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II. BASIC PROBABILITY THEORY

1. SAMPLE SPACES AND EVENTS

The sample space of a random experiment is the set of all possible simple outcomes of the experiment. These
individual outcomes are also called sample points or elementary events. An event is a subset of a sample space
satisfying axioms of algebra. An event  is said to occur if the random experiment is performed and the
observed outcome is an element of the set 

Some Set Operations and Corresponding Probability Statements

At least one of  and  occurs.

Both  and  occur.

 does not occur.

The impossible event.

The sure (certain) event.

 implies .

 occurs and  does not occur.

If  we say that  and  are mutually exclusive (disjoint) events.

If  then  are called exhaustive.

 form complete system of events, if these events are mutually exclusive, exhaustive events.

Definition:  (Axioms of a  Algebra) The family   of events of a sample space   is assumed to satisfy the
following axioms:

(A1)   and   are elements of  

(A2) If   then   

(A3) If   are elements of   so is 

2. EXERCISES

Solutions:      visible     invisible

1. Prove that

 
 

 

 
 

 
 



 
 

 

2. Simplify the following expressions:

 

 
 

 
 

 
 

 

 

Solutions: 
(a)   
(b)   
(c)   

(d)   

(e)   (certain event).

3. State which of the following statements are true or false:

 
 

 
 

 
 

 
 

 
 

 
 

 

 

 

Solutions: (c), (d), (e), (g), (h) are true.

4. When are the following statements true:

 
 

 

 
 

 
 

 



 

 

 

Solutions: 
(a)   

(b)   

(c)   

(d)   
(e)   

(f) 

5. Prove that

 

 
 

 
 

 
 

 

6. Assume   are subsets of the set   Prove De Morgan’s laws:

(a) 

(b) 

7. Determine the event that of the events   there occur (i) exactly 0, (ii) exactly 1, (iii) exactly 2, (iv) exactly 3,
(v) at least 0, (vi) at least 1, (vii) at least 2, (viii) at least 3, (ix) no more than 0, (x) no more than 1, (xi) no more than 2,
(xii) no more than 3.

Remark: By "at least 1" we mean "1 or more," by "no more than 1" we mean "1 or less," and so on.

 

Solutions: 
(i)   

(ii)   

(iii)   

(iv)   
(v)   
(vi)   

(vii)   

(viii)   

(ix)   

(x)   

(xi)   

(xii) 



8. Suppose that a study of 900 college graduates 25 years after graduation revealed that 300 were "successes," 300
had studied probability theory in college, and 100 were both "successes" and students of probability theory. Find, for 

  the number of persons in the group who had done of these things: (i) exactly   (ii) at least   (iii) at
most 

 

Solutions: (i)   (ii)   (iii) 

9. Certain data obtained from a study of group of 1000 subscribers to a certain magazine relating to their sex, marital
status, and education were reported as follows: 312 males, 470 married, 525 graduates, 42 male college graduates,
147 married college graduates, 86 married males, and 25 married male college graduates. Show that the numbers
reported in the various groups are not consistent.

 

Solution: Let   and   denote, respectively, a set of college graduates, males and married

persons. Show that the size of 

10. There are 3 machines in a workshop. Let   denote the event, that the  th machine is perfect.

Describe, in the language of algebra of events, the following events:

(i) all  of them went wrong,
 
(ii) not more than one is perfect,
 
(iii) the first and the second went wrong,
 
(iv) the first and the second went wrong, but the third is perfect,
 
(v) at least two of them are perfect,
 
(vi) the third went wrong.

 

Solutions: 
(i)   

(ii)   

(iii)   

(iv)   

(v)   

(vi) 

11. Which of the following systems of events are complete systems of events:

 

 
 

 
 

 
 

 
 

 



 

Solutions: (iii), (iv) are complete systems.

12. We throw a fair die 5 times. The event      denotes that the  th die is six. Describe the following

events:

(i) the fifth throw is the first six,
 
(ii) at least one throw is six,
 
(iii) exactly four throws are six,
 
(iv) the first and the fourth are six, but one of the others is not six.

 

Solutions: 
(i)   

(ii)   

(iii)  

 

 (iv) 

3. PROBABILITY

Let  be a nonempty point set representing all possible outcomes of an experiment, and let  be an algebra of
subsets of 

Definition: Let   be a mapping, called a probability, defined for all elements of   so that the following
rules are satisfied. 

