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II. FUNCTIONS
1. MAPS
Definition Let

and

element

be sets. A map

Instead of "

Identity functions. Here
denoted by

from

to

is a map from
and

to

is a rule which to each
" one writes

assigns precisely one

as an abbreviation.

is defined by

for all

The identity on

     is

or just

EXAMPLE
Example Constant functions. Suppose

Restriction Given

Define

  by

for all

and a non-void subset S of X, define

by

for all

.
Inclusion If

is a non-void subset of

, define the inclusion

by

for all

. Note that

inclusion is a restriction of the identity.

define

Composition Given

by

Theorem (The associate law of composition) If

then

This

may be written as

Definition Suppose
If

the inverse image of

If

the image of

is a subset of

is a subset of

with

is a surjective or onto provided image

, i.e, the image is the range, i.e., if

is a

non-void subset of
is injective or is a 1-1 provided
then

of

and

i.e., if

are distinct elements of

with

is surjective and injective. In this case, there is

and

bijective and
EXAMPLE
Examples
1)

defined by

are distinct elements

.

is bijective or is a 1-1 correspondence provided
function

and

is neither surjective nor injective.

Note that

is also

2)
3)

defined by
defined by

is injective but not surjective.

defined by

4)

5)

is surjective but not injective.

is bijective.

defined by

is bijective.

Note There is no such thing as "the function

is written as arcsin

or

is written as

." A function is not defined unless the domain and range are

specified.
An infinite sequence is a list

of objects, with one object for each positive integer

As for finite

sequences, the objects are called terms and repetitions are permitted. Two infinite sequences
and

are equal if and only if

for each positive integer

An enumeration of a set A is a sequence (finite or infinite) such that every term is in A and every element of A is a
term. For example (1,2,3) and (3,2,1,3) are enumerations of the set {1,2,3}.
A set is finite if and only if it can be enumerated by a finite sequence. A set is inifinite if and only if it is not finite. For
example, {1,2,3} is a finite set because it is enumerated by (1,2,3).

Theorem The set of positive integers is infinite.
Proof. Suppose, for contradiction, that the set of positive integers is finite. Then it can be enumerated by a
finite sequence (a1, a2,..., an). Let a= a 1 + a2 + a 3 + ...+ an . Then a >a i for i= 1, 2, ..., n. Hence a is a
positive integer that is not a term of the sequence (a1, ... , an ).

Theorem Let A
also infinite.

B. If B is finite, then A is also finite. Hence, by contraposition, if A is infinite, then B is

Proof. Suppose B is finite. Let (b1, ... , bn ) be an enumeration of B by a finite sequence. We cross out the
terms are not elements of
The result is a finite sequence that enumerates A. Hence A is also finite.

A set is countable if and only if it can be enumerated. Every finite set is countable, and some infinite sets are
countable. For example, the set of positive integers is countable because (1, 2, 3, ..., n, n + 1,...) is an enumeration.

Theorem The set of rational numbers is countable.
Proof. First we show that the set of positive rationals is countable. Let n be a positive integer greater than 1.
All the positive rationals whose numerator and denominator add up to n can be enumerated in order of
increasing numerator. For example, for n = 6, we have

. Then we follow with n = 4 to get

Then we follow with n = 3 to get

We continue in this manner:

. Now we start with n = 2 to get

,
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Each positive rational appears in this list. To enumerate all the rationals we start with 0 and interlace the
positive and negative rationals: 0,

-

,-

,-

,

,-

,

,-

,....

Theorem Let A
B. If B is countable, then A is countable. Hence, by contraposition, if A is uncountable,
then B is also uncountable.
Proof. Suppose B is countable. In a given enumeration of B we cross out the terms that are not elements of
A. The result is an enumeration of A.

A 1-1 (one to one) correspondence between the set A and the set B is a pairing of the elements of A with the
elements of B such that each a in A corresponds to one and only one b in B, and each b in B corresponds to one and
only one a in A.

Theorem Suppose there is 1-1 correspondence between A and B. Then A is finite (or infinite, or countable, or
uncountable) if and only if B is finite (or infinite, or countable, or uncountable).
Proof.   Suppose A is countable. Let (a1, a2 ,...) be an enumeration of A. Let bi be the element of B
corresponding to ai . Then (b1, b2 ,...) is an enumeration of B, and hence B is also countable. Hence A is
countable if and only if B is countable. Then by contraposition, A is uncountable if and only if B is uncountable.
Now suppose A is finite. Then A can be enumerated by a finite sequence (a1, ... , an ). Again, letting bi be the
element of B corresponding to ai , we have (b1, ... , bn ) as an enumeration of B, and hence B is finite. The
argument is reversible, and hence A is finite if and only if B is finite. Then, by contraposition, A is infinite if and
only if B is infinite.

