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Abstract—The visual world composed by the human and com-
putational cognitive systems strongly relies on shapes of objects.
Skeleton is a widely applied shape feature that plays an important
role in many fields of image processing, pattern recognition,
and computer vision. Thinning is a frequently used, iterative
object reduction strategy for skeletonization. Sequential thinning
algorithms, which are based on contour tracking, delete just one
border point at a time. Most of them have the disadvantage
of order-dependence, i.e., for dissimilar visiting orders of object
points, they may generate different skeletons. In this work, we
give a survey of our results on order-independent thinning:
we introduce some sequential algorithms that produce identical
skeletons for any visiting orders, and we also present some
sufficient conditions for the order-independence of template-
based sequential algorithms.

Index Terms—Cognitive Systems, Skeleton, Sequential Thin-
ning, Order-Independence, Digital Topology

I. INTRODUCTION

Several studies on human cognitive learning put an em-
phasis on the importance of shape abstraction [3], [4], [14].
Recognition and comparison of objects in human vision is
highly based on the examination of similarities between the
general forms of objects [3]. Using such a simplified structure,
our brain is capable to organize and categorize elements of a
scene, as well. Therefore, shape representation is also a crucial
issue in several applications of image processing, pattern
recognition, and computer vision. Skeleton is one of the most
frequently used shape features, which mainly describes the
topological and geometrical properties of segmented objects
[13]. A fundamental strategy for skeletonization is thinning
which is based on an iterative peeling of 2D and 3D objects
[15], until their centerline or, in 3D, their medial surface is
extracted. We can make a distinction between parallel and
sequential thinning techniques depending on whether they
delete multiple points simultaneously or only a single point
at a time [11], [15].

Generally, a sequential algorithm consists of two phases:
in the first phase, some points in the contour of the object
are marked, and in the second phase, the marked points are
examined one by one and the actually visited point will be
deleted if it fulfills the deletion condition of the algorithm.
Basically, the role of the first phase is to collect all black
points in the actual picture whose deletion would not affect the
topology and the shape of the object. The former requirement
can be satisfied by the concept of simple points (see Section 2),

while shape preservation usually can be ensured by applying
some geometric constraints. There are typically two kinds
of such criteria: either we distinguish some endpoints from
other points in the object contour and retain them, or we
accumulate some points that do not fulfill the first mentioned
expectation (i.e., some of the points, whose removal would
be topology-affecting), which are called isthmuses. The latter
characterization originates from Bertand and Couprie [1], [2].

Using some notions defined in Section 2, we will be able to
present the sequential thinning scheme in a more formal way.

The main reason why sequential algorithms may be pre-
ferred to the parallel alternatives is that the topological cor-
rectness of sequential methods is relatively easier to guarantee.
On the other hand, sequential thinning algorithms are usually
order-dependent: their result is affected by the choice of the
order in which we want to examine object points.

In [5] and in [12], there were proposed some order-
independent sequential thinning methods (i.e., algorithms that
extract the same skeletons for arbitrary visiting orders). How-
ever, those algorithms only take into consideration the topol-
ogy of the object but not its shape. Therefore, to apply them for
thinning, object points satisfying some geometrical constraints
must be previously anchored in a pre-processing step.

The aim of this study is to review our results in order-
independent thinning. The paper is organized as follows. Sec-
tion 2 shortly summarizes the basic notions of digital topology.
In Section 3, we introduce our order-independent sequential
thinning algorithms with built-in geometric constraints (which
do not need such a pre-processing step as discussed above).
In Section 4 we formulate some sufficient conditions for
order-independence. Finally, we close the paper with some
concluding remarks.

II. BASIC NOTIONS

Here we follow the fundamental concepts of digital topology
as reviewed in [9], and some extension of it presented in [6].

