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Introduction
The mission of the Doctoral School of Mathematics and Computer Science at
the Budapest University of Technology and Economics (BME) is to assure the
supply of future scientists and university professors in the relevant fields of
science. The Doctoral School has been established in 1993. It is operated by the
following departments of the university:
 Department of Algebra, Faculty of Natural Sciences
 Department of Differential Equations, Faculty of Natural Sciences
 Department of Geometry, Faculty of Natural Sciences
 Department of Mathematical Analysis, Faculty of Natural Sciences
 Department of Stochastics, Faculty of Natural Sciences
 Department of Computer Science and Information Theory, Faculty of
Electric Engineerting and Informatics
closely cooperating with two research institutes of the Hungarian Academy of
Sciences, namely the Alfréd Rényi Institute of Mathematics and the Computer
and Automation Research Institute.
The scientific results reported in this Proceedings have been presented at the
annual PhD Conference of the Doctoral School of Mathematics and Computer
Science between May 8-10, 2013. They have been developed in the framework
of the project „Talent care and cultivation in the scientific workshops of
BME". This project is supported by the grant TÁMOP – 4.2.2.B – 10/1 –20100009.
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All Pairs Small Stretch Paths in Weighted Graphs
Balázs Csizmadia1 , Katalin Friedl1 ,
1

Department of Geometry, Budapest University of Technology and Economics

Introduction
In a graph G finding shortest paths between all pairs of vertices is a classical problem. There
are several algorithms for this problem, for example Floyd’s algorithm for weighted graphs
which solves this problem in O(n3 ) steps, where n denotes the number of vertices in G.
When the weights are nonnegative, and the graph is not too dense, one can achieve a better
running time, for example an efficient version of Dijkstra’s algorithm has running time O(mn+
n2 log n).
A natural question is whether one can get faster algorithms if some good approximations
of the shortest paths is sufficient. A thorough investigation of this topic started about 15 years
ago. As it turned out, for unweighted graphs there are algorithms achieving small additive
error.
Definition 1 Let G(V, E) be a unweighted, undirected graph. A path π from vertex u to v
e v) to δ(u, v), is of
is of surplus s if it’s length is most δ(u, v) + s. Similarly, an estimate δ(u,
e
surplus s if δ(u, v) ≤ δ(u, v) ≤ δ(u, v) + s, where δ(u, v) denotes the length of the shortest path
between vertices u and v.
Based on previous works, D. Dor, S. Halperin, and U. Zwick [4] presented an algorithm for
finding surplus 2 paths for all pairs of vertices in an undirected, unweighted graph, with time
3
1
7
e
2 m 2 , (n 3 ))). They also exhibited a trade-off between running time and accuracy.
O(min(n
1
1
2− k1
e
For every k > 2 they presented an algorithm, that runs in time O(min(n
m k , n2+ 3k−4 ))
e hides a
and finds all-pairs surplus 2(k − 1) paths in an undirected, unweighted graph. O
polylogarithmic factor of n. In our previous work [3] we could get rid of these polylogarithmic
e by O in the complexities of the algorithms by using a greedy method
factors, replacing O
5
suggested by Pandey, Kumar, and Singh. They presented an O(n 2 ) time algorithm in their
work [5] by using a similar greedy method.
In the case of weighted graphs the error of an approximation clearly depends on the
weights. In this case we use multiplicative error.
Definition 2 Let G(V, E) be a nonnegatively weighted, undirected graph. A path π from
e v) to
vertex u to v is of stretch t if its length is most t · δ(u, v). Similarly, an estimate δ(u,
e
δ(u, v), is of stretch t if δ(u, v) ≤ δ(u, v) ≤ t · δ(u, v).
For the case of weighted graphs some of the techniques of the unweighted case can be
adapted. Our algorithm was inspired by the work of E. Cohen and U. Zwick [2]. They
e 32 m 21 ) time algorithm for finding stretch 2 paths, an O(n
e 73 ) time algorithm
presented an O(n
e 2 ) time algorithm for finding stretch 3 paths.
for finding stretch 37 paths and an O(n
In the case of stretch factor 2 and dense graphs we could get rid of the polylogarithmic
factor involved in the complexity of the algorithm in [2]. Our result is the following:
Theorem 3 There is an algorithm, that computes the shortest paths between all pair of vertices, on a connected, undirected, nonnegatively weighted graph of n vertices, with stretch 2 in
5
time O(n 2 ).
5

Stretch 2 Algorithm
The basic idea of the previous algorithms and ours is to find a small, central set P of vertices
and compute the (exact) shortest paths from this set. All the other paths can be approximated
by finding paths in a sparser graph instead of G.
In [2] and [4] the set P is chosen to be a dominating set. Pandey, Kumar, and Singh [5]
suggested a greedy method to obtain P for the unweighted case which makes this part easier
but their running time is worse then the one in [4]. In this work we show how to choose P in
some greedy way for weighted graphs and improve the complexity, at least for dense graphs.
One of the ingredients is the following well-known fact, which is the result of improving
the classical algorithm by Fibonacci heaps.
Theorem 4 (Dijkstra’s algorithms) [1] Let G = (V, E) be a graph with nonnegative weights.
Let n denote the number of its vertices and m the number of its edges. Let s ∈ V . Then Dijkstra’s algorithm finds the shortest paths from s to all vertices of V in time O(m + n log n).
The main tool to estimate the length of the paths is this simple Lemma.
Lemma 5 If a shortest path from u to v has a vertex x, such that for some vertex p (on
the path or not) holds that w(x, p) ≤ δ(u, v)/2 then the path π that is a concatenation of the
shortest path from u to p and the shortest path from p to v is a stretch 2 path between u and
v.
3

Notice that if the graph has m ≤ n 2 edges then Dijkstra’s algorithm from every vertex
5
computes the shortest paths in time O(n(m + n log n)) = O(n 2 ). So it is enough to consider
3
the case when the graph has more than n 2 edges.
The algorithm consists of several phases.
Initialization
e v) = w(u, v) if (u, v) ∈ E, δ(u,
e v) = 0 for u = v and ∞ otherwise.
Set δ(u,
Sort the edges in increasing order according to their weights.
Partition
The algorithm creates a partition V = P ∪ Q ∪ R of the vertex set, and selects a subset of light
edges Ered . The set P is the central set, Q are the set of vertices close to P , and R contains
the remaining vertices.
• Start with P = Q = ∅, R = V .
• In each step select the next edge according to the increasing order that has both endpoints in R. Color this edge red.
1

• When a vertex v ∈ R has dn 2 e red edges with both end-vertices in R, move v to P and
move all y ∈ R that is connected to v by a red edge to Q.
This procedure is finished when there are no more nonred edges with both endpoints in
R.
Let Ered denote the set of red edges at the end.
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Approximation
e v).
• For all p ∈ P , run Dijkstra’s algorithm on G starting from p to obtain the values δ(p,
• Construct the undirected weighted graph H = (V, E 0 ), where E 0 = Ered ∪ (P × V ). Let
the elements of Ered keep their original weights, set the weight of (p, v) ∈ P × V to
e v).
δ(p,
• For all u ∈ R ∪ Q, construct the graph Gu by adding to H the edges (u, v) for all v ∈ V
e v).
and set the weight of these edges to δ(u,
Run Dijkstra’s algorithm on Gu starting from u. Let dGu (u, v) denote the length of the
shortest path between u and v, which we know by Dijkstra’s algorithm. If dGu (u, v) is
e then update δe to dG (u, v).
smaller than δ,
u
• For all u ∈ R ∪ Q update the weight of all (u, v) edges in Gu according to the new values
e v). Run Dijkstra’s algorithm again on Gu starting from u, and update the value
of δ(u,
e
δ where it is improved.
The following two claims ensure the correctness of the algorithm.
Observe that if a phase of the algorithm finds a stretch 2 path between two vertices, then
at the end of the algorithm we still have a stretch 2 path (it can only improve during the
algorithm).
e v) = δ(p, v) for every p ∈ P and v ∈ V .
Claim 6 At the end of the algorithm δ(p,
Proof: At the first step of the Approximation phase the length of shortest paths starting
from P are calculated exactly. 
The case of paths between vertices of Q ∪ R is more complicated.
e v) ≤ 2δ(u, v).
Claim 7 If u, v 6∈ P, then at the end of the algorithm δ(u,
Proof:
Let π be a shortest path between u and v in G.
• If all edges of π are red, then H and so Gu contains the whole path π, because it contains
all red edges. So in this case the first run of Dijkstra’s algorithm on Gu returns the value
e v) = δ(u, v).
δ(u,
• If there is a single nonred edge in π, let it be (u0 , v 0 ) so that u0 is the closer one to u.
Let π 0 be the part of π from u0 to v. The first run of Dijkstra’s algorithm on Gu0 from
u0 , it finds π 0 as a shortest path from u0 to v, since (u0 , v 0 ) is an edge of u0 , and all the
e 0 , v) = δ(u0 , v). Before
other edges of π 0 are red. Therefore Gu0 contains π 0 and sets δ(u
running Dijkstra’s algorithm second time on Gv the weight of (u0 , v) has been updated
to δ(u0 , v). The part of π from u to u0 is contained in Gv , because it has only red edges.
e v) is set to δ(u, u0 ) + δ(u0 , v) = δ(u, v).
So at this step δ(u,
• If there are more than one nonred edges in π, let (u0 , v 0 ) be one with minimum weight.
In this case 2w(u0 , v 0 ) ≤ δ(u, v), since π contains another nonred edge and its weight is
at least w(u0 , v 0 ). Because of the Partition phase a nonred edge has at least one endpoint
not in R, so we can suppose that u0 ∈ Q ∪ P, v 0 ∈ R or at least it was in R when u0 was
moved from R.
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If u0 ∈ P, then at the first step of the Approximation phase the lengths δ(u0 , u) and
δ(u0 , v) was computed, so in Gu the edges (u0 , u) and (u0 , v) appear with these weights.
e v) ≤ δ(u, u0 ) + δ(u0 , v) = δ(u, v) which means that
Therefore from Gu we obtain δ(u,
e v) = δ(u, v)
δ(u,
Assume now, that u0 ∈ Q. Because of the Partition phase u0 has a neighbour p ∈ P that
is connected to u0 by a red edge. By the assumption when the edge (u0 , p) became red
then u0 , v 0 , p were all in R. This implies that w(u0 , p) ≤ w(u0 , v 0 ) because of the coloring
rule. Then 2w(u0 , p) ≤ 2w(u0 , v 0 ) ≤ δ(u, v), so by Lemma 5 the concatenation of the
shortest path from u to p and from p to v gives a stretch 2 path for u and v. Notice
that this concatenated path appears in Gu , since it contains an edge (u, p) and an edge
(p, v) with the appropriate weights.

The following claim shows that the set P is not too large and that there are not too many
red edges.
1

3

Claim 8 The size of P is O(n 2 ), the number of red edges is O(n 2 ), the number of edges in
3
Gu is O(n 2 ).
1

Proof: When a vertex v is moved to P, there are dn 2 e neighbours of v are moved to Q from
1
1
R (connected by red edges). This can happen at most n 2 times, therefore P = O(n 2 ).
A red edge has either both end-vertices in R or not. After the partition every v ∈ R has
1
3
less than n 2 red neighbours in R, so the number of red edges inside R is O(n 2 ). To see that
3
the number of red edges with at least one end-vertex not in R is O(n 2 ) notice that moving
1
1
one vertex from R to P creates at most en 2 den 2 d such edges. Since this happens |P | times,
3
the total number of such red edges is O(n 2 ).
3
The graph H has |Ered | + |P | · n = O(n 2 ) edges, every Gu is obtained from H by adding
n − 1 more edges, which proves the claim.

After this claim let us compute the running time.
5

Claim 9 The running time of the algorithm is O(n 2 ).
Proof: Compute the running time of each phase:
Initialization:
This phase takes time O(n2 + m log m) = O(n2 log n).
Partition:
For every vertex v store its red degree, the number of red edges between v and R. At
the beginning this number is 0 for every vertex. For any edge we have to check that it is
inside R, and if yes, then we have to color it, increase the red degree of its endpoints by
3
1. This takes O(n 2 ) steps. When the red degree of a vertex becomes large, we move the
vertex and its red neighbours from R, this involves decreasing the red degree of some
of the vertices. Since every vertex is moved at most once, this also can be done in time
3
O(n 2 ).
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Approximation:
The Dijkstra’s algorithms from all p ∈ P can be implemented to take time |P | · O(n2 ) =
5
O(n 2 ).
The graph H can be constructed in time O(n2 ) From this the graphs Gu can be obtained
by adding O(n) edges.
3

For a Gu , Dijkstra’s algorithm runs in time O(n 2 ), so for all u ∈ Q ∪ R these altogether
5
take time O(n 2 ).
Therefore the total time is as it is stated, which finishes the proof of the Claim and also the
Theorem.

The results discussed above are supported by the grant TÁMOP-4.2.2.B-10/1–2010-0009.
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Bounds on the number of edges in hypertrees
Péter G. N. Szabó1 , Gyula Y. Katona1 ,
1

Department of Computer Science and Information Theory, Budapest University of Technology and
Economics

1

Introduction to Hypertrees

We introduce a new concept for hypertrees in k-uniform hypergraphs [4]. After reviewing the
necessary definitions, we summarise the relevant theorems, upper and lower bounds for the
number of edges in hypertrees [4, 6].
Let H = (V, E) be a k-uniform hypergraph.
H is a semicycle if there exists a sequence v1 , v2 , . . . , vl of its vertices such that every vertex
appears at least once (possibly more times), v1 = vl and E = {{vi , vi+1 , . . . , vi+k−1 } : 1 ≤ i ≤
l − k + 1}, counted with multiplicity.
H is a chain if there exists a sequence v1 , v2 , . . . , vl of its vertices such that every vertex
appears at least once (possibly more times), v1 6= vl and E = {{vi , vi+1 , . . . , vi+k−1 } : 1 ≤ i ≤
l − k + 1}, counted with multiplicity.
The length of a semicycle/chain is the number of its edges.
A chain (semicycle) is non-self-intersecting if in its defining sequence v1 , v2
. . . , vl every vertex appears exactly once (every vertex appears exactly ones except for the
condition v1 = vl ).
From the definition it follows that every semicycle has at least 3 edges.
It can be easily seen that if a k-uniform hypergraph H contains a semicycle, then it also
contains a non-self-intersecting one, and if H is semicycle-free, then every chain within is
non-self-intersecting.
A k-uniform hypergraph H is chain-connected if every pair of its vertices is connected with
a chain, i.e. there exists a partial hypergraph, which is a chain and contains both vertices;
semicycle-free if it contains no semicycle as partial hypergraph.
We define hypertrees comparing equivalent definitions of trees. Some of these definitions
are not compatible with the concept of chain, while others may be too general. One has to
take into consideration that one can generalise the original concept of cycle in several ways.
The k-uniform hypergraph F is a hypertree if it is chain-connected and semicycle-free.
F is an edge-minimal hypertree if it is a hypertree, and deleting any edge e of it, F\{e} is
not a hypertree any more (i.e. chain-connectedness does not hold).
F is an edge-maximal hypertree if it is a hypertree, and adding any new edge e to it, F ∪{e}
is not a hypertree any more (i.e. semicycle-freeness does not hold).
A hypertree is called an l-hypertree if every chain of it has length at most l.
Due to the semicycle-free property, every chain is non-self-intersecting in a hypertree.
Without this property one should face with substantially more complicated case-analysis.
Being “connected with chain” is not a transitive property, thus it is not an equivalence
relation. This causes the main difficulty of hypertrees in contrast to common trees.
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2

Bounds corresponding to hypertrees and
l-hypertrees

Let F = (V, E) be a k-uniform hypergraph, n = |V | and m = |E|.
A tree on n vertices has exactly n − 1 edges. In case of hypertrees the situation is more
complicated.
Theorem 1 ([4]) If F is chain-connected and n ≥ (k − 1)2 , then m ≥ n − (k − 1).
This is a tight lower bound (think of chains and stars of order n).
There are some interesting questions about the previous theorem. Can we eliminate the
condition n > (k − 1)2 , and if we cannot do this, then for a fixed k, what are the sharp lower
and upper bounds for the number of vertices of k-uniform counterexamples? We have partial
answers.

n
Theorem 2 ([4]) If F is semicycle-free, then m ≤ k−1
.
This bound is asymptotically sharp for every fixed k ≥ 2.
One can obtain better bound under the assumption F contains no long chains.
Theorem 3 ([4]) If F is an l-hypertree and 1 ≤ l ≤ k, then m ≤
asymptotically sharp in case of l = 2 and k = 3.

n
1
k−l+1 k−1



. This bound is

The k-uniform hypergraph Sn of order n is a star if n ≥ k, and there exist u1 , u2 , . . . , uk−1 ∈
V (Sn ) such that E(Sn ) = {{u1 , u2 , . . . , uk−1 , w} : w ∈ V (Sn ), w 6= ui , for 1 ≤ i ≤ k − 1}.
We discuss 2-hypertrees and the corresponding star-equation, which is based on the stardecomposition of 2-hypertrees. Let Ci and l denote the number of maximal stars with i edges
in H and the number of uncovered (k − 1)-subsets of V , respectively.
Theorem
[6]) If H = (V, E) is a k-uniform 2-hypertree, then |E| =
 4 (Star-equation,
n
1
1
1 Pn−k+1
Ci − k−1 l.
i=1
k−1 k−1 − k−1
The star-equation shows that if a sequence of 2-hypertrees reaches the upper bound of
Theorem 3, then we should cover almost all (k − 1)-sets with a relatively few number of stars.
It turns out that one can refine the upper bound of Theorem 3 with a term of order k − 2
in case of 2-hypertrees by the help of the star-equation.
Theorem 5 ([6]) If H = (V, E) is a k-uniform 2-hypertree, then |E| ≤

n
1
− (k−1)
3 k−2 .

n
1
k−1 k−1



There is a simple algorithm called ordered extension to turn a given Steiner system to a
2-hypertree. We order the vertex set linearly, and extend an edge with the vertices which are
greater than the greatest one in the original edge.
The
 best asymptotic edge-number1 for
 4-uniform 2-hypertrees we have obtained so far, is
n
1 n
3.5 3 . This is better than the easy 4 3 lower bound [5], but worse than the upper bound
1 n
3 3 of Theorem 3. In 3-uniform case, the extension process can be used to reach the optimal
asymptotic bound.
Many results of this paper can be also expressed as an extremal forbidden-structure theorem
such as Turán-type theorems for hypergraphs.
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3

Edge-minimal hypertrees

We investigate a more special type of hypertrees, the edge-minimal hypertrees and concentrate
on the upper bounds of the edge-number.
We construct a sequence Hn0 = (Vn0 ,En0 ) of k-uniform edge-minimal hypertrees such that
1 n
the edge-number is asymptotically k−1
2 . Based on that construction, we are able to establish
a conjecture about the asymptotic upper bound of the maximal edge-number.
Let m be a positive integer divisible by k − 1, k ≥ 3 and Hn0 = (Vn0 , En0 ) be a k-uniform

hypergraph defined below. Let Vn0 = {vij : 1 ≤ i ≤ l + 1, 1 ≤ j ≤ m}, where l = m−1
k−2 and
n = (l + 1)m. We can imagine the set of vertices as an (l + 1) × m grid.
Since m is divisible by k − 1, by Baranyai’s theorem [7], there exists a 1-factorisation of the
(k−1)
(k − 1)-uniform complete hypergraph Km
on the set [m] = {1, . . . , m} into l partitions. Let
m
B1 , B2 , . . . , Bl denote the edge sets of these partitions. We know that for all r 6= s, |Br | = k−1
,

Sl
[m]
Br ∩ Bs = ∅ and i=1 Bi = k−1 .
Let Hn0 be the hypergraph whose edges are all the k-sets of the form {vij , vrs1 ,
vrs2 , . . . , vrsk−1 }, where 1 ≤ j ≤ m, 1 ≤ i ≤ l, i < r ≤ l + 1 and {s1 , s2 , . . . , sk−1 }
∈ Bi .
Theorem 6 ([6]) The
 asymptotic edge-number of the k-uniform edge-minimal hypertree se1 n
quence {Hn0 } is k−1
2 .
Conjecture
7 For every k-uniform edge-minimal hypertree F = (V, E) on n vertices, |E| ≤

1 n
holds.
k−1 2
The above construction shows that the bound of Conjecture 7 is asymptotically sharp if it
is really an upper bound.
There is a weak upper bound for the edge number of edge-minimal hypertrees.
Theorem 8 ([4]) Let F be a k-uniform edge-minimal hypertree with n vertices and m edges.
Then m ≤ n(n−1)(n−k+1)
.
2

4

Edge-maximal Hypertrees

Theorem 9 ([6]) For
 every even n > 2, there exists an edge-maximal 3-uniform hypertree
M = (V, E) with 21 n2 − 14 n edges.
Moreover, M can be choosen to be an ordered extension of the 1-(n, 2, 1) block design,
which is actually a complete matching with edges {vi1 , vi2 }, for i = 1, 2, . . . , n/2. Because of
the properties of the extension process, M is a 2-hypertree.
We close the paper with an interesting lower bound on the number of edges of k-uniform
edge-maximal hypertrees. The proof uses de Caen’s Turán-type theorem for hypergraphs [1].
Theorem 10 ([6]) If F = (V, E) is a k-uniform edge-maximal hypertree of order n, then
n−k+1 n
1
|E| ≥ k(k−1)
n−k+2 k−1 .

