave radiation exchange
7.3.1 Total radiosity
The total radiosity from an opaque surface is the heat flow rate for emitted and
reflected radiation from the surface, divided by the area of the surface.

J=/A

(7.10)

This is a useful quantity since it must be equal to the density of heat flow rate supplied to
the surface by other processes like absorbed radiation, conduction and convection.

7.3.2 Long wave radiation exchange

k

AjJj
AkJkF kj

j

Figure 7.2
The heat induced by long wave radiation at a non-transparent surface j in an enclosure
consisting of n diffuse surfaces, each characterized by a uniform temperature and
emittance, can be expressed as
n

 j   A k J k Fkj  A j J j

(7.11)

k 1

By a diffuse surface is meant a surface that reflects or emits radiation equally in all
directions. An ordinary bathroom mirror is not diffuse since the image of the incoming
light is to a large part preserved in the reflected radiation. After a hot shower however
the moisture that condenses on the surface makes it diffuse and we no longer see our
image.
The density of heat flow rate leaving a diffuse surface as long wave radiation is called the
radiosity of the surface and is given the symbol J.
F

is the configuration factor or the view factor and may be defined as the fraction
kj
of diffuse energy leaving area A that is directly incident on area A .
k
j
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The radiosity can be expressed as the sum of the emitted and reflected radiation per
area at the surface.

Jj = 

n

Tj4 + (j/Aj) 
j

k 1

J F A
k kj k

(7.12)

or since we further assume that the reciprocity theorem is valid

F A =F A
kj k
jk j

Jj = 

(7.13)

n

Tj4 + j 
j

k 1

J F
k jk

(7.14)

is the reflectance and  is the emittance of the surface.  is the Stefan Boltzmann
constant 5.67 10-8 W/m2K4.

7.4 Calculation of view factors

j

k
Figure 7.3
The view factor between two diffuse surfaces is a purely geometrical quantity. From a
plane surface k the radiosity is equally distributed in all directions from the surface. The
amount of radiation that reaches a remote surface j will be determined by the proportion
of the hemisphere that is covered by the projection of this very surface. Mathematically
this is somewhat complicated. In general the view factor from surface j to surface k can
be expressed in the form of a double integral
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Aj
dAj
d

j

Normal
k

Normal

dAk

Ak

Figure 7.4

F jk 

1
Aj



cos  j  cos  k

A j Ak

 d2

dA j dAk

(7.15)

This general expression is in practice difficult to calculate so that formulae and diagrams
are given for special cases to cover most applications that can arise in buildings. Starting
with the simplest case it can be stated that for a flat or convex surface no part of the
radiation leaving the surface will hit the surface itself i.e.

Fkk = 0

(7.16)

For two infinite parallel planes all radiation leaving plane 1 will hit plane 2 and vice versa.
This is the case when studying the radiation exchange between window panes in a multiglazed window.

F12 = F21 = 1

(7.17)

2

1

Figure 7.5
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For a plane surface 1 surrounded by a concave surface 2 it is evident that all radiation
leaving surface 1 will hit surface 2. However some of the radiation leaving surface 2 will
hit itself. Therefore the view factor F12 will be equal to unity

F12 = 1

(7.18)

and using the reciprocity theorem gives the relation

F12 A1 = F21 A2

(7.19)

Which gives the view factor F21 as

F21 = F12 A1/ A2

(7.20)

This case is useful for instance when calculating the radiation exchange for a radiator in a
room where all the other surfaces can be assumed to have the same temperature.
If the total surface of a volume consists of n different surfaces all radiation leaving the
surface has to hit one of the surfaces including the surface itself if it is convex. The sum
of all view factors from a surface therefore has to equal unity
n

F
j 1

kj

1
(7.21)

The practical use of this relation is that if the view factors to all surfaces but one are
known the last view factor can be found by simply subtracting the known view factors
from unity.

7.4.1 View factors for basic configurations

H
2

D
1
L

Figure 7.6
Especially when studying thermal comfort it is of interest to study the radiation exchange
between a small surface and the surrounding surfaces. For infinitesimal surfaces there
are explicit formulae for the view factors to rectangular perpendicular and parallel
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surfaces as given in the following cases. For the radiation exchange between an
infinitesimal surface 1 and a perpendicular surface 2 as shown in the figure the following
equation is valid.




L



1 
1
L


D
arctan
F12 
arctan





2
2 
2 
D

H
H





 1    
1  


D
 D  


(7.22)

For the radiation exchange between an infinitesimal surface 1 and a parallel surface 2 as
shown in the figure the following equation is valid. Observe that in both cases the
location of the infinitesimal element is in the normal direction from the corner of the
larger element. If the infinitesimal element is not in the normal direction of the element
this is simply achieved by enlarging the element and then subtracting the view factor to
the enlargement.




H
L



1 


D
D
F12 
arctan




2
2 
2
 1   H 
 1   H  


D
 D  



H




D
 arctan

2
2 
L
 1   L   
1  

 D   
D
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(7.23)

The view factors between two arbitrary surfaces in a rectangular room can be found by
integration of the above formulae. This is mostly used in computer codes that simulate
the energy exchange within a room or a whole building.
Solutions for the view factors for different configurations can now easily be calculated
with modern mathematical software. They can also be found in the forms of tables or
diagrams in various publications. The diagrams below [24] give the view factors for
parallel and perpendicular rectangular surfaces.
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7.4.2 Use of the addition rule
There are certain relations between the configuration factors which can be utilized to
reduce the calculation work needed for a given geometry. The relation stated in equation
(7.13), means that between two surfaces, the configuration factor only has to be
calculated in one direction.
From the definition of the configuration factor it is evident that the sum of all fractions is
equal to unity so that for a closed space with surfaces numbered from 1 to n
n

F

kj

1

j 1

(7.24)

Furthermore if the surface j is divided in two partial surfaces j' and j" , the configuration
factor from the surface k to the surface j is given by

F =F '+F "
kj
kj
kj

(7.25)

j
j'
j''

k

Figure 7.7
And in a similar way

F '=F –F "
kj
kj
kj

(7.26)

7.5 The Radiosity matrix
Once the configuration factors are known the radiosities at different surfaces can be
calculated from equation (7.14) which can be put into matrix form as

Jj – 

n

j



k 1

J F =  T 4
j
k kj
j

(7.27)
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Where three or more surfaces are involved the inversion of the matrix should be carried
out numerically. The explicit solution for two surfaces reads as follows.