Let us call Zn (n ∈ {2, 3}) the nD digital space, and let
p ∈ Z

n be a point of it. With the traditional notation Nj(p)
(where j = 4, 8 in the case of 2D pictures and j = 6, 18, 26
for 3D pictures) we refer to the set of points being j-adjacent
to point p. Furthermore, let N∗

j (p) = Nj(p) \ {p}.
An n-dimensional (n = 2, 3) (α, β) labeled binary

digital picture is a 5-tuple (Zn, α, β,B,B+) ((α, β) =
(8, 4), (26, 6)), where Z

n is the set of picture points, B ⊆ Z
n
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is the set of black points, its complement, Zn \B is the set of
white points, B+ ⊆ B denotes the set of active black points,
and B \B+ is the set of inactive black points. We remark that
the above notion is an extension of the conventional binary

digital picture defined in [9]. If the role of B+ is irrelevant,
it can be simply omitted, thus in some cases we will also use
the above notation in its classic form. (Although the original
definition in [6] only considered (8,4) pictures, its adaption is
straightforward to 3D pictures.)

A black component (or object) is the maximal β-connected
set of black points, while a white component is defined as the
maximal α-connected set of white points.

A black point p in the picture (Zn, α, β,B,B+) is called as
a border point, if it is β-adjacent to at least one white point.
A black point which is not a border point is said to be an
interior point.

A black point p is said to be a simple point if its deletion
(i.e., changing it to white) preserves the topolopgy of the
picture. We consider the following characterizations for 2D
and 3D simple points.

Theorem 1: [9] Black point p is simple in picture
(Z2, 8, 4, B) if and only if all of the following conditions hold:

1. p is a border point.
2. The set N∗

8 (p) ∪B contains exactly one 8-component.

Theorem 2: [10] A black point p is simple in picture
(Z3, 26, 6, B) if and only if all of the following conditions
hold:

1. The set N∗
26(p) ∪B contains exactly one 26-component.

2. The set N6(p) \B is not empty.
3. Any two points in N6(p) \ B are 6-connected in the set

N18(p) \B.

It is important to remark that due to Theorems 1-2 the
simplicity of an object point p is a local property that only
depends on the color of points in N∗

j (p)(j = 8, 26).
Using the notion of labeled digital pictures, we can sketch

the general scheme of sequential thinning algorithms, which
is shown in Algorithm 1.

Each of the order-independent sequential thinning algo-
rithms presented in the next section uses one of the following
characterizations of geometric constraints.

Definition 1: [7] A border point p ∈ B in (Zn, α, β,
B) is an eβ-endpoint if and only if Nβ(p)∪B does not contain
any interior point (n = 2, 3, (α, β) = (8, 4), (26, 6)).

Definition 2: [8] A border point p in a picture (Z2, 8, 4, B)
is an I2

C
-isthmus (for curve-thinning) if the set N∗

8 (p) ∩ B
contains more than one 8-components (i.e., Condition 2 of
Theorem 1 is violated).

Definition 3: [8] A border point p in a picture (Z3, 26, 6, B)
is an I3

C
-isthmus (for curve-thinning) if the set N∗

26(p) ∩ B
contains more than one 26-components (i.e., Condition 1 of
Theorem 2 is violated).

Definition 4: [8] A border point p in a picture (Z3, 26, 6, B)
is an I3

S
-isthmus (for surface-thinning) if p is not a simple

point (i.e., Condition 1 or Condition 3 of Theorem 2 is
violated).

Algorithm 1: Seqeuntial Thinning

Input: picture (Zn, α, β,X, ∅)
Output: picture (Zn, α, β, Y, Y +)
Y = X
repeat

// Phase 1: scanning the boundary

Y + = ∅
foreach p ∈ Y do

if p is a simple point and does not fulfill the
considered geometric constraint then

Y + = Y + ∪ {p}

// Phase 2: deletion

foreach p ∈ Y + do

if p is removable then

Y + = Y + \ {p}
Y = Y \ {p}

until Y + = ∅

III. ORDER-INDEPENDENT ALGORITHMS

Here we introduce four order-independent sequential thin-
ning algorithms. Their pseudo-codes are shown in Algorithms
2-5. They were originally presented considering conventional
binary digital pictures as inputs and outputs in [7] and in [8].
Note, however, that Algorithms 2-5 work on labeled binary
digital pictures, which use an extra set Y + for anchoring
interior points and some border points that play a key role in
the aspect of shape-preservation. This alternative formulation
of the algorithms results in simplified and easier-to-study
pseudo-codes, as it makes possible to use less kinds of set
notations. (We would like to emphasize that the mentioned
differences are only technical, not theoretical: it would be quite
straightforward to prove that the algorithms in [7] and in [8]
produce the same results as Algorithms 2-5.)

