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II. APPROXIMATIONS OF FUNCTIONS

1. INTRODUCTION

To approximate a function  of one or several variables means to choose that function  from a given set of

(simple) functions which "mostly copies" the function  concerning some properties. The function  is called the

approximating function of the function . The method of approximation of functions can be classified by many points

of view. We have seen approximations by Taylor series  and Fourier series. In practice, we use the first  or 
terms of these series respectively, i.e. we choose the best element concerning some properties from the set of the
polynomials of degree  or the trigonometrical polynomials of degree  respectively. In this chapter we discuss two
so-called interpolating methods (here we choose the function  by equality of function values and derivation values)
and the so-called least squares method (here the function  is chosen by minimizing Euclidean distance).

2. LAGRANGE INTERPOLATION

Let the values of the function  be given at . Choose the function 

 from the set of the polynomials of degree at most ( )

which satisfies the conditions:

In other words, we would like to determine the coefficients  such that the chosen function  to be

fitted to the table

... ... ...

... ... ...

that is, the graph of  to be gone through the given points:

The simplest idea for determining coefficients is to solve the system of the linear equations



but we can obtain the result from the so-called Lagrange formula more easily. For this reason, introduce the functions

These functions have the interesting property that

that is, the function  receives the value 0 at every given point differing from  and the value 1 at . Using this

property, it is trivial that the function

satisfies the required conditions. It is an important question what we can state about the error of the approximation if
we have also got other information about the function 

 

THEOREM

Let the function  be  times differentiable on  and let  Then

where 

  

 

NUMERICAL EXAMPLE

The points P1(1; 2), P2(2; 3), P3(3; 2) are given. Determine a polynomial of degree at most 2 such that the
graph of the polynomial to undergo the given points. We show 2 versions for reaching a solution.

a) By a linear system of equations

Search the polynomial in form

By the conditions  we get the linear system

 

 

 

and  i.e.

b) By Lagrange's formula



.

  

 

ANIMATION EXAMPLES

1. Find the Lagrange approximation for . In the following animations we can see how to change

the approximating function and the convergence interval by increasing the number of sampling points. The
value of the error bound is 0.05.

a) Consider the approximation over .

 ANIMATION

b) Consider the approximation over  .

 ANIMATION




c) Consider the approximation over  .

 ANIMATION

2. Find the Lagrange approximation for

over  . The value of the error bound is 0.001.

 ANIMATION





3. Find the Lagrange approximation for

over  . The value of the error bound is 0.001.

 ANIMATION





4. Find the Lagrange approximation for

over  . The value of the error bound is 0.01.

 ANIMATION

5. Find the Lagrange approximation for

over  . The value of the error bound is 0.01.

 ANIMATION





3. PROBLEMS

Solutions are:      visible     invisible

1. The points (-1; 1) , (0; -1) , (0.5; -0.5) , (1; -1) , (2; 1) are given. Determine an approximating function value at 
 and  by interpolating polynomial of degree 2 and 4, respectively.

 

2. Give the interpolating polynomial of smallest degree by applying linear system, then Lagrange's formula, if we use
up every point simultaneously.

a) 

 

b) 

 

3. Give such a step length  to the given functions and intervals that the error of linear interpolation is less than 

.

a) 

 

b) 

 

4. Give an error bound to quadratic Lagrange interpolation if



a) 

 

b) 

 

4. HERMITE INTERPOLATION

Let the values of the function  and its first derivative be given at . (Our

function table may contain other data, too). Choose that function  from the set of the polynomials of degree at

most 

which satisfies the conditions:

In other words, we would like to determine the coefficients  such that the chosen function  to be

fitted to the table (to a part of it)

... ... ...

... ... ...

that is, the graph of  to be gone through the given points with the given slopes:

Here the simplest idea for determining coefficients is to solve the system of linear equations



The following theorem gives information about the error of Hermite interpolating polynomial .

 

THEOREM

Let the function be  times differentiable on  and let .

Then

where .

  

 

NUMERICAL EXAMPLE

The function table belonging to the function  is given:

0

0

1

Apply Hermite’s interpolation using the three points.

a) For the first determine the suitable polynomial

.

By the well-known conditions we can get the linear system

and



b) Give an error bound to the interpolating polynomial , . By the theorem

It was used that the largest value of the expression  in absolute value is 0.1867474 on

the interval .

