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Preface 

This volume of college notes aims to make the Discrete mathematics 1 lectures easier to follow for Eszterházy 

Károly College’s Software Information Technologist students. When structuring the material, we considered 

that the students attending this course already possess a higher knowledge of mathematics, because in the 

previous semester, within the frames of “Calculus 1” the basic set theory and function studies have been 

included, although the majority of the notes material can be understood with even a stable secondary school-

level knowledge. 

Actually, mathematics consists of creating concepts and detecting the logical bonds between these concepts. 

Here, when defining a new concept, the concept itself is written in cursive. These definitions are as precise as 

the conditions allow them to be. In many cases the utterance of a statement takes place as part of the context, but 

in some cases it is highlighted as a theorem. Mathematical statements usually require demonstrations, although 

here – in regard to the target group’s needs, its preparedness, and the given time allowance – we do not always 

show the demonstrations. 

The tasks at the end of each chapter help to measure the intensification of the discussed material: we suggest 

that the reader should not consider a chapter processed until he or she has any difficulty with the task at the end 

of it. 

The aim of this notes is not to show the possible applications of mathematics in informatics, but merely to 

provide the appropriate mathematical basis necessary for this application. 
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Chapter 1.  From the natural numbers 
to the real numbers 

The first mathematical experiences of our lives are connected to the acquisition of numbers, even as toddlers we 

are capable of dealing with them. In spite of that, the precise mathematical establishment of the concept of 

numbers reaches beyond the level of elementary mathematics. Everybody has a stable notion of the meaning of 

“two”, but many would be in trouble providing an exact definition. We cannot promise to give the exact 

construction of the concept of numbers within this notes, we merely attempt to picture its atmosphere in this 

chapter. Our aim is to summarize the characteristics of those significant sets of numbers known by us from 

secondary school, which are important for us. 

1.  Natural numbers 

In childhood, the acquisition of numbers is a result of a certain abstraction: sensing the permanence of the 

cardinality of objects around us. 

 Figure 1.1. What is the same between these three sets? 

 

The concept of “two” begins to loom as two biscuits, two building blocks, or a common feature of our two 

hands. This recognition is captured by the definition of natural numbers deriving from set theory, according to 

which, we consider the cardinality of finite sets as natural numbers. As it is well-known from “Calculus”, the 

empty set is finite, its cardinality is denoted by 0. The cardinality the set whose only element is the empty set is 

denoted by 1, and 2 is defined as the cardinality of the set , and so on. The set of natural numbers is 

therefore the set 

 

 Figure 1.2. Natural numbers on the number line 

 

We know that the set of natural numbers is closed under addition and multiplication. 

 Figure 1.3. The sum and the product of two natural numbers are also natural numbers, but the 

same in not true for difference and quotient of natural numbers 
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This means that addition and multiplication assign to any two (distinct or equal) natural numbers a well-defined 

natural number. The following “good” properties of the natural numbers make the calculation much easier. 

1.  

Both addition and multiplication on the natural numbers are commutative, that is, changing the order of the 

summands or factors does not affect the result: 

 

for natural numbers a and b. 
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2.  

Both operation are associative, that is 

 

for all . This property can be interpreted as follows: if we want to add three numbers  and c 

together, it is the same that we add a and b first, then add c to the result, or we add b and c first, then add the 

result to a. As we can rearrange the parentheses without changing the result, the parentheses will be often 

left. 

As we will see later, these two properties together guarantee that the sum and the product of finite many natural 

numbers are independent of the distribution of parentheses and the order of the terms and factors. 

The next property describes a relationship of the two operations. 

3.  

Multiplication is distributive over addition, that is 

 

for all natural numbers . 

We raise the reader’s attention to 0’s relation to addition, and 1’s relation to multiplication: adding 0 to any 

number does not change the number, and any number remains unaltered when multiplied by 1. 

With the aid of addition we can introduce an order on the natural numbers by letting  (a is less than or 

equal to b), if there exists a natural number c with . Furthermore,  (a is less than b), if 

, but . We will often use the fact that every nonempty subset of the natural numbers has a 

minimal element. 

1.1.  Induction 

It is also clear that for any natural number n,  is also a natural number. Moreover, if H is a subset of the 

natural numbers, which contains 0, and it contains  whenever it contains n, then H contains all natural 

numbers. It is based on this assertion an important method of mathematical proof, the so-called induction, which 

is used to establish a given statement for natural numbers, and it consists of the following two steps: 

1.  

First we prove the statement for 0 (or for the first natural number for which the statement is relevant). 

2.  

Then we show that the given statement for any one natural number n implies the given statement for the next 

natural number . This is known as inductive step. 

The two steps together ensure that the statement is true for all natural numbers: by the first step, it is true for 0, 

then by the second step, it is also true for 1, then applying the inductive step again we obtain the statement for 2, 

and so on. Demonstratively speaking, a man capable of stepping up the lowest step of a stairway, and of 

stepping onward to any further step of it, is sure to ascend the whole stairway. 

As an example, we show that 

 

for all natural number . 
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First we have to verify the case : the equality 

 

is indeed true. Now, suppose the statement for some natural number , that is 

 

 

 

and using this, we should conclude the statement for , that is 

 

 

 

Applying the assumption (1.1) we have 

 

It is easy to check that the right-hand side of (1.2) is equal to the same. As already explained above, this claim is 

proved. We emphasize once more that the equality (1.1) is only an assumption. If we were able to prove it 

directly, we would not need induction. Moreover, we could have even supposed the statement not only k, but all 

natural number that less than or equal to k. In this case we did not need for that, but it can happen that it is 

necessary to conclude the case  (see e.g. Theorem1.2). 

We will prove now that every horse has the same colour. We will do it by induction on the number of horses. If 

we have only one horse, the statement is evident. Suppose that the statement is true if we have k horses, and let 

us consider a group of  horses. Let us number the horses in this group: . The horses of 

numbers  and  form groups of horses of sizek, and, by the inductive hypothesis, 

all the horses are the same colour in both groups. As the horse numbered 2 belongs to both group, so all the 

 horses are the same colour. 

The statement we have just proved is definitely false. This so-called horse paradox does not want to be an attack 

against the induction, it just want to draw the reader’s attention for a possible error. The error is that the 

argument we used in the inductive step is only correct if k is at least 2, because there only then exists a common 

horse in the two groups of horses of size k. Therefore, the inductive step forces us to check the statement not 

only for , but for  as well. However, nobody can state that two arbitrary horses are always one-

coloured. 

2.  Integers 
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Those, who have peeped forward in the notes were able to see that sooner or later we will intend to solve 

equations. Within the set of natural numbers, even solving the equation  is problematic, because 

there is no such natural number to which, if we add 1, we get 0, or to put it another way, we cannot subtract 1 

from 0. An expansion of the set of natural numbers is therefore needed. We can reach that, if we regard the 

 symbol, where n is a natural number bigger than 0, – a number, and call it the negative of n. The set 

 

 Figure 1.4. Integers on the number line 

 

is called the set of integers, and its elements are the integers. The expansion will be successful if we escalate the 

operations used with natural numbers to this new, expanded set. The escalation refers to the fact that the “new” 

operation should produce the usual result on the “old” numbers. The success of this was visible for everybody in 

elementary school: the sum of integers 2 and 3 will be 5, the same way as they would have been added as 

natural numbers. Moreover, the good qualities of addition and multiplication: commutativity and associativity 

also remain. The profit of the expansion is that for every x integer, another integer can be found (this, we call the 

opposite of x), so that the sum of these two is exactly 0. Thus, we can state that within the set of natural 

numbers, substraction can also be done, because substraction is nothing else but addition with the opposite. 

We can extend the order to the integers as well: we say that , if  is a natural number. If , 

then a is said to be positive, and if , then a is called negative. 

As it is well-known, we cannot divide any two integers by each other, for example, the quotient of 12 and 5 is 

not an integer. However, there is a conventional process of division of two integers, which produces a quotient 

and a remainder. 

Theorem 1.1 (The division algorithm).  For any integers a and bwith , there exist 

unique integers q and r such that  and . 

Before the proof we mention that we will refer to a as dividend, b as divisor, q as quotient, and r as reminder. 

The restriction  for the reminder is needed because of the uniqueness. Without that, we can say 

that “dividing 20 by 7 results 1 as quotient, and 13 as remainder”. 

Proof.  Let us consider the integers 

 

which is the sequence of integers of the form  with , extending indefinitely in 

both directions. Amongst them there definitely exists a smallest non-negative, let us denote it 

by r. Then  for some integer k; let . Hence, . We show 

that . Indeed, in the contrary 

 

were true, which would lead to  when b is negative, and to 

 otherwise. This contradicts to the fact that  is the smallest 

non-negative integer from the sequence above. 

Now, suppose that  are integers such that 

 

and 
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By subtracting the first equation from the second one and rearranging, we get the equality 

 

Let us take the absolute values of both side (factor by factor on the left-hand side): 

 

By the assumptions for  and , the right-hand side of this equality is less than . The 

same can only be true for the left-hand side if . But then the left-hand side is zero, so 

should the right-hand side too , thus , which means that q and r are uniquely 

determined. 

Figure 1.5 shows some examples for division. 

 Figure 1.5. Some examples for division 

 

We note that to the remainder r alternative restrictions can be given instead of  , so that the 

uniqueness of q and r remains intact. For instance, we may also consider as the possible remainders of the 

division by 5 the elements of the set . Recall that we make a repeated application of the 

division algorithm for converting integers between different numeral systems. 

2.1.  Divisibility 

We first clear the concept of divisibility. Let a and b integers. We say that a is divisible by b (or: b is a divisor of 

a, or: a is a multiple of b), if there exists an integer c such that . In notation: . 

The next statements follow directly from the definition. 

1.  

Zero is divisible by every integer. 

2.  

Zero divides only itself. 

3.  
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Every integer is divisible by  and 1. The integers  and 1 are called the unitsof the integers. 

4.  

If  and , then  or . 

And some relationships between the divisibility and the operations of the integers: 

5.  

If  and , then . 

6.  

if  and , then . 

As an example, we prove the statement 5. If  and , then by the definition of divisibility there exist 

integers k and l such that  and . Then , whence, being  

integer,  follows. The other statements can be proved similarly. 

We continue with the concept of the greatest common divisor. The integer d is said to be a common divisor of 

the integers a and b, if d divides both a and b. It is easy to check that if  and , then , 

which implies that every nonzero integer has only finite number of divisors. So, if at least one of a and b is not 

zero, then they have finite number of common divisors, and then amongst these common divisors there is a 

greatest one. Even though we define the concept of the greatest common divisor in another way: the integer d is 

called thegreatest common divisor of the integers a and b, if d is a common divisor of a and b, and every 

common divisor of a and b divides d. For example the common divisors of 28 and 12 are , 

amongst them  and 4 divides any one, so they are the greatest common divisors. 

We prove first that if the integers a and b have a greatest common divisor, then it is unique up to the sign. This 

is because if  and  are greatest common divisors, then , on the other hand, ; that is

 or . Furthermore, if d is a greatest common divisor of a and b, then so is . The non-

negative between them will be denoted by . Therefore, . 

Now, we show that any two integers have greatest common divisor, and that how to find it. Let a and b be 

integers with . If , then it is clear that . Otherwise, by the division algorithm, a 

can be expressed as 

 

 

 

where . If  is not 0, then we repeat the division algorithm: the dividend and the divisor in the 

next step is always the divisor and the remainder from the previous step: 
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where . Since the remainders get smaller and smaller, they have to attain 0: 

  

 

  

and at this point the algorithm stops. This method is known as Euclidean algorithm on the integers a and b, and 

the integer  is called the last nonzero remainder in the Euclidean algorithm. We state that  is a greatest 

common divisor of a and b. Indeed, climbing up the equalities(1.3)-(1.7) from the bottom to the top, we obtain 

 

that is,  is a common divisor of a and b. But if d is also a common divisor, then the same equalities looking 

from the reverse direction (from up to down) give that . Thus  is a greatest common divisor. 

2.2.  Primes 

As we know from earlier, the primes are the integers whose have exactly two positive divisors. Evidently, this 

two divisors are 1 and the absolute value the number. By this definition, none of the integers  is 

prime, because 0 has infinite number of positive divisors, whereas the other two have only one. The following 

statements give us a fair show to characterize the primes in other ways. 

1.  

An integer other than 0 and  is prime if and only if it can only be written as a product of two integers 

that one of the factors is  or 1. 

2.  

An integer other than 0 and  is prime if and only if implies  or . 

The second statement can be expressed as a prime can only divide a product, if it divides one of the factors of 

the product. For example, 6 is not prime, because  but 6 does not divide either 2 or 15. 

The next theorem shows that the primes can be considered as the building blocks of the integers. 

Theorem 1.2 (The fundamental theorem of arithmetic).  Every integer other than 0 and

 is a product of finite number of primes (with perhaps only one factor) in one and only 

one way, except for the signs and the order of the factors. 

So, the prime factorizations , , and  of 10 are essentially the same. 

Proof.  We first prove the theorem for natural numbers: we are going to show that every 

natural number greater than 1 can be uniquely (in the above sense) expressed as a product of 

finite many primes. We use induction: let first . Since 2 is prime, so we can consider it 

as a product with a single factor. Assume the statement for all natural numbers from 2 tok. We 

are going to show that the statement is true for  as well. This is obvious if  is 

prime. Otherwise, there exist natural numbers  and such that , 

 and . By the inductive hypothesis,  and can both be 

written as product of finite number of primes, and so is . 

In order to prove the uniqueness, assume that the natural number  is the product of 

prime numbers in two different ways: 
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and suppose that . Then , and as  is prime,  divides any factor 

of the product ; say . Since  is prime, too, so , and from (1.8) it 

follows that 

 

Repeating the same kind of argument, we are step by step led to

, and finally we arrive at the equality 

 

Since 1 cannot be a product of primes, so the primes on the right-hand side cannot “exist”, 

therefore . This means that there cannot be two essentially different factorizations. 

It remaind the case when when n is an integer less than . Then  is a natural number 

greater than 1, so, as we have seen before,  is a product of finitely many positive primes: 

. Then  is a possible prime factorization. 

Furthermore, ifn had two prime factorization differ not only in the order and signs of the 

prime factors, then  would have two prime factorization like that, which contradicts to the 

above-mentioned conclusion. 

Let us mention that for , in the expression the primes are not necessarily distinct. By 

collecting the same primes together, n can be written in the form 

 

where  are distinct primes and  are positive integers. This representation of n 

is called the canonical factoring of n. 

It is clear that if and , then the canonical factoring of d is of the form 

 

where . In other words, a prime occurs in the canonical 

factoring of d only if it also occurs in the canonical factoring of n, and its exponent is certainly not greater. The 

converse is also true: every natural number of canonical factoring like that divides n. As a consequence, for 

and ,  can be determined by writing the prime factorizations of the two numbers 

as follows: take all common prime factors with their the smallest exponent and multiply them together. For 

instance,  and . The common prime factors are 2 and 7, the least exponent for 2 

is 2, for 7 is 1, so =28. 

It also follows from the fundamental theorem of arithmetic that every integer different form 0 and  is 

divisible by a prime. 

Once prime numbers possess such an important role, let us observe some statements referring to them. We show 

first that the number of primes is infinite. Indeed, if we had only finite number of primes, and say, 

 were the all, then let us see what about the integer . According to 

fundamental theorem of arithmetic, N can be written as a product of primes. Since N is not divisible by 

, there must exists primes distinct from , which is a contradiction. 
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If we would like to decide that whether a natural number  is a prime or not, it is enough to investigate if 

if has any positive divisor different from itself and 1 or not. Let pbe the least positive divisor of n. Then 

 for some integer c. As c is also a divisor of n, so , and . Hence

, which means that the least positive divisor different form 1 of cannot be grater than . 

For example, in order to observe if 1007 is a prime or not, it is enough to look for positive divisors up to 

. Moreover, it sufficient to search amongst the primes, so we must verify the divisibility of 

1007 by only the primes 3, 5, 7, 11, 13, 17, 19, 23, 29 and 31. By checking one and all it turns out that 19 

divides 1007, so 1007 is not prime. 

Finally, we can see an algorithm for finding all prime numbers up to any given limit. Create a list of integers 

from 2 to n: 

 

We frame the first number of the list and cross out all its multiples: 

 

The next unframed and uncrossed number on the list is the 3, we frame it and cross out all its multiples (some of 

them may have already been crossed out, in this case there is no need for crossing out it again): 

 

The method continues the same way: the first uncrossed and unframed number gets framed, and its multiples get 

crossed. About the framed numbers it can be stated, that they cannot be divided by any number which is smaller 

than them and bigger than 1, namely, a prime. The crossed numbers are the multiples of the framed ones, so 

they cannot be primes. This algorithm is known as the Sieve of Eratosthenes. It also follows from the above-

mentioned facts that if we have already framed all primes up to , then every unmarked element of the 

original list will be prime. 

 Figure 1.6. The list of primes below 100 
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3.  Rational numbers 

Although, we have told quite a few things about integers, but even a very simple equation like  

cannot be solved with them. It is clear, because here we need a number, which, if we multiply it by 2, we get 1, 

but such an integer does not exist. Yet again we have to do some construction, sticking to our set rules. By a 

fraction we mean a symbol , where a and b are integers with . Furthermore, the integers a and b are 

called the numerator and thedenominator of the fraction. The fractions  and  are said to be equals if

. For example, 

 

It is also follows that multiplying both the numerator and denominator of a fraction by the same nonzero integer 

results a fraction that is equal to the original one. The fraction  is called simple fraction, if . 

