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II. DYNAMICS OF POINT MASSES

1. NEWTON’S LAWS

Sir  Isaac Newton
(1643-1727)  English

physicist,  mathematician,
astronomer,  and

philosopher.

The laws of Newton, dating from 1687, are the most important and most fundamental axioms of classical
mechanics.

I. An object continues in a state of rest or moving along a straight line at a constant speed,until it is compelled to
change its state of motion by other objects.

The selection axiom puts it more precisely as: there are reference frames in which the state of motion of an
undisturbed object does not change (i.e., its velocity vector is constant). A system in which this is true is called
an inertial frame of reference.

II. A force exerted on an object causes the object to accelerate, and the acceleration at any moment is given
as the ratio of the applied force and the mass of the object:

III. The law of action and reaction: If object A exerts a force   on object B, then object B  also exerts a

force   on object A that is equal in magnitude and opposite in direction:

IV. Superposition principle: If multiple forces are exerted on the object simultaneously, the effect of all the
forces is equivalent to the effect of a single net force that is the vectorial sum of all the forces:

Newton’s laws do not tell anything about what determines the magnitude and direction of the force that acts
between two objects. The functions that give mathematical description of the forces that act on an object are
referred to as force equations. Different types of forces are determined by different equations depending on the
nature of the interactions that cause them. Following is a list of some fundamental forces and their equations:

a) Newton’s law of gravity:

where   is the universal gravitational constant  . This equation can also be

applied to spherically symmetric extended objects, because the gravitational force exerted by such an object is
the same as if all  of its mass was at its center.

b) Taking the special case of   being the mass of the Earth, and   being the radius of the Earth, the
resultant force is known as the weight of an object:  .

c) The force between objects with electric charge is called the Coulomb force:

d) The Lorentz force is exerted on a moving charge by a magnetic field:



The vector   is the magnetic induction vector, but most of the time it is simply referred to as the magnetic field

vector.

e) Hooke’s law: The force of a spring is given as  , where   is the spring constant, and   is
the displacement from the equilibrium position.

f) Friction:   (   is the coefficient of friction, and   is the normal force). The friction can be
either static or kinetic, each one with its corresponding coefficient. The static coefficient is always larger, and in
that case the equation gives the maximum possible value of the force.

g) Drag:   or   depending on the medium and the relative speed. The coefficient 
 depends on the density of the fluid or gas, the shape of the object, and the reference area.

h) Constraint forces: e.g. tension (  ), and normal force (  ). The magnitude of such a force is always as
large as necessary for providing the specified constraint. For example if two objects are tied together by a 3 m
long rope, then the constraint is that their distance cannot be more than 3 m. The tension in the rope will be
whatever is needed to ensure that this remains true (as long as the rope does not break, of course).

i) Inertial forces: These forces only appear when the frame of reference is not inertial.

Combining Newton’s First, Second and Fourth Law gives the fundamental equation of dynamics, which is the
formula often used to solve problems. In an inertial reference frame

The equation of motion for the point mass is obtained by breaking the latter formula into its three components
and substituting the appropriate force equations. In general the result is a coupled system of three second order
differential equations. Using Cartesian coordinates:

 

 

Note that the right-hand side does not contain second-order derivatives, i.e., the force cannot depend on the
acceleration because that would violate the superposition principle. In order to solve the equation of motion it is
necessary to specify the boundary conditions. This generally means providing 6 constants, which most often are
selected to be the components of the initial vectors   and  . The trajectory of the object 
 can be determined by solving the equation of motion with the specified boundary conditions.

 EXAMPLE  

 

EXAMPLE 1. OBJECT ON AN INCLINED PLANE

The task is finding the acceleration, which in turn can be used to determine, for instance, the time it
takes for the object to get to the bottom of the inclined plane. Let’s use the fundamental equation of
dynamics:

The diagram below shows the forces that act on the object.