  1  2 F22   1T14  1F12   2T24 
1  1F11 1  2 F22   12 F12 F21

(7.28)

  1  1F11    2T24  2 F21  1T14 
J2 
1  1F11 1  2 F22   12 F12 F21

(7.29)

J1 

For long wave radiation the emittance

 and reflectance of a surface are with good

approximation related as

=1-

 

(7.30)

From the equations (7.11) (7.31) and (7.30) it can be deduced that the heat generated
by long wave radiation at the surface 1 for the simple configurations with only two
surfaces is given by the formula

(7.31)
After some mathematical exercise this can be formulated as

1 = A1 12  (T24 – T14 )


12

(7.32)

is the so called resulting emittance between both surfaces, which is, besides the

surface emittances, depending on the geometry.
For the case with two infinite parallel surfaces the resulting emittance can be expressed
as

1/12 =1/1 +1/2 – 1

(7.33)

And if surface 1 is completely surrounded by surface 2

1/12 =1/1 +(A1/A2)(1/2 – 1)
If A2 >> A1

(7.34)

12 = 1

(7.35)

It is useful to define a surface heat transfer coefficient due to long wave radiation at a
surface in analogy with the convective heat transfer coefficient. From the case with two
different isothermal surfaces, the heat transfer coefficient due to long wave radiation at
the surface 1 hr can be defined in such a way that
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h = 21/A1(T2-T1)
r

(7.36)

hr = 12 (T24-T14)/(T2-T1)

(7.37)

From equation (7.34)

Given that

(T24-T14) = (T22-T12)(T22+T12) = (T2-T1)(T2+T1)(T22+T12)
= (T2-T1)(2Tm)((T2+T1) 2-2 T2T1)
= (T2-T1)(2Tm)( 4Tm 2-2Tm 2+ (T2-T1) 2/2)

(7.38)

and as the temperature difference normally is small compared with the total value, hr
can be expressed as

h = 4 12 Tm3
r

(7.39)

Tm = (T1+T2)/2

(7.40)

7.6 Combined radiation and convective heat transfer
Normally we assume that the air does not absorb radiation. This means that radiation
and convective heat transfer can be regarded as two separate processes coupled through
the surface temperature. For a thin air gap the heat transfer coefficients can be
calculated separately and the overall heat transfer coefficient between the two surfaces,
hcr, simply calculated as the sum of these two.

q12  (hc  hr )  ( T1  T2 )  hcr  (T1  T2 )

(7.41)

For the heat transfer at the surface in a room the situation is more complicated. The
convective heat transfer is taking place between the surface and the room air while the
radiative heat transfer is taking place between the surface and other surfaces of the
room. A common simplification when calculating the surface heat transfer for insulated
building constructions is to assume that on the average the ambient air temperatures
and the surrounding radiating temperatures are the same. Then a common surface heat
transfer coefficient can be defined as

hs (hc hr )

(7.42)

and the surface resistances as

R si 

1
hsi

(7.43)

R se 

1
hse

(7.44)

See chapter 3.
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8. SOLAR RADIATION

8.1 Solar radiation in building design
Solar radiation, and its impact on buildings and building surfaces, is of a great concern in
building design. Many examples of a bad design have their origin in lack of knowledge
and understanding of the process of solar radiation.
With increased insulation and air tightness of buildings the solar radiation through
windows will play a relatively larger role in the power- and energy balance for the
building. The orientation and design of the windows will influence the energy
consumption for heating as well as the level of comfort and the need for cooling in a
building.
The performance of external solar collectors or photovoltaic solar cells is a function of
their orientation toward the sky. For real buildings it is often a question of making the
best use of available surfaces.
Solar radiation can heat up external exposed surfaces to temperatures around 80 °C and
surfaces with partly transparent coating to more than that. The temperature differences
gives rise to mechanical stress, dimensional changes and, together with moisture and
chemical reactions, cause a rapid decay of surface finishes. Solar radiation is therefore an
important factor in design for high durability, both in building constructions and for
infrastructural constructions like bridges and roads.

8.2 The elements of solar radiation
Solar radiation is available on meteorological weather files, as tabulated values and from
analytical and empirical formulae as given below. The solar radiation on a weather file is
usually given as the incident radiation on a horizontal surface or as the cloudiness. The
calculation procedure given below can be used directly to calculate the incident solar
radiation on a clear day, but also as a tool to establish a relation between meteorological
weather data and the incident solar radiation on different surfaces.
The procedure for calculating the solar radiation in this chapter is mainly based on the
work given in [3].
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The short wave radiation from the sun reaching an earthly surface can be split into three
components
ID = direct solar radiation, W/m2
Rays directly from the sun to the surface
Id = diffuse solar radiation, W/m2
Secondary rays reradiated from the atmosphere
IR = reflected solar radiation, W/m2
Secondary rays reflected from surfaces on the ground

8.3 Calculation of the solar radiation towards an arbitrary surface
We start with finding the position of the sun in the sky, i.e. the angle from the horizontal
plane. This varies with time of the year, the longitude and latitude of the actual location
and the time of the day.

