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Chapter 1. Foundations of topology 

Topology - in a naive sense - is a field of mathematics dealing with those properties of shapes, which remain 

invariant under continuous deformations, such as stretching, bending etc. It is important, that no tearing and 

glueing are allowed. These deformations, mappings evidently alter all of the metric properties - no distances, 

angles, ratios remain invariant. These transformations radically differ from the well-known geometrical 

transformations, such as congruence, affinity etc., where some metric invariants are always found. 

In this section we follow an easy-to-imagine, less abstract way of describing topology, but there are also 

properties, which cannot be visualize in our space. Several notions are known from our earlier studies, such as 

geometry and graph theory - these notions, some of them will be topological invariants - get special view in the 

context of topology. 

1. The topological space 

In this subsection we first define the space that we are dealing with. The topological space is a much more 

generalized notion than geometrical (Euclidean, projective) spaces, since no metric properties are necessary to 

be defined, only the notions of neighborhood and separation must be described to reach the central notion of 

continuity. 

 Definition 1.1. 

Let  be a non-empty (point)set and let  be a family of subsets of . The set  together 

with  is called a topological space, if 

• The empty set and  itself are in  

• The intersection of finitely many members of  is also in  

• The union of any collection (with possibly infinitely many members) of  is also in . 

 is called a topology (or a topological structure) on the base set . Elements of  are called 

points here, although theoretically they can be any objects, while members of  are called 

open sets of . If an open set contains a point, then it is called a neighborhood of the point. 

The topological space is denoted by . 

A set of points will thus be a topological space, if some of its subsets are considered to be open sets. This is a 

very general notion that can be constrained, if the points of the set are supposed to be separated by disjoint open 

sets (this assumption looks very natural, although there are spaces which do not fulfill this requirement). 

 Definition 1.2.  The topological space  is called a Hausdorff-space if for any two 

points of the space there are disjoint neighborhoods such that 

 

The well-known spaces such as Euclidean, affine or topological space are all Hausdorff-spaces. From now on, 

by topological space we mean Hausdorff-space. 

2. Topological transformations 

As it was mentioned in the introduction of this section, topological transformations are based exclusively on 

continuity as invariant property. The notion of continuity is known for us from analysis where its definition has 

been based on distances, but now, we have no metric tools, thus we have to reformulate the definition of 

continuity. 

 Definition 1.3.  A mapping between two topological spaces  is 

continuous if the inverse image of any neighborhood of the image points  (that is any open 

set containing ) is a neighborhood containing : 
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Now, we can define the basic map between topological spaces. 

 Definition 1.4.  A map  is called a topological map or homeomorphism if it is a 1-1 map, 

and continuous in both directions. Two subsets of the topological spaces are called 

topologically equivalent if there exists a homeomorphism which transforms the subsets onto 

each other. 

The homeomorphism is required to be continuous in both directions. Visually it is important to avoid both 

tearing and glueing during the transformations. If the homeomorphism would be continuous only in the original 

direction, then tearing would be avoided since around the tearing continuity would be destroyed, but avoiding 

glueing requires continuity in the opposite direction. 

Here we note, that a homeomorphism of a surface cannot necessarily be executed by continuously deforming the 

surface in the space (See Figure 1.1 and the next video). Those homeomorphisms, which can be done by 

continuous deforming, are called homotopy. 

Figure 1.1. A surface (Boy’s surface) homeomorphic to the projective plane. Although they 

are homeomorphic, there is no homotopy to transform the projective plane to the Boy’s 

surface 

 
 

  V I D E O   

A homeomorphism is a 1-1 mapping, thus homeomorphism of the space onto itself can be called transformation. 

This transformation is - analogously to the well-known ones - is of central importance in topology. Fundamental 

question in topology is to find invariants under homeomorphisms. 

3. Topological transformations 

In this subsection properties of curves and surfaces will be discussed that are invariant under a topological 

transformation (homeomorphism). But first, we have to define what we mean by curve and surface in the 

topological space, for which we need the (topological) notion of dimension. Dimension has already been studied 

in linear algebra, where it was the number of elements of a basis in a vector space, but here, in topology, the 

dimension is defined in a rather different way. 

 Definition 1.5.  Given a topological space . Point elements of this space and any sets of its 

discrete points are defined as of dimension 0. A subset  of the space in one of its points  is 

called of dimension  if for any neighborhood  of  there is a  dimensional subset 

which separates the point  and points of  out of this neighborhood, but there is at least one 

neighborhood of  where this separation cannot be done by a subset of dimension less than 

. 

videos/boys2.avi
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Note that the above definition is a recursive one, that is the dimension  is defined by the help of dimension 

. It is also important that the dimension is assigned to a point of the subset. The whole subset is called of 

dimension , if it is of dimension  in each point. 

 Definition 1.6.  Bounded, closed, connected subsets of a topological space are called curves 

if they are of dimension 1 in each point, or surfaces if the dimension is 2 in each point. Union 

of finite numbers of these kind of subsets are also called curve and surface, respectively. 

Before studying topological invariants of curves, we remind the reader that we suppose that he/she is familiar 

with the notions of graph theory. Since two graphs are identical if their vertices and edges can be correspond to 

each other in a 1-1 way, it is evidently related to the equivalence of topological curves. 

Thus the following statements are direct consequences of graph theoretical issues. 

 Theorem 1.7.  The following properties are invariant under a homeomorphism of a curve: 

• number of components, that is the number of disjoint parts of the curve 

• indeces of points, that is how many branches of the curve pass through a given point 

• planarity, that is the fact if there is a curve in the plane which is identical to the original 

curve 

• unicursality, that is the fact if the curve can be drawn by one single line 

• number of parts of the plane which are separated by the planar curve 

Concerning this latter problem the most famous statement is the Jordan theorem, which states that every planar 

curve which is homeomorphic to a circle divides the plane into two disjoint parts. 
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Chapter 2. Topology of surfaces 

In this section the same questions arise in one dimension higher concerning surfaces. Analogously to the curve 

case, we try to find properties that are invariant under a homeomorphism. Surprisingly one of the most 

important topological invariants, the Euler characteristic, has originally been studied in elementary geometry, in 

the field of polyhedra, as an expression of the sum of the edges, vertices and sides. 

1. The Euler characteristic 

Before starting to study surfaces, we will restrict the notion of surface. Originally, a surface is a two dimensional 

topological object, but we will focus on those surfaces that are homeomorphic to a disk, or can be constructed 

by glueing together such surfaces. By glueing we precisely mean that a part of the boundary of a disk is joined 

to a piece of boundary of another disk, or to another part of the boundary of the same object such that at every 

joint two and only two disks are joined. If the surface is bounded and all of its points are interior point, then the 

surface is called a closed surface. 

Based on the previous restrictions, one can draw a graph onto the surface in a way that the surface is divided 

into pieces homeomorphic to a disk. For simple polyhedra this graph can be the graph containing the vertices 

and edges of the polyhedra itself. It has been proved (c.f. Euler theorem for polyhedra) that if the number of 

vertices, edges and faces (disks) are denoted by  and , respectively, then . 

This theorem is a special case of a more general statement. The graph can be drawn onto any surface and the 

number of vertices, edges and faces (pieces homeomorphic to a disk) will be formulated in a similar way. 

 Theorem 2.1.  Consider the graph  drawn onto the surface. Let the number of vertices, 

edges and faces (pieces cut by the edges, homeomorphic to a disk) be , , and , respectively. 

Then the number  is independent of the graph itself, depends only on the 

surface. 

 Definition 2.2.  The number  is called the Euler characteristic of the surface . 

The Euler characteristic typifies the surface, but a much stronger statement also holds: it is a topological 

invariant. 

 Theorem 2.3.  If two surfaces are topologically equivalent (homeomorphic), then their Euler 

characteristics are identical. 

Let us see some examples. The Euler characteristic of the sphere, as it directly follows from the original Euler 

theorem for polyhedra, is . For the disk itself , since choosing a point on the circle as vertex, the 

circle itself will be the only edge, while the disk is the only face, thus . 

Figure 2.1. Euler characteristic of the torus is 0. 

 

The Euler characteristic of the torus can also be computed by drawing a simple (as simple as possible) graph. As 

it can be seen in Fig. 2.1, . 

As a last example, let us consider the Möbius strip (see Figure 2.2 and the next video). 

Figure 2.2. Euler characteristic of the Möbius strip is 0 
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  V I D E O   

The boundary of the strip is homeomorphic to the circle, thus choosing a point on it the number of both vertices 

and edges would both be one. But the generated graph is not suitable, since the face is not homeomorphic to the 

disk - for this we need a further edge (like cutting the strip) and another vertex, having two vertices, three edges 

and one single face (like a quadrangle), conversely the Euler characteristic is . 

These latter two examples warn us that Theorem 2.3 does not hold vice versa: the fact that two surfaces have the 

same Euler characteristic, does not implies that they are homeomorphic, since e.g. the torus and the Möbius strip 

are evidently not topologically equivalent (the strip is of one-sided, while the torus has two sides). 

For a more complicated surface one may have to draw a complicated graph as well. But the Euler characteristic 

can be computed by dividing the surface into simpler parts and adding the individual characteristic in a certain 

way. The following theorems help us to do so. 

 Theorem 2.4.  If we cut a disk out of a surface, then the Euler characteristic of the new 

surface is one less than the Euler characteristic of the original surface. 

Proof.  Consider a graph on the surface such that the disk in question is a face of this graph. 

After cutting the disk out, the number of edges and vertices remain unchanged, while the 

number of faces will be one less. Thus the sum  will also be one less and this was to 

be proved. □ 

 Theorem 2.5.  Consider two surfaces  and  with boundary, the boundaries are 

homeomorphic to the circle. Let . Then glueing them along their 

boundaries, the new unified surface  has Euler characteristic: . 

Proof.  The statement can also be formulated in a way that we glue the hole (homeomorphic 

to a disk) in  by the other surface . We can draw a graph onto both surfaces in a way that 

the boundaries contain one vertex and thus one edge. At glueing we can assign the vertices in 

the two boundaries and the two boundaries themselves to each other. Thus the union of the 

two graphs will be a suitable graph in the surface  to compute the new Euler characteristic. 

But at the glueing process only one vertex and one edge disappeared, all the others remained 

unchanged, hence . □ 

Theorem 2.4 is obviously a special case of Theorem 2.5. The two statements together give us a possibility to 

glue closed surfaces and compute the Euler characteristic of the new surface. Consider two closed surfaces  

and  with Euler characteristics . Cut a region homeomorphic to a circle out of both 

surfaces, and glue them along the boundary. Due to the previous computations, cutting makes the Euler 

characteristics of both surfaces one less, while glueing yields a simple addition. Thus the Euler characteristic of 

the final surface is . 

 Example 2.6.  Consider a sphere and a torus. Cutting a circle out of both surfaces and glueing 

them along the boundary, the new surface - sphere with handle - has Euler characteristic 

. The same computation can be done by cutting out  circles and glueing them 

videos/mobius.avi
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by  tori. The resulted surface  is called sphere with  handles, and its Euler characteristic 

is . 

 Example 2.7.  Consider again a sphere and cut out  disjoint disks. Now, the holes are closed 

by no tori but by Möbius strips. As we have mentioned, the boundary of the Möbius strip is 

homeomorphic to the circle, that is it is possible to close the hole with it, although there is no 

homotopy which transforms the Möbius strip to a surface with planar circle boundary. These 

surfaces are denoted by  and their Euler characteristics are . Note 

that these are one-sided surfaces. 

Figure 2.3. The Möbius strip can be topologically transformed to a surface 

with circle boundary, although it is not a homotopy 

 

Although a homeomorphism, which is not a homotopy, is very hard to visualize, Figure 2.3 

tries to explain the transformation of the Möbius strip to a surface with circle boundary. 

During this construction we cut and glue, which is not allowed in a homeomorphism, but at 

the final stage the boundaries of the separated parts coincide again from point to point, thus 

the first and the final shapes are homeomorphic. 

Here we note, that the projective plane can be constructed in a similar way. The projective plane can be 

considered as the extension of the affine plane by ideal elements. In this extension the topology of the plane will 

be changed rather drastically by glueing the lines in their ideal point to a circular shape. If we imagine the affine 

plane as a disk with boundary, then glueing the opposite points of this boundary we can obtain the projective 

plane. This can be done by deforming the disk to a hemisphere, and then close it by a surface homeomorphic to 

Möbius strip and having circular boundary, just as the surface we have constructed before. Thus the projective 
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plane is homeomorphic to a sphere with one hole closed by the Möbius strip, which has been denoted by . It 

is interesting to note, that the projective plane, such as , is a one-sided surface. In the three dimensional 

affine space we cannot provide a surface homeomorphic to the projective plane without self-intersection, but in 

Figure 1.1 one can observe the complexity of this surface - this is a famous surface homeomorphic to the 

projective plane. 

One may think that beyond these examples many-many more surfaces can be constructed by glueing and 

cutting. This is why the following theorem, proved by Möbius and Jordan sounds surprising and us of central 

importance providing the topological classification of closed surfaces. 

 Theorem 2.8.  Any closed surface is homeomorphic to one of the following surfaces: 

, where  is a sphere with  holes and closed by tori, while  is 

a sphere with  holes closed by Möbius strips. 

Proof. 

We did not completely prove the theorem, only give some remarks. It is easy to prove, that all 

the surfaces mentioned in the theorem are different from a topological point of view. Surfaces 

 have different Euler characteristics depending on , surfaces  also have different 

characteristics depending on . Two surfaces  and  can have the same Euler 

characteristic, but  is a one-sided surface,  is a two-sided surface, and this property is a 

topological invariant. If we would try to construct a new surface by cutting  holes and closing 

 of them by tori, while  of them by Möbius strips (where ), then it will be 

equivalent to a sphere with  holes closed by Möbius strips, that is homeomorphic to the 

surface . 

The deep part of the proof is to show that any closed surface is homeomorphic to one of the 

above mentioned surfaces, but this is not proved here. □ 

2. Topological manifolds 

After curves and surfaces we will study a more abstract and general notion, namely the manifold. Manifolds are 

locally homeomorphic to the  dimensional Euclidean space, more precisely every point has a neighborhood, 

which is homeomorphic to an open set of . This means, that manifolds can "piecewisely" be considered as 

Euclidean space, but they can be very complicated structures. In this subsection we shortly mention some 

important notions and results about manifolds. 

 Definition 2.9.  A topological space or a subset of it is called  dimensional topological 

manifold (or simply manifold), if every point has a neighborhood, which is homeomorphic to 

an open subset of . 