(P1) For each      and   

(P2) If   are disjoint events of   then 

             

(  additive, countably additive.) 

The triple   is called a probability space.

  

 

Theorem:

(1)   

(2)   for every event   

(3)   for any events   

(4)   implies   for any events 

 PROBLEM  



 

EXAMPLE 1 For any two events,  and  on a probability space

Solution: The events  and  are mutually exclusive, and their union is  Then, by axiom (P2),

from which the statement follows immediately.

 
 PROBLEM  

 

EXAMPLE 2 Three athletes A, B and C are to run a race. B and C have equal chances of winning, but A is
twice as likely to win as either. Find the probability of each athlete winning.

Solution: Since B  and C are equally likely to win, their probabilities must be the same, say  Since A is twice
as likely to win as either, his probability must be 

the probability that A wins is  that B wins is  that C wins is 

4. EXERCISES

Solutions:      visible     invisible

1. Show that for any events,  and  on a probability space

The event  is the event that exactly  of the events,  and  will occur.

2. Show that for any 3 events,  and  defined on a probability space, the probability of the event that at least 1

of the events will occur is given by

3. Let  and  be 2 events on a probability space. Show that

4. Let  and  be 2 events on a probability space. In terms of   and  express

for  exactly  of the events,  and  occur 

 
for  at least  of the events occur 

 
for  at most  of the events occur 

 



 occurs and  does not occur 

 

Solutions: 
(i)         

(ii)         

(iii)         

(iv) 

5. Let  and  be 3 events on a probability space. In terms of     

  and  express for 

exactly  of the events,    occur 

 
at least  of the events,    occur 

 
at most  of the events,    occur 

6. Evaluate the probabilities asked for in Exercise 4 in the case that

 

 

 

Solutions:. 

(i)   

(ii)   

(iii) 

7. Prove that if  and  then 

8. Prove that 

5. FINITE PROBABILITY SPACES

We define the sample space  as having equally likely outcomes if all  the single-member

(elementary) events on  have equal probabilities, so that

The probability of a particular outcome (event) is defined as



In other words, the probability of an event  is equal to the ratio of the size of  to the size of 

 PROBLEM  

 

EXAMPLE 1 In a well-shuffled pack of 52 playing cards, find the probability that a card drawn at random is a
heart.

Solution: There are 52 possible outcomes, and since there are 13 hearts, we have 13 ’favourable’ outcomes.

Thus the probability of drawing a heart is  i.e.

 
 PROBLEM  

 

EXAMPLE 2 Suppose that we have  urns, numbered  to  and  balls, numbered  to  Let one

ball be inserted in each urn. If a ball is put into the urn bearing the same number as the ball, a match is said to

have occured. What is the probability of the event  (for  that a match will occur in the th

urn?

Solution: To write the sample space  of the experiment of distributing  balls in  urns, let 

 represent the number of the ball inserted in the th urn (for  Then  is the set of 

tuples  in which each component  is a number  to  but no two components are equal.

The event  is the set of outcomes in  such that  in symbols,  It

is clear that the size of  is equal to  and the size of  is equal to  then 

6. EXERCISES

Solutions:      visible     invisible

1. From a well-shuffled pack of 52 cards, one card is drawn. Find the probability that it is

(i) a King,
(ii) the Queen of Hearts,
(iii) a Diamond,
(iv) either the Queen of Hearts or the Jack of Spades,
(v) either a two or a three,
(vi) either a two or a Spade,
(vii) not the Ace of Spades,
(viii) not a Club,
(ix) not a Diamond,
(x) either a King, a Queen or a Jack.

 

Solutions: 

(i)    (ii)    (iii)   (iv)    (v)    

(vi)    (vii)    (viii)    (ix)    (x) 



2. A man writes down at random a whole number larger than 1 and smaller than 11. Find the probability that it is

(i) odd, 
(ii) even, 
(iii) prime, 
(iv) a factor of 12, 
(v) a perfect square, 
(vi) a power of 2, 
(vii) a perfect cube, 
(viii) a square root of a number less than 50.

 

Solutions: 

(i)    (ii)    (iii)    (iv)   

(v)    (vi)    (vii)    (viii) 

3. A box of chocolates contains 5 with soft centres and 7 with hard centres. What is the probability that, if one is
selected at random and eaten, it is a ‘soft centre’? If the first one eaten is ‘soft centred’, what is the probability that the
next one eaten is also ‘soft centered’?