Theorem The set of real numbers is uncountable.
Proof. Let

. We show that A is uncountable. Then R is uncountable by

Theorem 4. Every element of A can be expressed as a proper decimal. (Note that .237 and .01052 are proper
decimals; 2.61 and 5.0203 are improper decimals.) The subset {.1, .01, .001, .0001, . . .} of A is in 1-1
correspondence with the set of positive integers and is therefore infinite by Theorems 1 and 5. Hence A is
infinite by Theorem 2. Before we go on, we will clear up two minor points. First, some elements of A have
decimal representations that terminate, and others do not. (For example,

=.25, and

=.3333. . . .) To put

all the elements of A on the same footing, we add 0’s to the terminating decimals. (Thus we replace .25 by
.250000. . . .) Then we work with the set of nonterminating proper decimals. The second point is that this set is
not quite in 1-1 correspondence with A. For example, .250000... and .2499999... represent the same real
number. We agree to always use the representation that ends with 0’s instend of the one that ends with 9’s.
With the preliminaries out of the way, the main bout begins. We show that A is uncountable. The proof is by
contradiction. Suppose A is countable. Since A is infinite, A can be enumerated by an infinite sequence
. a11 a12 a13 a14 ...
. a21 a22 a23 a24 ...
. a31 a32 a33 a34 ...
.

.
.
. ai1ai2 ai3ai4...
.
.
.
The first term is .a 11 a12 a13 a14 ..., the second term is .a 21 a22 a23 a24 ..., and so on. Each aij is the jth digit of
the ith term of the sequence. We define a proper decimal .bb a2 b3 ... as follows. For each i,
     B i =   2   if   aii =3
             3   if   aii

3

Then for every i, bi aii . Then for every i, .b1 b2 b3 ... .ai1ai2 ai3... because they differ in the ith digit. Hence
.b 1 b2 b3. ... is an element of A that is not a term of the sequence. But the sequence was supposed to be an
enumeration of A. This contradiction shows that A is uncountable.

Constructing mathematical proofs is an art that is the best learned by seeing many examples of proofs and trying to
imitate these examples when constructing one’s own proofs. Nevertheless, there are a few rules of logic and language
that it is useful to be aware of. Most of these are very natural and will be used without comment. Their full
understanding only comes with experience. We begin with some basic assumptions concering equality.
1.

holds for all

[Reflexivity]

2.

=

then

=

. [Symmetry]

3.

=

and

=

then

=

. [Transitivity]

For example, if we are able to prove
that

=

=

,

=

,

=

and

=

, then we may conclude

. Reflexivity and symmetry of equality are also very useful. It is not necessary to quote these

rules every time they used, but it is good to be aware of them (in case someone asks).

2. ImPLICATIONS
When a statement
that

can be deduced, by means of a mathematical argument, from another statement

is implied by

or

implies

which is written
If

where
call

and

are statements. Instead of ˝ If

the hypothesis and

we say

An implication is a statement of the form

then
then

˝ we will use the form

throughout the text. We

the conclusion of the implication

To prove the implication

start by assuming that

is true and use this assumption to establish the validity of

It is sometimes easier to prove the equivalent statement
is false

is false.

This is called the contrapositive of the implication
When both

and

If you need to prove

then we say that

is well ordered.)

or

you really have two things to prove: both

The Well-Ordering Principle: Every nonempty subset of
saying that

is equivalent to

if and only if

which is written

and

contains a smallest element. (We often express this by

Theorem The Principle of Mathematical Induction. Let

denote an open mathematical statement (or set
which represents a positive

of such open statements) that involves one or more occurrences of the variable
integer.
If

is true; and
is true (for some particular, but arbitrarily chosen,

if whenever
then

then

is true;

is true for all

Proof. Let

be an open statement satisfying conditions (a) and (b), and let

We wish to prove that
Ordering Principle,

so to obtain a contradiction we assume that
has a least element

consequently

With

Since

Then by the Well-

is true, it follows that

we have

is true, contradicting

is false}.

so

and

true. So from condition (b) it follows that
This contradiction arose from the assumption that

Consequently,

Theorem For all

Proof: For

  the open statement

becomes

So

is true and we have our basic step and a starting point from

which to begin the induction. Assuming the result is true for
our inductive step by showing how the truth of
assumption of the truth of

(for some

˝forces˝ us to accept the truth of

is our induction hypothesis.) To establish the truth of

show that

We proceed as follows.

for we are assuming the truth of

But

establishing the inductive step (condition (b)) of the theorem.
Consequently, by the Principle of Mathematical Induction,

3. PArTITIONS ANd EQUIVALENCE RELATIONS

we want to establish

is true for all

(The
we need to

Definition Partition of a set
is a collection
of pairwise disjoint, non-empty subsets of
The elements of
are called the blocks of the partition.

whose union is

.

then

   For example, if
                               
is a partition of

. Note that this partition has four blocks

and

Remark: In the definition of partition we used the term collection. This is just another name for set. It just more natural
to say a collection of sets than to say a set of sets. So in fact, a partititon of
is a set whose elements are
themselves sets, which we choose to call blocks – satisfying three properties:
Each block is a non-empty subset of

.