To understand the locality of the definition, consider a simple example. The circle is a one-dimensional 

manifold, because, although it is not homeomorphic to any open set of  (that is not homeomorphic to any 

open interval of the line), but each point of the circle evidently has a neighborhood, for example a semicircle, 

which is homeomorphic to an open interval. 

Analogously, the sphere or the torus is a two-dimensional manifold, because every point has a neighborhood 

(for example a small circular part on the surface), which is homeomorphic to the open disk. 

A three dimensional manifold is, for example, the three dimensional sphere or simply 3-sphere, which contains 

all of the points of the 4 dimensional Euclidean space which are of a fixed distance from a given point. 

It is easy to prove that every simply connected, closed one dimensional manifold is homeomorphic to the circle, 

and every simply connected, closed two dimensional manifold is homeomorphic to the sphere. The analogous 

statement is a very hard problem in higher dimensional spaces, which has been proved recently for dim . 

 Theorem 2.10 (Poincaré - Perelman).  Every simply connected, closed three dimensional 

manifold is homeomorphic to the 3-sphere. 

This statement was known as Poincaré-conjecture until 2003, when Perelman proved the theorem. It is 

interesting, that for dimensions higher than 3 the proof is much easier. 
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3. The fundamental group 

In this subsection we study paths in a topological space or along a manifold. By path we mean the trace of a 

point which runs from a given point to another given one continuously in the space or in the manifold. Based on 

this study we can define an algebraic group which is assigned to the space and is of great importance. 

 Definition 2.11.  Consider a topological space  and one of its points . The paths starting 

and ending at  are continuous mappings  for which . Two 

paths are equivalent if there is a homotopy between them in the given space. 

If the point of the space is fixed, then the homotopy of paths starting and ending at the given point are called 

loops. The homotopy of loops generates an equivalence relation, since it is reflexive (any path is homotopic to 

itself), symmetric (if path  is homotopic to path , then, due to the 1-1 mapping, it holds vice versa)and 

transitive (since homotopy is transitive). Thus this relation induces a classification in the set of loops having 

equivalent loops in one class. Among these classes one can define an operation by running along the two loops 

one after another. This operation is called concatenation. Let this operation be denoted by , which means 

that we runs along the loop  from the given point  and when we arrived back at , we start to move along the 

loop  arriving back again to , and this is again a loop. 

 Theorem 2.12.  Homotopy classes of a topological space  generated by the point  form an 

algebraic group for concatenation as operation. 

Proof.  As we have seen, the set of classes is closed for the concatenation. Consider the class 

containing those loops which can be contracted to one single point. This class is the identity 

element. Every loop has its inverse, running along the same loop backwards, which is again a 

loop, and concatenating it to the original one, we obviously obtain a loop from the identity 

element. It is also easy to see that associativity holds, since passing through  again and again 

it is irrelevant which loop we will follow next. □ 

It is important to note, that the above group is not commutative in general. Another question arises: if we 

consider another starting point of the space, having other loops, whether this group will be similar to the 

previous one? 

 Theorem 2.13.  Any two points  and  of a topological space generate isomorphic groups. 

Proof.  Consider a path connecting  and , let us denote it by . For every loop  starting 

from  assign the loop  starting from , for which , where  is the 

same as  but backwards. This map is a 1-1 map between the (classes of) loops, moreover it is 

an isomorphism: for any two loops  and  

. Hence the two groups are 

isomorphic. □ 

After this theorem the group can be assigned not only a specified point of the space, but the space itself. 

 Definition 2.14.  The group generated by the loops of a point of the topological space is 

called a fundamental group of the space. 

Fundamental groups are important tools because they can describe the structure of the space, as one can observe 

from the following theorem. 

 Theorem 2.15.  Two topological spaces are homeomorphic  their fundamental groups are 

isomorphic. 

This allows us to study the topology of manifolds and spaces by the algebraic structure of their fundamental 

groups, which is, as we have seen, topological invariant. Thus the fundamental group of the disk and the sphere 

contains only one element, the identity element, because for any point all the loops can be contracted to that 

single point. 

Figure 2.4. Loops on the disk can be contracted to one single point - the fundamental group 

contains only one element, the identity element 
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However, if we cut a hole into the disk, or omit a single point of the sphere, the fundamental group will 

suddenly have infinitely many elements. One class contains those loops which go around the hole or the missing 

point  times, where . Thus this fundamental group is isomorphic to the additive group of 

integers. 

Figure 2.5. Loops of the disk with a hole cannot be contracted to one point. Loops going 

around the hole  times form one class, for  we have the identity element. This group is 

isomorphic to  

 

Finally the fundamental group of the projective plane has two elements, loops are in one or in the other class 

depending on whether they intersect the line at infinity or not. 
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Chapter 3. Foundations of differential 
geometry, description of curves 

A broad class of curves and surfaces will be studied in this section, mainly by analytical tools. This approach 

makes us enable to describe those properties of curves and surfaces, that can be examined hard by algebraic 

tools. Due to the basic properties of differentiation, however, our results will hold only in a sufficiently small 

neighborhood of a point, that is our results will almost exclusively be local results. 

First we have to define what type of curves will be studied here, more precisely we have to describe what we 

mean by curves in terms of differential geometry. 

We can think of a space curve as a spatial path of a moving point. At any moment  of the movement draw the 

vector  from origin  to point . Let us denote this vector by . This way we have a vector-valued 

function, defined on a (finite or infinite) interval  (c.f. Fig. 3.1). This vector-valued function  is, in general, 

not a 1-1 mapping, there may be parameters for which  , . This is a double point of the 

curve, where the curve intersects itself. To eliminate these points in the future, we assume that the function  

is a 1-1 mapping. It is also desired to consider only continuous functions, more precisely functions which are 

continuous in both directions. This means that if a sequence  in the interval  converges to , then the 

point sequence  is also convergent and converges to  and vice versa. A 1-1 mapping, which is 

continuous in both directions, has been called topological mapping. 

Figure 3.1. Definition of a curve as a scalar-vector function 

 

 Definition 3.1.  By curve we mean an  scalar-vector function defined on 

a finite of infinite interval that satisfies the following conditions a)  is a topological 

mapping b)  is continuously differentiable on  c) the derivative of  does not vanish 

over the whole domain of definition. 

The scalar-vector function  is a representation of the curve, but this curve can also be described by other 

functions as well, some of them may not fulfill all the conditions mentioned above. Those representations that 

fulfill conditions a) - c) are called regular representations. 

Function  will normally be given by its coordinate functions . Derivative of  is 

also computed by differentiating the coordinate functions. The derivative function, which itself is a scalar-vector 

function as well, is denoted by . 

Concerning the definition of curves we have to emphasize that the word "curve" is frequently used in everyday 

life and it very often indicates shapes that do not fulfill the requirements we gave. These requirements are 

especially defined because we want to apply analytical tools above all differentiation. 

 Example 3.2.  The function  is an equation of a straight line, where  is a 

point of the line, while  is a direction vector of the line. By coordinate functions: 

 

 Example 3.3.  Function  defines a circle, where  is the 

center of the curve, the plane of the circle is given by the orthonormal basis with origin  and 
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unit vectors , while  denotes the radius of the curve. For the parameter 

. Specifically the circle with origin as center, ,  as unit vectors and  

as radius is given by the following coordinate functions: 

 

 Example 3.4.  The function  defines a helix in the 

 orthonormal basis, where  is a constant, which is the height of one complete 

helix turn, called pitch. Using coordinates  ,  ,  the 

coordinate functions of the helix are: 

 

The function  uniquely determines the curve, but not vice versa: a certain curve has many - and many 

regular - representations, there are infinitely many functions that define the same curve. Consider a real function 

 between two given intervals. If  , then  is the very same 

curve, as . This way we transform the representation  to  by the help of . This technique is 

called a parameter transformation. 

 Example 3.5.  In example 2) we defined a circle on the interval . Now we 

transform the parameter to  applying the transform function . Hence 

 

 Theorem 3.6.  A parameter transformation  transforms a regular representation  

to a regular representation  again, if  and  

If a parameter transformation works on a curve as it is written in the theorem, then it is called an admissible 

parameter transformation. If we consider a direction on the curve determined by increasing values of the 

parameter, then it is called an orientation of the curve. Two representations,  and  of the same curve 

determine the same orientation, iff the transformation function  which transforms  to the 

representation  is a strictly increasing function. If  is strictly decreasing, then the two 

representations have opposite orientations. 

If all the points of the curve are in one single plane, then it is called a plane curve, otherwise it is a spatial curve. 

1. Various curve representations 

In the preceding section we have seen the parametric representation of curves. However, there are other methods 

to describe a curve. In school two elementary methods are preferred, the implicit and explicit way of definition. 

For plane curves these representations are as follows: 

1.  

Explicit representation.Consider a Cartesian coordinate-system in  and the function . Those 

points, the coordinates  of which fulfill the equation, form a curve. This representation is called 

Euler-Monge-type representationof the curve. 

2.  

Implicit representation.Consider a Cartesian coordinate-system in  and the function . Those points, 

the coordinates  of which fulfill the equation , form a curve. Note, that the points fulfilling 
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the equation  (where ) also form a curve. This representation of the curve is introduced by 

Cauchy. 

3.  

Parametric representation.This is the method of curve representation what we described in the definition. The 

curve is given by the parametric form  which has two (or in space three) coordinate functions: 

 

This form is frequently referred to as Gauss-type representation. 

Each of the forms above have their advantages and drawbacks. The explicit form cannot be considered as 

universal description, e.g. the equation  of a straight line cannot represent the lines parallel to the  

axis. The first two forms cannot directly be applied for spatial curves, hence introducing a new unknown, 

 and  represent surfaces instead of spatial curves. In this sense the parametric form 

is the most general representation form of the curves. 

Conversions between different forms yield problems of very different level of difficulty. While transfer the 

curve from explicit representation to implicit form simply means a  rearrangement, the 

transfer from implicit form to explicit representation requires deeper mathematical background. The theoretical 

possibilities of conversion will be discussed in detail when examining the surfaces, now, we show only an 

example for polynomial curves. 

2. Conversion between implicit and parametric forms 

Now, we consider only polynomial curves. The two opposite directions of this conversion have different 

mathematical difficulties. From parametric form to implicit form the conversion is always possible theoretically, 

however there can be practical problems at the computation. A planar curve or a surface given by implicit 

equation does not necessary have parametric representation though, and even if it exists, there is no universal 

effective method to compute it. For spatial curves, which are given in implicit form by the intersection of two 

implicitly given surfaces, the parametric form does not necessarily exist even in the case when the two surfaces 

have this kind of representations. 

The simpler case is to convert the parametric form to implicit one. It is based on the fact that the coordinate-

functions of the parametric form can be considered as a system of equations, in which the unknowns are  

for planar curves,  for surfaces. If we eliminate the unknown  (or unknowns  for surfaces), then 

the equation we obtain is nothing else then the implicit form of the object. The elimination always works 

theoretically, but for higher degree polynomials computations can be very complicated, thus for practical usage 

there are faster algorithms for low degree polynomials. We present such a method for planar curves here. 

Let a planar curve with coordinate functions  be given. In general these functions are rational 

polynomial functions thus we can write them in the form 

 

where coefficients  are real values. Now the implicit form of this curve can be computed by a 

determinant 

 

where elements of the matrix are 
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The above determinant is called Bézout–resultant and it provides a simple algorithm for planar curves. Note that 

the degree of the equation (i.e. the order of the curve) has not been changed by the conversion. 

Similar algorithm exists for surfaces, but for spatial curves, where the implicit and parametric forms are 

essentially different, this method does not work. 

Conversion in the opposite direction, as it is mentioned, yields a more difficult mathematical problem. There is 

no general, universal method even for its existence, that is for deciding whether there is at all a parametric form 

of an algebraic curve given in implicit form. The most known result about it is a theorem by Noether, in which 

the genus of the curve plays an essential role: 

 

where  is the order of the algebraic curve, while  is the number depending on the number of singular points of 

the curve (here the curve is considered above ). 

 Theorem 3.7.  (Noether) An algebraic planar curve given in the form  has 

parametric form iff genus  

This theorem solves the problem of existence theoretically, but the computation of genus  is not always a 

trivial task, and even if it is computed, the theorem does not provide a constructive way to find the parametric 

form. Similar theorem exists for surfaces (Castelnuovo-theorem), but neither of these theorems gives us a 

constructive approach. For certain types of simple curves, which are important in everyday practical 

applications, for example for conics and for some cubic curves, there are practical algorithms to compute the 

conversation. One of these algorithms is discussed in the next section. 

3. Conversion of conics and quadrics 

For any non-degenerated conics there exists a parametric form. The method, converting the implicit form to 

parametric one, is based on the fact that if a line intersects a conic in a point, then there must be another 

intersection point as well. In Euclidean plane there are two exceptions: the parabola, where lines parallel to the 

axis of the parabola intersect the curve only in one single point, and the hyperbola where lines parallel to the 

asimptotes intersect the curve in a single point as well. These exceptions, however vanish in the projective 

plane, where these lines intersect these curves in two points, one of which is at infinity. 

Let us choose an arbitrary point  at the conic and consider the family of lines passing through this point. Each 

element of this family intersects the conic in a point different from . If we describe the family by the help of a 

parameter , then this parameter can also be associated to the intersection points, i.e. to the curve points except 

. Let the parameter  being associated to . This way we obtain the complete parametrization of the 

curve. 

Follow this idea in the case of a simple example, so consider a circle with unit radius and with center at the 

origin. The implicit form of this curve is 

 

Let us choose the point  of this curve. Lines in the form  passing through  are of the 

form . Thus the equation of the family of lines passing through  is 

 

(see Fig. 3.2). 

Figure 3.2. A possible parametrization of the circle 
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These lines  intersect the circle in  and in another point, say . This point evidently depends on the 

parameter . One can easily compute the coordinates of the intersection point if we substitute the equation of the 

line to the equation of the circle: 

 

from which 

 

where root  provides the original point , while the other root (more precisely the coordinate  

obtained by the backward substitution) provides the other point . The coordinates of this point (depending on 

) are: 

 

Because of altering the straight line, point  runs on the circle, the system of equation described above provides 

the parametric representation of the circle. 

The parametric equation of any non-degenerated conics can also be computed by an analogous technique. The 

following table shows the parametric equations of these curves. 

 

All of the non-degenerated conics of the plane can be transformed to one of the above mentioned form (so-

called canonical form) of curves by coordinate-transformations. Thus a curve can also be parameterized by 
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transforming it to canonical form, and then applying the inverse of this transformation to the above parametric 

equation. 