 

Solution:  

4. List the possible outcomes of throwing a pair of dice, e.g. (1,1) to denote that both dice show ones, (1,2) to denote
that the first shows a 1 and the second a 2. There should be 36 such outcomes, all equiprobable.

(i) Find the probability that the total shown on the dice is 2.
 
(ii) List the probability of all  totals from 2 to 12.
 
(iii) What is the most likely total obtained from throwing two fair dice?

 

Solutions: 

 (i)   

(ii)                                 

(iii) 

5. A fair die is taken, and three of the faces are marked 1, two are marked 2 and the sixth is marked 3; another fair die
is taken and the faces marked 1 to 6 in the usual way. When these two dice are thrown together, find the probability
that

(i) they both show 1,
 
(ii) they both show 2,
 
(iii) the numbers shown total 2,
 
(iv) the numbers shown total 3,
 
(v) the numbers shown total 4.

 

Solutions: 

 (i)    (ii)    (iii)    (iv)    (v) 



6. Two balls are drawn with replacement (without replacement) from an urn containing 8 balls, of which 5 are white and
3 are black. Find the probability that

(i) both balls will be white,
 
(ii) both balls will be the same colour,
 
(iii) at least 1 of the balls will be white.

 

Solutions: 
Without replacement. 

(i)    (ii)    (iii) 

With replacement:

(i)    (ii)    (iii) 

7. An urn contains 6 balls, numbered 1 to 6. Find the probability that 2 balls drawn from the urn with replacement
(without replacement), will have a sum equal to 7.

 

Solution: 

8. An urn contains 10 balls, bearing numbers 0 to 9. A sample of size 3 is drawn with replacement (without
replacement). By placing the numbers in a row in the order in which they are drawn, an integer 0 to 999 is formed.
What is the probability that the number thus formed is divisible by 39?

Note: Regard 0 as being divisible by 39.

 

Solution: 

9. Suppose that among engineers there are 12 fields of specialisation and that there is an equal number of engineers
in each field. Given a group of 6 engineers, what is the probability that no 2 among them will have same field of
specialization?

 

Solution: 

10. Two friends, Irwin and Danny, are members of a qroup of 6 persons who have placed their hats on a table. Each
person selects a hat randomly from the hats on the table. What is the probability that

(i) Irwin will get his own hat,
 
(ii) both Irwin and Danny will get their own hats,
 
(iii) at least one, either Irwin or Danny, will get his own hat?

 

Solutions:



(i)    (ii)   (iii) 

11. An urn contains 52 balls, numbered 1 to 52. Suppose that numbers 1 to 13 are considered "lucky." A sample of
size 2 is drawn from the urn with replacement (without replacement). What is the probability that

(i) both balls drawn will be "lucky,"
 
(ii) neither ball drawn will be "lucky,"
 
(iii) at least 1 of the balls drawn will be "lucky,"
 
(iv) exactly 1 of the balls drawn will be "lucky"?

 

Solutions: 
With replacement: 

(i)  (ii)    (iii)    (iv) 

Without replacement:

 (i)    (ii)    (iii)    (iv) 

12. A man tosses a fair coin 10 times. Find the probability that he will have

(i) heads on the first 5 tosses, tails on the second 5 tosses,
 
(ii) heads on tosses 1, 3, 5, 7, 9, tails on tosses 2, 4, 6, 8, 10,
 
(iii) 5 heads and 5 tails,
 
(iv) at least 5 heads,
 
(v) no more than 5 heads.

 

Solutions: 

 (i)    (ii)    (iii)    (iv)    (v) 

13. Consider 3 urns: urn I contains 2 white and 4 red balls, urn II contains 8 white and 4 red balls, urn III contains 1
white and 3 red balls. One ball is selected from each urn. Find the probability that the sample drawn will contain exactly
2 white balls.

 

Solution: 

14. A box contains 50 razor blades, 5 of which are known to be used, the remainder unused. What is the probability
that 5 razor blades selected from the box will be unused?

 

Solution: 

15. A professional magician named Sebastian claimed to be able to "read minds." In order to test his claims, an



experiment is conducted with 5 cards, numbered 1 to 5. A person concentrates on the numbers of 2 of the cards, and
Sebastian attempts to "read his mind" and to name the 2 cards. What is the probability that Sebastian will correctly
name the 2 cards, under the assumption that he is merely guessing?