Every fraction is equal to exactly one simple fraction with positive denominator. The set of all fractions is said 

to be the set of rational numbers, and it is denoted by . 

The addition and multiplication on the set of rational numbers are defined as follows: 
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We remark that in the above formula the symbols  on the left and right-hand sides have a different meanings. 

On the left hand side it denotes the addition of rational numbers which is just being defined by this formula, 

whereas on the right-hand side the  stands in a numerator of a fraction, so it means the addition of integers. 

We may say the same about the sign of the multiplication in the second formula. 

Obviously, we would like these operations to possess all the properties that we are familiar with: both the 

addition and multiplication should be commutative and associative. It is easy to see that they all hold, as an 

example, we verify the associativity: 

 

and 

 

Both equalities led to the same formula, so the formulas on the left-hand sides have to be equal, the addition of 

the fractions is therefore associative. We should notice that, in the meanwhile, we have made use of nearly all 

the previously mentioned properties of addition and multiplication of integers in the numerator. 

We can prove similarly that multiplication is distributive over addition. 

But how does the set of natural numbers become the extension of the set of integers? How can we spot integers 

among rational numbers? The answer is simple: we make the fraction  correspond the integer a. This is a one-

to-one correspondence between the set of integers and the subset 

 

of rational numbers. Furthermore, if we add or multiply together the rational  and  instead of the integers a 

and b assigned to them, then the sum and the product are  and , which are exactly corresponded to the 

integers and . This means that if we add or multiply integers as rational numbers, the result will be 

the same as if we had done the same with them as integers. In view of that, we can simply write a instead of the 

fraction . 

It is also true that the 0 (or the fraction ) does not change any number when we add it to them. Furthermore, 

adding the fraction  to  the result is 0, so every rational number has an opposite. The existence of the 

opposite enables the substraction as addition with the opposite. It is easy to see that multiplying the fraction  

by any other fraction, the latter will not change, so the 1 as a rational behaves with regard to the multiplication 

as it does within the integers. But within the integers 1 can be divided only by itself and , all fraction other 

than  divides , in other words, for every fraction  there exists a fraction, namely , such that their 

product is equal to 1. The fraction  is said to be the reciprocal of . If we consider the multiplication by the 
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reciprocal as division, then we can state that every rational number can be divided by every nonzero rational 

number, and the result will also be a rational number. 

So, we can say that within the rational numbers the addition, subtraction and multiplication can be performed 

without restraint, moreover even the division, under the restriction that division by zero is not defined. 

Finally we draw the attention to another property of the rational numbers, which does not hold for integers: 

between two arbitrary (distinct) rational numbers there is a third rational numbers. Indeed, let  and  be 

rational numbers, and assume that . Then their arithmetic mean 

 

is also a rational number, furthermore 

 

 Figure 1.7. The middle points given by the repeated bisection of the interval  

seemingly cover the whole interval 

 

In view of this property we say that the set of rational numbers is dense, for every point x of the number line you 

can find a point belonging to a rational number that are as close as you want to x. But this does not mean that 

every point of the number line corresponds to a rational number. We know from secondary school that the 

number corresponding to the length of the diagonal of the unit square is not rational. 

4.  The real numbers 

Returning to the solvability of equations, we can state that all the equations of the form , where a 

and b are rational numbers, and  are solvable within the rational numbers, and the only solution is 

. The situation is different if the square of the unknown also occurs: as it is well-known, the equation 

 has no solution in the set of rational numbers. Let us take a point of the number line. It can 

happen that this point corresponds to a rational number. If not, we will take the distance of this point from the 

point 0 (with sign), and consider it as a number. If we extend the set of rational numbers with these numbers, we 

get to the so-called real numbers, in which the above equation has two solutions:  and . Within the 

real numbers the four elementary operations can be performed unrestrictedly (apart from division by zero), and 

every non-negative real number has a square root. However, the negative numbers has no square roots, so, for 

example, the equation  is not solvable even in the real numbers. 

 Figure 1.8. There is a one-to-one correspondence between real numbers and the point of the 

number line 
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5.  Exercises 

Exercise 1.1.  Prove that 

a.  

the sum of the first n positive integers is ; 

b.  

the sum of the first n odd natural numbers is ; 

c.  

the sum of the cube of the first n positive integers is 

 

Exercise 1.2.  Prove that 

 

holds for any natural numbers . 

Exercise 1.3.  Recall the concept of order relation from Calculus, and prove that the division (

) is a partial order on the integers. 

Exercise 1.4. Apply the division algorithm on the integers  and  in all the 

possible ways. 

Exercise 1.5.  What is  

Exercise 1.6. 

Execute the Euclidean algorithm on  and , and find the greatest common 

divisors of a and b. 

Exercise 1.7.  Prove that 



 From the natural numbers to the real 

numbers 
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Exercise 1.8.  When is the sum of the positive divisors of a positive integer even or odd? 

Exercise 1.9.  The difference between two positive primes is 2001. How many positive 

divisors has the sum of these primes got? 
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Chapter 2.  Complex numbers 

Our goal is to construct a set of numbers which satisfies the following requirements: 

• it is closed with respect to the four elementary arithmetic operations, and the well-known arithmetical laws 

remain valid; 

• it contains the set of real numbers in such a way that elementary arithmetic operations on the reals work the 

same as we are used to; 

• its every element has a square root. 

As there is a one-to-one correspondence between the real numbers and the points of the number line, it is not 

possible to extend the numbers in one-dimensional. 

1.  Operations on points in the plane 

Let us consider the set of all points of the plane , and introduce the 

addition and multiplication on it as follows: 

 

Then  is closed under these operations, that is the sum and the product of points in the plain are points in the 

plane as well. Both operations are commutative and associative, that is the properties 

 

hold for any . The addition inherits these features from real numbers, because when adding 

complex numbers, virtually we add real numbers in both coordinates. We demonstrate the associative property 

of multiplication, and after that, checking the commutativity is not problematic at all. Let 

 and . Calculating the products  and  (and using 

that the addition of real numbers is commutative) we can see that both products lead the same result: 

 

and 

 

The reader can easily verify that the distributive law also holds, that is  for all 

points and w. 

The origin is the point which, when being added to any other point, does not change that, this is the so-called 

additive identity of . Furthermore, for any point  there exist a point, namely , such that the 

sum of them is exactly the additive identity, in other words, every point has an opposite (or additive inverse). 

Thanks to that, substraction, as addition with the opposite, can arbitrarily be done at any points of the plain. 

When  is multiplied by any point  in the plane, yields , so  is the so-called unity (or 

multiplicative identity). Now, we prove that every point  other than the origin has a reciprocal (or 
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multiplicative inverse), that is, there exists a point  by which multiplied  results . Indeed, 

performing the multiplication in the equality  we have

. Since two ordered pairs are equal exactly when their first elements are equal 

and their second elements are equal, so we get the system of equations 

 

 

 

It is easy to read the solution when one of a and b is zero. Otherwise we can multiply the first equation by aand 

the second one by b to get 

 

then by adding the two equations together we have . Hence, 

 

If in (2.1) we multiply the first equation by b, and the second one by a, then, we get as before that 

 

To sum up, the reciprocal of the point  other than the origin is 

 

The existence of reciprocal ensures the possibility of division. So, our first requirement holds entirely. 

The set of all ordered pairs of real numbers with the addition and multiplication introduced above is called the 

set of complex numbers, and it is denoted by . The first component of the complex number  is 

said to be the real part of z, and its second component is the imaginary part of z. In notation: , and 

. 

Let us consider the subset  of the complex numbers. The sum and product of two 

elements of R is also an element of R: 

 

Regarding the first components (which are obviously real numbers) we can argue that in R the operations 

“function” the way we know it from the set of real numbers. Furthermore, the mapping , 

 is a one-to-one correspondence between the real numbers and the elements of R, so the 

elements of R can be identified with the real numbers. 

 Figure 2.1. Numbers 
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The proof of the holding of our third requirement will be done later, but we can already tell that for example the 

opposite is the unity, which is  (it has just identified with ), will be a square of a complex number: 

 

We will denote this complex number  by i, furthermore – motivated by the above-mentioned 

identification – we will simply write a instead of . Then the complex number , by the 

decomposition 

 

can be written in the form , which is the usual notation of complex numbers. 

2.  Elementary operations on complex numbers 

Using the usual notation of complex numbers we can perform the addition, subtraction and multiplication as we 

usually do with sums of more than two terms, keeping in mind that : 

 

and 

 

For the sake of demonstrating here are a few examples: 
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Before we turn to the division we define the conjugate of the complex number  as . 

For example, . It is easy to check that the 

following properties hold for any complex numbers z and w: 

•  if and only if z is a real number; 

• ; 

• ; 

• ; 

• ; 

• if , then . 

In order to divide the complex number  by the nonzero complex number  we multiply both the 

nominator and denominator of the fraction  by the conjugate of the denominator. Then the fraction will not 

change, and 

 

Let us observe this with concrete complex numbers, then compare the result with the examples from the 

multiplication: 

 

 

For exponentiation and computing the nth roots the usual notation of complex numbers is hardly usable. 

3.  Polar coordinates of complex numbers 

It is clear that the point  in the plan, or, in other words, the complex number  in the Cartesian 

coordinate system can be characterized by the distance of the point  form the origin, and by the angle  

between the line joining the point to the origin and the positive x-axis. This angle  is called the argument of 

. For example, the argument of  is , and the argument of  is . In general, to 

determine the argument of a complex number we need to solve the equation , provided that 

. Keeping in mind that the period of the tangent function is 180 degrees, so the above equation has infinitely 

many solution; to choose the argument amongst them it is enough to know which quarter plane contains the 

complex number. 

 Figure 2.2. Complex numbers on the plane 
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If we are brave enough to calculate in radians, then we can determine the argument by the aid of the inverse 

function of the tangent as follows: 

 

 Figure 2.3. The graph of the function  

 

 Figure 2.4. The graph of the function  
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By the Pythagorean theorem, the distance of the point  from the origin is ; this non-negative 

real number is called the absolute value of the complex number . This notion is synchronized with the 

absolute value known from the set of real numbers, and the following properties hold for any : 

• ; 

• . 

It is obvious that two complex number given by their absolute values and arguments are equal if and only if the 

absolute values are equal and the difference of the arguments is a multiple of 360 degrees. Furthermore, if 

 is a complex number with absolute value r and argument , then by Figure 2.2, 

 and , therefore 

 

The formula on the right-hand side is the representation in polar coordinates of the complex number . 

The complex number 0 has no such representation. 

As an example, we write the polar coordinate representation of the complex number . Then 

, and the argument can easily read if we draw the point  into the 

Cartesian coordinate system: . So, the polar coordinate representation is

. Let now . Then 

. In order to determine the argument we solve the equation 

. Hence , where k is an arbitrary integer. Regarding as z is in the 

second quarter plane, , thus , and the polar coordinate representation of z is:

. 

 Figure 2.5. The argument of the complex number  
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4.  Operations with complex numbers in polar 
coordinates 

Using polar coordinates makes the calculation with complex numbers more simple. Let

 and be complex numbers. After recalling the angle 

addition formulas 

 

and 

 

it is easy to check that 

 

that is the products of two complex numbers are therefore obtained by multiplying their absolute values, and 

adding their arguments. Since the exponentiation on positive integers is repeated multiplication, the nth power 

of the complex number , where n is a positive integer, is 
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This formula is known as Moivre’s formula, and is says that positive integer powers of a complex number can 

be obtained by rising the absolute value to the given exponent, and multiplying the argument by the exponent. 

As an example, we compute the tenth power of . In order to use the Moivre’s formula, we have to convert 

the complex number to polar coordinate representation: . Hence 

 

Because the exercise is posed in usual notation, we have converted the result to usual notation from polar 

coordinate representation. It is easy to see that the reciprocal of the complex number  

is 

 

because . Using the multiplication and the reciprocal, the quotients of the 

complex numbers and  can be obtained as follows: 

 

In other words, the quotients of two complex numbers can be get by dividing their absolute values and 

subtracting their arguments. Thus, Moivre’s formula is valid for arbitrary integer, and the well-known 

exponentiation identities hold. 

5.   nth root 

We are able to fully reach our target if we show that for any positive integer n there exists nth roots of any 

complex number. To this we first clear what we mean by an nth root of a complex number. Let n be a positive 

integer. By the nth roots of the complex number z we mean all complex numbers whose nth power is z. Pay 

attention! In our previous study the square root of 9 was only 3, but now the definition is satisfied by not only 3, 

but also . So, the nth root of the complex number z is usually not a single complex number, but rather a set 

of complex numbers. In order to avoid the confusions, the radical symbol  will only be used for the nth 

roots of real numbers. 

Let  be an arbitrary nonzero complex number, and let us look for the nth roots of z in 

polar coordinate representation. If  is an nth root of z, then . We can apply 

the Moivre’s formula to have 

 

On both sides of the equality there are complex numbers in polar coordinate representation, so the equality holds 

only if 
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for some integer k. The unknown in the first equation is an absolute value of a complex number (that is, a real 

number), so we have to solve that over the real numbers: the only solution is . From the second 

equation  follows. The nth root of the complex number z is therefore the complex numbers 

 

 

 

where . Does it mean that every complex number has infinitely many nth roots? On trial determine the 

third (or cube) roots of . The polar coordinate representation of  is . Our 

formula gives the following result for : 

 

Going on with the case we have , which is the same as 

we obtained for . 

Let u and v be arbitrary integers, and divide the integer  by n: , where q and t are 

integers, and . Then 

 

This shows that the difference between the angles and  is a multiple of 360 degrees only if

, that is the complex numbers given by the formula (2.2) are equal for  and  if and only if 

 is divisible by n. So, applying the formula(2.2) for  we obtain n distinct 

complex numbers, and there is no other value of (2.2) for any other k. This means that every nonzero complex 

number has precisely n distinct nth roots. 

Turning back to the example,  has exactly 3 different third roots, namely and . Furthermore, 

we can state that the set of complex numbers is closed under the “extraction of roots” operation, so all of the 

initial requirements are satisfied. 

The 1 is a complex number too, so it also has n distinct nth root, they are called the nth roots of unity. The 

determination of the roots of unity can also happen by the formula (2.2). As the polar coordinate representation 

of 1 is  (we left the factor ), by (2.2) the nth roots of unity are: 

 

where . For example, the fourth roots of unity are: 
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 Figure 2.6. Fourth roots of unity 

 
 

  A N I M A T I O N   

It is evident that  is always 1, and it is not so hard to see that, all the nth roots of unity can be obtained by 

rising  to the exponents . Taking the above example, the fourth roots of unity can be 

obtained as the powers of i, namely:  and . 

If we have the nth roots of unity, the extraction of nth roots is easier to done: if w is an nth root of the complex 

number z, then all the nth roots of z are precisely 

 

that is it is enough to multiply w by all the nth roots of unity. The proof is left to the reader. 

videos/egyseggyokanim.html
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Applying this statement we compute the fourth roots of . Using the 

formula (2.2) with , we have that is one of the fourth roots. 

Recalling the fourth roots of unity, the other three are the following: , 

that is  and . 

Finally, we remark that the well-known identities for nth roots from the secondary school cannot in general be 

extended to complex numbers. 

6.  Exercises 

Exercise 2.1.  Fill the following table. 

 

Exercise 2.2.  Where are on the plane the complex numbers for which 

1.  

; 

2.  

; 

3.  

? 
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Exercise 2.3.  Give the value of  and . What is  equal to? What is  

equal to, if n is an arbitrary integer? 

Exercise 2.4.  Express the complex number 

 

in the form . 

Exercise 2.5.  Let  and . Write the expression 

 

in the form ! 

Exercise 2.6.  Represent the complex numbers 

 

in polar coordinates. 

Exercise 2.7.  Write the complex number 

 

in the usual notation. 

Exercise 2.8.  Simplify the following expression: 

 

Exercise 2.9.  Determine the second and third roots of unity. 

Exercise 2.10.  Compute the eighth power and the third roots of the complex number

. 

Exercise 2.11.  Let a be an arbitrary real number. Give the square roots of a. 

Exercise 2.12.  Give the square roots of  and . 

Exercise 2.13.  Given the square roots of  and  without using polar 

coordinates. (Hint: find the square roots of  in the form ; then

.) 

Exercise 2.14.  Solve the equations 

 

and 

 

over the set of complex numbers. 
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Chapter 3.  Polynomials 

Let F be the reader’s favourite among the sets of rational, real, or complex numbers. Let us consider the 

elements of F, the so-called undetermined x, and see what expressions can be produced out of these by addition 

and multiplication in finitely many steps. It is easily detectable that these expressions might contain any non-

negative exponent power of x, any product of these by elements of F, or the sum of all these. In other words, 

after expanding the parenthesis, rearranging, and combining of like terms, we get to an expression in the form 

 

 

 

where  belong to F, and n is a natural number. This formal expression is called a polynomial 

over F, and the numbers are the coefficients of the polynomial. The expression  is said to 

be thejth-degree term of the polynomial. In notation we may write f  instead of , as long as we do not 

want to emphasize that x is the indeterminate. The complexity of the formula defining a polynomial is caused by 

the fact that we cannot de facto perform the multiplication of the undetermined x by an element of F, so for 

instance we can handle the double of x only formally, as 2x, moreover, we can only formally add terms of 

different degrees together. We only assume about x, that what is valid for every element of F, is also valid for x, 

so, for instance: . Consequently, , so we usually omit terms like these. For example, in 

the formula (3.1) there is no term of degree greater than n, so their coefficients are considered to be zero. A 

polynomial has therefore only finitely many term with coefficients other than zero. According to the definition, 

it can happen that all the coefficients are zero; this polynomial is called the zero polynomial and it is denoted by 

0. 

