
IV. Averaging in Ordinary Coordinate 
and Spin Spaces 

A. Introductory Remarks 

Our experimental access to NMR parameters rests largely on averaging in 
both ordinary and spin spaces. Some of the internal Hamiltonians or, 
occasionally, certain parts of them are effectively eliminated by these averaging 
processes. As a result others are left with fewer competitors. Part of this 
averaging occurs quite naturally, e.g., in liquid samples. An example of 
natural averaging in spin space is the famous truncation of internal Hamil-
tonians appropriate in high applied fields Bst. Talking about averaging in 
these cases is merely one of several equivalent ways of describing a natural 
physical situation. There are, however, other cases where experimenters have 
taken active steps to remove the effects on NMR spectra of some of the 
physically present internal Hamiltonians in order to make the parameters of 
others more readily measurable. Their way of thinking was and still is in 
terms of averaging. This is so fruitful because it enables them to judge the 
result of a proposed procedure such as a new multiple-pulse sequence from an 
appropriate effective Hamiltonian and relieves them of the laborious task of 
solving the Schrödinger equation in each particular case. 

The averages in question are time averages. Our first task is obviously to 
render our internal Hamiltonians time dependent. As we introduced them they 
are time independent for two reasons. First, we assumed tacitly that the 
parameters, essentially the i?iOT's, are time independent. Second, we used the 
Schrödinger representation in which the operators, essentially the T/irl's, are 
time independent and in which the time dependence of the quantum 
mechanical system (the spin system) is contained entirely in the states or, 
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alternatively, in the density matrix p. Consequently there are two ways to 
render the internal Hamiltonians time dependent. 

First, the parameters can be made time dependent. This introduces an 
explicit time dependence into the Hamiltonian. The way to do it is to impose 
motions on the molecules or crystals to which the parameters are linked. 
Examples are melting the sample and spinning the sample about axes making 
certain special angles with Bst. 

Second, the operators can be made time dependent. This can be accomplished 
by using interaction representations. Of course, the representation we use 
cannot and does not have any effect upon the spectra. However, by using an 
appropriate interaction representation we can treat both ways of introducing 
time dependences into our Hamiltonians in the same manner and make use of 
an important general rule (to be proven in Section D), which states that 
spectra are afTected in lowest order only by the time-independent parts or 
time averages of the internal Hamiltonians. (These parts will also be called 
average or effective Hamiltonians.) The lowest order description of the spectra 
will be the better the higher the frequency scale of the time dependence 
involved is compared with the lineshifts or splittings the same Hamiltonians 
would produce in the spectra in the absence of the time dependence. In 
Section D we shall also deal with the problem of what corrections should be 
applied when this lowest order description no longer is adequate. 

A crucial question is now, of course, which is the appropriate interaction 
representation. The general answer is: the one that puts common, in particular 
fast common, motions of the spins (or groups of spins) on the operators and 
leaves relative motions on the states (or on p). Common sense is called for in 
applying this rule. There will be both ambiguous and clear-cut cases. Only 
in the clear-cut cases is it wise to draw upon the general rule stated above. 

The terms of the total Hamiltonians that we shall remove by using inter-
action representations will always be single-spin Hamiltonians. The inter-
action representations will thus be equivalent to viewing the spins from 
moving spin frames of reference. Often the space and spin frames of reference 
we shall use will be different and will be accelerated with respect to each 
other. One consequence of this schizophrenic situation is that Hamiltonians 
and density matrices expressed in these frames will not be scalars in the 
usual sense of the term.6 

We shall now consider the averaging consequences of a number of motions 
in ordinary coordinate space. Then we shall turn to motions in spin space. 
Only averages will be taken into account in this section. These are the lowest 
order approximations in each particular case. Experimenters strive to create 
situations where this lowest order approximation provides an adequate 
description of the system. Corrections are discussed in Sections D-F and 
in Chapter V. 
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B. Averaging in Ordinary Coordinate Space 

The following types of motions are of greatest importance in NMR 
spectroscopy: 

(1) Random, isotropic translational and reorientational motions of 
molecules. 

(2) Random translational and anisotropic reorientational motions of 
molecules. 

(3) Random jumps of molecules or mobile molecular parts between two 
or more different sites, or between two or more different isomeric confor-
mations. 

(4) Sample spinning about an axis perpendicular to the applied field. 
(5) Sample spinning about an axis at an angle ßm = arccos (1/^/3) « 54°44' 

to the applied field Bst. 

This list, of course, by no means exhausts the motions that are important in 
NMR. The first three types of motions in our list occur on a molecular scale 
and are, in a sense, provided by nature. The last two are macroscopic motions 
of the bulk sample and are deliberately implemented by the experimenter. 
We shall now discuss how these motions affect the measurability of NMR 
parameters. 

1. RANDOM, ISOTROPIC TRANSLATIONAL AND REORIENTATIONAL 

MOTIONS OF MOLECULES 

Such motions are characteristic of gases, isotropic liquids, and isotropic 
solutions. All Rlm9 / > 0, vanish when averaged over such motions. Only the 
scalar (/ = 0) chemical shifts and molecular scalar indirect spin-spin couplings 
survive. These are the interactions that cause the structures of high-resolution 
NMR spectra and from such spectra we can obtain information only about the 
corresponding parameters. We stress that (scalar) indirect spin-spin couplings 
between spins on different molecules are averaged out by the random trans-
lational components of the motions. Intermolecular magnetic-shielding 
effects give rise to so called "solvent effects." 

2. RANDOM, ISOTROPIC TRANSLATIONAL AND ANISOTROPIC 

REORIENTATIONAL MOTIONS OF MOLECULES 

Such motions are characteristic of, in particular, nematic liquids and 
solutions. Unrestricted translational motions ensure in the long run that all 
mtermolecular interactions are wiped out. Intramolecular isotropic as well as 
anisotropic interactions survive, the latter only in part. The NMR lines arising 
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from the single-spin Hamiltonians 3tfcs and J ^ are split by the spin coupling 
Hamiltonians 3rifO and J^}. As the spin couplings are restricted to spins on one 
and the same molecule, only a finite number of spin couplings exist. As a 
result the spectra consist of a finite, though typically fairly large, number of 
often resolved lines. Such spectra, together with the high-resolution spectra 
of the same liquids or solutions in their isotropic phases enable one to obtain 

(a) the scalar chemical shifts σι and the scalar spin-spin coupling constants 
J'·*, and 

(b) one relation for each of the tensor parameters (D + J(2))i,k, V*, and 
σ(2),ί, provided the so-called orientation matrix21 Ξϋ is known. Antisymmetric 
constituents of σ and J—if they exist at all—vanish because S^ is symmetric. 

Only a few experiments have been done on nuclei with I> \ and hence 
3tfQ Φ 0. J(2),'fc is usually neglected in the first steps of the interpretation of 
the spectra and the results are used to get information about the geometry of 
the molecule (via Di,k). Complete knowledge about the shape of a molecule 
can be obtained only if the resonances from a sufficiently large number of 
nuclei are observed. It turns out that from nematic-solution NMR spectra 
alone, only ratios of internuclear distances, but never absolute distances, can 
be determined.22 

Note that relations exist among the intermolecular distances rik for mol-
ecules with more than four atoms. The reader may convince himself of this 
fact by trying to attach a fifth atom to a four-atom molecule: he is free to 
choose arbitrary values for, e.g., r15, r25, and r35, but r45 will then be fixed. 
This is so for purely geometric reasons. For molecules that possess sym-
metries, such relations exist even if the molecules have only four or less 
atoms. Experimental rifc's in the molecule CH3F, determined neglecting 
J(2),,k, turned out to be inconsistent with such relations. This has been inter-
preted by Krugh and Bernheim23 as evidence for nonnegligible elements of 
J(2)F,H Ykjs interpretation has been contested, however, by Bulthuis and 
MacLean24. More recent work along the same lines allowed reliable measure-
ments of J-coupling anisotropies25'26 and, at least in one case (1,1-difluoro-
ethene), the determination of a full F—F /-coupling tensor.27 

21 A. Saupe, Z. Naturforsch. A 19, 161 (1964). 
22 P. Diehl and C. L. Khetrapal, "Basic Principles and Progress in NMR," Vol. 1. Springer-

Verlag, Berlin and New York, 1969. 
23 T. R. Krugh and R. A. Bernheim, / . Chem. Phys. 52, 4942 (1970). 
24 J. Bulthuis and C. MacLean, / . Magn. Resonance 4, 148 (1971). 
25 J. Gerritsen, G. Koopmans, H. S. Rollema, and C. MacLean, / . Magn. Resonance 8, 20 

(1972). 
26 G. J. Den Otter, J. Gerritsen, and C. MacLean, / . Mol. Struct. 16, 379 (1973). 
27 J. Gerritsen and C. MacLean, / . Magn. Resonance 5,44 (1971). 
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The one relation obtained for the second-rank constituent σ(2) of the 
shielding tensor provides complete information if σ is known to be axially 
symmetric by molecular symmetry. The unique axis is then, of course, also 
fixed by molecular symmetry. Sometimes, where such information was not 
available it was replaced tacitly or explicitly by a corresponding assump-
tion.28,29 However, it turned out that such assumptions are very dangerous.14 

Nevertheless, until the advent of multiple-pulse and spin-decoupling tech-
niques applicable to solids and the availability of very high magnetic fields 
the bulk of our knowledge about nuclear magnetic-shielding anisotropies 
was derived from NMR spectra of nematic solutions. Excellent reviews of this 
field have recently been provided by Diehl and Khetrapal,22 and by 
Appleman and Dailey.30 

We conclude this subsection by pointing out that—as far as information is 
concerned—a nematic-solvent NMR experiment is equivalent to an NMR 
experiment on a single crystal with magnetically equivalent, magnetically 
well-isolated molecules. In this analogy, however, only one orientation of the 
single crystal is available since the ordering of the nematic solvent occurs in 
a fixed orientation with respect to the applied field. Recently it has been 
shown that in some favorable cases it is possible to change the average ori-
entation of solute molecules with respect to the nematic solution by changing 
the temperature of the sample. An example is 1,2-difluoroethene, where this 
technique enabled Gerritsen and MacLean27 to measure the JF F tensor, and 
to test the assumption that the shielding of the 1 9F nucleus is axially symmetric 
about the C—F bond in this molecule.31 

3. RANDOM MOLECULAR JUMPS 

Such motions are encountered in both fluids and solids. The only inter-
actions not averaged out in fluids by isotropic random translational and 
reorientational motions are scalar chemical shifts and scalar spin-spin inter-
actions. They can still be affected by random jumps of mobile molecular 
parts between two or more different sites, or between two or more different 
isomeric conformations. One speaks, in particular, of "chemical exchange" 
when the motion carries back and forth a spin between two or more environ-
ments in which it experiences different isotropic chemical shifts. If the motion 
is fast enough one sees only one line at the position of the weighted average of 
the different site chemical shifts. The weights are the probabilities of the spin 
being in the particular sites. One example that has even found its way into 

28 L. Snyder, J. Chem. Phys. 43, 4041 (1965). 
2 9 J. Biemond, B. J. M. Neyzen, and C. MacLean, Chem. Phys. 1, 335 (1973). 
30 B. R. Appleman and B. P. Dailey, Advan. Magn. Resonance 7, 231 (1974). 
31 G. J. Den Otter and C. MacLean, Chem. Phys. Lett. 20, 306 (1973). 
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Scientific American is cyclohexane.32 Cyclohexane molecules "jump" between 
two different but completely equivalent (chair) conformations, exchanging 
thereby their axial and equatorial protons. At T < — 60°C the exchange is 
"slow" and two well-separated lines are observed. At room temperature the 
exchange is "fast" and only a single line is seen. The transition with rising 
temperature from a two- to a single-line spectrum provides an excellent means 
of studying the exchange rate. 