No two different blocks have an element in common.
Every element of

lies in one block.

Problem Find all partitions of the set

. List them according to the numbers of blocks in each partition. The number

of blocks may be any integer from 1 to 4.
Definition A (binary) relation on set
and we say

is releated to

is a subset

of the Cartesian product

. If

we write

with respect to the relation

Since we will only be concerned with binary relations, we will leave off the modern binary. Examples of relations are <
and
on the set
, = on any set, and
on the class of all groups. Rather than use
for a genetic relation, we
use the symbol
Definition A relation

on a set

is an equivalence relation on

if the following properties hold for all

1.
2.

then

3.

and

then

The properties in the above definition are called reflexivity, symmetry and transitivity, respectively.
The most common equivalence relation is equality. Equality is an equivalence relation on any set.
Definition If

an equivalence relation on the set X, and

we define the set

[a] is called equivalence class of a relative to the equivalence relation

Theorem If

any equivalence relation on the set X then the collection of all equivalence classes is

partition of X. Conversely, given any partition P of the set X, one may define an equivalence relation
by the rule
for some block
in which case the equivalence classes of

4. ELEmENTArY AbSTrACT ALGEbrA

precisely the blocks of partition P.

X

Binary Operations
Definition A binary operation

on a set

is a function from

to indicate the image of the element

to

. If

then we write

under the function

The following lemma explains in more detail exactly what this definition means.

Lemma A binary operation
element of

on a set

to produce a third

This rule must satisfy the following conditions:
and

(a)

is a rule for combining two elements of

                  (

(b) For all

is closed under

in
and

(c) For all

in

(d) For all

in

Proof. Recall that a function

                  (Substitution is permissible.)

from set

element, usually denoted by

to set

is a rule which assigns to each element

in the set

an

Moreover, this rule must satisfy the condition

                                                          (1.1)
On the other hand, the Cartesian product

consists of the set of all ordered pairs

where

Equality of ordered pairs is defined by the rule
and

                                                                           (1.2)

Now in this case we assume that
we write

is a function from the set

Now, if

then

to the set
So the rule

and instead of writing

assigns to

the element

This establishes (a). Now implication (1.1) becomes
                                                                                  (1.3)
From (1.2) and (1.3) we obtain
and

                                                                             (1.4)

This establishes (b).
To prove (c) we assume that
have

and

By reflexivity of equality, we have for all

and it follows from part (b) that

Definition In part (a) the order of

and

is important. We do not assume that

Although sometimes it may be true that

that

Thus we

, as desired. The proof of (d) is similar.

is the same as

it is not part of the definition of binary operation.

Binary operations are usually denoted by symbols such as
Just as

is often used for a generic function, we use
is a given binary operation on a set

to indicate a generic binary operation. Moreover, if
we write

instead of

This is called infix

notation. In practice, we abbreviate even more; just as we use
we will often use

instead of

instead of

or

in high school algebra,

for a generic binary operation. For the binary operation

notations are in wide use. In the additive notation,

is denoted by

multiplicative notation,

then

is denoted by

or by

then

, two

denotes addition. In the

is an multiplication.

We now list some examples of binary operations. Some should be very familiar to you, while others may be new to
you.

Examples
1. Ordinary addition on

and

2. Ordinary multiplication on

and

3. Ordinary subtraction on

and

4. Ordinary division on

and

example,

and

from

and

is divided by

, and

since, for

since division by 0 is not defined.

let

remainder when the ordinary product of

and
and

is divided by

The binary operations defined in the Example are usually referred to as addition modulo
n. The integer n in

and multiplication modulo

is called the modulus. The plural of modulus is moduli. Note also that this is really an infinite

class of examples:

where

and

define the set

remainder when the ordinary sum of

6. Let

since, for example,

Note that division is not a binary operation on

Also note that we must remove

5. For each integer

For all

Note that subtraction is not a binary operation on

etc.

denote any one of the following:

are any element of

Let

be the set of all matrices

Matrix addition and multiplication are defined by the following rules:

for all
7. The set operations

and

are binary operations on the set

called the power set of

and if

called the intersection of

and

5. SEmIGrOUPS ANd GrOUPS

and

are sets, then

of all subset of
is called the union of

  Recall that

is

and

is

and

Semigroups
A semigroup is an ordered pair

where

is a set and

is a binary operation on

satisfying the following

property:
for all

Groups
A group is an ordered pair

where

is a set and

is a binary operation on

satisfying the following

properties
for all

(a)
(b) There is an element
(c) For each element

satisfying
in

there is an element

and
in

for all
satisfying

in
and

Then, one must verify that (a) that the binary operation is associative, (b) that there is an identity in the set (c), and that
every element in the set has an inverse.