If , look for the largest integer k for which . This number kis called the degree of the 

polynomialf , and it is denoted by . The degree of the zero polynomial is undefined. In order not to 

regard the zero polynomial as a constant exception, we regard the degree of the zero polynomial as existing, and 

as less than the degrees of any other polynomials: let the degree of the zero polynomial is . 

We will denote by  the set of all polynomials over F. 

Two polynomial are considered to be equal, if the sequences of their coefficients are equal, that is, for any 

 the coefficients of  in the two polynomials coincide. Evidently, equal polynomials have the same 

degree. 

1.  Operations with polynomials 

We can introduce addition and multiplication on the set of all polynomials over F as follows. Polynomials can 

be added by adding the coefficients of the terms of the same degree, and they can be multiplied by multiplying 

every term by every term so that the product of the terms  and  is , then we add the terms 

of same degree and rearrange the terms so that the power of x are in ascending order. For example, let

 and . Then 

 

and 

 

About the degrees of the sum and product polynomials we can say the following: the degree of the sum 

polynomial cannot be greater than the degrees of the summands, that is 
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The equality holds exactly when f  and g are of the same degree, and the sum of the coefficient of their terms of 

highest degree is zero. Furthermore, 

 

that is the degree of the product polynomial is always equal to the sum of the degrees of the factors. Here we 

used that a product of elements of F can only be zero if one of the factors is zero. The truth of this statement for 

complex numbers will be proved later, under more general conditions. 

The addition of the polynomial is commutative, associative, its additive identity is the zero polynomial, 

furthermore, every polynomial f  has an opposite, namely the polynomial , whose coefficients are the 

opposites of the coefficients of f . Therefore, the set of all polynomials is closed under substraction, which 

means adding the opposite. The properties of commutativity and associativity hold for the multiplication of 

polynomials as well, the unity is the polynomial . None of polynomials of degree at least 1 has 

reciprocal, because by multiplying polynomials their degrees are added together, so a polynomial multiplied by 

a polynomial of degree at least 1 cannot result the polynomial  of degree 0. Therefore, only the 

polynomials of degree zero have reciprocal, and they indeed have, because they are exactly the elements of F 

other than 0. 

Because of the lack of reciprocal, we can only make the division as we have seen at the integers. 

Theorem 3.1 (Division algorithm for polynomials).  Let f  and g be polynomials over F, 

such that . Then there exist unique polynomials q and r over F, such that

, and the degree of r is less than the degree of g. 

Proof.  We start with the proof of the uniqueness, that is we are going to show that there is 

only one pair of polynomials  satisfying the conclusion of the theorem. Assume the 

contrary: there exist polynomials  and  such that 

 

where  and  are less than , and . Subtracting the second 

equality form the first one, after rearranging we have the equality 

 

 

 

Since , the degree of the polynomial on the left-hand side is at least than , 

whereas the degree of the polynomial  on the right-hand side is less than the degree 

of g, which is a contradiction. Thus, , and so the polynomial on the left-hand side of 

(3.2) is zero. But then  also has to be zero, whence . 

Now we show how to construct the polynomials q and r. Let 

 

and 
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be polynomials of degree n and m, respectively. If , then by  and  the 

theorem is satisfied: . In the case when , divide the term of highest 

degree of f  by the term of highest degree of g, and then multiply the quotient 

 

by g, finally subtract this product from f . Denote by  this difference: 

 

It is clear that after subtraction the term of highest degree of f  falls out, so the degree of  

will be less than the degree of f . If , the we can stop:  and 

. Otherwise, we repeat the method with the polynomial  instead of f : we construct 

the polynomial , for which . If , 

the we stop, otherwise we repeat again, using instead of . Since the degrees of the 

polynomials  get smaller and smaller, after finitely many steps (say at the kth 

step) we get to the case when  holds. It is easy to see that 

 

thus the division theorem of the polynomials is true. 

The polynomials q and r are called the quotient and remainder of the division of f  byg. 

The demonstration may become easier to understand through a concrete example. Divide the polynomial

 by . First we divide the term of the highest degree of f  by 

the term of the highest degree of g: , we write this quotient to the right-hand side of the 

equality: 

 

We multiply g by the quotient just obtained (by ), and we write the product under f : 

 

We subtract the product just obtained from f , and write the result under a line: 

 

The degree of the polynomial under the line is not less than the degree of g, so considering it as , we repeat 

the previous steps. The quotient of the terms of the highest degree of  andg is , this will 

be added to the polynomial on the right-hand side of the equality, then we write the product of g and  under 

, which finally will be subtracted form : 
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Following the notations of the proof, the degree of the undermost polynomial is less than the degree of g, so the 

procedure is done. The result is:  and . We may verify ourself by 

checking the equality 

 

2.  Polynomial evaluation 

Let be a polynomial over F, and let t is a given element 

of F. The element 

 

of Fis called the value of  at t. We emphasize that the expression above is not a formal expression any 

more, here we can evaluate the operations. We can put each element of F into the polynomial f , which leads to 

the mapping , which is called thepolynomial function of f . From the practical point of view there 

is no crucial distinction between a polynomial (as a formal sum) and the polynomial function attached to it, but 

later we will see that if we do not take the coefficients of the polynomials from the set of complex numbers, it 

can happen, that certain polynomial functions belonging to non-equal polynomials are equal. 

 Figure 3.1. The graph of the polynomial function of the polynomial  of real 

coefficients, which have to be familiar from secondary school 

 

There is an efficient method for evaluating polynomials, the so-called Horner’s method, which based on the fact 

that by factoring out x from the terms of degree at least 1, the polynomial

can be written in the form 
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and by factoring out x iteratively, we have 

 

 

 

Substitute t for x into this expression. In order to evaluate the expression on the right-hand side we create a table 

as follows: 

• in the first row we list the coefficients of the polynomial f , written in the descending order of the powers of x; 

• in the head of the second row we write the x-value, then we copy the coefficients of the term of the highest 

degree under itself; 

• the other entries in the second row are calculated for left to right by adding the coefficient above to the 

product of the x-value with the entry immediately to the left. 

Let the entries of the second row be  respectively. It is easy to see that 

 

Then by (3.3), , that is the last entry of the second row is exactly the value of the polynomial f  at t. 

For example, Figure 3.2 shows the evaluation of for : 

 Figure 3.2. The Horner table for evaluation of the polynomial 

 for  

 

Thus . We can see that to determine  we have needed 4 multiplications and 4 additions 

altogether. Without the Horner’s method the evaluation of the term  would require 5 multiplications. 

Another benefit of Horner’s method is the following: if we divide the polynomial f  by the polynomial  

of degree one, then the coefficients of the quotient will be the numbers  from the second row 

of the table, and  is the remainder, that is 

 

 

 

Returning to the example, 
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which is easy to verify. 

3.  Roots of polynomials 

We will say that  is a root of the polynomial , if . Here F plays a more important 

role than before. For example, the polynomial  can be considered over  or . In the first 

case f  has no root, because there is no a real number t such that , whereas in the second case, the 

roots of f  are the complex numbers i and . 

In view of (3.4), if t is a root of the polynomial f , then f  can be written as 

 

where q is a polynomial over F of degree less by one than the degree of f . 

Assume that the polynomial  has a factor, that is, there exist polynomials  and  over F such 

that . If t is a root of the polynomial f , then . Since a product of 

elements of F can only be zero, if one of its factors is zero, it follows that  or ; that is, t is 

a root of the polynomial f  if and only if it is a root of g or h (or both). 

Let  be a root of the nonzero polynomial f , and let . If  has a root, say , then 

we can factor out the polynomial  from  to obtain 

 

where the degree of  is less by 2 that the degree of f . We can continue the method for the polynomial  

provided that it has a root. As the degrees of the polynomials  get smaller and smaller, sooner or later 

we get to the expression 

 

 

 

where  has no root. Evidently, then  are the all roots of f , and by comparing the degrees of 

the polynomials on the two sides, we have . Therefore, the next statement is true. 

Theorem 3.2.  The number of the roots of a nonzero polynomial is not greater that the degree 

of the polynomial. 

For the sake of completeness we remark that every element of F is considered as a root of the zero polynomial. 

Theorem 3.3.  If two polynomials of degree at most n have the same values at more than 

ndifferent points, then the two polynomials are equal. 

Proof.  If the polynomials f  and g have the same value at the point b, then , 

that is . This latter means that b is a root of the polynomial . If the 

values of f  and g were the same at more than n points, that would mean that  has more 

than n different roots. As f  and g are polynomials of degree at most n, then so is , and 

by the previous theorem,  can only have roots more than n, if  is the zero 

polynomial, that is . 
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From the theorem it follows that every polynomial of degree at most n can be uniquely given by its values at 

 distinct points. The method how to find the polynomial given in this wise, the subject Numerical 

methods will tell more. 

4.  Exercises 

Exercise 3.1.  Give two polynomials of degree 4 whose sum is of degree 2. 

Exercise 3.2.  Divide f  by g, where 

a.  

 and , 

b.  

 and . 

Exercise 3.3.  Check by using the Horner’s method that, if the  is a root of 

 

. If it is, factor out the polynomial  from f . 

Exercise 3.4.  Make the division 

 

using the Horner’s method. 

Exercise 3.5.  Find c such that the value of  for  to be 

3. 

Exercise 3.6.  In general, how many addition and multiplication we need to compute the value 

of a polynomial of degree n at a given point, if we do it by Horner’s method? 

Exercise 3.7.  Give a polynomial of degree 3 whose all roots are: 1, 2 and i. 
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Chapter 4.  Algebraic equations 

By an equation we mean an expression , where F and G are a sort of functions of x, and by its 

solution set the set of all t’s from the intersection of the domains of the functions F and G for which the equality 

 holds. The elements of the solution set are called the solutions. If the solution sets of two 

equations coincide, the two equations are said to beequivalent. The operations that transform a given equation 

into an equivalent one are called equivalent operations. The usual way of finding the solutions for an equation is 

that with the help of repetitive equivalent transformations we reduce the equation to such an equation which is 

way less difficult to solve. 

Here we only deal with the case when both  and  are polynomials (more precisely, polynomial 

functions) with complex coefficients. Then multiplying both sides of the equation by the same nonzero complex 

number, and adding the same polynomial to both sides are equivalent operations. With the help of the latter we 

can reduce the equation  to , where  is the polynomial , of 

course. If f  is polynomial of degree at least 1 over , then the equation  is called algebraic 

equation. By the degree of the algebraic equation we mean the degree of the polynomial f . It is clear that the 

complex number t is a solution of the equation  if and only if t is a root of the polynomial f , that is 

. Because of this, the solutions of an equations are often called theroots of the equation as well. 

The next theorem guarantees that every algebraic equation has a complex solution. 

Theorem 4.1 (The fundamental theorem of algebra).  Every polynomial of degree at least 

one with complex coefficients has at least one (complex) root. 

By the theorem and (3.5), the polynomial 

 

of degree at least one with complex coefficients can be written as 

 

 

 

where the complex numbers  are the roots of f . This form of the polynomial f  is known as its 

linear factored form. It is also obvious that  are solutions of the equation , and by 

Theorem3.2, there is no other solution. Of course, the numbers are not necessarily pairwise 

distinct, which means that we can only state that the cardinality of the solution set of an algebraic equation 

cannot exceed the degree of the equation. However, every polynomial of degree at least one can be written as a 

product of (not necessarily distinct) polynomial of degree one with factors as many as its degree. 

Expanding the parenthesis in the product , we get a polynomial 

 

where 
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Expressing in words, we obtain the number  by choosing k-amount of roots out of  in all the 

possible ways, and multiplying them together, then we add the obtained products. Comparing the coefficients of 

the polynomials, we have that 

 

These formulae are known as Viete’s formulas, which relate the coefficients of a polynomial to sums and 

products of its roots. 

For example, if the solutions of the quadratic equation  are  and , then the Viete’s 

formulas yield 

 

which are well-known from the secondary school. 

1.  Solving equations in radicals 

In the sequel we investigate how can we find all solutions of a general algebraic equation. By solving an 

algebraic equation in radical we mean a method which gives all solution of the equation by starting with the 

coefficients of the equation and rational constants, and repeatedly forming sums, differences, products, 

quotients, and radicals (n-th roots, for some positive integer n) of previously obtained numbers. For example, 

the only solution of the linear equation  can be obtained by the help of division: 

 

1.1.  Quadratic equations 

The so-called quadratic formula for solving quadratic equations is known from secondary school, but there the 

coefficients of the equation were real numbers, and the formula only worked when the number under the square 

root symbol was non-negative. 

Let us consider the quadratic equation 

 

(where  are complex numbers), and multiply its both sides by 4a: 

 

By completing the square on the left-hand side we have 

 

whence 
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This yields that  has to equal to one of the square roots of the complex number . If 

, then , so the only solution is 

 

whereas in the case when  we have the following two solutions: 

 

wherez is one of the square roots of D. 

For instance, for the equation , , one of the square roots 

of  is 2i, therefore the two solutions of the equation are 

 

which is easy to check by substituting back into the equation. The formula is also suitable for solving quadratic 

equations with non-real complex coefficients. This case requires more calculation. 

1.2.  Cubic equation 

Our goal in this part to solve the cubic equation 

 

First we divide both sides of the equation by a: 

 

then we substitute x by . By expanding and factoring out the powers of y, we get the equation 

 

This equation does not contain a term of second degree, so it can be written as 

 

 

 

where the complex numbers p and q can be calculated from the coefficients of the original equation by the 

elementary arithmetic operations. So, it is enough to solve the equation (4.2), because by subtracting  

from its solutions we obtain the solutions of the original equation. If , then we can factor out y on the left-

hand side of (4.2), and we get that the solution are the square roots of 0 and . In the case when , the 

solutions are exactly the cube roots of . It remains the case when neither p nor q is zero. Let u and v be 

arbitrary complex numbers. Then 

 

whence by rearranging we have 
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Comparing that with the equation (4.2), we can conclude that if we managed to choose the complex numbers u 

and v such that both  and held, then  would be a solution of 

(4.2). By rising the first equation to cube, and rearranging both equations, we get the system of equations 

 

Applying the Vieta’s formulae for quadratic equations we can state that 

 

is such a quadratic equation whose solution are exactly  and . Thus, all we need is to solve this quadratic 

equation and to compute the cube roots of its solutions. If w is one of the square roots of the complex number 

, then by the quadratic formula 

 

By computing the cube roots we get 3-3 values for both u and v, so seemingly 9 complex number  

apply for to be a solution of the equation (4.2). We know that it cannot have more than 3 solutions, so some 

numbers amongst those 9 have to coincide. But then it may happen that this method do not give all the 3 

solutions. We do not intend to precisely discuss these questions within the frames of this notes, we merely 

transmit the result. It can be proved that if  are distinct cube roots of u, then by choosing 

 

the numbers 

 

are all the solutions of (4.2). 

In order to practice, we solve the equation 

 

First we make the substitution , that is we consider the equation 

 

from which multiplying out and simplifying, we get the equation 

 

 

 

Following the notation of (4.2), now  and . The next step is to solve the quadratic equation 
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the solutions are:  and . Actually we need only one of the solutions, more exactly, its cube 

roots. The cube roots of the complex number 1, that is the third roots of unity are 

 

 Figure 4.1. The third roots of unity 

 

Hence, 

 

and we obtain similarly that . The solutions of the equation (4.3) are therefore 
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from which the solutions of the original equation can be obtained by subtracting 2 from each: 

 

 Figure 4.2. The graph of the polynomial function ,

 

 

1.3.  Equations of higher degree 

Similarly to the quadratic and cubic equations, any equations of degree four can be solved in radicals. 

Unfortunately, this is no longer true for equation of higher degree. 

Theorem 4.2 (Ruffini-Abel theorem).  There is no general solution in radicals to algebraic 

equations of degree five or higher. 

What can we do? Obviously, if the polynomial f  from the left-hand side of the equation  is a product 

of the polynomials  and , then all solution of the equation can be obtained by solving the equation 

 and . If one of the factors is of degree at least one, then the original problem can be 

reduced to solve two equations of lower degrees. In particular, if we could somehow guess a solution t of the 

algebraic equation , then by factoring out the polynomial  we would get the equation

, so solving the equation  can be led to solving the equation  of 

degree less by one. As the determination of the polynomial qis possible by using either the division algorithm or 

the Horner’s method, the question is that how we can guess a solution of the original equation. We only answer 

to this in special cases within the next subsection. 

2.  Algebraic equations with real coefficients 
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In this part we deal with algebraic equations whose coefficients are real numbers. First we prove that the 

complex roots of equations like that occur in pairs. 

Theorem 4.3.  If the complex number t is a solution of the equation  with real 

coefficients, then so is . 