The spectral changes from "slow" to "fast" exchange have been treated by 
Anderson33 and others.34'35 The theory has recently been extended to 
molecular reorientational jumps and transitions between different isomeric 
conformations in solids.36 Powder patterns as described for rigid solids in 
Chapter III are affected in a characteristic way: in the region of the inter-
mediate exchange rate they display dips instead of varying monotonically 
between the discontinuities of the (idealized) "rigid" powder patterns. Again, 
studies of spectral changes with temperature yield detailed information about 
the rate and also type of molecular motions.37 

4. SAMPLE SPINNING ABOUT AN AXIS PERPENDICULAR 

TO THE APPLIED FIELD 

This motion does not affect, of course, scalar parameters. It does affect 
tensor parameters. As we shall see, however, second-rank tensors are not 
wiped out completely. The realm of this kind of sample spinning is high-
resolution NMR in fluids, where the tensor parameters have been wiped out 
already by random molecular motions. Its prime purpose is to reduce the 
inhomogeneity broadening of inherently very narrow NMR lines. We discuss 
this scheme of enhancement of resolution briefly here. Its effect upon internal 
Hamiltonians is considered in the following subsection. 

The field strength at r = (r, Θ, Φ) = (x, y, z), and consequently the reso-
nance position of a line contribution originating from a volume element at r, 
can be described in a completely general way by 

«/ 4 π \ i / 2 + i 

Ä0(r) = *o(0) + Z (2/TT) Σ */Λ(Θ>φ) · ί4-1) 
1=1 \ ' m = -I 

ai,-m = (— l)mfl/5n> s i n c e Eq· (4-1) describes a real field. 

32 Scientific American, 222, 65 (1970). 
3 3 P. W. Anderson and P. R. Weiss, / . Phys. Soc. Jap. 9, 316 (1954). 
3 4 S. Alexander, A. Baram, and Z. Luz, Mol. Phys. 27, 441 (1974). 
35 H. Sillescu, / . Chem. Phys. 54, 2110 (1971). 
36 H. W. Spiess, Chem. Phys. 6, 217 (1974). 
37 H. W. Spiess, R. Grosescu, and U. Haeberlen, Chem. Phys. 6, 226 (1974). 
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B0(r)-B0(0) 

= 2(2^y/ 2^r, o y , o ( 0 ,* ) +Σ^^( Θ·φ ) + β'-^(Θ·φ))] 
1=1 \ ' \ m=l ) 

= a10z — R e ö n *Jlx + Ima^y/ly ( /= 1) 

3z2-r2
 n l3/ 2 -

+ « 2 0 — 2 — + Re*22 J j ( * ' ) 

+ V6(Ima21 yz — Reαι γχζ — Imα22*)0 (7 = 2) 

+ ···. (4-2) 

Users of high-resolution spectrometers will recognize in the polynomials of 
Eq. (4-2) the names of the knobs of their shim control units. Turning up 
these knobs actually means "turning" up the respective coefficients Realm or 
\malm. 

When the sample is spun all its volume elements (except those on the 
rotation axis) change their positions with respect to a space fixed frame and, 
hence, sweep through a sequence of different field values. The field a specific 
volume element with coordinates r, Θ, Φ in a sample fixed frame sees during 
rotation of the sample is given by 

» / 4 π \ i /2 +i +i 

J?o(r(0) = *o(0) + Z l ^ T T T γ1 Σ aim Σ 9«*(0,ω,ί90)Υ„(Ρ9Φ)9 
1=1 V / m = -I m' = -l 

if we specifically rotate the sample about the j-axis of the space fixed frame 
with angular velocity ωΓ. As we stated in the introduction of this chapter, all 
we need to retain is B0(r(t)) or, as a consequence, Q)l

m>m(0, ωΓ t, 0). With the 
aid of Table 2-1 (and a corresponding table of the ^ , - m , which can be found, 
e.g., in Edmonds1) we get up to and including terms with 1 = 2: 

2>o(r(0)' = *o(0) + lmaii^2y + *2 0{i[3z2 - r2 + 3 ( * 2 - / ) ] } 

+ R e a 2 2 i V f ( 3 z 2 - r 2 + x 2 - / ) + ···. (4-3) 

It is clear from Eq. (4-3) that the effective field variation over the sample 
is reduced substantially by sample spinning. However, a number of terms in 
the expansion survive. Manufacturers of high-homogeneity magnets pay 
special attention to minimizing the corresponding coefficients. 

5. MAGIC-ANGLE SAMPLE SPINNING 

With magic-angle sample spinning we are entering the realm of high-
resolution NMR in solids. Andrew et a/.38 and Lowe39 first realized and 
38 E. R. Andrew, A. Bradbury, and R. G. Eades, Arch. Sei. 11, 223 (1958). 
39 I. J. Lowe, Phys. Rev. Lett. 2, 285 (1959). 
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demonstrated experimentally that it is possible to eliminate the secular parts 
of second-rank spin interactions in rigid solids by rapidly spinning the sample 
about an axis tilted by the "magic angle" ßm = arccos (1/^/3) = 54°44' to the 
applied magnetic field. This possibility is probably highly astonishing for 
anyone with an unspoiled mind in view of the fact that the assertion is that 
rotation of the sample about one single axis is sufficient to suppress, e.g., all 
secular dipolar interactions of the spins, regardless of how the internuclear 
vectors rifc are oriented with respect to the applied field. 

One might suspect that this possibility rests on the fact that the dipolar 
interaction of a spin pair /, k is axially symmetric about rik. However, this is 
not the case. It turns out that all (the secular parts of) second-rank tensor 
interactions are wiped out by magic-angle sample spinning, regardless of 
whether or not η is zero. 

In order fully to appreciate magic-angle sample spinning let us consider the 
effect on the secular dipolar Hamiltonian of fast spinning the sample about 
an axis inclined by an arbitrary angle β to the applied field. 

Let us start by considering J>fD in its basic form 

+ 2 

Λ = - 2 Α Σ Λ ' Σ (-l)mRl-Aik. (4-4) 
i<k m = -2 

This form of J>fD may seem unnecessarily clumsy, but shortly it will be seen 
to be very efficient. Invoking, but not repeating, the arguments preceding 
Eq. (3-3) we write 

i^;i*m(LABS) = Z ^ - J O ' 0 i « C R S ) 
m' 

= I^-,-m("")X^»mWP?;?. (4-5) 
m' m" 

That is, we express the R^\-m
 %m ̂ e laboratory frame—where we need them—by 

(i) the p%$9 which are rotationally invariant quantities, 
(ii) the Euler angles QJfc, which relate the arbitrarily chosen sample fixed 

frame (CRS) with the /, ^-dipolar principal axes system, and 
(iii) the one set of Euler angles Ω", which relate the laboratory and the 

sample fixed frames. 

0!ik is obviously different for different spin pairs in the sample. Spinning the 
sample renders Ω" time dependent: Ω" = (0,/?", a>rt). 

We are now ready to discuss the effects of sample spinning: Restriction to 
secular terms leaves from the sum over m only the term m = 0; hence the 
only @i>m(0!') that enter are the 02,ο(Ο,0",ωΓί) = ...*'"■'»'■' (the dots mean 
"irrelevant at the moment"). It follows that restriction to time averages 
leaves us with @o0(0,ß",...) = | ( 3 cos2/?"-1). The remaining sum over m" 
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(which actually contains one term only because p®$ = 0 for m" Φ 0) is thus 
multiplied by the factor | (3 cos2 ß" -1). 

Let us consider two special cases: 

(a) β" = \π (standard sample spinning about an axis perpendicular to the 
applied field), ί^ο (0> i71» · · ·) = ~~i anc* 

secular, effect we = +* Σ y.'r.^SoinyVlri'Tft* 

= +i>> Σ ? . 'ν .**(3«>8 2 ^- ΐ )Γϋ; 3 (3 / 0 ν - ϊ · ι* ) . 

(4-6) 
For comparison purposes we also write 

■*2cu, = - * Σ y.'?.*i(3 c o s 2 ^ - l )r;3(3/0 ' / 0*-i · !*) · (4-7) 

The effective secular dipolar Hamiltonian that is operative under standard 
sample-spinning conditions thus differs from Jt?£culSiT only in two subtle 
respects: First, ß'ik, which relates rik to the sample fixed frame (CRS), enters 
Eq. (4-6), whereas ßik, which relates rik to the laboratory frame in the static 
case, enters Eq. (4-7). The difference is irrelevant for powder samples. Second, 
sample spinning enters an extra factor — \. The change of sign has no con-
sequence upon the line broadening caused by « ĉuiar,effective» however a 
similar change of sign of an effective Hamiltonian, brought about in a some-
what different manner, has inspired the MIT group of J. Waugh to an inter-
esting series of papers about time reversal experiments40,41 (see also Chapter 
VI, Section D). 

(b) ß" = ßm = arccos(l/V3) = 54°44/08" (magic-angle sample spinning). 
The factor 

^oo(0,/?m^rO = i(3cos2jSm-l) 

vanishes and so does «^cularjeffective· This is what Andrew et a/.38 and Lowe39 

first noticed and demonstrated. (Note that we arrived at this result with 
practically no calculations!) 