Concerning parametrization problems, the described method is not unique, for example, in technical studies 

there are other types of parametrization techniques for special curves. 

Finally, we remark that the method described above can also be applied for those algebraic curves of order , 

which have an -tuple point (also called monoids). Lines passing through this point intersect the given 

curve in one single point as well, thus the parametrization can be computed (see for example the cubic curve 

with double point in Fig. 3.3). 

Figure 3.3. This cubic curve with double point can be parametrized by the described method: 

. 

 

The problem of finding the intersecting points of two planar curves can ideally be solved in the case when one 

of the curves is given in implicit form, while the other curve is given in parametric form. Other cases can be 

computed by transferring the problem to this case by parametrization or implicitization. 

Consider two planar curves, one of them is given in implicit, the other one is given in parametric form: 

 

Substituting the coordinate equations of  to the implicit form of  the following equation holds: 

 

the degree of which is the product of the order of the two given curves. Roots of the equation falling into the 

domain of definition of  give us the parameter values associated to the intersection points of the two curves. 

Substituting these values to the equations of  the coordinates of the intersection points are obtained. 
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Chapter 4. Description of parametric 
curves 

1. Continuity from an analytical point of view 

Let us consider two curves,  and , meeting at a point . Due to the traditional 

concept of continuity the joint of two curves are said to be n-times continuous, or in other notation -

continuous, if the derivatives of two curves coincide at the given point up to  order, that is 

 

are fulfilled. 

By the help of this concept one can easily define the continuous joint of a surface and a curve, or two surfaces. 

The joint of two surfaces is  continuous, if all of their partial derivatives coincide at the intersection points up 

to  order. The joint of a surface and a curve is  continuous, if there exists a curve on the surface that is 

met by the given curve in an -times continuous way. 

The continuity of the joint of two curves or two surfaces thus can be checked by simple computation of the 

derivatives. The continuity of a curve and a surface, however, requires a suitable curve on the surface, which 

cannot be found in a straightforward way. The following theorem can help us in solving this problem. 

 Theorem 4.1.  Let a surface  be given, the derivatives of which exist and do 

not vanish up to  order in any variables. Then the curve  , ,  touches the 

surface  at one of their points  times continuously iff there exists a parameter 

value  for which the derivatives of the function  fulfill the 

equation 

 

Proof.  Suppose, that there exists a curve  on the surface, which 

touches the original curve in an  times continuous way.Then 

 

and the derivatives of the two curves also coincide, from which, applying the fact that 

 

follows, that 

 

For higher derivatives the statement can be proved in an analogous way. 

Now suppose, that 

 

holds. Then we have to find a suitable curve on the surface. All the partial derivatives of the 

surface exist and do not vanish, thus the surface can be converted to the explicit form, say 

. Projecting the curve  onto the surface by a direction 

parallel to the  axis, the coordinate functions of the projected curve  are 
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and one can easily see that this curve and the original curve meet in a  times continuous way. 

□ 

2. Geometric continuity 

From a geometric point of view the  continuity of two curves means that at the joint point  the tangent 

vectors of the two curves are identical. A less severe condition would be the coincidence of the directions of the 

two tangent vectors, that is the coincidence of the tangent lines, fulfilling the equation 

 

This latter criteria has a certain advantage over  continuity: it is independent of the current parametrization of 

the two curves, and this condition is formed from a purely geometric viewpoint. This is why this latter 

continuity is frequently referred to as first order geometric continuity, or  continuity. 

In a similar manner higher order geometric continuity can be introduced as well. Remember that analytical  

continuity and  continuity require the coincidence of second and third derivatives, respectively. The second 

and the third order derivatives are applied to describe the curvature and the torsion, respectively, so it is a good 

strategy to require their coincidence to define the higher order geometric continuity.. 

Thus two curves at their joint point  are said to be  continuous, or second order geometric continuous, if 

the direction of the tangent vectors as well as the curvature at  coincide. By applying the definition of the 

curvature and the criteria of  continuity, this requirement can be defined by the following system of 

equations: 

 

Analogously, two curves at their joint point  are said to be  continuous, or third order geometric 

continuous, if the direction of the tangent vectors as well as the curvature and the torsion at  coincide. Adding 

the definition of the torsion to the previous conditions, the criteria of third order continuity can de defined as: 

 

Geometric continuity can be generalized for higher order  as well, but only in higher dimensional 

spaces, where there are further invariants similar to the curvature and the torsion. 

Geometric continuity is less restrictive than analytical continuity, but it is defined by purely geometric 

conditions, independently of the actual parametrization of the curves. It is important to note, that visually the 

two different notions of continuity cannot be distinguished for order higher than 2. 

3. The tangent 

Consider a curve  and let us fix one of its points , associated to the parameter value . Let   

be a sequence of parameter values in the domain of definition, which converges to . This sequence of real 

numbers defines a point sequence  on the curve as well. 

 Definition 4.2.  The tangent line (or simply tangent) of the curve  at  is defined as the 

limit position of the lines of the chords  if this limit is independent of the choice of the 

sequence  converging to . 

 Theorem 4.3.  At each parameter value  of the curve  the tangent line uniquely exists. 

It is the line passing through the point  and having the direction , which is 

called tangent vector. 
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Proof.  Consider the lines . These lines form a convergent sequence of lines, because 

the point sequence  tends to the limit point  and the direction vectors of the lines also 

form a convergent sequence. The direction vector of the line  is  or this 

vector multiplied by a nonzero scalar. Thus, for example vector  is a 

direction vector. Due to the definition of differentiation, the sequence of these vectors tends to 

the vector  for any sequence of parameters . □ 

Figure 4.1. Definition of tangent 

 

Based on this theorem, the parametric equation of the tangent line of the curve  at the point  is: 

 

 Example 4.4.  Consider the circle with origin as center. Its parametric representation is 

, . The tangent vectors at the points of the curve 

are: . If , then the tangent vector is a vector with 

coordinates . The length of the tangent vectors can be determined as: 

 

that is at each point of the circle the tangent vector is of equal length. This length, however, 

depends on the actual parametrization of the curve - other parametrizations may yield non-

constant tangent lengths. 

4. The arc length 

Consider the curve   and its arc  which is the image of the segment  of the parameter 

domain I. Let  be a partition of the interval. Points of the curve 

associated to the values of this partition, are . Connecting these points in this 

order we obtain a broken line inscribed to the curve, which is called normal broken line. 

 Definition 4.5.  Consider an arc of a curve and all the possible normal inscribed broken lines 

to this arc. The arc length of this arc is the least upper bound (supremum) of the set of lengths 

of the broken lines mentioned above. 

 Theorem 4.6.  If we consider the arc of the curve    from the 

point  assigned to the parameter value  to the point  assigned to  then the length of 

this arc is 

 

The integrand of the integral in the previous theorem is nothing else than  Thus 

 

As we observed, there are infinitely many representations of a curve with various parametrizations. But the 

statements about a curve should be about the curve itself and not about one of its representations ( i.e. one of its 

specific parametrizations). We intend to apply a parametrization, which is uniquely determined by the curve, 
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thus it has itself some geometric meaning. Arc length is a parameter of that kind. In arc length parametrization, a 

parameter assigned to a curve point  is the measure of the arc length computed from a fixed point  to . 

The measure is signed measure, having a predefined orientation along the curve. It can be proved, that starting 

from any regular parametrization there is a transformation which yields an arc length parametrization of the 

curve. One can consider the computation of the arc length of the curve   as an integral 

where the upper end is a variable. Thus the arc length is the function of , the original parameter: 

 

Function  is strictly increasing, because it is the integral of a positive function. It is also continuously 

differentiable, because the integrand is continuous. Thus there exists the inverse function  of  

which is also strictly monotonous and continuously differentiable. Hence  is an admissible parameter 

transformation of the given curve. Arc length is determined up to an additive constant, which is a consequence 

of the arbitrary choice of the starting point  and its parameter . Arc length parametrization also yields 

constant tangent vector with unit length. 

Various parametrizations of a curve can be considered as various movements along a fixed trajectory. If the 

parameter is the arc length, then this movement is of unit speed, that is the displacement is proportional to the 

time. To distinguish arc length parametrization from other regular parametrizations, derivative of the curve is 

denoted by . 

 Example 4.7.  Consider the helix  and compute 

its representation by arc length parametrization. The derivatives are 

 , hence the arc length can be expressed as: 

 

which yields . Substituting this formula to the original equation we get 

 

which is the representation of the helix with arc length parametrization.The tangent vector is 

as follows 

 

The length of the tangent vector can be written as 

 

5. The osculating plane 

Consider the curve  parametrized by arc length. Let this curve be two times continuously differentiable. 

Further on let  be an arbitrary point on the curve where  does not vanish. Consider three points on the 

curve, which are not collinear:  with assigned parameter values , and let the points 
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 tend to the point  along the curve. At each moment these three points uniquely determine a plane 

(except at particular cases when these points are collinear for a moment). 

 Theorem 4.8.  Given a curve  and three points  on it, the sequence 

of the planes defined by these points as  tend to the point , has a unique limit plane, 

which depends only on the curve and the point . This plane is defined by the vectors  

and  in . 

 Definition 4.9.  The limit plane defined above is called osculating plane of the curve  at 

. 

The equation of the osculating plane can be written by a scalar triple product (which is denoted by parentheses): 

 

where  is a vector to a point of the osculating plane. Its components are: 

 

6. The Frenet frame 

Figure 4.2. The Frenet frame and the planes determined by the frame’s vectors: the osculating 

plane (S), the rectifying plane (R) and the normal plane(N) 

 

At each point of the curve a system of three, pairwise orthonormal vectors can be defined. If we consider these 

vectors as unit vectors of a Cartesian coordinate-system, the description of the curve becomes much simpler. Let 

the curve  be two times continuously differentiable with arc-length parametrization, and suppose that the 

vector  do not vanish at any point. Let the first vector of the Frenet frame be the tangent vector , 

which is of unit length, due to the arc-length parametrization. Let us denote this vector by . The second 

vector of the frame will be one of the normals of the tangent vector lying in the osculating plane. The vector  

is in the osculating plane and derivating the equation  we have  which means that it is 

orthogonal to the tangent vector as well. Thus the second vector of the frame can be the unit vector with the 

direction of , which will be called normal vector, denoted by . The third vector of the frame has to be 

orthogonal to the first two vectors  and , thus it can be the vector product of these vectors. It is called 

binormal vector. Finally the vectors 

 

form a local coordinate-system at each point of the curve. The coordinate plane of  and  is the 

osculating plane, while the plane defined by  and  is called normal plane, while the third plane, defined 

by  and  is the rectifying plane. If  holds at a point of a curve, then the Frenet frame cannot 
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be uniquely determined at this point. If this is the case along an interval of the parameter domain, then the curve 

is a line segment in this interval. 
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Chapter 5. Curvature and torsion of a 
curve 

Two fundamental notions about the parametric curves will be defined and studies in this section. Curvature 

provides a value to measure the deviation of the curve from a line at a certain point. Torsion provides a value to 

measure the deviation of the spatial curve from a plane at a certain point. Curvature and torsion are two 

functions along the curve, by which - as we will see - the curve is completely determined. 

1. The curvature 

Now curves are planned to be characterized to show how much they are curved, that is by the measure of their 

deviation from the straight line (which is not curved at all). Tangent lines of the straight line are parallel to 

(actually coincide with) the line itself and therefor to each other as well. Thus the measure of the deviation can 

be based on the change of the direction of the tangents. Let  be a two times continuously differentiable 

curve given by arc-length parametrization. Let the tangent vector at point  and  be  and 

, respectively. The following notations are introduced:  and  (see Fig. 5.1). 

Figure 5.1. Notion of curvature 

 

 Definition 5.1.  The limit 

 

is called the curvature of the curve at . 

 Theorem 5.2.  The above defined limit always exists and it can be written as: 

 

Proof.  It is known, that the ratio of the angle and its sine tends to 1 as the angle decreases, 

that is , which yields the following expression of the limit 

. But the sine of the angle can be written by the help of the 

vector product of the unit tangent vectors, because . Thus 

 

Applying the identity of vector products and using the fact that the vector product of any 

vector by itself is the zero vector, we obtain 
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To prove the formula for curves given by general regular (non-arc-length) parametrization, 

suppose, that the curve  can be transformed to arc-length parametrization by the 

transformation function . Now  is parametrized by arc-length. By the rules 

of differentiation one can obtain 

 

moreover 

 

Applying the fact, that vectors  and  are orthogonal and , one can write 

 

Derivative of the transformation function  is as 

 

thus finally 

 

from which one can obtain the final formula by substitution 

 

□ 

Now we describe an important relation between  ,  and . By definition  , thus  or by 

other formulation . This latter formula is one of the Frenet-Serret formulas, which will be proved in 

the following sections. 

It is obvious from the definition, that the curvature of any straight line is identically zero, and vice versa: if the 

curvature of a curve is identically zero, then it must be a straight line. It is easy to show, that the curvature of a 

circle with radius  equals , and it can be shown that every planar curve with non-vanishing, constant 

curvature must be a circle. As one may expect, the larger the radius of the circle the smaller the curvature of the 

curve. Finally it is noted, that one can define signed curvature as well, if the angle in the definition of the 

curvature is considered to be signed. 

One can measure the curvature along the whole curve, that is to integrate the curvature function  along the 

curve . 

 Definition 5.3.  The total curvature of  taken with respect to arc-length is defined as 

. 

The total curvature has an interesting relation to the topology of the curve. To explore it the Gaussian-map of 

the curve is needed to study first. Consider the tangent vectors  of the curve  and their 

representatives starting from the origin. Assign the endpoints of these representatives to the points of the curve. 

Since the curve is parametrized by arc-length, the tangent vectors are of unit length, thus the mapping assigns 

points of the unit sphere with origin as center to the curve points. The mapping is continuous, the image is 

uniquely defined, but not 1-1, because the tangent vectors can be parallel at several points of the curve, which 

are thus mapped onto the same points of the sphere. 
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For closed planar curves the image of the Gaussian-map is the whole circle with origin as center. The mapping 

may cover the circle several times. The number which shows how many times the vector turned around the 

circle in the mapping, is called rotation index of the curve. The rotation index is denoted by . 