Proof.  If t is a solution, then , from which by conjugating both sides we have

, that is, 

 

Using that the conjugate of a sum is the sum of the conjugates of the summands, and the 

conjugate of a product is the product of the conjugates of the factors, we get 

 

The coefficients are real numbers, so their conjugates are themselves, therefore 

 

which means that  is a root of the polynomial , that is . 

Using this theorem, we can think over the expression (4.1) of a polynomial f  of degree at least one. If the root 

 is a real number, then the factor  is a polynomial of degree one with real coefficients. If  is not a 

real number, then by the theorem, the conjugate of  also occurs amongst the roots: let it be, say . Then the 

product of the factors  and  is 

 

where, by the properties of conjugation,  and  are real numbers. So the product of these two factors 

results a quadratic polynomial with real coefficients. This method can be repeated for every complex pair of 

roots, which forces the following statement. 

Theorem 4.4.  Every polynomial of degree at least one over  can be written as a product of 

polynomials of degree one or two over , such that none of the quadratic factors has real 

roots. 

If the polynomial f  with real coefficients is of odd degree, then in the expression (4.1)the number of the factors 

is odd. Since the factors belonging to the non-real roots can be ordered in pairs, so there have to be some factors 

without a pair, that is, there exists a real root. 

Theorem 4.5.  Every equation of odd degree with real coefficients has a real solution. 

We mention that this statement also follows form the next well-known theorem from Calculus. 

Theorem 4.6 (Bolzano’s theorem).  Let . If f  is continuous, and

, then for any real number  belonging to the open interval of endpoints 

 and , there exists , such that . 
 

  A N I M A T I O N   

 Figure 4.3. The visualization of Bolzano’s theorem 

videos/bolzanoanim.html


 Algebraic equations  

 42  
Created by XMLmind XSL-FO Converter. 

 

It is well-known that the polynomial function f  with real coefficients is continuous, and if f  is of odd degree, 

then  and , so there exist real numbers aand b such that 

 and . Then by choosing , the Bolzano’s theorem states that f  has a zero in the 

open interval , that is, the equation  has a solution there. 

Theorem 4.7 (Rational roots test).  The rational number r is a solution of the equation 

 

with integer coefficients, only if r can be written as , where u divides , and v divides . 

Proof.  Every rational number r can be written as , where u and v are integers, , 

furthermore . Assume that r is a solution of the above equation, that is 

 

By multiplying both sides by , we have 

 

The right-hand side of the equality is divisible by v, so is the left-hand side. On the left-hand 

side the summands beginning from the second one are all divisible by v, so v also have to 
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divide the first summand. Then, by the assumption , v divides . By 

investigating the divisibility by u, we can obtain similarly that u has to divide . 

The rational roots test can also be applied for equations with rational coefficients, because by multiplying both 

sides by the least common multiple of the denominators of the coefficients we get an equation with integer 

coefficients which is equivalent to the original. 

For example, the rational roots test for the equation 

 

says that if the equation has a rational solution, then its simplified form can only be a fraction  such that  

and . Thus, 

 

whence 

 

We can apply the Horner’s method to decide which is a solution amongst them: 

 

Hence, all rational solutions are: 1 and 2. We do hope that the reader is also interested in finding all the solutions 

of the equation. To this we first factor out the factors  and . The factoring of  can happen 

with the help of the row belongs to 1 of the above table: 

 

 

 

To factor out  from the polynomial  we create a new table: 
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It follows that 

 

and putting it into (4.4), we have 

 

The other solutions are exactly the solutions of the quadratic equation , finding these we now 

dare to consider as the reader’s task. 

 Figure 4.4. The graph of the polynomial function ,

 

 

2.1.  A root-finding algorithm 

We conclude this section with reviewing a method which can be used not only for algebraic equations, but all 

equation  where f  is a continuous real function defined on an interval . This method leads us 

out of the domain of discrete mathematics, and our aim with this is only to provide an example of how discrete 

mathematics and calculus can indulge into a dialogue in order to reach our goals. 

Let us search two points  and  in the interval , such that  and  have opposite signs. If 

there are no such points, then the equation has no solution on the interval . If we managed to find them, 

then by Bolzano’s theorem, the interval of endpoints  and  contains a solution. 
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 Figure 4.5. The first four steps of the Bisection method 
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Let us divide the interval in two by its midpoint: let . Then either  and  have 

opposite signs and bracket a solution, or  and  have opposite signs and bracket a solution. Let us 

select the interval containing a solution. The length of this interval is the half of the original one. By repeating 

this method, in the nth step we have an interval of length  which necessarily contains a solution of the 

equation. Clearly, if n tends to infinity, then the sequence of the lengths of the intervals tends to zero, that is the 

sequence  approaches to a solution of the equation. It is important to mention that, in general, this so-

called Bisection method after finitely many steps does not lead to an exact solution, it just approximates that. 
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Therefore we prescribe an accuracy, and we repeat the iteration until the length of the created interval (and then 

the distance of any point of the interval from the exact solution) is not less than the required accuracy. 
 

  A N I M A T I O N   

As an example, let us find a solution of the equation on the interval  with 

punctuality 0.1. As  and , so the interval  contains a solution. Let 

 and let  be the midpoint: . Then , and being  

negative and  positive, so the interval  definitely brackets a solution of the equation. Let 

 the midpoint of the interval . Now investigating the sign of 

we can state that there is a solution in the interval ; and we continue with 

bisecting this interval: let . Since , so we change the 

starting point of the interval again: the interval  is that surely contains a solution. Its midpoint is

; as , so we can constrict the interval containing a solution to 

. The length of this interval is less than 0.1, so we can stop: any point in this interval is closer to 

an exact solution than 0.1. 

 Figure 4.6. The graph of the function ,  over the 

interval  

 

3.  Exercises 

Exercise 4.1.  Solve the following equations over the complex numbers. 

a.  

 

b.  

 

videos/ifanim.gif
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c.  

 

d.  

 

e.  

 

f.  

 

g.  

 

Exercise 4.2.  Determine the rational roots of the following equations. 

a.  

 

b.  

 

c.  

 

Exercise 4.3.  Solve the following equations over the complex numbers. 

a.  

 

b.  

 

Exercise 4.4.  Solve the equation  both algebraic and bisection methods, in 

the latter case with accuracy 0.1. How many other iterations would be needed to reach the 

accuracy 0.01? For help we show the graph of the polynomial function , 

 (see Fig. 4.7). 

 Figure 4.7. The graph of the polynomial function ,  
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Chapter 5.  Algebraic structures 

In the previous chapters it frequently occurred that we introduced a new object (a number, a polynomial, etc.) 

and then interpreted some operations on them. In this chapter we try to abstract from the objects and only 

concentrate on the operations and on their characteristics. 

First, we clarify what we mean by operations. In mathematics, when performing an operation, what really 

happens is that we take two elements from a set (this is how the operation becomes binary), and assign an 

element of the same set to them. By a binary operation on the nonempty set S we mean a function of the form 

 

 Figure 5.1. The binary operation on S assigns an element of S to arbitrary two elements of S 
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In this sense, on the set of integers, apart from the addition, multiplication and substraction, taking the greatest 

common divisor can be also considered as an operation. However, the division is not an operation on that, 

because we cannot perform it with any two integers. We note that we usually write an operation symbol

 instead of f , and then we use the symbols

for . 

An algebraic structure is a set S together with the operations  defined on it. It will be denoted by 

. For example, in Chapter 3 we knew the algebraic structure , where  is 

the set of all polynomials over F (by F we still mean one of the sets of rational, real or complex numbers), 

furthermore, the symbols  and  is the addition and multiplication defined on it. 

We say that the operation  on the set S is associative, if it satisfies the law 

 

for all . 

For example, the addition and multiplication on the set of integers, the addition and multiplication on the set of 

all polynomials, the addition and multiplication on the set of complex numbers, the union on the power set of a 

nonempty set, and the composition on functions etc. are all associative operations. In contrast, the substraction 

on the set of integers, the division on the set of nonzero real numbers, the cross product on the set of vectors of 

three-dimensional space are not associative operations. 

The next theorem shows that under an associative operations the freedom of rearranging the parentheses hold 

not only for three, but arbitrary number of elements. 

Theorem 5.1.  If the operation  defined on the set S is associative, then the result of the 

operation performed on finitely many elements of S is the same regardless of their grouping. 

Proof.  Let  and , and let 

 

furthermore let B denote the result of  performed with under an arbitrary 

distributing of parentheses. We use induction on n to show that . This is a direct 

consequence of the associativity for . Now we assume that , and the statement 

is true for any integers that less than n but not less than 3. Obviously, B can be written as 

, where C and D are the results of  performed on at most  elements with 

some kind of grouping. If the expression D contains only the element , then 

, and by using the inductive hypothesis for C, we have that . But if D consists of at 

least 2 elements, then by the inductive hypothesis, , where the number of the 

elements in E is at most . Using the associativity, and the inductive hypothesis for 

, we get that 

 

The algebraic structure  is said to be semigroup, if  is associative on S. For example,  and 

 are semigroups. 

Let  be an operation on the set S. An element e in S is called identity element (regarding ) if  and 

 for all . An identity with respect to addition is called zero element (often denoted by 0) and 

an identity with respect to multiplication is called unit element (often denoted by 1). For example, 

• the identity elements of the addition and multiplication defined on the sets  are 0 and 1; 
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• the identity elements of the addition and multiplication defined on the set of all polynomials over F are the 

zero polynomial and the polynomial , respectively; 

• the identity element of the union defined on the power set of a nonempty set is the empty set; 

• the identity elements of the greatest common divisor operation defined on the integers is 0. 

It is easy to see that in an algebraic structure every operation has at most one identity element. Indeed, if both e 

and f  were identity elements regarding to the same operation , then both  and  would 

hold. By the uniqueness of the result of , it follows that . 

Let  be an operation on the S with identity element e. We say that the element a of S isinvertible, if there 

exists  such that . Then x is called the inverse of a and it is denoted . If the 

operation is the addition, then the inverse of a is often denoted by  and called the opposite of a. If the 

operation is the multiplication, then the inverse element is called reciprocal as well. 

Considering the semigroups  and , in the first 2 has an inverse, namely, , however, in the 

second one 2 has no inverse. It is easy to see that in the algebraic structure  every element has an 

inverse, and in  only the elements  and 1 have inverses, and the inverses of both are themselves. 

Theorem 5.2.  Let  be a semigroup with identity element e. Then: 

1.  

Every element of S has at most one inverse. 

2.  

If  has an inverse, then  has an inverse as well, and . 

3.  

If the elements a and b of S have inverses, then  has an inverse as well, and

. 

Proof. 

1. Assume that both b and c are the inverses of a. Then and 

, and 

 

2. As , so a is an inverse of , and by the previous statement 

there is no other inverse. 

3. By the associativity, 

 

and we can similarly obtain that . 

We say that the operation  defined on the set S is commutative, if 

 



 Algebraic structures  

 54  
Created by XMLmind XSL-FO Converter. 

for all . As the next theorem shows, the commutativity together with the associativity gives a 

convenient possibility for calculation. 

Theorem 5.3.  In a commutative semigroup the result of the operation performed on finitely 

many elements depends on neither the order of the elements nor the distribution of the 

parenthesis. 

Proof.  Obviously, if we do the operation on a finite number of elements, the order of any 

neighbouring elements is commutative, because, due to the previous theorem, the parenthesis-

positioning can be directed the way that the operation should be performed first on the two 

elements at issue, then we could apply commutativity for these two elements. Since it is 

possible to get to any order of the elements by a finite multiple commutation of the 

neighbouring elements, the assertion is true. 

The algebraic structure  is said to be a group, if  is associative, S has an identity element, and every 

element of S has an inverse. If in the group  the operation  is also commutative, then the group is 

called Abelian group. For example, all of the algebraic structures , ,  (Why it is 

needed to drop 0?),  is Abelian group. For non-Abelian group we will exhibit examples later. 

We remark that by the third statement of Theorem 5.2, the set of all invertible elements of a semigroup S with 

identity element forms a group under the semigroup operation. This is called the unit group of the semigroup, 

and it is denoted by . For example, . 

It is easy to see that the set of all even (divisible by 2) integers is also a group under the addition of the integers, 

as the sum of two even integers is always even, the 0 is even, and the opposite of every even integer is even as 

well. 

Let  be a group and let H be a subset of G. We say that H is a subgroup of G, if  is also a group, 

that is H also forms a group under the group operation  of G. The following theorem is used to decide if a 

subset is a subgroup or not. 

Theorem 5.4 (Subgroup criterion).  The nonempty subset H of the group  is a 

subgroup if and only if  for all . 

Proof.  By definition, if H is a subgroup and , then , and  also 

belong to H. 

Conversely, assume that  for any . By choosing a instead of b we 

have that  is also in H, and now we can choose e for b to get that 

 also belongs to H, so the inverses of the elements of H are also in H. Then 

we can choose  instead of a, whence , thus H is closed under the operation 

. Since the associativity comes down from G, the proof is complete. 

In the sequel we deal with algebraic structures with two binary operations. The algebraic structure  is 

said to be a ring, if all of the following properties hold: 

1.  

 is an Abelian group; 

2.  

 

for all , that is, the multiplication is distributive over the addition. 
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We note that the ring operations should not necessarily be addition and multiplication, but, as in most cases they 

are, we did not feel the urge to use abstract operators in the definition. Some examples for rings: , 

, and , where H is a nonempty set and is the power set of H, 

and  is the symmetric difference of sets, that is . Here we consider 

symmetric difference as the addition of the ring and intersection as the multiplication of the ring. 

 Figure 5.2. The sum and product of any two elements of a ring belong to the ring, too 



 Algebraic structures  

 56  
Created by XMLmind XSL-FO Converter. 

 

Is is easy to verify by induction that if  and  are arbitrary elements of a ring, then 
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We say that a ring is associative, if  is associative; commutative, if  is commutative; unital, if  has an 

identity element. 

Analogously to the notion of subgroup we can define the notion of subring. A subset H of a ring R is said to be a 

subring if it can be regarded as a ring with the addition and the multiplication restricted fromR to S. 

Theorem 5.5 (Subring criterion).  The nonempty subset H of a ring  is a subring 

if and only if for any ,  and  also belong to H. 

For instance, the set of all even numbers is a subring of the ring of integers, the set of integers is a subring of the 

set of real numbers, the real numbers is a subring of the set of complex numbers under the usual operations. 

Now, with the aid of certain subsets of the integers we construct newer rings. Let  be a given integer 

and let 

 

We define the addition and the multiplication on the set  as follows: by and  we mean the 

remainders of  and  (as integers) when divided by m. The division algorithm and its consequences 

guarantee that  and  are operations on the set , moreover,  is a commutative, associative and 

unital ring, which is called the ring of integers modulo m. Figures 5.3 and5.4 show the addition and the 

multiplication tables of the rings  and . 

 Figure 5.3. The addition and the multiplication tables of  

 

 Figure 5.4. The addition and the multiplication tables of  
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The nonzero element a of a ring  is called zero divisor, if there exists a nonzero element b in R, such 

that  or . It is easy to see that in the ring , , therefore 2 and 3 are zero 

divisors. The commutative, associative unital rings which have no zero divisors are said to bedomains. 

Recall that we strongly used the fact that the ring of real numbers has no zero divisors when we solved the 

equation . Because by factorizing the left-hand side we have , and, we said: 

product of real numbers could be zero if and only if one of the factors is zero, it follows that  or 

. This argument is right, because if the element a of the ring R has an inverse under multiplication, 

then it cannot be a zero divisor. Namely, if a were a zero divisor, then there would be an element 

, such that . Multiplying both sides of the equation by  from the left, we get , 

which is a contradiction. As every nonzero real numbers has an inverse, so  cannot contain zero divisors. 

The ring  is said to be a field, if  is an Abelian group. At the beginning of the section 

entitled Complex numbers, we actually proved that the set  with the addition and multiplication defined 

on it forms a field. It can be also verified that  is a field exactly when m is a prime. 

Let F be a field, and denote by 1 the unit element of F. The least positive integer n, for which 

 

is called the characteristic of the field F. If there is no such n, the we say that F is a field of characteristic 0. 

Evidently, the fields  and  are of characteristic 0, whereas  is of characteristic p. Using that a field 

cannot contain zero divisors, it is easy to prove that the characteristic of a field is either 0 or a prime. 

A subset of a field F is called a subfield of F, if it is a field with respect to the field operations inherited from F. 

Within the domain of polynomials there has been a fixed set of numbers F right from the beginning, from which 

we have taken the coefficients of the polynomials. We said there that let F be one of the sets  or . Now 

we could say: let F be a field. We leave to the reader the verification of the fact that the statements of the section 

Polynomials remain true, even if by F we mean a field other than listed above. 

Let now , and consider the polynomials  and  over this field. As  contains 

only two elements, the polynomial functions assigned to f  and g are given by the equalities 

 

This example just want to picture that different polynomials can have the same polynomial function, therefore, 

under certain conditions, we need to take a difference between polynomial and polynomial function. It is easy to 

see that there are infinitely many polynomials over (e.g. ), whereas there are only four 

different polynomial functions. 
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Finally we mention an algebraic structure which is especially important in computer science. 

The algebraic structure  is called a lattice, if all of the following properties hold: 

1.  

 are  commutative semigroups, 

2.  

the so-called absorption laws hold: 

 

for all . 