Nor dpol

P
Meri di an
Ekvator

w

Figure 8.1
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The latitude of the location is given by the angle

. The time angle w is given by the

angle between the meridian of the location and the plane defined by the earth axis and
the sun.
The direct rays from the sun are reaching the earth at a declination

from

a plane

through Equator. The declination varies over the year due to the rotation of the earth
axis of rotation relative to the sun. The declination is given by the expression

  23.45sin((t  81)

360
)
365

(8.1)

where t is the day number i.e. January 1st is 1.
Our next task is to find the solar altitude h which is used as a basis for calculation of the
solar radiation through the atmosphere and to determine the solar angle towards
different surfaces at our location in order to determine the projection of the incident solar
radiation.

h

a

h = solar altitude
a = solar asimute
v = wall asimute
 =horizontal angle
i = incident angle

i


Normal to
wall

v

S

Figure 8.2
By use of trigonometry we find that the solar altitude h can be expressed in terms of the
latitude and the time angle

sinh  sin  sin   cos  cos  cos w

(8.2)
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The angle between south and the projection of the solar radiation in the horizontal plane,
the solar azimuth a is given by

cosa 

(sinhsin   sin )
cosh cos 















(8.3)











(8.4)

The angle of incidence i, is given as

cos i  cosh cos  







A fraction of the incident solar radiation is absorbed on its way through the atmosphere.
The path length is depending on the solar altitude.

Figure 8.3
To calculate the decay of the solar intensity in the direction of the solar rays through the
atmosphere on a clear day there are empirical formulae based on measurements.
(May – September)

(8.5)

IDN = 1071 e(-0.139/sinh)

h>15°

IDN = 101.897h-8.1348h2+0.376h3-0.006744h4

h<15°

(October – April)

(8.6)

IDN = 1071 e(-0.109/sinh)

h>15°

IDN = 117.191h-9.49737h2+0.4436h3-0.008218h4

h<15°
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The direct radiation normal to a horizontal surface INH is given as INH=IDNsinh

I

NH
h

I DN

Figure 8.4
The direct radiation normal to a vertical surface is then

INV = IDN cosh cos(a-v)
= IDN cosh cos















(8.7)

The diffuse radiation can be divided into diffuse radiation from the sky Id and reflected
radiation Ir.
The diffuse radiation towards a horizontal surface can be expressed in terms of the solar
altitude h only since normally no reflected radiation reaches the horizontal surface.

IdH = 0.095(h-60) + 107.15

h>60°

IdH = -0.823 + 5.263h – 0.094 h2 + 0.0006 h3

h<60°

(8.8)

The total radiation towards a horizontal surface is the sum of the direct and the diffuse
radiation.

ITH = INH + IdH
The intensity of the diffuse sky radiation is largest in the direction of the sun. The diffuse
radiation normal to a vertical surface is therefore depending on the angle of incidence i

IdV/IdH = 0.45

cosi<-0.2

IdV/IdH = 0.55 + 0.437cosi + 0.313 (cosi)2

-0.2<cosi<1.0

(8.9)

For a vertical surface, half of the hemisphere bounded by the plane of the surface is
covered by the sky, and the other half by the ground. If we assume that all direct and
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diffuse radiation to the ground is reflected as diffuse radiation and that the reflectance of
the ground is r, the reflected radiation reaching a vertical surface can be expressed as

IdR =r (INH + IdH)/2

(8.10)

Examples of ground reflectance r
Snow
Bright colors
Concrete
Grass
Sand
Asphalt

0.7-0.85
0.5
0.3
0.25
0.2
0.1

The total radiation ITV for a clear sky towards a vertical surface can now be calculated as
the sum of the direct, the diffuse and the reflected radiation

ITV = INV + IdV + IdR

(8.11)

8.4 Solar radiation on a cloudy day
In meteorological data cloudiness is often expressed as the cloudiness factor M varying
between 0 on a clear day and 9 for a very cloudy sky.
Another way of expressing the cloudiness is by the Cloud Cover factor CCF which is the
ratio between the actual total solar radiation and the total solar radiation on a horizontal
surface for a clear sky

CCF = IHC/IH

(8.12)

Some empirical formulae for the cloud cover factor

CCF = 1.350 – 0.122M

M≥5

(8.13)

CCF = 1.000 – 0.044M

M≤4

(8.14)

8.5 Heat balance on exterior surfaces
The components of heat transfer to be regarded at an exterior surface are
 Convective heat exchange between the surface and outdoor air
 Solar radiation
 Long wave radiation exchange with the sky
 Heat exchange between the surface and the interior climate
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Tsky
Te
aI
T es

Ti

Figure 8.5
Other important components of the surface heat balance that are not treated here are
water transfer and phase change such as evaporation of rain water and melting of snow.
A heat balance for the surface gives, [8]

aI+h (Te-Tes)+h (Tsky-Tes)+U´(Ti – Tes) = 0
r
c
Absorptance for typical
building surfaces
Asphalt
Brick, red
Brick, yellow
White paint
U 

0.93
0.75
0.55
0.30

(8.15)

a is the absorbtance of the surface for shortwave
solar radiation. U´ is the modified U-value, i.e. the
heat transfer coefficient between the outer surface
and the ambient indoor air.

1
1
 Rse
U

(8.16)

Rearranging the terms gives the equation for the temperature of the external surface

Tes 

a  I  hc  Te  hr  Tsky  U Ti
hc  hr  U

(8.17)

8.5.1 Window heat balance
The heat transmission through windows is complicated by the fact that the transmission
of solar radiation and the potential heat flow through the window cannot be regarded as
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parallel, independent processes. The solar radiation absorbed in the different panes
causes a rise in temperature and thereby disturbs the heat flow pattern.
The window can be treated as a series of nodal points representing the temperatures of
the panes T and with thermal resistances R on the left of the pane representing long
j
j
wave radiation and convection heat transfer. The fraction of the total incident radiation
that is absorbed in pane j is denoted by a This is exemplified in the figure for a triple
j.
glazed window.

I

T1

T2

T3

a1

Te

Ti
a2
a3

R1

R2

R3

R4

Figure 8.6
A heat balance for a pane j then gives

(Tj-1-Tj)/Rj + (Tj+1-Tj)/Rj+1+aj·I = 0

(8.18)

In which a is the fraction of the incoming solar radiation I W/m2 absorbed by pane j.
j
This implies that all a 's are dependent.
j

a1
Single
glazing
Double
glazing
Triple
glazing
Quadruple
glazing

a2

a3

a4

0.086
0.091

0.073

0.095

0.077

0.061

0.098

0.081

0.066

80

0.052

Examples of the relative absorption of the different window panes for different numbers
of panes of 4 mm ordinary glazing are given in the table.