 ANIMATION

Since the acceleration is directed along the incline, it is convenient to select one of the axes (say the x)
to be parallel to the incline, while the other axis should be perpendicular to it. The next step is to break
up the forces into x and y components. The only force that causes complications is the weight of the
object. Notice that if the angle of the incline is  , then the angle between the weight and its normal




component is also   (pairwise perpendicular angles: the weight is perpendicular to the horizontal and
the normal component is clearly perpendicular to the incline). The normal component is the adjacent
side, therefore  . Similarly, the parallel component is  .
Therefore the x component of the equation

can be written as:

And the y component as:

The normal force has to be such that the acceleration has no perpendicular component. If its magnitude
is not large enough the object could penetrate the surface, while too large a value, on the other hand,
would cause the object to miraculously fly off the incline. Knowing that  , the kinetic
friction can be written as

Substituting this into the equation for the x component:

Dividing by the mass gives the acceleration:

2. MOMENTUM AND THE IMPULSE-MOMENTUM THEOREM

The momentum of an object is defined as:  . The change in the momentum is determined by the
impulse, which is the time integral of the applied net force over the duration of its application. According to the
impulse-momentum theorem:

The differential form of this theorem gives the time rate of change of the momentum:

It can be seen from both forms of the theorem that in the absence of forces   the momentum of an

object remains constant. Also note that the latter equation is often called Newton’s second law (this more
general form incorporates objects with changing mass). One interesting implication is that, for a given net force,
the change in momentum does not depend on the mass of the object.

3. WORK AND THE WORK-ENERGY THEOREM

In general work is defined as the line integral of the force:

If the force is constant, it can be factored out of the integral:

 ,

The angle   is measured between the direction of the force and the displacement, and for the special case of 



  the equation takes the simplest possible form:  . For simplicity let’s consider a constant
force acting on an object that starts from rest. In this case  , the acceleration of the object, is constant. After a

certain time   the velocity and the path length (distance) are given as:   and  . Substituting

these expressions, the work is:

This latter quantity is the kinetic energy of the point mass  , and it plays a very important role

in physics. The work done on the object therefore equals the change in the object’s kinetic energy. The general
form of the work-energy theorem can be written as:

The change in the kinetic energy of the object is caused by the work done by the net force that is applied to the
object.

4. SIMPLE HARMONIC MOTION

An object performs simple harmonic motion if, when it is displaced from its equilibrium position, it experiences a
force given by the equation  , where   is the displacement from the equilibrium. This restoring
force is proportional to the displacement, but its direction is opposite. Substituting the force equation into the
equation of motion:

This is an ordinary second order differential equation with general solutions:

where

Furthermore,   denotes the amplitude of the resulting oscillation (the maximum magnitude of the
displacement), and   is the initial phase. The position during a simple harmonic motion is therefore a
sinusoidal function of the time.

The velocity can be determined by differentiating:

Differentiating one more time gives the acceleration:



If we substitute this back into the equation of motion, it can be seen that the   function gives the correct

solution, provided  . The constants   and   are determined by the initial values of   and  ,

these on the other hand do not affect the frequency. The period   is the shortest time for which 
  regardless of the value of  . Similarly to the uniform circular motion,

5. UNIFORM CIRCULAR MOTION AND SIMPLE HARMONIC MOTION

During a uniform circular motion the angular velocity is constant:  . In this case the x coordinate is
given as   and the y coordinate as  . Substituting   the coordinates are 

  and  , therefore both coordinates perform simple harmonic motion. In
other words uniform circular motion can be considered as the combination of two perpendicular simple harmonic

motions with a phase difference of  .

 ANIMATION




Because of this, the quantities that are denoted with the same symbols really carry similar meaning:   is the
orbital period or the oscillation period, and   is the angular velocity or the angular frequency.

Combining perpendicular oscillations

Based on the previous section, the superposition of two perpendicular simple harmonic motions results in
uniform circular motion, provided they have the same frequency and amplitude, and that their phase difference

is  . Changing any one of these conditions, however, leads to a motion that is different from uniform circular

motion.

A) Different amplitudes: combining the motions   and   results in the
equation of an ellipse (after some algebra, and using  ):

This means that the superposition of two perpendicular harmonic motions with the same frequency and with a

phase difference of   gives a motion along an ellipse when their amplitudes are different.

B) A phase difference that is not  : it can be shown that the result of the superposition is still an elliptical

motion, but the axes of the ellipse no longer coincide with the coordinate axes. A special case is given when the
phase difference is zero, i.e. the oscillations are   and  . Dividing the two
equations gives the equation for a line:

When the phase difference is   instead, the resultant motion is still along a line (since 
 ), therefore in these cases the superposition of two simple harmonic motions

simply gives a simple harmonic motion in a different direction.