Acknowledgement
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On the sum of graphic matroids
Csongor György Csehi, András Recski1 ,
1
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Economics
Abstract
There is a conjecture that if the sum of graphic matroids is not graphic then it is
nonbinary.
Some special cases have been proved only, for example if several copies of the same graphic
matroid are given.
If there are two matroids and the first one can be drawn as a graph with two points, then
a necessary and sufficient condition is given for the other matroid to ensure the graphicity
of the sum.
Hence the conjecture holds for this special case.

1

Introduction

Graphic matroids form one of the most significant classes in matroid theory. When introducing
matroids, Whitney concentrated on relations to graphs. The definition of some basic operations
like deletion, contraction and direct sum were straightforward generalizations of the respective
concepts in graph theory. Most matroid classes, for example those of binary, regular or graphic
matroids, are closed with respect to these operations. This is not the case for the sum. The
sum of two graphic matroids can be nongraphic.
The purpose of our work is to study the graphicity of the sum of graphic matroids. The first
paper in this area was that of Lovász and Recski: they examined the case if several copies of
the same graphic matroid are given [1]. Then Recski conjectured thirty years ago that if the
sum of graphic matroids is not graphic then it is nonbinary [5]. He also studied the case if
we fix one simple graphic matroid and take its sum with every possible graphic matroid. His
main result is the following theorem.
Theorem 1 [2] Let A = M (E, I1 ) where E = {1, 2, 3...n}, I1 = {∅, {1}, {2}}, let
M = M (E, I2 ) an arbitrary graphic matroid, and B = M (E3 , I3 ) where E3 = {1, 2, i, j, k}
(3 ≤ i, j, k ≤ n differing) and I3 = {{1}, {2}, {i}, {j}, {k}, {1, 2}, {1, j}, {1, k}, {2, i}, {2, k},
{i, j}, {i, k}, {j, k}}, see Figure 1.
Then the sum A ∨ M is graphic if and only if B is not a minor of M with any triplet i, j, k.
3

k

4
2
1

1 i

2 j

...
n

Figure 1: A graphic representation of A (left) and B (right)
We shall use Tutte’s theorem which is fundamental in matroid theory:
Theorem 2

• A matroid is binary if and only if it does not contain U4,2 as a minor.
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• A matroid is regular if and only if it does not contain U4,2 , F7 and F7∗ as minors.
• A matroid is graphic if and only if it does not contain U4,2 , F7 , F7∗ , M ∗ (K5 ) and
M ∗ (K3,3 ) as minors.
• A matroid is the circuit matroid of a plane graph if and only if it does not contain U4,2 ,
F7 , F7∗ , M ∗ (K5 ), M ∗ (K3,3 ), M (K5 ) and M (K3,3 ) as minors.
Forbidden minors will be of importance in our forthcoming results as well, although they will
not appear in our final statement.

2

Results

In most of the cases we speak about graphic matroids so I will call the elements of the matroids
edges.
Observe that all but two of the edges of the graph representing the matroid A of Theorem 1
are loops (see Figure 1 as well). Also observe that bridges in a matroid remain bridges of its
sum with any other matroid. Hence, in order to generalize Theorem 1 I started to analyze the
case when we have only three edges which are neither bridges nor loops. There are two types
of matroids with this property, the one with a circuit of length three, and the other with three
parallel edges. I found in both cases that there are some forbidden minors so that if any of
them appears in the other matroid then the sum is not graphic, while if the matroid doesn’t
contain any of them then the sum is graphic.
After these results [7] I started to work with the cases with n parallel edges or with circuits of
length n (of course there may be many loops and bridges). After some disappointing results
(that the n long circuit’s cases surely can’t lead to the same type of conditions what I wanted
to prove in the other case) the case with n parallel edges lead to a very useful result.
For a transparent presentation of the theorems what will follow, we have to put up some
definitions and prove some lemmata, which help us to reduce the infinite number of cases. We
study the sum of two graphic matroids M1 and M2 . Throughout we shall refer to M1 and M2
as addends.
It is well known that if a matroid is graphic then so are all of its submatroids and minors.
Hence if a matroid has a non graphic minor then the matroid can’t be graphic.
Definition 3 We call some edges of the matroid serial if they belong to exactly the same
circuits.
Definition 4 We call an edge of M1 essential if it is not a loop in M2 and we call it irrelevant
otherwise.
Definition 5 We call a submatroid of an addend devoid if it contains irrelevant edges only.
The following lemmata contain the main opportunities when we want to simplify our addend
matroids. It is important that these are valid for graphic matroids only, so I can use graph
theoretical concepts.
Lemma 6 Let X and Y denote the set of bridges in M1 and in M2 respectively.
The sum M1 ∨ M2 is graphic if and only if M1 \(X ∪ Y ) ∨ M2 \(X ∪ Y ) is graphic.
Lemma 7 If a devoid submatroid X of M1 is a connected component of it then the sum is
graphic if and only if (M1 \X) ∨ (M2 \X) is graphic.
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Lemma 8 M1 is the circuit matroid of a graph G(V, E) in which X is a connected set of edges
and E\X has exactly two common vertices with X (call them a and b).
Let M10 be the circuit matroid of G0 := G(V, E ∪ (a, b)\X) and M20 := M2 \X ∪ loop(a, b) (Here
loop(a, b) denotes a loop corresponding to the edge (a, b) in G0 ).
If X is devoid then the sum M1 ∨ M2 is graphic if and only if M10 ∨ M20 is graphic.
Lemma 9 M1 is the circuit matroid of a graph G(V, E) where X is a connected component
of G. If X has only one essential edge x then the sum M1 ∨ M2 is graphic if and only if
(M1 \X ∪ loop(x)) ∨ (M2 \(X\x)) is graphic.
The next lemma will be less general, it is only for the cases with parallel edges and loops.
Lemma 10 M1 consist of n parallel edges and k loops. If two essential edges x and y in M2
are serial then the sum M1 ∨ M2 is graphic if and only if (M1 \x) ∨ M20 is graphic where M20 is
defined as follows:
Simply replace the edges x and y in M2 by a single edge xy so that a set S containing xy is
independent if and only if S\xy ∪ {x, y} was independent. Then xy will play the role of y in
M1 \x.
After these preliminaries we can define the reduction, what will be the most important concept
to reduce the infinite number of cases.
Definition 11 We want to know if the sum M1 ∨ M2 is graphic. We call M2 reduced if none
of the lemmata above can help us to decrease the number of edges. (Recall that Lemma 8 can
be applied for a special case only while the other four types of simplifications can be applied in
any case.)
Corollary 12 M1 and M2 are graphic matroids. Application of the previous lemmata to M2
leads to a reduced matroid M20 while M1 changes to M10 what we shall call the pair of M20 . Then
M1 ∨ M2 is graphic if and only if M10 ∨ M20 is graphic.
We are only one step away from our theorem, but to write it in a pretty way we have to define
the following:
Definition 13 Suppose that a matroid has at S
least three circuits C1 , C2 , C3 so that each circuit
Ci has at least one element ai satisfying ai ∈
/
Cj . (These edges will be called proper edges.)
j6=i

Such a matroid fulfils the three circuits property if at least one of the edges belongs to at least
two circuits.
Theorem 14 Let M1 be a matroid which consists of n parallel edges and k loops and let M20
be the matroid reduced from M2 . Then M1 ∨ M2 is non graphic if and only if M20 fulfils the
three-circuit property.

3
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Abstract

Strategic interaction is a game in which groups of players are looking for a common goal
such as profit, see [1]. The communication between the players is realized through a graph
given by its adjacency matrix G, and their strategies also depend on positive parameters
δ and α, characterizing the payoffs with and without bilateral influences, respectively.
In the case of strategic complements, and also of substitutes when δ is ’small’, a unique
inner equilibrium exists, and it can be found by matrix inversion and related to the Katz–
Bonacich centrality of the network. However, in the case of strategic substitutes, for larger
δ’s (exact limits can be given in terms of the eigenvalues of G and its complement), corner
equilibria appear. To find them, quadratic optimization is used, and in [4] the authors
define an algorithm which examines all subsets of vertices for possible corner solutions.
This is computationally not tractable if the number of vertices is ’large’. Instead, we may
approximate corner equilibria by spectral clustering tools. More generally, we consider
multiple strategies and relate it to the spectrum of G.

This research was supported by the TÁMOP-4.2.2.B-10/1-2010-0009 project.

1

Introduction

In many scenarios of strategic interactions, an agent’s benefit of taking a certain action depends on the other agents in the same game where players are connected through a graph.
The interaction between agents in a game consisting of n agents can be described by two main
models; games with strategic complements, in which the payoff (benefit) of an agent increases
as a result of the actions of the other agents, and games with strategic substitutes, in which
the payoff of an agent decreases due to the actions of the other agents. For example when
a student buy a book, his friends do not have to buy it anymore because they can borrow
it from him for free which is a complementary situation, while a company which expands its
market in new country hurts the other companies working in the same field in that country
and this is a substitute case. The main goal is to reach the equilibrium state that no player
has benefit to change his action taking in consideration the action of the other agents. The
set of available actions that each player chooses from, is called strategy and denoted by xi ≥ 0
(i = 1, . . . , n).

2

Game of strategic complements

Consider a model in which n agents are connected by the simple graph G and acting with
continuous strategies: xi ≥ 0 (i = 1, . . . , n), x = (x1 , . . . , xn )T . The payoff of agent i is
n

X
1
gij xi xj ,
ui (x) = αxi − x2i + φ
2
j=1

where α, φ > 0 are given parameters, and G = (gij ) is the n × n, symmetric adjacency
matrix of G (with 0-1 entries and 0 diagonal). The first two terms are the benefits and costs
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of providing the action level xi , while the third term is the effect of agent i’s neighbors as a
2u
i
result of using the action xi . If this effect is positive as the case in this model (i.e. ∂x∂ i ∂x
> 0),
j
then the game is called a game of strategic complements and that effect increases the value
2u
i
of agent i’s payoff, but if it is negative as the case in the next section ( ∂x∂ i ∂x
< 0), then the
j
game is called a game of strategic substitutes and the third term decreases agent i’s payoff.
For reaching the equilibrium state, the payoff function needs to be maximized for all agents
simultaneously, so by using the first order condition:
ui (x) → max
Since

(i = 1, . . . , n).

n

X
∂ui
= α − xi + φ
gij xj = 0,
∂xi

i = 1, . . . , n,

j=1

for the optimal x∗ :
x∗i

=α+φ

n
X

gij x∗j ,

j=1

that is,
x∗ = α1 + φGx∗ .
Equivalently,
(I − φG)x∗ = α1,

(1)

and
x∗ = α(I − φG)−1 1.
This is a unique and inner solution (equilibrium) if I − φG is positive definite, see [1]. Therefore, denoting by λ1 ≥ · · · ≥ λn the eigenvalues of G, 1 − φλi > 0, and 1 − φλmax (G) > 0,
or equivalently, φ < λmax1 (G) . But λmax (G) ≥ dmin (G), (the minimum vertex degree of G
which is ≥ 1), therefore λmax1 (G) < 1, i.e. φ < 1. Since G is a Frobenius type matrix with
zero diagonal, therefore λ1 = λmax (G) is the maximum absolute value eigenvalue of G with
eigenvector of nonnegative coordinates, λn = λmin (G) < 0 and |λn | < λ1 .
In this case, kφGk = φλmax (G) < 1 (where k.k denotes the spectral norm), and we can
have the following expansion:
(I − φG)

−1

=

∞
X

φk Gk = I + φG + φ2 G2 + . . .

k=0

Consequently, in view of α > 0,
∗

x = α(

∞
X

φk Gk )1 = α(1 + φG1 + φ2 G2 1 + . . . )

k=0

where x∗i is α times the so-called Katz–Bonacich centrality of vertex i; the matrix Gk keeps
k ≥ 0 measures the number of walks
track of the indirect connections in the network, while gij
P∞ k k
of length k ≥ 1 in the network from i to j, then k=0 φ gij counts the number of walks in
P
P
k k
the network that start at i and end at j and nj=1 ∞
k=0 φ gij is the Bonacich centrality of
agent i with scalar φ and it counts the total number of walks in the network that start at i:
x∗i = α[1 + φdi + · · · + φk (the number of walks of length k emanating from i) + . . . ]
Because of α > 0, this implies that all the coordinates of x∗ are positive (inner solution).
Moreover, x∗i ≥ α with equality if and only if φ = 0.
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3

Game of strategic substitutes

Strategic substitutes are less tractable but more realistic and challenging, since its applications
include economic competition between firms , people, organizations,...etc, where an agent is
hurt by his neighbors’ actions. Consider the payoff function
n

X
1
ui (x) = αxi − x2i − δ
gij xi xj ,
2

(2)

j=1

where the first term is the benefit of agent i using strategy xi , the second is the cost of agent
i, while the third term is the effect of agent i’s neighbors as a result of using the action xi To
maximize (2),
n
X
∂ui
= α − xi − δ
gij xj = 0, i = 1, . . . , n
(3)
∂xi
j=1

For the optimal

x∗ :
x∗i

=α−δ

n
X

gij x∗j ,

(4)

j=1

if this is positive, otherwise 0. More precisely,
x∗i = max{0, α − δ

n
X

gij x∗j }.

(5)

j=1

The followings are equivalent formulations of the above maximization task:
1. Find the best strategy x = (x1 , . . . , xn ), xi ∈ [0, α] such that

P
P
α − δ nj=1 gij xj if δ nj=1 gij xj < α
,
xi =
0
otherwise
2. Consider the best reply function: fi (x, δ, G) = max{0, α−δ
for fix points:
xi = fi (x, δ, G), i = 1, . . . , n.

i = 1, . . . , n.

Pn

j=1 gij xj }.

(6)

We are looking
(7)

By the fix point theorem (Brouwer), since (f1 , . . . , fn ) : [0, α]n → [0, α]n is continuous,
fix point exists and called Nash equilibrium. The equivalence of (6) and (7) is obvious.
3. The quadratic payoff of agent i (2) is to be maximized for i = 1, . . . , n at the same time,
subject to xi ≥ 0 (and xi ≤ α), i = 1, . . . , n.
This is equivalent to maximizing the potential function:

P (x, δ) =

n
X
i=1

n

n

δ XX
1
ui (x) +
gij xi xj = αxT 1 − xT (I + δG)x.
2
2
i=1 j=1

It has a unique interior maximum if P is strictly concave, i.e., I + δG is positive definite,
−1
for which fact a necessary and sufficient condition is that δ < λmin
(G) . Hence we get
the quadratic programming task:
P (x, δ) → max

subject to xi ≥ 0,
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i = 1, . . . , n.

(8)

This is equivalent to a linear programming task by the Kuhn–Tucker conditions, see [2].
After differentiating P with resp. to x, we get
n

X
∂P
= α − xi − δ
gij xj = 0,
∂xi

i = 1, . . . , n.

j=1

This is the same as (3) subject to 0 ≤ xi ≤ α. Of course, stable equilibrium can be
guaranteed only if −(I + δG) < 0, i.e. I + δG > 0, consequently 1 + δλi > 0, ∀i if
1
1
λi < 0, then we get δ < −1
λi = |λi | ≤ λmin (G) .
4. x is a solution of the following system of differential equations:
ẋi = fi (x, δ, G) − xi ,

i − 1, . . . , n.

x is Nash equilibrium if and only if
ẋ = 0.