Examples
1.

is a group with identity 0. The inverse of

is

2.

is a group with identity 0. The inverse of

is

3.

is a group with identity 0. The inverse of

is

4.

is a group with identity 1. The inverse of

is

5.

is a group with identity 1. The inverse of

is

6.

where

is any one of the following:

is a group whose identity is the zero matrix

and the inverse of the matrix

is the matrix

Note that the binary operations in the above examples are all commutative. For historical reasons, there is a special
name for such groups.
Definition A group

is said to be abelian if

if it is not abelian.

Proposition If

is a group then:

for all

A group is said to be non-abelian

The identity of

is unique. Let

be such that for all

Then
Proof. Since

is an identity, we have

On the other hand,

is an identity, we have

Thus

Proposition If

is a group then:

The inverse of each element in
elements of

is unique. Let

be the (unique) identity of

and

arbitrary

Suppose that

Then
Proof. We know that

Multiplying on the left by

gives

By associativity, this gives

and so

This is what we wanted to prove.

Proposition Let
satisfies either
Proof. To show that
know, say, that

is a group,

the identity element of

or
is the inverse of

Then

and

an arbitrary element of

Suppose

is the (unique) inverse of

we must show both that

Then our goal is to show that this implies that

and

Suppose we

Since

,

By associativity, we have

Now, by the definition of a group,

has an inverse. Let

be that inverse. (Of course, in the end, we will

but we cannot assume that now.) Multiplying on the right by

conclude that

and using associativity

again gives

A similar argument shows that if

then

Note that in order to show that

implies

we used the fact that

has an inverse, since

it is an element of a group. In more general contexts (that is, in some system which is not a group), one may
but not
have

Theorem Let (
=

1. If
2.

=

,

) be a group with identity e. Then the following hold for all elements
, then

, then

in

:

.                [Left cancellation law for groups]
.                     [Right cancellation law for groups]

3. Given a and b in G there is unique element x in G such that a
4. Given a and b in G there is a unique element x in G such that x

=b.
=d.

Now we can speak of the identity of a group and the inverse of an element of a group. Since the inverse of

is

unique, the following definition makes sense:
Definition Let

Definition   Let (

be a group. Let

be any element of

We define

) be a group with identity e. Let a be any element of G. We define integral powers

as follows:
= e
= a
= the inverse of
and for

to be the inverse of

:
=
=

in the group

Using this definition, it is easy to establish the following important theorem.

Theorem (Laws of Exponents for Groups) Let (

be a group with identity e. Then for all

we

have
for all
for all

,

,

and whenever

and

we have

The above definition is used when we think of the group’s operation as being a type of multiplication or product. If
instead the operation is denoted by +, we have instead the following definition.
Definition Let

be a group. Let

If we write

be any element of

We define

to be the inverse of

we say it is a multiplicative group. If we write

we say it is an additive group.

ADDITIVE GROUP

MULTIPLICATIVE GROUP

If

If

then

in the group

then

1)
2)

0 exists such that

3)

For every

for all a.

1 exists such that

  exists such that                               For
.

every

for all a.
   

  exists such that
.

4)

If properties 1), 2), and 3) hold,

is said to be a group. If, in addition, property 4) holds, we say the group is abelian

or commutative.
Definition Let

be a group. A subgroup of

is a subset

of

with the following properties:

The identity is an element of
If

If

then

then

The conditions on

guarantee that

is a group, with the same product operation as

Closure is assured by (3), associativity follows from associativity in

(but restricted to

).

and the existence of an identity and of inverses

is assumed by (1) and (2).
An isomorphism of a group
for all

with a group
and

in

is a function

It is immediate that

that is one-one onto and satisfies

(by taking
(by taking
satisfies

(by taking

and

on the right side).

The third property shows that the inverse of an isomorphism is an isomorphism, hence that the relation ˝is isomorphic
to˝ is symmetric. Since the identity isomorphism exhibits this relation as reflexive and the use of compositions shows
that it is transitive, we see that ˝is isomorphic to˝ is an equivalence relation. Common notation for an isomorphism
between
and
is
because of the symmetry, one can say
and
are isomorphic.