Let us now inquire how magic-angle sample spinning affects the nuclear 
magnetic shielding, the indirect spin-spin coupling, and the quadrupolar 
Hamiltonians. It is clear that it does not affect the scalar constituents (/ = 0) 
of both σ and J. Eventual constituents (/= 1) are briefly mentioned below. 
The most important and the most interesting constituents are those with 1 = 2. 

It is now very important to note that on the level of Eqs. (4-4) and (4-5) 

4 0 W.-K. Rhim, A. Pines, and J. S. Waugh, Phys. Rev. Lett. 25, 218 (1970). 
4 1 W.-K. Rhim, A. Pines, and J. S. Waugh, Phys. Rev. B 3, 684 (1971). 
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all the internal Hamiltonians J^D, J^Q, Jfcs (/ = 2), Jfj (/ = 2), have exactly the 
same form. They differ in the explicit forms of the T2

A
m, λ = D, Q, CS, J, in the 

values of the parameters p\m», and in the sets of the Euler angles Ω'. They 
agree with each other, in particular, in the occurrence of the sum £m- @m' -m (Ω") 
in Eq. (4-5), with one and the same set of angles Ω" = a", /?", y" for all internal 
Hamiltonians. 

The conclusions we have drawn for J-fD were based on (1) restriction to 
secular terms (m = 0) and (2) restriction to time-independent terms (m! = 0). 
Both affect the sum Zm'^m'.-mW» which is common to all internal Hamil-
tonians. Hence, we may conclude, without any further calculations, that 
magic-angle sample spinning not only eliminates «^ c u l a r but also M^Str* 
ŝ(

e
2cuJiar> anc* ^Scuiar provided restriction to secular terms is possible and 

provided the spinning speed is high enough. These two conditions have to be 
checked, of course, in each particular case and very often either one or both 
will not be fulfilled for ^ Q . 4 2 

By now it should have become clear that the magic angle ßm should actually 
be labeled with an index /. In fact there are "magic angles" for each rank /. 
It is obvious that @l

00(0,ß«\...) = Pl(cosß^) = 0, where Pl(cosß) is the 
/th Legendre polynomial, defines the /th rank magic angle (s) β%\ For / = 1 
we have, e.g., β^ = ^π, which is, in fact, one of the magic angles for all 
cases / = odd. It is the only one for / = 1. We thus conclude that sample 
spinning about the second-rank magic angle β^} does not wipe out eventual 
antisymmetric constituents of σ and J. 

The achievement of (second-rank) magic-angle sample spinning is thus the 
suppression of the dominant anisotropic (/ = 2) interactions of spins in solids. 
As a result, isotropic interactions of the spins, in particular isotropic chemical 
shifts, do become measurable, or do so with much greater precision. It is not 
true in general that these parameters can also be measured in liquids and with 
much greater ease and accuracy: There are cases where the very event of 
crystallization creates chemical shifts or chemical-shift differences. A famous 
example is ZnP2, which has been investigated in pioneering papers by Andrew 
and Wynn43 and by Kessemeier and Norberg.44 

Scalar indirect spin-spin couplings between spins on different molecules, 

42 Quadrupolar Hamiltonians can be analyzed simply in two limiting regimes only: 
ΙΙ·#οΙΜ·*ζ|| (weak-field case) and |«#οΗ||·*ζ|| (strong-field case). ||···|| means "size 
of ...." Our discussion obviously applies for the strong-field case only. It seems that 
rapid sample spinning has not been attempted or even discussed in the weak- (or zero-) 
field case. It is unclear what purpose sample spinning might serve in this regime. A dis-
cussion of such experiments would require additional considerations such as whether 
or not the spin magnetization can follow adiabatically the motion of the sample. 

43 E. R. Andrew and V. T. Wynn, Proc. Roy. Soc, Ser. A 291, 257 (1966). 
44 H. Kessemeier and R. E. Norberg, Phys. Rev. 155, 321 (1967). 
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unobservable in both isotropic and anisotropic liquids, do become measurable 
in principle. So far, however, experimental results are still on a rather 
speculative level.44 

Likewise, antisymmetric constituents of J do become observable in prin-
ciple. However, our pessimistic discussion of the measurability of anti-
symmetric constituents of σ also applies to antisymmetric constituents of J, 
since none of the irreducible tensor components T^k shifts any of the spin 
levels | + + > , ( l / ^ f l - + > + | + - » , | - - > ( / , = * , / k = ±, 7 ^ = 1) in first 
order. 7 * * = (1/^/2) (Λ'/ϊ. ί-Ιί1 V ) does shift the (1/^/2)(| - + > - | + - » 
level (/, = | , Ik = \, 7tot = 0) in first order. This level, however, is not involved 
in magnetic transitions. Therefore, it is no surprise that conclusive magic-
angle sample-spinning experiments pertaining to antisymmetric constituents 
of indirect spin-spin couplings still seem to be lacking. 

We mentioned above that the effects of magic-angle sample spinning are 
highly astonishing. Let us now look back and ask: What is the gist of the 
technique? It is that actually two rotations about two noncolinear axes are 
imposed simultaneously on the system. One is in ordinary space and leads to 
discarding all terms with m' Φ 0. The other is in spin space. We have referred 
to it as "restriction to secular terms," which meant discarding all terms with 
m φ 0. In Section C we shall see that this is equivalent to a fast rotation about 
the z-axis in spin space, keeping only time-independent terms. For interactions 
of a given rank the only element of the &m>m(Q") matrix that survives is 
®όο(Ω"). It is made to vanish by a clever choice of the angle between the two 
rotation axes. What counts is which terms are time independent and which 
are not. Relations between Bst and "unique axes" such as rik are completely 
irrelevant. 

C. Averaging in Spin Space 

We outline in this section two illustrative examples. In Section D we shall 
discuss the theory (called average Hamiltonian theory) in a more general way. 
Applications of the average Hamiltonian theory to high-resolution NMR in 
solids and fluids conclude this chapter (Sections E and F). The two intro-
ductory examples are the famous Van Vleck truncation of internal Hamil-
tonians (1948),45 and the WAHUHA four-pulse experiment (WAugh, 
HUber, and HAeberlen, 1968).46 

1. TRUNCATION OF INTERNAL HAMILTONIANS 

As stated in the introduction of the previous section an appropriate inter-
action representation that renders the operators Tfm time dependent is a 
4 5 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 
4 6 J. S. Waugh, L. M. Huber, and U. Haeberlen, Phys. Rev. Lett. 20, 180 (1968). 
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prerequisite for averaging in spin space. We said that interaction represen-
tations that put fast common motions of the spins (or groups thereof) on 
the operators qualify as appropriate. 

The Zeeman interaction of the spins with a large applied magnetic field 
leads to a fast precession of the spins. The speed of this precession is common 
to all spins of a given isotope. An interaction representation that removes the 
Zeeman term from the total spin Hamiltonian thus qualifies as appropriate 
in our sense. This interaction representation is introduced by the following 
steps: 

The total spin Hamiltonian is 

^ = tfz + Jfint. (4-8) 

The equation of motion of the spin density matrix p is 

p(t) = - i [ * > ( * ) ] . (4-9) 

Note that Jf? is time independent as far as the operators are concerned. 
We now make the ansatz 

P(t)= UzpR(t)U£l with Uz = expC-ÜfzO, (4-10) 

which leads to 

p = ÜZPRUZ
1 + Uzfau;1 + υζΡκϋζ

ι 

= - urz uz PR uz
 1 + uz pR uz

 l + iuzPuz»jrz 

= -il*z, UzpR Uz '] + UzpR Uz \ = - iK^+^n^faC/z - ' ] . 
left side of Eq. (4-9) right side of Eq. (4-9) 

The commutators with Jfz cancel and we are left with 

UzpRUz
l = - ' [ ^ t f z P R t f z " 1 ] · 

Multiplying from the left with Uz
1 and from the right with Uz gives 

PR = -({UZ-'^UZPRU^UZ- UI'UZPRUZ^^UZ} 

= - / [ ^ n t , p R ] , (4-11) 
which is the equation of motion of the density matrix (von Neumann equation) 
in the interaction representation defined by Eq. (4-10). The relevant Hamil-
tonian is 

*ϊη|(0 = Uz-'{tW^Uz(t). (4-12) 

The factors of Jfint on which Uz and U£1 operate are the spin factors con-
tained in the Tt

k
m: 

Tim -> TRtlm = Uz TlmUz. 



C. AVERAGING IN SPIN SPACE 49 

We have now reached a point where it seems appropriate to make a number of 
comments. 

a. Truncation 

^fint becomes time dependent when sandwiched between Uz~
l and Uz. 

Some of the Tfm acquire a periodic time dependence, others do so in part, 
and still others remain completely time independent. Truncation of Jf {[" 
means rejection of all those terms whose operators depend on time in such a 
way that their time averages vanish. We have, in fact, restricted ourselves 
repeatedly to truncated internal Hamiltonians in the preceding sections. 

In order to find the time-independent operators of ^ n t we recall the 
following well-known relations (see, e.g., Abragam,9 p. 23): 

ei<otioI± χ £-tor/0 = Ι± χ e±i<ot9 (4-13a) 

eia>tiojQe-io>tio = /o> (4-13b) 

(Recall I0 = Iz.) Applying them to the T^ operators of Table 2-2 results in a 
periodic time dependence of all T£ lm with m-^O; (exception: 7JfR

2±1; these 
operators, however, will be of no further relevance in our context). The T£l0 

remain time independent. The Τ^'β and TR'J'Q remain completely time 
independent only when i and k represent like spins (which means spins with 
identical magnetogyric ratios). When spins i and k are unlike, only the parts 
(1/V6)(2/0V) out of T2

D
0^

ifc = (l/V6)(3/0
l70

k-r'.Ifc) and I0%
k out of 

7^'* = f . l k remain time independent. This completes the list of terms that 
are not rejected by truncation. 

b. Equivalence of Truncation and First-Order Perturbation Theory 

It is obvious from the generation of the T£ lm that truncation retains only 
such terms of ^ n t whose operators commute with Jifz. When we treat Jfint 

as a perturbation of Jifz it is exactly the same set of terms that causes first-order 
energy level shifts, and hence first-order spectral line shifts and splittings. 
Truncation and first-order perturbation theory are equivalent. 

c. Rotating Spin Frame 

Consider for the moment a spin system consisting of like spins only. 
Iz = Σ, Ij is the operator of infinitesimal rotations about the z-axis in spin 
space. £/z, therefore, has the effect of a transformation into a rotating spin 
frame. This rotating spin frame is accelerated with respect to the laboratory 
frame. Inertial forces (or moments) appear and just cancel the physical 
moments exerted on the spins by Bst. 