(9)

The equivalence of (9) and (7) is obvious. The Nash equilibrium x is asymptotically
stable if and only if x is a locally strict maximum of the potential function φ (this can
be treated by Ljapunov functions).
x∗ ≥ 0 (for all coordinates). In the Nash equilibrium, let A ⊂ V denote the active agents
for which xi > 0 (i ∈ A), and xi = 0 (i ∈ Ā) (such an x is called corner solution). Then x is
a Nash equilibrium if and only if
(IA + δGA )xA = α1

and δGĀ,A xA ≥ α1

see Proposition 1 of [4]. The explanation is the following: with hypermatrices the above looks
like
 


  

GA GA,Ā
1
xA
IA Ø
and (I + δG)x∗ ≥ α1.
=α A
+δ
1Ā
0Ā
Ø IĀ
GĀ,A GĀ
Using this proposition we can compose a simple algorithm to find all the equilibria for any
graph and almost every δ:
• Given a graph G and δ, consider a subset S ⊂ V
• Check if det(I + δG) 6= 0; if true, proceed; if false, consider next subset.
• Compute xs = (I + δG)−1 1 and set xV −S = 0
• Check if xi ≥ 0 and δGV −S,S xS ≥ α; if true, then x is an equilibrium, if either condition
fails, consider next subset.
• Repeat the procedure for all subsets S ⊂ V .
The down side of this algorithm is that it runs in an exponential time since it checks for
each subset of the agents set.Other result from the proposition is how individual equilibrium
play relates to graph position. Comparing two agents whose neighbors are nested sets, for
δ < 1 the agent with the larger set of neighbors plays lower action. Intuitively, an agent who
is linked to more outside sources can do less himself. In addition, all equilibria for any G and
almost every δ can be described by the vector of individual Bonancich centralities c in GA .
For an equilibrium x, simply invert the matrix I + δGA . We then have equilibrium actions
xA = (I + δGA )−1 1 = 1 − δc(−δ, GA ), and for active player i, xi = 1 − δci (−δ, GA ). (With
negative scalar, an agent’s Bonacich centrality tends to be higher when linked to agents who
themselves have few neighbors. The central agents then benefit from their neighbors higher
actions and can do less themselves, e.g., freeriders).
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3.1

Equilibrium and Bonacich centrality

Here the relation between equilibrium and Bonacich centrality will be shown. For interior
equilibrium each player needs the maximum payoff taking in consideration the other agents’
action. By using the first order condition of (2):
α − xi − δ

n
X

gij xj = 0.

j=1

Putting it in the matrix form:
α1 − x∗ + δGx∗ = 0.
Since Bonacich centrality is in terms of complements, let the decomposition G = C−(C−G),
where C is the adjacency matrix of the complete graph (cij = 1, cii = 0), then we get
α1 − x∗ − δCx∗ + δ(C − G)x∗ = 0.
The third term represents the effect of global substitutes, while the forth term represents the
effect of the local complements. Adding and removing δx∗ :
α1 − δUx∗ − (1 − δ)x∗ + δ(C − G)x∗ = 0
where I + C = U is the matrix of all ones, and since Ux = x1, x =
(α − δx∗ )1 − (1 − δ)(I +
consequently
x∗ =

i=1 yi ,

we get

α − δx∗
δ
α − δx∗
(I +
(C − G))−1 1 =
y.
1−δ
1−δ
1−δ

x∗ =
Pn

j=1 xj

δ
(C − G))x∗ = 0,
1−δ

δ
where (I+ 1−δ
(C−G))−1 is the Bonacich centrality with scalar
in the right hand side on x∗ , we sum up both sides

where y =

Pn

that leads to
x∗ =

δ
1−δ .

To remove the dependance

α − δx∗
y,
1−δ

αy
y.
1 − δ + δy

By that we get
∗

x =

δαy
1−δ+δy

1−δ

y=

α
y,
1 − δ + δy

δ
where y = (I +
−
is a unique interior equilibrium if (I + 1−δ
(C − G))−1
is well defined and nonnegative, i.e. δ < 1+λ1max , where λmax is the maximum eigenvalue of
(C − G).
Summary:
δ
1−δ (C

• If δ <

G))−1 1.

α−

1
1+λmax (C−G) ,

x∗

then a unique inner equilibrium exists (∀xi > 0).

• If 1+λmax1(C−G) ≤ δ < − λmin1 (G) , then a unique equilibrium exits which is a corner or
inner point.
• If − λmin1 (G) ≤ δ < 1 then there are multiple equilibria among those there are corners.
In this case, only corner equilibria can be stable.
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Explanation: an interior equilibrium can only be at a saddle point, since the Hessian is
not negative definite and the function to be maximized is a non-concave quadratic function.
Then, there must be a direction along which the potential increases without bound. Hence,
the vector must not be interior, and maximum is taken on at the boundary (see Proposition
3 of [4]).
If δ = 1 (see [3], the stable equilibrium is corner: xA = 1, where A is a maximal independent
set of V . There can be many maximal independent sets in a graph (for example, there are
k such in case of the complete k-partite graph; especially, 2 in the star, which is a complete
2-partite graph), hence there can be finitely many stable equilibria. To approximate corner
equilibria, we plan to use spectral clustering methods which work in polynomial time (see [5]).
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Projections of Mandelbrot percolation in higher
dimensions and Evolutionary Apollonian Networks
Lajos Vágó1 , Károly Simon1 ,
1

Department of Stochastics, Budapest University of Technology and Economics

My research may be divided into two main parts. From the one hand, we generalized the
results of Rams and Simon obtained for the non-emptiness of the interior of projections of
Mandelbrot percolation to the higher dimensional case. On the other hand, network models
Evolutionary Apollonian Networks introduced by Zhang, Rong and Zhou was studied.

1
1.1

Projections of Mandelbrot percolation
Most important notations

We denote by E = E(ω) the d-dimensional Mandelbrot percolation on the unit cube K, with

retaining probabilities pi(1) ,...,i(d) , i(j) = 1, . . . , M . Fix 1 ≤ k ≤ d − 1. For α = a(1) , . . . , a(k) ,
a(1) , . . . , a(k) orthogonal unit vectors in Rd let Pα be the plane spanned by the vectors in α:
Pα = span{a(1) , . . . , a(k) }.
We consider the orthogonal projections Πα of E to each k-dimensional planes Pα . Note that
this projection is the higher dimensional pair of projection projα of [2]. Our goal is to determine
the parameters pi(1) ,...,i(d) for which almost surely int{Πα E} 6= ∅ for all α, conditioned on E
being nonempty.
In addition, we consider radial projections as well, i.e. given t ∈ Rd , the radial projection
with center t of set E is denoted by P rojt (E) and is defined as the set of vectors under which
points of E \ {t} are visible from t.
It will be useful to handle projections parallel to some sides of the unite cube separately
from other directions.
Assumption 1.1. Let us first consider only the nonparallel planes, i.e. for which there exists
a vector v ∈ P⊥
α such that vi 6= 0 for all i = 1, . . . , d.

1.2

Results

Later we will define Condition A(α) on the set of probabilities pi(1) ,...,i(d) , i(j) = 1, . . . , M ,
which is the most important tool for the following theorems. At this point it is enough to
know that if pi(1) ,...,i(d) > M −(d−k) for all i(j) = 1, . . . , M , then Condition A(α) holds for all α.
Theorem 1.2. Let d and 1 ≤ k < d be fixed, and suppose that Condition A(α) holds for all
α satisfying Assumption 1.1. In addition, to control parallel directions we suppose that for all
distinct j1 , . . . , jk ∈ {1, . . . , d} and for all i(j1 ) , . . . , i(jk ) ∈ {0, . . . , M − 1}
M
−1
X

pi(1) ,...,i(d) > 1,

i(jk+1 ) ,...,i(jd ) =0

where {jk+1 , . . . , jd } = {1, . . . , d} \ {j1 , . . . , jk }. Then almost surely for all α orthogonal projections Πα (E) have nonempty interior, conditioned on E being nonempty.
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Theorem 1.3. Suppose that the conditions of Theorem 1.2 hold. Then almost surely for
all α and all t orthogonal projections Πα (E) and radial projections P rojt (E) have nonempty
interior, conditioned on E being nonempty.
The case of parallel directions in Theorem 1.2 is fully covered by the paper of Falconer and
Grimmett [1], so now on we suppose that Assumption 1.1 holds.

1.3

Additional notations and ideas

We use the notations of [2]. Let us denote by ∆α the Πα projection of K. Let ϕi(1) ,...,i(d) :
n

Rd

→

(1)
(d)
Rd , i n , . . . , i n

∈ {0, . . . , M −

1}n

n

be defined by

n

X
1
1  (1)
(d)
ϕi(1) ,...,i(d) (x) = n x +
i
,
.
.
.
,
i
.
l
n
n
M
Ml l
l=1

The ϕi(1) ,...,i(d) image of the unit cube is a shifted cube of size 1/M n and is called Ki(1) ,...,i(d) ,
n
n
n
n
i.e.
Ki(1) ,...,i(d) = ϕi(1) ,...,i(d) (K).
n

n

n

n

In addition we introduce the function ψα,i(1) ,...,i(d) : ∆α → ∆α which is the inverse of Πα ◦
n
n
ϕi(1) ,...,i(d) .
n
n
The following operator is defined on functions from ∆α to nonnegative reals, vanishing on
the boundary of ∆α . This is one of the main tools of this paper, and is defined by
X
Fα f (x) =
pi(1) ,...,i(d) · f ◦ ψα,i(1) ,...,i(d) (x).


i(1) ,...,i(d) :x∈Πα Ki(1) ,...,i(d)

It is easy to see that the n-th iterate of Fα equals
X
Fαn f (x) =
pi(1) ,...,i(d) · f ◦ ψα,i(1) ,...,i(d) (x),
n


(1)
(d)
in ,...,in :x∈Πα K

n

n

n



(1)
(d)
in ,...,in

where pi(1) ,...,i(d) =
n

n

Qn

j=1 pi(1) ,...,i(d) .
j

j

Definition 1.4 (Condition A). We say that the percolation satisfies condition A(α) if there
exist sets I1α , I2α ⊂ ∆α which are similar to ∆α and which have the same central as ∆α , and a
positive integer r such that
(i)I1α ⊂ intI2α , I2α ⊂ int∆α ,
(ii)Fαrα 1I1α ≥ 21I2α .
This is the place where the geometrical complexity of the problem differs from that of the
original case in [2]: If d = 2 and k = 1, then ∆α is simply a section. However, if for example
d = 3 and k = 2, then ∆α is a hexagon, which carries some extra technical difficulties in the
proof of Theorem 1.2.
Definition 1.5 (Condition B). We say that the percolation satisfies condition B(α) if there
exists a nonnegative continuous function f : ∆α → R such that f vanishes exactly on the
boundaries of ∆α and ∃ε > 0:
Fα f ≥ (1 + ε)f.
(1.1)
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In our work first we show that condition B implies A. This is the place where we had
to improve the argument of the paper [2]. Then it can be proved by little modifications of
the 2-dimensional proof that Condition A(α) implies int{Πα E} =
6 ∅ conditioned on E being
nonempty. In addition, all these results can be extended to Radial projections as in the
2-dimensional case.
For certain choice of parameters pi1 ,...,id we can show some functions f satisfying Condition B(α) for all α. The case of equal probabilities can be handled as in [2]: Suppose
that pi(1) ,...,i(d) = p > 1/M d−k for all indices i(1) , . . . , i(d) . Then let us define the function
f : ∆α → R+ needed in Condition B(α) by
M
X

f (x) =

ψα−1 (x) ∩ Ki1 ,...,id ,

i1 ,...,id =1

where |.| denotes the d-dimensional Lebesgue measure. This f vanishes continuously on the
borders of ∆α , and strictly positive inside. In addition, it is obvious that if all of the pi1 ,...,id -s
are strictly greater than 1/M d−k , then Fα f ≥ (1 + M d−k mini1 ,...,id pi1 ,...,id )g. Therefore the
requirements of Condition B(α) are satisfied for all α and hence we can apply Theorem 1.3.
Our future aim connected to this field is to extend the set of those probabilities for which
Condition B(α) holds for all α.

2
2.1

Evolutionary Apollonian Network
Definition of the network

Evolutionary Apollonian Network is a random network model evolving in time. We studied the
limiting behavior of the graph when the time (and hence the number of nodes) goes to infinity.
This model was introduced by Zhang, Rong and Zhou [3], and is defined in the following way.
Let us denote the graph of the Random Apollonian Network at discrete time step t by
EV O(d, t) defined as follows: For a fixed dimension d, at time step t = 0 EV O(d, t) consists
of d + 2 nodes forming a complete graph. Let us call a d + 1-clique active if it was never
been selected before and let us call the d + 1-cliques only cliques. At time t = 0 let all the
cliques be active. In every time step t = 1, . . . the number of nodes increases according to the
following growth rule. For all active cliques with probability 0 ≤ q ≤ 1 a new node is born
and is connected to all of the node of the clique independently form each other. If a new node
is born, then it’s clique becomes inactive, if not, then it remains active.
Let us consider the degree distribution of the graph EV O(d, t). Let us denote by Nk (t)
the number, by Pk (t) the relative number of nodes with degree k at time t, i.e.
X
Nk (t) =
1{Di (t) = k} = N (t)Pk (t),
i∈nodes

where N (t) stands for the total number of nodes at time step t.
√
Theorem 2.1. Fix d ≥ 2 and c > 8(d + 1)3/2 . Then


p
P max |Nk (t) − E (Nk (t))| ≥ c N (t) log(N (t)) = o(1).
k

(2.1)

This theorem is proved using Azuma-Hoeffding-inequality. An obvious, but important consequence of this theorem is that the limiting degree distribution is deterministic. In addition,
using simulations Zhang, Rong and Zhou showed that this distribution is a power law with
exponent in (2, 3] [3], depending on the parameters d, q. One of our future aim is to prove this
result rigorously.
The results discussed above are supported by the grant TÁMOP-4.2.2.B-10/1–2010-0009.
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Complementary decompositions of Matrix Algebras
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Mutually unbiased bases appear naturally in quantum information theroy, especially in
quantum tomography. Quantum tomography is a process of state determination. The nature
of quantum measurements is stochastic: in the general case from a single measurement one
can not recover all the information contained in the state of the system, so repeated measurements are needed. Also, since measurements destroy the information, one has to perform
measurements on identically prepared states. From measurement statistics one can then estimate the parameters of the state. One might inquire, what are the optimal measurements, if
only von Neumann measurements are considered.
The origin of the following definition can be traced back to Schwinger [1].
Definition 1 Two orthonormal bases {|fi i}i and {|gj i}j of a Hilbert space are said to be
mutually unbiased, if the expression |hfi |gj i|2 = c is constant regardless of the choice of i and
j.
The optimal choice of measurements is when they are pairwise complementary, that is
the bases corresponding to the measurements are pairwise mutually unbiased [2]. Thus the
maximal number of pairwise mutually unbiased bases (MUBs) is important. Since a basis
is equivalent to the maximal abelian subalgebra (MASA) generated by the projections to
the basis vectors, it is practical to characterize MASAs corresponding to MUBs. An easy
calculation yields the following well known proposition:
Propostion 1 Let A = {|fi i}i and B = {|gj i}j be two bases of H , and let A and B be the
corresponding MASAs of B(H ). Then A and B are mutually unbiased iff for any matrices
X ∈ A and Y ∈ B we have
1
Tr(XY ∗ ) = 2 Tr(X) Tr(Y ∗ ),
(1)
d
where d = dim(H )
Since Tr(XY ∗ ) is a scalar product (known as the Hilbert-Schmidt product) on the space
of matrices, this relation can be tought of as some kind of orthogonality. Indeed, the subspace
of traceless matrices of one MASA is orthogonal to the subspace of tracless matrices of the
other. Also, as an important corrolary, by a simple dimension counting argument we have an
upper bound on the maximal number of pairwise MUBs.
Propostion 2 Let Ai , i = 1, 2, . . . , k be pairwise mutually unbiased bases of the d−dimensional
Hilbert space H . Then k ≤ d + 1.
There is a long standing conjecture regarding the maximal number of pairwise mutually
unbiased bases in dimension d, namely that the upper bound d + 1 is achieveable if and only if
d is a prime power. The if part of the conjecture is solved, as several constructions of mutually
unbiased bases known in prime power dimensions.
While solution to the existence problem of mutually unbiased bases seems very hard, an
interesting generalization can be considered. The same kind of orthogonality relationship can
be studied also for other kind of subalgebras. Namely, from the point of view of quantum
information theory the interesting subalgebras are either the maximal abelian ones (corresponding to bases and von Neumann measurements as above) or factors (corresponding to
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tensor product decompostion of the whole algebra, and a subsystem). Define the normalized
trace τ := Tr /k, and consider the following theorem.
Theorem 1 Let A1 and A2 be sub-algebras of Mk (C). The following conditions are equivalent:
(i) The sub-algebras A1 and A2 are complementary in Mn (C), that is the sub-spaces A1 CI
and A2 CI are orthogonal.
(ii) τ (A1 A2 ) = τ (A1 )τ (A2 ) if A1 ∈ A1 , A2 ∈ A2 .
(iii) If E1 : A → A1 is the trace preserving conditional expectation, then E1 restricted to A2
is a linear functional (times I).
A full set of pairwise mutually unbiased bases, when exists, correspond to a decomposition
of the matrix algebra to a direct sum of the pairwise orthogonal traceless parts of maximal
abelian subalgebras. It is natural to consider complementary decompositions in general, that
is decomposition of the matrix algebra to factors and maximal abelian subalgebras with any
two subalgebra orthogonal in the above sense.
We thoroughly examined the complementary decompositions of M4 = M2 ⊗ M2 . In
the papers [5] and [6] – among other nice results – we determined all the possible cases
of decomposition to MASAs and factors. This description of decompositions rely on the
following theorem.
Theorem 2 Let A ∼
= M2 be a sub-algebra of M4 , A0 be its commutant, and let B be a subalgebra complementary to A.
(a) If B ∼
= M2 as well, then either A0 = B, or B ∩ A0 = CI ⊕ CX for some X ∈ A0 traceless
self-adjoint unitary.
(b) If B is a MASA, then it is complementary to A0 .
As a consequence, we have the following desciption of complementary decompositions in
M4 .
Theorem 3 Let Al (0 ≤ l ≤ 4) be pairwise complementary sub-algebras of M such that
either Al ∼
= M2 or Al is a MASA. If k is the number of sub-algebras isomorphic with M2 ,
then k ∈ {0, 2, 4}, and all those values are actually possible.
A constructions in all the possible cases can be given as the orbit of a group of unitary
matrices.
Scott proved, that SIC-POVM measurements are optimal in some sense [3]. POVMs
(positive
operator valued measurements) are defined by a set of positive operators {Ei } with
P
i Ei = I. A POVM is informationally complete (IC) if the matrices Ei span the whole space,
and SIC (symmetric IC) if in addition the matrices Ei are of rank one, and the symmetry
condition
Tr Ei Ej = c (i 6= j)
holds for some constant c.
Complementary also appears when one considers optimal POVM measurements in a special setting. We assume, that some information of the state is assumed as known [8]. Consider
the decomposition Mn = CI ⊕ A ⊕ B, where we are only interested in the parameters of the
state belonging to B, that is we want to reconstruct only the orthogonal projection of the
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unknown density to B. A generalization of Scott’s result shows, that optimality holds for
conditional SIC-POVMs, where conditionality means that the operators Ei span only the
subspace orthogonal to the subspace associated with the known parameters.
We construct such a conditional SIC-POVM in the case when CI ⊕ A is isomorphic to a
MASA, and n − 1 is a prime power.
Theorem 4 Let n − 1 be a prime power. Then there exists a conditional SIC-POVM in
dimension n with respect to the diagonal part of a density matrix, that is N = n2 − n + 1
projections Pi complementary to a MASA, with the properties
N
X
i=1

Pi =

N
I,
n

Tr Pi Pj =

n−1
n2

(i 6= j).