6. REAL NUmbErS
A large part of algebra is concerned with system of elements which, like numbers, may be combined by addition or
We write
multiplication or both. We are given a system whose elements are designated by letters
for this system. The properties of these systems depend upon which of the following basic laws hold:

ADDITION

MULTIPLICATION

Addition is well defined.

Multiplication is well defined.

This means that, for every ordered pair of elements,

of

,

exists and is a unique element of

and

exists and is a unique element of

that also
Associative Laws:
A1.

M1.

Commutative Laws:
A2.

M2.

Zero and Unit:
A3. 0 exists such that
for all a.

M3. 1 exists such that
for all a.

Negatives and Inverses:
A4.

For

every

   

  exists such that

M4.

For

every

.

   

  exists such that

.

Distributive Laws:
D1.

D2.

Definition A system satisfying all these laws is called a field. A system satisfying A0,M0, A1,A2, A3,A4,
M0,M1,D1,D2 is called a ring.
Consider the natural numbers

In this system of numbers, we can add and multiply numbers but we cannot always

subtract and divide and and still obtain a natural number. This system satisfies A0,M0, A1,A2, A3,A4, M0,M1,D1,D2 so
it is a ring. We cannot solve the equation
in the set of natural numbers. We have to extend
to the set
the set of integers, by introducing negative numbers. Then

has a solution,

in

This system

satisfies A0,M0, A1,A2, A3,A4, M0,M1,D1,D2 so it is also a ring. In the set

we can add, subtract and multiply and

is closed under the three operations

However, we cannot always divide

still obtain an integer. We say that

and obtain another integer. For instance, the equation

has no solution in the set of integers. It is necessary to

extend the set of integers to the set of rational numbers, that is, the set

in order to be able to solve this equation.

The rational numbers can be written as

where

and

are integers and

  This system satisfies

A0,M0, A1,A2, A3,A4, M0,M1, M3,M4, D1,D2 so it forms a field under addition and multiplication. The solution in
the equation

is

In the set

of

we can add, subtract, multiply and divide by a non-zero, so we say that

is closed under the four operations

However, in the set

we are still unable to solve the equation

because the real number

is irrational.

In order to have a number system in which we can take roots of all positive numbers, and also to include all numbers
to the set of all real numbers, that is
This
which are represented by infinite decimals, we need to extend
system satisfies A0,M0, A1,A2, A3,A4, M0,M1, M3,M4, D1,D2 so it forms a field under addition and multiplication.
The manipulative properties of the real numbers, such as the relations

   
and
    

all follow from A0,M0, A1,A2, A3,A4, M0,M1,D1,D2. We assume that you are familiar with these properties.
The real number system is by no means the only field. The simplest possible field consists of two elements, which we
denote by 0 and 1, with addition defined by

and multiplication defined by

We have a chain of number systems, each contained in the next, and each with the property that, in it, more equations
can be solved than in its predecessor;
It is possible to insert another number system in between
two members of this chain. For example,

The

is formed by adding

to the racionals and forming all possible real numbers by using the four

processes of arithmetic. Under these four operations,
numbers, then

where

is closed, for, suppose that

are all rational

In each of the above four equations, the right-hand side is of the form
numbers, so all these numbers lie in

Thus

where

and

are rational

is closed under the four arithmetical operations. This

system satisfy A0,M0, A1,A2, A3,A4, M0,M1, M3,M4, D1,D2 so it forms a field under addition and multiplication.
The above process of forming the set of numbers

can be described as extending the set

We now do the same thing for the equation

include the numbers which are solutions of the equation
or

and extend the real numbers,

by adding a new number

equation

We define this new number by the notation

The new number,

is not a real number, so it does not appear as a point on the real line

The new set of numbers is called the set of complex numbers and is denoted by
by

It is called an imaginary
and we then form a set of

by using all the processes of algebra.

numbers, which is an extension of

we replace

which is a solution of the

so that

number because it is not real. We now have the real numbers and the new number

In

in order to

. Thus

wherever it occurs.

The four arithmetical operations are defined on the complex numbers in a natural way, by extending the corresponding
operations on the real numbers.

where
The right-hand sides of the above equations are all complex numbers so that
is closed under the four operations of
arithmetic. Also, all the properties of arithmetical and algebraic manipulation are still valid in
. For example, addition
and multiplication are both commutative, and we identify

This system satisfies A0,M0, A1,A2, A3,A4, M0,M1, M3,M4, D1,D2 so it forms a field under addition and multiplication.

7. COmPLEX NUmbErS
The complex numbers are a set of objects which can be added and multiplied, the sum and product of two complex
numbers being also a complex number, and satisfy the following conditions.
Every real number is a complex number, and if

are real numbers, then their sum and product as complex

numbers are the same as their sum and product as real numbers.
There is a complex number denoted by

such that

.