All the above algorithms are based on the following idea.
We examine in advance if the removal of any set of simple
points in N∗

α(p) would affect the simplicity of the visited point
p, and if this is not the case, then we can safely remove p.
However, if there is at least one set ∆ of black points in Nα(p)
such that p is no more simple after the removal of ∆, then
the deletion of p could result in order-dependence, therefore
p must be preserved.

The main differences of the algorithms lie in Phase 1 of
they iterations steps, where the object points fulfilling various
geometrical constraints are detected and preserved.

Algorithm KP-eβ (see Alg. 2) uses the characterization of
endpoints formalized by Definition 1. We note that this method
works for pictures of arbitrary dimensions (see [7] for details),
however, here we only focus on its 2D and 3D versions, thus
we suppose that n = 2, 3, and (α, β) = (8, 4), (26, 6). Due to
the nature of the applied endpoint-criterion, the algorithm is
only capable of producing the medial surface of 3D objects
(besides the centerlines of 2D objects).

On the other hand, algorithms KP-I2
C , KP-I3

S , and KP-I3
C
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Algorithm 2: KP-eβ
Input: picture (Zn, α, β,X, ∅)
Output: picture (Zn, α, β, Y, Y +)
Y = X
repeat

// Phase 1: scanning the boundary

Y + = ∅
foreach p ∈ Y do

if p is simple and not an eβ-endpoint then

Y + = Y + ∪ {p}

// Phase 2: deletion

modified = false
foreach p ∈ Y + do

deletable = true
foreach ∆ ⊆ N∗

α(p) ∩ Y + do
if p is not simple in
(Zn, α, β, Y \∆, Y + \∆) then

deletable = false
break

if deletable = true then

Y + = Y + \ {p}
Y = Y \ {p}
modified = true

until modified = false

(a) KP-e4 (1 797) (b) KP-I2

C
(1 666)

Fig. 1. A 492 × 606 image with 126 538 object points of a crow and the
results superimposed on the original object. The centerlines were produced
by algorithm KP-e4 [7] (a) and by algorithm KP-I2

C
[8] (b).

(see Algs. 2-5) are based on isthmus-preservation (see Defini-
tions 2-4). Unlike the endpoint-based method, this technique
also allows of extraction of 3D centerlines.

The results of the introduced algorithms can be studied
on five (2D or 3D) test images. Figures 1 - 4 show the 2D
centerlines, 3D medial surfaces and 3D centerlines extracted
by our algorithms. Numbers in parentheses indicate the count
of object pixels. One can observe that algorithms KP-I2

C and
KP-I2

S retain less 2D and 3D skeletal segments (i.e., side
branches or surface patches) as algorithms KP-e4 and KP-e6,
respectively.

Algorithm 3: KP-I2
C

Input: picture (Z2, 8, 4, X, ∅)
Output: picture (Z2, 8, 4, Y, Y +)
Y = X
I = ∅
repeat

// Phase 1: scanning the boundary

Y + = ∅
foreach p ∈ Y \ I do

if p is a simple point in Y then

Y + = Y + ∪ {p}

else if p is an I2
C

-isthmus in Y then
I = I ∪ {p}

// Phase 2: deletion

modified = false
foreach p ∈ Y + do

deletable = true
foreach ∆ ⊆ N∗

8 (p) ∩ Y + do

if p is not simple in (Z2, 8, 4, Y \∆, Y + \∆)
then

deletable = false
break

if deletable = true then

Y + = Y + \ {p}
Y = Y \ {p}
modified = true

until modified = false

(a) KP-e4 (2 499) (b) KP-I2

C
(2 347)

Fig. 2. A 652×446 image with 118 121 object points of a butterfly and the
results superimposed on the original object. The centerlines were produced
by algorithm KP-e4 [7] (a) and by algorithm KP-I2

C
[8] (b).

