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IV. NUMERICAL METHODS FOR DIFFERENTIAL EQUATIONS AND SYSTEM OF EQUATIONS

1. INTRODUCTION

In this chapter there are two numerical methods concerning differential equations. These methods are so-called
discrete methods - approximating values of the solution function are computed only at some (discrete) points. We
always suppose that our problem is a so-called correctly given problem. This means that there is only one function
which satisfies our differential equation and initial or (and) boundary conditions (existence and uniqueness),
furthermore the solution depends on the parameters of initial or (and) boundary conditions continuously (a small
change in the parameter values yields only a small change in the result).

2. RUNGE-KUTTA METHODS

Let the initial value problem

be given and suppose that we would like to determine (approximating) values of the solution function in the finite

interval . (It is well known that this problem is correctly given if  and  are continuous in a

large enough neighbourhood of the point .

The basic idea of the so-called one-step methods (including Runge-Kutta methods) is the following: if we have a
formula for determining a good approximating value to  by using the value , then starting from 

 and using the previous (approximating) value at every step, we can give approximating values to the solution
function  at the points .

From the equality

it seems reasonable to try with a formula

which is the general form of the so-called one-step explicit formulas. (Of course we would like to choose such a
function  that  is sufficiently large.) The speciality of Runge-Kutta methods is that the function value 

 is given by several values of  originated recursively.

In detail, determine members



and using these values give an approximating value in form

.

We have a concrete formula after choosing the number  of members  and determining the coefficients 

. When determining the coefficients we harmonize the Taylor series  belonging to  of the

left side accurate value  and the Taylor series belonging to  of the right side approximating value 

 to the largest power of the step length .

Look at three different cases:

a) Let . Then

that is,

The Taylor series belonging to  of the left side is:

the Taylor series belonging to  of the right side is itself, so the Taylor series are harmonized concerning  to

power 1, if . The obtained formula

is called Euler's formula. The so-called local error concerning  of this formula (which gives the error after one

step starting from an accurate value) is  (where ) or in short form this local error is 

b) Let . Then

that is

The Taylor series belonging to  of the left side is



where it was used that

The Taylor series belonging to  of the right side is

The two Taylor series  are harmonized concerning  to power 2, if

So, we have three equations for four unknowns, and we can get infinitely many solutions. E.g.
 is a possible choise and the formula is

which is called Heun's formula (or trapezoidal formula). The local error  is characterized

by  here.

c) Let . Then we can originate 11 equations to the 13 unknowns by harmonizing the Taylor series concerning 
 to power 4. (For harmonizing to power 5 the 13 parameters are not enough.) A possible choise is

and the formula is

which is called the classical Runge-Kutta formula. The local error  can be

characterized by  now.

We have already mentioned that each Runge-Kutta type formula has the form



after substituting the expressions  into the last "equation" (see the general form of one-step explicit

methods). Hence, using such a formula, first we determine the approximating value

concerning  starting from the accurate initial couple . Then we determine the

approximating value

 concerning  starting from the approximating couple , etc.

So, we can give the process by the formula

.

 

DEFINITION

The quantity

where , is called local error belonging to the place . The quantity

(where  is originated by the above mentioned formula) is called accumulated error belonging to

the place .

So, we can see that the real error appears as a local error only in the first step and then we get accumulated error
because we use approximating values again and again.

It is a natural question how we can characterize the accumulated error. The following Theorem gives information about
the accumulated errors of the three mentioned Runge-Kutta type method.

 

THEOREM

If  is smooth enough in a suitable neighbourhood of the point  in the case of the



problem , then for the Euler, Heun, and Runge-Kutta methods (which

have   local errors, respectively) the accumulated error can be given by 

 in the finite interval .

  

 

REMARK

The discussed methods can be generalized for the initial value problem

concerning a system of differential equations. Introducing the notations

by using the suitable vectors (matrices), the generalized formula of the classical Runge-Kutta method is:

 .

Since the initial value problem

concerning a differential equation of order  can be transformed into the form



by introducing the functions , , we can use the

generalized Runge-Kutta formulas again.

  

 

NUMERICAL EXAMPLE

1. Given the differential equation

Determine the approximating values of that particular solution which undergoes the point  by the

classical Runge-Kutta formula to the interval  if .

The results:

For 

2. Give an approximation to  by Runge-Kutta formula, if

.

After substitution , the new problem is:

            .

where

Hence



and

.

The required value is 

  

 

ANIMATION EXAMPLES

Consider the initial value problem

over . Determine numerical approximations for  using four different methods.

a) Firstly apply Euler’s method. Let the number of subintervals be . If  we can

get the approximating value .

 ANIMATION




b) Now, apply the Modified Euler’s method. Let the number of subintervals be . If 

 we can get the approximating value .

 ANIMATION

c) Compute the approximation with the help of Heun’s method. Let the number of subintervals be 
. If  we can get the approximating value .