The results descussed above are supported by the grant TÁMOP-4.2.2.B-10/1–2010-0009.
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We are interested in the evolution of special types of interacting particle systems in which
a property called attractiveness is violated. The generalsetup is the following: we take continuous time Markov processes in the state space: Ω := ω = (ωi )i∈Z : ωi ∈ S , where S is a
given set of integers, which represents the possible (signed) particle numbers at an arbitrary
lattice point i ∈ Z, i.e. S := {zmin , zmin + 1, . . . , zmax − 1, zmax }. In general zmin or zmax can
be infinite as well, but in our investigated cases zmin will be −1, while zmax is 1. The Markov
process in Ω is of nearest neighbor dynamics in the following way:
(ω(i), ω(i + 1)) −→ (ω(i) − 1, ω(i + 1) + 1) jump, with rate p(ω(i), ω(i + 1));
(ω(i), ω(i + 1)) −→ (ω(i) + 1, ω(i + 1) − 1) jump, with rate q(ω(i), ω(i + 1)).
Now, we can formulate the so-called attractivity condition, which means that the function p is
monotone increasing in its first argument, while monotone decreasing in its second one. And
the behavior of q is the opposite of p. In order to see what this condition really involves,
one can introduce the height function which is defined by the relation: ω(i) = h(i − 1) − h(i)
for each i ∈ Z. One can imagine a column built of bricks above the edge (i, i + 1) and the
height of this column is denoted h(i). In terms of this function one can reformulate easily the
dynamics which was introduced above, namely a brick is added, that is h(i) −→ h(i) + 1 with
rate p(ω(i), ω(i + 1)), while a brick is removed h(i) −→ h(i) − 1 with rate q(ω(i), ω(i + 1)). We
also call h as the random background or the interface process. In the language of the height
function: the attractivity condition reads as the higher neighbors a column has, the more likely
(faster) it grows and the slower it gets removed, i.e. the dynamics has a kind of smoothening
effect. Indeed this condition leads us to the notion of second class particles (SCPs).
The models defined above can be coupled (by standard coupling) so that initially a discrepancy – which means that two configurations differ only at a point – is placed at the origin.
This defect is called as the SCP. The coupling table is given in the following:
ν\ω

(ω(i), ω(i + 1))

(ω(i) − 1, ω(i + 1) + 1)

(ν(i), ν(i + 1))

−

|pi (ω) − pi (ν)| 1{pi (ω) ≥ pi (ν)}

(ν(i) − 1, ν(i + 1) + 1)

|pi (ω) − pi (ν)| 1{pi (ω) < pi (ν)}

min(pi (ω), pi (ν)).

Where we used the convention pk (ω) := p(ω(k), ω(k + 1)), the two copies of the processes
were denoted by ν and ω, and we considered only the totally asymmetric case, i.e. q ≡ 0. We
notice that this coupling also works in the non-attractive case. However, when attractivity is
involved the assumption ω 0 ≥ ν 0 , which is meant by coordinatewisely, implies that ω t ≥ ν t
for every t > 0 under the coupling. That is in this case the dynamics preserves the ordering.
In particular, if ω 0 := ν 0 + δ0 , then there exists a Q process on Z such that Q(0) = 0 and
ω t = ν t + δQ(t) for every t > 0. Indeed, this process describes the position of a lone SCP,
which are moving on the integer lattice, initially placed at the origin. This preserving property
ceases when the systems are non-attractive, SCPs can give birth to other SCPs, according to
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parity preserving branching mechanism, and they can annihilate each other as well. And each
particles perform a non-Markovian random walk above a randomly growing interface.
Some known facts about SCPs in attractive models:
The evolution of SCPs has many strong relations to hyperbolic PDEs obtained as the hydrodynamic limit of these microscopic – interacting particle – processes, even when the system
is non-attractive (see [TV03]). In many models it is known that they move with the characteristic speed, and they have a t2/3 fluctuation around the expected position, when the initial
condition is flat (see [BS07, BS10]).
In the non-attractive case our main question is: does the number of SCPs remain tight
over time? Roughly speaking this means that we expect that the ”only one SCP configuration”
is seen infinitely often. To investigate this question we considered the simplest model when
non-attractivity arises. It is a totally asymmetric one and has the following jump rates (p(x, y)
is the rate of the jump (x, y) → (x − 1, y + 1))
x\y
−1
0
1

−1
0
1
2

1

0
0
b
1
2

1
0
0
0

The non-attractive region of this model is when b > 12 . We made large and convincing
simulations (see figure 1 below) and we found that the dynamics of the interface keeps these
SCPs in local maxima, that is in local shocks, leading to the tightness
P of the total number
of SCPs. Moreover we formulated the following conjecture: supt>0 +∞
i=−∞ |νt (i) − ωt (i)| ≤
K, where K < +∞ a.s. However to investigate this problem in a rigorous manner turned

Figure 1: SCPs (purple arrows) under the attraction of the randomly growing interface (blue
curve) in a 103 size torus, with flat initial condition after about 106 steps.
out to be a cumbersome task: the law of the interface process as seen from the leftmost
SCP’s position can not be seized. Thereby we introduced ”mean-field” models to get rid of
the random background but still to have a dynamics mimicking the SCPs’ evolution. So
far it turned out that one candidate for this is the double branching annihilating random
process (shortly DBARW), which is defined on the integer lattice points (firstly appeared in
[Sud90]). It is a continuous time Markov process, where a point can be occupied by a (positive)
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particle, antiparticle or can be vacant. Different types of particles are moving not necessarily
independently of each other in our setting to nearest neighbor lattice points until they meet,
when different types may suffer annihilations. On the other hand any type of particle can
give birth to two new particles of the same type to the neighboring lattice points, while the
branching particle changes its type to the opposite leading to a parity preserving branching
mechanism with state dependent rates. For DBARWs our main question is (the same
as for SCPs): does the number of particles remain tight over time, providing odd number of
particles presented initially?
So let ω = (ω t )t≥0 be a DBARW, which is equipped with general nearest neighbor exclusion and parity preserving branching mechanism as well, defined in the following configuration
space:n
o
P
P
1
S := ω ∈ {−1, 0, 1}Z+ 2 : (−∞,N ]∩(Z+ 1 ) ω(i) ∈ {0, 1}, for N ∈ Z and
1 |ω(i)| < +∞ ,
i∈Z+ 2
2
and with formal generator G given as
X
(Gf )(ω) :=
(1{ω(i) = 1}ri⊕ (ω) + 1{ω(i + 1) = −1}`i+1 (ω))(f (ω − δi + δi+1 ) − f (ω)) +
i∈Z+ 12

(1{ω(i) = −1}ri (ω) + 1{ω(i + 1) = 1}`⊕
i+1 (ω))(f (ω + δi − δi+1 ) − f (ω)) +
1{ω(i) = 1}b⊕
i (ω)(f (ω + δi−1 − 2δi + δi+1 ) − f (ω)) +
1{ω(i) = −1}bi (ω)(f (ω − δi−1 + 2δi − δi+1 ) − f (ω)),

(1)

for any cylinder function f and ω = (ω(i))i∈Z+ 1 ∈ S, where Z + 21 := {j + 21 : j ∈ Z}, δi
2
is the delta function, and the positive functions r⊕ , `⊕ , b⊕ ; r , ` , b are the right, left and
branching rates of particles and antiparticles, respectively, which all can depend on the position
of a particle, indeed on the whole configuration ω. Later on some regularities will be posed on
these rates. We note that the operations in the arguments of f in (1) are meant by modulo 2.
Our main tool to understand the process described above is to look at it as an interface
(boundary) process of another model, and to prove tightness for the interface via investigating
the ”wrongly ordered pairs”. We relied on earlier techniques developed in [SS08-1], where the
independent case was discussed.
As mentioned, due to the parity preserving one can look at the DBARWs as a boundary
process of a certain voter model equipped with exclusion. To see this introduce the following
state space:

Sint = x ∈ {0, 1}Z : limj→−∞ x(j) = 0, limj→+∞ x(j) = 1 . Now the process also called as
swapping voter model X = (Xt )t≥0 is defined with the following formal generator Gint acting
on a cylinder function f as
X
(Gint f )(x) :=
(pj (x) + qj+1 (x)) (f (x + δj ) − f (x)) +
j∈Z

1{x(j) = 0, x(j + 1) = 1}b⊕
(x)(f (x + δj − δj+1 ) − f (x)) +
j+ 1
2

1{x(j) = 1, x(j + 1) = 0}bj+ 1 (x)(f (x − δj + δj+1 ) − f (x)),

(2)

2

where x = (x(j))j∈Z ∈ Sint and
⊕
pj (x)=1{x(j − 1) = 0, x(j) = 1}rj−
(x),
1 (x) + 1{x(j − 1) = 1, x(j) = 0}r
j− 1

(3)

qj (x)=1{x(j − 1) = 0, x(j) = 1}`⊕
(x) + 1{x(j − 1) = 1, x(j) = 0}`j− 1 (x).
j− 1

(4)

2

2

2

2

It is easy to seeP
that the phase boundaries

like a DBARW process given in (1),
Pof X behave
1
that is x(j) = jk=−∞ ω k − 12 = 1 − +∞
ω
k
+
k=j
2 holds for every j ∈ Z. Conversely
an arbitrary configuration ω living in S can be obtained from x ∈ Sint such that ω(i) =
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x i + 12 − x i − 12 for i ∈ Z + 12 . That is the process ω is indeed the discrete (spatial)
derivative of X, or in other words Xt (j) is the signed particle current of ω at position j. Now,
we make some assumptions on the rate functions:
(R1) ri⊕ (ω) + `⊕
i (ω) = ri (ω) + `i (ω) = 1 holds for every i ∈ Z +

1
2

and ω ∈ S.

(R2) There exists constants d and D, such that:
0<d≤

inf

j∈Z, x∈Sint

1{pj (x) 6= 0}pj (x) ≤

1{pj (x) 6= 0}pj (x) ≤ D < 1,

sup
j∈Z, x∈Sint

1
furthermore: |b⊕
i (ω) − bi (ω)| ≤ 1 − ε for some 0 < ε < 1 (i ∈ Z + 2 , ω ∈ S), and

0<

inf

i∈Z+ 12 , ω∈S

b⊕
i (ω), resp.

where B : Z+ → R+ ,

P+∞

+
b⊕
i (ω) ≤ B(N ) < +∞ (N ∈ Z ),

sup
P
i∈Z+ 12 , ω∈S : i

1
N =1 N B(N )

|ω(i)|=N

= +∞, and lim supN →+∞

B(N )
N

< 2ε . Finally

(R3) For every fixed configuration x ∈ Sint , the rate function p· (x) of Z is monotone, i. e.
1{pj (x) 6= 0}pj (x) ≥ 1{pk (x) 6= 0}pk (x) or 1{pj (x) 6= 0}pj (x) ≤ 1{pk (x) 6= 0}pk (x)
holds when j < k for every x ∈ Sint .
Remark We notice that the first two assumptions are just technical conditions, that is for
e.g. fixing the time scale of the process along with bounds for the rate functions. The crucial
condition is the third one, in which we emphasize that our process evolves according to timehomogeneous law, the last condition says that for each fixed configuration the given rate
functions are monotone in their index variables.
We define an equivalence relation on Sint following [SS08-1] by setting x ∼ y iff x and y
are translations of each other and define e
Sint to be the equivalence classes generated by the
e = (X
e t )t≥0 obtained from the process X
relation ∼. Hence it is evident that the process X
by the former relation identifying the appropriate configurations is a continuous-time Markov
process on the countable state space e
Sint , moreover it is irreducible, which comes from the
e = (e
assumptions made on the rate functions. In an analogous manner the process ω
ω t )t≥0 ,
where configurations are identified iff they are translations of each other is also an irreducible
Markov process on e
S obtained from S.
e is positively recurrent
e (resp. X)
Definition We say that the process ω (resp. X) is tight iff ω
on e
S (resp. e
Sint ).
Now, following [CD95] and [SS08-1] we define the number of inversions (or ”wrongly ordered
pairs”), which is denoted by fCD (x) for a configuration x ∈ Sint , that is
X X
fCD (x) =
1{x(k) = 1, x(l) = 0}.
(5)
k∈Z l : l>k

It is clear that fCD is a finite function in the space Sint . Next, we formulate our main result,
which is the
Theorem 1 (Tightness of general DBARWs) Under the assumptions: (R1), (R2) and
(R3) we made on the rate functions the process given with its formal generator in (1) exhibits
(interface) tightness.
For the proof of this theorem we need the following crucial
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Lemma 1 Under the conditions (R1), (R2) and (R3) with the assumption that p is monotonic
decreasing we have the followings:
1. there exist constants c1 , c2 and C > 0 such that (Gint fCD )(x) ≤ c1 +c2 1{|ω| < K}−C |ω|
for all x ∈ Sint , and
Rt
2. 0 ≤ E[fCD (X0 )] + 0 E[(Gint fCD )(Xs ) ds, finally
3. if the DBARW model was not tight, then it would be ”very untight”, that is for every fixed
N ∈ Z+ it would hold that
Z
1 T
P(|ω t | < N ) dt −→ 0 (as T → +∞),
T t=0
where |ω 0 | ≡ 1 (mod 2).
P
|ω| = i∈Z+ 1 |ω(i)| denotes the number of particles in the DBARW model.
2

Eventually the first part of the lemma is essential and it tells us that the generator influence
linearly diminishing along the growing presence of particles in the branching model (1). Finally we give some particular models which exhibit (interface) tightness, as fulfilling all the
conditions of Theorem 1.
Example 1 (DBARW with particle number repelling/attractive effects) Consider a
process with rates given by:
1
α X
ri⊕ (ω)=ri (ω) = +
g(i0 , ω(i0 ))
2 2 |y| 0 0
i : i >i
1
α X
li⊕ (ω)=li (ω) = −
g(i0 , ω(i0 ))
2 2 |y| 0 0
i : i >i

b⊕
i (ω)=bi
1
2

(ω) = β + γ log |ω| ,



× {−1, 0, 1} → R such that g > 0 or g < 0 and |g| <
where g : Z +
Furthermore i ∈ Z + 12 , ω ∈ S, and α, β, γ > 0 are fixed constants.

1
α

holds uniformly.

The research is supported by the grant TÁMOP-4.2.2.B-10/1–2010-0009.
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Sidon basis
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Abstract
Let N denote the set of nonnegative integers. Let A = {a1 , a2 , . . . },
(a1 < a2 < . . . ) be an infinite sequence of positive integers. For h ≥ 2
integer let Rh (A, n) denote the number of solutions of the equation
ai1 +ai2 +· · ·+aih = n,

ai1 ∈ A, . . . , aih ∈ A,

ai1 ≤ ai2 ≤ . . . ≤ aih ,

where n ∈ N.
A (finite or infinite) set A of positive integers is said to be a Sidon set
if all the sums a + b with a, b ∈ A, a ≤ b are distinct. In other words A
is a Sidon set if for every n positive integer R2 (A, n) ≤ 1. We say a set
A ⊂ N is an asymptotic basis of order h, if every large enough positive
integer n can be represented as the sum of h terms from A, i.e., if there
exists a positive integer n0 such that Rh (A, n) > 0 for n > n0 .
P. Erdős, A. Sárközy and V. T. Sós asked if there exists a Sidon set
which is an asymptotic basis of order 3. It is easy to see that a Sidon
set cannot be an asymptotic basis of order 2. A few years ago J.
M. Deshouillers and A. Plagne constructed a Sidon set which is an
asymptotic basis of order at most 7. S. Kiss proved the existence of
a Sidon set which is an asymptotic basis of order 5. We improve this
result by proving that there exists an asymptotic basis of order 4 which
is a Sidon set by using probabilistic methods.
In the talk I will try to give a short summarize about this result, which is joint work with Sándor Kiss and Csaba Sándor (who
is my supervisor). The work has been developed in the framework
of the project "Talent care and cultivation in the scientific workshops
of BME" project. This project is supported by the grant TÁMOP 4.2.2.B-10/1–2010-0009.
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Distances in random Apollonian networks
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1
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Abstract

This extended abstract studies the asymptotical behavior of different paths in random
Apollonian networks in arbitrary d dimensions. The minimal path between two uniformly
chosen vertices, the flooding time of a fixed vertex and the diameter of the graph all scale
as cd log n. The constant cd is determined for all three cases and a central limit theorem
is proved for the minimal path.

1

Model and main result

The construction of Random Apollonian networks (RAN) [10] [8] originates from the problem
of Apollonian circle packing. A random Apollonian network in d dimensions can be constructed iteratively as follows. Initially at step n = 1 start from a complete graph Kd+2 with
d + 2 vertices. The active cliques are the (d + 1)-cliques of the initial graph Kd+2 . Pick an
active clique uniformly at random, add a new vertex and connect it to all vertices of the
selected clique. Delete the chosen clique from the active ones and append the newly formed
(d + 1)-cliques to the list of active cliques. Repeating n times results in a RANd (n). It has
n + d + 1 vertices and nd + 1 active cliques.
RANs exhibit the properties that real-world networks posses. Namely, the degree distribution of the vertices follows a power law, it has a large clustering coefficient and the minimal
distances between vertices are considerably smaller than the size of the graph, usually referred
to as the small world property.
To study the distances in a RANd (n) pick two vertices u and v uniformly at random.
Denote by Hop(n, u, v) the hopcount between the vertices u and v, i.e. the number of edges
on the (or one of the) shortest paths between u and v. The flooding time Flood(n, u) is the
maximal hopcount from u, while the diameter Diam(n) is the maximal flooding time, formally
Flood(n, u) = max Hop(n, u, v) and Diam(n) = max Hop(n, u, v).
v

u,v

Whenever possible u and v are suppressed from the notation. The main theorem describes
the asymptotical behavior of these quantities.
Theorem 1.1 (Main result). Let µd and σd2 denote the expectation and variance of a random variable that is the sum of independent geometric distributions with success probability
i
d+1 , i = 1, . . . , d + 1. Furthermore, define c̃d > 1 + 1/d as the unique solution to the equation




1
d
f (c) := c − 1 +
− c log
c = −1.
d
d+1
Then the hopcount between two uniformly chosen vertices in a RANd (n) satisfies a central
limit theorem of the form
Hop(n) − 2 µ1d (1 + d1 ) log n d
r
−→ Z,
2
1 σd
1
2 µ2 ( µd + 1)(1 + d ) log n
d
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(1.1)

where Z is a standard normal random variable. Furthermore, as n → ∞


Flood(n) P 1
1
Diam(n) P c̃d
−→
1 + + c̃d
−→ 2 .
and
log n
µd
d
log n
µd

(1.2)

Parts of Theorem 1.1 can be found elsewhere in the literature. Originally, Zhang et. al.
[9] showed using heuristic arguments that the average path length scales as log n. For d = 2
Using a CLT similar to (1.1) (see (2.1)) in [1] they prove in a more general context of stack
triangulations the weaker claim
Hop(n) P
−→ 1.
6/11 log n
In [6] the upper bound 2c̃2 is established for the diameter of a RAN, with a slight mistake
that they take the unique c̃2 solution of f (c) = −1 that is smaller than 3/2. They use a result
from [3] which actually gives the 2c̃d upper bound for all d.

