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III. NUMERICAL DIFFERENTIATION AND INTEGRATION

1. NUMERICAL DIFFERENTIATION

For the first we give approximating formulas concerning derivatives and define integral on a finite interval of the
function  by using Lagrange interpolation. Among remarks we show some possibilities of

generalization for the case of several variables.

In Lagrange interpolation we have seen that there is only polynomial  of order at most  which fits to the

table (a part of it)

... ... ...

... ... ...

Let  be constant for  (i.e. the table is equidistant), then by Newton 1. formula

where  denotes the first of the difference of order k and . Formulas of numerical differentiation

are mostly originating so that we approximate the i th derivative of the function  at the point. We discuss only

three formulas which will use later.

a) Let  (formula of first derivative),  (three points are used up - formula of three points) and  (the

formula is used at the central point - central formula). Then

hence by the so-called chain rule

that is,

And if , i.e.  then

hence the derivative at the central point is approximated by the slope of the chord belonging to the outside points.

b) Let  (formula of second derivative),  (formula of three points) and  (central formula). Then using

the previous expression of  we obtain



and also for 

c) Let  (formula of th derivative), use the interpolating polynomial of n points and let .

Then we can use the general Newton 1. formula. Since  is a polynomial of degree  concerning  (and so ),

therefore

hence

.

Introducing the notation , we obtain the very simple formula:

 .

(The formula b) is a special case of this formula - with  and .) For our formulas (and for all formulas
originated on such a way), there is a general but rather complicated error formula which is derived from the error
formula of Lagrange interpolation. Here we only show error formulas for cases a) and b) by using Taylor's series.

 

THEOREM

Let the equidistant  table

... ... ...

... ... ...

be given. If  is three time continuously differentiable on  then

where . If  is four times continuously differentiable on  then

where .



  

 

ANIMATION EXAMPLES

1. Consider the function . Compute numerical approximations for the derivative 

 using different step sizes.

a) Apply the formula:

The error of the above-mentioned formula is proportional to .

 ANIMATION

b) Apply the formula

The error of the above-mentioned formula is proportional to .

 ANIMATION




2. NUMERICAL INTEGRATION

For the computation of the integral  and  is a finite interval, the mostly used

approximating formulas may be the so-called Newton-Cotes formulas. Here the interval  is divided into 

 equal parts and we use Lagrange interpolating polynomial of degree at most  for each  point. In practice 
 is a small number (the reason has been mentioned in the section on Lagrange interpolation). In this part we show

two well-known sorts of Newton-Cotes formula and the so-called refining Romberg algorithm.

Trapezoidal rule and Romberg algorithm

Divide the interval  into  equal parts and use linear Lagrange interpolation for every  point

according to the following figure

For the interpolating polynomial  belonging to the (sampling) points , we obtain that




which result for  can be obtained by area formula of trapezoids, too. Hence

This formula is called trapezoidal rule (or formula). The error of this formula can be characterized by the following
theorem.

 

THEOREM

Let the function  twice continuously differentiable on the interval . Then

where .

By our error formula we can see that the error is "proportional" to the square of the integration step h. We can
immediately utilize our error formula for computing corrected approximating values. Imagine that we have computed
the approximation  by trapezoidal rule using only subinterval

and the approximation   by trapezoidal rule using two subintervals

By the error formula the error of  is approximately a quarter of the error of  (because the integration step was

halved), supposing that the value  does not change much. So it is reasonable to compute the corrected

that is to "eliminate the error" by the subtraction. If we halve the integration step again (partitioning the interval 

 into four equal parts)



then we obtain the approximating value  and we can also compute the connected value

.

It can be proved that the "second corrected" value

deriving form the corrected values  is (frequently) better approximation than the prevIous ones. In general, we

compute the elements of the so-called Romberg scheme

by the rule

where  for a fixed . Hence, after determining the value  computing the values 

 requires very littlel work. (The second formula is more advantageous concerning rounding errors, because the
multiplication by  does not appear.) In other words, the main part of our work is needed for the determination of the

first column of Romberg scheme. By computing the value   we can use the value  well, because the

connection

(where  is the integration step belonging to  and  is one of the midpoints of

intervals belonging to ) is trivially true. So we have to compute  new function values for determining ,.

i.e. the computation of  requires approximately two times more work than the computation of  where we had

to compute  new funcion values.