IV. CONDITIONS FOR ORDER-INDEPENDENCE

In [6], Kardos proposed some sufficient conditions for
the order-independency of template-based sequential thinning

algorithms. In the case of these algorithms, the deletion
condition is given by a family T of deleting templates: a point
can be deleted, if it matches at least one template T ∈ T ; those
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Algorithm 4: KP-I3
S

Input: picture (Z3, 26, 6, X, ∅)
Output: picture (Z3, 26, 6, Y, Y +)
Y = X
I = ∅
repeat

// Phase 1: scanning the boundary

Y + = ∅
foreach p ∈ Y \ I do

if p is a simple point in Y then

Y + = Y + ∪ {p}

else if p is an I3
S

-isthmus in Y then
I = I ∪ {p}

// Phase 2: deletion

modified = false
foreach p ∈ Y + do

deletable = true
foreach ∆ ⊆ N∗

26(p) ∩ Y + do
if p is not simple in
(Z3, 26, 6, Y \∆, Y + \∆) then

deletable = false
break

if deletable = true then

Y + = Y + \ {p}
Y = Y \ {p}
modified = true

until modified = false

points are called T -deletable points. Theorem 3 summarizes
the above referred result.

Theorem 3: [6] Let us consider a template-based sequential
thinning algorithm A that uses the family of templates T .
A is order-independent, if it fulfills both of the following
conditions:

1. Not any template of T contains a T -deletable point
(except for its central point).

2. Let T ′ ∈ T \ T such that T ′ differs from T only in one
point q, where q marks a border point in T ′, while it is a
background point in T . Then, q is not T -deletable in T ′.

It is not hard to see that the deletion condition of any binary
thinning algorithm could be given by deleting templates,
therefore, theoritically Theorem 3 may also be capable of
verifiying the order-independence of a non-template based
sequential thinning algorithm. However, for some algorithms
the rewriting of deletion conditions into the latter form would
require such a great number of templates (which is also the
case for the algorithms introduced in Section 3), that it would
result in a relatively complex, long proof.

Instead of that, below we are to give a further condition
that does not require the template-form of algorithms, and it
serves not only as a sufficient but also as a necessary criterion
for order-independence. As a preparation for this, we must

Algorithm 5: KP-I3
C

Input: picture (Z3, 26, 6, X, ∅)
Output: picture (Z3, 26, 6, Y, Y +)
Y = X
I = ∅
repeat

// Phase 1: scanning the boundary

Y + = ∅
foreach p ∈ Y \ I do

Q = { q | q ∈ N∗
6 (p) ∩ Y , q is simple, and

p is an I3
S

-isthmus in Y \ {q}}
if p is a simple point in Y and Q = ∅ then

Y + = Y + ∪ {p}

else if p is an I3
C

-isthmus in Y then
I = I ∪ {p}

// Phase 2: deletion

modified = false
foreach p ∈ Y + do

deletable = true
foreach ∆ ⊆ N∗

26(p) ∩ Y + do
if p is not simple in
(Z3, 26, 6, Y \∆, Y + \∆) then

deletable = false
break

if deletable = true then

Y + = Y + \ {p}
Y = Y \ {p}
modified = true

until modified = false

introduce another definition.
Definition 5: Let us consider a sequential thinning algo-

rithm A (see Algorithm 1). A parallel thinning algorithm A∗

is the parallel version of A if it has exactly the same deletion
conditions as A with the exception that in Phase 2, object
points are examined simultaneously (i.e., unlike in the case
of A, the second phase of A∗ is considered as a parallel
reduction).

Now we are ready to formulate our new theorem.
Theorem 4: Let A be a sequential thinning algorithm, and

let A∗ be its parallel version. Let us consider an iteration
step of A and A∗, let P = (Zn, α, β,B) an arbitrary picture
(n = 2, 3; (α, β) = (8, 4), (26, 6)), and let D ⊆ B the set of
points deleted by A∗ for the input picture P in the examined
iteration. A is order-independent if and only if for any p ∈ B,
one of the following two conditions hold:

1. p ∈ D, and for each ∆ ⊆ D \ {p}, A∗ deletes p from
the input picture (Zn, α, β,B \∆), or

2. p /∈ D, and for each ∆ ⊆ D \ {p}, A∗ does not delete p
from the input picture (Zn, α, β,B \∆).