 

Solution: 

16. An integer is chosen at random. Calculate the probability that it is not divisible by 3 and 7.

 

Solution: 

17. The contract between a manufacturer of electrical equipment (such as resistors or condensors) and a purchaser
provides that out of each lot of 100 items 2 will be selected at random and subjected to a test. In negotiations for the
contract the following two acceptance sampling plans are considered.

Plan (a): reject the lot if both items tested are defective; otherwise accept the lot.
 
Plan (b): accept the lot if both items tested are good; otherwise reject the lot.

Obtain the operating characteristic curves of each of these plans. Which plan is more satisfactory to (i) the purchaser,
(ii) the manufacturer? If you were the purchaser, would you consider either of the plans acceptable?

 

Solution: Manufacturer would prefer plan (a), purchaser would prefer plan (b).

18. Consider an electric fixture (such as Christmas tree lights) containing 5 electric light bulbs which are connected so
that none will operate if any one of them is defective. If the light bulbs in the fixture are selected randomly from a batch
of 1000 bulbs, 100 of which are known to be defective, find the probability that all the bulbs in the electric fixture will
operate.

 

Solution: 

19. An urn contains balls of 4 different colors, each colour being represented by the same number of balls. Four balls
are drawn, with replacement. What is the probability that at least 3 different colors are represented in the sample?

 

Solution: 

20. Suppose that a die is loaded in such a manner that, for  the probability of the face marked  turning

up when the die is tossed is proportional to  Find the probability of the event that the outcome of a toss of the die
will be an even number.

 

Solution: 

21. An urn contains  balls, numbered  to  Let  numbers be designated "lucky," where  Let a

sample of size  be drawn either without replacement (in which case  or with replacement. Show that the



probability that the sample will contain  balls with "lucky" numbers is given by

22. An urn contains  balls, numbered  to . A sample of size  is drawn without replacement, and the

numbers on the balls are arranged in increasing order of their numbers:  Let  be a number  to 

 and  a number  to  Show the probability that  is

23. In a party of 4 married couples everybody dances. Every gentleman dances with every one of the ladies with the
same probability. What is the probability that somebody dances with his own wife?

 

Solution: 

24. Suppose that we have  urns, numbered  to  and  balls, numbered  to  Let the balls be inserted

randomly in the urns, with one ball in each urn. If a ball is put into the urn bearing the same number as the ball, a
match is said to have occured. What is the probability that at least one match will occur?

 

Solution: 

25. An urn contains 4 red balls. At least how many white balls are there in the urn if the probability of drawing a white
ball is greater than 0.9?

 

Solution: 

26. If  soldiers who sleep in the same barracks arrive home one evening so drunk that each soldier chooses at
random a bed in which to sleep, what is the probability that exactly  soldiers will sleep in their own beds?

 

Solution: 

27. If  counters are exposed to a cosmic ray shower and are hit by  rays, what is the probability that precisely 
 counters will go off?

 

Solution: 



7. GEOMETRICAL PROBABILITIES

Let  be a geometrical figure and  be a subset of  If  is the set of all possibilities and  is that of the
favourable possibilities then the probability of the favourable case is equal to the size (measure) of the set  divided
by the size (measure) of the set  This definition presumes the size of the sets to be finite.

 PROBLEM  

 

EXAMPLE 1 Decompose a unit segment into three subsegments by two points chosen at random. What is the
probability that a triangle can be constructed from the three segments?

Solution: We have to examine the probability that any one of the three segments is less than the sum of the
remaining two. Let the segment be the interval (0,1) and the abscissas of the two points x and y. This way we
order one point of the unit square of the plane to any decomposition of (0,1) into three segments and
conversely.  equals the unit square. In this case we only need to compute the area of the domain 
 determined by the inequalities

or

The area of  is  Therefore the probability is equal to

 
 PROBLEM  

 

EXAMPLE 2 A number is chosen from the interval  What is the probability that the second decimal place

of the square root of the number will be the digit  Is the digit  for 

Solution: For  let  be the set of numbers on the unit interval whose square roots have a

second decimal which equals the digit  A number  belongs to  if and only if for some 

or

The length of the interval is

Hence the probability of the set  is given by



 

In particular, 

8. EXERCISES

Solutions:      visible     invisible

1. A room is paved with rectangular quadrilaterals. Let the length of the sides be  and  where  A circle with

diameter  is thrown on the pavement. What is the probability that the circle will not touch any boundary line?