For example, the power set  of a nonempty set H forms a lattice under the union and the intersection of 

sets. Moreover, then  has identity elements under both operations ( and H), both operations are 

distributive over the other one, furthermore, for every element of  there exists an element  of  

(this will be ), such that  and . The lattices like this are called Boolean 

algebras, and the unary operation  is called complement. 

1.  Exercises 

Exercise 5.1.  Prove that any nonempty set H is a semigroup under the operation . 

Does it have always an identity element? 

Exercise 5.2.  Prove that  is a semigroup, where  is the set of all positive 

rational numbers and 

 

Does it have an identity element? 

Exercise 5.3.  Is  a group, where 

 

Exercise 5.4.  Is  a group, where ? 

Exercise 5.5.  Let c be a given positive real number. Prove that  is a group, 

where 

 

Exercise 5.6.  Let  and C be arbitrary sets. Prove that one of the equalities 

 

always holds, and the other does not. 
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Exercise 5.7.  Let H be a nonempty set, and denote by  the set of all subsets ofH. 

Prove that  is a ring with symmetric difference as the addition of the ring and 

intersection as the multiplication of the ring. 

Exercise 5.8.  Give the addition and the multiplication tables of  and . Find the zero 

divisors and units of these rings. 

Exercise 5.9.  Prove that in a field of characteristic different from 2 the only solution of the 

equation  is . 

Exercise 5.10.  Prove that the set is a subring of . 

Exercise 5.11.  Take a set H of four elements, and introduce an addition and a multiplication 

ofH under which H is a field. 

Exercise 5.12.  Define two binary and a unary operations on the set  under 

which it forms a Boolean algebra. 
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Chapter 6.  Enumerative 
combinatorics 

In this section we will look for the answers to the questions beginning „How many ways there are…”. 

1.  Permutation and combination 

It is well-known that 1 bit can represent one of two possible distinct states (e.g. 0 and 1). One byte consists of 8 

bits. How many distinct state can be represented on 1 byte? 

 Figure 6.1. All states that can be represented on 1 byte 

 

This is an easy exercise. The first bit of the byte can be either 0 or 1, these are two possibilities. The same is true 

for the second bit, too, so the distinct states can be represented on the first two bits are: 00, 01, 10 and 11. 

Continuing with the third bit, we can write behind the previous 4 states either 0 or 1, this yields 8 possibilities. It 

is not so hard to see that on 8 bits we can represent distinct states. This problem can be generalized 

as follows. 

If we take k elements from n distinct elements such that the order is essential and we can choose the same 

element repeatedly, then we get a k-permutation with repetitions of nelements. 

By using the argument showed at the above example, it is easy to prove that the number ofk-permutations with 

repetitions of n elements is 

 

The capacity of a CD is 700 MB. This is 

 

bit, on which we can represent  distinct states. In other words, there could be  CD with different contents. 

Just think what would happen if we produced all of them. The content of most of disks cannot be interpreted at 

all, but our most favourite disk would also occur amongst them, and one of the disks would contain the hit of the 

next century which has even not been written yet. The reason for this strange phenomenon is that  is a 

unusually huge number. 

With a slightly different, but quite similar train of thought we can deal with the problem of how many different 

cars can be identified with the plate numbers consisting of 3 letters and 3 numbers, which are currently used in 

Hungary, supposing that all the plate numbers can be used. In a way the aim is to produce a 6 character-long 

series, where the first 3 elements can be chosen from 26 options (the number of letters in the English alphabet), 
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and the last 3 can be chosen from 10 options (the number of possible numbers). We have 

 choices. Obviously, the numbers 6, 26, and 10 have no special significance, so we 

can once again try universalization. If we choosek-amount of elements and we choose the first one out of -

amount of elements, the second out of , and so on, the kth element out of , so to choose this k-amount of 

elements, we have  choices. Of course the order of choosing the elements does matter. 

If we choose k elements from n distinct elements without repetition such that the order of choosing is important, 

then we get a k-permutation without repetition of n elements. 

Now we determine the number of k-permutations without repetition of n elements. We can choose the first 

element out of n-amounts of elements, the second out of the remaining -amount of elements. For 

choosing the third element we have only  options, and the final,kth element can be chosen out of 

-amount of elements. The result is: 

 

The factorial of the non-negative integer n is defined as 

 

We note that  can also be defined by the recurrence relation , where . 

Using the factorial we have 

 

If we choose all the n elements, that is , then we get an arrangement of those n elements into the order of 

choosing. 

A particular order of given n distinct elements is called a permutation of the n elements. 

As we have seen before, the number of permutations of n elements is: 

 

So when shuffling an 32 piece pack of Hungarian cards, 32! different orders can occur, which is a 36 digit 

number. But if we play a card game where only the cards’ colours count, and not their values, then, after a given 

shuffle, by changing the order of the cards with identical colours, we get another, but from the game’s point of 

view, substantially identical order of cards with the original one. There are 4 colours, 8 cards of each colour, so 

to a fixed order of cards we can assign  orders, which are identical from the game’s point of 

view. Here the number of orders which are different from the game’s point of view: 

 

If amongst n elements there are  identical, then a particular order of this n elements is said to 

be a multiset permutation of n elements with multiplicities . 

The number of multiset permutations of n elements with multiplicities 

: 
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In these exercises the order of choices was important. There are cases however, when it does not matter. For 

instance, when playing the lottery, the order of pulling out the numbers is irrelevant, the only important factor is 

to pick those 5, which are going to be drawn. We can choose the first element out of 90, the second out of the 

remaining 89, and so on, the 5th number can be chosen out of only 86, so, to choose the 5 numbers we have 

options. But the same 5 numbers can be picked in the order of 

, and that counts as the same tip, so, if we want a bullseye we need to fill at least 

 

lottery tickets. 

If we choose k elements from n distinct elements, such that the order of choices does not matter, and we can 

choose an element only once (in other words, we choose a subset of k elements of a set of nelements), then we 

get a k-combination of n elements. 

The number of k-combinations of n elements is: 

 

We will use the notation  for the number , where  and we often read it as n choose k. 

If , then we consider the value  as 0, which is synchronized with that we have no options to 

choose more that n elements from n elements without repetition. 

We still owe you the description of the case, when we can choose an element more than once. 

If we choose k elements for n distinct elements, such that the order of choices is essential, and we can choose an 

element only once, then we get a k-combination with repetitions of nelements. 

The number of k-combinations with repetitions of n elements will be denoted by , but it cannot be 

determined by similar easy argument. It will be no essential restriction to suppose that the n elements from 

which we choose are the numbers . We choose number of kfrom them such that we can choose the 

same element more that once. Denote by  the least element we chose, by  the next one, and so on, finally 

by  the greatest one. Then 

 

where the equality may also hold because of the repetition. Furthermore, amongst the elements of 

 

there are no equals any more and 

 

thus the elements  can be considered as if we chose them from the elements 

 without repetition. The reader can easily see that this correspondence is reversible, that 

is any k-combination with repetition of n elements can be assigned to exactly one k-combination of  

elements. Therefore 

 

So, the reckless postman, who hands out the flyers randomly, can place 6 identical flyers to 10 mailboxes 
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ways, because to place all the 6 flyers, he chooses 1 mailbox out of 10, paying no attention to the fact that he 

may throw more than 1 flyer into one of the boxes, so this is 6-combination with repetitions of 10 elements. 

2.  The Binomial and the Multinomial theorems 

The identity  is well known and easy to check. Now we give a formula to 

calculate  for any non-negative integer n. It is clear that we can write  as a product 

 

 

 

Applying the distributive law we multiply each term by each term, and we arrive at a sum whose summands are 

on the form  with . Now we count the cases when we get the product . We get such 

a term when we choose x out of exactly kfactors of (6.1), and y from the remaining  factors, and we 

multiply together those. To choose k form n factor we have  options, because the multiplication is 

commutative, so the order of choosing is irrelevant. We have proved the following theorem. 

Theorem 6.1 (Binomial theorem).  Let  be elements of a field T, and let n be a non-

negative integer. Then 

 

This formula explains why we call the numbers binomial coefficients. 

The Binomial theorem can also be extended to rise to power of a sum of more terms. Let  be an integer, 

and let  be elements of a field. Let us expand the power , wheren is 

a non-negative integer. This is a product of n factors: 

 

 

 

After expanding the parenthesis the terms are in the form with . We 

get this term when we choose  from  factors of the product on the right-hand side of (6.2), and choose

 times from the remaining  factors, and so on. Thus, 
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is the number of cases when we get the term . 

Theorem 6.2 (Multinomial theorem).  Let  and  be integers, and let 

 be elements of a field. Then 

 

In the case when  we get back the Binomial theorem. 

According to the Multinomial theorem, the coefficient of the term  in the power  

is 

 

3.  Some properties of the binomial coefficients 

Let n be a non-negative integer, and let . We can also choosek-amount of elements out of n by 

telling which  amount of elements we do not choose. This is the meaning of the equality 

 

 

 

which can be verified in an algebraic way as well: 

 

Now let us take a newer, th element to our already existing n elements and choose  elements out 

of it, without putting it back. This can be done in two ways: either the new element is among the chosen ones 

(and k-amount is from the originaln-amount of elements), or all the  elements are from the old elements. 

These mean  and  options, respectively. So, we have proved that , that is, 
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The algebraic proof of this equality is the following: the left-hand side is 

 

the right-hand side is 

 

from which by finding the common denominator we get 

 

Therefore, the equality between the two sides hold. 

Using this property, the binomial coefficients can be written into a triangular form as in Fig.6.2. 

 Figure 6.2. Pascal’s triangle 

 

The rows are conventionally enumerated starting with 0, and the entries in each row is numbered from the left 

beginning with 0. The row 0 contains only the number 1. Then, to construct the elements of following rows, add 

the number above and to the left with the number above and to the right to find the new value. If either the 

number to the right or left is not exist, substitute zero in its place. For instance, the first number in the first row 

is 0 + 1 = 1, whereas the second number is 1 + 1 = 2. This triangle is called Pascal’s triangle whose kth element 

in the nth row is exactly . The identity (6.3) refers to the symmetry of Pascal’s triangle. 

The equality 
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states that the th elements of the th row in the Pascal’s triangle is the sum of thekth elements from 

the rows above. 

 Figure 6.3. The identity (6.5) for  and  

 

The proof can be done by using (6.4) repeatedly: 

 

Finally, we prove that 

 

Indeed, 
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4.  Exercises 

Exercise 6.1.  How many 6-digit number are there? And how many is not divisible by 10? 

Exercise 6.2.  5 people arrive at a lift for three. How many options have we got to choose the 

passengers of the first round? 

Exercise 6.3.  A club of 15 members elects a chairman, a secretary, and a scrivener. How 

many ways can they do this? And what if they want to give a title to Mr. Smith by all means? 

Exercise 6.4.  How many ways can 10 children be seated on a bench? And over a round table? 

(In this case we consider identical the sitting orders which can be transferred into each other 

by rotating.) 

Exercise 6.5.  How many different number sequences can we get, if we roll the same dice 10 

times? 

Exercise 6.6.  We distribute 10 identical glasses of beer, 6 identical shots, and 9 identical soft 

drinks among 25 people the way that each person would get exactly one item of drinks. How 

many way there are to do it? 

Exercise 6.7.  How many 6-digit numbers are there with exactly two identical digits? 

Exercise 6.8.  How many 6-digit numbers are there with two identical digits? And how many 

15-digit numbers are there like that? 

Exercise 6.9.  Out of a company of 8 men and 5 women, how many ways can we choose 6 

people including at least 2 women? 

Exercise 6.10.  There are five types of chocolate bars. How many ways can we buy 12 bars? 

Exercise 6.11.  We know about a 14-match football pool’s first 4 matches, that they surely 

will not end in a draw. At least how many tickets should we fill to get a bullseye? 

Exercise 6.12.  Prove in a combinatorial way that a set of n elements has exactly subsets. 

Exercise 6.13.  In view of (6.5), give a recurrence relation for the binomial coefficient . 

Exercise 6.14.  Using the Binomial theorem find the coefficient of the term  in the power

 after expanding it. 

Exercise 6.15.  What is the coefficient of the term  in the expression

? 

Exercise 6.16.  Prove that the sum of the entries of nth row in the Pascal’s triangle is . 

Hint: By the Binomial theorem calculate the power . 

Exercise 6.17.  Prove that if we sum of the entries of nth row in the Pascal’s triangle with 

alternating signs (beginning with ) we will get 0. 

Exercise 6.18.  Let n be a non-negative integer, and let . Prove that 
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Chapter 7.  Determinants 

In this chapter we are going to get acquainted with a concept which will serve as a useful algebraic tool. To do 

this, however, we will need a thorough knowledge about the characteristics of permutations. 

1.  Permutation as bijection 

Let , where  is an integer, and let  be a permutation of the 

numbers . Then the function f  given by 

 

is a one-to-one correspondence (or a bijection) form M to itself. For example, if , then 

the function  assigned to the order 2, 5, 4, 1, 3 is the following: 

 

which will be denoted by 

 

The argument is reversible: if f  is a bijection from the set M onto itself, then  is a 

rearrangement of the elements , in other words, a permutation of them. If we consider n distinct 

elements instead of the numbers , then we can say that a permutation of n distinct element is not 

else, than a bijection from the set of those n elements to itself. 

Denote by  the set of all permutations of the set M. We can easily make sure that  is a group, 

where  is the function composition. In particular, when , the group  is called 

the symmetric group of degree n, and it is denoted by . As we have mentioned above, we will give an 

elementf  of  by 

 

The next example shows how to multiply two elements in : 

 

The multiplication of permutations – as the function composition – is performed from left to right: for instance, 

the second permutation sends 1 to 6, and the first permutation sends 6 to 4, so the product sends 1 to 4. 

We say that that pair  is an inversion of the permutation 

 

if , but . We denote by  the number of inversions of f . We say that the permutation 

f  is even, if  is even, otherwise f  is said to beodd. 

For example, in the permutation 
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the inversions are the pairs  and . So, , thus f  is 

an odd permutation. 

Now we show that if we swap the images of two elements in a permutation, then the parity of the permutation 

will change to the opposite. Indeed, let us switch the images of the numbers i and j in the permutation 

 

Then we get the permutation 

 

After swapping, the inversion between the elements i and j will certainly change. Furthermore, it is easy to see 

that the inversion of the element i with an x lying between i and j changes (that is, if  is an inversion, then 

it will not be an inversion after swapping, and vice versa) if and only if the inversion between x and j changes. 

All the other inversions remain, so finally we have odd changing. Thus, even permutation becomes odd, and odd 

permutation will be even. 

It can also be proved that we can get to every permutation from the identity permutation 

 

by a series of swapping the images of pairs of elements. For example, in order to get the permutation 

 

the following series of swapping is suitable: 

 

The identity permutation has no inversions, so it is even. Because when we swap the image of a pair of 

elements, the parity change to its opposite, so we can get to a even (or odd) permutation by even (or odd, 

respectively) number of swapping. What happens when we multiply two even permutations together? As the 

multiplying the permutations means function composition, so after even number of swapping we make other 

even number of swapping, therefore, the product will also be even. One can get similarly that the product of odd 

permutations is even, and the product of permutations of opposite parity is odd. Let f  be an even permutation, 

and let  be its inverse. Then , and I is even, so must be even as well. This is an 

explanation that the even permutations forms a subgroup in . 

2.  The definition of matrices 

Let m and n given positive integers, and let , where and , be elements of a field F. 

Then the rectangular array 
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is called an matrix (over F). So, an  matrix is a rectangular array of elements of F arranged in 

m number of rows and n number of columns. The collection of entries  is called the main 

diagonal, whereas the collection of entries  is called minor diagonal of the matrix 

A. In other words, the main diagonal runs from runs from the top left diagonally downwards, and the minor 

diagonal runs from the bottom left corner diagonally upwards. By the transpose of the matrixAwe mean the 

matrix 

 

which can be considered as the matrix that we get by changing the rows by the columns. 

Two matrix are considered to be equal if they have the same size, and all corresponding entries are the same in 

the two matrices. 

The  matrices are called square matrices. 

We will also use  or  for notation the matrix A, furthermore, The entry in the ith row and jth 

column of the matrix A is sometimes referred to as . 

3.  The definition of determinant 

Given an  matrix , and let us take an arbitrary element 

 

of the symmetric group . Let us take the th element from the first row: , the th element of 

the second row: , and so on, the th element of the nth row: . Now we have exactly one 

element form each row and from each column. We multiply them together: 

 

and we change the sing of the product to the opposite, if the permutation f  is odd. If f  is even, the product 

remains the same. Now we get the product 

 

We compute these products for all elements of , and add them together. This sum will be the determinant of 

A. 

More precisely: By determinant we mean the function  from the set of all square matrices over a field F to 

F sending the matrix 
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to 

 

The element  of F is called the determinant of the matrix A. We emphasize again that the determinant is 

a function, whereas the determinant of a matrix is an element of the field F (usually a number). 

We will refer to the product as the term of the determinant of the matrix A 

associated to the permutation f . 