The following theorem can also be considered the generalization of the error formula with respect to trapezoidal rule.

 

THEOREM



 

Let  be a fixed index. If the function  is  times continuously differentiable on 

, then for the elements of the j th column of the Romberg scheme

where the constant  is determined by the j th column (does not depend on index i and function 

)  is the integration step to ,  and 

Simpson rule

Divide the interval  into  equal parts and use quadratic Lagrange interpolation for every  point

according to the following figure

For the interpolating polynomial  belonging to the (sampling) points  we obtain (by Newton 1.

formula) that

Hence



which formula is called Simpson formula (Simpson’s rule). The following theorem gives a characterization for the error
of the formula.

 

THEOREM

Let the function  be four times continuously differentiable on .

Then

where .

  

 

REMARK

The error formulas of the trapezoidal rule and Simpson’s rule become "more practical" if we use the
estimations for 

which are issued by the formula (of numerical differentiation)

In this way, the "new" error formulas can also be used for stopping our computer program. It is another stop
criteria that we accept the result belonging to the integration step  if it differs from the previous result

belonging to the integration step  by at most . It is worth knowing that the values  and 

 originating from trapezoidal rule and Simpson’s rule satisfy the inequalities

if the sign of  and the sign of  do not change on , respectively. Furthermore these

conditions can be ignored for sufficient small  almost every time because for such a case it is a sufficient

condition that  is three times (five times) continuously differentiable and ,

, respectively. Finally we note that the Romberg algorithm is generally stopped if the last

two values in a row (column) differ from each other by at most .

  

 

NUMERICAL EXAMPLES

1. The following figure illustrates the load of a double console.



In the figure  means the force density at . Determine the resultant force and give estimation for the error

of the approximating value, if

0 0.5 1 1.5 2 2.5 3

2 2.135 2.340 2.755 3.242 3.945 5

The solution requires computing the integral .

By Simpson formula:

Differential table:

2

0.135

2.135 0.070

0.205 0.140

2.340 0.210 -0.278

0.415 -0.138

2.755 0.072 0.082

0.487 -0.056

3.242 0.016 0.392

0.703 0.336

3.945 0.352

1.055

5

We can get for the error  in absolute value:



2. Give approximating values to the integral

partitioning the interval into 4 parts.

a) by the trapezoidal rule:

b) by Simpson's rule:

  

 

ANIMATION EXAMPLES

1. Consider the function

.

Numerically approximate the integral

.

a) Use trapezoidal rule. Let the number of sampling points be . If  we can get the

approximating value

.

 ANIMATION



b) Use the Simpson rule. Let the number of sampling points be . If  we can get the

approximating value

.

c) First apply natural spline interpolation for , then integrate the interpolating polynomial. Let the number

of sampling points be . If  we can get the approximating value

.

 ANIMATION





3. PROBLEMS

Solutions are:      visible     invisible

1. The function table

0 0.25 0.5 0.75 1

1 0.984615 0.888889 0.703297 0.5

is given. Determine approximating values to

by Romberg's algorithm and Simpson's rule.

 

0.835332;  0.835785

2. How many subintervals are required such that the approximating value of the integral

can be obtained with accuracy  by the trapezoidal rule and Simpson's rule?

 

n = 13; n = 4

3. The function table

1 1.125 1.25 1.375 1.5 1.625

-1 -1.007217 -1.026856 -1.056546 -1.094535 -1.139492

1.750 1.875 2

-1.190384 -1.246391 -1.306853

is given. Give approximating values to the integral

using  and  step length, by Simpson formula. Give error bounds to the approximation values.

 



4. Give approximating values to the integral

by trapezoidal rule, partitioning the interval into 4 and 8 parts. Give error bound to the integral value concerning 8
subintervals.
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