5. PROBLEMS

Solutions are:      visible     invisible

1. Apply Hermite's interpolation for the function  and the points:

a) 

 

b) Determine the error bound concerning .

 

H < 0.016

2. The function table belonging to the function  is given:

0

0

0

Give an approximating value to  by Hermite’s interpolation with accuracy .

 

0.36927

6. SPLINE INTERPOLATION

At Lagrange interpolation it has been mentioned that the piecewise use of polynomials of low degree instead of the so-
called global interpolation is often advantageous. Generalizing this thought by requiring the smoothness (the existence
of the derivatives to some order) at the "connecting points", we can attain the introduction of the spline function.

 



DEFINITION

Let a partition of the interval   be given by the points

The function   is called a spline function of degree   and order   (with

respect to the given partition) if it is polynomial of degree at most   and it is continuously
differentiable at the connecting points to the order  .

Two special cases are illustrated in the following figures:

After this, we will use some simple and practical sorts of spline functions for interpolation.

Interpolation by linear spline of order 0

Let the values of the function   be given at   and choose that

function   from the set   of the linear splines of order 0 which satisfies the conditions:

In other words, we would like to obtain a linear spline of order 0 such that its graph to be fitted to the given points:

This piecewise linear function   can be given separately for each subinterval. Here we give a "global formula".

Introduce the functions



 

which can be given by (multiple) formulas easily, too. The piecewise linear, continuous function 
 takes the value 0 at every given point differing  and the value 1 at . Hence the function 

 can be given by the linear combination of the so-called basis functions  concerning the function values 

Interpolation by cubic spline of order 1

Let the function table

...

...

...

be given. Choose that function   from the   of the cubic splines of order 1 which satisfies the conditions:

This piecewise cubic function   can be given separately for every subinterval easily by applying cubic Hermite

interpolating polynomials for two-two appropriate points. A "global formula" can be given by the following piecewise
polynomial of degree at most 3:



The represented functions can be given by (multiple) formulas easily enough if we use up their characteristic
properties. These properties are as follows: the function  has the value 1 at  and the value

0 at every other point, furthermore its first derivative has the value 0 at each given point. The function  takes the

value 0 at each given point, furthermore its first derivative is 1 at  and 0 at other given points. Hence the function 

 can be given by the linear combination of the basis functions  in the form

 .

Interpolation by cubic spline of order 2

If the number of the given points is  , then we obtain a concrete cubic spline of order 2 after suitable determination of
  coefficients. Since the order of the spline is two, therefore the cubic polynomials and their first and second

derivatives have the same value at the connecting points. So, we have   conditions and the number of the

"free coefficients" is

So, we can prescribe two extra conditions beside prescribing function values. Mostly it is required that the second
derivative be 0 at the end points. After this, define the interpolating problem. Let the function table

...

...

be given. Choose that function   from the set

of the cubic splines of second order which satisfies the conditions:

Introducing the notation



we obtain the following equations for determining the coefficients.

Prescriptions for function values:

=

=

Equality of derivatives at connecting points:

=

=

Boundary conditions:

 .

It can be proved that linear system of the   equations has a unique solution for the coefficients.

  

 

REMARKS

1. For the spline interpolation of a) and b) we can easily give an error estimation by the error formulas of
Lagrange and Hermite interpolations. In the case a) we apply linear Lagrange interpolation on every
subinterval, hence on the  th subinterval 

The function   is quadratic, so it takes its maximum at the midpoint of the interval 

 . Introducing the notation

we obtain

that is,

In case b) we apply cubic Hermite interpolation on every subinterval, hence on the subinterval 



Introducing the notation

we obtain

that is

  

 

NUMERICAL EXAMPLE

1. Fit a linear spline to the function table

1 1.5

0.008 1 3.370 7.955

by using basis functions.

The suitable basis functions are:

and the required spline function is



2. Fit a cubic spline of order 2 (natural spline) to the table

0 1

1 0 1

Introducing the notation

and using the well-known conditions, we can get the linear system

for the coefficients, and

Hence the required function are

for the coefficients, and

Hence the required function are

and



7. PROBLEMS

Solutions are:      visible     invisible

1. The function table

0 2

1 0 1

-2 0 2

is given. Fit

a) a cubic spline of order 1;

b) a natural spline;

to the table.

 

Solution:

a.) 

 b.) 

2. Fit a linear spline of order 0 to the table

0.0 0.1 0.2

1.0 2.5 2.95

and determine value of .