 Theorem 5.4.  The total curvature of a closed planar curve  equals the 

product of  and a constant which is actually the rotation index of the curve, that is 

 

Proof.  Let the domain of definition of the curve be [0,a], where . Further let  

be the angle of the  axis and the representative of the tangent vector starting from the origin 

at the Gaussian map. Thus 

 

that is the coordinate-functions of  are . Using the rules of 

differentiation we obtain , which yields 

 

Compare it to the Frenet-Serret formula, which states, that , one can see, that 

 is nothing else than the curvature function of the curve, from which, by integration, the 

following integral function as upper end is received 

 

Since our curve is closed, that is the two parametric endpoints coincide, at the endpoint the 

function  takes a product of  and a constant which cannot be else than the rotation 

index, that is 

 

and this was to be proved. □ 

The Gaussian map is also suitable for studying the behavior of the points of the curve. Algebraic curves and 

surfaces generally look similar at every point, but in some cases, the curve suddenly changes at a point in some 

sense. Ordinary points are also called regular points, while extraordinary points are called singular points. Such 

singular points can be e.g. cusps, isolated points, double points or multiple points. Detecting singular points 

along the curve is not an easy task, in many cases they can be found by approximating numerical methods. For 

planar curves the Gaussian map and the behavior of the tangent along the curve can help us in finding 

singularities. 

If the tangent of the curve and the associated Gaussian image are changing in one common direction 

continuously around a point, then we are in a regular point. If the tangent image has a turn, then we are in an 

inflexion point. If the tangent direction itself has a turn, then we have a cusp on the curve, more precisely it is a 

cusp of first type, if the Gaussian map has no turn, and of second type, if the Gaussian image has a turn as well. 

One can see some examples in Fig. 5.2. 

Figure 5.2. Various types of curve points, from left to right: regular point; inflexion point; 

cups of first type; cusp of second type 

 



 Curvature and torsion of a curve  

 25  
Created by XMLmind XSL-FO Converter. 

Similarly to the map defined above, Gauss introduced another mapping where that point of the unit circle (or 

sphere) is associated to the curve point which is the endpoint of the representative of the normal vector, starting 

from the origin (that is here the behavior of a vector orthogonal to the curve is studied instead of the tangent 

vector). Practically the two mappings differ from each other purely by a  rotation around the origin. The 

reason why we are still interested in this mapping is the fact, that this mapping can be generalized for surfaces, 

since the normal vector is also unique at the points of the surfaces, but the tangent vector is replaced by a 

tangent plane. 

By this mapping one can also study the curvature of the curve in the following way. Since curvature measures 

the rotation of the unit tangent vector, this can also be measured by the rotation of the normal vector. It can be 

proved, that curvature can also be measured by the limit of the ratio of the (sufficiently small) arc of the curve 

and the associated arc in the Gaussian image. 

 Theorem 5.5.  Let a curve  and an arc between the curve points  and  

be given in such a way, that the Gaussian image of this arc is a simple arc (without turn) as 

well. Let the arc-length between the two given point be , while the length of the circular 

arc associated to this curve part be . Then 

 

Proof.  The circular arc, as any arc-length, can be computed by the integration of the length of 

the derivative of the normal  between the two given parameter values, that is 

 

Thus, by the help of the Frenet-Serret formula, the limit in question can be written as 

 

□ 

2. The osculating circle 

Consider three non-collinear points  with parameters  on the curve . When 

points  tend to , in each position they uniquely define a circle (except the particular cases when they 

may be collinear). 

 Theorem 5.6.  The limit circle of the sequence of circles passing through points  

is independent of the choice of , it is determined by the curve and point . The limit 

circle is in the osculating plane of the curve in , moreover it touches the curve in  and its 

radius is . 

The limit circle mentioned in the theorem is called osculating circle, while its center and radius  are 

referred to as curvature center and curvature radius, respectively (see the next video). 

There is another way to obtain the osculating circle: draw the normal line of the curve at , which is a line 

orthogonal to the tangent line. Find the normal in another point  of the curve as well. Let the intersection 

point of the two normal lines be denoted by . Now, consider the circle with center , passing through the 

points  and . If  tends to , then the limit position of  will be the curvature center and the limit 

position of the circle will be the osculating circle. 
 

  V I D E O   

videos/curvature.avi
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It is evident from both approaches that the tangent line of the osculating circle and the curve itself coincide in 

. Consider those circles in the osculating plane which are passing through  and share a common tangent 

line with the curve in . Among these circles the osculating circle has a special role: in general it crosses the 

curve in  while all the other circles are in one side of the curve in the small neighborhood of . The 

osculating circle thus divides the set of these circles into two classes according to as their radii are greater or 

smaller than . There are particular points of the curve where the osculating circle does not intersect the curve 

in this point: e.g. the endpoints of the axes of an ellipse. The exception is the set of curves with constant 

curvature, all of the points of these curves are of this kind. It is worth to mention that the osculating circle of a 

circle is the given circle itself, thus the curvature radius at each point is equal to the radius of the circle. 

Figure 5.3. The osculating circle intersects the curve in general 

 

Consider the curve  and its point . The curvature center, that is the center of the osculating 

circle in this point is  where  is the curvature radius. The parametric equation of the 

osculating circle is 

 

It is interesting to note that in this representation of the osculating circle the parameter  is the arc length of the 

osculating circle and the curve as well. 

The intersection points of two algebraic curves can algebraically found by solving the system of equations 

containing the equations of the two curves. For conics it means the search of the common roots of two equations 

of second degree. This leads to an equation of degree 4, which has 4 roots if imaginary intersection points are 

allowed. Four different roots yield four different intersection points, but if one of the roots has multiplicity 

higher than 1, that is at least two roots are equal, then the two curves at the intersection point assigned to this 

root have common tangent line. In general, if the multiplicity of a root is , then we say that the join of the two 

curves at this point is of order . For conics the highest multiplicity of a root can be 4, thus the join of the 

two conics can be of order 3 at most. 

It is obvious from the construction of the osculating circle, that the circle and the given curve have a common 

root of degree 3 at the point , thus its join to the original curve at the common point is of order 2. Moreover 

they must be yet another intersection point, which is different from  in general. For special cases in terms of 

conics, like the endpoint of the axes this fourth root also coincides the triple one, that is in these special points 

the join of the osculating circle and the curve is of order 3. In this sense one can say that in a certain point of the 

curve the osculating circle is the best possible choice to replace the curve with a circle. 

By the help of the osculating circles an arc of the conics can be approximated well by construction, which 

method is frequently applied in technical drawings. This gives the reason for the importance how to draw the 

osculating circles for conics. In the case of an ellipse the osculating circles at the endpoints of the axes can be 

drawn by a classical method, which can be seen in Fig. 5.4. Consider the line section  connecting two 

neighboring endpoints of the axes. Let us draw a line orthogonal to this section from the intersection point  of 

the tangent lines of  and . Those points where this orthogonal line intersects the line of the axes, are the 

centers  and  of the osculating circles at the endpoints  and  of the axes. 

Figure 5.4. Drawing the osculating circles at the endpoints of the axes 
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Consider the ellipse given by the usual implicit equation 

 

The parametric representation of this ellipse is 

 

and the curvature at the endpoints of the axes are 

 

where  and  are half the length of the axes. But due to the similarity of the triangles 

 and  one can write 

 

At point  the computation is analogous to the above one. 

At the vertices of the hyperbola the osculating circle can be constructed as shown in Fig. 5.5. In the case of a 

parabola, the construction of the osculating circles can be seen in Fig. 5.6, where one can observe that the 

curvature radius is twice the distance of the vertex and the focus of the parabola: . 

Figure 5.5. Construction of the osculating circle at the vertex of the hyperbola 

 

Figure 5.6. Construction of the osculating circle at the vertex of the parabola 
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The construction of the osculating circles at vertices of conics are naturally special methods. But these methods 

can also help us in drawing osculating circles in general positions as well. This is based on the following 

theorem. 

 Theorem 5.7.  Given a point  of a conic and its tangent line  in this point, then those affine 

transformations, the axis of which is  and the direction is parallel to , leave the osculating 

circle at  invariant, that is the osculating circle of the affine image of the curve is identical to 

the osculating circle of the original curve. 

Applying this theorem, the construction of the osculating circle in a general point  of a conic is as follows. 

Draw the tangent line  at . 

Transform the conic to a conic with vertex  by an affine transformation described above. Thus, the osculating 

circle in this vertex can be constructed by one of the methods described above and this circle is the osculating 

circle of the original curve at  as well. 

3. The torsion 

The binormal vectors of a planar curve are all parallel to each other, actually they are representations of the 

same unit vector. Thus the alteration of the binormal vector, more precisely the measure of the rate of change of 

the binormal, shows somehow the deviation of the curve from the planar curve. 

Let the curve  be three times continuously differentiable and parametrized by arc-length. Let the binormal at 

the point  be , while at the point  be . The following notations are introduced: 

 és  (see Fig. 5.7.). 

Figure 5.7. Definition of torsion 

 

 Definition 5.8.  The limit 

 

is called the torsion of the curve at . 

Computation of the torsion based on the definition is not an easy task. This is why we introduce two formulae 

without proof for practical usage. 

 Theorem 5.9.  The above mentioned limit always exists and its value is 
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 Theorem 5.10.  . 

Proof.  At first, we prove that . For this it is sufficient to prove that  and  . 

From the differentiation of  one can obtain , 

that is  .From the differentiation of  we obtain  , that is  . The 

constant multiplier between vectors  and  can be found by evaluating the limit 

. Due to  the limit of  and  coincide, which yields 

the statement. □ 

Vanishing of torsion characterizes planar curves. Constant nonzero torsion refers to the helix. 

 Example 5.11. 

Compute the curvature and torsion of the line . The necessary derivatives 

are: 

 

To determine the curvature, due to  one can find 

 

Concerning the torsion, due to  we obtain 

 

 Example 5.12.  Compute the curvature and torsion of the circle 

. The necessary derivatives are: 

 

To calculate the curvature due to  and 

 

we obtain . By this result one can find the curvature as . Concerning 

the torsion 

 

since the first and last row of the matrix are linearly independent, which yields . 
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 Example 5.13.  Compute the curvature and torsion of the helix 

 The necessary derivatives are 

 

By applying these derivatives  , 

 

the length of which is 

 

Thus the curvature can be expressed as 

 

which is constant. In case of the torsion 

 

from which one can write 

 

which is a constant as well. Helix is the only curve having nonzero constant curvature and 

torsion. 

4. The Frenet-Serret formulae 

Earlier in this section we have seen a formula, the first one among three important relationships between the 

vectors of the Frenet frame, the curvature and the torsion. The Frenet-Serret formulae express the derivatives of 

these vectors by the help of themselves. 

 

As one can observe, coefficients of the derivatives form a skew-symmetric matrix in the basis of the vectors of 

Frenet-frame. The diagonal of this matrix vanishes, while the non-vanishing coefficients are exclusively the 

torsion and the curvature. The first and last equations have already been proved, now we prove the third one 

here. 

 

Finally we mention some results, which show that the curvature and the torsion completely determine the curve 

and its behavior. 
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 Theorem 5.14.  If there are two curves, the curvature and the torsion of which are pointwise 

coincide, and curvature is non-vanishing, then the two curves are identical up to a spatial 

motion. 

Proof.  We prove the statement for the case when both of the curves are parametrized by arc-

length. Let the common curvature and torsion function be , , respectively. Move the 

endpoint of the first curve  to the endpoint of the second curve  in such a way, that 

the vectors of the two Frenet-frames coincide as well, that is 

 

This can be done by a spatial motion. Let us introduce a function which will be useful 

throughout the proof:  The derivative 

of this function, due to the Frenet-Serret formulae, is 

 

that is the function  is constant. In the point  we obtain , because 

the vectors of the Frenet-frames coincide, thus  for any . Vectors of the Frenet-

frames are of unit length, thus the sum of their pairwise scalar product can sum up to 3 only if 

all of the corresponding vectors coincide. But  implies that 

, which immediately yields that  is a constant vector for any . We know that 

, from which follows that  for any  and this completes the 

proof. □ 

Torsion and curvature are two invariants of the curve under motions, which determine all the other invariants as 

well. Thus these functions form the invariant basis of the curve. 

 Theorem 5.15.  If  is continuous, positive, while  is continuous functions over an 

open interval I, then they uniquely determine a curve  defined over I such that the 

endpoint  as well as the Frenet-frame in this point coincide with a previously given point 

 and the orthonormal basis  given in this point, moreover the curvature and 

torsion of  are the given functions  and . 

The equations  are called natural equations of the curve. 
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Chapter 6. Global properties 

In the previous sections we studied those properties of the curves which are valid in one single point and in its 

sufficiently small neighborhood. The reason for this is the well-known limitation of differential calculus, more 

precisely its pointwise property. In this section we show some global properties and results, which are valid for 

the whole curve. These results belong to the area called global differential geometry. 

1. Curves with constant perimeter 

One of the oldest global question in terms of planar curves is the following: which curve determine the largest 

area considering all the closed simple curves (without self-intersection) with the same value of perimeter. This 

problem has already been studied by the Greeks, who came up with the result as well, namely the curve in 

question is the circle, but the exact proof of this statement is due to Weierstrass. 

 Theorem 6.1.  Given a simple, closed curve with perimeter (arc-length) , and let the 

computed area bounded by this curve is . Then 

 

and equality holds if and only if the curve is a circle. 

Proof.  Let the arc-length parametrization of the curve be given as . 

Consider an arbitrary direction and find the two farthest tangent lines of the curve parallel to 

this direction, let these lines be  and . Without loss of generality we can suppose that the 

line  touches the curve in  this can always be attainable by a parameter-transformation. 

The curve is in the band bounded by the two lines. Let us draw a circle in this band touching 

the lines  and  as well. Let the radius of this circle , which yields that the distance of the 

two lines is . Let us parametrize the circle in a way, that the coordinate function  coincide 

the coordinate function of the curve , that is: . 

Figure 6.1. Proof of theorem 6.1 

 

Now we apply the fact that the area  bounded by a simple closed curve can be expressed by 

the coordinate functions as: 

 

The same area for the circle is 

 

from which 
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since the radius is the square root of the squared sum of the coordinate functions  and , that 

is the last integrand equals the constant . 

It is well-known that the geometric mean of two numbers are less than or equal to their 

arithmetic mean, thus 

 

From which follows that 

 

and this was to be proved. If we suppose that the equality holds, then . Thus 

 and  do not depend on the diraction of the given touching lines, which fact yields 

that the curve in question cannot be else than the circle. □ 

We note that the above theorem is valid also for curves which are concatenated by simple, continuous arcs 

instead of one single closed curve. 