Solving T
j
Tj (

T
T
1
1

)  j1  j 1  aj. I
R j R j1
R j R j 1

(8.19)

for pane nr 1 T0 is known equal to Te.

T1(

1
T
T
1
 )  2  a1  I  e
R2
R1
R1 R2

(8.20)

for pane nr n, Tn+1 is known equal to Ti



n 



.



1
1  Tn 1
T
T

 a n. I  i
 
R n R n1  Rn
R n 1

(8.21)

This gives the matrix equation
1/R1+1/R2 - 1/R2

0

...

0

T1

- 1/R2

1/R2+1/R3 -1/R3 ....

0

T2

0

- 1/R3

0

T3

0

0

...............

....................

...

.............

...........

..............

- 1/Rn

Tn-1

0

.............

-1/Rn

1/Rn+1/Rn+1

Tn

...

a1.I + Te/R1
a2.I
a3.I

=

...............
an-1.I
an.I+ Ti/Rn+1

(8.22)
And the solution for the T vector is reached by inversion of the matrix and multiplication
on both sides
(8.23)
T1

1/R1+1/R2 - 1/R2

T2

- 1/R2

1/R2+1/R3 -1/R3 ....

0

T3

0

- 1/R3

0

...

=

0

...
...

0

-1

a1.I + Te/R1
a2.I
a3.I

0

0

...............

....................

...............

Tn-1

.............

...........

..............

- 1/Rn

Tn

0

.............

-1/Rn

1/Rn+1/Rn+1

an-1.I
an.I+ Ti/Rn+1

(8.23)
For a window with two panes the equation becomes
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T1
T2

-1 a1.I + Te/R1
1/R2+1/R3
a2.I+ Ti/R3

1/R1+1/R2 - 1/R2
= - 1/R2

Inverting the matrix gives
T1

= 1/((1/R2+1/R3)(1/R1+1/R2)-1/R22) 1/R2+1/R3

T2

1/R2

1/R2
1/R1+1/R2

a1.I + Te/R1
a2.I+ Ti/R3

(8.24)
Solution for T1 becomes

T1=

(1/ R2  1/ R3 )(a . I  Te / R1 )  (1/ R 2 )(a . I  Ti / R3 )

T1= R1R2R3

T = R1R2R3
2

1

2

(1/ R 2  1/ R 3 )(1/ R1  1/ R2 )  1/ R2 2

(1 / R 2  1 / R 3 )(a 1. I  Te / R 1 )  (1/ R 2 ) (a 2. I  Ti / R 3 )
R 1  R2  R3
(1 / R 1  1 / R 2 )(a 2. I  Ti / R 3 )  (1 / R 2 )(a 1. I  Te / R 1 )
R1  R2  R3

(8.25)

(8.26)

(8.27)

The density of heat flow rate due to convection and long wave radiation between the
surface and the indoor environment can now be calculated
(8.28)

q=(T2-Ti)/R3

A solution of the system for two panes with area A, m2, gives the heat flow from the
inner surface to the room as

 = (A/R3)(T2-Ti) = A[R1(a1I+a2I)+R2a2I + (Te – Ti)]/(R1+R2+R3)

(8.29)

 = AIU(Rse(a1+a2)+R2a2)+AU(Te-Ti)

(8.30)

or in more conventional terms

The practical consequence of the above expression is that the fraction of the incoming
radiation that is absorbed in the windowpanes and then transferred into the room by
convection and radiation is with a good approximation independent of the internal and
external temperatures. This also applies for windows with more than two panes.
The total transmittance F is defined as the fraction of the incident solar radiation that
reaches the interior of the room. The fraction F2 entering the room by convection and
long wave radiation is found from the first term in equation (8.31)
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F2 = U(Rse(a1+a2)+R2a2)

(8.31)

and the short wave radiation part is expressed as

q = F1I

(8.32)

in which F1 is the transmittance of the window for short wave radiation.
The total transmitted solar radiation is therefore given by the formula

q = I{F1+ U[Rse(a1 + a2) + R2 a2}= I(F1 + F2)

(8.33)

Transmittance %
100
80
60

Double
glazed
window

40
20
0

0

30

60

90
Angle of
incidence i

Figure 8.7
A mathematical procedure to calculate the absorptance of each window pane and the
transmittance for a multi-glazed window is given in [9]. The transmittance for several
types of windows with different kinds of solar shading are to be found in the literature,
e.g. ASHRAE Handbook of Fundamentals. Some examples are given below.
A complication is that the transmitted radiation is dependent upon the angle of incidence
of the solar radiation. The figure above shows the total transmittance through a normal
double glazed window as a function of the angle of incidence. At angles up to 50° the
total transmittance is approximately constant while it decreases almost linearly to zero
when the angle exceeds 50 – 60°. Consequently the total transmittance is different for
the three components of the incident radiation i.e. direct, diffuse and ground reflected
radiation.
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Given that the curve-forms for different window types are similar, the transmittances
tabulated are given as a percentage of the transmittance through a normal double-glazed
window. Thus, knowing the transmittances through a double-glazed window, the
transmittances for any window given in the tables are easily calculated. Tables and
diagrams for the daily variations of transmitted radiation through a certain type of
window are to be found in various publications.
The table below shows short-wave solar gain F1 and convective solar gain F2 for various
types of glazing and shading. The values are derived from [9]. They are given as a
fraction of the total radiation through a double glazed window and have to be used
together with the above diagram showing the transmittance for a double-glazed window.
Observe that F1 and F2 have different interpretation in the original text.