Every complex number can be written uniquely in the form

where

are real numbers.

The ordinary laws of arithmetic concerning addition and multiplication are satisfied. We list these laws:
If

are complex numbers, then

We have
We have

and
and

and

If 1 is the real number one, then
If 1 is the real number zero, then
We have
The complex field

is a set of ordered pairs of real numbers

with addition and multiplication defined by

The associative and commutative laws for addition and multiplication as well as the distributive law follow easily from
and hence the additive
the same properties of the real numbers. The additive identity, or zero, is given by
inverse of

is

The multiplicative identity is

To find the multiplicative inverse of any nonzero

we set

which is equivalent to the system of equations:

and has the solution
    

Thus the complex numbers form a field.
Suppose now that we associate complex numbers of the form

with the corresponding real numbers

It follows

that
corresponds to
and that
corresponds to
Thus the correspondence between
replacing

by

and

preserves all arithmetic operations and there can be no confusion in

  In that sense, we say that the set of complex numbers of the form

is isomorphic with

the set of real numbers, and we will no longer distinguish between them. In this manner we can now say that
a square root of

and henceforth

since

will be denoted

Note also that

so that we can rewrite any complex number in the following way:

We will use the latter form throughout the text.

Equality
Consider two equal complex numbers,

then

is

and, on squaring both sides

Since each square is positive, the left side of the equation is positive and the right side is negative. Since the only
and so
and
In the
number which is positive and negative is zero, we conclude that
complex number

with

and

real,

is called the real part and

is called the imaginary part. Thus, when

we equate two complex numbers, we put their real parts equal and also their imaginary parts equal, giving two real
equations for one complex one. This process is called the equating of real and imaginary parts of two complex
numbers which are equal. It is a very useful process since, when we have one equation in C, we can then obtain two
equations in R.
Notation If

with

then

and

Definition The ring of quaternions is the ring

where

8. THE QUATErNIONS

and where

and

are defined by the rules:

where

The addition and multiplication inside the 4-tuples on the right represent addition

and multiplication in
Let:

Note that here we are being a little lazy in letting 1 stand for both the vector
set

is what is called in linear algebra a basis for
the scalar by vector product

the quaternion

Now if we abbreviate

may be written uniquely in the form

the quaternion takes the form

and the real number 1. The

This means that if we define for

and

Addition now becomes

Products of the basis elements

are defined as follows:
for all

Using these rules, the distributive law, and the fact that if

and

are any quaternions and

one easily calculates the product of two quaternions
If

where

Thus, if

then

In particular,

and

we define

and check easily that

with

is a division ring (we say that

is a divison algebra over

Note that everything we said so far

by any field in which

remains valid if we replace

(or, equivalently,

then

is not a sum of two squares). For instance, the "rational quaternions"

form a 4-dimensional division

with

algebra.

9. RINGS
Definition A ring consists of a set
following axioms:
(1)

on which are defined operations of addition and multiplication satisfying the

is an abelian group:
for all elements

and

of

for all elements
there exists an element 0 of

(i.e., addition is commutative);
and

of

(i.e., addition is associative);

(known as the zero element) with the property that

for all elements

;
given any element
(2)

of

, there exists an

of

with the property that

is a semigroup (the multiplication is associative):
for all elements

and

of

(i.e., multiplication is associative);

of

(3) the multiplication is distributive:
and

Lemma Let

for all elements

be a ring. Then

and

Proof.   The zero element 0 of

and

of

for all elements

satisfies

of

.

  Using the Distributive Law, we deduce

and

Thus if add

we see that

(the Distributive Law).

Similarly if we add

to both sides of the identity

to both sides of the identity

we see that

Lemma Let
Proof.

  It

be a ring. Then
follows

from

and
the

Distributive

Law

for all elements

of a ring

is said to be a subring of

of

that

Therefore

A subset

and

.
and

and

if

and

for all

A ring

is said to be commutative if

for all

A ring

is said to be unital if it possesses a (necessarily unique) non-zero multiplicative identity element 1 satisfying
for all

Definition A unital commutative ring is said to be an integral domain if the product of any two non-zero elements of
is itself non-zero.
In a ring with identity, it will be convenient not to insist that the identity be different from the zero element 0. If 1 and 0
do happen to coincide in
, then it readily follows that if 0 is the only element of
it is said to be the zero ring (

The set
A field

of integers is a basic example of a commutative ring with identity.
is a commutative ring with identity such that

(4) to each

in

corresponds an element

In other words,

and such that
in

such that

is abelian group under multiplication. Inverses are necessarily unique as a

consequence of one of the properties of groups.