Forces (expressed by Hamiltonians) that are static in the laboratory frame 
appear explicitly time dependent when viewed from the rotating spin frame: 
^fint -► Jf^\t). Time dependences introduced in this way into the relevant 
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Hamiltonian cannot and should not be distinguished from time dependences 
arising from physical motions of the molecules. We can treat them alike, that 
is, we can reject terms with zero time averages in lowest order analyses of 
NMR spectra. This procedure obviously covers truncation but is, in fact, 
more general. 

Viewing matters from a rotating spin frame is a geometric interpretation of 
the interaction representation defined by Uz = exp[ — i2tfzt\ This interpre-
tation leads us to introduce expectation values in the rotating frame of 
observables 0 , defined by 

<0>R = t r p R 0 . (4-14) 

Note that O and not 0R enters the r.h.s. of Eq. (4-14)! The expectation value 
of the observable O in the laboratory frame is given by 

trpR<9R = tr {UjipUzU^OUz} = trpO. 

As an example suppose p(0) = pR(0) oc (1 +/*). Such an initial density 
matrix can be prepared from a thermal equilibrium situation by a so-called 
90° pulse. Suppose, further, that Jf,nt is so small that it can be neglected 
during the observation time of the system. The expectation value of M in the 
laboratory frame is rotating with angular velocity ω0 = yBsi about Bst; the 
expectation value of M in the rotating frame, however, is stationary—M is 
seen stationary by an observer placed into the rotating spin frame. 

When NMR people try to imagine what is happening in a spin system that is 
subjected to, say, a certain sequence of pulses, they actually think in terms of 
expectation values in the rotating frame. The NMR signal after phase-
sensitive detection—preferably quadrature phase-sensitive detection47'48—is 
directly proportional to the expectation values in the rotating frame of 

If the spin system consists of two species of nuclear spins with, say, gyro-
magnetic ratios yj and yn

s, 

Uz = e x p [ - / ^ z / ] = αχρΙϋ(ω0
ΙΙζ + ω0

8Ξζ)'] 

= e x p [ ^ 0
7 / z i ] exp[ico0

sSzt~] 

can be interpreted as effecting a transformation into two rotating spin frames, 
one for the / spins, the other for the S spins, rotating with different angular 
velocities ω0* and ω0

Ξ about the applied field. Having accepted that space 
and spin variables are described in different frames it should cause no extra 
difficulty that spin variables of different species are described in different 
frames. 

4 7 J. D. Ellett, Jr., M. G. Gibby, U. Haeberlen, L. M. Huber, M. Mehring, A. Pines, and 
J. S. Waugh, Advan. Magn. Resonance 5, 117 (1971). 

4 8 A. G. Redfield and R. K. Gupta, Advan. Magn. Resonance 5, 82 (1971). 
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d. Rotations in Spin Space—Behavior ofTlm Operators 

With magnetic fields, both static and oscillatory, we can impose rotations 
upon the spins. By treating these fields by interaction representations we trans-
fer the corresponding rotations upon the Tlm operators. Naturally, only the spin 
parts of these operators are affected. If we apply rf fields at or close to reson-
ance with the Larmor frequency of one particular spin species, say the /-spin 
species, only this particular spin species is affected. This all means that the 
Τ^ operators do not transform under rotations in the subspace of the / spins 
as irreducible tensor operators of rank / and row m. 

Table 4-1 shows how those 7]* operators that are not rejected by truncation 
transform in the /-spin subspace. It is of crucial importance for the success of 
selective averaging in spin space that the ranks / of Τ^, T%1, T^0(/, 5), 
TQ 0 ( / ,S) , TlQ{I,S) be different in full space and in /-spin subspace. It is this 
difference that provides the key for, e.g., discriminating between the truncated 
shielding and the truncated like-spin dipolar Hamiltonians. While it is possible 
to discriminate between these Hamiltonians, it is impossible to discriminate 
between the direct (dipolar) and the indirect spin-spin coupling Hamiltonians: 
they behave identically under rotations in both ordinary and spin spaces and, 
as a result, they "live" and "die" together. 

However, this statement should not be unduly overgeneralized. It applies 
for discrimination by motions in both ordinary and spin spaces. (By "dis-
crimination" we mean the performance of an experiment in which one type of 
interaction has a zero effect, whereas another has a nonzero effect.) The fact 
that the i,k dipole interaction is axially symmetric about the internuclear 
vector rik, whereas the indirect /, k spin-spin interaction is not—at least not 

TABLE 4-1 

RANK / AND Row m ACCORDING TO WHICH THE OPERATORS OF ^ l n t LEFT OVER BY THE 

TRUNCATION PROCESS TRANSFORM UNDER ROTATIONS IN /-SPIN SUBSPACE 

Transforms in 
/-spin space 

Interaction Γ,λ0 After truncation according to 

Shielding 

Quadrupolar 

Direct and indirect 
between V and I* 

Direct and indirect 
between I' and S* 

TTCS 

7?o 

' 0 0 

7?d' 

* 00 
TD.J 
^ 20 

/o B0 

( l /V6)[3( / 0 ' ) 2 - (I ' ) 2 ] 1 

I«. I* 
(1/V6)[3/„'V-I'.I*] / 

/ ic k 
^ 0 »JO 

Vi'oW 

I = 1, m = 0 
I = 1, m = 0 

= 2, m = 0 

f = 0, m = 0 
1 = 2, m = 0 

f= l , m = 0 
I = l, m = 0 
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necessarily—could be exploited in the following type of experiment: One 
orients a single crystal, which contains pairs of magnetically well-isolated, 
magnetically equivalent spins I=i, such that the internuclear vectors rik are 
at an angle of ßm = 54°44" to the applied field. If there is no indirect spin-spin 
coupling no splitting of the NMR line of this pair of nuclei will be observed. 
If there is indirect spin-spin coupling with J not axially symmetric about rik 

a splitting of the NMR line will be observed. One problem of such an experi-
ment is obviously the orientation of the crystal. One must rely on structural 
information from other sources than NMR from that pair of nuclei. To our 
knowledge no such experiment has been reported so far. 

After this digression let us return to averaging in spin space and let us 
discuss the WAHUHA four-pulse experiment. This experiment discriminates 
between truncated shielding and truncated like-spin dipolar interactions. It 
will serve us to discuss further subtle features of averaging in spin space. 

2. THE WAHUHA FOUR-PULSE EXPERIMENT 

What we need to bring into play now are rf fields. Without mentioning it we 
have needed them so far to observe NMR spectra, either by kicking spin 
systems off their thermal equilibrium states—the observation of the return of 
the systems into thermal equilibrium could then be done in the absence of 
applied rf fields—or by cautiously "tickling" spin systems with such small 
rf fields that they are not perturbed significantly. 

In what follows rf fields have the additional task of modifying NMR 
spectra. It is important to realize this double role49 of the rf fields in multiple-
pulse and spin-decoupling experiments. 

a. rf and Resonance Offset Hamiltonians; Quadrature Phase rf Pulses 

In a WAHUHA four-pulse experiment the spin system is irradiated with a 
sequence of rf pulses, the amplitudes, widths, spacings, and carrier phases of 
which are monitored. We postpone a more detailed description of the sequence 
until we are ready to give it in the rotating frame. Let us suppose for the 
moment that the spin system consists of like spins only. The rf Hamiltonian 
is then 

■*rf = -ΊηΙΒ1(ί)θΜ{ωί + φ(ί))ΥΛΙχ
ί 

i 

= -*?«'*!(*) {βχρ[ι(ω*+φ(0)] 

+ exp[-/(a, i+<p(0)]}( l /V2)(/_1- /+ 1) . 
4 9 In some of the dynamic polarization experiments50 rf fields even have a triple role: 

(1) excitation, observation, (2) modifying spectra, and (3) establishing a thermal contact 
between different spin energy reservoirs. 

5 0 A. Pines, M. G. Gibby, and J. S. Waugh,/. Chem. Phys. 56,1776 (1972). 
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We replaced £ , / , ' = / , by (l/\/2) (/_ t-I+1) [see Eqs. (2-21) and (2-22)]. 
Let us now partition the applied static field B0 into B0

T + AB, where B0* is 
chosen such that — y^B^ = ω. We assume Δω = \γη*ΔΒ\<4 |ω|; this has to 
be taken care of by the experimenter. 

3tfofi = — ΑωΙζ, called the resonance offset Hamiltonian, has to be included 
in J^int. The rf Hamiltonian in the rotating frame defined by 

Uz = exp{ + / y n
7 V ^ ' } = βχρ{-ιω/ , ί} 

is 

j f * = - ^ / ^ ( O i ^ ' + ^ + e - ^ ^ ^ 

In accordance with our general policy we reject high-frequency terms and are 
left with 

·*£.* = -hn'BdOUxCOScpiO + IySmcpit)! (4-15) 

We stress that the angular velocity of the rotating frame is chosen according 
to ω, which is a or the spectrometer frequency, and not according to a or the 
Larmor frequency of some spins in B0. 

In the WAHUHA experiment, and in many others, J^r{ consists of a series 
of pulses. Bt (t) is rapidly switched on and off: 

We abbreviate iyn
IB1 by ωγ. A "90° pulse" is defined by ωλ /w = in. 

Under resonance conditions (Jifoff = 0) it rotates ("flips") all /-spins through 
90° in the rotating frame. A 90° δ pulse is a 90° pulse with tw -> 0. It is an 
idealization since it requires Βγ -+ oo. 

90° pulses, either real or δ pulses, are called x, —x,y, —y pulses, when 
during the pulse φ(ί) is 0, π, ^π, |π , respectively, x, —x, y, and —y pulses 
are quadrature-phase rf pulses. We shall refer to them as Px, P_x, Py, and P_y 

pulses. Under resonance conditions they rotate the /-magnetization in the 
rotating /-spin frame about the +x, —x, +y, and — y axes, respectively, 
through 90°. We do not need to elaborate here whether the rotations are 
clockwise or anticlockwise. 

b. WAHUHA Sequence with δ pulses; Average Hamiltonian Approximation 

The WAHUHA experiment is a special Fourier transform (FT) NMR 
experiment. In a standard FT experiment [Fig. 4-1(1)] the spin system is 
excited with a short intense rf pulse, say a Px pulse. It then evolves according 
to Ŝe

n
Cuiar· While it does so it induces a voltage, called free induction decay 

(FID) in the receiver coil of the spectrometer. The FID is phase-sensitively 
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FIG. 4-1. Principles of resolution enhancement by multiple-pulse sequences; analogy to 
Fourier transform NMR. 