2

Main ideas of proof

Due to the hierarchical structure, coming from the construction of a RAN, there is a very
natural way to give codes to the vertices of the graph. The coding in turn gives a natural
grouping of the edges. Edges of the initial graph are not given any name. An edge is called a
forward edge if it connects two vertices such that the code of one of them can be obtained by
appending a symbol from Σd := {1, 2, . . . , d + 1} to the end of the code of the other vertex.
All other edges are called shortcut edges. The grouping of the edges reveals the nice tree like
structure of RANs.
The figure below shows an example in two dimensions. Initially the symbols 1, 2, 3 were
assigned to the left, right, bottom triangles and continued with the coding the same way.

Coding of vertices and
grouping of edges in a RAN
initial graph
u

forward edges

O

shortcut edges
v

u

u = 132

v

v = 3312

A trivial but important observation is that nodes deeper in hierarchy have no impact on
the shortest path. The proof of Theorem 1.1 consists of two main parts. First, the typical
and the maximal depth of a branching process is studied which arises naturally from the
construction of the RAN when taking into consideration only the forward edges (also used
in [4, 6]). Second, the effect of the shortcut edges on the distances is determined using basic
renewal theory.

2.1

Branching Process associated with RAN

Since a clique is chosen uniformly at random in each step, this is the equivalent to giving exponential lifetimes (independently of each other) to each node in a continuous time branching
process (CTBP) [2] with deterministic offspring distribution Di = d + 1. Immediately after
the i − th split (i = 1, 2, . . .) the number of alive nodes Si equals di + 1. Denote the graph
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distance, called the generation of the m-th chosen vertex from the root of the BP by Gm . We
are interested in the typical and the maximal size of Gm . This is collected in the following
lemma.
Lemma 2.1. Let Z denote a standard normal random variable and c̃d be defined as in Theorem 1.1. Then as m → ∞

1
G
−
1
+
log m d
m
d
em = q
−→ Z,
(2.1)
G

1 + d1 log m
maxi≤m Gi P
−→ c̃d .
log m

(2.2)

In some form this can be found in the literature. (2.1) holds because the distance between
e m and of a standard normal variable tends to zero in the Wasserstein
the distribution of G
metric, which in turn implies convergence in distribution [5, Theorem 11.3.3].
To prove (2.2), it is shown using a standard Chernoff bound argument that
1

d

P [Gm > c log m] ≤ mc−(1+ d )−c log( d+1 c) =: mf (c) .
The exponent f (c), as a function of c, is zero at c = 1 +

1
d

(2.3)

and is negative otherwise. Let

c̃d denote the unique, greater than 1 + 1/d solution of f (c) = −1.
It is proved in [3] that the flooding time of the root in a random lopsided tree [7] satisfies
Flood(m) P
a
, where
−→
log m
b−1
1
1
− 1 − log = log b.
a
a
It is easy to check that this equation is equivalent to f (c) = −1 with the substitutions
c = a/(b − 1) and d = b − 1. Thus (2.2) holds as m → ∞.
a is the unique, smaller than 1 solution of

2.2

Effect of shortcut edges

From the end of the code of a vertex u take the shortest subsequence that contains at least
one occurrence of each symbol of Σd . It is easy to see that the vertex corresponding to this
subsequence is the neighbor of u with the shortest code length. We can decompose the code
of u into subsequences where each one contains at leat one occurrence of every symbol from
Σd . For example for u = 113213323122 it is 1|132|1332|3122.
Let X denote the length of a subsequence that contains at least one occurrence of each
symbol of Σd . Since in the code of a uniformly chosen vertex the symbols are uniformly
distributed the distribution of X is the same as in a coupon collectors problem with d +
1 coupons. It is the sum of independent geometric distributions with success probability
i
d+1 , i = 1, . . . , d + 1 (”success” is finding a new symbol). Let
µd = E [X] and σd2 = Var [X] .
For an arbitrary code of length n let Hn denote the number of occurrences of X in the code.
Denoting the length of the code of a uniformly chosen vertex by Gm , from basic renewal
theory




 

1
1
Gm
E [HGm ] = E E HGm Gm ∼ E
=
1+
log m,
µd
µd
d
 2






σd
1
1 σd2
1
Var [HGm ] ∼ E 3 Gm + Var
Gm = 2
+1
1+
log m,
µd
d
µd
µd µd
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where ∼ means that the quotient tends to one as n → ∞. This together with Lemma 2.1
immediately implies

HGm − µ1d 1 + d1 log m
d
r 
−→ N (0, 1),
(2.4)

2

σ
1
1
d
+ 1 1 + d log m
µ2 µd
d

maxi≤m HGi P 1
−→
c̃d .
log m
µd

(2.5)

The completion of the proof is straightforward from here.
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Switched dynamical systems. Let us consider the following differential equation:
ẍ(t) − 2σ ẋ(t) + (1 + σ 2 )(x(t) − s(t)) = 0,

(1)

where the parameter σ ∈ R, and the switching function s : R+ → Z is piecewise constant.
Switchings are caused by events that occur when the trajectory t 7→ (x(t), ẋ(t)) crosses the
line ẋ = 0. If we confine ourselves to the initial value problem x(0) = x0 ∈ R, ẋ(0) = 0 and
s(0) = s0 ∈ Z, then from the explicit solution

  
 
s
t x0
σt cos(t) − σ sin(t)
+
ϕs
= (x0 − s)e
−(1 + σ 2 ) sin(t)
0
0
we can see that the events are occurring with period π, because ϕπs (x0 , 0) = (−(x0 −s)eσπ +s, 0)
for all x0 ∈ R, s ∈ Z, therefore the switching function and the solution of the IVP can be
written as:
s(t) :=

+∞
X

sk χ[kπ,(k+1)π) (t),

ϕt (x0 , 0) = ϕt−nπ
sn (fsn−1 ◦ · · · ◦ fs1 ◦ fs0 (x0 ), 0),

n = bt/πc,

k=0

where fs (x) = −κ(x − s) + s, for brevity we introduced the parameter κ := eσπ . Now, when
an event occurs the next value of the switching function determined by the so called switching
rule. In our case the switching rule g : R × Z → Z dependent on the previous value of the
switching function and the value of x at the time of the switching, that is sk+1 = g(xk+1 , sk ),
where xk := x(kπ).
1.0
0.5
0.0
-0.5
-1.0
-3

-2

0

-1

1

2

3

Figure 1: A typical trajectory for m = 1, σ = 0.1 and x0 = 0.5.
In this paper we consider a special set of oscillators, that for some integer m ≥ 1 have
centers sk ∈ Sm := Zm
−m for all k ≥ 0, and the switching rule is given by


−m if x ≤ −m,


bxc if x ≥ s,
g(x, s) =

dxe if x ≤ s,



m
if x ≥ m.
We note that this switching rule implements a multi-state relay hysteresis operator [1].
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Multi-state dynamical systems. Taking the Poincaré-map as the section of the trajectory
and the event line ẋ = 0 we, obtain the so called multi-state dynamical system with hysteresis
in the form
(2)
xk+1 = fsk (xk ), sk+1 = gsk (xk+1 ),
where sk ∈ Sm is called state, xk ∈ R is called observable, and gs (x) := g(s, x) is the earlier
defined switching rule. Notice that if fs is selected by the switching rule, then gi (xk ) = s for
some i ∈ S, therefore we define
S Xs := dom(fs ) = {x ∈ R : gi (x) = s, i ∈ Sm }, and introduce
the following notations X := i∈Sm Xi × {i}, f : X → X defined as f (x, s) := (fs , gs ◦ fs )(x).
√
Lemma 1. For a given integer m > 1 and 2 < 2κ < 1 + 1 + 8m the forward orbit of
κ+1
(x, s) ∈ X is bounded if and only if |x| ≤ m κ−1
, moreover for all such x the ω-limit set
ω(x, s) :=

\ [

f i (x, s) ⊆ [−(κ + m), κ + m] × Sm .

k≥0 i≥k

In the light of the previous lemma, S
let us redefine the two intervals Xm := [m − 1, m + κ]
and X−m := −Xm , so that with X := i≥0 Xi × {i} we have f −1 (X) ⊆ X. Hereafter we also
√
assume, that 2 < 2κ < 1 + 1 + 8m.
Concatenated arc-length transformation. We can think of the iteration (2) as an iteration on the graph of f. By this observation, let us define the arc-length transformation
`s : Xs → Ys for all s ∈ Sm as
Z x p
p
`s (x) :=
1 + |fs0 (t)|2 dt = 1 + κ2 (x − s + 1), −m < s ≤ m
s−1

and

Z

x

`−m (x) :=
−(κ+m)

q
p
0 (t)|2 dt =
1 + |f−m
1 + κ2 (x + κ + m).

√
We can easily see that the total length of the graph of fs are |Ys | = `s (s + 1) = 2 1 + κ2 for
all −m √
< s < m, and for s ∈ {−m, m} we have |Y−m | = `−m (−m + 1) = |Ym | = `m (κ + m) =
(1 + κ) 1 + κ2 .
√
P
Definition 1. Let Yi0 := Yi + k<i |Yk | and Y := ∪Yi0 = [0, 2(2m + κ) 1 + κ2 ]. We call
` : X → Y the concatenated arc-length transformation defined as
`(x, s) := yk(s) + `s (x),
where k(s) = m + s, yk =

P−m−1+k
i=−m

`−1 (y) := (`−1
p (y − yk(p) ), p),

|Yi | and p = min{s ∈ Sm : y ∈ Yi0 }.

Now, by the transformation ` we construct an associated map τ : Y → Y by the relation
τ = ` ◦ f ◦ `−1 .
Lemma 2. If fs for all s ∈ Sm are expanding, i.e. |fs0 (x)| > 1 for all x ∈ Xs , then τ is a
piecewise expanding map.
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Lemma 3. For m = 1 the associated map τ is of the form:

2

a0
−κx + ρκ(2 + κ + κ )


2


−κx + ρκ(1 + κ + κ )
a1



2


−κx + ρκ (1 + κ)
a2



2


−κx + ρκ(3 + 3κ + κ ) a3
τ (x) = −κx + ρκ(2 + 3κ + κ2 ) a4



−κx + ρκ(1 + 3κ + κ2 ) a5





−κx + ρκ(4 + 5κ + κ2 ) a6




−κx + ρκ(3 + 5κ + κ2 ) a7




−κx + ρκ(2 + 5κ + κ2 ) a8
√

≤ x < a1
< x < a2
< x < a3
< x < a4
< x < a5
< x < a6
< x < a7
< x < a8
< x ≤ a9 ,

2

, and the points a0 = 0, a1 = ρ(κ2 − 2), a2 = ρ(κ2 − 1), a3 = κρ(1 + κ),
where ρ = 1+κ
κ
2
a4 = ρ(κ + 2κ − 1), a5 = ρ(1 + κ)2 , a6√= κρ(3 + κ), a7 = ρ(κ2 + 4κ + 1), a8 = ρ(κ2 + 4κ + 2),
a9 = 2κρ(2 + κ). Furthermore, if κ ≤ 2, then a1 = a0 = 0 and a8 = a9 = 2κρ(2
√ + κ). (This
means that the first and last branches of τ as defined above, exist only for κ > 2.)
The proof of this lemma is a straightforward computation. Note that for m = 1 we have
the condition 1 < κ < 2.
10
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6
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2
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Figure 2: The map τ for κ = 1.2 <
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√
√
2 and κ = 1.8 > 2.

This type of map, namely piecewise linear interval maps have been investigated thoroughly
by several authors, however we only refer to one article [2], which is most relevant for us
here. According to that paper, one might be able to explicitly calculate the invariant density
function h for the map τ. Some of the points ai , i = 0, 1, . . . , 9 play a major role in the
formula for the density function. Particularly, only those points are important that satisfy
τl (ai ), τr (ai ) 6∈ {0, 1}, where τl , τr is the left and right continuous extension of τ, respectively.
Let us group the points ai into two sets: Ur := {a1 , a2 , a4 , . . . , a9 }, and Ul := {a0 , . . . a5 , a7 , a8 },
these are the right and left hand side end points of the branches of τ that do not touch 0 nor
1. Finally, we define the points c1 < c2 < · · · < c16 which are the ordered version of the points
in Ur and Ul by the relation ck := ai , ck+1 := aj and ck < ck+1 if ai < aj or if ai = aj and
ai ∈ Ur , aj ∈ Ul . The invariant density function formally is given by
h = D0 +

X
ci ∈Ur

Di

∞
X
χ((−1)n , τ n (ci ))
n=1

κn

+

X
ci ∈Ul
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Di

∞
X
χ((−1)n , τ n (ci ))
n=1

κn

,

where χ(1, x) = χ[0,x] , χ(−1, x) = χ[x,κρ(2+κ)] , furthermore by τ we mean the appropriate
version of it, that is τl for ci ∈ Ul and τr for ci ∈ Ur . Moreover, due to the decreasing nature
of the branches ci changes ’side type’ for every step of the iteration, i.e. for ci ∈ Ul we have
τ 2k+1 (ci ) = τl (τ 2k (ci )) and τ 2k (ci ) = τr (τ 2k−1 (ci )). Regarding the constants D0 , D1 , . . . , D16 ,
they are the solution of the linear equation (I − S> )d = D0 v, where v = (1, 1, . . . , 1)> ,
d = (D1 , D2 , . . . , D16 )> , and S ∈ R16×16 . The entries of the matrix S are determined by
Sij =
Sij =

∞
X
δ(τ 2n (ci ) > cj )
n=1
∞
X
n=1

δ(τ 2n−1 (ci ) < cj )
κ2n−1

for ci ∈ Ur and for all cj

δ(τ 2n (ci ) < cj ) δ(τ 2n−1 (ci ) > cj )
+
κ2n
κ2n−1

for ci ∈ Ul and for all cj ,

κ2n

+

where δ(P ) = 1 if P is true and δ(P ) = 0 if P is false. For the solvability of the linear equation
we need to check that 1 is not an eigenvalue of S, in this case h is τ -invariant.
√
Theorem 1. For a given m > 1 and for almost all 1 < κ < (1 + 1 + 8m)/2 there exists an
a.c.i.m. µ with support [−(κ + m), κ + m], given by
µ(A) =

1 Z
X

h(x) dx

i=−1 `(A∩Xs ,s)

for every measurable set A ⊆ [−(κ + m), κ + m].
For the proof of this theorem, consider the associated τ -map, then proving that S has no
eigenvalue 1, hence it is indeed an invariant density function, we obtain an invariant measure
on Y, which from we can construct an invariant measure for the original dynamics of the
observable.
Acknowledgement. The results discussed above are supported by the grant TÁMOP4.2.2.B-10/1–2010-0009.
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Abstract

Any tiling, generated by a crystallographic group with compact fundamental domain, can
be represented by a diagram and a matrix valued function, based on their barycentric subdivision and the adjacency relations between the orbits and the particular simplices. The
representation is called the D-symbol of a tiling in honour of Delone, Delaney and Dress. The
representation is easily adoptable to computer programs.
Based on Thurston’s geometrization conjecture there are 8 possible geometric structures
on special 3-manifolds which are cut along tori. There exists at least 4 proof of the theorem
but none of them is constructive. Based on our method it would be easier to find a tiling
which does not fit in any of the 8 geometries; but inspecting the tilings we can possibly move
forward to a constructive proof of the theorem.
Using D-symbols one can examine the properties of orbifolds, but luckily the 3-manifolds
in the conjecture are trivially orbifolds. There are infinitely many D-symbols, but they can be
enumerated based on their cardinality. So it may be possible to enumerate every 3-manifold
and verify the conjecture.
But first we have to find the ”cuts along tori” which are called splittings in our theory. We
would like to present an algorithm with some examples for finding every possible splittings of
a D-symbol by examining the signature of 2-dimensional subtilings.
The future: After splitting D-symbols along the previously found splittings we have to be
able to tell the signature of the underlying projective space of the primitive D-symbols.
The results descussed above are supported by the grant TÁMOP-4.2.2.B-10/1–2010-0009.

2

D-symbols

D-symbols are an algebraic way to describe tilings based on the tiling’s baricentric subdivision.
D-symbols have the following structure:
• D-diagram: (dim + 1) colored graph, which represents adjacencies of simplex-orbits
• Matrix function on simplex orbits, which represents the number of simpleces (not orbits)
around a (dim − 2)-dimensional edge
And the following constraints:
• Compatibility between the diagram and the matrix function
• Compatibility with baricentric subdivision
• Lower dimensional constraints
Every ”nice” tiling has a corresponding D-symbol which is unambigous up to permutation.
”Nice” tilings are the ones, whose baricentric subdivision has finitely many simplex-orbits and
does not have ideal simplex-vertices except for 0-center or 3-center vertices.
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Figure 1: Square prism
(b) R and M matrix-functions

(a) Red:1, blue:2, green:3



1
 1
R(D1 ) = 
 2
1

1
 2
R(D2 ) = 
 2
1

1
 2
R(D3 ) = 
 1
1

2

1

3

Notation:
σ0 :p p p p p , σ1 :
, σ2 :
σ3 : p p p

,

1
1
3
1

2
3
1
2

2
1
3
2

2
3
1
2

2
1
3
2

1
3
1
1



1
 4
∀Di ∈ D : M(Di ) = 
 2
2

2.1


1
1 

2 
1

1
2 

2 
1

1
2 

1 
1
4
1
3
2

2
3
1
4


2
2 

4 
1

Example

One of the simplest tilings of space E3 is with a square prism. It’s baricentric subdivision and
D-diagram is shown on Figure 1a. As adjacency relations are defined for every simplex orbit,
we can skip showing the loops which map the orbits mirroring to a plane.
R and M matrix-functions are shown on Figure 1b (where D is the set of simplex-orbits,
Di ∈ D.)

3

Constraints for D-symbols

The following constraints are needed for a D-symbol to have a corresponding tiling.