Glazing
Shading type
single glazed
double glazed
ext.pane heat absorbing
ext.pane heat reflecting
ext.venetian blinds
mid.venetian blinds
mid white weave.
mid.grey weave
mid.dark weave
triple glazed
ext. venetian blinds
ext. gap venetian blinds
int. gap venetian blinds
int. venetian blinds

F1/Fdoublegl
%
109
93
40
8
11
14
17-54
10-43
4-33
80
6
9
11
13
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F2/Fdoublegl
%
3
7
20
6
28
51
14-8
30-21
42-30
11
5
21
37
53

9. DUCT FLOW

9.1 Heat balance in a duct with air flow
In many applications air is heated or cooled on its way through a duct with surfaces with
temperatures different from the air.
Assume that the duct has cross section area A, m2 and perimeter of the surrounding
surface P, m. For the volume element in the duct limited by x and x+dx we have
incoming volume flow u.A with a temperature T(x) and the same outgoing volume flow at
x+dx with the temperature T(x+dx). We also have a heat flow from the surface to the
flowing air depending on the temperature difference, the convective surface heat transfer
coefficient and the surface area P.dx. Heat balance for the element will yield

u A    cT(x)  T(x  dx)  P dx  hc (Ts  T(x))  0

(9.1)

Using Taylor expansion for the temperature in x+dx

T(x  dx)  T(x)  dx

T 
x x

(9.2)

we get the differential equation

T
P  hc
P  hc

T
Ts
x u A    c
u A  c

(9.3)

With the boundary condition T(0)=T0 we get the solution

T(x)  Ts  T0  Ts e



Phc
x
uAc

(9.4)
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In many cases the surface temperature is not known a priori but rather some ambient
temperature on the outside of the duct wall. The same equation then applies replacing hc
with the U-value of the duct wall and Ts with the ambient temperature.

U

T(x)

Ta

Figure 9.1


T(x)  Ta  T0  Ta e

PU
x
uAc

(9.5)

9.2 The heat balance for a ventilated air gap
The solution for the temperature of an air stream flowing with constant velocity along an
air gap with isothermal surfaces is given in chapter 5. In an air gap in an insulated
construction with a significant temperature difference over the air gap the radiation heat
exchange between the surfaces of the air gap is an extra complication and if that is taken
into account the solution, which is derived in [2] will be as following.

R*
2

u

T

Ts2

T0

equ

b

Tx

Ts1

R1*

T
x=0

x

i

x
Figure 9.2 Ventilated air gap

The heat balance in the air gap contains three processes
1. The convective heat transfer by the air flow along the air gap
2. The convective heat transfer between the surfaces of the air gap and the passing
airflow
3. The heat transfer by radiation between the surfaces
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The variation of the air temperature along the air gap can be expressed as

-kx
T = T  - (T  – T ) e
x
o

(9.6)

k = 1/(cbuR)
T  is the temperature of the air in the gap at an infinitely large distance from the inlet

.
T  = T – (T -T
) R /(R +R )
i
i equ 1 1 2

R 

(9.7)
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(9.8)
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h  2h
c
r

(9.9)
(9.10)

R1* is the thermal resistance between the indoor air and the inner gap surface.
R2* is the thermal resistance between the equivalent outdoor temperature and the outer
gap surface. By using the equivalent outdoor temperature as given in equation (8.17) the
effect of the solar radiation can be accounted for.
The solution for the surface temperatures along the gap can be given as

1
1
1
 Tx 
 Ti 
 Tequ
Rx
R*1
R1
R2
Ts1  (

T
)

 Ti
i
1
1
1
R1


R x R 1 R2

(9.11)
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T
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 Tequ
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R x R1 R2

(9.12)

Rx 

hr

hc 2  2h c h r

(9.13)
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9.2 Non steady heat transfer in ducts with high thermal inertia
As a demonstration of this solution technology we can take the case of a ventilation duct
in the ground. The solution given here comes from [16]. It is well known that we can use
a duct to reduce the temperature swing of the outdoor air and thereby reduce peak
power for heating in winter and cooling in summer. We can characterize the dynamics of
the ground by calculation a two-dimensional section perpendicular to the duct direction.
For each frequency, , we calculate the real and imaginary temperature fields for two
cases. One is when we have a unit oscillation of temperature for the duct air Tda. The
other is when we have a unit oscillation of the outdoor air temperature Tout.

Case 1:

~
Tda  (1  i )  eit

~
Tout  0

(9.14)

Case2:

~
Tda  0

~
Tout  (1  i )  eit

(9.15)

Now we define for each frequency the admittance, E, for the duct as the heat flow from
the duct air to the duct wall for boundary temperatures according to case 1 and the
transmittance from the outdoor temperature to the duct temperature as the heat flow
towards the duct air for a unit temperature oscillation according to case 2. Note that F
and E are complex numbers that represent the amplitude and phase shift of the heat flow
relative to the unit temperature oscillation. If we assume that the cross section is
constant along the duct, and if we assume that the heat conduction along the duct in the
ground can be neglected, we can use the exponential solution for the temperatures along
the duct in the frequency domain.

~
~
Tda ( x,  )  (Tinl 

A ci  E
~
~

x
F  Tout
F  Tout
u A c

)e
A   c i   E
A   c i   E

(9.16)

and at the outlet of a duct with the length L

~
~
Tda ( L,  )  (Tinl 

A ci  E
~
~

L
F  Tout
F  Tout
)  e u A c 
A   c i   E
A   c i   E

(9.17)

Which is a complex number times the basic oscillation

~
Toutl  (c  i  d )  eit

(9.18)

Since we are dealing with linear systems in the frequency domain all time dependent
variables and results are a product of the complex number and the basic oscillation. A
convention is therefore to simply write the quantities as the complex number

~
Toutl  (c  i  d )

(9.19)

In the frequency domain we choose to use, apart from 0 = 0 for the steady state
solution based on average values, six frequencies starting with the annual oscillation.
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The inverse Fourier transform will give the solution for the outlet temperature in
the time domain.
Toutl 

c(0 ) 6
  ( c(n )  cos(n  i )  d (n )  sin(n  i ))
2
n 1

(9.20)

We now test a more active solution where we use an air borne solar collector to heat the
air before it enters the ground coil. In the first approximation we assume that we have a
solar collector upstream that gives an average monthly temperature of the inlet air for
the duct.