Examine the following cases:

(i) 

 
(ii) 

 
(iii) The pavement is covered with equilateral triangles with sides of length 
 
(iv) The pavement is covered by rhombi of sixty degrees, with sides of length 
 
(v) The floor is paved with regular hexagons.

 

Solutions: 

 

(i)    (ii)  (iii)   

(iv)    (v) 

2. Determine the probability that the distance between two points, chosen on a line segment of length  is greater
than b.

 

Solution: 

3. Let us choose  numbers between zero and  Determine the probability that the sum  of

these numbers is less than  where 

 

Solution: 



4. In the interior of a circle let us choose two points  and  and determine the probability that the circle possessing

 as a centre and  as radius will lie fully in the given circle.

 

Solution: 

5. In the interior of a sphere of radius  let us choose two points  and  From the point  as centre we draw a

sphere of radius  Determine the probability that the obtained sphere will lie inside the given sphere.

 

Solution: 

6. A stick is broken at a random point and the largest part is again broken at random. What is the probability that a
triangle can be formed from the three pieces thus obtained?

 

Solution: 

7. An angle  is chosen from the interval  to  A line is drawn on an plane through the point 

 at the angle  with  axis. What is the probability, for any real number  that the intercept of the line

will be less than ?

 

Solution: 

8. A number is chosen from the interval (0,1). What is the probability that

(i) the first decimal of its square root will be a 3,
 
the negative of its logarithm (to the base ) will be less than 3?

 

Solutions: 
(i)   

(ii) 

9. Two numbers are randomly chosen from the interval  What is the probability that their sum is less than  and

their product is less than 

 

Solution: 

10. Two points are randomly chosen on a line segment of length  What is the probability that the distance of the



points is less than their distances from the endpoints of the segment.

 

Solution: 

11. Two numbers are randomly chosen from the unit interval. Find the probability that the length of every part is less

than  

 

Solution:     if   and   if 

12. We choose randomly 3 points from a circle. What is the probability that the three points are the vertices of an acute
triangle?

 

Solution: 

13. Two points are randomly chosen from the unit interval. What is the probability that their distance is less than 

 

Solution: 

14. We denote a point on a circle with radius  Then we choose a point in the interior of the circle at random. What is
the probability that the distance of the points is greater than 

 

Solution: 

15. We choose two numbers  and  from the unit interval at random. What is the probability that the solutions of the

equation  are real numbers?

 

Solution: 

16. Three segments are chosen from the interval  at random. What is the probability that a triangle can be

formed from the three segments?

 

Solution: 



17. Between 7 and 8 a.m. trains leave a certain station at 3, 5, 8, 10, 13, 15, 18, 20, minutes past the hour. What is
the probability that a person arriving at the station will have to wait less than a minute for a train, assuming that the
person’s time of arrival at the station is random over the interval

(i) 7 to 8, (ii) 7:15 to 7:30, (iii) 7:02 to 7:15, (iv) 7:03 to 7:15, (v) 7:04 to 7:15?

 

Solutions: (i)   (ii)   (iii)   (iv)   (v) 

18. A young man and a young lady plan to meet between 5 and 6 p.m., each agreeing not to wait more than 10
minutes for the other. Find the probability that they will meet if they arrive independently at random times between 5
and 6 p.m.

 

Solution: 

19. Six soldiers take up random positions on a road 2 miles long. What is the probability that the distance between any
two soldiers will be more than

(i)  (ii)  (iii)  of a mile?

 

Solutions: (i)   (ii)   (iii) 

9. CONDITIONAL PROBABILITY AND INDEPENDENCE

Definition: Let  be an event of positive probability. For any event 

The probability  is the conditional probability of , given .

This means the probability that  will occur under the assumption that  has occured.

  

 

Theorem: (Multiplication Rule) For events  and 

           

if  and

           



if 

Corollary: (General Multiplication Rule) For events     

provided that all the probabilities on the right are defined. A sufficient condition for this is that 
 since

  

 

Theorem: (Law of Total Probability) Let    be events such that

(a)  if  (mutually exclusive events)

(b)

(c)

(A family of events satisfying (a)-(c) is called a partition of )

Then, for any event 

           

Theorem: (Bayes’ Theorem) Suppose the events    form a partition of  Then, for any

event  with 

           

           

Definition: The   are called prior (or a priori) probabilities and the  

 are called posterior (or a posteriori) probabilities.