Polynomials in one variable
We do not look at polynomials as functions. Polynomials are formal expressions and (in algebra) they are manipulated
formally.
Let

be a nonzero commutative ring with identity, so that

A polynomial in one indeterminate

should be a finite linear combination

of powers of

, in

which
is a symbol, not a variable. Unfortunately, this natural concept of polynomials leads to a circular definition: one
needs a set of polynomials in order to make linear combinations in it. Our formal definition of polinomials must
therefore seem somewhat unnatural. To make a precise definition, we remove
from the formalism and simply define
the polynomial to be the tuple

of its coefficients. Thus a polynomial in one indeterminate with

coefficients in
is an infinite sequence of members of
such that all terms of the sequence are 0 from some point
on. The indexing of the sequence is to begin with 0, and
is to refer to the polynomial (0,1,0,0,...). Thus
would be interpreted as the sequence
Addition and negation of polynomials are
defined in coordinate-by-coordinate fashion by

and the set

of polynomials is then an abelian group isomorphic to the direct sum of infinitely many copies of the

additive group of

is to be the polynomial whose

coefficients are 1 in the

position, with

and 0 in all other positions.

Polynomial multiplication is then defined so as to match multiplication of expressions
if the product is expanded out, powers of
the precise definition is that

are added, and the terms containing like powers of

are collected. Thus

where

Example

and

Let
denote the set
actually be any field.)
For

of rational numbers, the set

is in

example,

which is also

  Observe that
is in

of real numbers, or set

in

of complex numbers. (

in

is in

but

and in
not

in

could

since
Observe that

but not in

can be regarded as a subset of
; that is, for any two elements in

and the addition and multiplication operations on
, their sum and product as elements of

extend those on

agree with their sum and product as

elements of
The polynomial with all entries 0 is denoted by 0 and is called the zero polynomial.
other than 0, the degree of
that

In this case,

denoted by

is called the leading coefficient, and

For all polynomials

is defined to be the largest index
is called the leading term; if

such
the

polynomial is called monic. The usual convention with the 0 polynomial is either to leave its degree undefined or to say
that the degree is
; let us follow the latter approach in this section in order not to have to separate certain
are equal if and only if coefficients of
are same for both
formulas into cases. Importantly, two polynomials
and
The operations of addition and multiplication of polynomials satisfy properties exactly analogous to those listed for the
definition of rings.
All of these properties can be verified by straightforward computations, using the definitions of the operations and the

corresponding properties of the operations in K.
As an example of the sort of computations needed, let us verify the distributive law: Let
and

Then

  

Verification of the remaining properties listed in the following proposition is left to the reader.

Proposition
(a) Addition in

is commutative and associative; that is, for all

and

(b) 0 is an identity element for addition; that is, for all

(c) Every element

(d) Multiplication in

of

has an additive inverse

,

, satisfying

is commutative and associative; that is, for all

and

(e) 1 is an identity for multiplication; that is, for all

,
.

(f) The distributive law holds: For all

Definition The degree of a polynomial
polynomial

is zero, unless

is the largest k such that

(The degree of a constant

By convention, the degree of a constant polynomial 0 is

The degree of

is denoted deg(p).
is a nonzero polynomial of degree k, the leading coefficient of p is

If

and the leading term of p is

A polynomial is said to be monic if its leading coefficient is 1.
EXAMPLE
Example The degree of

is 7; the leading coefficient is

is a

monic polynomial.

Proposition Let
(a)

in particular, if f and g are both nonzero, then

We say that a polynomial
for ˝

We write

Theorem Let

divides a polynomial
divides

(or is divisible by

if there is a polynomial

such that

˝

be a commutative ring. Then the set

is a commutative ring under the usual addition

and multiplication.

Definition Let

be a commutative ring. A nonempty subset

of

is said to be an ideal of

if

1.
2.
Let

be a commutative ring. Let

. Let
for

The

is an ideal of

Theorem Let
Suppose

This ideal is sometimes denoted by

be the polynomial ring over a field
  and

is

non

zero.

Then

and

has an inverse in

if and only if

Theorem (Division Algorithm) Let
polynomial and

is nonzero scalar.

be a field and

be a polynomial ring over

Then for any

there are polynomials

Let

be a

such that

     
In fact,

are unique for a given

We now consider various properties of polynomials whose coefficients belong to a field K (such as the field of rational
numbers, real numbers or complex numbers).

Lemma Let K be a field and let f K [x] be a non-zero polynomial with coefficients in K. Then, given any
, there exist unique polynomials q and r in K[r] such that h = fq + r and either r = 0 or
polynomial h
else deg r

deg f.