2. Optimized curves 

In the preceding section we found the curve which has the largest possible area for a given perimeter. This 

problem has already been a kind of optimization problem. In this section we will study further optimized curves, 

which frequently appear in everyday applications. Certain constraints, both geometric and analytical, can be 

observed in all of these problems, for example the curve has to pass through some points, or a function has to be 

minimized etc. Since optimization generally leads to a nonlinear computation, we have to carefully define what 

we mean by "nice" or "good" curves. Some of these curves have their origin in technical problems, thus the 

function to be minimized is frequently called as energy function (in the computational phase these functions will 

be transferred to functionals). 

Let a curve  be given by arc-length parametrization, and let its curvature 

and torsion function be . The most widely used energy function is the so-called bending energy, 

which is measured by the function 

 

The following energy function is known as minimal jerk: 

 

We can choose simpler or more sophisticated function to measure the energy as well. For example we can 

simply minimize the arc-length 
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or compute a complicated function as 

 

The current energy function has always been chosen to fit to the actual problem as good as possible. In many 

cases an affine combination of two different energy functions is applied, e.g. . 

3. The four-vertex theorem 

A classical global result is the following theorem, which, similarly to the four vertices (endpoints of axes) of an 

ellipse, gives the number of such vertices for a large class of curves. 

 Definition 6.2.  A point of a planar curve is called vertex, if the non-zero curvature function 

has a local extremum in this point. 

In earlier computations we have seen that the curvature of the ellipse has local maxima in the endpoints of the 

major axis, while there are local minima in the endpoints of the minor axis (the radii of the osculating circles are 

the largest/smallest ones in these points). The following theorem states that such curves cannot have less 

vertices than the ellipse. 

 Theorem 6.3.  Given a simple closed convex curve with curvature function continuously 

differentiable, the minimum number of its vertices is four. 

Figure 6.2. Each simple closed convex curve has at least four vertices, where the curvature 

function has local extremum 

 

Proof.  To prove the statement we use the following result: if a curve  is 

defined on the interval [0,a], parameterized by arc-length, furthermore it is a simple, closed, 

convex curve, the curvature function of which is , then for any numbers  

 

holds. Since the curvature function is continuous, as every continuous function defined on a 

closed interval, takes its extremum in [0,a]. This means that there are at least two vertices of 

the curve. Suppose indirectly that there are no more vertices. 

Consider the line passing through the two vertices currently found. Let the equation of this 

line be . The function  changes its sign only in 

these two points, because substituting the curve points to the equation of the line, we get the 

same sign until the points are in one side of the line. The function  changes its sign only 

in these two points as well, because due to the two vertices,  will hold only two 

times. From this fact it immediately follows, that the multiplication of the above discussed 

two functions does not change its sign in the vertices. If there would be only two vertices, then 

the integrand (the multiplication of the two functions) of the integral would be of the same 

sign everywhere, thus the integral cannot be vanish. This contradict to the fact that the integral 

equals zero, thus the curve has at least three vertices. 

But this also yields, that the function  changes its sign at least four times (because if it 

would happen exactly three times, then running around the closed curve, the sign would be the 

opposite at the end, as it has been in the beginning) and this proves the statement. □ 
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It is interesting to note, that the above theorem remains valid for simple, closed but not necessarily convex 

curves as well, but the proof of this theorem is much more complicated (however the statement looks visually 

trivial). 

In a certain sense even the converse of the theorem holds. It can be proved that for a given nonnegative, 

continuously differentiable function , which has the same value and derivatives in the 

endpoints of the domain, that is in 0 and , furthermore  has at least two maxima and two minima in the 

domain, then there exists a simple, closed curve, the curvature function of which is the given function . 
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Chapter 7. Special curves I. 

In these two sections, we will examine curves which have special properties from some, mainly practical, points 

of view. As we have seen at the end of section 5.4, the curvature and torsion functions strictly determine the 

curve. Thus we can define special classes of curves by giving constraints for these functions. 

1. Envelope of a family of curves 

If the curve  also depends on another, independent parameter , then we obtain a one-parameter family of 

curves, which will be denoted by  where parameters  and are called parameter of the curve and of the 

family, respectively. Such a family can be generated by fixing a point of a curve and move this point along 

another curve. Another option to generate a family of curves is to alter a given data of a curve, e.g. the radius of 

a circle. 

 Example 7.1.  Let a circle with origin as center, and  as radius be given: 

 

If the center of the circle runs along the  axis, then a one-parameter family is obtained, the 

equation of which is as follows 

 

Another one-parameter family of circles can be received by altering the radius of the original 

curve, for example as squared function of the original parameter: 

 

Mixing the two versions, moving the center along  while altering the radius, we will have yet 

another family of curves: 

 

Members of this latter family can be seen in Fig. 7.1. 

Figure 7.1. A one-parameter family of circles 

 

For a one-parameter family of curves one can search a curve which touches all the members in one point. This 

curve is called the envelope of the family. It is easier to compute the envelope, if the original curve is given in 

implicit form . Then the family is described by the equation , where  is the family 
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parameter. From the definition of envelope it is obvious, that if we search for the envelope in the form 

 then the conditions 

 

must hold. Those curves, which fulfill the above two conditions, are called discriminant curves of the family. 

The discriminant curve is not necessarily an envelope. For this an additional condition must be fulfilled: the 

derivative of the discriminant curve must not vanish in the domain of definition. Summarizing the conditions the 

following theorem can be formulated. 

 Theorem 7.2.  Given a family of curves , the curve  is 

envelope of the family, if , , and 

. 

2. Evolvent, evolute 

Given a curve, now we study an important family of curve generated by the given curve, and an envelope of 

great importance. 

 Definition 7.3.  Given a planar curve consider its tangent lines. The curve, which intersects 

all the tangent lines orthogonally, is called the evolvent (or involute) of the given curve. 

As it follows from the definition, there are infinitely many evolvents of a given curve. These evolvents form a 

one-parameter family of curves, where the family-parameter reflects the point of the original curve, from which 

the actual evolvent starts. 

Those curves, which intersect orthogonally all the elements of a family of curves are called orthogonal 

trajectories. Thus each evolvent of a curve is an orthogonal trajectory of the tangent lines (as family of curves). 

Given a curve, the evolvent can be constructed by attaching an imaginary taut string to the given curve and 

tracing its free end as if it unwinds. This construction can be expressed by the following equation of the 

evolvent. 

 Theorem 7.4.  Given a curve  parameterized by arc-length, then the evolvent starting 

from the curve point  can be expressed as 

 

Proof.  We have to prove, that the tangent of the curve  is orthogonal to the 

corresponding tangent of the curve  in each point. 

 

But in arc-length parameterization , from which , that is . 

□ 

Figure 7.2. The evolvent as the envelope of the normals 
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For a given curve another important curve can be defined as the locus of all its centers of curvature. 

 Definition 7.5.  Given a curve  and its curvature function  then the curve 

 

is called evolute of the given curve (see Figure 7.3 and the next video). 

Figure 7.3. Evolute of the ellipse. Cusps of the evolute can be constructed by the method we 

have seen at the osculating curves 

 
 

  V I D E O   

 Theorem 7.6.  Given a curve  with non-vanishing curvature and derivative of curvature, 

the evolute  is the envelope of the normal lines (parallel lines to the vector ) of the 

curve. 

Proof.  Since all the centers of curvature are on the normals of the given curve, it is obvious, 

that each member of the family of lines has common point to the evolute. For being an 

envelope, the evolute must have parallel tangent lines to the normals. But the direction of the 

normals is the actual vector , while the direction of the tangent of the evolute is 

 

which proves the statement. □ 

videos/evoluta.avi
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Furthermore it is true, the evolvent  of the evolute of the given curve  is nothing else than the 

originally given curve . 

3. Curves associated to a given point and curve 

Similarly to the evolvent and evolute one can define further curves associated to a given curve. In this section 

we study curves the definition of which requires a given curve and a given point as a plus. These curves are 

frequently applied in technical life. 

 Definition 7.7.  Given a curve  and a point , consider the light beams starting from the 

given point, refracting from the curve. This way a one-parameter family of curves (beams) are 

defined, the envelope of which (if exists at all) is called caustic curve. 

The family of beams (i.e. straight lines) mentioned in the definition does not necessary have an envelope. For 

example, if the given curve is a parabola and the given point is its focus, then the refracted beams form a parallel 

family of lines with no envelope. 

In other cases, however, the envelope does exist. For example, if the given curve is a circle and the given point 

is on the circle, then the caustic curve will be a cardioid. The equation of the cardioid is 

 

The caustic curve of the circle can also be a nephroid, when the given point is infinite, that is the beams are 

parallel to a given direction. The equation of the nephroid is as follows 

 

These two caustic curves and their generation can be seen in Fig. 7.4 and the next two videos. One can easily 

see a caustic curve in real life as well, e.g. in a glass of juice or coffee in the sunshine Fig. 7.5. 

Figure 7.4. Two caustic curves of the circle, the cardioid (left) and the nephroid (right) 

 
 

  V I D E O   
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Figure 7.5. Caustic curve of the circle in a glass 

videos/cardiois.avi
videos/nefroid.avi
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These curves can also be generated as cycloids, that is by studying a curve traced by a point on the perimeter of 

a circle that is rolling around a fixed circle. If the radius of the rolling circle is the same size as that of the fixed 

circle, then we have a cardioid as a trace, while if the radius of the rolling circle is half of the radius of the fixed 

one, then the curve is a nephroid. 

It is interesting to note, that if the radii of the rolling circle and the fixed one coincide, but we follow, instead of 

a point of the curve, a point outside or inside of the rolling curve, then the trace is called limaçon of Pascal. Thus 

cardioid is a special type of limaçon. 

Another important curve in technical problems is the pedal curve of a fixed curve. 

 Definition 7.8.  Given a curve  and a point , then draw an orthogonal line from the 

point  to each tangent line of the curve. The intersection points of the orthogonal lines and 

the corresponding tangent lines form the pedal curve of  with respect to . 

If the parametric representation of the curve is , while the given point is , then the 

equation of the pedal curve can be written as 

 

If we enlarge the pedal curve by a homothety from center  twice the size as it was, then we get the orthotomic 

curve of the original curve . This curve is the locus of points obtained by reflecting the curve point to the 

tangent lines of the curve. It can be proved, that the caustic curve of the given curve is the evolute of the 

orthotomic curve of the given curve. Thus there is a close relationship between the caustic curve, the orthotomic 

curve and the pedal curve of a given curve. The pedal curve of the circle is the limaçon (see Fig. 7.6 and the 

next video). 
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Figure 7.6. Pedal curve of the circle with respect to p 

videos/pedal.avi
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An important application of orthotomic curves is the study of curvature of a given curve. It can be interesting to 

know whether it is convex, has inflexion point, how its curvature changes etc. The existence of inflexion point 

can be decided by the orthotomic curve. AS we have seen, orthotomic curve is generated by the continuous 

reflection to the tangent lines, as the points runs along the curve. Thus it can be considered as the wavefront of 

the reflected light beams starting from the given point. 

If the original curve  is non-convex, then this fact can be observed in the wavefront as well, having cusp or 

self-intersection. It can be seen even better, if after the reflection of the point  to the tangent line, the distance 

of the tangent line and the reflected point  is multiplied along the line . Analytically this can be done by 

the following computation. Let the equation of the orthotomic curve be 

 

Here the constant 2 denotes the ratio of the distances between the image point and , and between the axis of 

reflection and . If this multiplier is changed to  then the obtained curves  are called -orthotomic curves 

(and thus the original orthotomic curve will be the curve , see Fig. 7.7). The following theorem holds. 

Figure 7.7. Construction of orthotomic curves 

 

 Theorem 7.9.  Let  be a regular planar curve,  is a point which is neither on the curve 

not any of its tangent lines. Then the -orthotomic curve of  with respect to  has a 

singular point (cusp) at parameter value  iff the original curve has an inflexion point in 

. 
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Chapter 8. Special curves II. 

Further special types of curves are studied in this section, which are of great importance in applications. 

1. Generalized helices 

We have already studied those curves which have constant curvature function or torsion function or both. Now, 

a new type of curves is introduced where these functions themselves are not necessarily constant, but their ratio 

remains constant. 

 Definition 8.1.  The spatial curve  is called generalized helix if its tangent lines have 

constant angle to a given direction, that is there exists an angle  and a vector  such that the 

angle of  and  is  for any parameter value . 

All of the planar curves would obviously generalized helices with a vector  being orthogonal to the plane of the 

curve and with the angle , that is why we consider only spatial curves as generalized helices. There are 

generalized helices on the cone, also called conic helices (see Fig. 8.1 and th enext video), and also on the 

sphere, which is called loxodrome (or rhumb line) (Fig. 8.2 and video). 
 

  V I D E O   

Figure 8.1. Regular helix (left) and conic helix (right). All of the tangent lines have constant 

angle to the axis. Their parametric representations are:  and 

 . 

 

 Theorem 8.2.  (Lancret) Consider a curve with non-vanishing curvature and torsion. The 

curve is a generalized helix iff the ratio of the curvature and torsion functions is a non-zero 

constant. 

Proof.  For the sake of simplicity suppose that the curve  is parametrized by arc-length, 

while the given vector  is a unit vector. Then due to the definition of the generalized helix 

there exists an angle  for which 

 

Derivating this expression and applying the Frenet-Serret formulae we have 

 

videos/kuposcsavar.avi


 Special curves II.  

 43  
Created by XMLmind XSL-FO Converter. 

Since the curvature function is supposed to be non-vanishing, thus . On the other 

hand, applying again the Frenet-Serret formula , from which 

 

that is  is constant. The binormal vector has also a constant angle to the given vector. 

Let this angle be , from which . Since the vector  is orthogonal to the 

normal vector, it can be written as linear combination of the tangent and binormal unit 

vectors: 

 

but due to the orthogonality of the two vectors, coordinates of  in this basis must be 

 and . For the two angles either  or  

holds. Thus 

 

from which, derivating by  and applying the Frenet-Serret formulae 

 

which yields , that is 

 

and this was to be proved. 

Conversely, if we suppose, that  is constant, then there must be an angle  for which this 

constant is , that is , from which, using the a Frenet-Serret 

formulae 

 

From this fact it immediately follows, that the vector  is a constant 

unit vector, let us denote it by . But then , which proves the statement. □ 

Figure 8.2. The generalized helix on the sphere is called loxodrome or rhumb line. Its tangent 

lines have constant angle to the direction connecting the two poles 

 
 

  V I D E O   

2. Bertrand and Mannheim mates 

videos/loxodroma.avi
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Two classical pairs of curves are introduced in this subsection. After the constructive definition we give 

necessary and sufficient conditions for a pair of curves being Bertrand or Mannheim mates. 