In general, combining cases (A) and (B), the superposition of two perpendicular simple harmonic motions with
the same frequency results in motion along an ellipse, the special cases of which can be motion along a circle or
along a line.

C) Different frequencies: in these cases the resultant trajectory can be very complicated. The motion is only
periodic (meaning that the object always comes back to the initial position after a certain time) if the ratio of the
frequencies is a rational number. The trajectories obtained by the superposition of perpendicular simple
harmonic motions are called Lissajous curves.

 ANIMATION



Damped harmonic motion

A macroscopic object rarely performs simple harmonic motion, because due to the damping the oscillation dies
down with time. An example for such a damping is given by the force equation:  . Incorporating this
force in the equation of motion:

The solution for weak damping   is:

 ,

where  ,  , and  . This means that the maximum displacement

exponentially decreases with time (the mechanical energy decreases as well, since it is dissipated by the
retarding force), and the frequency becomes lower because of the damping. The graphs below show the
displacement vs. time function for two harmonic motions with different damping,   being about four times
larger in the second case.

 




 ANIMATION

6. DYNAMICS OF CIRCULAR MOTION

Uniform circular motion

The velocity vector of an object performing a circular motion is continuously being turned toward the center of
the circle. This change in the direction of the velocity results in centripetal acceleration (see in kinematics). The
dynamical requirement for such acceleration is that the net force has a component that is directed to the center
(for uniform circular motion the net force itself has to point to the center of the circle, since the tangential
component of the acceleration is zero). The component of the net force that is directed to the center is usually
called centripetal force, and it can be determined as:

This is the force that is necessary to continuously change the direction of the velocity and keep the object on the




circular path.

Planetary motion

Kepler’s laws

Kepler noticed three laws that govern the motion of an object that is bound by another object’s gravitational field
(e.g,. it also applies to the Moon as it orbits around the Earth).

I. The orbits of the planets around the Sun are elliptical, with the Sun at one of the foci.

II. (also called the law of equal areas). The planets move faster when they are closer to the Sun. The radius
vector (the line that connects the planet and the Sun) sweeps out equal areas during equal time intervals. (On
the diagram   if completing the two arcs took the same amount of time.)

III. The square of the orbital period   is directly proportional to the cube of the semi-major axis  . This

means that the ratio   is the same for every planet in our solar system. (In case of a circular orbit the semi-

major axis is simply the radius of the orbit.)

 ANIMATION

7. CENTER OF MASS

 EXAMPLE  

 

Example: Let’s consider two point masses both placed along the x axis. One has a mass of 
  and is at the position  , while the second one has a mass of 

 and it is placed at  . The goal is finding the location of their center of mass. It is natural to




think that the center of mass will be half as far from the object that has twice the mass:

 ,

which gives  .

This result can also be obtained (by rearranging the previous equation) as the mass weighted average
of the positions.

In general the position of the center of mass for a system of (discrete) point masses:

The terms center of mass and center of gravity can be used interchangeably as long as the size of the
system is small enough for the gravitational field to be the same at each point.

 ANIMATION

8. COLLISIONS

Let’s consider the one-dimensional collision between two point-like objects A  and B with masses   and 
, initial velocities   and  , and final velocities   and  . The velocities can be positive
or negative depending on the direction of the motion.

The momentum is always conserved in a collision:

There are two limiting cases considering the kinetic energy. When the kinetic energy is also conserved the
collision is called elastic:

The other limiting case is the inelastic collision, during which the maximum possible amount of kinetic energy is




dissipated as the two objects stick together and continue moving with the same final velocity 
 (which can also be zero). There are two equations in each case therefore given the masses and the initial
velocities the final velocities can be determined.

 ANIMATION

9. EXERCISES

PHYSICS TEST 1.

Többször megoldható feladat, elvégzése kötelező .
A feladat végső eredményének a mindenkori legutolsó megoldás
számít.

 An engine uses 30 kWh energy in 12 minutes. What is the average power
output of the engine if its efficiency is 50%?
 

 
 

75kW
 

150kWs

 
 

 
180W

 
180kW

 
 

3kWh
 

54000J/min




PHYSICS TEST 2.