 ANIMATION





 

d) Last apply the classical Runge-Kutta method. Let the number of subintervals be . If

 we can get the approximating value .

 ANIMATION

3. PROBLEMS

Solutions are:      visible     invisible

1. Determine approximating values using the Euler’s formula and Heun’s formula, if  and

a) 

 

 




2. Give approximating value to  by classical Runge-Kutta method if

a) 

 

b)          .

 

c) 

 

3. Use the generalized Runge-Kutta formula for the problems.

a) Determine value of  if

         

 

 

b) Determine  values of  and  if

        .

 

c) Determine  values of  and  if

 



d) Determine  values of  and   if

 

e) Determine  values of ,  and  if

 

f) Determine values of ,   and  if

 

g) Determine values of ,  and  if

 

4. FINITE DIFFERENCE METHODS

The basic idea of these methods is the following: we substitute the derivatives in the (ordinary or partial) differential
equation and in the initial or (and) boundary conditions by expressions of approximating derivation formulas. In this
way we can get an "approximating system of equations" for the required function values. We illustrate the possibilities



on two well-known problems.

a) Let the boundary value problem

be given, where ,  and  are at least continuous on . Take an

equidistant partition on the interval 

by the mesh-points .

If the solution function  is four times continuously differentiable on  then by using the values 

 belonging to the places   we can get

where . Introducing the notation , substituting the previous expression into

the differential equation for  and arranging the equations with respect to , we can obtain the

system of linear equations

for the required function values . Introducing the notations



our linear system can be written in form

.

During the practical computation we cannot determine the elements of the vector , and therefore we omit this
member (the linear system is truncated) and we determine the solution vector  of the linear system

,

hoping that  lies near enough to . (Both linear system have unique solution because the matrix  is diagonally

dominant due to ).

It is important basically what we can say about the error appearing because of truncation of the original linear system.

 

THEOREM

If  then 

b) Denote  the following rectangle region:



and denote  the set of the points in the boundary. Let the boundary value problem (Poisson equation with

homogeneous boundary condition)

be given, where  is at least continuous on the region . The solution function  can be illustrated by

the figure:

 (The general case, when the solution function  is not 0 on the boundary, can be reduced for this case, too.)

Now partition the region  into square subregion (supposed that the quotient of the sides is suitable):

If the solution function is four times continuously differentiable on the region  concerning both variables, then by

using the values   belonging to the places   we

can get

where ,  and by using up the values   belonging to

the places   we can get that



where ,

Introducing the notation , substituting the previous expressions into the differential equation concerning

the all inner mesh-points    and arranging the equations we can obtain the

system of linear equations

for the required function values ,  . (In our equations  because of the

boundary condition, if  or  or if  or .) In the practice we omit the members coming from error

members of the approximating derivation formulas (the linear system is truncated again) and we determine the
"solution set" ,   of the linear system

hoping that  lies near to .

The examination of the error appearing because of the truncation of the original linear system is similar to that which
we saw in the sub-section above.

  

 



REMARKS

1. The theorem concerning the first problem gives a sufficient condition for the convergence and also gives
information about the order of the convergence: decreasing the step-length  the error decreases

proportionally to  at a fix .

2. The stability in general sense (the influence of the inaccuracy of the boundary values and the rounding
errors) can be characterized by the number  for the first problem. If we use the norm , then

where   roughly this means that the relative error connecting coefficients

during the computation could yield – times larger relative error in the solution.

3. The linear system belonging to the first problem is a so-called tridiagonal system which can be solved well
by both Gauss elimination (there are very few non-zero coefficients) and Seidel iteration (the discussed
sufficient condition is fulfilled). The linear system belonging to the second problem contains unknowns between
3 and 5 in each equation. For this linear system the Seidel iteration (or an over-relaxation version of it) can be
applied more conveniently, since the ordering of the unknowns into a sequence is not necessary. Finally, we
mention that there are many special methods for the discussed (large-sized) linear systems.

  

 

NUMERICAL EXAMPLES

1. Give approximating values to the solution function of the boundary value problem

If we use the former approximating formula concerning  at the inner meshpoints   

, then

Respecting the boundary values   and arranging the equations, we get the linear system

This has the unique solution

So , the solution:



Since the solution function is , therefore the used approximating formula is accurate, i.e. =  in

this problem.

2. Give approximating values to the solution function of the boundary value problem

 

if .

Use the following couples of indices for the mesh points:

The values of the solution function at the mesh points on the boundary are

from the given boundary conditions. If we use the former approximating formula concerning  

 at the inner mesh points, then



Respecting the boundary values and arranging the equations, we get the linear system

which has the unique solution

The approximating solution:

5. PROBLEMS

Solutions are:      visible     invisible

1. Give approximating values to the solution function of the boundary value problem, if the given interval is partitioned
into four congruent subintervals.

a) 

 

b) 

 

 

2. Give approximating values to   by finite difference method if

and

 .
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