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I. KINEMATICS

1. INTRODUCTION

Kinematics deals with the mathematical description of motion without addressing the cause for the motion. In this
chapter we consider the motion of point masses. A point mass is an object with characteristic sizes that are much
smaller than the sizes of the trajectory. The position and displacement of a point mass, or any other object, can only
be described relative to another point. Therefore motion is always relative. In order to describe the motion of an object
it is necessary to select a frame of reference first. This means setting a coordinate system in which the position of the
object at some time t can be represented by a position vector   that points from the origin to the location of the
object.

The change in the object’s position between any two moments t1 and t2 is called displacement, and it is given by the

vector:

The velocity vector describes the time rate of change of the position vector, i.e. it is the time derivative of the position
vector:

The acceleration vector is the time rate of change of the velocity vector:

It can be seen from these definitions that the velocity vs. time function can be obtained from the acceleration vs. time
function by calculating the integral:

The position vs. time function can also be determined by integrating one more time:

When calculating the path length on the other hand, the direction is not relevant, which means that the velocity vector
can be replaced by its magnitude, the speed. Assuming for example that a train has a speed of 80 km/h, the length of
the path it covers in one hour will be 80 km whether the train is traveling east or north. Therefore the path length is
given by

2. COORDINATE SYSTEMS AND SOME SIMPLE CASES OF MOTION

René Descartes  (1596-
1650)  French philosopher,

scientist,  and
mathematician.

Cartesian coordinate system

Coordinates: x, y, z. These describe the position of a point. When the point changes (e.g., for a moving object) the
coordinates usually depend on time.

Unit vectors:  . These are mutually perpendicular vectors with their length equal to 1, and their relative

orientation is determined by the right-hand rule. These vectors determine the coordinate system, and they do not
depend on time.

The position of an object at time t can be written as  , so e.g. the x coordinate gives

the distance from the origin along the   direction. Using the Pythagorean theorem one can obtain 

 , and  , for example.



The velocity can be described as  , from which the speed can be determined by the

equation  . The dot on top of the variable represents differentiating with respect to time,

therefore  ,  , and   are the coordinates of the velocity vector.

Similarly, the acceleration vector can be written as  , and the magnitude of the

acceleration as  .
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EXAMPLE 1. MOTION ALONG A STRAIGHT LINE AT A CONSTANT SPEED

The velocity is constant, the trajectory is straight, so the problem is one dimensional. The acceleration is zero,
because the derivative of a constant is zero. The displacement can be determined as:

Since the speed does not depend on time, it can be factored out of the integral, and the equation takes the
well-known form:  . This simple relationship holds only when the speed is constant, in which case the
path length is a linear function of time. Plotting the path length vs. time gives a straight line with slope 

 . Given the speed vs. time graph, which in this case is just a straight horizontal line, the path
length can be obtained by calculating the area under the curve.
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EXAMPLE 2. MOTION ALONG A STRAIGHT LINE WITH A CONSTANT ACCELERATION

When the acceleration vector is constant the resulting motion is one dimensional as long as the initial velocity
and the acceleration are parallel. A common example of this kind of motion is free fall. Assuming that both the
acceleration and the initial velocity are directed along the z axis, the speed as a function of time is given as:

This means that the equation   is only valid when the acceleration is constant. The displacement can

be calculated as:

Starting from the origin the equation gives:

Therefore the velocity is a linear function of time with slope  . The position   on the other hand is a
quadratic function, and its graph is parabolic.
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EXAMPLE 3. PROJECTILE MOTION

The acceleration is still constant (with magnitude  , which is the acceleration due to gravity at the

surface of the Earth), but in this case it is not parallel to the initial velocity. Let’s consider an object starting
from the origin, with the x axis being horizontal, and the z axis set to point vertically upward. The first task is
calculating the horizontal and vertical components of the initial velocity. The horizontal component is 

 , and the vertical component is  .

The displacement along the y axis is zero, therefore the unit vector   is multiplied by zero at all times. The
acceleration is   , since the object accelerates vertically downward during the motion.

The velocity vs. time function is  .

The position vector is given as  .

The object hits the ground when the z component of the   function becomes zero, i.e., the coefficient of the

unit vector   at that moment equals zero:  . This latter equation has two solutions;

however, the trivial   solution only shows that the object was thrown from the origin. The time of flight is

given by the other solution:  . Substituting this   into the   function, the coefficient of the

unit vector   gives the range of the projectile motion:
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Polar coordinate system

Polar coordinates are useful for describing certain types of two-dimensional motion. The coordinates are   and 
 (the distance from the origin and the angle measured from the axis).

Example for using polar  coordinates

The description of circular motion around the origin is very simple using polar coordinates, since only one coordinate
changes.

The connection between the polar and Cartesian coordinates for any given   and   can be written as 

  and  . When   and   are given instead, the equations for   and   are 

  and  .

The angular velocity is the time rate of change of the angle:   (where   is measured in radians). The

angular acceleration is time rate of change of the angular velocity:  .
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EXAMPLE 4. UNIFORM CIRCULAR MOTION

The angular velocity is constant, i.e., . The angle  in this case is a linear function of time: .
During one period  the object completes a full circle and as a result  changes by . Therefore the
angular velocity can be written as

The path length covered in a period equals the circumference, so  , and since the speed is
constant, it can be calculated as

The speed during a uniform circular motion is usually referred to as tangential speed, in order to distinguish it
from the angular speed, which is the magnitude of the angular velocity.

The centripetal acceleration is directed radially inward and its magnitude is given by the formula

This acceleration is caused by the continuous change in the direction of the velocity (the object is not moving
along a straight line, therefore its acceleration cannot be zero!).
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EXAMPLE 5. CIRCULAR MOTION WITH CONSTANT ANGULAR ACCELERATION

Since the angular acceleration   is constant, the angular velocity is a linear function of time: 




 . Similarly, the tangential speed is given as  . The acceleration in this
case has both radial and tangential components. The tangential acceleration is related to the change in
speed, and it is determined by the equation

The direction of the tangential acceleration is the same as the direction of the velocity as long as the speed
increases, but it points in the opposite direction when the speed decreases. The magnitude of the acceleration
can be calculated using the Pythagorean theorem

The path length can be obtained in a similar fashion as in the previous example:

 ANIMATION
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