 Definition 8.3.  Given a curve  with curvature function  and torsion function , 

both are non-vanishing. The curve is called Bertrand curve, if there exists another curve  

such that normals of  and  coincide for any . The curve  is called the Bertrand 

mate of the original curve . 

The following representation of these curves is immediately follows from the definition. 

 Theorem 8.4.  For any curve  its Bertrand mate can be written as 

 

where  is the normal vector of the original curve, while  is a real constant value. 

Proof.  Parametrize the curve by arc-length:  and suppose that there exists its Bertrand 

mate: . Then the Frenet-frame of the first curve in its point  and the Frenet-frame of the 

corresponding point  on the mate curve has common normal vector. Let the distance of the 

two points be . We would like to prove that this function is constant. The parametrization 

of the second curve is not necessarily by arc-length, but evidently depends on . Thus the 

second curve can be written as 

 

The derivative of the left side by  is as follows 

 

The derivative of the right side by  is 

 

Applying the Frenet-Serret formulae 

 

Multiplying the equation by  we have 

 

but due to the condition , that is the left side equals zero, while at the right side 

,  and thus the last tag is the only one which does not appear. 

Here , hence finally , that is  is constant. □ 

 Theorem 8.5.  The curve  is a Bertrand curve iff 

 

holds form some constants . 

Proof.  We intend to determine the relative rotation of the Frenet-frames in the corresponding 

points of the two curves. Suppose that the tangent unit vector in the point  of the curve  

and the corresponding tangent unit vector in the point  of the curve  has an angle 

. It is to prove that this angle is independent of the parameter . We have 
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Derivating this equation by  and applying the Frenet-Serret formulae the left side will be 

 

while the right side can be written as 

 

But it is known that  in any point, thus multiplying the equation first by the 

vector  then by the vector  we get  and , 

separately, from which, applying 

 

we get , that is  constant. Applying this result and the equation from the 

preceding proof, for the constants  and  

 

hold. These two equations are not contradictory, if 

 

from which, using the substitutions  we have  and 

this was to be proved. □ 

We further note, that if a curve has more than one Bertrand mate, then it has infinitely many Bertrand mates. 

This happens in the case when the original curve is a helix. 

Mannheim mates are similar curve pairs as Bertrand curves. 

 Definition 8.6.  Given a curve  with curvature function  and torsion function  

both being non-vanishing. The curve is called Mannheim curve, if there exists a curve  

such that normal line of the curve  coincides the binormal line of  in any parameter . 

The curve  is called the Mannheim mate of the original curve . 

Similar statements can be proved for Mannheim curves as for Bertrand mates. 

 Theorem 8.7.  If the curve  has a Mannheim mate, then it can be written as 

 

where  is the binormal of the Mannheim mate, while  is a real constant. 

 Theorem 8.8.  The curve  is a Mannheim curve iff 

 

holds for some constants . 

3. Curves on the sphere 

The loxodrome, which can be seen in Figure 8.2 is a curve, all of the points of which is on a sphere. It is an 

obvious fact, that there are infinitely many curve lying on the sphere, but it is a much harder question how we 
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can decide whether a curve, given in parametric form, is entirely on a sphere or not. The following theorem 

shows, that this question if far from being trivial. 

 Theorem 8.9.  Given a curve  in arc-length parametrization, it is on a sphere, iff the 

torsion  is non-vanishing, and for the torsion and the curvature  the following relation 

holds: 

 

Proof.  We proceed the proof only in one direction. It is based on the fact, that if a curve is on 

a sphere, then in each of its point the osculating sphere is the sphere itself. The center of the 

osculating sphere at the curve point  can be written as 

 

But, as it is mentioned, for spherical curves in each point the osculating sphere is the given 

sphere, that is  must be independent on . Then the derivatives with respect to  must 

vanish, and after some computation we get 

 

from which it follows that the expression in parenthesis is equal to zero and this yields the 

statement. □ 

Beyond the circles, great circles, loxodromes, there are many famous spherical curves as well. Such a curve is 

the Viviani-curve, which can be constructed as the intersection curve of a sphere and a right circular cylinder 

with smaller radius, which surfaces have common tangent planes in one point. 

Another famous and well-known spherical curve is the baseball-curve, which can be seen on baseballs or tennis 

balls running around. This curve has to be symmetric to two orthogonal plane, can be rotated to itself by 180 

degree and must have a periodicity (that is there must be a number  such that , for any 

parameter ), and last but not least it must divide the surface area into two equal parts. Any great circle of the 

sphere shares these properties, but they are planar curves. If we are looking for spatial curves satisfying these 

constraints, then we find a solution after some hard mathematical computation ( see Fig. 8.3 and the next video). 

Figure 8.3. The baseball-curve divides the surface area into two equal parts 

 
 

  V I D E O   

videos/baseball.avi
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4. Offset curves 

 Definition 8.10.  If a curve  is given and from each of its points we find a point at a fixed 

signed distance  (that is we find a point along each normal line at  in one side of the curve), 

then we obtain another curve  which is called the offset of the original curve. The 

equation of the offset is 

 

Offsets of a given curve take place in two separate sides of the curve, depending on the sign of . It immediately 

follows from the definition, that the parametrization of the offset curve acts on the parametrization of the 

original curve, further on at the offset point  which corresponds to the curve point  the tangent 

directions are the same as in the corresponding curve points. The tangent vector of the offset can be written as 

 

but applying the Frenet-Serret formulae 

 

This also implies that even if the original curve  is regular, the offsets may have cusps and self-intersections, 

hence the derivative may vanish in some points (Fig. 8.4). 

Figure 8.4. Some offset curves of the ellipse 

 

The radius of the osculating circle and the curvature of the offset curve can be written by using the data of the 

original curve as 

 

It is important to note that in some cases the offset curve can be closer to the original curve than the given 

distance . To understand this fact consider the point  of the original curve. Although the corresponding 

point of the offset  has a distance  from this point, this offset point may be closer to other points (maybe 

points from other branches) of the original curve. This can be seen for example in Fig. 8.5 in the case of a 

parabola, where the inner offset can even touch the original curve. Since offsets are of central role in driving 

CNC machines, turning-lathes etc., the supervision and possible elimination of these special cases are of great 

importance. 

Figure 8.5. Offsets of a parabola Inner offsets can be closer to the original curve, than the 

given distance  
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Another approach of offset curves is that a circle with diameter  moves along a curve and we try to find the 

envelope of this family of circles. If the given curve is of the form  then the family of circles 

  where  is the parameter of the parameter of the circles and  is the family 

parameter, can be written as: 

 

we are searching for an envelope of these circles, where the tangents at the touching points are parallel to the 

tangents at the corresponding points of the original curve. This condition can be formulated in a way, that the 

derivatives of the family of curves must coincide with respect to  and , that is 

 

holds for some constant . It finally yields the following condition: 

 

by the help of which the envelope can be expressed from the equation of the family of circles, and this envelope 

will be the offset itself. 
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Chapter 9. Foundations of differential 
geometry of surfaces 

Similarly to the discussion of curves we shall begin our study of surfaces by the definition of what we mean by 

surface in terms of differential geometry. This definition is - analogously to the definition of curves - a kind of 

restriction of the everyday concept of surface, but even this notion can describe most of the important surfaces, 

including those we use in geometric modeling. 

 Definition 9.1.  By regular surface we mean a vector function  defined over a simply 

connected (open) parameter domain, where the endpoints of the representatives of vectors 

starting from the origin form the surface in , if a) the function  defines a topological 

mapping b)  is continuously differentiable in both parameters c) vectors  and  are 

not parallel in any point . 

Figure 9.1. The definition of regular surfaces 

 

The function  uniquely defines the geometric surface but not vice versa - a surface can have several 

representations, or even parametric representations which do not fulfill the above mentioned criteria. Those 

representations, which fulfills the criteria mentioned in the definition, are called regular representations. A 

technical note: partial derivatives of a vector valued function is computed analogously to the one-parameter 

case, by separately differentiating the coordinate-functions with respect to the actual parameter. 

The topological mapping over the parameter domain can be performed in the simplest way by an orthogonal 

projection. This way we obtain a domain  in the parameter plane . Consider a topological mapping of this 

domain to another domain  in this plane. The relation between the surface and  cannot be simply described 

by a projection any more of course, however this can also yield a regular representation of the surface. 

Regular surfaces form such a small subset of surfaces that well-known surfaces such as sphere or torus are not in 

this subset, because cannot be mapped onto a simply connected open subset of the plane. These surfaces 

however, can be constructed by a union of a finite number of regular surfaces, e.g. the sphere can be a union of 

two, sufficiently large hemisphere with the two poles as centers, overshooting the equator a bit. Analogous 

solution can be found for other, non-regular surfaces as well. Thus we can define the notion of surface as union 

of finite number of regular surfaces and for any point of the surface has a sufficiently small neighborhood, 

which is a regular surface piece on the surface. A surface is connected if any two points of the surface can be 

connected by a regular curve on the surface. 

1. Various algebraic representations of surfaces 

1.  

Explicit representation. Consider a Cartesian coordinate-system in  and an explicit function with two 

variables: . Those points the coordinates of which are  form a surface. This 

representation is also called Euler-Monge-type form. 

2.  

Implicit representation.Consider again a Cartesian coordinate-system in  and an implicit function with 

three variables: . Those points the coordinates of which satisfy the equation  for 
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some constant, form a surface called slice surface. Typically, we are dealing with surfaces with equation 

. 

3.  

Parametric representation.This form is the one we defined at the beginning of the section as a regular surface 

representation: the function , which can be described for practical computations by three coordinate 

functions: 

 

This form is also called as Gauss-type representation. 

Now we will focus on the possibility of transformation of the surface from one representation type to another 

one. 

1) 2) 
in this case one can easily transform the equation  to  implicit 

representation. 

2) 1) 
in this case the following theorem shows the possibilities. Suppose that  holds in a point 

,  and  is defined on a small neighborhood of  and 

 holds. Under these conditions there exists a sufficiently small neighborhood of the point 

 where there is one and only one function  which satisfies the equation 

 and for which  holds. 

3) 1) 
in this case we show, that for any point  of the surface there is a sufficiently small neighborhood, 

in which the surface can be represented in one of the forms ,  or . 

Based on the assumptions in the definition, the vectors  and  cannot be parallel, or equivalently 

 

Due to the rank of the matrix, in the point  the matrix has a non-vanishing  minor matrix. 

For example let this matrix be 

 

Due to the continuity of partial derivatives  is non-vanishing in a neighborhood of , let this 

neighborhood be denoted by . Thus the system of functions which maps  to another neighborhood  

is as follows 

 

and in  it has an inverse system 

 

Substituting these functions to  we have 
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where the right side of the equation depends only on  and . Let us denote it by . This function 

generates the same points over the domain  as the function  over the domain . 

There are several different possibilities to express the surface in Gauss-type representation, that is a 

representation uniquely determines the surface but not vice versa. Let  be a surface over the domain  

and consider a pair of continuously differentiable functions over  

 

which generates a 1-1 mapping between domains  and  and where 

 

over the whole domain . Then the above described pair of functions has an inverse system 

 

which is continuously differentiable as well. Substituting it to , the function 

 generates the same points as . This change of parameters is called 

admissible change of parametrization or simply admissible reparametrization. 

 Example 9.2.  Consider the plane passing through the point  which is determined by the 

linearly independent (i.e. non parallel) vectors  and . The representation of this plane, based 

on the relation  is as follows 

 

 Example 9.3.  The implicit equation of the sphere with radius  and origin as center is: 

 

The same sphere can be represented in explicit form by a pair of equations: 

 

where the first equation describes the hemisphere above the plane  while the second one 

describes the hemisphere below the plane . For parametric equation let us choose a point 

 and the surface is generated by endpoints of the representations of vectors starting 

from the origin. Project the point  onto the plane , let the image point be . Let the 

parameter  be the angle of the  axis and the vector , while the parameter  be the angle 

of the  axis and the vector . This way, the parametric coordinate functions are as 

 

The Gauss-type representation is 

 

If  and , then the representation describes the whole sphere, while if 

for example  and , then we get the lune between the positive axes. 
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 Example 9.4.  The Gauss-type representation of a hyperbolic paraboloid can be formulated 

by the coordinate functions as 

 

Thus  and parameters  can be chosen from the entire 

parameter plane. 

2. Curves on surfaces 

 Definition 9.5.  Let ,  be a surface and  

 be a curve in the domain  of the parameter plane . Images of the points of 

the curve  on the surface is described by  , which is a one-parameter 

vector function, that is a curve. This curve is entirely on the surface. 

Figure 9.2. Curves on a surface passing through a given point. Tangents of curves in this 

point form a tangent plane 

 

Tangent vector of the curve on the surface in a point  is as follows 

 

If there is another curve on the surface passing through the same point , the representation of which is 

 then the tangent vector of this curve in the given point is 

 

that is all these tangent vectors are linear combination of  and . This immediately yields that the 

tangent vector of any curve on the surface passing through the same point  is in the plane spanned by the 

vectors  and . This plane is called the tangent plane of the surface in , while the vectors are called 

surface tangent vectors. The equation of the tangent plane can be written as 

 

 Definition 9.6.  The curves on a surface given by ,  (  is constant) and  (

 is constant),  are called parametric lines, which are images of the lines parallel to the 

axes of the parametric plane . The union of these curves are called parametric net of the 

surface. 

Figure 9.3. Parametric lines of a surface and tangents in one point 
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As one can easily observe, the vectors  are tangents to the parametric lines. 

 Definition 9.7.  The vector orthogonal to the tangents of a parametric lines in a point is called 

normal vector (or simply normal) of the surface in that point and can be expressed as 

 

The unit vector parallel to this vector is called unit normal vector, and it is denoted by . 

Thus the equation of the tangent plane can also be written as . The unit normal vector is not 

uniquely determined by the surface itself, since a parameter-transformation may change its direction to opposite. 

This happens if the Jacobian of the transformation has negative determinant. 
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Chapter 10. Special surfaces 

Similarly to curves, there are also special surfaces playing important role in technical life and other applications. 

In this section we study surfaces which are frequently applied in ship manufacturing, architecture and other field 

of design and everyday life. 

1. Ruled surfaces 

Ruled surfaces, including developable surfaces form a large class of classical and less-known surfaces, which 

can be found anywhere in nature and architecture as well. Here we study this class of surfaces. Let a straight line 

 

be given. If this line moves continuously along a curve, that is the point  and the direction vector  depend on 

a parameter independent of , then the surface formed by these lines is called ruled surface and it can be 

parametrically represented as 

 

The curve  is called directrix of the surface, while straight lines associated to fixed parameter values  are 

called rulings. 