3.1

General constraints

D-symbols are (ΣI , D, M) triplets, where I is the index set of the dimension (|I| = dim + 1),
ΣI is the set of adjacency operations (interpreted accordingly on the simplex-orbits and the
simpleces), D is the set of simplex-orbits and M is the matrix-function on simpleces. These
are the Delone-Delaney-Dress symbols, briefly D-symbols.
Natural constraints for D-diagrams:
1. D is finite
2. Adjacency operations on simplex-orbits are involutive permutations, this means ∀i ∈
I, σi ∈ ΣI , ∀D ∈ D:
σi σi (D) = D
The degree of the uniformly colored edges in every vertice of the diagram is 1 or 2. It is
2 iff the edge is a loop.
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3. Using not neighbouring operation-pairs we get back to the starting vertice in at most 2
steps.
∀i, j ∈ I, ∀D ∈ D:
|i − j| ≥ 2 ⇒ (σj σi )2 (D) = D
We can calculate the R matrix function, which is the same for simplex-orbits as the M
matrix function for simpleces:
∀i, j ∈ I, ∀D ∈ D:

rij (D) = rji (D) = min r ∈ N+ |(σj σi )r (D) = D
Constraints induced by the D-diagram on R matrix-function: rii (D) = 1, and |i − j| ≥ 2 ⇒
rij (D) ≤ 2.
Constraints of the M matrix function:
1. Every element of R has to divide the appropriate element of M. Because we have to
get to the same simplex walking around a (d − 2)-dimensional face (which is an edge
in 3 dimensions,) which means we have to get to the same simplex-orbit too. The
quotient of the elements of M and R shows the periodicity of the tiling around the
(d − 2)-dimensional face. (This information can be used to specify a parametric Dsymbol based on a D-diagram.)
∀i, j ∈ I, ∀D ∈ D: rij (D)|mij (D)
2. An orbit can be defined for every operation-pair and starting simplex-orbit (diagramvertex). Elements of M has to be the same inside such an orbit. The reversed orbit has
to contain the same number of simpleces, so the matrices of M has to be symmetric.
∀i, j ∈ I, ∀D ∈ D
n
o n
o
D0 = (σj σi )k (D)|k ∈ N ∪ σi (σj σi )k (D)|k ∈ N
∀D1 , D2 ∈ D0
mij (D1 ) = mij (D2 ) = mji (D1 ) = mji (D2 )
3. The values of the main diagonal has to be 1, because we have adjacency operations.
4. The values of the first diagonal above and below the main has to be ≥ 3. In case of nice
tilings in 3 dimensions every vertex joins at least 3 edges and 3 facets, every facet has
at least 3 edges and every edge joins 3 facets and 3 bodies.
5. Every other value has to be exactly 2, so we stay compatible with baricentric subdivision.
∀i, j ∈ I, ∀D ∈ D:
i = j ⇒ mij (D) = 1
|i − j| = 1 ⇒ mij (D) ≥ 3
|i − j| ≥ 2 ⇒ mij (D) = 2

3.2

D-subsymbols

From now on we only consider 3-dimensional D-symbols.
The ith D-subsymbols (c ΣI i , c Di , c Mi ) can be got by eliminating the ith operation from the
diagram and the rows and columns of the matrix functions. (c ∈ Ci denotes the component.)
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We can calculate the combinatorial curvature function of the subsymbol:


S2
X 
X
 >
1
c i
 = 0 E2
−1 +
K( D ) =


m
(D)
jk
0≤j<k≤d
<
H2
D∈c Di
j,k6=i

Based on the above formula one can decide, in which 2-dimensional constant curvature space
realizes the tiling.
In the above mentioned spherical tiling case, we have to exclude bad orbifolds. The
following options are excluded (given by both Convay’s and Macbeath’s notations):
u = (+, 0; [u]; {}),

1 < u;

∗u = (+, 0; []; {(u)}),

1 < u;

uv = (+, 0; [u, v]; {}),

1 < u < v;

∗uv = (+, 0; []; {(u, v)}),

1 < u < v.

The subsymbol corresponds to the (3 − 1)-dimensional tiling around the i-indexed verticeclass indicated by the original D-symbol. So we have to get a spherical tiling around a real
simplex-vertice (see Figure 2a), or a Euclidean tiling around an ideal simplex-vertex in the
original tiling. We should not get hyperbolic tilings around a simplex-vertex, because this
would mean an out-of-model vertex.
Further constraints in 3-dimensional D-symbols based on 2-dimensional subsymbols (for
every component):
1. For (c ΣI 1 , c D1 , c M1 ) and (c ΣI 2 , c D2 , c M2 ) the combinatorial curvature function has to
be positive and the tiling has to be good orbifold. (Edge- and face-centered simplexvertices has to be real vertices, so the tiling around them has to be an S 2 tiling.)
2. For (c ΣI 0 , c D0 , c M0 ) and (c ΣI 3 , c D3 , c M3 ) the combinatorial curvature function has to
be non-negative, and if positive the tiling has to be good orbifold. (Vertex- and bodycentered simplex-vertices can be real or ideal vertices, so the tiling around them can be
an S 2 or an E2 tiling. We do not exclude ideal body-centers because of the duality.)
These constraints lead to an upper bound of the parameter-system.

4

Enumerating edge-transitive D-symbols

D-symbols can be used to describe 3-dimensional edge-transitive tilings with a very simple new
constraint: |C1 | = 1. The D-diagram cannot ”fall apart” if we cancel it’s 1-colored (dashed)
edges.
Enumerating diagrams becomes easier: diagrams without 1-colored edges can be enumerated, then they can be put back in every possible (good) way.
The maximal cardinality of such tilings is 24 which can be easily proved based on the
combinatorial curvature of (1 ΣI 1 , 1 D1 , 1 M1 ).
We could enumerate all of them.

5

Thurston conjecture and splittings

Thurston conjecture:
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Figure 2: Subsymbol and splittings
(a) D-subsymbol

(b) S 2 -type splitting

(c) E 2 -type splittings

• Every oriented prime closed 3-manifold can be cut along tori, so that the interior of each
of the resulting manifolds has a geometric structure with finite volume.
• There are 8 possible geometric structures in 3 dimensions, which have at least one
^ Sol, Nil.
compact manifold modelled on itself: S 3 , E 3 , H 3 , S 2 × R, H 2 × R, SL2R,
Remarks:
• For non-orientable manifolds the ”oriented double cover” method can be used. Which
maps manifold M to M × Z/2Z with an appropriate pull-back operation. For example
a Möbius-strip is mapped to a ”double Möbius-strip” which is a ring.
• In 2 dimensions: every surface without boundary (2-manifold) has a geometric structure
consisting of a metric with constant curvature
Using D-symbols one can examine the properties of orbifolds, but luckily the 3-manifolds
in the conjecture are trivially orbifolds. Types of splittings in a D-symbol:
• S 2 -type splitting: Indicates a detail in the tiling, which is shrinkable to a single vertex,
so we get a similar tiling with less simplex-vertices, so with less simplex-orbits. (Possible
bad orbifold problem.) (Figure 2b.)
• E 2 -type splitting: In Thurston-conjecture ”cut along tori”. This indicates two parts in
the tiling, in both parts the other part can be seen as an ideal vertex. There are 2
possible combinations, from which only the first one indicates a splitting, the second
one indicates a fibration. (Figure 2c.)
Our long-term goal is to find possible tilings, which means D-symbols without splittings.
Based on the 3-dimensional D-diagram, we can describe the tiling’s simplex-vertice classes
and the edges between simplex-vertice classes. Take this system as a graph and examine the
border between every possible 2-partitions (where both partitions have at least 2 vertices)
using the above mentioned combinatorial curvature function.
Examining such ”splitting-candidates”, we can get lower bounds for the parameters of
D-symbols without splittings. Iff there is no splitting in a D-symbol, then every such 2
dimensional tiling is H 2 -tiling.
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Figure 3: 31st D-symbol with cardinality 6 in 3D

2

3

1

4

6

5

Figure 3. shows an example output of our algorithms. We can find splittings for any Dsymbol, but we haven’t found a nice way to visualise general D-symbols yet. But, as a special
case, constructing a visualisation of the fundamental domain for edge transitive D-symbols
is pretty straightforward: Take the 1 or 2 simplex edges between 0 and 1 vertices, and put
around them the simpleces using their single parameter. (The output for every edge transitive
D-symbol can be found at my homepage ([1]).
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Densest geodesic ball packings to S2 ×R space groups
generated by rotations
Benedek Schultz1 , Jenő Szirmai1 ,
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Abstract

The S2 ×R geometry, which is the direct product space of the spherical plane S2 and the real
line R, is one of the eight simply connected 3-dimensional maximal homogeneous Riemannian
geometries classified by W. Thurston. The space groups of this space have been classified by J. Z.
Farkas and E. Molnár, along with the S2 ×R manifolds, by similarity and diffeomorphism.
In this work we investigate the optimal geodesic ball packings for S2 ×R space groups generated by rotations, compute their volumes and optimal densities of the considered packings.
E. Molnár provided a unified interpretation in the real projective 3-sphere PS 3 (V4 , V4 , R).
In our work we use this prjective model to visualize the geodesic curves and spheres of S2 ×R on
the Euclidean screen of the computer. We also show in this visualization the arrangement of the
geodesic ball packings for the above space groups.
^
The SL
2 R geometry is the universal covering group of the SL2 R group, and is a Lie-group
itself. In this lecture we also consider the regular infinite and bounded square prism tilings of
^
SL
2 R space. We determine the data of the above tilings and visualize them in the hyperboloid
^
model of SL
2 R space.
The results discussed above are supported by the grant TÁMOP-4.2.2.B-10/1–2010-0009.

1

Geodesic ball packings

E. Molnár has shown in [1], that the homogeneous 3-spaces have a unified interpretation in the projective 3-sphere PS 3 (V4 , V 4 , R). In our work we shall use this projective model of each Thurston
geometry and the Cartesian homogeneous coordinate simplex E0 (e0 ),E1∞ (e1 ),E2∞ (e2 ), E3∞ (e3 ),
({ei } ⊂ V4 with the unit point E(e = e0 + e1 + e2 + e3 )) which is distinguished by an origin
E0 and by the ideal points of coordinate axes, respectively. Moreover, y = cx with 0 < c ∈ R (or
c ∈ R \ {0}) defines a point (x) = (y) of the projective 3-sphere PS 3 (or that of the projective space
P 3 where opposite rays (x) and (−x) are identified). The dual system {(ei )} ⊂ V 4 describes the
simplex planes, especially the plane at infinity (e0 ) = E1∞ E2∞ E3∞ , and generally, v = u 1c defines a
plane (u) = (v) of PS 3 (or that of P 3 ). Thus 0 = xu = yv defines the incidence of point (x) = (y)
and plane (u) = (v), as (x)I(u) also denotes it. Thus the Thurston geometries can be visualized in
the affine 3-space A3 (so in E3 ) as well.
Let X be one of the remaining 5 Thurston geometries
^
S2 ×R, H2 ×R, SL
2 R, Nil, Sol
where the geodesic curves are generally defined as having locally minimal arc length between their
any two (near enough) points. The equation systems of the parametrized geodesic curves γ(τ ) in our
model can be determined by the general theory of Riemann geometry. Then geodesic sphere and ball
can be usually defined as follows below. We consider only those geodesic ball packings which are
transitively generated by discrete groups of isometries of X and the density of the packing is related
to its Dirichlet-Voronoi cells.
Definition 1.1 The distance d(P1 , P2 ) between the points P1 ∈ X and P2 ∈ X is defined by the arc
length of the geodesic curve from P1 to P2 .
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Definition 1.2 The geodesic sphere of radius ρ (denoted by SP1 (ρ)) with centre at the point P1 is
defined as the set of all points P2 in the space with the condition d(P1 , P2 ) = ρ. Moreover, we require
that the geodesic sphere is a simply connected surface without selfintersection of space X.
The body of the geodesic sphere of centre P1 and of radius ρ in space X is called geodesic ball,
denoted by BP1 (ρ).
In the following let Γ be a fixed group of isometries of X. We will denote by d(P1 , P2 ) the distance
of two points P1 , P2 (see Definition 1.1).
Definition 1.3 We say that the point set
D(K) = {P ∈ X : d(K, P ) ≤ d(K g , P ) for all g ∈ Γ}
is the Dirichlet–Voronoi cell (D-V cell) to Γ around the kernel point K ∈ X.
Definition 1.4 We say that
ΓP = {g ∈ Γ : P g = P }
is the stabilizer subgroup of P ∈ X in Γ.
Definition 1.5 Assume that the stabilizer ΓK = I the identity, i.e. Γ acts simply transitively on the Γorbit of K ∈ X. Then let BK denote the greatest ball of centre K inside the D-V cell D(K), moreover
let ρ(K) denote the radius of BK . It is easy to see that
1
ρ(K) = min d(K, K g ).
g∈Γ\I 2
If the stabilizer ΓK > I then Γ acts multiply transitively on the Γ-orbit of K ∈ X. Then the
greatest ball radius of BK is
1
ρ(K) = min
d(K, K g )
g∈Γ\ΓK 2
where K belongs to a 0- 1- or 2-dimensional region of X (vertices, axes, reflection planes).
Γ with centre points K G .
In both cases the Γ-images of BK form a ball packing BK
Γ is
Definition 1.6 The density of ball packing BK

δ(K) =

V ol(BK )
.
V olD(K)

Γ have the same symmetry group, moreover this
It is clear that the orbit K Γ and the ball packing BK
group contains the starting crystallographic group Γ:
Γ
SymK Γ = SymBK
≥ Γ.
Γ is characteristic if SymK Γ = Γ,
Definition 1.7 We say that the orbit K Γ and the ball packing BK
else the orbit is not characteristic.

1.0.1

Simply transitive ball packings

Let Γ be a fixed group of isometries in space X. Our problem is to find a point K ∈ X and the
orbit K Γ for Γ such that ΓK = I and the density δ(K) of the corresponding ball packing B Γ (K) is
maximal. In this case the ball packing B Γ (K) is said to be optimal.
Our aim is to determine the maximal radius ρ(K) of the balls, and the maximal density δ(K). The
considered space groups could have free parameters, so we have to find the densest ball packing for
fixed parameters p(Γ), then we have to vary them to get the optimal ball packing
δ(Γ) = max (δ(K)).
K, p(Γ)

(1)

We look for the optimal kernel point in a 3-dimensional region, inside of a fundamental domain of Γ.
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Figure 1: The fundamental domain of the point group of S2 × R space group 8.I., and the related
insphere.

2

The optimal ball packings to the space group 8.I.

In this work, we examine a type of ball packings in the S2 ×R space. The S2 ×R geometry is derived,
as the direct product of the spherical plane (S2 ) and the real line (R). The points are described as
(P, p), where P ∈ S2 and p ∈ R. The isometry group IsomS2 × R can be derived by the direct
product:
Isom(S2 ×R) = Isom(S2 ) × Isom(R)

(2)

We consider the 8.I. group with point group Γ0 generated by two rotations
(+, 0, [2, 3, 3], {}),
Γ0 = (g1 , g2 |g12 = g23 = (g1 g2 )3 = e).
We consider the possible translation part (τ1 , τ2 ) to be (0, 0), thus the space group is generated
by two rotations about the fibre lines through the points A, B. We introduce a Cartesian coordinate
system (see Figure 1).
Our goal is to find the kernel point X of the optimal Dirichlet-Cell D(X) and the optimal sphere
radius R, so that the density of the ball packing is maximal. The optimal ball arrangement has to
satisfy the following conditions.
√

1.

3
2 d(X, OC)

= d(X, OA)

2. x21 + x22 + x23 = 1
3. R = d(X, OA)
q √
q√
5+ 5 1
5−1
√
Solving the system, the center of the insphere is X = (
,
10 , 2
5
q √
q√
5−1
1
√
), and its radius is R = arccos 5+10 5 .
2
5
It is easy to see, that the area of the base polygon
π
,
3
and with numerical integral (the formula given by [6]) the volume of the insphere
Area(P ) = 2 · Area(ABC4) =
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(3)

Figure 2: The optimal prism-like Dirichlet-Voronoi cell and ball packing to group 8.I.

Figure 3: The optimal Dirichlet-Voronoi cell and ball packing of group 3q. (with q = 3) and 9.I.

Z

RZ

V ol(B(R)) = 2π
0

π
2

| − ψ sin(cos(v)ψ)|dvdψ ≈ 0.696195,

(4)

− π2

and so the density of the ball packing:
δ(8.I.) =

V ol(B(R))
≈ 0.600477
Area(P ) · 2R

(5)

Using the same method, one can determine the densities of the ball packings to the other rotation
space groups of S2 ×R, as seen in Table 1.
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Space group
1q.
3q.
8.I.
9.I.
10.I.

Macbeath signature
(+, 0; [q, q]; {})
(+, 0; [2, 2, q]; {})
(+, 0; [2, 3, 3]; {})
(+, 0; [2, 3, 4]; {})
(+, 0; [2, 3, 5]; {})

Optimal density (δ)
δ = 0.50946 (with q = 3)
δ = 0.591926 (with q = 3)
δ = 0.600477
δ = 0.575867
δ = 0.545842

Table 1: S2 ×R space groups generated by rotations, and the density of their densest ball packing
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Introduction

Let X be one of the geometries of contant curvature E2 , H2 , E 2 . The isoptic curve of an
arbitrary given plane curve C is the locus of points P ∈ X where C is seen under a given fixed
angle α (0 < α < π). An isoptic curve formed from the locus of tangents meeting at right
angles are called orthoptic curve. The name isoptic curve was suggested by Taylor in 1884.
First we consider the Euclidean plane geometry(X = E2 ). The easiest case if C is a line
segment then the set of all points (locus) for which a line segment can be seen at angle α
contains two arcs in both halfplane of the line segment, each is with central angle 2α. In the
special case of α = π2 , we get exactly one circle, called Thales circle (without the endpoints
of the given segment) with center the middle of the line segment.
There are a lot of possibility, to give the equations of the isoptics of conic sections, for
instance, they can be determined by the constuction method of the tangent lines from outher
point. We have illustrated this procedure on the following pictures:

Figure 1: Tangent lines from outher point K
To get the isoptics, we have to solve equation systems genereted by two circle equations
(ellipse, hyperbola) or a circle and a line equation (parabola) and using the scalar product,
we have to fix the angle of the tangent lines. In case of the hyperbola there is no proper affect
point, if the outher point is contained by one of its asymptotas, but the asymptotas can be
considered as tangent lines according to projective approach. From this methode, we get the
following equations for the isoptic curves:
a2 + b2 − x2 − y 2
Ellipse : cos α = − q
(−a2 + b2 + x2 )2 + 2y 2 (a2 − b2 + x2 ) + y 4
where the ellipse is given by its equation
Hyperbola : cos2 α =

x2
a2

+

y2
b2

= 1,

(−a2 + b2 + x2 + y 2 )2
(a2 + b2 − x2 )2 + 2y 2 (a2 + b2 + x2 ) + y 4

where the hyperbola is given by its equation

x2
a2

−

y2
b2

= 1,
y

P arabola : cos α = − p
(p − y)2 + x2
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where the axis x is the directix, and the focus is in (0, p).
We have illustrated the isoptic curves to some conic sections in Euclidean plane E2 in
Figure 2:
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Figure 2: Isoptic curve to the Euklidean ellipse (left) and hyperbola (right) with parameters:
a = 4,b = 1, 5, α = π/6, and a = 5, b = 3, α = π/3

2

Isoptic curve of the line segment on the hyperbolic and elliptic plane

In this section, we examine the hyperbolic and elliptic cases together. Let  = −1 if X is the
hyperbolic geometry and  = 1 if X is the elliptic geometry.
Let two points A and B be given in the plane. We can assume without loss of generality
that their homogeneous coordinates are A[a] ∼ (1, a, 0) and B[b] ∼ (1, −a, 0), where (a ∈
]0, 1]). We consider two straight lines u[u] and v[v] where u ∼ (1, u1 , u2 )T passes trough
points A and P , and v ∼ (1, v1 , v2 )T passes through points B and P .
The angle α between the above straigt lines can be determined by the following formula:
( + u1 v1 + u2 v2 )
cos(α) = p
.
( + u21 + u22 )( + v12 + v22 )
Theorem 2.1 Let suppose that a line segment is given by A[a] ∼ (1, a, 0) and B[b] ∼
(1, −a, 0). Then for a given α(0 < α < π), the α-isoptic curve of the AB on the hyperbolic and elliptic plane has an equation of the form:
( −
cos(α) = q
( +

1
a2

1
a2

+

a2 −x2
)
y 2 a2

2
+ ( a−x
ya ) )( +

1
a2

2
+ ( a+x
ya ) )

,

where  = −1 in the hyperbolic geometry and  = 1 in the elliptic geometry.
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3

Isoptic curve of the hyperbolic ellipse, hyperbola and parabola

Now, we define the proper central conic sections and give their equations.
Definition 3.1 The proper hyperbolic ellipse is the locus of all points of the hyperbolic plane
whose distances to two proper fixed points add to the same constant (2a).
Definition 3.2 The proper hyperbolic hyperbola is the locus of points where the absolute value
of the difference of the distances to the two proper foci is a constant (2a).
Definition 3.3 The hyperbolic proper parabola is the set of points (X[x] ∼ (1; x; y) ∈ H2 ) in
the hyperbolic plane that are equidistant from a proper point (the focus F ) and a proper line
(the directrix e.) (s = d(X; F ) = d(X; e))
We discuss the ellipse and the hyperbola together. We can suppose that the two foci are
equidistant from the orign O, both fits on the axis x with coordinates F1 [f1 ] ∼ (1, f, 0) and
F2 [f2 ] ∼ (1, −f, 0) where 0 < f < 1. Let P [p] ∼ (1, x, y) ∈ H2 a point of the conic section.
Using (2.4 a) we obtain the following equation:
!
!
−
hp,
f
i
−
hp,
f
i
1
2
1 cosh−1 p
+ 2 cosh−1 p
= 2a ⇔ . . .
hp, pi hf1 , f1 i
hp, pi hf2 , f2 i

⇔

x
tanh(a)

2
+

y2
1+

1
(f 2 −1) cosh2 (a)

=1

The firs step is to determine the equation of the tangent lines (y 6= 0):


x
f2
0
y =−
1+
.
y
sinh2 (a)(f 2 − 1)
After that, we have to solve the following equation system for X̃i [x̃i ] ∼ (1, x̃i , ỹi ), (i = 1, 2),
where X[x] ∼ (1, x, y) is a point in the Cayley-Klein model:


x̃
f2
y=−
1+
(x − x̃) + ỹ
ỹ
sinh2 (a)(f 2 − 1)
2

ỹ 2
x̃
+
= 1.
tanh(a)
1 + (f 2 −1) 1cosh2 (a)
Now we need u ∼ (1, u1 , u2 )T and v ∼ (1, v1 , v2 )T straigth lines, fits on respectively P , X̃1
and P , X̃2 .