It is evident that the determinant of a  matrix is the only entry of the matrix. Now we will see how to 

calculate the determinant of a  matrix. Let 

 

The elements 1, 2 have two distinct permutations: 

 

the number of inversions of  is 0, whereas  has one inversion, therefore the term associated to  is 

, and the term associated to  is . The determinant 

of the matrix A is the sum of them: . To sum up, we get the determinant of a 

 matrix by subtracting the product of minor diagonal elements from the product of main diagonal 

elements. For the sake of completeness: 

 

Let now 

 

be a given  matrix. In order to find the determinant of A we need the group , whose elements are listed 

in the first column of the following table. 
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By definition, the determinant of A is the sum of the elements of the third column: 

 

 

 

Probably no-one is eager to keep this formula in mind. However, there is a method which can help us to 

reproduce this formula. Write out the first two columns of the matrix to the right of the third column, then add 

the products of the diagonals going from top to bottom, and subtract the products of the diagonals going from 

bottom to top (see fig. 7.1). Then by (7.1), the result is the determinant of the matrix. 

 Figure 7.1. Computing the determinant of a  matrix 



 Determinants  

 75  
Created by XMLmind XSL-FO Converter. 

 

For example, 

 

We should remark that these shortcut algorithms do not work for finding determinants of and larger 

matrices. Both mentioned method (for  and  matrices) are based on the definition. If we would like 

to compute the determinant of a  matrix by definition, then even the investigation of the parity of all 

 elements of  will be quite exhausting. By deeper knowing of the determinant, the amount of 

computation can be reduced. 

4.  Properties of the determinant 

In this part by a matrix we always mean an  matrix over a field F, and by a constant we mean an 

arbitrary element of F. 

Theorem 7.1.  The determinant of a matrix is the same as that of its transpose. 

Proof.  Let us consider the matrices  and . Then 

 

and 

 

Assume that . Then 

 

As the rows of the transpose matrix are exactly the columns of the original matrix, and to 

compute the determinant we take products of exactly one element form every row and every 
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column, it follows that all product we used to compute the determinant of occur in 

 as well. The question is that if the sing of a product remains the same or not. Assume 

that the products and  consist of the 

same factors, not necessarily in the same order. Let us find that j, for which ; then

. Continuing this for the numbers , we can see that the permutations f  

and g are the inverses of each other. But then they have the same parity. 

According to the theorem, 

 

which can be easily verified by one as an exercise. 

In view of the Theorem 7.1, in the following theorems the word “row” can be replaced with the word “column”. 

Theorem 7.2.  If a matrix has a row of zeros, then its determinant is zero. 

Proof.  By definition, if each entry of some row of a matrix is zero, then one of the factors of 

every term of the determinant of the matrix is zero. 

Theorem 7.3.  Let  be constants. Then 

 

where in the second term of the sum of the right-hand side the entries are in the 

ith row, and all the other rows come from the matrix A. 

Proof.  We write the determinant of the original matrix, and apply the distributive law: 

 

Theorem 7.4.  If we multiply each entry of a row of a matrix by the same constant c, then the 

determinant of the resulting matrix is equal to the c-times of the determinant of the original 

matrix. 
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Proof.  If we multiply each entry of a row of a matrix by the same constant c, then every term 

of the determinant changes its c-times, because every term contains exactly one entry from 

that row. By factoring out c from the sum, we get the determinant of the original matrix as a 

factor. 

Theorem 7.5.  If a matrix contains two identical rows, then its determinant is zero. 

Proof.  Assume that the ith and jth rows of the matrix coincide. Let us 

consider the term of the determinant A associated to the permutation f , without changing sign: 

 

Because the ith and jth rows coincide, 

 

and this latter product is the term of the determinant A associated to 

 

without changing sign. As the permutations f  and g differ in the images of exactly two 

elements, they have opposite parity. Therefore, if a matrix has two identical row, then we can 

assign to every term of its determinant an other term, such that their sum is zero, so the 

determinant of the matrix must be 0. 

Theorem 7.6.  If a row of a matrix is the multiple of some other row of the matrix, the 

determinant of the matrix is zero. 

Proof.  Applying the previous theorems 

 

Theorem 7.7.  Adding a multiple of one row to a different row does not affect the 

determinant. 

Proof.  It follows form the previous statements that 
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This theorem will play a central role in the Gaussian elimination method for computing determinants. 

Nevertheless, it is also useful for decreasing the “big” numbers in the matrix in the following sense: if we 

subtract the second column of the matrix 

 

from the first column (or, in other words, we add the ( )-times of the second row to the first), and subtract 

the third column form the second, then the fourth form the third, then we have the matrix 

 

whose determinant is equal to the determinant of A, by the theorem. The effect can be further enhanced if we 

subtract the second column of the matrix  from the first, the third form the second, and the 4-times of the 

third form the fourth, but we leave this task to the reader. 

Theorem 7.8.  If two rows of a matrix are switched, the determinant of the resulting matrix is 

the negation of the determinant of the original matrix. 
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Proof.  Let us take a square matrix. Add the jth row to the ith, then subtract the ith row from 

the jth. Finally, add the jth row to the ith. By Theorems 7.6 and 7.7, 

 

5.  Expansion theorems 

Let A be an  matrix over a field F, and let us choose k rows and k columns fromA. Then the entries 

lying in the intersections of the selected rows and columns form a matrix, its determinant is called a k-

minor of A. In the case when A is an  matrix, and d is a k-minor of A, then the entries out of the selected 

rows and columns also form a matrix, and the determinant of this  matrix is called 

thecomplement minor of d, written . If the indices of the selected rows and columns are  and 

, then the cofactor of d is 

 

For example, choosing the 1. and 2. rows, and 1. and 3. columns form the matrix 

 

the entries at the intersections form the matrix 
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whose determinant is 6. This is a 2-minor of A. Its complement minor is 

 

and its cofactor is . 

It may be suspected that the determinant of a square matrix should be expanded somehow with the help of the 

minors of the matrix. Below we look at how. 

Lemma 7.9.  Let A be an  matrix and let d be a k-minor of A. If we multiply an 

arbitrary term of d by an arbitrary term of , then we get a term of . 

Proof.  First we consider the case when  and , 

that is when the first k rows and columns are selected. Let  be a permutation which 

fixes the elements . Obviously, f  can be considered as a permutation in , 

and the term of d associated to this permutation is of the form 

 

Similarly, if  leaves the elements  at their places, then the term of  

associated to g is of the form 

 

which is a term of as well, because  is even. The 

product of these terms is 

 

which is exactly the term of  associated to the permutation . 

Now we deal with the general case when the indices  and  of the 

selected rows and columns are arbitrary. Then by swapping the th column by all previous 

columns, in  steps we get that it will be the first column. Similarly, the th column in 

 step can come to the second position. Continuing the method for all rows and 

columns, with a number of 

 

row and column swapping we can bring the selected minor to the top left corner. Denote by B 

this rearranged matrix, then 

 

where we have left the certainly even terms from the exponent. If  is a term of d, and  is a 

term of , then, as we have seen above,  is a term of , and so 

 

is a term of . 
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Theorem 7.10 (Generalized Laplace’s expansion theorem).  If in a square matrix we 

choose k rows and we take all k-minors with the help of the selected rows, and we multiply all 

of them by their own cofactor, then the sum of these products results the determinant of the 

matrix. 

Proof.  If we take a k-minor d of the square matrix A, then by the previous lemma, the 

products of the terms of d and  all are terms of . In this way, we get  

terms for every k-minor. With the help of the selected k rows we can form 

 

k-minors, so we get  terms altogether. As these terms are different, and all are terms of

, their sum cannot be else than . 

If we expand the determinant of the matrix A given above along its first two rows, we get the following: 

 

In the place of the forth summand we wrote 0, because the k-minor is zero, and then the product will be zero 

independently from the other factors. In this way we saved us from computing another determinant. 

Of course, it is possible to apply the theorem for only one row. This version is the so called Laplace’s expansion 

theorem. 

Theorem 7.11 (Laplace’s expansion theorem).  If we multiply each entry of a row of a 

square matrix by its cofactor, then the sum of these products results the determinant of the 

matrix. 

Proof.  As the 1-minors of a matrix are the entries of the matrix, this theorem is indeed the 

special case of the previous one for . 

If we want to use the Laplace expansion along some row of the matrix A, then we had better to choose the row 

containing the most number of zeros, because the entries of the selected row occur as a factor, and in the case 

when it is zero, then the corresponding determinant is need not to compute. Therefore, in our case the expansion 

will go along the first row: 
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The completion of the computing (which is essentially to compute the determinant of a  matrix by any 

method) is left to the reader. 

The following theorem is rather theoretical. 

Theorem 7.12.  If we multiply each entry of a row of a square matrix by the cofactor of the 

corresponding entry of an other row, then the sum of these products results zero. 

Proof.  Multiply each entry of the ith row of the matrix by the cofactor of the 

corresponding entry of the jth row, where , and denote the sum of these products by t. 

Then 

 

where  denotes the cofactor of the entry . It is easy to see that the value of t does not 

depend on the entries of the jth row. Copy the ith row to the jth row, and denote the obtained 

matrix by B. Then t does not change, and applying Laplace’s extension along the jth row, we 

have . But two rows of B are equal, therefore , and the proof is complete. 

We note once more, that taking transpose does not change the determinant, so we can say “column” instead of 

“row” in these expansion theorems, as well. To sum up, the extension theorems give scope for deriving a 

determinant of a matrix from determinants of smaller matrices. With the aid of them, the determinant function 

can also be given recursively. However to find the determinant of a “big” matrix needs still extremely much 

amount of computation. 

6.  Computing the determinant by elimination 

A square matrix is called upper triangular if all the entries below the main diagonal are zero.: 

 

that is  for all ; furthermore it is called lower triangular, if all the entries above the main 

diagonal are zero: 

 

that is, if  for all . 

Theorem 7.13.  The determinant of a lower or upper triangular matrix equals the product of 

the main diagonal entries. 

Proof.  Since the upper triangular matrices can be obtained as the transpose of the lower 

triangular matrices, in view of Theorem 7.1, it is enough to prove the statement for lower 

triangular matrices. Applying the Laplace’s expansion along the first row, we have 
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whence we get the statement by repeating the expansion. 

The substantial of the elimination method is that we transform a given matrix into upper triangular form by 

keeping track of the effects of these operations to the determinant. In this way, from the determinant of the 

upper triangular matrix, we can conclude the determinant of the original matrix. We perform the transformation 

column by column. First we take the first column of the matrix. If each entry below the main diagonal in the 

first column is zero, then we can skip to the second column, because the first column looks already like as a first 

column in an upper triangular matrix. In the other case, by swapping row we can attain that the first element in 

the first column not to be zero (there might no need for swapping rows, if yet, take care about sign changing, 

see: Theorem 7.8). Then by adding the appropriate constant multiple of the first row to the second row, third 

row, etc. we can get zeros in the first column below the first entry. Then, by Theorem 7.7, the value of the 

determinant does not change. Now, consider the second column. If its each entry beginning from the third one is 

zero, then this column is look like as a second column of an upper triangular matrix, thus we have nothing to do, 

we can continue with the third column. Otherwise, by swapping row we can attain that the second element in the 

second column not to be zero. (Warning! We cannot swap the first two rows, because then we would ruin the 

zero at the first entry of the second row.) After this, by adding the appropriate constant multiple of the second 

row to the third row, fourth row, etc. we can get zeros in the second column below the second entry. We 

continue the elimination similarly for the third, fourth, etc., finally for the next to last column. The result is such 

an upper triangular matrix whose determinant is either equal to the determinant of the original matrix, or only 

differs in sign. 

Although this algorithm is correct as it is, when we perform it “by hand”, we can make some extra step in order 

to make the calculation easier. 

We conclude this section by computing the determinant of the matrix 

 

by elimination: 

 

Now we explain what we do step by step: 

1.  

Following the procedure described above, we should first eliminate the entries of the first column below the 

main diagonal by the first entry of the column.To this, for the sake of convenience, we swap the first two 

rows, because then the first entry of the first column will be 1, and so all entries below will be a multiple of 1 

(extra step!). Then, the sign of the determinant changes. 
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2.  

We subtract the double of the first row form the second row, add the triple of the first row to the third one, 

finally, we subtract the first row from the fourth. Then the determinant does not change. 

3.  

Now the first column is done, and the next step is the elimination of the entries of the second column lying 

below the main diagonal. Now it is worth to weigh the following two options up: either we add the half of the 

second row to the third row (then fractions will appear), and we subtract the second row from the fourth one; 

or, as at the first step, we eliminate after swapping the second and third rows. We choose the first option, 

then the determinant does not change. 

4.  

The third column comes next, but we can avoid the elimination if we swap it by the fourth column. Then, the 

sign of the determinant changes again. 

5.  

The determinant on the right hand side is a determinant of an upper triangular matrix, and its value is the 

product of the entries on the main diagonal, namely . 

7.  Exercises 

Exercise 7.1.  Can it happen that the determinant of a square matrix containing only integers 

is not an integer? 

Exercise 7.2.  In the determinant of the matrix , what is the sign of the following 

products? 

a.  

 

b.  

 

Exercise 7.3.  Compute the determinants of the following matrices: 

 

 

 

Exercise 7.4.  What is the relationship between the determinants of A and B? 
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Exercise 7.5.  How will the determinant of a matrix change, if we invert the order of the rows 

of the matrix? 

Exercise 7.6.  How will the determinant of a matrix change, if we multiply all entries of the 

matrix by the same constant? 

Exercise 7.7.  Find x, if 

 

Exercise 7.8.  Find the determinant of the following matrices by using expansion. 

 

Exercise 7.9.  Find the determinant of the matrix 

 

by elimination. 

Exercise 7.10.  Find the determinants of the following  matrices. 

 

 

When is the determinant of the matrix V  (Vandermonde determinant) is equal to 0? 
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Chapter 8.  Operations with matrices 

Now we define some operations with the matrices introduced in the previous section. The first operation is the 

addition which will be defined on matrices of the same size: by the sum of the matrices  and 

we mean the matrix , such that  for all  

and . So, in order to compute the matrix  we need to add the corresponding entries. For 

example: 

 

Matrices of different size cannot be added together. 

Denote by  the set of all  matrices over a fieldF. By the definition above,  is an 

operation on the set , and, as addition of matrices leads to addition of elements of F,  is 

associative and commutative. The zero element is the  matrix consisting of all zeros (zero matrix), and 

the opposite of the  is the matrix  with  for all  

and . Therefore,  is an Abelian group. 

The multiplication of matrices will be a bit more complicated. First of all, we only define the product  of 

the matrices A and B, if the number of columns in the matrix A is equal to the number of rows in the matrix B. 

Then we can choose a row from the matrix A (say the ith), and a column fromB (let it be the jth), then this row 

and column have the same number of entries. We can multiply this row and column together by the following 

manner: we multiply the first entry of the row by the first entry of the column, the second one by the second 

one, and so on, finally the last entry by the last entry. The sum of these products will be the entry in the ith row 

and jth column of the product matrix. More precisely: by the product of the matrices  and 

 we mean the matrix , where 

 

for all  and . 

 Figure 8.1. Matrix multiplication 
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Let 

 

A picturesque realization of the computation of  is when we place the two matrix into a table as follows: 
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After drawing the lines between the rows and columns of the matrices, a grid will appear, and it shows that the 

result is a  matrix whose entries are: 

• in the first row and first column: , 

• in the first row and second column: , 

• in the second row and first column: , 

• in the second row and second column: . 

Thus, 

 

Now we will show that  is a semigroup. 

Theorem 8.1.  If ,  and , then 

 

Proof.  By the definition of the matrix multiplication, the product  exists, and it is an 

 matrix. Then the product  also exists, which is an  matrix. One can 

get similarly that  exists, which is an  matrix, as well. Now we show the 

equality of the corresponding entries of the two matrices. Indeed, using that F is a field, 
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Theorem 8.2.   is a non-commutative, associative unital ring. 

Proof.  To prove that  is an associative ring, it remains to show the 

distributivity of multiplication over addition. If and  are 

all  matrices, then by using the distributivity of the multiplication of F we have 

 

The proof of the right-distributive property is analog. The unit element is the  matrix 

with ones on the main diagonal and zeros elsewhere: 

 

This matrix is called  unit matrix, and it is denoted by . 

Let 

 

By computing the products  and , we can see that the matrix multiplication is not 

commutative. 

Theorem 8.3.  If A and B are  matrices, then 

 

that is, the determinant of a product is the product of determinants. 

Proof.  Let  and  be  matrices, and letC be the  

matrix containing 



 Operations with matrices  

 90  
Created by XMLmind XSL-FO Converter. 

• the matrix A in the top left corner, 

• the  zero matrix in the right left corner, 

• the  matrix with  on the main diagonal and zeros elsewhere in the bottom left 

corner, 

• the matrix B in the bottom right corner: 

 

We can apply the generalized Laplace’s extension theorem along the first n rows to get that 

 

Now we add to the first row the  times of the th row, then the  times of the 

th row, and so on, finally the  times of the th row. After that we add to the 

second row the  times of the th row, the  times of the th row, an so 

on, finally the  times of the th row. We continue this method for the other rows, in 

the end we add to the n row the  times of the th row, the  times of the 

th row, etc. In this way we arrive at the matrix 

 

and by Theorem 7.7, . Applying the generalized Laplace’s extension 

theorem again along the first n rows of the matrix , we have that 

 

As the sum in the exponent of  is even, so , and therefore

. 

According to the next theorem, not every square matrix has a reciprocal. 