Consider the normal vectors of this surface 

 

As one can see, fixing a parameter value , that is moving along a ruling  of this surface, the 

direction of the normals is changed. However, the tangent plane in each point of the ruling contains the ruling 

itself, that is the tangent planes at the points of the ruling  form a one-parameter family of planes with 

support line . 

Suppose now, that in the equation of the normal vector the two vectors, the vectors  and  are 

linearly dependent. Then moving along the ruling  only the length of the normal vector is altering, while 

the direction of it remains unchanged. Thus in this case even the tangent plane remains the same along the ruling 

or, in other words, the tangent planes of the surface  depend only on the parameter . These ruled surfaces 

are called developable surfaces. 

Figure 10.1. Ruled surfaces frequently appear in architecture: cooling towers of a thermal 

power station in Mátra (upper photo); the Kobe-tower in Japan (lower photo) 
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As we have seen, for developable surfaces, the vectors  and  are linearly dependent, that is 

 

holds. Based on this relation we can classify the developable surfaces, since the above determinant equals zero, 

if 

1.  

, that is  is constant. Then the surface is of the form 

 

containing rulings passing through a fixed point . These surfaces are well-known as cones. 

2.  

, that is  is constant. Then the surface is of the form 

 

containing rulings parallel to a fixed direction . These are the cylinders (not necessarily circular cylinders 

though). 

3.  

, that is the directions of rulings are always parallel to the corresponding tangent of the directrix curve. 

Thus these developable surfaces can also be described as the union of tangent lines of a spatial curve. 

Most of the ruled surfaces are not developable, for example the hyperboloids of one or two sheets. We will 

further study developable surfaces in terms of curvature of a surface. 

2. Orientable surfaces 

If we assign a vector to each point of a curve or a surface or even to each point of the space, then a vector field 

is defined. The surface is said to be orientable, if one can define a continuous vector field of normal vectors of 

the surface. If such a vector field is actually given on the surface then the surface is oriented. 
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Regular surfaces are always orientable, since vectors  and thus normals  form a continuous 

field. If a parameter transformation has  , then it preserves the orientation, while if  , then 

the orientation is changed to the opposite. Regular surface can have exactly two different orientations. However, 

if the surface is not regular, then it can happen to be non-orientable even in simple cases. Such a typical surface 

is the Möbius-strip. 

3. Tubular surfaces 

In some practical problems we have to design surfaces which are obtained by enveloping the trace of a sphere 

moving along a curve. Consider the following equation of the sphere: 

 

where  is a point of the sphere  is the center,  is the radius. If we want to create a 

one-parameter family of spheres from that single one, we can move the center along a curve , meanwhile the 

radius will also depend on :  (so this is not a vector, just a real valued function describing the altering 

radius). We are searching for the envelope of this family of spheres . To construct the envelope a circle on 

the sphere is required in which the envelope will touch the sphere. In general this circle is not a great circle, but 

can be found as a limit position of the intersection of two "neighboring" spheres. Consider the spheres  and 

 where  is a small number. The intersection circle of the two spheres is in the common radical 

plane of the spheres, which can be expressed as . As one can see, if , 

then the limit position of the radical plane will be the derivative of  with respect to . A scalar factor can be 

added, hence finally we can write 

 

From a geometric point of view this circle on the sphere  can also be found by erecting a touching cone to 

the sphere, the touching circle of which will be the circle in question. The apex of the cone is 

 

This point is on the tangent line of the curve . For the representation of the envelope we use the Frenet-

frame of the curve  as coordinate-system, thus the origin will always be the actual point , while unit 

vectors are the unit tangent, the unit normal  and the binormal . In this frame the center of the 

touching circle is 

 

while its radius, based on the Phytagorean theorem is 

 

thus the equation of the envelope can be written as 

 

Figure 10.2. Some elements of the family of spheres, the touching circles and the envelope 
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Such an envelope surface can be seen in Fig. 10.2. It is worthwhile to note, that every rotational surface can be 

constructed this way, that is by moving the center of the sphere along the rotational axis. Similar structures are 

the Dupin-cyclides, which are applied in geometric design. 
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Chapter 11. Surface metric, Gaussian 
curvature 

In this section we further study surfaces, mainly in terms of metrical statements. 

1. Arc length of curves on surfaces, the first 
fundamental forms 

Consider the surface  and the curve  in the parameter domain, which determines the curve 

 on this surface. Now the arc length of this curve starting from the point  can 

be written as 

 

which, after some computation, will be of the form 

 

As one can observe, to compute the arc length of the curve we do not need the equation of the surface, but only 

the functions  and the scalar products of the tangent vectors of parametric lines. These latter values 

play central role in the metrical computations, thus they are called the first fundamental forms of the surface: 

 

The matrix  formed by the first fundamental forms, due to the properties of scalar product, is a symmetric 

matrix, the determinant of which can be written as 

 

Thus the arc length of the curve on the surface is 

 

The angle of two intersecting curves on a surface can be measured by the angle of their tangent vectors  and  

in the point of intersection. Since the tangents of all the curves on the surface can be expressed by linear 

combination of the tangent vectors of the parametric lines, these tangent vectors can be written in the form 

 and . Angle  of these two vectors is 

 

By applying this formula we get 
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but the length of the two vectors have been also expressed by the first fundamental forms, that is the angle of 

two curves on the surface can also be written as function of the first fundamental forms. 

2. Area of a surface 

Let  be a regular surface over a domain T. Let B a simply connected compact subdomain of T. 

Image of B is a piece of the surface. Consider a triangulation of  such that each point in the domain is in one 

and only one triangle and there is a lower bound of the angles of these triangles. Such a triangulation is called 

normal triangulation. Image of this triangulation generates an inscribed polyhedron to the mentioned piece of 

the surface, also called normal inscribed polyhedron. The sequence of inscribed polyhedra is a refined sequence 

if the lengths of the triangles tend to zero. 

 Definition 11.1.  Area of a piece of the surface is the common limit of the area of the refined 

sequences of inscribed normal polyhedra. 

 Theorem 11.2.  Let  be a regular surface over a domain T. Let B be a 

measurable, simply connected, compact subdomain of T. The area of the image of B on the 

surface can be computed as 

 

Area of a surface can be defined as sum of areas of its disjoint pieces, if these pieces cover the whole surface 

and they fulfill the requirements of the definition. Additivity of integration yields that the area will not depend 

on the selection of the pieces. 

It is important to note, that even if a surface itself does not fulfill the requirements, it can be approximated by 

parts which fulfill them. 

 

There is another approach to the surface area. Let a surface be given in the form  where  is 

from a measurable area of the domain. Parameter lines of the surface form a grid on the surface and let  

is one of the vertices of this grid,  and  are two neighboring vertices, while 

 is a fourth vertex, such that  and  form a spatial quadrilateral. Tangent vectors 

of the parametric lines in  are  , , which determine a parallelogram, called tangent 

parallelogram. This parallelogram is a good approximation of the piece of the surface determined by the four 

points  and the parametric lines connecting them. By fixing a parametric grid on the surface, we 

obtain a set of tangent parallelograms. The area of one single parallelogram is 

 

Sum of the areas of these parallelograms can simply be calculated, and if we consider a refined sequence of 

parametric grids, then these sums tend to a limit, which is the surface area in question. 

If the surface is given in explicit form , then the area of the surface can be expressed in a simpler 

form as 
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 Example 11.3.  Let us compute the surface area of the sphere. Consider the following 

representation of the sphere 

 

The first fundamental forms will be determined. Partial derivatives are 

 

Applying these derivatives, the fundamental forms are 

 

The determinant of the matrix of the first fundamental forms is 

 

Thus  part of the surface are can be written as 

 

from which the whole surface area of the sphere is 

 

3. Optimized surfaces 

Similarly to the curve case, optimization is a frequent problem in terms of surfaces as well. We are looking for 

surfaces which are optimized in some sense, meanwhile fulfill some criteria. 

The "good quality" of a surface can be measured - analogously to the curves - by energy functions, among 

which the bending energy and elasticity are the most popular ones. We have to note, that although these energy 

functions are based on physical notions, they can describe the physical behavior of the surface only in an 

idealized form. 

 Definition 11.4.  Let the surface  be given with first fundamental forms 

 and . Then the bending energy of the surface is 

 

while the elasticity is 
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4. Dupin-indicatrix, the second fundamental forms 

Let a surface  and one of its points  be given. Consider the Taylor expansion of the 

surface  about  omitting the terms which are of third or higher degree. Thus the surface 

 is approximated in second order by the surface : 

 

The two surfaces have a common point at parameters , moreover the tangent vectors of the parametric 

lines through this point, consequently the tangent plane and the normal also coincide. The signed distance of the 

surface  and the tangent plane in  is the scalar product of  and : 

 

The scalar products 

 

are called second fundamental forms of the surface. 

If we consider a special coordinate-system with origin  and unit vectors ,  and , then in this special 

coordinate-system the equation of the surface is 

 

that is a surface of second order, namely a paraboloid. That is why this surface is called the osculating 

paraboloid of the original surface. The osculating paraboloid approximates the original surface around  with 

high precision, thus it is obvious from its equation that the second fundamental forms are related to the spatial 

shape of the surface around . Cutting the osculating paraboloid by two planes parallel to the tangent planes in 

 with a small distance from the tangent plane, we have two intersection curves. Projecting these curves onto 

the tangent plane, we get the Dupin-indicatrix of the surface in . 

Point  of the surface is called elliptic, hyperbolic or parabolic, if the Dupin-indicatrix in  contains a real 

and an imaginary ellipse, a pair of conjugate hyperbolas, or a real and an imaginary pairs of parallel lines, 

respectively. The osculating paraboloid itself is an elliptic paraboloid in elliptic points, a parabolic cylinder in 

parabolic points and a hyperbolic paraboloid in hyperbolic points. 

It immediately follows from these facts, that if  is an elliptic point, then the points of the surface in a 

sufficiently small neighborhood of  are all in one side of the tangent plane. If  is a hyperbolic point, then in 

any neighborhood of  there are points of the surface in both sides of the tangent plane. Finally, if  is a 

parabolic point, then points of the surface in a sufficiently small neighborhood around  are either in the 

tangent plane, or in one side of it (see Fig. 11.1). 

5. Curvature of the curves on a surface 

Consider the curvature of the curve on a surface. The computation of this curvature will highly be based on the 

first and second fundamental forms. Curves on a surface, passing through a given point, cannot have totally 

independent curvatures, since the geometry of the surface has already determined their behavior. Let 
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 be a surface,  is a curve in this surface and  is one of its points on the 

surface. Suppose that the osculating plane of the curve in  does not coincide the tangent plane of the surface 

in , that is the normal vector  of the curve and the normal vector  of the surface are different in . Let us 

parametrize the curve by arc-length, and consider one of the Frenet-Serret formulae: . Applying the fact, 

that the tangent vector  is also a vector of the tangent plane of the surface, one can compute the following scalar 

product: 

 

from which the curvature is 

 

If the normal vector of the surface is fixed, then the first term of the right side depends only on the direction of 

the normal vector of the curve, while the second term depends only on the tangent vector. Thus the following 

theorem holds. 

 Theorem 11.5.  Curvature of the curve on a surface depends exclusively on the direction of 

the tangent and the normal vector of the curve, if  . 

The osculating plane of the curve  intersects the surface in a plane curve, which has the same tangent vector 

and normal vector as the curve  itself. Thus it is enough to study this planar curve and its curvature of all the 

curves on the surface, passing through a given point of the surface and having the same tangent and normal 

vector: 

 Theorem 11.6.  Curvature of a curve on the surface in a point coincides the curvature of the 

curve which is cut by the osculating plane of the original curve at this point, if . 

Among all the curves in a surface passing through a given point , and having a fixed tangent vector, we try to 

find the curve which has the smallest curvature in this point. Due to the previous result, the second term of the 

right side is constant, depending only on the direction of the (now fixed) tangent vector. The curvature is 

minimal, if the product  is maximal, that is equals 1. This means, that  and thus the osculating plane of 

the curve contains . The sections of the surface by the planes passing through the normal of the surface  are 

called normal sections. Curvature of the normal section is 

 

which is called the normal curvature assigned to the given tangent direction. Based on the previous 

computations, the normal curvature is  . In this expression  and  depends only on the curve, while 

 depends on the parametric net. In case of a parameter transformation, which changes the orientation,  and 

thus also  change its sign. Thus the normal curvature is invariant under orientation preserving parameter 

transformations. If the angle of  and  is denoted by , then the inner product  equals  and 

. 

The radius of the osculating circle of the normal section is  . Thus, if we consider an arbitrary curve on 

the surface, passing through a given point , and its radius of curvature in this point is , while its curvature is 

, then the relation between these values and the radius  and curvature  of the normal section can be written 

as: 

 Theorem 11.7.  (Meusnier theorem) , and  

This theorem states that it is enough to know the normal curvature and the angle  to compute the radius of the 

osculating circle and the curvature. The theorem has a geometric interpretation as well. If we construct a sphere 

around the endpoint of the vector  starting from point  with radius , then considering a curve on the 

surface passing through , the osculating plane of this curve at  cuts the osculating circle of the curve from 

this sphere. 
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6. The Gaussian curvature 

The normal curvature , even in a fixed point of the surface, depends on the direction of the tangent vector. 

This fact suggests a computation of extremum of the curvature with respect to the direction of the tangent. 

Consider the curvature  on the circle with origin as center in the parameter plane . Since  is a rational 

function of , thus it is constant along any line of the parameter plane passing through the origin. The 

function  takes its extremum in the circle. The computation of the extremum leads to a quadratic equation, 

which can be written as 

 

Expressing the determinant we have a quadratic equation for . The solutions  are called principal 

curvatures, while the tangent directions assigned to these curvatures are the principal directions. 

The extremum  have been found by a quadratic equation, thus based on the Vičte-formulae one can 

express the product curvature 

 

which is called Gaussian curvature, while the other formula yields the expression 

 

which is known as Minkowski curvature or mean curvature. 

In the special case when the maximum and minimum of  coincide, that is , then  is a 

constant, independent of the direction, that is all the directions gives extremum. All the points of the sphere are 

of this type, because normal sections of a sphere of radius  are great circles, the curvatures of which are  . 

These points, where , are called spherical points. If , these points are 

called planar points - all the points of a plane are of this kind. Finally, it is possible that signs of the extremum 

are different, but their absolute values are the same: . These points are minimal points. All the 

points of a minimal surface are minimal points. 

Based on the definition, the Gaussian curvature can be expressed as  that is as ratio of the 

determinants of the first and second fundamental forms. 