Proof.   If deg h < deg f then we may take q = 0 and r = h. In general we prove the existence of q and r by
induction on the degree deg h of h. Thus suppose that deg
deg f and that any polynomial of degree less
than deg h can be expressed in the required form. Now there is some element c of K for which the polynomials
h(x) and cf(x) have the same leading coefficient. Let
Then either

or deg

and r such that

, where

The inductive hypothesis then ensures the existence of polynomials
+ r and either r=0 or else deg r < deg f. But then h=fq+r, where q(x)=

We now verify the uniqueness of q and r. Suppose that fq+r=
and either

= 0 or deg

But deg ((q) f =r

)f)

< deg f. Then (q

deg f whenever
cannot hold unless

) f=r-

,

.

, and deg
and

, where

) < deg f whenever

.Therefore the equality

.This proves the uniqueness of q and r.

Any polynomial f with coefficients in a field K generates an ideal ( f ) of the polynomial ring K[x] consisting of all
polynomials in K[x] that are divisible by f.

Lemma   Let K be a field, and let I be an ideal of the polynomial ring K[x]. Then there exists

such

that I=( f ), where ( f ) denotes the ideal of K[x] generated by f.
Proof   If I = {0} then we can take f = 0. Otherwise choose

such that

and the degree of f does

not exceed the degree of any non-zero polynomial in I. Then, for each h=fg+r and either r= 0 or else deg r <
since r=h – fg and h and f both belong to I. The choice of f then ensures that r = 0 and h =
deg f. But
qf. Thus I=( f )

Definition Polynomials

with coefficients on some field K are said to be coprime if there is no non-

constant polynomial that divides all of them.

Theorem Let

, be coprime polynomials with coefficients in some field K. Then there exist

polynomials

with coefficients in K such that

Proof   Let I be the ideal in K[g] generated by

. It follows that the ideal I is generated by some

polynomial d. Then d divides all of

and is therefore a constant polynomial, since these

polynomials are coprime. It follows that I=K [x]. But the ideal I of K[x] generated by

, coincides

with the subset of K [x] consisting of all polynomials that may be represented as finite sums of the form

for some polynomials

. It follows that the constant polynomial with value 1 may be expressed as

a sum of this form, as required.

Definition A non-constant polynomial f with coefficients in a field K is said to be irreducible over K if it is not divisible
by any non-constant polynomial of lower degree with coefficients K.
Any polynomial with coefficients in a field K may be factored as a product of irreducible polynomial. This easily proved
by induction on the degree of polynomial, for if non-constant polynomial is not itself irreducible then it can be factored
as a product of polynomials of lower degree.
EXERCISE
Exercise Describe all the ring structures on

,+).

Solution By the distributivity laws, in order to define a multiplication
define
. Indeed,

One easily checks that for every

the multiplication

only structures with identity are obtained for

on

, we remark that it suffices to

defines a ring structure on

The

or

EXERCISE
Exercise Let

be an arbitrary set and

the set of all its subsets. Consider the operation

defined by

. Show that

is a commutatíve ring with identity and zero divisors, such that each element is idempotent.
Solution

and

are the zero respective to the identity element, each non-void disjoint subsets of

zero divisors and clearly

are

so that each element is idempotent. All the ring verifications are simple.

EXERCISE
Exercise On

consider the addition
and

(a)

.

(b)
Verify that (

and two multiplications:

and (

are rings with identity. Find zero divisors in the first ring and prove that

the second ring is isomorphic to (

. Are these two rings isomorphic?

Solution The ring verifications are straightforward. In the first ring

so that
defined by

(two-sided) zero divisor. The map

is easily

checked to be ring isomorphism. The above two rings are not isomorphic. More generally, if
rings such that

has and

is a

and

are

does not have zero divisors then these two rings are not isomorphic. Indeed, if

  it would be isomorphism (but injective ring homomorphism = monomorphism suffices) and
with

then

and

, a contradiction.

EXERCISE
Exercise   Let

denote the ring of all the

Show that
For
The

has identity if and only if
show that

center

-matrices with elements in a ring

consists

).

has identity.

is commutative if and only if

of

(

of

all

the

(i.e.

).

diagonal

matrices

such

that

(the center of R).
Solution
(a) If

then

has the well-known identity matrix

Conversely, if

is the identity of

zero entries but
(b) If

and

and the equalities
then (

Conversely, if

one proves that

and
is commutative and

, using the matrices

with all

is an identity in

is obviously a commutative ring.
, we get

from

=

(c) If

and

then

Conversely, if
th row and
for each

let us consider a matrix

(a so-called matrix unit) with 1 on the

-th column and all the other entries zero. From the equalities
and

for
we also infer

so that

is diagonal, say

we deduce
Now if

from

-

       Digitális Egyetem, Copyright © Kovács Béla,

2011