Definition: Two events  and  are said to be independent if 
           

The events    are said to be independent if for every choice of  integers  from  to 



 PROBLEM  

 

EXAMPLE 1 Consider a family with two children. Assume that each child is as likely to be a boy as it is to be a
girl. What is the probability that both children are boys, given that (i) the older child is a boy, (ii) at least one of
the children is a boy.

Solution: Let  be the event that the older child is a boy, and let  be the event that the younger child is a
boy. Then  is the event that at least one of the children is a boy, and  is the event that both
children are boys. The probability that both children are boys, given that the older is a boy, is equal to

The probability that both children are boys, given that at least one of them is a boy, is equal to

 
 PROBLEM  

 

EXAMPLE 2 Let a sample of size 4 be drawn with replacement (without replacement), from an urn containing
12 balls, of which 8 are white. Find the probability that the ball drawn on the third draw was white, given that
the sample contains three white balls.

Solution: Let  be the event that the sample contains exactly three white balls, and let  be the event that
the ball on the third draw was white. The problem at hand is to find  In the case of sampling with

replacement

In the case of sampling without replacement

 
 PROBLEM  

 

EXAMPLE 3 Consider two urns; urn I contains 5 white and 3 black balls, urn II, 3 white and 7 black balls. One
of the urns is selected at random, and a ball is drawn from it. Find the probability that the ball drawn will be
white.

Solution: Let  be the event that urn I is chosen, and let  be the event that urn II is chosen. Then 

 Next, let  be the event that a white ball is chosen. Then  and 

 The events  and  are the complement of each other. Therefore



by law of total probability.

 
 PROBLEM  

 

EXAMPLE 4 Suppose, contrary to fact, there were a diagnostic test for cancer with properties that 
  in which  denotes the event that a person tested has cancer and 

 denotes the event that the test states that the person tested has cancer. Let us assume that the probability
that a person taking the the test actually has cancer is given by  Compute  the

probability that a person who according to the test has cancer actually has it.

Solution: We have

One should carefully consider the meaning of this result. On the one hand, the cancer diagnostic test is highly
reliable, since it will detect cancer in  of the cases in which cancer is present. On the other hand, in only 

 of the cases in which the test gives a positive result and asserts cancer to be present is it actually true
that cancer is present.

 
 PROBLEM  

 

EXAMPLE 5 Suppose that a survey of 100 computer installations in a certain city shows 75 of them to have at
least one brand  computer. If three of these installations are chosen at random, without replacement, what is
the probability that each of them has at least one brand  machine?

Solution: Let    be the event that the first, second, third selection, respectively, has a brand 

 computer. The required probability is

by the general multiplication rule. This value is

10. EXERCISES

Solutions:      visible     invisible

1. A man tosses 2 fair coins. What is the conditional probability that he has tossed 2 heads, given that he has tossed
at least 1 head?

 

Solution: 



2. In the milk section of a self-service supermarket there are 150 quarts, 100 of which are fresh, and 50 of which are a
day old.

(i) If 2 quarts are selected, what is the probability that both will be fresh?
 
(ii) Suppose that the 2 quarts are selected after 50 quarts have been removed from the section. What is the
probability that both will be fresh?
 
(iii) What is the conditional probability that both will be fresh, given that at least 1 of them is fresh?

 

Solutions:

(i)   (ii)   (iii) 

3. Consider two events  and  such that    For each of the following

4 statements, state whether it is true or false:

(i) The events  and  are mutually exclusive,
(ii)  is a subevent of 

(iii)

(iv)

 

Solutions:
 (i)  

(ii)  

(iii)  
(iv)

4. Prove, for any two events  and  such that 

5. Consider an urn containing 6 balls, of which 4 are white. Let a sample of size 3 be drawn with replacement (without
replacement). Let  denote the event that the sample contains exactly 2 white balls, and let  denote the event that
the ball drawn on the third draw is white. Calculate 

 

Solution: 

6. Prove that if two events  are independent, so are   

7. Consider 3 urns; urn I contains 2 white and 4 red balls, urn II contains 8 white and 4 red balls, urn III contains 1
white and 3 red balls. One ball is selected from each urn. What is the probability that the ball selected from urn II will be
white, given that the sample drawn contains exactly 2 white balls?