(1) Free induction decay (FID) of nuclear magnetization M after preparation pulse P. 
Samples (indicated by short heavy lines) of the signal voltage are taken at regular intervals 
tc and Fourier transformed. The resulting spectrum corresponds to ^"Liar· 

(2) Multiple-pulse experiment. Extra pulses are applied between each pair of "samples." 
The gaps between the pulses are called "windows." The signal voltage jumps wildly from 
one window to the next. Windows where "samples" of the signal are taken are called 
"observation windows." All events are described in the rotating spin frame. The spin system 
evolves under the influence of ocular+«^R

r,feff · 
(3) Particular pulse sequence of the WAHUHA experiment. The same sequence is repeated 

over and over. The period is tc. 
(4) Same events viewed from the toggling frame. Except for P no more pulses appear. 

However, 
(5) «̂ slciiiar has turned into a periodically time-dependent form: Jf{nt(t). Provided tc is 

small enough Jf^l(t) can be replaced by its time average, &ψχ(ί). In particular, «2fT
D(0 = 0, 

Rotating and toggling frames coincide during the observation windows. The smooth 
path of M in the toggling frame can be observed stroboscopically in the rotating frame. 
The spectrum finally obtained corresponds to 3f{nt(t). 
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detected. The frequency of the local oscillator of the phase-sensitive detector 
(PSD) is ω. The output of the PSD is an audio signal, the frequencies of which 
depend on ^^λΛΧ including «^ff. "Samples" of the phase-sensitively detected 
FID are taken at regular time intervals tc. They are digitized and subsequently 
fourier transformed. The result is the spectrum of the spin system, which 
corresponds to J?i£ul„. 

A line-narrowing multiple-pulse experiment works in exactly the same way 
as far as excitation and observation of the spin system, and data handling 
are concerned. However, between the "sample" points the spin system is 
irradiated with extra pulses [Fig. 4-1(2)]. The particular sequence of pulses 
employed in the WAHUHA sequence is shown in Fig. 4-1 (3). 

The spin system evolves now according to «^"uiar + ^Rfeff· ^iUft eposes 
on the / spins a common motion (as did J^z), which we again treat by way of 
an interaction representation ansatz pR(t) — UTfpT t/^1, where T stands for 
"toggling" frame. This notation will become clear shortly. What is new with 
Urf in comparison with Uz is the time dependence of the relevant Hamiltonian, 
^R êff- This Hamiltonian, however, is still constant in a finite number of time 
intervals (see Fig. 4-2). Therefore, we can go through a procedure completely 
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FIG. 4-2. Effective rf Hamiltonian in the rotating frame, ^R
r,feff(/), for the WAHUHA 

sequence, and i/rf(/). We distinguish ten intervals, 1-5 and 5'-Γ. The graphs for A and B 
show that Ur{ (/) is symmetric about the midpoint 3τ of the cycle, β = ωι /w is called "flip 
angle." For /W/T -» 0 the optimum flip angle is ßopt = \π. 
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analogous to the one that led us to Uz for each of these time intervals suc-
cessively. The result can be written immediately and is also indicated in 
Fig. 4-2. Note that at the end of the cycle Ur{ has returned to unity: Urf is 
periodic modulo tc. We shall return to this important property of multiple-
pulse sequences in more detail in Section D. 

Concentrating our attention on the "windows" of the pulse train we may 
now interpret Ur{ as effecting a transformation into a "toggling frame." In 
the absence of J^int the spin density matrix pT remains stationary in a frame 
that toggles with respect to the rotating frame in a rhythm imposed by the 
pulses of the sequence. Initially the toggling and rotating frames coincide. 
The first pulse tips the z axis of the toggling frame down to the y axis of the 
rotating frame. The x axes of the toggling and rotating frames remain parallel. 
The second pulse pushes the toggling frame z axis parallel to the rotating frame 
x axis, the third kicks it back to the rotating frame y axis, and the fourth 
restores the initial orientation of the toggling frame: UTf(tc) = 1. Then the 
game starts anew, and at all times t = Ntc, N integer, we have Utf = 1. 

This means that the rotating and toggling spin frames coincide at / = Ntc. 
They coincide, in fact, during the entire windows of the pulse train, which 
occur around Ntc. It is in these windows ("observation windows") that we 
observe the nuclear magnetization. 

We pointed out that with the aid of phase-sensitive detectors we can observe 
the nuclear spin magnetization M directly in the rotating frame. We cannot 
observe it so simply in the toggling frame. However, by observing M in the 
rotating frame, but restricting the observation to the "observation windows," 
we can actually observe M stroboscopically in the toggling frame. The 
electronic device used for that purpose is a "sample and hold" or "integrate 
and hold" unit. 

Observing a nuclear magnetization stroboscopically is absolutely standard 
in FT NMR. What is peculiar of multiple-pulse experiments is that we are no 
longer free to choose the rhythm of opening and closing the gate of the sample 
and.hold device: We are only allowed to open it during the proper windows 
of the sequence. 

Let us now return to the density matrix in the toggling frame, pT, which 
evolves according to 

p T = - / [ ^ n t ( 0 > p T ( 0 ] > ( 4 _ 1 6 ) 

with 
* ¥ " ( 0 = V« 1 ( O c u l a r Ua(t). (4-17) 

Since Urf is periodic modulo tc, 3tf\ni{t) is also periodic modulo tc. Equations 
(4-16) and (4-17) say that the density matrix (the "spin system") evolves in 
the toggling frame according to a periodically time-dependent internal 
Hamiltonian^nt(0. 
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Alternatively, we may say that if we restrict the observation of the spin 
system in the rotating frame to the "observation windows," it behaves as if it 
were evolving in the absence of rf pulses according to 3tf\ni(t). This is shown 
in Fig. 4-1(4,5). 

The final step is to take the time average of 3tf\ni(t) over its period tc and 
to claim that the dominant term that governs the time evolution of the spin 
system in the toggling frame (in the rotating frame if M is observed strobo-
scopically) is the time-independent average Hamiltonian 3^\nX(t). The con-
dition for this to hold is ||ic^

ncUlar|| < 1. 
This completes the analogy with a standard FT experiment. We summarize 

it as follows: 

Standard FT: The spin system evolves in the rotating frame according to 
ŝen

Cuiar» which is time independent. The spectrum calculated from a set of 
regularly spaced "sample points" of the FID corresponds to «^"uiar· 

WAHUHA multiple pulse: The spin system evolves in the toggling frame, 
and also in the rotating frame when the observation is restricted to the proper 
set of regularly spaced "sample points" according to J^jnt(t), which again is 
time independent. The spectrum calculated by the computer corresponds to 
JTint(t). 

It remains for us to inspect Jf^nt(i). To keep matters simple we shall assume 
that all the pulses of the WAHUHA train are δ pulses. For J^nt(i) we can 
then restrict ourselves to the contributions of 3tf\ni(t) from the windows of 
the pulse train. In Chapter V, Section D, we shall drop this restriction. The 
operators we need to consider are listed in Table 4-1. They can be classified 
according to their rank / in /-spin subspace. 

/ = 0 There is only one case: Γ · Ι \ This scalar product is left invariant by 
the rotations represented by Urf(t). 

I = 1 There are four entries / = 1 in Table 4-1. All, however, boil down to 
I0 = Iz in the subspace of the / spins. Table 4-2 shows the transfor-
mations of Iz in the toggling frame. 

1 = 2 There are two entries / = 2 in Table 4-1. The more general one is 
3Iz

iIz
k — li'lk. Table 4-2 also shows the transformations of this operator 

in the toggling frame. 

The decisive point is that the average of spin operators with rank 2 vanishes, 
whereas the average of spin operators with rank 1 does not. 

The WAHUHA sequence discriminates therefore between, in particular, 
like-spin dipolar interactions (1 = 2) and isotropic as well as anisotropic 
chemical shielding (/= 1). 

This is what Waugh first realized (1968) and this is what we demonstrated 
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TABLE 4-2 

TRANSFORMATIONS OF IZ AND (3/^//—I1· I*) IN THE TOGGLING FRAME DURING THE WINDOWS 

OF THE WAHUHA SEQUENCE, AND AVERAGES THEREOF FOR /w/T-»0e 

Time 

0· · ·τ , 5τ···6τ 

τ · · · 2τ, 4τ · · · 5τ 

2τ···3τ, 3τ···4τ 

C/rf 

1 

βχρ( -1 /π / χ ) 

exp dinly) exp (—i* πΙχ) 

average 

Url
lIzUIf 

| ( / χ + / , + /ζ) 

% : 1(3/χ'/ ,*-Γ 

3 / , ' / / - I1 

3 W - If 

3 / , ' / , * - I ' 

0 

•I*)£/rf 

-I* 

•I* 

•*rlBt(0 

^ i n t 

a The various forms of J^nt(t) can be labeled conveniently by x, y, and z (last column). 

in a series of papers about coherent averaging in spin space,46'51 which 
started the development of high-resolution NMR in solids by multiple-pulse 
techniques. 

c. Comments 

(/) Variant choices of observation windows. We have stressed repeatedly 
the importance of restricting the observation of the spin system to the "proper" 
windows of the pulse train. The windows around / = 0,6τ, ...,Mrr have been 
claimed to be the proper ones. However, there is little magic about this 
particular set of windows; all it does is the following: 

(1) It makes the analogy between the WAHUHA and the FID experiments 
as perfect as possible and thus serves aesthetics. 

(2) It makes UTf(t) and, as a result, J^\ni{t) symmetric about the center of 
the cycle. 

This has no consequence on the level of only averages of Hamiltonians but 
will prove profitable when corrections are taken into account (Section D and 
Chapter V). 

(//) How necessary are Urf(t) and the toggling frame? It is clear that Ur{(t) 
and the toggling frame are only theoretical aids for describing the outcome 
of experiments and are not essential to the experiments themselves. There is a 
tendency among some in the field to feel that their introduction is basically 
nothing but fuss, which can easily be circumvented by considering the motion 
of the expectation value <I>R of the nuclear spin angular momentum I in the 
rotating frame during the pulse train. In formulating the "argument" we 
shall use the typical jargon. 

51 U. Haeberlen and J. S. Waugh, Phys. Rev. 175, 453 (1968). 
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Initially the angular momentum is Iz. The first pulse flips it in the rotating 
frame to Iy, the second back to Iz, the third sends it to Ix (signs are disregarded), 
etc. On the average, the "argument" continues, we have 

<^cs>av oc </z>av = * ( / , + / , + /,) and <^D>av oc <3/z
</x*-Il.Ik>.v = 0. 