Figure 11.1. Elliptic, hyperbolic and parabolic points with tangent planes and principal 

sections 

 

 Theorem 11.8.  A point on a surface is elliptic, hyperbolic or parabolic iff the Gaussian 

curvature in this point is positive, zero or negative, respectively. 

Consider a point on a surface and the normal curvature  assigned to an arbitrary direction in this point. 

Furthermore let  be the principal curvatures in this point, while  be the angle between the 

directions assigned to  and . 

 Theorem 11.9.  (Euler theorem) . 

In the formula of the normal curvature, the first and second fundamental forms have been appeared as well. This 

is why it is a surprising fact that the curvature can be expressed by the first fundamental forms only, which 

theorem is known as the fundamental theorem of differential geometry of surfaces. 

 Theorem 11.10.  (Theorema egregium) The Gaussian curvature can be expressed exclusively 

by the first fundamental forms. 
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This statement sounds rather technically, but has extremely important corollaries. Suppose that a surface is 

planned to map onto another surface in isometric way, which means that any two points of the surfaces have the 

same distance (measured along a curve on the surface by arc length) as their images on the image surface. The 

arc length is the function of the first fundamental forms. Due to the above theorem the isometric mapping can 

exist only if the first fundamental forms and thus the Gaussian curvature of the two surfaces coincide point by 

point. Let the first surface be , the first fundamental forms of which are , 

while the other surface is  with first fundamental forms . Suppose that the 

two surfaces are mapped onto each other by a 1-1 mapping, and applying a suitable parameter transformation in 

the second surface we have  for any . Fixing a point and a direction we can study the 

possible torsion of the assigned arc lengths, which, in limit case, can be written as 

 

The measurement of the arc length is based on the following expression in both surfaces 

 

Since the limit in the expression of the torsion leads to a derivation, we can write 

 

If the mapping is torsion-free, then the numerator and denominator of the last fraction have to coincide in any 

point and for any direction, which is possible only if ,  and  hold. 

If a torsion  is possible, but the same amount of torsion is required in any direction from a given point, 

then, based on the preceding computation 

 

This holds for any direction iff ,  and . Such a mapping preserves the angle 

and is called conform mapping. We have to emphasize that angle-preserving mappings are not necessarily 

isometric mappings, but it holds vice versa: any isometric mapping is angle-preserving. 

To preserve the area an even milder condition has to be fulfilled. Due to the expression of area in a surface, this 

condition can be written as 

 

Consequently a surface can be mapped onto the plane in an isometric way if and only if its Gaussian curvature is 

0 in each point. These surface are happen to be the developable surfaces, which have been discussed in the 

previous section. 

 Example 11.11.  A sphere has constant, non-zero Gaussian curvature, while a plane has 

constant, 0 curvature. Thus they cannot be isometrically mapped onto each other. 

Consequently it is theoretically impossible to draw an metrically correct map of the Earth or 

any part of the Earth. We can construct however conform maps of the Earth, which are 

frequently used in aviation. 

We further note, that spheres have an important role in another approach to Gaussian curvature as well. For 

planar curves one can study the mapping which assigns a point of the unit circle to the curve points. The point 

on the unit circle is the one pointed out by the representation of the normal vector of the curve at the given point 

starting from the center of the circle. 

Figure 11.2. The spherical image of the Gauss mapping of a surface 
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A similar mapping can be defined for surfaces as well. 

 Definition 11.12.  Assign to each point of the surface a point on the unit sphere with origin as 

center in a way, that we consider the representation of the normal vector of the surface in the 

given point starting from the origin and this vector points out the image point on the unit 

sphere. This mapping is called spherical mapping or Gauss mapping of the surface, the image 

is the spherical image of the surface. (Fig. 11.2). 

Note, that - similarly to the curve case - the mapping is unique, but not necessarily 1-1 mapping. Each point, 

however, has a sufficiently small neighborhood, on which the mapping is of 1-1 type. 

As one can examine the ratio of the arc length of the curve and the arc length of the circular image, and compute 

the curvature as the limit of this ratio, the same method works for surfaces using areas instead of arc-lengths. 

From this statement one can evidently see that the Gaussian curvature of surfaces is a straight generalization of 

the notion of curvature. 

 Theorem 11.13.  Let a point  of a surface  be given. Consider such a neighborhood 

 of this point on the surface, in which the spherical mapping is a 1-1 mapping. Then the 

Gaussian curvature of the surface in  can be computed as the limit of the ratio of area of 

 and the area of its image on the unit sphere, that is 

 

where  are the first fundamental forms of the surface,  are the first 

fundamental forms of the sphere, while  is the area of . 
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Chapter 12. Special curves on the 
surface; manifolds 

1. Geodesics 

If we would like to compute the distance of two surface points, then we have to find the shortest curve on the 

surface between the two points, that is the curve with smallest arc-length. Let a surface and its two points 

 and  be given. Let  be a curve on the surface, passing through 

 and , that is there exists two parameters  and  for which 

 

The arc length of this arc is 

 

We search for a pair of differentiable functions  which satisfy the above two conditions and minimize 

the above integral. This is a variation problem. The solution can be obtained by solving an Euler-Lagrange type 

system of differential equations. Solutions of this system are called stationary curves. 

 Definition 12.1.  At the variations of the arc length of the curves on surfaces, stationary 

curves are called geodesics. 

The shortest curve between two points on the surface is always a geodesic curve, but geodesics are not always 

provide the shortest paths. On the cylinder, for example, geodesics are helices, so if we consider two points, 

generally there are infinitely many geodesics between them, but only one of them is the shortest path. 

If a straight line is on the surface, it is evidently a geodesic curve, since it has an absolute shortest arc length 

among curves.The following theorems hold for geodesics. 

 Theorem 12.2.  From any point to any direction exactly one geodesic curve starts. 

 Theorem 12.3.  A curve on the surface is a geodesic curve iff the directions of the normal 

vector of the curve and the corresponding normal of the surface coincide at each point. 

 Definition 12.4.  Consider a curve  on the surface and one of its points 

. The geodesic curvature of the curve in this point is the curvature of the curve  which can 

be obtained by orthogonally projecting the original curve  onto the tangent plane of the 

surface in the point . 

 Theorem 12.5.  A curve is a geodesic curve iff its geodesic curvature is identically zero. 

Finding geodesics is not an easy task, even by the help of these statements. In many cases they have no closed 

form. If the surface is a rotational surface, then the following theorem, due to Clairaut, may give us further help 

in searching geodesics. 

 Theorem 12.6.  If the radius of the parallel circle in a point of the rotational surface is , 

while the angle between the tangent of this circle and the tangent of the geodesic curve 

passing through a given point is , then at each point of this geodesic curve 

 

holds. 
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This means that greater parallel circles are intersected by the geodesics under a greater angle as well (see Fig. 

12.1). An exception is the special case, when the geodesic curve intersects all the parallel circles orthogonally, 

since then, due to  the expression is constant. This last case happens in the contour curves of the 

rotational surfaces, thus if a planar curve is rotated around a straight line being in its plane, then the planar curve 

and all of its rotations are geodesics of the generated surface. 

Figure 12.1. Greater parallel circles are intersected by the geodesics under a greater angle 

 

In case of cylinders, where all the parallel circles have the same radii, that is  is constant, due to the above 

mentioned theorem the angle between the geodesics and the parallel circles is also constant. The geodesics of 

the cylinder are the rulers (where ), the parallel circles themselves (where ), and all the helices. 

This shows again that geodesics do not necessarily provide the shortest paths on the surface. 

It is easy to show that geodesics of the sphere are the great circles. 

We further note, that among mappings of surfaces geodesic mappings are of great importance, that is mappings, 

which map all the geodesics of the surface onto geodesics on the image surface. This happens, for example, 

when a surface is mapped onto the plane projecting the geodesics to straight lines. 

2. The Gauss-Bonnet theorem 

In this section we will study one of the deepest result in differential geometry, the theorem mentioned in the title 

and its various formulations. The first version, given by Gauss, declares that geodesic triangles on the surface 

(that is triangles the sides of which are geodesics) have sum of angles different from  in general, and the 

difference is exactly the area integral of the Gaussian curvature of the surface above this triangle. That is, if the 

interior angles of the geodesic triangle are , while the surface area of the triangle is denoted by , then 

 

or, reformulated it for the exterior angles  (where , , ): 

 

In the special case, when the surface is of constant Gaussian curvature, we have well-known results. it is 

obvious, that if , that is we are on a developable surface, then the formula gives the sum of angles from 

elementary Euclidean geometry. If , but it is constant, for example , then 

 

Figure 12.2. Sum of angles of geodesic triangles on surfaces of constant Gaussian curvature: 

for  it is  (upper left), for  it is  (upper right), 

for  it is  
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This means, that the geodesic triangle of the unit sphere, defined by three main circles, always has sum of angles 

greater than , especially greater with the measure of the area of the spherical triangle. If the sphere is not a unit 

sphere, but of radius , then the Gaussian curvature is , that is the sum of angles is greater than , but 

the difference is the product of the area of the triangle and . 

If , but it is constant, then we are on the pseudosphere, on which the sum of the angles of the geodesic 

triangle is always smaller than  (see Fig. 12.2). 

There is a naturally arising question now: what happens if the sides of the triangle on the surface are not 

geodesics. The expression is modified in a way, that the geodesic curvature of the sides also appear, which have 

been identically zero in the case of geodesic sides. Now, an even more generalized form of this theorem is stated 

for -sided polygons on the surface. 

 Theorem 12.7.  Consider a region  of the orientable surface which is homeomorphic to the 

disk. The boundary of  is a closed curve  which has finitely many breaking points , 

where the external angles of the two different tangent vectors are . Otherwise 

the curve is a regular curve, with geodesic curvature . Then the difference of the sum of 

the angles  and  equals the sum of the integral of the Gaussian curvature over  and the 

geodesic curvature over the boundary curve, that is 

 

An even more surprising generalization of the statement is the following theorem, which - together with its 

corollary - is called global Gauss-Bonnet theorem. If  is not homeomorphic to the disk, then the Euler-

charateristic of  also appears in the expression: 

 

An immediate consequence is that if  is a closed, bounded region with no boundary, then the expression 

misses the terms concerning geodesic curvature: 

 Theorem 12.8.  If  is bounded, closed surface with Gaussian curvature  and Euler-

characteristic , then 
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This theorem may be surprising because the Gaussian curvature can vary point by point if the surface is mapped 

by a homeomorphic mapping, but the Euler-charateristic is invariant under this mapping. The theorem states, 

that although the Gaussian curvature can alter point by point, the total curvature is invariant also under a 

homeomorphism. 

3. Differentiable manifolds 

In section 2.2 topological manifolds have been introduced and studied as forms being locally "similar" to the 

Euclidean space. One can define manifolds with additional constraints providing the possibility to differentiate 

analogously as we did in the case of curves and surfaces. This leads to the notion of differentiable manifolds. 

These chapters of differential geometry require a more abstract approach, but the applications of differentiable 

manifolds appear in important fields such as relativity theory. 

 Definition 12.9.  Given an  dimensional manifold  and one of its points , then the 1-1 

mapping, which maps any neighborhood of  to the open set of the  dimensional Euclidean 

space, is called a coordinate-chart. 

 Definition 12.10.  Given an  dimensional manifold , the set of those coordinate-charts  

which map each point of  at least by one chart, is called an atlas of . 

Figure 12.3. Each point  of the manifold is mapped by one or more charts to  

 

The notions chart and atlas are inherited from the classical maps of the Earth, which have analogous properties: 

an atlas, as a book, is a collection of charts (e.g. Europe, South-Asia etc.). A settlement on the Earth, for 

example the town Eger and its surroundings, appear in at least one of the charts (e.g. at the page of Europe) , but 

maybe in more than one (e.g. also at the page of Central-Europe). The book contains enough charts to visualize 

the whole Earth, that is each of the geographical points appears in at least one page. At this stage there is no 

requirements for various charts containing the same neighborhood or point. If the transition between these charts 

is smooth, that is there are differentiable mappings between them, then we will have a special atlas. 

 Definition 12.11.  The  dimensional manifold  is called differentiable manifold, if there 

is an atlas  such that any two charts of the atlas containing images of identical parts of  

have a differentiable mapping, that is if the chart  maps the neighborhood  to , 

while the chart  maps the neighborhood  then 

 

is a differentiable map for every pairs of charts . 

Differentiable manifolds are topological manifolds with an additional property. These manifolds cannot be too 

"wild" they can appear in  by a smooth mapping. 

 Theorem 12.12 (Whitney).  Every  dimensional differentiable manifold  can be 

embedded to the Euclidean space  that is there is a non-degenerated, differentiable 1-1 

mapping between  and . 
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The necessary dimension  can be smaller for special manifolds. For example, the sphere is a two 

dimensional manifold and obviously can be embedded to , although the necessary dimension is 5 by the 

theorem. There are manifolds, however, for which this dimension is sharp. 

From now on, by manifold we mean differentiable manifold. Similarly to the surfaces one can define curves on 

the manifolds as functions with a real interval as domain of definition, and points of the manifolds as image. We 

can add also further requirements, for example, the function has to be differentiable. One can also define 

tangents to these curves on the manifolds. 

 Definition 12.13.  Let a manifold  and one of its points  be given. Let 

 and  two curves on the manifold, passing through . 

Let a chart of the neighborhood of  be . Then this chart also maps the curves in the 

neighborhood of , and this maps  and  are differentiable, because their tags are 

differentiable. The directions of the two curves are called identical in , if the derivatives of 

the two mappings are identical in . 

"Having identical direction in " is an equivalence relation on the set of all the curves on the 

manifold passing through . This relation generates a classification on , which are called 

tangents of  in , while the set of all tangents are called tangent space . 

Tangent space is an obvious generalization of the tangent planes of surfaces. The dimension of the tangent space 

is always identical to the dimension of the manifold itself, similarly to the surface case, where the dimension of 

both the surface and the tangent planes is two. 

Differentiable manifolds can further be specialized, among which the most classical generalization is introduced 

by Riemann, where the tangent spaces are required to be vector spaces as well. 

 Definition 12.14.  The differentiable manifold  is a Riemannian manifold, if for any point 

 the tangent space  is a vector space, that is an inner product is defined on it. 

This technical detail is important, because by inner product one can measure distances in the tangent space, 

which, projected to the manifold, can be used as a kind of metric notion on the manifold. This way the distance 

are measured along the tangent spaces instead of the manifolds. Riemannian manifolds have important 

application in mathematics and physics. 
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