Proof: We perform the first part of the proof in an indirect
way. Let us suppose that A fulfills one of the conditions for
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each p ∈ B, yet it is not order-independent. This has two
possible reasons:

I. There exists a p ∈ B that does not fulfill the deletion
condition of A in the beginning of Phase 2, but after A
deletes some other points, it is deletable.

II. There exists a p ∈ B that fulfills the deletion condition
of A in the beginning of Phase 2, but after the removal of
some other points from picture P , p is no more deletable.

Let us examine the first case: we assume that p is not
deletable in P (i.e., p /∈ D), but there exists an S ⊂ B such
that p is deletable in (Zn, α, β,B \ S). S 6⊆ D \ {p}, else
Condition 2 of the theorem would not be satisfied. This means
that there must exist a q ∈ S and a ∆ ⊆ D \ {p} such that
q /∈ D (i.e., q is not deletable by A∗), but q is deletable by A∗

in picture (Zn, α, β,B \∆). However, this is a contradiction
with Condition 2 of the theorem, therefore, only the second
case can occur: p is deletable in P by A∗, but there exists an
S ⊂ B such that p is not deletable in (Zn, α, β,B \ S). By
Condition 1, p ∈ D implies that for each ∆ ⊆ D \ {p}, A∗

deletes p from the input picture (Zn, α, β,B \∆). Therefore,
again we get that S 6⊆ D\{p}, but as we have already seen in
the previous case, this leads to a contradiction with Condition
2. Hence, the first part of the proof is done.

Now let A be an order-independent sequential thinning
algorithm. We prove that one of the conditions of the theorem
holds for any p ∈ B. Let p ∈ B a point such that A deletes
p from the input picture P (no matter what the visiting order
of object points is). Then, p is also deletable by A if it is the
first visited point in Phase 2 of an iteration step, which also
means that p is deletable by A∗, hence p ∈ D. Because of the
order-independency of A, p is still deletable after A removes
any possible set ∆ ⊂ B of object points from P . As D ⊂ B,
this also concludes that for each ∆ ⊆ D \ {p}, point p is
deletable by A∗ in the input picture (Zn, α, β,B \ ∆), thus
Condition 1 of the theorem holds. Let us examine the case
when p ∈ B is a point such that A does not delete p from the
input picture P . Similarly to the previous case, it is easy to
see that p /∈ D, and by the order-independency of A we can
conclude that condition 2 of the theorem holds for p.

V. CONCLUSIONS

In this study we mainly compared some order-independent
sequential thinning algorithms that use various built-in geo-
metrical constraints (characterizations of endpoints and isth-
muses) in order to preserve the shape of objects. Further-
more, we reviewed some sufficient conditions for order-
independence that consider template-based thinning algo-
rithms. We also proposed a novel (sufficient and necessary)
criterion in this topic, which does not require the template-
form of sequential thinning algorithms.

As a future work, we intend to investigate the relationship
between parallel and sequential thinning. Especially, we would
like to formulate a method to construct an order-independent
sequential thinning algorithm that produces the same result
as a parallel algorithm. We also plan to give some further
sufficient conditions for order-independence that are similar

(a) original image (77 280)

(b) KP-e6 (13 422)

(c) KP-I3

S
(9 460)

(d) KP-I3

C
(848)

Fig. 3. A 100×100×30 image of a letter P(a), its medial surfaces produced
by algorithm KP-e6 [7] (b) and by algorithm KP-I3

S
[8] (c), and centerline

resulted by algorithm KP-I3

C
[8] (d).
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(a) original image (92 534)

(b) KP-e6 (8 555)

(c) KP-I3

S
(4 242)

(d) KP-I3

C
(535)

Fig. 4. A 140×140×50 image of a horse (a), its medial surfaces produced
by algorithm KP-e6 [7] (b) and by algorithm KP-I3

S
[8] (c), and centerline

resulted by algorithm KP-I3

C
[8] (d).

to some earlier criteria proposed for topology preservation of
parallel reductions.
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