1 + u1 x1 + u2 y1 = 0
1 + v1 x2 + v2 y2 = 0
1 + u1 x + u2 y
= 0
1 + v1 x + v2 y
= 0
Theorem 3.4 Let a hyperbolic ellipse or hyperbola be centered at the origin in the projective
model given by its semimajor axis a and foci F1 [f1 ] ∼ (1; f ; 0), F2 [f2 ] ∼ (1; −f ; 0), (0 < f < 1)
such that 2a > d(F1 , F2 ) or 2a < d(F1 , F2 ) holds. The α and (π−α)-isoptic curves (0 < α < π)
of the considered ellipse or hyperbola in the hyperbolic plane has the equation:


2
f 2 − 1 cosh(2a) x2 + y 2 − 1 + f 2 x2 − 1
2
cos (α) =
,
−2 (f 2 − 1) y 2 (f 2 + x2 ) + (f 2 − x2 )2 + (f 2 − 1)2 y 4
where x2 + y 2 ≤ 1 condition holds.
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Figure 3: The isoptic curve to hyperbolic ellipse and hyperbola with parameters:
Ellipse: a = 0.7, f = 0.59, α = π/6; a = 1, f = 0.7, α = 2π/3 Hyperbola: a = 0.35, f = 0.55, α = π/6

In the case of the parabola, we can assume without loss of generality that the directrix
(e) is the axis x and the coordinates of the focus point are F [f] ∼ (1; 0; p).
We remark, that the coordinates of the foot point X 0 of the perpendicular dropped form
X into the x axis are X 0 [x’] ∼ (1; x; 0).
1 − py
1 − x2
p
cosh(s) = p
=p
.
√
1 − x2 − y 2 1 − p2
1 − x2 − y 2 1 − x2
The equation of the proper hyperbolic parabola obtained the formula above:
x2 +

(1 − py)2
= 1.
1 − p2

In accordance with the method, we have to solve equation systems and the following
theorem hold:
Theorem 3.5 Let a proper hyperbolic parabola be given by its focus F [f] ∼ (1; 0; p) and its
directrix e which is coincide with x axis in the projective model. The α-isoptic curve of this
parabola (0 < α < π) in the hyperbolic plane have the equation:
y(py − 1)
cos(α) = p
.
2
2
(x − 1)((p (x2 − 1) + 2py + y 2 − x2 )
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Figure 4: The isoptic curve to hyperbolic parabola with parameters:
Parabola: p = 0.25, α = π/3,
p = 0.25, α = 2π/3
p = 0.25, α = π/2
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1.0

4

Isoptic curve of the elliptic ellipse and hyperbola

We will follow the deduction process detailed in the previus section to determine the equation
of the elliptic ellipse and hyperbola, having the following definitions:
Definition 4.1 The elliptic ellipse is the locus of all points of the elliptic plane whose distances to two fixed points add to the same constant (2a).
Definition 4.2 The elliptic hyperbola is the locus of points where the absolute value of the
difference of the distances to the two foci is a constant (2a).
Let us suppose that the two foci are equidistant from the orign O, both fits on the axis x.
Then their coordinates are F1 [f1 ] ∼ (1, f, 0) and F2 [f2 ] ∼ (1, −f, 0) where (0 < f < π/2). Let
P [p] ∼ (1, x, y) ∈ E 2 a point of the conic section.
!
!
hp, f1 i
hp, f2 i
−1
−1
p
p
1 cos
+ 2 cos
= 2a ⇒
hp, pi hf1 , f1 i
hp, pi hf2 , f2 i
2

y2
x
+
= 1.
⇒
1
tan(a)
−1
(1+f 2 ) cos2 (a)
If the distance between the two foci is lesser than 2a, it is an ellipse, else it is a hyperbola.
2a <> d(F1 , F2 ) ⇔ 1 −

1
<> 0
cos2 (a)(1 + f 2 )

Theorem 4.3 Let an elliptic ellipse or hyperbola be centered at the origin of the projective
model, given by its semimajor axis a and its foci F1 [f1 ] ∼ (1; f ; 0), F2 [f2 ] ∼ (1; −f ; 0), (0 <
f < 1) such that 2a > d(F1 , F2 ) or 2a < d(F1 , F2 ) holds. The α and (π − α)-isoptic curves
(0 < α < π)) of the considered ellipse or hyperbola in the elliptic plane have the equation:


2
1 + f 2 cos(2a) x2 + y 2 + 1 + f 2 x2 − 1

2

cos (α) =

2 (1 + f 2 ) y 2 (f 2 + x2 ) + (f 2 − x2 )2 + (1 + f 2 )2 y 4
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Figure 5: The isoptic curve to elliptic ellipse (left) and hyperbola (rigth) with parameters:
Ellipse: a = 0.7, f = 0.8; α = π/3 Hyperbola: a = 0.7, f = 1; α = π/2
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elliptic plane, Stud. Univ. Žilina, Math. Ser. 24, No. 1, (2010). 15-22

[11]

Csima, G., Szirmai, J. : Isoptic curves to parabolas in the hyperbolic plane,
Pollac Periodica 7, (2012/1/1). 55-64

[12]

Taylor, C. : Note on a theory of orthoptic and isoptic loci., Proc. R. Soc. London
XXXVIII (1884).

61

The ordinary depth of subgroups of Sz(q)
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Abstract Nowadays several articles were published about the depth of group inclusions ([1],[2],[3],[4],[5]).
The depth, which was defined originally for ring extensions, was interpreted to group (groupalgebra)
inclusions in [1]. To compute the depth of group inclusions, a new type of depth was defined in [2],
namely combinatorial depth. Since the combinatorial depth is an upper bound of the ordinary depth
for every subgroup, it is a very useful tool to compute the ordinary depth as you can see in [7]. The aim
of this note is to determine the depth of the subgroups of simple Suzuki-groups based of some results
of [7] but without using the notion of combinatorial depth. For the 2-Sylow normalizer we determine
the ordinary depth by calculating its inclusion matrix.

1

Introduction

Definition 1.1 The depth of the inclusion of finite groups H 6 G is defined as the depth of
the inclusion of group algebras CH ⊆ CG. We denote this by dC (H, G).
That is, simplified, the depth of H 6 G inclusion is the smallest n ∈ N such that CG ⊗CH
· · · ⊗CH CG (n + 1 factors of CG) is a direct summand of the direct sum of some finite copies
of CG ⊗CH · · · ⊗CH CG (n factors of C(G)) as canonical CH − CH-bimodule respectively as
canonical CG − CH-bimodule. The depth of the inclusion H 6 G can be obtained from the
inclusion matrix. ([1])
Definition 1.2 If IrrC (G) = {χ1 , . . . , χn } and IrrC (H) = {ψ1 . . . , ψm }, then the above mentioned inclusion matrix is M = {< χj , ψiG >}i,j .
Although in most of the cases M is not a square matrix, we will consider its powers in the
following sense:

(M M T )l
if k = 2l,
k
M =
(M M T )l M k = 2l + 1.
Theorem 1.3 [1] If M is the inclusion matrix of H 6 G, then the depth dC (H, G) of H in
G is the smallest integer n such, that the inequality M n+1 ≤ aM n−1 holds for some a ∈ N.

2

Suzuki group

Let G be the Suzuki group with parameter q = 22m+1 = 2r2 > 8. In this section we introduce
some properties of Suzuki groups.
Theorem 2.1 [8, XI. 3.12/e)] G has the following subgroups:
1. the Hall subgroup NG (F ) = F H, which is of order q 2 (q − 1), and is a Frobenius group,
where F is a 2-Sylow subgroup;
2. the Dihedral group B0 = NG (H) of order 2(q − 1);
3. the cyclic Hall subgroups A1 , A2 of order q ± 2r + 1 and |A1 ||A2 | = q 2 + 1;
4. the Frobenius subgroups Bi = NG (Ai ) of order 4|Ai | for i ∈ {1, 2};
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5. the subgroups of form Sz(s), where s ≥ 8 in an add power of 2 and q = sn for some
positive integer n; (Moreover, for every odd 2- power s, where sn = q for some positive
integer n, there exist a subgroup isomorphic to Sz(s).)
6. conjugates and their subgroups for the above groups.
From now on we will use the notations of the above theorem for subgroups.
Theorem 2.2 [8, XI. 3.10/c)]
F , H, A1 , A2 and their conjugates constitute a partition of G.
Theorem 2.3 Corollary of the above theorem and [7, 4.8,4.11]
Every maximal subgroup of G, except for NG (F ), has a conjugate which is disjoint from it.
Therefore it is sufficient to compute the inclusion matrix just for NG (F ) 6 G. To do so we
have to know the irreducible characters of G and NG (F ).
Theorem 2.4 [8, XI. 5.10, 5.3] If G is a Suzuki group, then G has precisely the following
irreducible characters:
• the unit character, 1;
2
• an irreducible character α = 1G
NG (F ) − 1 of degree q ;
q−2
2

G

•

characters βi = ψiG = ψ i , where ψi ∈ Irr(NG (F )) \ {1NG (F ) } and F ⊆ ker(ψi ) of
degree q 2 + 1;

•

q+2r
4

exceptional characters γj
2r + 1);

(1)

belonging to the cyclic group A1 and γj

•

q−2r
4

(2)

belonging to the cyclic group A2 and γj

exceptional characters γj
2r + 1);

(1)

= (q − 1)(q −

(2)

= (q − 1)(q +

• two exceptional characters δ1 and δ2 belonging to F andd δ1 (1) = δ2 (1) = (q − 1)r
Theorem 2.5 Corollary of [8, XI. 5.9] The irreducible characters of NG (F ) are the following:
• the unit character, 1NG (F ) ;
• other q − 2 linear character ψi , such that F ⊆ Ker(ψi ) and ψi |H ∈ Irr(H);
• µ0 = (λi0 )NG (F ) of order q − 1 and λi0 ∈ Lin(F );
• µ1 = (λi1 )NG (F ) of order (q − 1)r, where λi1 irreducible characters of F in the same H
orbit has q − 1 order for 1 ≤ i ≤ r;
• µ2 = (λi1 )NG (F ) of order(q − 1)r, where λi1 irreducible character of F in the same H
orbit has q − 1 order for 1 ≤ i ≤ r.
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3

Ordinary depth of the subgroups in Suzuki groups

Theorem 3.1 Let G be a simple Suzuki group. The depth of every maximal subgroup in G
is 3, except for NG (F ), where F ∈ Syl2 (G), and the depth of NG (F ) is 5.
Proof: Let G be a Suzuki group with parameter q. If q = 8, then a calculation using Gap [6]
proves the statement. By [1][4.6] we get that dC (H, G) > 2 for every H 6 G. If H 6= NG (F )
is a maximal subgroup of G, then by Proposition 2.3 there exists x, such that H ∩ H x = {1}.
From this it follows, that coreG (H) = {1}, and so by [1][6.9] dC (H, G) ≤ 3.
Now we will compute the inclusion matrix M of NG (F ).
Using [8][XI. 5.2, 5.3] we get easily that
1G |NG (F ) = 1NG (F ) ;
α|NG (F ) = 1NG (F ) + µ0 + rµ1 + rµ2 ;
βi |NG (F ) = ψi + ψ i + µ0 + rµ1 + rµ2 .
According to the previously mentioned facts the inclusion matrix has entries:

1
ψi
µ0
µ1
µ2

1
1
0|
0
0
0

α
1
0|
1
r
r

(1)

βi
0
I ⊗ (1, 1)T
1
r
r
(1)

(2)

γi
0
0|

γi
0
0|

δ1
0
0

δ2
0
0

=M

(2)

Since µ1 (1) = µ2 (1) = (q − 1)r - γj (1) = γj (1) = (q − 1)(q ± 2r + 1), µ0 is constituent of
P
P (1)
P (2)
(i)
all γj . However µG
0 (1) = α(1) +
i βi (1) +
i γi (1) +
i γi (1), therefore:
µG
0 =α+

X

βi +

X

i

(1)

γi

+

X

i

(2)

γi .

i

G
δ1 , δ2 are exceptional characters corresponding to F . According to [8][XI. 5.10] µG
1 − µ2 =
G
G
G
δ1 −δ2 . Furthermore from [µj , δj ] = [δj −δ1−j +µ1−j , δj ] = 1+[µ1−j , δj ] ≥ 1 and δj |NG (F ) (1) =
µj (1), we get that
δj |NG (F ) = µj .

We can adapt these informations in the inclusion matrix.

1
ψi
µ0
µ1
µ2

1
1
0|
0
0
0

α
1
0|
1
r
r

βi
0
I ⊗ (1, 1)T
1
r
r

(1)

γi
0
0|
1

(2)

γi
0
0|
1

δ1
0
0
0
1
0

(i)

δ2
0
0
=M
0
0
1

We can write the exceptional characters γj by [8][XI. 5.8)b] in the following form:
(i)

γj = ±1 ± α ± ((1Ai )G − ljG ) ± δ1 ± δ2 ,
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(i)

where ± sign depends only on the index i. Hence [γj , µk (G)] = r ± 1, depending only on i.
(1)

(2)

Let us define ci = [µi , γj ] and di = [µi , γj ].
From the conditions on the degrees we get the following 3 linearly independent equations:
(1)

γi (1) = µ0 (1) + c1 µ1 (1) + c2 µ2 (1)
(2)

γi (1) = µ0 (1) + d1 µ1 (1) + d2 µ2 (1)
q−2

µG
i (1) = rα(1) + r

2
X

j=1

q−2r
4

βj (1) + ci

X

q+2r
4

(1)

γi (1) + di

j=1

X

(2)

γi (1) + δi (1)

j=1

It is easy to see that c1 = c2 = r − 1 and d1 = d2 = r + 1 is the solution.



M =



0
1 1
0| 0| I ⊗ (1, 1)T
0 1
1
0 r
r
0 r
r

0
0
0|
0|
1
1
r−1 r+1
r−1 r+1

0
0
0
1
0

0
0
0
0
1




.