Theorem 8.4.  A square matrix has an inverse under multiplication if and only if its 

determinant is not zero. 

Proof.  Assume first that the  matrix A has an inverse, and let B be the inverse matrix. 

Then , and by Theorem 8.3, 
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which implies that . 

Conversely, if  is a matrix whose determinant is not zero, then define the 

matrix  as 

 

where  is the cofactor of  in the matrix A. If we multiply this matrix by A from any 

side, the Laplace’s expansion theorem guarantees that the main diagonal of the product will 

consist of all ones, and Theorem 7.12 ensures the zeros elsewhere. Thus, , which 

means that B is indeed the inverse of A. 

The proof also says how to find the inverse matrix if it exists. For example, if 

 

then , so A has an inverse, and 

 

We can make sure of  is indeed the inverse of A by verifying the equality . 

Finally we note that the set of  matrices whose determinant is not zero forms a group under matrix 

multiplication. As we have seen before, this is a non-Abelian group. 

1.  Exercises 

Exercise 8.1.  Perform the operations. 

 

 

Exercise 8.2.  Let 
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Find the matrix 

 

Exercise 8.3.  Prove that if  and , then 

. 

Exercise 8.4.  Find zero divisors in the ring . 

Exercise 8.5.  Find the  matrices, which commute with the matrix 

 

under the matrix multiplication. 

Exercise 8.6.  Let 

 

Is there a unit element in G under matrix multiplication? Prove that with the restriction

G is a group under matrix multiplication. 

Exercise 8.7.  Find the inverses of the following matrices. 

 

Exercise 8.8.  Prove that if the matrix A is invertible, then  is invertible as well, and

. 

Exercise 8.9.  Solve the matrix equation 

 

Exercise 8.10.  Prove that the set of  matrices whose determinant is 1 forms a group 

under matrix multiplication. 

Exercise 8.11.  Does the set 

 

form a group under matrix multiplication? 

Exercise 8.12.  Let A be a square matrix, such that  for some positive integern. 

Prove that . 
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Chapter 9.  Vector spaces 

In secondary school by a vector we meant a geometric vectors, that is a directed line segment, or arrow, in the 

Euclidean space, considering two directed line segments to be equal, if the one is the image of the other by a 

translation. We can add these directed line segments together, moreover, we can multiply a directed line 

segment by a real number such that the result is also a directed line segment. These operations and their certain 

properties are captured by the notion of the vector in pure mathematics. 

Let V  be a given group and let F be a field. We say that a scalar multiplication (by F) is defined on the group V 

, if a function  is given. Then the image of the element  will be denoted by

, and called the  times of a. 

As an example, let us consider the set of all  matrices over a fieldF. We can define the product of an 

element  of F with a matrix as follows: we multiply all entries of the matrix by . This is known as scalar 

multiplication of matrices. 

Let  be an Abelian group, and let F be a field. We say that V  is a vector space (or linear space) over the 

field F, if given a scalar multiplication by F on V , and the following properties hold for all  and 

: 

1.  

, 

2.  

, 

3.  

, 

4.  

. 

Then the elements of V  are said to be vectors. 

Examples: 

1.  

 is a vector space over the field F under matrix addition and scalar multiplication introduced 

above. 

2.  

The set of n-tuples of the elements of a field F forms a vector space over F under the following operations: 

 

and 

 

This vector space is denoted by . We note that the elements of  can also be represented by  or 

 matrices. 
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3.  

Every field forms a vector space over its subfields. 

4.  

The set of all polynomials over a field F forms a vector space over F under the polynomial addition and the 

usual scalar multiplication. 

5.  

The set of all real sequences is a vector space over the field of real numbers. 

6.  

Denote by  the three dimensional Euclidean space. The ordered pairs of the points of  are called directed 

line segments. We consider the directed line segments  and  to be equivalent, is there exists 

a translation  such that  and , that is the translation p sends the starting 

and end points of the first directed line segment to the starting and end points of the other directed line 

segment. It is easy to see that this is an equivalence relation. The equivalence classes of the three dimensional 

Euclidean space will be called geometric vectors. Obviously, the vectors belonging to the same class can be 

obtained from each other by translation. The element of a class (or a geometric vector) is called a 

representative of the geometric vector. It is clear that any geometric vector has a representative starting form 

any point of the space, and any geometric vector can be given by a representative. 

 Figure 9.1. The addition of geometric vectors 

 

Let us fix the representatives of the geometric vectors a and b such that the end point of the representative of 

a coincides with the starting point of the representative of b. Denote by c the geometric vector, which can be 

represented by the directed line segment whose starting point is the starting point of the representative of a, 

and whose end point is the end point of the representatives of b. By the sum of the geometric vectors a and b 

we mean the geometric vector c. As we can see on Fig. 9.2, the sum does not depend on the choice of the 

representatives, so the definition is correct. 

 Figure 9.2. The addition of geometric vectors is independent form the choice of the 

representatives 
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For adding non-parallel geometric vectors we can use the so-called parallelogram method, as well. (Fig. 9.3). 

 Figure 9.3. Addition of geometric vectors with parallelogram method 

 

Now we define the product of a geometric vector a by a real number : if  is positive, let us consider the 

representative  of a, and apply a scaling form the point O with scaling factor . Denote by the 

image of A. Then by  we mean the geometric vector represented by . If  is negative, then we 

apply the scaling with factor , and then apply a point reflection to O to obtain the point . 

 Figure 9.4. Some scalar multiples of the geometric vector a 
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It is easy to see that the set of geometric vectors forms a vector space over the field of real numbers under 

this addition and scalar multiplication. For example, the commutativity and associativity of the addition of 

geometric vectors can be easily seen by the parallelogram method and the definition (see Fig. 9.5 and 9.6). 

 Figure 9.5. The addition of geometric vectors is commutative 
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 Figure 9.6. The addition of geometric vectors is associative 

 

Let V  be a vector space over the field F,  and . It is not so hard to show that  if and 

only if  or . 

The subset L of a vector space V  is said to be a subspace, if L is a vector space itself under same vector space 

operation as V  has. 

The set  is a subspace of every vector space, furthermore, every vector space is a subspace of itself. 

The next statement is a direct consequence of the subgroup criterion (Theorem 5.4): 

Theorem 9.1 (Subspace criterion).  The nonempty subset L of the vector space V  is a 

subspace if and only if  and  belong to L for any  and . 

Here are some examples for subspaces: 

1.  

A fixed geometric vector with its all scalar multiples is a subspace of the vector space of geometric vectors. 

These subspaces are the lines crossing the origin of the Euclidean space. 

2.  

In the vector space of the polynomials over a field F, the set of all polynomials of degree at most n is a 

subspace. 

3.  

In the vector space  the set of all upper triangular matrices is a subspace. 

4.  

The set of all convergent series in the vector space of real sequences. 

 Figure 9.7. The subspaces of  



 Vector spaces  

 98  
Created by XMLmind XSL-FO Converter. 

 

Let us consider arbitrary number of subspaces of a vector space, and denote by H the intersection of them. If 

, then a and b are in all subspaces, so, by the subspace criterion,  and  are also in all 

subspace for all . Therefore,  and . Then, by the subspace criterion, H is a 

subspace. We have just proved that the intersection of subspaces is also a subspace. The same is not true for 

union of subspaces: it is not so hard to see that the union of two subspaces is a subspace if and only if the one 

contains the other. 

Let V  be a vector space, and let H be a nonempty subset of V . By the subspace generated by H of V we mean 

the intersection of all subspaces of V  containing H. This subspace will be denoted by . It is obvious that 

 is the narrowest subspace of V  which contains the subset H. The attribute “narrowest” means that every 

subset which contains the subset H, necessarily contains  as well. 

 Figure 9.8.  is the intersection the subspaces of V  containing H 
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Let  be vectors in the vector space V , and let  be given scalars. Then the 

vector 

 

is called the linear combination of the vectors  with coefficients . 
 

  A N I M A T I O N   

As the linear combination consists of vector addition and scalar multiplication, it does not lead out form a 

subspace, that is, linear combinations of arbitrary vectors of a subspace belong to the subspace. 

With the help of linear combination we are able to describe the elements of . 

Theorem 9.2.  Let V  be a vector space, and let H be a nonempty subset of V . Then 

coincides with the set of all linear combinations of the vectors of H. 

Proof.  Denote by  the set of all linear combinations of the vectors of H. Since

, by the previous mention, . On the other hand, we show that 

 is a subspace. Indeed, let a and b be arbitrary linear combinations of vectors in H, and 

videos/vektor.html
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assume that the set of vectors of H that occur one of the linear combinations is 

. Then there exist scalars  and  such that 

 

Then the vectors 

 

and 

 

are also linear combinations of vectors of H, that is, they belong to . Therefore,  is a 

subspace of V  which contains H, and  is the intersection of subspaces like this, so 

 also holds. 

By this theorem the subspace  is often called the linear closure or linear span of the setH. 

It is easy to see that the subspace generated by the system of vectors does not change, if we make 

the following modifications: 

1.  

multiplying a vector by a nonzero scalar, 

2.  

adding to a vector an other vector , 

3.  

leaving a vector from the system, which can be expressed as the linear combination of the remaining, 

4.  

changing the order of the vectors, 

because in this case the set of all linear combinations of the old and new systems of vectors coincide. 

A subset H is a vector space V  is called a generating system of V , if , that is, every vector of the 

space can be written as a linear combination of vectors of H. We say that a vector space is finitely generated, if 

it has a generating system of finite cardinality. 

1.  Linear independence 

Let  be given vectors of the vector space V , and find scalars 

 such that the linear combination 

 

to be the zero vector. The most trivial solution is: . If it cannot happen any other 

cases, then we say that the vectors are linearly independents, or, in other words, they form a 

linearly independent system of vectors. Otherwise, we say that they are linearly dependent. 

Finitely many vectors of a vector space is said to be linearly independent, if their linear combinations only 

results the zero vector, if every coefficients is zero. Otherwise, the vectors is said to belinearly dependent. An 
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arbitrary system of vectors is linearly independent, if its any finite sub-system is linearly independent, that is any 

finite number of vectors from the system are linearly independent. 

It is easy to prove that if  is linearly independent, then every nonempty subset ofH is also linearly 

independent, that is, a system of vectors yielded by leaving finitely many vectors from a linearly independent 

system of vectors remains linearly independent. 

Theorem 9.3.  The vectors  of the vector space V , where , are 

linearly dependents if and only if one of them can be written as the linear combination of the 

other ones. 

Proof.  Indeed, if the vectors  are linearly dependents, then the equality 

 

hold, such that amongst the coefficient there is one, say , which is not zero. Dividing the 

above equality by , after rearranging, we have that 

 

that is,  can be expressed as a linear combination of the others. Conversely, if, say 

 

then 

 

where the coefficients of  is not zero. Therefore, the vectors  are linearly 

dependents. 

From the theorem it follows: 

1.  

if a system of vectors contains the zero vector, then it is linearly dependent; 

2.  

if a system of vectors contains two identical vectors, then it is linearly dependent. 

A linearly independent generating system of a vector space is said to be a basis of the vector space. 

It is easy to see that the basis is a “minimal” generating system. We state the following theorem without proof. 

Theorem 9.4 (Hamel’s theorem).  Every vector space has a basis. 

The system of vectors H of the vector space V  is called a maximal linearly independent system of vectors, if H 

is linearly independent, and for any  is linearly dependent. 

Theorem 9.5.  Let B be a system of vectors of the vector space V . The following statements 

are equivalent: 

1.  

B is a basis of V . 

2.  

B is a maximal linearly independent system of vectors. 
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3.  

Every element of V  can be uniquely written as a linear combination of vectors of B. 

Proof.   Since B is a basis, so it is also a generating system, and any  can be 

written as a linear combination of vectors of B. Then by Theorem 9.3,  is linearly 

dependent, so B is a maximal linearly independent system of vectors. 

 Let us choose an arbitrary vector . As B is a maximal linearly independent 

system of vectors,  is linearly dependent, that is, there exist vectors 

 such that the equality 

 

holds even though amongst the scalars  there is a nonzero. We can 

assume that , because in the contrary case B should be linearly dependent. So we have 

that 

 

and it follows that  can be written as a linear combination of vectors of B, that is B is a 

generating system. 

Assume that the vector  can be written as a linear combination of the distinct vectors 

 of B in two different way: 

 

and 

 

Subtracting the one from the other, we get 

 

As B is linearly independent, this equality can hold, only if 

 

so the expression is unique. 

 Supposing that every element of V  can be uniquely expressed as linear combination 

of vectors of B, we get that B is a generating system. Of course, the expression of the zero 

vector is also unique, this expression cannot be else than the linear combination with zero 

coefficients. This implies that B is linearly independent, so B is a basis. 

Example: it is easy to see that in the vector space  the vectors 

 

form a basis, which is called the standard basis of . 

It is known that all bases of a finitely generated vector space have equal cardinality. The cardinality of the bases 

of the finitely generated vector space V  is said to be the dimension of the vector space. In notation: . In 

the sequel we deal only with finitely generated vector spaces. 
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We note that if V  is an n-dimensional vector space, then every linearly independent system of vectors of n 

elements forms a basis, and every linearly independent system of vectors of less than n elements can be 

completed to a basis. 

If the vectors  of fixed order (in notation: are a basis of V  and , then the 

scalars  for which , is called the coordinates of the vector a 

relative to the bases . It is practical to handle the coordinates of a vector as an element of :

. 

2.  The rank of a system of vectors 

We say that the rank of a system of vectors is r, if the system contains linearly independent vectors of number r, 

but it does not contain linearly independent vectors of number . The rank of a system of vectors 

 will be denoted by . 

It is easy to see that the rank of a system of vectors is the dimension of its linear span. 

Theorem 9.6.  If we add to a system of vectors a vector which is a linear combination of the 

vectors of the system, then the rank of a system does not change. 

Proof.  Assume that the rank of a system of vectors  is r, and let b be a 

vector which can be expressed as a linear combination of those, that is 

 

 

 

for some scalars . We show that the rank of the system of vectors 

 cannot be . Indeed, if the rank were , then we could choose 

linearly independent vectors, which, of course, would contain the vector b, and without 

loss of generality, we may assume that the other vectors are . Then all of the 

vectors  can be written as the linear combination of the vectors 

. Putting this expressions into the equality (9.1) we get the vector b as a 

linear combination of the vectors , therefore the system of vectors

 is linearly dependent, which contradicts to our assumption. This means 

that the rank of  cannot be , so it remains r. 

Obviously, the rows of an  matrix over a field F can be considered as vectors in  (these are the row 

vectors of the matrix), and the columns can be considered as vectors in  (those are the column vectors). By 

the rank of a matrix we mean the rank of the system of its row vectors. The rank of the matrix A will be denoted 

by . 

Why the rows? According to the following theorem, it is not essential. 

Theorem 9.7.  The following statements are equivalent. 

1.  

The rank of the matrix A is r. 

2.  

The rank of the system of column vectors of the matrix A is r. 

3.  
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The matrix A has a nonzero r-minor, but it has no nonzero -minor. 

As the theorem says, the rank of the system of row vectors of a matrix, the rank of the system of its column 

vectors, and the size of its largest nonzero minor all coincide. 

2.1.  Elimination for computing the rank of a matrix 

In this part we improve the elimination method introduced for computing of determinant. 

By an elementary row/column operation of a matrix we mean one of the following operations: 

• row or column switching, 

• adding a scalar multiple of a row/column to another row/column, 

• multiplying all entries of a row/column by a nonzero scalar. 

By the leading entry of a row we understand the first nonzero entry of the row, if any. We say that a matrix is in 

echelon form, if it satisfies the following conditions: 

1.  

The nonzero rows are above the rows of zeros. 

2.  

The leading entry of a nonzero row is always strictly to the right of the leading entry of the row above it. 

For example, the matrix 

 

is in echelon form. A matrix is an echelon form is said to be in trapezoid form, if the column index of the 

leading entry of a nonzero row is always less by 1 than the column index of the leading entry of the row above 

it. The above matrix is not in trapezoid form, it can transformed to trapezoid form by switching the second and 

third columns. It is true in general that a matrix in echelon form can be always transformed to trapezoid form by 

switching columns. We note that all upper triangular matrix is in echelon form. 

Our main theorem is the following: 

Theorem 9.8.  Every matrix can be transformed to echelon form by a series of elementary 

row/column operations. 

Proof.  Actually, the method described below is known as Gaussian elimination. Choose the 

first nonzero column. If it does not hold automatically, by switching rows we can attain the 

first element of this column not to be zero. By adding the appropriate scalar multiples to the 

other rows we can have zeros of the column in question below the second entry. Then we turn 

to the next column, and we make zeros below its third element similarly as before. As the 

number of columns is finite, so the method ends after finitely many step, and results a matrix 

in echelon form. 

As an example, we transform the matrix 
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to echelon form (the symbol  shows that the matrix on its right can be obtained from the matrix on its left by 

elementary row/column operations): 

 

We made the following steps: 

1.  

For the sake of convenient we switched the first two rows, thanks to this, all elements of the first column is a 

multiple of the first element. 

2.  

We subtracted the double of the first row from the second, then the first row form the fourth. 

3.  

We continued the elimination with the second column: subtracted the second row from the third, then the 

double of the second row from the fourth. 

4.  

The nonzero rows have to be above the rows of zeros, so we switched the third and fourth rows. 