That is all.52 The basic mistake is the confusion of spin operators, density 
matrix, and expectation values. While <I>R does vary with time in the 
rotating frame, the operator Iz does not. The rotating frame operator Iz varies 
only when viewed from the toggling frame. 

How fallacious the "argument" just given is can be deomstrated most 
clearly by considering the following pulse train,53 which in shorthand 
notation is represented by 

Ρ χ - τ - τ - P.y - τ - Ρ χ - τ - τ - P_x - x - P y - x - x - P.y . 
repeated sequence 

All pulses are 90° pulses. One glance at this pulse train will convince the reader 
that <I>R always points along either the —y or the — z axis of the rotating 
frame, but never along the x axis. The reasoning outlined above does not, 
therefore, lead, e.g., to <·#χ>>βν = 0· Yet this pulse train is perfectly equivalent 
to the WAHUHA pulse train as far as averaging of nuclear shielding and 
like-spin dipolar Hamiltonians is concerned. It simply has two extra 
preparation pulses, which cannot and do not affect operator averages. 

d. NMR Signal during WAHUHA Sequence; Scaling Factor 

Let us consider the NMR signal that appears as a voltage at the output 
of the phase-sensitive detector (PSD) (detectors if quadrature PSDs are used) 
before it is sent through the sample and hold unit(s). This topic is somewhat 
off the track we have been following so far; it is, however, very important 
for anyone who faces the delicate task of aligning a WAHUHA or another 
line-narrowing multiple-pulse sequence. 

The first steps of the alignment procedure are usually done on a liquid 
sample whose NMR spectrum consists of a single line only (e.g., water or 
hexafluorobenzene). The truncated shielding and the offset Hamiltonians have 
the same spin operator form. The offset Hamiltonian is under control of the 
experimenter and can therefore be used to simulate different chemical shifts. 
Extensive use is made of this possibility in every multiple-pulse laboratory. 
In what follows let us assume that the genuine chemical shift—there is only 
one—of the test sample has been absorbed in the definition of JJBQ1 so that 

52 The author admits having used this false "argument" himself when trying to explain in 
a hurry the principles of high-resolution NMR in solids to visitors in his laboratory. He 
wishes to apologize on this occasion. 

53 P. Mansfield, Phys. Lett, A 32, 485 (1970). 
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the terms "above," "on," and "below" resonance refer only to the offset 
Hamiltonian (AB>0, =0, <0). It will also be convenient to define x- and 
j>-PSD's. The phase of the reference signal of an *-PSD is chosen such that 
the output of the PSD is proportional to the component of the nuclear 
magnetization along the x axis of the rotating frame: 

output of x-PSD oc (MX}K oc tr pRIx9 

and similarly 

output of >>-PSD oc <My>R oc tr pRIy. 

During a WAHUHA pulse train in the absence of J^int including J^off the 
density matrix pR(t) evolves according to 

where 

pT(t) = const = pR(0) oc exp(iinlx)Iz exp(-iinlx) = Jy 

(Those parts of pR proportional to H in spin space are irrelevant for the NMR 
signal; we ignore them.) 

Ur{(t) is given in Fig. 4-2. The absence of J4?int including ^ f f corresponds 
to an on-resonance experiment on our liquid test sample but applies also for 
sufficiently simple solid samples such as CaF2, so long as we may disregard 
damping of the nuclear signal. The resulting x- and j>-PSD outputs are shown 
schematically in Fig. 4-3a. Figure 4-3b shows oscilloscope traces of an actual 
experiment.54 

(a) (b) 

FIG. 4-3. Output signals of y- and *-PSDs for an on-resonance WAHUHA experiment 
on a liquid test sample, (a) Schematic, (b) actual experiment; τ = 6 //sec. Interruptions of 
the oscilloscope traces indicate pulses. Standard sampling points are indicated by s. 

Courtesy of U. Kohlschütter. 
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We now turn to the off-resonance cases, which are much more interesting if 
only for the reason that virtually all experiments are done off-resonance. 
The evolution of pT(t) is determined by Eqs. (4-16) and (4-17). For our test 
sample 3tf\ni(t) = J^jff(t). In the average Hamiltonian approximation we 
replace 3tff (t) by its average: 

3tff{t) = -A(o$(Ix + Iy + Iz) = - Δ ω τ Ι . n, (4-18) 

where n = (1/V3)(1,1,1), |n| = 1, and Δωτ = (l/V3)Aco. Hence, 

pT(t) oc βχρ[/Δωτ/Ι·η]/^ exp[ —/ΔωτίΙ·η]. (4-19) 

Equation (4-19) tells us that Jtffit) imposes on the spin system a rotation 
about the toggling frame (1,1,1) axis with angular velocity Δωτ. Alternatively, 
we may say that an effective field Beff T = +(1/Λ/3)Δ5η is operative in the 
toggling frame. 

The ratio Δωτ/Δω = 1/̂ /3 is called the "scaling factor." This scaling 
factor applies, evidently, also for genuine chemical shifts. We point out that 
the numerical value of the scaling factor is 1/̂ /3 only for an idealized 
WAHUHA experiment (/w -* 0). Real WAHUHA and other real or idealized 
multiple-pulse sequences produce different scaling factors. In our line-
narrowing experiments we always check the scaling factor experimentally, 
e.g., in the manner described in Mansfield and Haeberlen.55 

In order to evaluate the NMR signals in the off-resonance cases it is con-
venient to introduce a "new" frame of reference {X, Y, Z), the Z axis of 
which points along n = (1/^/3) (1,1,1). The transformation formulas are 
(see Fig. 4-4) 

/x = (l/>/6)(/,+/,)-V|/f, 

Iy = -(1/V2) (/,-/,), 

h = (l/V3)(/x + /,+/z), 

FIG. 4-4. Orientation of "new frame" {X, Y, Z) with respect to "old frame" (ΛΓ,^,Ζ). 

55 P. Mansfield and U. Haeberlen, Z. Naturforsch. A 28, 1081 (1973). 
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and 

Ix = (1/V6)/, - ( l /V2)/y + ( l /V3)/2 , 

/ , = (1/V6)/X + ( l /V2)/ r + (1/V3)/Z, 

/z = - V | / x + ( i /V3) / z . 
Expressed in the new frame pT(i) becomes 

p T (0 oc exp(iAG)ri/z){(l/V6)/x + (l /V2)/y+l(/V3)/2} exp(-/AcoTi/z). 
(4-20) 

Now we can apply the formulas of Appendix A to obtain 

p T (0 oc —j=(Ix cosAcoTi — 7y sinAcoT/) 

+ -i=(IY cosAcoT/ + / x sinAcoT0 + -7=/z. 
V2 V3 

In the "old" toggling frame (x, y, z) we have 

P T ( 0 OC - / „ - - ( / , + /,) cosAcoTi [|/,-5(/.+/4 
+ -MIX-IZ) smAojTt + - ( / , + / , + / , ) . (4-21) 

We are now ready to write expressions for the NMR signals after phase-
sensitive detection by x- and >>-PSDs. In the "observation windows" of the 
WAHUHA pulse train pR(/) = p T (0 and the NMR signal produced by a 
j;-PSD is proportional to 

trpR(t)Iy = trpT(t)Iy oc f cosAcoT/ + ^ (observation windows). 

Recall trIXIZ = trIxIy = tr IyIx = 0. 
In both types of "small" windows 

pR(0 = P-xpT{t)P_l = e x p [ - i m / J p T ( r ) e x p [ + | m / J 

-y=(/x + /y) sinΔα>τί + -oc - / z - T ( / , - / , ) cosAcoTi + 4=(7χ + /,) sinAo>Tf + ^ ( / χ + / , + /χ). 
L J V 3 (4-22) 

The NMR signal produced by a }>-PSD is proportional to 

trpR(/) / y oc -cosAct)Ti 4- —7=sinA(oTt — -
3 y/3 3 

5(Δωτ ,-?)"5 = -cos( Δω τ t — ^] — ^ (smallwindows). 
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In the second type of "large" windows 

= exp(ii7u/y) cxp(-imIx)pT(t) βχρ(±ιπ/χ) exp(-imL) 

oc -^h-^ih-Iy) cosΑωτί 

+ - ^ (/, + /,) sinAcoTi + - ( - / , - / , + / ,) . 

Since the Iy operators are not affected by Ργ,Ρ~χ, the NMR signal produced 
by a >>-PSD is the same as for the small windows. 

An JC-PSD produces NMR signals proportional to 

1 ! · A l 

trpRIx oc —- cosΔωτ t + —= sinΔωτ t + -
3 y 3 3 

,(Δ«Μ + Ϊ) + Ι = — - cos( Δωτί + ^ ) + ^ (observation and small windows), 

2 1 
tr pR Ix oc — - cos Δωτ / — - (other large windows). 

We see that both x- and j-PSDs give just two types of signals consisting of 
oscillations and dc levels. We say that the oscillations "ride" on "pedestals." 
The initial amplitudes of the oscillations are f of the initial amplitude of a free 
induction decay signal. 

The pedestals are half as large as the amplitudes of the oscillations and 
have opposite signs for the two types of signals. The physical origin of the 
pedestals is obviously a nonzero component of the initial magnetization 
parallel to the effective field Beff T in the toggling frame. The pedestals can 
be avoided—and the useful signal amplitude increased by 50%—by applying 
properly chosen preparation pulses prior to the WAHUHA pulse train proper. 
A 45° y pulse immediately preceding the first x pulse (which we have termed 
preparation pulse so far) does the job. 

Relaxation processes cause a decay of both the oscillations and the pedestals. 
We shall come back to that point in Chapter V, Section C. Here we mention 
only that the decay of the pedestals involves spin lattice relaxation processes, 
whereas the decay of the oscillations does not, at least not necessarily. There-
fore, the oscillations usually decay much faster than the pedestals. 

It is easy to see that three types of signals appear as outputs of PSDs, the 
reference phases of which are anywhere between x and y. To keep matters as 
simple as possible one usually avoids such phase settings. 

Figure 4-5a,b shows y signals "below" and "above" resonance. The time 
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(c) 

FIG. 4-5. NMR signals during WAHUHA pulse train after ^-phase-sensitive detection. 
(a) Above, (b) below resonance; the time scale is much larger than in Fig. 4-3. (c) Actual 
experiment below resonance on CaF2. Time scale: 1 msec/division; cycle time tc — 24 //sec. 
Equal amplitudes of the oscillations, up- as well as downfield, and correct pedestals are 
important criteria for the correct alignment of the sequence. 

scale is much larger than in Fig. 4-3. A decay of the oscillations, but not of the 
pedestals has been taken into account. Figure 4-5c shows oscilloscope traces 
of an actual experiment on CaF2. 