Now we can determine the smallest index i, such that M i−1 ≥ aM i+1 for some a ∈ N. It will
be 5, hence dC (NG (F ), G) = 5.
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Singular behaviour of algebraic varieties has been known and studied through many centuries. Despite all significant advances and efforts in recent years, the issue has still not been
resolved, being a particularly hard area and central to algebraic geometry. As an illustration,
a number of people seem to have made serious inroads into long-standing results such as
Heisuke Hironaka’s theorem on resolution of singularities.
The Castelnuovo–Mumford (henceforth just CM) regularity of a coherent sheaf defined on
a projective variety (or in purely algebraic aspect, of a finitely generated graded module over
a graded algebra over a field) is an important invariant that measures several things at a time,
influencing other invariants as well. It is defined as an integer, and besides its other valuable
properties, it can be used to provide an effective bound on Serre’s vanishing theorem. While
the picture is not yet complete, an interesting dichotomy emerges. Although the regularity of
non-singular varieties is known or expected to be linear in terms of geometric invariants, in
certain other cases, especially those of highly singular, it may grow doubly exponentially as a
function of the parameters. The situation for reduced but possibly singular varieties is unclear.
A full and in-depth study on the resolution of singularities has led us to the notion of log
canonical threshold. Unlike regularity, it is a rational number. It is widely accepted (at least
among the researchers of the area) that the smaller the log canonical threshold, the worse are
the singularities of the variety. However, this view might easily be misleading. In theory of
computation, it is well-known that the complexity is not much constrained by the magnitude
of a rational number but by the nominator of its simplified form.
Examining singularities in light of the regularity seems promising, and to our knowledge,
significant research has not been initiated yet. If the idea turns out to be fruitful, the results
could indicate a substantial improvement on the Eisenbud–Goto conjecture.
Let S be C[x0 , . . . , xn ], for the log canonical threshold is defined by means of a resolution
process, whose existence is only proved in characteristic zero. Beyond doubt, with our present
appliances it would be utterly difficult to manage this problem, therefore, we are targeting
low- dimensional, easy-to-handle objects, with possibly additional combinatorial structures.
Conjecture 1. Given an ideal I ⊆ S in general coordinates (that is, with coordinates chosen
such that in(I) = gin(I), the generic initial ideal of I), we have 1 ≤ lct(I) reg(I). Additionally,
this can be improved to involve the codimension of the ideal. Then codim(I) ≤ lct(I) reg(I).
It is worth remarking here that the log canonical threshold is upper semicontinuous, so that
lct(in(I)) ≤ lct(I), where in(I) is the initial (monomial) ideal of I with reverse lexicographical
ordering, and that under the conditions of the conjecture, reg(in(I)) = reg(I). Moreover, the
log canonical threshold is invariant under taking integral closure, so that in the first case it is
enough to prove 1 ≤ lct(in(I)) reg(in(I)) provided that our following (main) conjecture holds.
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Conjecture 2. Let X be a projective variety (or more generally, a concentrated and integral
scheme with a globally generated ample invertible sheaf) and I ⊆ OX be a coherent ideal
sheaf. Now, if I is m-regular, the integral clouse I is m-regular as well, therefore, should they
exist, reg(I) ≤ reg(I). More generally, we have the same inequality for reductions of ideal
sheaves.
This would be a rather interesting property because CM regularity does not behave well with
respect to inclusion or taking the radical of an ideal (an inevitable operation in algebraic
geometry), and it also depends on the characteristic of the base field. Since the Hilbert–
Samuel multiplicity, which is used in stratification strategies, does not change when we pass
to the integral closure, considering regularity might be a step further in char p methods as well.
We formalised our conjecture in the language of (projective) schemes and (coherent)
sheaves because we hope for a somehow better geometric insight. This approach, using certain kind of vanishing theorems, may siplify through abstraction, display the generality of
arguments, and facilitate an elegant style of expression and mathematical proof. Regarding
the definition of regularity, Conjecture 2 can be rephrased as follows:
Conjecture 2. Let X be a projective variety and I ⊆ OX be a coherent sheaf of ideals. If,
for a natural number m, we have
H i (X, I(m − i)) = 0

for all i > 0


H i X, I(m − i) = 0

for all i > 0.

then

We would like to argue as in [2, Lemma 4.3.16] and [2, Theorem 4. 15], checking the required
vanishing of cohomology groups to a calculation of divisors (more generally, invertible sheaves)
on the normalised blow-up Y of I. The latter appears in the definition of the integral closure.
Let ν : Y −→ X be the normalisation of the blow-up of I (recall that X need not be normal
itself). Then I = ν∗ (ν −1 I · OY ) ∩ OX . So, we are to pass between cohomology on X and Y ,
and to this end, we need the vanishing of certain higher direct image sheaves Rj ν∗ (ν −1 I · OY ).
Unfortunatelly, it turned out that using standard methods to relate the cohomology of I with
some cohology groups upstairs (e.g. Leray spectral sequence for the normalisation map, which
is finite and birational in our case) does not help. Even if we slightly modify our question,
and ask whether there is a natural number a0 = a0 (I)  0 such that reg(I a ) ≤ reg(I a ) for
every a ≥ a0 (consider the relative version of Serre vanishing), we still do not have an obvious
link between the cohomology of an ideal and its integral closure.
In a different direction, one might try to use [2, Lemma 4.3.16] for integrally closed ideals.
The problem, then, is to find a uniform vanishing theorem on Y , which is no longer smooth,
and we seem to have no control over the singularities.
The diagram below, where π : Z −→ X is now an arbitrary morphism, depicts a chain of
implications of an inductive argument that might be a better option.
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H i (X, I(m − i)) = 0 > 0


H i Z, π −1 I · OZ ⊗ π ∗ OX (m − i) = 0 > 0


H i Z, π −1 I · OZ ⊗ π ∗ OX (m − i) = 0 > 0


H i X, I(m − i) = 0 > 0



H i Z, π −1 I · OZ ⊗ π ∗ OX (m − i) = 0 > 0

By Briançon–Skoda, the regularity functions of I and I (that is, a 7→ reg(I a )) should be
pretty close, even asymptotically the same. Indeed, it is a nice consequence that we found by
means of the theory of s-invariants following Cutkosky–Ein–Lazarsfeld.
Now, considering the proof of [2, Theorem 4.3.15], we obtain that, given a non-zero integrally
closed ideal I ⊆ OPn that is generated scheme-theoretically in degree d, there exists a0 , c ∈ N
such that reg(I a ) ≤ da + c for every a ≥ a0 . Unluckily, this has already been known.
It is not surprising that our main conjecture admits a generalisation to reduction of ideal
sheaves. As Teissier pointed out in [1], reductions can be completely described by their inverse
image ideal sheaves under the normalised blow-up. More precisely, I ⊆ J is a reduction if and
only if ν −1 I · OY = ν −1 J · OY . According to this, we proved a basic yet important property
of reductions: they are extensive (i.e., invariant under taking the inverse image ideal sheaf)
with respect to an arbitrary morphism, even on a scheme that is not necessarily normal. This
is a must to carry out an inductive argument outlined above.
The results discussed above are supported by the grant TÁMOP-4.2.2.B-10/1–2010-0009.
[1] B. Teissier, Variétés polaires. II. Multiplicités polaires, sections planes, et conditions de
Whitney. Algebraic geometry (La Rábida, 1981), Lecture Notes in Math., vol. 961, Springer,
Berlin, 1982, pp. 314–491 (French).
[2] R. Lazarsfeld, Positivity in Algebraic Geometry I-II, Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge, vol. 48-49, Springer–Verlag, Berlin Heidelberg, 2004.
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Large Bilinear programming models
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Abstract

Real life problems such as blending often lead to bilinear programming.
These problems has a unique structure: we have quality and quantity variables and in the models the only nonlinear terms are the product of these two.
Unfortunately current solution techniques mostly based on the experts
intuition. Its because one can not find a feasible solution easily (without
understanding the meaning of the variables) moreover through the solution
steps feasibility can be lost.
In my presentation I’ll show some modelling and solution techniques for
bilinear problems and point out the difficulty caused by the non-convex objective function and non-convex feasible regions.
The results discussed above are supported by the grant TÁMOP-4.2.2.B10/1 2010-0009.

69

Finding Equilibrium Solution of Exchange Models
With the Results of the Geometric Programming
Gábor Lovics1 , Tibor Illés1 ,
1
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Since 1874, when the "Elements of Pure Economics, or the Theory of Social Wealth "
by Walras published, the economists and mathematicians have been concerned the question
whether the equilibrium prices of an economy with several vendors, costumers and goods exists
or not, and if it exists can it be computed efficiently. One of the famous result of the area is
due to Arrow & Debreu [1]. They proved the existence of the equilibrium solution in a very
general case. In their paper, no computational method was published.
From the results of Eisenbeg & Gale [2] we know that in a special case of the pure exchange
model, the equilibrium solution can be computed as an optimal solution of a convex optimization problem. Since the paper of Eisenberg & Gale some generalization of their result has
been discovered. The structure of Eisenbeg & Gale and it’s generalizations have relationship
with the geometric programming, problem discussed be E. Klafszky [3]. In our presentation
we we discuss the connection of the Eisenbeg & Gale problem and the geometric programming
problem pairs. Furthermore, some possible application of geometric programming problem will
be explained.
The results discussed above are supported by the grant TÁMOP-4.2.2.B-10/12010-0009.

References
[1] Arrow, K. J. − Debreu, G. (1954): Existence of an Equilibrium for a Competitive Economy. Econometrica 22, 265-290.
[2] Eisenberg, E. − Gale, D. (1959): Consesus of Subjective Probabilities: The Pari-Mutuel
Method. The Annals of Mathematical Statistics 30, 165-168.
[3] Klaszfky, Emil (1981): The Determinant of Equlibrium Prices of Linear Excahge Models
by Geometric Programing (in Hungarian) Alkalmazott Matematikai Lapok 7, 139-157

70
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transportation
Zsuzsanna Barta1 , Tibor Illés1 ,
1

Department of Differential Equations, Budapest University of Technology and Economics

There are many optimization problems in connection with railway operation and they
are sufficiently complex and almost exclusively large tasks. The larger railway companies
nowadays employ matematical researchers so as to be cost-effective.
The MÁV-Trakció Ltd. (a hungarian railway company) gives engine drivers and/or locomotives to the incoming requests for freight trains. They asked us to create the mathematical
background of a computer-based decision-support system in order to help the dispatcher’s and
planner’s work. There are a lot of requests and the company doesn’t have enough locomotives,
so there is a need for light travel locomotives and we have to deal with the services of the locomotives. The procurer companies often decline their request because the cost of renouncement
is very low.
We deal with the locomotive assignment part of the problem. First we create a minimumcost plan 15 days before departure namely we solve a minimum cost multicommodity flow
problem. There is a need for a plan because of the engine drivers. Then one day before
departure we reschedule the locomotives. At this phase we have two conflicting objective:
minimum cost and minimum changes to the plan. We also use a minimum cost multicommodity
flow model for this problem with weighted objective, so the rescheduling model is in the same
class as the planning task.
The results descussed above are supported by the grant TÁMOP-4.2.2.B-10/1–2010-0009.
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Introduction

The maximum flow problem is one of the most fundamental problems in network optimization.
It arises in a wide variety of situations and also occurs as a subproblem while solving more
complex problems such as the minimum cost flow problem and the generalized flow problem.
As such, it has been extensively studied and numerous algorithms have been developed to
solve it.
We are concerned with maximum flow problems with non-zero lower bounds. Such problems received less attention so far, as finding a feasible flow can be obtained by transforming
the network into another maximum flow problem with zero lower bounds and of size at most
twice the original. After solving this first-phase problem, one can proceed to find an optimal
flow with the familiar methods.
We succeeded in modifying Goldfarb and Hao’s labeling method [2] to obtain a pivot algorithm for finding a feasible flow without changing the graph structure. The resulting algorithm
turns out to be a specialization of the monotonic build-up simplex method’s feasibility variant
[1] for network flows. We also show that the algorithm makes at most n2 m pivots which – to
the best of our knowledge – makes it the first strongly polynomial pivot algorithm that solves
the problem without transforming the network.
Maximum flow problems with non-zero lower bounds naturally arise in certain real world
situations, such an example is a railway optimization model called "Weak Engine Assignment
Problem" defined by one of the authors in [3]. Their computational results show that a
weekly schedule with 500 trains, that leads to a network with 1000 vertices and around 28,500
edges can be solved fairly fast by existing methods (11 seconds). However, they consider it a
problem of small size, as the schedule consists of only the data of a smaller region of Hungary
(Balassagyarmat region). A more recent monthly timetable of the whole of Hungary, containing
only the electric engines led to a network of roughly 10,000 vertices and 12.6 million edges.
With a problem of this size it is understandable that one would rather avoid the difficulties of
transforming the network into another structure, and then transforming it back afterwards.

2

Description of the algorithm

Let G = (V, E) be a connected directed graph with two distuinguished nodes s and t, the
source and the sink, respectively. Given lower and upper bounds on the arcs and obeying
conservation of flow at intermediate nodes, we wish to maximize the amount of flow from s to
t. Introducing an arc from t to s the maximum flow problem can be stated as the following
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linear program:

∀v ∈ V :

max xt,s
X

xw,v −

(w,v)∈E ∗

X

xv,w = 0

(v,w)∈E ∗

(1)

∀e ∈ E : le ≤ xe ≤ ue
Our goal is finding a primal feasible basic solution. In order to do that, we start with an
arbitrary basic solution. We restore the primal feasibility of each infeasible edge one by one,
while making sure that no feasible edge turns infeasible. We also show that if the algorithm
terminates without finding a feasible solution then there doesn’t exist any.
Algorithm 1 A variant of the MBU-SA feasibility algorithm
Let x be a basic solution corresponding to a T1 spanning tree, i = 1.
while x is infeasible do
Let (g, h) be an infeasible edge with minimum infeasibility.
while (g, h) is infeasible do
Compute labels according to (g, h).
if there are no eligible arcs then
The problem doesn’t have a solution.
end if
Choose an eligible in arc with minimum label (pi ).
Push the maximum amount of flow possible around the cycle.
Choose an arc that blocked the cycle as the out arc (qi ).
Let Ti+1 = Ti ∪ {pi }\{qi }, and i = i + 1.
end while
end while
Infeasible arcs can only be found in the basis, so their number is bounded by n − 1 at the
start of the algorithm. As each iteration of the outer loop of Algorithm 1 makes at least 1
previously infeasible arcs feasible, while maintaining the feasibility of the already feasible arcs,
we run the outer loop O(n) times.
Let us define the infeasibility of a primal infeasible arc e as xe − ue if it exceeds its upper
bound, and as le −xe if it violates its lower bound. Let (g, h) be an infeasible arc with minimum
infeasibility. Without loss of generality we may assume that it violates its upper bound, the
other case can be handled similarly with swapping the roles of g and h.
Let us denote the basis before the ith pivot operation by Ti and the flow by xi . Removing
the arc (g, h) Ti disconnects into 2 subtrees, let us denote the one containing g by Tig and the
one containing h by Tih .
In a pivot operation we want to lower the infeasibility of (g, h), and so we must choose the
in arc in such a way that the uniquely appearing cycle contains (g, h), and it contains it in the
right direction. It is easy to see that with the above introduced notations the set of eligible in
arcs is
Ci := {(v, w) ∈ E ∗ : xiv,w = lv,w , v ∈ Tig , w ∈ Tih
or

xiv,w = uv,w , v ∈ Tih , w ∈ Tig }

where E ∗ = E ∪ {(t, s)}.
The following lemma is equivalent to the Gale–Hofman inequalities:
Lemma 1 If (g, h) is infeasible, but Ci = ∅, then the problem is infeasible.
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If Ci 6= ∅, then we can choose an in arc. The choice is based on labeling the vertices
using the structure of the current basis. The label of a vertex z ∈ V is defined as the shortest
pseudo-augmenting path from g to z, which does not use the arc (g, h) in either direction.
Here a pseudo-augmenting path is a path that traverses arcs in Ti in arbitrary direction, arcs
that are on their lower bound in forward direction, and arcs that are on their upper bound in
backward direction. Calculating these labels can be done in linear time by a modified Breadth
First Search algorithm.

3

Results

The following lemma helps us track the progress of the algorithm:
Lemma 2 The labels of the vertices are monotonically increasing (non-decreasing), in other
words di (z) ≤ di+1 (z) for every z ∈ V and i ≥ 1.
Using the previous lemma we can bound the number of pivots made by our algorithm:
Theorem 1 It takes at most nm pivots to make (g, h) feasible by applying Algorithm 1.
With some analysis it can be shown that recomputing the labels is not always necessary,
the algorithm can be implemented to run in O(n3 m) time.
The results discussed above are supported by the grant TÁMOP-4.2.2.B-10/1–2010-0009.
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A különböző tevékenység végrehajtási idő eloszlások
hatása a projekt végrehajtási idő eloszlására
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Guzmics Sándor1 , Dr. Szántai Tamás1 ,
1

Department of Differential Equations, Budapest University of Technology and Economics
Guzmics Sándor Témavezető: Dr. Szántai Tamás

Megközelítésünk során először mesterségesen felvett, diszjunkt utakból álló tervütem hálókban vizsgáljuk, hogy a különböző eloszlású tevékenységidők milyen hatással vannak a projekt
végrehajtási idő eloszlására. Elképzelésünk szerint a Monte Carlo szimulációval nyert és az
elméletileg igazolható hatványeloszlással számított projekt végrehajtási idő eloszlások távolságának kiszámításával megmutatható, hogy az eloszlások egymással azonosnak tekinthetők.
Második lépésben ugyanilyen vizsgálatot hajtunk végre olyan tervütem hálóra, melyben
a kritikus utak közös tevékenységeket is tartalmazhatnak. Ekkor a projekt végrehajtási idő
elméleti eloszlás függvényét degenerált többdimenziós normális eloszlás segítségével tudjuk
meghatározni és azt hasonlítjuk össze az elég nagy minta elemszámú Monte Carlo szimulációval
számított tapasztalati eloszlásfüggvénnyel.
Végül kitérünk olyan valós tervütem hálók elemzésére is, melyek naptártól függő tevékenységeket, illetve általánosabb precedencia előírásokat is tartalmaznak. Ebben az esetben a projekt végrehajtási idők elméleti eloszlását nem tudjuk meghatározni, de Monte Carlo szimulációval vizsgálni tudjuk a különböző tevékenység-eloszlásoknak arra gyakorolt hatását. Kutatómunkánkat a TÁMOP-4.2.2. B-10/1-2010-0009 pályázati program támogatta.
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Temporal linked search over Wikipedia
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We exploit the connectivity structure of edits in Wikipedia to identify recent events that
happened at a given time. We retrieve articles relevant to a given query and rerank the results
based on bursty changes in linked articles that were created or significantly modified around
a specified date.
Unlike other results on temporal information retrieval where date identification and resolution are central issues, we rely on the structured edits information provided in a Wikipedia
dump. In contrast, we face a type of noise in our setting that is different from Web IR:
Wikipedia edits may be decoupled in time from the events, especially for historical events
with articles created and modified at times independent of the age of the event.
Our key results include algorithms for node relevance ranking in temporal subgraph
and neighborhood selection based on measurements for structural changes in time over the
Wikipedia link graph. We used PageRank and HITS in personalized manner, where the personalization weight dependeded on both the IR score and the recent amount of changes on the
respective page. Our results showed that using the linkage information the event detection
was much more powerful than in the baseline case.
We measure our algorithms over manually annotated queries with relevant events in
September and October 2011; we make the assessment publicly available. While our methods
were tested over clean Wikipedia metadata, we believe the methods are applicable to general
temporal Web collections as well.
As motivation and application of our results, we give a temporal visualization application
where Wikipedia content can be retrieved and the neighborhood of nodes can be graphically
explored.
The work reported in the paper has been developed in the framework of the project ”Talent
care and cultivation in the scientific workshops of BME” project. This project is supported
by the grant TÁMOP - 4.2.2.B-10/1–2010-0009.
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An open research question of social networks is how information spreads through the
social contacts in a community. This effect is called network influence. Recently, online social
networks (Facebook, Twitter) became highly popular. The online interactions through these
social media services yields large amount of data on activities of the individual users. Mining
of these data sets brings us closer to understanding the network influence effects.
Several results show the influence of friends and contacts to spread certain properties in
social networks. Others question the methodology of these experiments by proposing that the
measured effects may be due to homophily, the fact that people tend to associate with others
like themselves, and a shared environment also called confounding or contextual influence.
Last.fm is a social networking site that organizes itself around music recommendation:
users may automatically share their listening habits and at the same time grow their friendship.
Based on the profiles shared, users may see what artists their friends really listen to the most.
Companies such as Last.fm use this data to organize and recommend music to people.
Our goal is to exploit the timely information gathered by the Last.fm service on users
with public profile to investigate how members of the social network may influence their
friends’ taste. Last.fm’s service is unique in that we may obtain a detailed timeline and
catch immediate effects by comparing the history of friends in time and comparing to pairs
of random users instead of friends.
In our recent result we examine whether social contacts influence one another or whether
the observed similarity in taste and behavior is only due to homophily. We present a carefully
designed experiment to subtract external effects that may result in friends listening to similar
music. Homophily is handled by collaborative filtering, a method that is capable of learning
patterns of similarity in taste without using friendship information. Another possible source
for users listening to the same music may come from traditional media. While the sources are
hard to identify, common in them is that they cause temporal increase in popularity for the
targeted artist. These effects are filtered by another method that measures popularity at the
given time and recommends based on the momentary popularity.
Our key measurement involves the blending of collaborative filtering and temporal popularity recommender systems with our method for influence prediction. We obtain a 4% of
increase in recommendation quality, a strong result in view of the three-year Netflix Prize
competition to improve recommender quality by 10%. Note that we only give a single method
that results in a stable strong improvement over the baselines.
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