 

Solution: 



8. A man tosses 2 fair dice. What is the probability that the sum of the 2 dice will be 7, given that

(i) the sum is odd,
 
(ii) the sum is greater than 6,
 
(iii) the outcome of the first die was odd,
 
(iv) the outcome of the second die was even,
 
(v) the outcome of at least 1 of the dice was odd,
 
(vi) the 2 dice had the same outcomes,
 
(vii) the 2 dice had different outcomes,
 
(viii) the sum of the 2 dice was 13?

 

Solutions:

 (i)   (ii)   (iii)   (iv)  

(v)   (vi)   (vii)   (viii) 

9. An urn contains 52 balls, numbered 1 to 52. Let the balls be drawn 1 at a time and divided among 4 people.
Suppose that the balls are numbered 1, 11, 31, and 41 are considered "lucky." What is the probability that

(i) each person will have "lucky" ball,
 
(ii) 1 person will have all  4 "lucky" balls?

 

Solutions:

10. A bridge player announces that his hand (of 13 cards) contains

(i) an ace (that is, at least 1 ace),
 
(ii) the ace of hearts.

What is the probability that it will contain another ace?

11. If 10 indistinguishable balls are distributed among 7 urns in such a way that all arrangements are equally likely,
what is the probability that

(i) a specified urn will contain 3 balls,
 
(ii) all  urns will be occupied,
 
(iii) exactly 5 urns will be empty?

 

Solutions:

 (i)   (ii)   (iii)



12. If 10 distinguishable balls are distributed among 4 urns in such a way that all arrangements are equally likely, what
is the probability that

(i) a specified urn will contain 6 balls,
 
(ii) the first urn will contain 4 balls, the second urn will contain 3 balls, the third urn will contain 2 balls, and the fourth
urn will contain 1 ball,
 
(iii) all  urns will be occupied?

 

Solutions:

 (i)  

(ii)  

(iii)

13. Let a sample of size 4 be drawn with replacement (AND without replacement) from an urn containing 6 balls, of
which 4 are white. Let  denote the event that the ball drawn on the first draw is white, and let  denote the event
that the ball drawn on the fourth draw is white. Are  and  independent? Prove your answers.

 

Solution: 

Yes, since  and  

No, since  and 

14. Let a sample of size 4 be drawn with replacement (without replacement) from an urn containing 6 balls, of which 4
are white. Let  denote the event that exactly 1 of the balls drawn on the first 2 draws is white. Let  be the event
that the ball drawn on the fourth draw is white. Let  be the event that exactly 2 white balls are drawn in the 4 draws.

Are  and  independent? Are  and  independent? Prove your answers.

 

Solution:

15. A manufacturer of sports cars enters 3 drivers in a race. Let  be the event that driver 1 is "placed" (that is, he is

among the first 3 drivers in the race to cross the finish line), let  be the event that driver 2 is placed, and let  be

the event that driver 3 is placed. Assume that the events    are independent and that

Compute the probability that

(i) none of the drivers are placed,
 
(ii) at least 1 is placed,
 
(iii) at least 2 are placed,
 
(iv) all  of them are placed.



 

Solutions: 
(i)  
(ii)  
(iii)  
(iv)

16. A manufacturer of sports cars enters n drivers in a race. For  let  be the event that the th driver is

placed (see exercise 14.). Assume that the events    are independent and have equal probability 

 Show that the probability that exactly  of the drivers be placed is 

17. Let  and  be 2 independent events such that the probability is  that they will occur simultaneously and 

 that neither of them will occur. Find  and ; are  and  uniquely determined?

 

Solution: Possible values for  are  and 

18. Consider 3 urns: urn I contains 1 white and 2 black balls, urn II contains 3 white and 2 black balls, and urn III
contains 2 white and 3 black balls. One ball is drawn from each urn. What is the probability that among the balls drawn
there will be

(i) 1 white and 2 black balls,
 
(ii) at least 2 black balls,
 
(iii) more black than white balls?

 

Solutions: 

 (i)  

(ii)  

(iii)

19. Assuming that each child has probability 0.51 of being a boy, find the probability that a family of 4 children will have

(i) exactly 1 boy,
 
(ii) exactly 1 girl,
 
(iii) at least 1 boy,
 
(iv) at least 1 girl.