So far our treatment of averaging in r and spin spaces was restricted. Only 
time averages were taken into account. Also, we restricted ourselves to an 
idealized WAHUHA pulse sequence insofar as widths of rf pulses were 
concerned. The average Hamiltonian theory51 to be discussed now will 
provide us with a tool for a more complete treatment of averaging processes. 

D. Average Hamiltonian Theory 

1. INTERACTION REPRESENTATIONS DEFINED BY EXPLICITLY 

TIME-DEPENDENT HAMILTONIANS 

We consider a system with a total Hamiltonian 

tf> = jet(t) + JT1"', (4-23) 
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where 3#Ί(ί) is explicitly dependent upon time and Jfint is the "internal" or 
"interesting" part of the Hamiltonian. In analogy to Eq. (4-10) we make the 
following ansatz for the density matrix p(t): 

P ( 0 = Vi(t)p(t)U^(t\ (4-24) 
where 

{-'JT*i ('')*'] 1^(0 = Texp -i *!(*') dt' . (4-25) 

T is the Dyson time-ordering operator (cf. Appendix B). On expanding the 
exponential in Eq. (4-25) products of the type • • • ^ 1 ( 0 ^ i ( 0 « # i ( 0 · · · are 
obtained. T ensures that operators that act at earlier times on p(t) are always 
at the right of operators that act at later times on p(t). The opposite order of 
operators is obviously needed in U±1 (t). 

p(t) evolves according to 

^ - / [ ^ ( Ο , / Κ Ο 1 , (4-26) 

where 
Jpint(0 = U^W^U^t). (4-27) 

The formal solution of Eq. (4-26) is 

p(t)=UiM(t)p(0)UrtHt), (4-28) 
where 

£/„,(/) = Jexp Γ-ι j V ^ O <*'] · (4-29) 

Combining Eqs. (4-24) and (4-28) yields 

p(t)=U(t)p(0)U-1(t), (4-30) 
where 

1 / ( 0 = U,{t)U{nX{t). (4-31) 

2. CYCLIC INTERACTIONS 

An interaction 3tfx (t) of a system is said to be cyclic if ^(t) is periodic, 
i.e., if 

*i(f+fh) = * i ( 0 . (4-32) 
and if, in addition, 

Ux(t) = Texp 

is also periodic, i.e., if 

Γ-ί£^ι(Ο^Ί 

tfi(0= U^t+Q. (4-33) 
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If conditions (4-32) and (4-33) are satisfied56 the period tc of U1 (t) will be an 
integer multiple of the period th of ^ . tc is called cycle time. Intervals of 
JfJ (0 of duration tc are called cycles. 

Since Ut (0) = 1 an immediate consequence of Eq. (4-33) is 

^ ( * c ) = Texp - / I ifi(t')dt' = 1 for #integer. (4-34) 

We note in passing that Eq. (4-34) [not Eq. (4-33)!] may be satisfied for shorter 
time intervals than tc. When this occurs one speaks of subcycles of duration fs. 

We give now a few examples of cyclic spin interactions. 

(1) It is obvious from Fig. 4-2 that the WAHUHA sequence is cyclic. 
It was, in fact, this pulse sequence that led to the introduction of the notion 
of a cycle. The cycle time tc is equal to the period 6τ of the pulse sequence. 
Note that the cyclic property of the WAHUHA sequence is not destroyed by 
finite pulse widths iw. Note also that a choice of Ur{(t) other than ours—e.g., 
no pulse treated separately as a preparation pulse—would reveal the existence 
of subcycles of duration 3τ. 

(2) Another example for a cyclic pulse sequence is the Carr-Purcell 
sequence58 with or without the Gill-Meiboom modification59 of the prep-
aration pulse. The cycle time tc is twice the period of the pulse sequence. 

(3) A cyclic interaction of a spin system that does not originate in a pulse 
sequence is the Zeeman interaction of a system of like spins with a constant, 
homogeneous applied magnetic field. The period ofJ^l=Jifz is degenerate, 
i.e., infinitely small. The cycle time, however, is well defined: it is equal to the 
period of the Larmor precession of the spins. 

The same applies for constant fields in the rotating frame. Examples are 
fields used in the spin-locking60 and Lee-Goldburg61 experiments. 

An example where the periodicity of 2tfx (t) does not entail a periodicity 
of U1 (t) is the interaction of a spin system with a periodic sequence of on-
resonance rf pulses the flip angle β of which is not a rational fraction of In. 

Hamiltonians with a cyclic term 3^x(t) are the realm of the average 
Hamiltonian theory proper, which we shall now outline. It exploits the fact 
that U^t) transfers its periodicity to £'mi(t) [cf. Eq. (4-27)]: 

£int(t + Ntr) = £'xni{t) for ^integer. (4-35) 

56 We do not inquire here into the general conditions under which cyclic interactions are 
possible at all. This question is raised, and answered in part, by Salzman.57 

57 W. R. Salzman, Phys. Rev. A 10, 461 (1974). 
58 H. Y. Carr and E. M. Purcell, Phys. Rev. 94, 630 (1954). 
59 D. Gill and S. Meiboom, Rev. Sei. Instrum. 29, 688 (1958). 
60 A. G. Redfield, Phys. Rev. 98, 1787 (1955). 
61 M. Lee and W. I. Goldburg, Phys. Rev. 140, A1261 (1965). 
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A consequence of Eq. (4-35) is 

Uint(Ntc) = J e x p T - / r'C£""(t')dt' 1 = j r e x P r - i [ ' ^ " " ( ί Ο Λ ' Ι Γ 

= C^„t(ic)]N· (4-36) 

Combining this result with Eqs. (4-31) and (4-34) gives 

p (Ntc) = [t/int (ic)] Np (0) [£/,-> (/,)]". (4-37) 

The content of Eq. (4-37) can be stated as follows. In order to describe the 
state of the system at any integer multiple of the cycle time tc it is sufficient 
to know its short-time evolution over one cycle. The one-cycle propagator 
Uint(tc) is simply raised to the Nth power. 

3. MAGNUS EXPANSION 

To obtain the result in the form of a single exponential it is convenient to 
apply the Magnus formula62 to Uint(tc): 

tfint('c) = Texpl - ' \&ηχ(ί')Α' (definition) 

= exp[-LFYc] 

= e x p [ - / ( j p + jf(1) + . r ( 2 ) + ---)/c] 

(ansatz) 

(expansion), (4-38) 
where 

- 1 f'c -*. 

tc Jo 

^ ( 1 ) = ^ J'e*2£i*1[jPtat(/2),jPta«(i1)]> 

•^(2) = 7Γ Γ*3 f V ί'2Λ1{[^""(<3),[^ίη,(ί2).^
ίη,(ίι)]] 

" i c Jo J0 Jo 

+ [^ i n ' ( i l ) , [^ i m(i2) ,^ i n , ( i3)]]}> 

(4-39) 

(4-40) 

(4-41) 

etc. A number of rigorous, mostly algebraic derivations of these expressions 
have been given in the mathematical literature.62'63 Nevertheless, we indicate 
one in Appendix B that follows closely the line of our later applications and 
should therefore be instructive. 

Each of the terms of the Magnus expansion is Hermitian.64 Truncation of 

62 W. Magnus, Commun. Pure Appl. Math. 7, 649 (1954). 
6 3 R. M. Wilcox, / . Math. Phys. 8, 962 (1967). 
6 4 P. Pechukas and F. C. Light, J. Chem. Phys. 44, 3897 (1966). 
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the expansion at any place therefore always leaves us with a "legitimate" 
Hamiltonian. 

If jftint(t) commuted with itself at all times, i f (which we shall continue 
to call "average Hamiltonian") alone would suffice to describe the time 
development of the system. Sometimes this is the case; more often, however, 
jPint(t) does not behave so simply and the higher order average Hamiltonians 
JF(n) must be included. In a sense they can be thought of as quantum cor-
rections to a "classical" theory. 

Combining Eqs, (4-37) and (4-38) and recalling that F is a time-independent 
operator, we get 

p(Ntc) = exp[- /FMc]p(0) exp[+/FMc], (4-42) 

or, if it is tacitly understood that the real time t is restricted to integer multiples 
of i c , 

p(t) = exp[- /F/]p(0) exp[ + /Fi]. (4-43) 

This is the central result of the average Hamiltonian theory. It states that a 
system subjected to cyclic (mostly external) forces, the inspection of which is 
restricted to integer multiples of the cycle time tc, behaves as if it were 
developing according to a constant Hamiltonian F. The lowest order approxi-
mation of F is Jf, which is the time average of £'mi{t), not of tfint. The 
Magnus expansion tells us how i f is to be supplemented when the lowest 
order approximation does not provide us with sufficiently accurate results. 

When Jfint, or any one term of it, possesses a periodic time dependence of 
its own—e.g., through a time-dependent parameter—the Magnus expansion 
applies, of course, also in the absence of any cyclic interaction 3tfx (t). In such 
cases iP is truly the average of J^mX(t). The Magnus expansion provides, 
in fact, the basis for the general rule stated in Section A, on which we have 
drawn so extensively throughout this text. 

To get a rough idea of the importance of the correction terms if(1), if(2), 
etc., let us consider first the particularly unfavorable case in which <#, iF(1), 
etc., exhibit no specific averaging. The strength of «# will then be of the same 
order of magnitude as the strength of ̂ fint itself. Specifically let us think of 
^fint as representing the direct and indirect spin-spin interactions of a rigid 
solid. A measure for the strength of 3tfint is <Δω2>1/2, the root of the second 
moment of the resonance line. Assuming gaussian lineshapes the FID will 
have decayed to e~1/2 in a time <Δω2>~1/2. 

In an unspecific multiple-pulse experiment we expect from the form of Eqs. 
(4-39)-(4-41) decay rates associated with the various terms JF(n) of the order 
of <Aco2>1/2(/c <Δω2>1/2)π, which become rapidly small with increasing order 
n if ic<Aco2>1/2 is appreciably smaller than unity. Recall that in a typical 
case tc can be chosen by the experimenter, although often there are practical 
limitations preventing him from making tc as short as he would like. 
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A more favorable situation exists if we can arrange—as we often can—that 
jP = jP<» = ··· = J ^ " - 1 ' = 0. We then find (see Appendix B) 

j.« = tjl Ccdtn+1 Γ"+1Λ(Ι···Γ
2Λ1^""(ίΛ+ι)^ίη'ω····^'η,(ί1), tc Jo Jo Jo 

(4-44) 
and since the volume of integration is (tc)

n + 1/(n+ 1)! the first nonvanishing 
correction term jf(n) will lead to a decay rate not larger than 

[l/(/i+1)1] <Δω2>1/2(ί0 <Δω2>1/2)". 