5.  

The obtained matrix is in echelon form, the trapezoid form can be attained by switching the third and fourth 

columns. 

From the echelon form of the matrix A we can easily read that the rank of A is 3, because it cannot contain 4 or 

larger nonzero minor, but it contains a nonzero 3-minor. Moreover, we also known that amongst the row and 

column vectors of the matrix A the 1., 2. and the 4. are linearly independents. 

It is true in general that the rank of a matrix is equal to the number of nonzero rows in its echelon form. 

3.  Exercises 

Exercise 9.1.  Prove that there is no need for assuming the commutativity of the addition on V  

in the definition of the vector space, because the properties 1.–4. force it. (Hint: apply that 

properties to the vector .) 

Exercise 9.2. Show that the sets  and

 are subspaces in . 
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Exercise 9.3.  Prove that the set of matrices  with  forms a 

subspace in the vector spaces of matrices. 

Exercise 9.4.  Given the polynomials x and  in . Which polynomials does we need to 

add them to get a subspace. 

Exercise 9.5.  Prove that a subspace contains any linear combinations of its any vectors. 

Exercise 9.6.  Prove that the set  is a generating system of . 

Exercise 9.7.  Show that the vectors  and  are linearly independent in . 

Exercise 9.8.  Prove that the vectors  and  forms a basis in 

, and compute the coordinates of the vector  relative to this basis. 

Exercise 9.9.  Give lower and upper bounds the rank of an  nonzero matrix. 

Exercise 9.10.  Determine the dimension of the subspaces generated by the vectors below, and 

give a basis of it. 

a.  

 

b.  

 

c.  

 

d.  

 

e.  

 

f.  
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Chapter 10.  System of linear 
equations 

The problem to find x and y such that both of the equations 

 

 Figure 10.1. The linear equation system of two unknowns in our example can also be solved 

by a graphical way: the solution is the coordinates of the intersection of the two lines 

 

hold should be familiar form secondary school. Everybody learnt at least two methods for finding the solutions: 

either we express one of the unknowns from one of the equations and substitute it to the other equation; or by 

adding the appropriate multiple of one of the equations to the other we attain that the sum to contain only one 

unknown. Our goal is to improve this method for cases when the numbers of both the unknowns and equations 

are arbitrary, furthermore, even the coefficients are not necessarily real numbers. 

The system of equations 

 

where  and  are given matrices over a field F, is called system of linear 

equations (of m equations with n unknowns). The matrix A is said to be the coefficient matrix of the system of 

linear equations, and its entries are thecoefficients, B is said to be the vector of constant terms, the 

 matrix 
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is said to be the augmented matrix of of the system of linear equations. 

We say that the system of linear equations is solvable, if there exists a vector  in  such 

that by the substitution all equalities hold in the system of linear 

equations. Otherwise, the system of linear equations is said to beinconsistent. 

Denote by  the ith column vector of the coefficient matrix of the system of linear equation, and by X the 

column vector of the unknowns. Then the system of linear equations can be written as amatrix equation, 

 

or a vector equation 

 

The latter form shows that if the system of linear equations is solvable, then the vector B can be written as a 

linear combination of the vectors , so by Theorem 9.6 we have that 

 

Conversely, if the equality above holds and the rank of both system of vectors are r, then we can choose vectors 

of number r amongst the vectors  such that the vectorB can be expressed as their linear 

combinations. Keeping the coefficients obtained here and choose all the other zeros we get a solution of the 

system of linear equations. Thus, we have proved the following statement. 

Theorem 10.1 (Kronecker-Capelli theorem).  A system of linear equations is solvable if and 

only if the ranks of its coefficient and augmented matrices coincide. 

If the system of equation is solvable, then there exist scalars  such that 

 

If this equation held with the scalars  as well, that is 

 

the by subtracting them from each other we would obtain that 

 

Evidently, the rank of the coefficient matrix cannot exceed n, which is the number of the unknowns. If 

, then the vectors  are linearly independents, so in the above equation,

must hold. Therefore, if the rank of the coefficient matrix of a solvable 

system of linear equations is equal to the number of the unknowns, then the equation system has exactly one 

solution. 

Now assume that the system of equations is solvable, but the rank of its coefficient matrix is less than the the 

number of the unknowns. Then the vectors  are linearly dependents, that is there exists scalars 

such that not all of them is zero and 

 

If  is a solution of the system of equations, then 
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and so 

 

that is is also a solution, ant it is different from . It 

follows that if the rank of the coefficient matrix of a solvable system of linear equations is less than the number 

of the unknowns, then the system of equations has infinitely many solutions (provided that the characteristic of 

the field F is 0). 

Now we are aware of the solvability of a system of linear equations, and the number of solution. Let us see ho to 

find the solution. 

1.  Cramer’s rule 

Theorem 10.2.  Assume that the coefficient matrix A of a system of linear equations is a 

square matrix with nonzero determinant. Then the system of linear equations has an unique 

solution, namely 

 

where  denotes the determinant of a matrix which differs from the matrix A in that the kth 

column has been replaced by the vector of constant terms. 

Proof.  Since , by Kronecker-Capelli theorem the system of equation is solvable, 

and it has an unique solution. Considering the matrix equation  this solution is 

. Then, using the construction of the inverse matrix and Laplace’s expansion 

theorem, we have that 

 

As an example, we solve the system of linear equations from the introduction of this section, in which the 

numbers of both the equations and unknowns are 2 (we hope the notation x and y instead of  and  does not 

cause a confusion), and the determinant of the coefficient matrix is 

 

therefore all conditions of Cramer’s rule hold. Here the solution: 

 

The advantage of the method is its simplicity, the disadvantage is the many conditions and the huge amount of 

computation (if the coefficient matrix is large). 

2.  Gaussian elimination for solving system of linear 
equations 

Two systems of linear equations are said to be equivalent if they have the same solution set. It is easy to prove 

that the following operations transform a system of linear equations to an equivalent one: 
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• multiplying an equation by a nonzero scalar, 

• adding a scalar multiple of an equation to another equation, 

• deleting the equation which is a linear combination of the remaining ones, 

• changing the order of the equations, 

• changing the order of the unknowns preserving their coefficients. 

It follows that if we perform elementary row operations on the augmented matrix of a system of linear 

equations, we get to the augmented matrix of an equivalent system of linear equations. The following theorem 

says how to conclude form the echelon form of the augmented matrix to the solutions. 

Theorem 10.3.  A system of linear equations is solvable if and only if the echelon form of its 

augmented matrix has no a row whose only the last element is nonzero. 

Proof.  If the last element of a row of the augmented matrices is , whereas the other 

elements of the row are 0, then this row corresponds to the equation , which is a 

contradiction. So the system of equations belonging to the matrix is not solvable, and so the 

original is, because the two system of equations are equivalent. In the other case by deleting 

the rows of zeros, rearranging the terms in the equations, and reindexing the unknowns we can 

get to a system of equation of the form 

 

where none of  is zero. Hence the solution can be obtained as follows: in 

the last equation the value of the unknowns  can be chosen freely, let them be 

the elements  of the field F (we only need for this if the last equation has more 

than 1 unknowns), then express  from the last equation: 

 

Climbing up the equations we can express , and so on, and finally  form the first 

equation. 

Find the solutions the system of equations 

 

over the real numbers. 

The augmented matrix is 

 

whose echelon form is 
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This gives the system of linear equations 

 

which is equivalent to the original one. The last equation is 

 

in which  can be chosen freely: let , and then 

 

Putting this into the second equation we get 

 

whence . Finally, form the first equation 

 

and by rearranging we obtain that . Therefore, the system of equations has infinitely many 

solutions. The general solution is: 

 

whereu is an arbitrary real number. A particular solution can be obtained if we substitute u by a real number. For 

example, in the case  the solution is: 

 

3.  Homogenous system of linear equations 

A system of linear equations is said to be homogenous, if that is all its constant 

terms are zero. Otherwise it is called non-homogenous. 

Every homogeneous system has at least one solution: when all unknowns are zero, this solution is called trivial 

solution. The question is that there is another solution or not. Recall that we never used anything about the 

constant term in the previous part, so the question can be answered by elimination as above. 

It is also true that the solution set of a homogenous system of linear equations is a subspace of the vector space 

, and the dimension of this subspace is . Here ndenotes the number of unknowns. 

We conclude this section by the description of the structure of solution set of a homogenous system. 
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Let H by a subspace of the vector space V , and let . Then the set 

 

is said to be an affine subspace of V . The vector a is called a representative of the affine subspace . 

Theorem 10.4.  Let V  be a vector space over the field F, let H be a subspace of V , 

and . Then 

1.  

 if and only if ; 

2.  

the set of all affine subspaces  forms a vector space over the field F 

under the operations 

 

(this is called the factor space of V  by the subspace H). 

Theorem 10.5.  If the system of linear equations  is solvable, then its solution set 

is the affine subspace  of , where  is an arbitrary solution of the system 

of equation, and H is the solution space of the homogenous system of linear equations 

. 

Proof.  As  for any , so every element of  is 

indeed a solution. Conversely, if  is an arbitrary solution, then by and 

,  is a solution of the homogenous system. 

Then , that is . 

4.  Exercises 

Exercise 10.1.  Solve the following system of linear equations. 

a.  

 

b.  

 

c.  
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d.  

 

e.  

 

f.  
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Chapter 11.  Linear mappings 

Let  and  vector spaces over the same field F. The mapping  is said to be a linear mapping, 

if it is both additive andhomogenous, that is for any  and  the equations 

 

and 

 

hold. 

 Figure 11.1. The additive property of mappings 

 

 Figure 11.2. The homogenous property of mappings 
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Theorem 11.1.  For the linear mapping  the following statements hold: 

1.  

. 

2.  

 for all . 

3.  

If L is a subspace of , then  is a subspace of . 

4.  

If  and , then 

 

5.  

the image of a linearly dependent system of vectors of  by  is linearly dependent. 

6.  

If  is a generating system of a subspace L of , then 

 

is a generating system of , and . 

Proof. 
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1.  

The statement follows by rearranging the equation 

 

2.  

Using the statement 1, for any  

 

whence  follows. We note that the statement follows from the 

homogenous property of  as well, by choosing . 

3.  

Let  and  be vectors of . Then there are vectorsa and b in L such that 

 and . By the linearity of , 

 

Since , so . Furthermore, for any scalar  

 

so by the subspace criterion,  is a subspace. 

4.  

It is easy to see by induction that the additivity can be extended for any number of 

vectorsn. 

5.  

If  is a linearly dependent system of vectors of , then 

 

hold, such that any of , and by the point 4, 

 

so the vectors are linearly dependents. 

6.  

Every vector  can be written as a linear combination of the vectors 

. Then, by the above-mentioned facts,  can be written as a linear 

combination of the vectors 

 

so this latter is a generating system of . Furthermore, the image of a basis is a generating 

system, and a basis is a generating system of minimal cardinality, so 

. 
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We note that the image of a linearly independent system of vectors is not necessarily linearly independent. 

Furthermore, as a consequence of the statement 4., it is enough to know the values of a linear mapping only on 

basis elements; and if two linear mapping are equal on all vectors of a basis, then the two mapping is equal. 

Theorem 11.2 (The fundamental theorem of linear mappings). Let  be a 

basis of a vector space , and let  be an arbitrary system of vectors of the 

vector space . Then there exists exactly one linear mapping  with 

 

Proof.  By the above mention, it is enough to show the existence of linear mapping like this. 

Let  is the mapping which sends the vector  to 

 

where  are the coordinates of the vector a relative to the basis 

. We show that  is a linear mapping. Indeed, if  and 

 and , then 

 

The proof of the homogeneity of  is similar. 

By the kernel of the linear mapping  we mean the set 

 

and by the image of the linear mapping the set . 

 Figure 11.3. The kernel of the linear mapping  is the subset of  whose 

elements are sent to the zero of  
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 Figure 11.4. The image of the linear mapping  is the set 

 

 

In view of the point 3 of Theorem 11.1, the image is a subspace of . 

Theorem 11.3.  The kernel  of the linear mapping  is a subspace of . 

Proof.  Let . Then  and by the linearity of , 
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and for any scalar , . By the subspace criterion,  is a 

subspace of . 

We state the next theorem without proof. 

Theorem 11.4 (Rank-nullity theorem).  Let  and  be finitely generated vector spaces 

and let  be a linear mapping. Then 

 

The dimension is the subspace  is said to be the rank of the mapping , whereas the dimension of 

 is the nullity of . 

Theorem 11.5.  The linear mapping  is injective if and only if . 

Proof.  Evidently, if  is injective then 0 can be the image only one element, so

. Assume that  and . Then , 

that is . This implies that  holds only if , thus  is 

injective. 

1.  Isomorphism 

The one-to-one linear mappings are called isomorphisms. We say that the vector spaces  and  are 

isomorphic, if there exists isomorphism . 

It is easy to prove that the isomorphism is an equivalence relation on the set of vector spaces. 

Theorem 11.6.  The image of a linearly independent system of vectors by an isomorphism is 

linearly independent. 

Proof.  Let  be a linearly independent system of vectors of , and assume 

that 

 

where  is an isomorphism. Since  is linear, so 

 

follows, that is 

 

By the previous theorem, , so 

 

As  is a linearly independent system of vectors in , so 

 

that is  is a linearly independent system of vectors of . 

Theorem 11.7.  Two vector spaces are isomorphic if and only if they have the same 

dimensions. 
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Proof.  Assume that the vector spaces  and  are isomorphic, and let B be a basis of . 

According to the fourth point of Theorem 11.1, is a generating system of , and by 

the previous theorem,  is linearly independent, so it is a basis. As the cardinality of the 

bases B and  coincide, so the dimensions of  and  is also equal. 

To prove the contrary we show that an arbitrary vector space of dimension n over the field Fis 

isomorphic to . To this we fix a basis in , and let  be the mapping which assigns to 

every vector of  the n-tuples consisting of the coordinates of the vector relative to the fixed 

basis. This mapping is certainly injective and linear. Because for any element of  could be 

the coordinates of some vector, then this mapping is onto. 

It is also true that isomorphism preserves the rank of the system of vectors. 

2.  Basis and coordinate transformations 

Let  and be bases in V . The matrix  whose 

jth column consist of the coordinates of the vector  relative to the basis E, is called the change-of-bases 

matrix from E toF. 

Theorem 11.8.  Let and  be bases in V , 

and let S be the change-of-bases matrix from E to F, and P the change-of-bases matrix from F 

to E. Then S andP are invertible matrices, and . 

Proof.  If  and , then 

 

and it follows that =1, if , otherwise it is zero, that is . 

Theorem 11.9.  Let  and be bases in V , 

and let S be the change-of-bases matrix from E to F. If , and  and 

 are the coordinates of the vector b relative to the bases E and F, 

respectively, then 

 

Proof.  Let . Since 

 

so  follows, that is 
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3.  Linear transformations 

Let V  be a vector space. The linear mapping  is said to be a linear transformation on V . If  is 

bijective, the it is also said to be anautomorphism. 

For example, the identity mapping, the zero mapping, and , , where  is a given 

scalar, are all linear transformations. The latter is often called enlarging. 

Let A be a given  matrix over the field F. Then ,  is a linear 

transformation, where by multiplication we mean the matrix multiplication, and we consider the elements of 

 as matrices. 

Theorem 11.10.  A linear transformation is injective if and only if it is surjective. 

Proof.  Let  be a linear transformation. By Theorem 11.5, if  is injective, then 

. Furthermore, , so  

is surjective as well. The proof of the contrary is similar. 

Let  is a basis of the vector space V  over the field F, and let  is a linear 

transformation on V . By the matrix of the linear transformation  with respect to the basis E we mean the 

 matrix whose ith column contains the coordinates of the vector  relative to the basisE. 

From the definition is follows that the rank of a linear transformation is equal to the rank of its matrix. 

Theorem 11.11.  Let  be a basis of the vector space V , and let  is 

a linear transformation on V  whose matrix with respect to the basis E is A. If 

and , then 

 

Proof.  Let . Since 

 

so  follows, that is 

 

The next theorem says what happens with the matrix of a linear transformation, if we change the basis. 

Theorem 11.12.  Let and  be bases in the 

vector spaces V  and let S be the change-of-basis matrix form E to F. Let  by a linear 

transformation onV  whose matrices with respect to E and F are A and B. Then 

. 

Proof.  Let  and . Then 
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and on the other hand, 

 

whence , that is  follows. 

Denote by  the set of all linear transformation on the vector space V over the field F. We define on 

this set the addition and scalar multiplication as follows: if  and , then let 

 

and 

 

The following theorems are easy to prove. 

Theorem 11.13.   is a vector space over the field F. 

Theorem 11.14.  If the matrices of the linear transformations  on V with respect to the 

basis E are A and B, then the matrices of the linear transformations  and  are 

 and with respect to the same basis. 

Theorem 11.15.  Let V  be an n-dimensional vector space over the field F. Then the vector 

spaces  and  are isomorphic. 

It is obvious that the isomorphism is the mapping which assign to every linear transformation its matrix. 

4.  Exercises 

Exercise 11.1.  Amongst the mappings below which are linear? 

1.  

 

2.  

 

3.  
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4.  

 

5.  

 

Exercise 11.2.  Give the change-of-bases matrix from the basis to 

. 

a.  

 

b.  

 

c.  

 

d.  
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