~
~
~
Tinl  Tout  0.07  I m  (a  i  b)

(9.21)

where a and b are the real and imaginary part of respectively.
The input data for the calculated case are as follows
Duct diameter: 400 mm
Duct center to ground surface: 1000 mm
Duct length 60 meters
Air in duct with velocity 3 m/s, density 1.2 kg/m3 and thermal capacitivity 1000 J/(kg.K)
Convective surface heat transfer coefficient in duct 10 W/m2K. The surface heat transfer
coefficient on the top surface is 25 W/m2K. For the steady state solution the temperature
at 6 m depth is assumed to be constant equal to the average annual temperature
outdoors.
Insulation layer on the ground above duct has thickness 200 mm, width 2000 mm,
thermal conductivity 0.036 W/(mK), density 30 kg/m3 and specific heat 1000 J/(kg.K)
The ground body in the calculation is 2000x6000 mm with a surface heat transfer
coefficient of 25 on top and an assumed adiabatic boundary at the sides and at the
bottom. thermal conductivity 1.6 W/(mK), density 1800 kg/m3 and thermal capacitivity
1000 J/(kg.K)

Figure 9.3 Finite element mesh for the problem.
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Figure 9.4 The real part of the calculated emittances for the steady state solution and the
for first frequencies corresponding to periods of 1, 1/2, 1/3, and 1/4 years

Figure 9.5 The imaginary part of the calculated emittances for the steady state solution
and the for first frequencies corresponding to periods of 1, 1/2, 1/3, and 1/4 years
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Figure 9.6 The magnitude of the calculated emittances for the steady state solution and
the for first frequencies corresponding to periods of 1, 1/2, 1/3, and 1/4 years

Temperature OC
40

Duct inlet

30

Duct outlet

20

10

Outdoor air
0

10

.
0

2

4

6

8

10

12

.

Month
Figure 9.7 The annual variations in temperatures for a 60 m long duct coil with a
diameter of 400 mm laid in a spiral at a depth 1000 mm with cc (center to center)
distance of 2000 mm with 200 mm EPS insulation on the top.

The results show that the winter temperatures for the ventilation air can be on average
raised for more than 10 degrees during the coldest winter month. We also have to bear
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in mind that this solution has here been analyzed as a linear system with constant air
flows and temperatures based on monthly mean temperatures and solar radiation. With a
non-linear operation of the duct coil, such as reversing the flow and varying flow rates
based on available solar radiation the solution, can be developed towards a better
performance. If the duct is placed under the ground plate of a building heated to 20 C
the average temperature of the duct outlet air will rise somewhat.

9.4 Hybrid systems for heating and cooling
In the above sections we have treated ducts with constant air flow in the direction of the
duct and transversal heat flow from the duct walls to an environment. The transmission
factors from the duct to the environment can be modeled for steady state or for nonsteady heat flow in the frequency domain.
A common problem with slightly more complexity is when we have two counter-flow
ducts in a floor or a wall slab. Knowing the transmission coefficients between them they
can be treated as a normal counter flow heat exchanger. But usually there is also a heat
flow from the ducts to an ambient environment. The solution given below is originilally
developed in [2]. Using a duct in a slab as a regenerating heat exchanger reversing the
flow direction at a frequency that leads to fairly constant surface temperature in the duct
is an analogous problem. Consider a duct with an intermittently reversing flow East, E
and West, W. TS is the surface temperature is he respective temperatures of the flowing
media are given by TE and TW.
The governing heat balance equations for the duct air will be


TW
 hW  P  (TW  Ts )  0
x

(9.22)



TE
 hE  P  (TE  Ts )  0
x

(9.23)

CW 
CW 


CW = The heat capacity flow in the east direction

(9.24)

= uW  W  cW  A


C E = The heat capacity flow in the west direction
= uE   E  cE  A
A=Duct cross section area, m2
P=Duct perimeter, m
hW=Surface heat transfer coefficient, W/m2K
hE=Surface heat transfer coefficient, W/m2K
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(9.25)

Equations (9.22) and (9.23) form a system of two linear equations with three unknown
temperatures TW, TE and Ts.
A heat balance for the surface gives Ts as

Ts 

hE  P  TE  hW  P  TW  2    Ta
2    hE  P  hW  P

(9.26)

To simplify the equations we define a modified linear transmittance as

m  2    hE  P  hW  P

(9.27)

And reduce the number of unknown temperatures to two

TW hW  P  hW  P 
2  m  hW  P
h  h  P2
  TW  W  W
   1 
 TE 
 Ta

x

m


CW
CW  m
CW  m

(9.28)

TW hW  P  hW  P 
h  h  P2
2  m  hW  P
  TW  W  W
   1 
 TE 

x
m 
CW 
CW  m
CW  m

(9.29)

The different flow temperatures are known at the beginning of the flow
TE(0) = inlet temperature for the east going flow
TW(L) = inlet temperature for the west going flow
A mathematical solution to this can be formulated as follows
We define a 2x2 matrix A such that

 hW  P  hW  P 

hW  hW  P 2





1
 




m 
 CW 

CW  m
A
2
hW  hW  P
hE  P  hE  P 


   1 

m 




C
C
E
m
E



(9.30)

A 2x1 vector B

 2    hW  P 
.


m  CW 

B
 2    hE  P 


.
 m  C E 

(9.31)
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And a temperature vector T

T 
T   W
TE 

(9.32)

The equation system can then be written in matrix form as

T
 A  T  B  Ta
x

(9.33)

T solve this equation system we rewrite the matrix A as

A  S  D  S 1

(9.34)

D is a 2x2 matrix where the diagonal elements are the eigenvalues of A
S is a 2x2 matrix where the columns are eigenvectors of the matrix A
For a detailed calculation of the matrices D, S and S-1 see textbooks on linear algebra.