Többször megoldható feladat, elvégzése kötelező .
A feladat végső eredményének a mindenkori legutolsó megoldás
számít.

 A 5 kg object is pulled across the floor of an elevator that is accelerating
upward at 2 m/s2. The coefficient of kinetic friction between the elevator
floor and the object is 0.4. Determine the force of friction!
 

 
 

24 N
 

25 N

 
 

 
4 N

 
we need to know the velocity

 
 

20 N
 

16 N

PHYSICS TEST 3.

Többször megoldható feladat, elvégzése kötelező .
A feladat végső eredményének a mindenkori legutolsó megoldás
számít.

 An object is placed on two different inclines. The first incline has a 10°
angle with the horizontal, and the coefficient of kinetic friction between the
incline and the object is 0.1. The second incline has a 50° angle, and the
coefficient of friction in this case is 0.5. How many times greater is the
acceleration in the second case?
 

 
 

3,21
 

5,9

 
 

 
22

 
25

 
 

it isn't greater  
 



PHYSICS TEST 4.

Többször megoldható feladat, elvégzése kötelező .
A feladat végső eredményének a mindenkori legutolsó megoldás
számít.

 An object is thrown vertically upward. How many times greater initial
momentum is necessary in order for the object to reach a maximum
height that is four times greater?
 

 
 

we need to know the mass of the object

 
 

double

 
 

quadruple

 
 

sixteen times

 
 

eight times

PHYSICS TEST 5.

Többször megoldható feladat, elvégzése kötelező .
A feladat végső eredményének a mindenkori legutolsó megoldás
számít.

 During a simple harmonic motion the velocity and acceleration of the
object...
 

 
 

are both constant (F)

 
 

vary at different frequencies (E)

 
 

always point in the same direction (A)

 
 

always point in opposite directions (B)

 
 

vanish simultaneously (C)

 
 

vary at the same frequency (D)



PHYSICS TEST 6.

Többször megoldható feladat, elvégzése kötelező .
A feladat végső eredményének a mindenkori legutolsó megoldás
számít.

 An object performing a uniform circular motion completes half a rotation in
each second. The radius of the circle is 4 m, and the force necessary to
keep the object moving along the circle is 60 N. What is the mass of the
object?
 

 
 

3.75 kg
 

7.5 kg

 
 

 
30 kg

 
120 kg

 
 

1.52 kg
 

4.77 kg

 
 

3.87 kg  
 

PHYSICS TEST 7.

Többször megoldható feladat, elvégzése kötelező .
A feladat végső eredményének a mindenkori legutolsó megoldás
számít.

 

The diagrams show three rods of identical mass m and identical length L. The rotation axis
is marked with a black dot in each case. All three rods are stationary at the beginning.



 Rank the angular displacements for the three rods after 0.2 s.
 

 
  

 
 

  

 
  

PHYSICS TEST 8.

Többször megoldható feladat, elvégzése kötelező .
A feladat végső eredményének a mindenkori legutolsó megoldás
számít.

 We have two spherical balls that are made of the same material. The
density of both balls is ρ = 0.5 g/cm3, and their diameters are 20 cm and
10 cm, respectively. How many times larger mass does the first ball have?
 

 
 

it isn't larger
 

eight times

 
 

 
sixteen times

 
quadruple

 
 

double  
 

PHYSICS TEST 9.

Többször megoldható feladat, elvégzése kötelező .
A feladat végső eredményének a mindenkori legutolsó megoldás
számít.

 The two balls from problem 8 are placed at a distance of 90 cm from each
other (center-to-center). What is the distance between the center of the
larger ball and the center of mass?
 

 
 

20 cm
 

40 cm



 
 

 
45 cm

 
80 cm

 
 

10 cm  
 

PHYSICS TEST 10.

Többször megoldható feladat, elvégzése kötelező .
A feladat végső eredményének a mindenkori legutolsó megoldás
számít.

 The two balls from problem 8 are placed in water (ρw = 1g/cm3), and they
both float with a portion of their volume sticking out of the water. How
many times larger is this volume in case of the first ball?
 

 
 

eight times
 

quadruple

 
 

 
half the volume

 
double

 
 

same volume  
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