 

8. LEAST SQUARES METHOD

We have mentioned in the introduction of this chapter that in the least square method the approximating function is
chosen by minimizing Euclidean distance. Using this basic idea we discuss two important cases.

Least squares method, discrete, linear case

Let the (approximating) values of the function  be given at , that is, we know the function

table

...

...



and let also the function set

originating by linear combination of the (continuous) function  be given. Choose the function

 so that the quantity

is the minimum.

The name "least squares method" is reasonable because we determine the minimum of the sum of squared distances
belonging to the given points when solving the problem.

The name "discrete" shows that we know the function  at discrete points only and the name "linear" shows that

the parameters  appear linearly in the set . If the domain of definition of the functions 

 is narrowed down for the set  then  measures the

traditional (Euclidean) distance of the functions  and . Since  and  take

their minimum at the same place, we can say that we determine the nearest element to  at choosing the

function . Finally we note that in practice  (e.g. we try to give an "experience formula" by using the linear

combination of 2 - 3 known functions to 50 - 60 measured data).

After this we discuss the determination of the function . Since the function  is

differentiable concerning the variables , its extremum points satisfy the conditions

.

Hence by

 

where   the extremum points satisfy the system of linear equations



.

Introducing the notations

we obtain the linear system in form

,

which is called the normal system of equations of least square method for the discrete linear case. The following
theorem gives information for solvability of this linear system.

 

THEOREM

If the vector system  is linearly independent, then the normal system of equations has

unique solution and this solution is the unique solution of the extremum problem, too.

  

 

REMARK

By this theorem it can be proved easily that our problem has unique solution for the case

.

Least square method, continuous, linear case

Let the continuous function  be given on  and let also the function set

originating by linear combination of continuous functions  defined on  be given.

Choose the function  from the set  so that the quantity

is the minimum.

The extremum points of the function  (like the previous case) satisfy the conditions



.

For the function  the light condtions of interchanging integration and differentiation by a parameter in order are

satisfied, therefore

Hence the extremum points satisfy the system of linear equations

.

Introducing the notation

for the continuous function  we obtain the so-called normal system of equations of least square method

concerning the continuous linear case in the following form

which is just like the discrete case. The following theorem gives a sufficient condition for solvability of this linear
system.

 

THEOREM

If the function system  is linear independent on  (that is,

 on  iff ) then the normal

system of equations has unique solution and this solution is the unique solution of the extremum
problem, too.

  

 

REMARK

Our two normal system of equations become very simple if the scalar products

 receive the value 0 for . In this case we say that the

functions system



is orthogonal on the point system  or the interval  respectively. Here we show an

important application for the continuous case. Let the continuous (and periodical by ) functions be given on

the interval . Choosing

the properties

and

can be proved easily by integration of simple trigonometrical functions. Hence the form of the normal system of
equations is very simple and we obtaine the well-known Fourier series.

  

 

NUMERICAL EXAMPLE

Give an approximating function  to the table

0.2 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 8

6.2 3.5 2.9 3.2 3.5 3.9 4.3 4.8 5.2 5.6 6.2 9.1

by least square method.

Illustrating the points,

we can see that maybe it is reasonable to use the linear combination of the functions

,

i.e. let

Since



,

therefore

Hence the normal system of equations is

and

 that is the required approximating function is:

9. PROBLEMS

Solutions are:      visible     invisible

1. Determine the coefficients  by least square method, if  and the points:

1/3 1 3 9 27

-1 1 3 4 7

 

2. Give a parabola as approximating function to the function table by least square method and sketch the graph and
the given points.

-1 0 1 2 3 4 5 6

10 6 2 1 0 2 4 7

 

( )



3. Give a polynom with degree 3 as approximating function to the function table by the least square method using the
points  and sketch the graph and the given points.

-4.5 -3.2 -1.4 0.8 2.5 4.1

0.7 2.3 3.8 5.0 5.5 5.6

 

4. Determine the coefficients  by least square method, if  .

a)

1 2 3 4

-2 0 1 3

 

b)

-2 0 1 2

3 5 7 9

 



c)

-1 2 3 4

1 3 6 7

 

d)

1 2 4 5

7 5 3 4

 

e)

-1 -2 3 4

-2 0 1 3

 

f)

1 2 4 5

6 4 2 3

 

g)

3 2 0 -2

6 5 4 3
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