T
 S  D  S 1  T  B  Ta
x

(9.35)

Now, if we multiply all terms with S-1 we get

 1
S  T   D  S 1  T  S 1  B  Ta
x

(9.36)

As
 Dx 1



e  S  T   e Dx   S 1  T   D  S 1  Ta 
x
 x


(9.37)

Equ(9.37) can be rewritten as

 Dx 1
e  S  T   e Dx  S 1  B  Ta 
x

(9.38)

and the solution is reached by integration on both sides
L

e DL  S 1  T ( L)  S 1  T (0)   e Dx dx  S 1  B  Ta

(9.39)

 e 1 L
e D L  
 0

(9.40)

0

0 

e 
2 L

1 and 2 are the eigen values of A as stated for equ. (9.30)
94



L

0





 1 1L
 e 1
D x
e dx   1

0


0
1

2

e

2 L




1 


(9.41)



T L 
T L    W 
 TE L 
T 0
T 0   W 
TE 0

(9.42)

(9.43)

As we have in Equ(9.33) two equations we can solve the equation system for two
unknowns. For a regenerating heat exchanger this would be TW (0) and TE (L)
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10 LOW EXERGY DESIGN

10.1 General heat balance problems
In chapters 3 to 9 we have come across models of various types to calculate the separate
heat transfer processes in building heat transfer. In reality, most situations that we want
to analyze, involve a combination of different processes. We want to calculate the net
heat flow to a surface or volume under given conditions or to calculate the resulting
temperature at a given location and these quantities are influenced by several processes
interacting with each other.
To establish a solution for the heat balance for a given configuration we can proceed in
four steps:
1. Identification of the significant processes involved and choosing the suitable algorithm
to describe these. Heat flow through an insulated wall, absorbed solar radiation and
convective heat transfer are examples of such processes.
2. Expressing the heat flows for the actual processes in terms of known boundary values
such as temperatures, heat flows, incident solar radiation etc.
3. Making use of the fact that the sum of the heat flow to the surface or the volume and
the heat generated must be equal to zero.
4. Solving out the resulting temperatures directly or by iteration whereas the heat
transfer parameters may be temperature dependent.

10.2 The building components
Let us take a look at the most important building components and how they have
developed.
Walls made of homogeneous brick had a U value of about 0,5 W/m2K and today we are
building multilayer walls with 30 cm of mineral wool insulation with a U value around
0,15 W/m2K.
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Roof constructions have insulation thicknesses which normally were around 200 mm with
a U value of 0,3 W/m2K are now insulated with between 0,5 and 1,0 m giving a U value
well under 0,1 W/m2K.
Even floor constructions toward the ground that before were only partly insulated are
now insulated with 20-30 cm of insulation under the floor plate.
The double glazed window had a U value of 3,0 W/m2K. Today the state of the art
window has special coating on the surface that transmits visible light but reflects long
wave heat radiation. This together with special gas fillings in the cavity between the
glasses results in a U value close to 1,0 W/m2K.
In buildings with bad air tightness the losses due to uncontrolled ventilation could be
significant. With new standards and improved technology the common air leakage
coefficient of 3 to 6 air exchanges per hour at 50 Pa pressure difference has been
brought down below 1 air exchanges per hour.
With controlled ventilation it is possible to recover heat from the exhaust air to heat the
inlet air. Common energy efficiency for an air to air heat exchanger is 60 % and for more
advanced types up to 85%.
For the electricity use we see that the new light bulbs can provide the same light
emission as the conventional light bulb with only 15-20 % of the electrical power needed
for the conventional light bulb.
The efficiency of almost all household appliances such as refrigerators, washing
machines, television and computers has been improved considerably while at the same
time we tend to increase our use of such appliances.
It is obvious that we, with modern technology and in a cost effective way can produce
housing with by far less energy use for heating and appliances than what we have in the
existing building stock.
However, as the lifetime of buildings is about 70 years or more the renewal of the stock
is taking place with between 1 and 2 % per year in a developed country. This makes the
transition of the building stock towards a new energy standard very slow. But there are
also other challenges to overcome.
There is a capacity problem. Most new housing and refurbishment planning is carried out
by consulting engineers with background and training in conventional building
technology. To bring new knowledge into the sector craves education, training,
demonstration projects and new policies setting higher standards.
For energy efficient buildings we have higher initial investment cost that with time will be
paid off by energy savings but also, because of better thermal comfort and living
standard, by higher rent. We need convincing tools and valid examples to explain this to
the banks and financing institutes in a convincing way.
We also have to see to that the building component and building material industry
provides the necessary goods. They will not react before there is a real demand. This
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demand can be created by new regulations, by economical incitements and tax cuts from
the government, with larger procurement for high standard products by development
funds and larger real estate developers in cooperation, etc. When the market is enlarged
the rationality of greater production quantities and competition will lead to more
favorable prices.