 

Solutions: 
(i)  
(ii)  
(iii)  
(iv)



20. Assuming that each dart has probability 0.20 of hitting its target, find the probability that if one throws 5 darts at a
target one will score

(i) no hits,
 
(ii) exactly 1 hit,
 
(iii) at least 2 hits.

 

Solutions: 
 (i)  
(ii)  
(iii)

21. A certain manufacturing process yields electrical fuses, of which, in the long run, 15 are defective. Find the
probability that in a sample of 10 fuses selected at random there will be

(i) no defective fuses,
 
(ii) at least 1 defective fuse,
 
(iii) no more than 1 defective fuse.

 

Solutions: 
(i)  
(ii)  
(iii)

22. Consider an experiment that consists of tossing 2 fair dice independently. Consider a sequence of  repeated
independent trials of the experiment. What is the probability that the th throw will be the first time that the sum of the
2 dice is a 7?

 

Solution: 

23. A man makes 5 independent throws of a dart at a target. Let  denote his probability of hitting the target at each
throw. Given that he has made exactly 3 hits in the 5 throws, what is the probability that the first throw hit the target?
Express your answer in the simplest terms you can.

 

Solution: 

24. An accident insurance company finds that 0.001 of the population incurs a certain kind of accident each year.
Assuming that the company has insured 10000 persons selected randomly from the population, what is the probability
that not more than 3 of the company’s policyholders will incur this accident in a given year?

 

Solution: 

25. Urn I contains 5 white and 7 black balls. Urn II contains 4 white and 2 black balls. Find the probability of drawing a
white ball if



(i) 1 urn is selected at random, and a ball is drawn from it,
 
(ii) the 2 urns are emptied into a third urn from which 1 ball is drawn.

 

Solutions: 

(i)  

(ii) 

26. A garden has 3 flower beds. The first bed has 50 flowers of which 10 are red, the second bed has 30 flowers of
which 10 are red and the third bed has 20 flowers of which 10 are red. One of the beds is chosen at random and a
flower is selected at random from that bed and removed from the garden. Find:

(i) the probability that a red flower will be taken from the first bed.
 
(ii) the probability that a red flower will be taken from the garden.

If a flower is chosen at random from the 100 flowers in the garden, find the probability that the flower will be red.

 

Solutions: 

(i)  

(ii)

27. Consider an urn containing 12 balls, of which 8 are white. Let a sample of size 4 be drawn with replacement
(without replacement). Next, let a ball be selected randomly from the sample of size 4. Find the probability that it will be
white.

 

Solution: 

28. How many times should an unbiased die be thrown if the probability that a six should appear at least once is to be

greater than 

 

Solution: 

29. The chance of hitting a target with a single shot is  How many shots must be fired to make the chance of at

least one hit in the target more than  per cent? What is the chance that the first hit scored will be with the third
shot?

 

Solution: 

30. Consider a sample of size 3 drawn in the following manner. One starts with an urn containing 5 white and 7 red



balls. At each trial a ball is drawn and its colour is noted. The ball drawn is then returned to the urn, together with an
additional ball of the same colour. Find the probability that the sample will contain exactly

(i) 0 white balls,
 
(ii) 1 white ball,
 
(iii) 3 white balls.

 

Solutions: 

(i)   (ii)   (iii)

31. A number, denoted by  is chosen at random from the set of integers  A second number, denoted

by  is chosen at random from the set 

(i) For each integer   to  find the probability that  given that 

 
(ii) Find the probability that 

 
(iii) Find the probability that  given that 

 

Solutions: 

(i)  

(ii)  

(iii) 

32. Consider  independent events  Show that

Consequently, obtain the probability that in 6 independent tosses of a fair die the number 3 will appear at least once.

 

Solution: 

33. Let the events  be independent and  for  Let  be the probability that

none of the events will occur. Show that

34. Let the events  be independent and have equal probability  Show that the probability

that exactly  of the events will occur is



35. An urn contains  balls, of which  are white (where  Let a sample of size  be drawn from the urn

either with replacement or without replacement. For  let  be the event that the ball drawn on the th

draw is white. For  let  be the event that the sample (of size  contains exactly  white balls.

Show that

Express this fact in words.

36. An urn contains  balls, of which  are white.  balls are drawn and put to one side (not replaced in the urn),

their colour unnoted. Another ball is drawn (it is assumed that  is less than  What is the probability that it will be

white?
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