10.3 The supply side
A common convention in the treatment of the energy efficiency of buildings is to regard
all energy in the same manner independent of the form or the source. With the so called
heat pump we can exemplify that this is very misleading.
We consider two buildings that both have the same need for heat and domestic hot
water. One building has electrical resistant heaters in each room and separate electric
boiler for each apartment. The other has a central boiler operating at 55 OC for the
domestic hot water and water borne floor heating systems.
For the electrically heated building we only have the opportunity to buy electricity from
the grid that will be converted directly into heat. For the other building we can install a
heat pump.
A heat pump is a device that with the help of a electrically driven compressor evaporates
gas at a lower temperature where heat then is extracted at a low temperature, and then
compresses the gas so it condenses at a higher temperature where the heat extracted at
the lower temperature is emitted.
In this way heat is moved from a low temperature heat source like for instance the
outdoor air, a borehole in the ground or the bottom of a lake to a higher temperature
heat storage which in our case is the central boiler.
The energy delivered to the boiler in form of heat will be 3 or 4 times the electrical
energy to the compressor. This is possible because the quality of electrical energy is 1.0
while the quality of heat at 55 OC is around 0.1.
In our processes energy is converted to another form but never lost. What is lost is the
quality of the energy and theoretically we should get 10 times the amount of electrical
energy in the form of heat at this temperature but practical limits to equipment size and
cost efficiency set a limit to this.
The example above shows us that it is not only the energy use of the building which is of
importance for good energy economy but also the interface of the building energy system
so that we have flexibility in the choice of the energy supply system.
Examples of this are for instance a large scale thermal power plant that produces
electricity and heat in a cogeneration process. The waste heat from the power generation
is distributed over a district heating network to the nearby communities. An example of a
trigeneration process is where a power generation process in combination with a heat
pump produces electricity, district heating and district cooling in a trigeneration process.
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Such trigeneration processes have also been planned for building projects where gas,
instead of being directly used for heating and hot water is fuelling electrical generation
and the waste heat from the process together with a heat pump provides the heating and
the low temperature end of the heat pump process provides cooling for the building. In
this way the high quality energy source, natural gas, is used to generate energy on
different quality levels matching the actual use and providing means to make the best
possible use of the energy quality of the gas.
The most important step towards increased use of renewable energy in buildings and to
better energy quality management is to provide means to use low temperature sources
such as hot water in buildings, District heating provides the necessary flexibility in choice
of energy resources. The Swedish district heating network is an excellent examples
where the systems are primarily built up for distribution of heat that is generated by
burning fossil fuels but where the they have been gradually replaced by cogeneration
heat, heat produced by heat pumps, heat generated from biofuels and from burning
waste etc.

10.4 Heat balance for a building
A simple heat balance model for a building volume presumes a constant temperature in
the whole building and that all energy is transferred to the room air directly and that the
indoor temperature is equivalent to the room air temperature.

T+TB+S+V+H+P+C = 0

(10.1)

Transmission heat flow through homogeneous surfaces

.

T = (Te-Ti)A

(10.2)

A = area m2

.
U = thermal transmission coefficient, W/m2


Transmission heat flow through thermal bridges


.
TB=(Te-Ti)( l +)

(10.3)

 = Linear thermal transmittance of a thermal bridge, W/mK
l = length of a linear thermal bridge, m

 = Point thermal transmittance of a thermal bridge, W/K
Heat generated from solar radiation through windows
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. .

S=A F I

(10.4)

A = window area, m2
F = Total window transmittance
I = Total solar radiation at the exterior window surface, W/m2
Heat flow through ventilation

. . .

V=(Te-Ti) L  c

(10.5)

L = Flow of indoor air to the outside, m3/s

 = density of indoor air, kg/m

3

c = thermal capacitivity of indoor air, J/kgK
Indoor heat sources

H = Heat flow generated from the heating system, W
P= Heat flow generated from household appliances, persons etc., W
Thermal inertia

C = Heat flow to or from a capacitive heat storage, W.
For steady state calculations as for instance calculating the energy balance for a building
with seasonal or monthly averages this term can be set equal to zero. For more exact
non-steady calculations as for instance simulating the temperature variations in a room
on a sunny day a more complex representation of the room heat balance is needed and
such calculations are usually carried out with the computer programs.
A simplified computer program Consolis Energy+ based on typical monthly days has been
developed based on a representation of the building thermal inertia by an active or
effective heat capacity, [12] and [14]. A comparison of this method with full feathered
simulation software has been carried out in [17] and [18]. The code is given in Excel and
available for students at the University of Debrecen, University of Reykjavik and KTH in
Stockholm.

100

11. APPENDIX I. DATA FOR CALCULATIONS

Table A1 Thermophysical properties of materials.
The values given are typical values to be used for calculations within the course. Observe
that normally the materials can have significant variations in properties based on
different density, moisture content etc.
Material

Thermal
conductivity
λ, W/mK

Density
ρ,
kg/m3

Specific heat
capacity
c, J/kgK

Glass

1.0

2500

750

Ice at -10 °C

2.3

920

2000

Ice at 0 °C

2.2

900

2000

Fresh snow

0.05

100

2000

Compact snow

0.6

500

2000

Water at 10 °C

0.6

1000

4190

Air

0.025

1.23

1008

Carbon dioxide

0.014

1.95

820

Argon

0.017

1.7

519

Krypton

0.009

3.56

245

Xenon

0.0054

5.68

160

Aluminum alloys

160

2800

880

Copper

380

8900

380

Cast iron

50

7500

450

Steel

50

7800

450

Stainless steel

17

7900

460

Rubber

0.17

1200

1400

Plastic

0.25

1700

1400

Linoleum

0.17

1200

1400

Polycarbonate

0.2

1200

1200

PVC

0.17

1390

900

Polypropylene

0.22

910

1800

Foam rubber

0.06

70

1500

Gypsum plasterboard

0.25

900

800
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Permeability
B0, m2

Material

Thermal
conductivity
λ, W/mK

Density
ρ,
kg/m3

Specific heat
capacity
c, J/kgK

Permeability
B0, m2

Plaster, gypsum/sand

0.7

1600

1000

10.10-15

Plaster, cement /sand

1.0

1700

1000

2.6.10-15

Soil, clay or silt

1.5

1500

2000

Soil, sand and gravel

2.0

2000

1000

Basalt

3.5

2900

1000

Granite

3.5

2600

1000

Natural pumice

0.12

400

1000

Construction timber

0.13

500

1600

0.2.10-15

Cement particle board

0.23

1200

1500

5.0.10-15

Chipboard

0.14

600

1700

5.0.10-15

Oriented strandboard

0.14

600

1700

5.0.10-15

Plywood

0.13

500

1600

4.0.10-9

Mineral wool

0.036

30

1000

4.0.10-9

Expanded polystyrene

0.036

25

1000

5.0.10-9

Polyurethane

0.022

25

1000

Cellulose fiber
insulation

0.042

50

1000

Concrete

1.7

2300

1000

1.0.10-15

Brick

0.6

1720

1000

70.10-15

Aerated concrete

0.10

400

1000

1.8.10-12

Exp clay concrete

0.10

400

1000

1.0.10-9
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