4. SYMMETRIC AND ANTISYMMETRIC CYCLES 

Another special case that can often be realized in practice is 

Cycles that generate this property of jftint(t) are said to be symmetric. 
Mansfield53'65 first realized that JF(1) vanishes for symmetric cycles. Wang 
and Ramshaw66 have given an elegant proof (which we essentially reproduce 
in Appendix B) for the fact that all correction terms jf(k\ with k odd, vanish 
for symmetric cycles. 

As a kind of curiosity we add that «# itself vanishes together with all 
correction terms, even and odd, if Jpint(t) is antisymmetric, i.e., if 
£{ni{t) = -£'mx(tc-t). 

In the remaining sections of this chapter we shall apply the average 
Hamiltonian theory to analyze a selection of experiments and phenomena 
in NMR. When the lowest order, the average Hamiltonian, approximation 
turns out to be inadequate we shall take into account correction terms iP(n), 
n ^ 1, of the Magnus expansion. Taking into account «#(1) is equivalent to 
standard second-order perturbation theory. 

In Chapter V we shall see how the average Hamiltonian theory can help 
to design more and more powerful line-narrowing multiple-pulse sequences. 

£. Stochastic Averaging. Comparison with Coherent Averaging 

So far we have applied the Magnus expansion to Hamiltonians that are 
periodic in time [see Eq. (4-35)]. Now let us study its application to stochastic 
Hamiltonians. This will lead us to the master equation of the density matrix p. 

65 He failed, however, to recognize that the WAHUHA cycle is symmetric if one chooses 
the "sampling points" in the middle of the windows that we termed "observation 
windows," as one does in actual experiments. 

66 C. H. Wang and J. D. Ramshaw, Phys. Rev. B 6,3253 (1972). 
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Let the system to be considered be characterized at time t = 0 by the 
density matrix p0 and let it be subjected to the stochastic Hamiltonian Jif st(t), 
the correlation time of which is TC . After a time ts (s stands for sampling) 
the density matrix will be 

P(ts) = UMpoU-^O. 

Nothing prevents us from expressing Ust(ts) = J e x p [ — iföjf^it') dt'~\ by 

U%X{Q = expL-its(JF + Jr^ + ·.·)]. (4-45) 

$e and &(1) are defined by Eqs. (4-39) and (4-40) with £'mi{t) and tG replaced 
by Jfs t(/) and ts, respectively. Expanding the exponential in Eq. (4-45) 
leads to 

P('s) = Po " rts[(^ + ^ ( 1 ) + - " ) , P o ] ~ Κ 2 [ [ Ρ ο Λ ^ ] + -

= Po-i \\^s\t%Po\dt' 

Jo Jo 

-iC'dt- Pv^[po,^sHn],^s t(0] 
Jo Jo 

+ (4-46) 

Now concentrate for a while on /x and I2. The domains of integration of 
these integrals are different. In order to make them equal we rewrite I2: 

h = - i [''dt" i'^'{[[Po,^st(i")],^s,('')] + [[Po,^s,(i')],^s,(i")]}· 
Jo Jo 

(4-47) 
Combining It and I2 results in 

h + h = - ['df f dt'iip0,3f»(tn χ"'(οι. 
Jo Jo 

The domain of integration is shown in Fig. 4-6 by the shaded area. 

FIG. 4-6. Domain of integration of Ii + I2-
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We proceed by introducing τ = t" — t' as a new variable of integration. 
This leads to 

h + h = - [sdt" f dx\_ip0,je*\t"-x)\je*\n\ 
Jo Jo 

Now we choose ts> TC. This is, in principle, a task for the experimenter. 
Because of the stochastic nature of J f s t (0 the only area whose contributions 
to the integral do not cancel is a narrow strip along the line τ = 0. The breadth 
of the strip is, of course, not well defined, but in any case it is of the order of a 
few TC . It is disturbing that /", the variable of the outer integral appears as an 
integration limit of the inner one. To get rid of it we extend the domain of 
integration—without altering appreciably the value of the integral—to the 
dashed line in Fig. 4-6, which corresponds to τ = ts, and eventually even to 
τ-»οο. This leads to 

h +h = " ['dt" Γατ[1Ρο,^(ί"-τ)ΐ3Τ«(ηΐ 
Jo Jo 

or 

P(ts) = Ρο-^\^*(η,Pol d*" 

- ['dt" f ^ τ [ [ ρ 0 , ^ * ' ' - τ ) ] , ^ Ο ] + ···. (4-48a) 
Jo Jo 

We come to a very delicate point now. In order to pin it down, drop for 
the moment the index s from fs in Eq. (4-48a). Differentiating with respect to 
time seems to be a trivial matter: just drop p0 and the symbols J{f dt", and 
replace /" by t in the integrands. The result, however, would be wrong and 
therefore we avoid writing it. What is the trouble? The careless differentiation 
that we indicated implied the limiting process / -» 0. This destroys, however, 
the basis on which rests the extension of the domain of integration discussed 
above. One way of circumventing this difficulty is the following. First we 
rewrite Eq. (4-48a): 

£ ^ = -iifVw.P·]*· 
's h JO 

- ^ ['dt* Γ ^ [ [ ρ 0 , ^ ί " - τ ) ] , ^ Ο ] 
's Jo JO 

(4-48b) 

Then we stress again that the expansion from which Eq. (4-48b) was derived 
restricts its range of validity to small values of /s. On the other hand, the 
extension of the domain of integration that is incorporated in Eq. (4-48b) 
restricts its range of validity to large values of ts. To reconcile these two 
contradicting requirements remember what small and large mean. 
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Small means small on the time scale characteristic of the large-scale vari-
ations of p(t), which means in practice small compared with the nuclear 
spin relaxation times Ti9T2. [We contrast large-scale variations of p(t) 
against fast, small-amplitude and phase fluctuations of p(0·] 

Large means, on the other hand, large compared with TC . 
If TC <TU T2 it is possible to find a time T such that 

,. ip(O-Po) r ip('s)-Pol ., ,A „ m 

hm i \ » hm i V = p/0, (4-49) 

and simultaneously 

Um \ \ (''(-) dt'\ * lim U Γ(-) dt"\ Ξ <(-)>a v e r a g eovert», 
ta->T (/s Jo J rs-a> lh Jo J 

(4-50) 

where (···) means either [>fst('"),Po] or Jo< )^[[po>^s t ( ί , , -τ)] ,^s t ( ί , , ) ] . 
According to the ergodic hypothesis the average over t may be replaced by 
an average over a large ensemble. One usually defines Jf st(f) such that 

<^st(0>av = 0 which implies <[^st(0,Po]>av = 0. (4-51) 

Combining Eqs. (4-48)-(4-51) gives an equation for p/0. 
There is nothing special about our particular choice of the initial time 

t = 0; therefore, we claim that the resulting equation holds for all times t if 
we replace p0 and p/0 by p(t) and p(t). What results is the master equation 
of the density matrix p: 

dp(t)\dt = - Jo°°^<[[p(0,^st(^T)],^st(0]>av. (4-52) 

If the Hamiltonian of the system is periodic instead of stochastic we get 
instead of Eq. (4-52) the derivative of Eq. (4-43), 

dpc(t)/dt = - / [ F , p c ( 0 ] = - / [ ( ^ + er(1) + ^ ( 2 >+ . . ) ,Pc (0 l · 
(4-53) 

which is the counterpart of the master equation for coherent averaging. (The 
label c stands for coherent.) 

We compare now stochastic with coherent averaging. Both cases are similar 
insofar as differentiating and differential quotients are concerned: The left-
hand of Eqs. (4-52) and (4-53) are not differential quotients in the strict 
mathematical sense of the word. In both cases the "differential" dt must stay 
substantially larger than TC and tc, respectively. Nevertheless, these "differ-
ential quotients" do have a practical meaning—even an immensely important 
one—provided the large-scale variations of the density matrix occur on a 
time scale much slower than the one established by TC or tc. 
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The first dissimilarity to note is that in the coherent case t and any At must 
be restricted to integer multiples of tc, whereas in the stochastic case t and Δ/ 
may be varied smoothly as long as they remain large compared with TC . This 
last condition, however, renders this dissimilarity rather immaterial. 

The second difference concerns the very nature of Eqs. (4-52) and (4-53). 
The master equation describes an irreversible [Eq. (4-53)], on the other hand, 
a quantum mechanical, and therefore, in principle, a reversible, evolution of a 
(single- or many-particle) system. 

The external signs of this difference are 

(a) The absence and presence, respectively, of the factor i in Eqs. (4-52) 
and (4-53). 

(b) The brackets indicating a statistical average on the right-hand side of 
the master equation. Such a statistical average is missing in Eq. (4-53). 

There is, of course, a difference with respect to selectiveness: coherent averaging 
typically is selective, stochastic averaging typically is not. 

The last difference to which we would like to draw the reader's attention 
concerns the efficiency of the averaging. It is a common practice to correlate 
the stochastically narrowed linewidth δω with the second moment <Δω2> of 
the rigid lattice by the formula 

δω2 = <Δω2> (2/π) arctan [α <5ωτ0] (4-54) 

(Abragam,9 p. 456), where a is a rather ill-defined factor of order unity. 
For a = 1 and, e.g., τ0<Δω2>1/2 = 1, 0.5, 0.2, Eq. (4-54) predicts 1.73, 3.17, 
and 7.86, respectively, for the linewidth reduction factor «Δώ2>/<5ω2)1/2. 

Coherent averaging by, e.g., the WAHUHA sequence produces much 
larger reduction factors for comparable values of ί0<Δω2>1/2. Our early 
multiple-pulse experiments46,51 with cycle times tc = 24 ^sec demonstrated 
for CaF2 linewidth reduction factors in excess of 100. For CaF2 oriented 
with its (111) axis along Bst, <Δω2>1/2 is 3.85 x 104 sec"1; this means for the 
product ί0<Δω2>1/2 that it was very close to unity (0.92). In more recent 
experiments with still about the same values for tc, reduction factors much 
larger than 100 have been achieved.67 

To get a feeling for the reason of the superior efficiency of coherent averaging 
recall that in a WAHUHA experiment, e.g., the average of jftO(t) over tc is 
zero, whereas for stochastic averaging J^st(t) does not average out in the 
time span TC ; it does so only when the averaging time approaches infinity. 

There would be no practical chance for high-resolution NMR in solids by 
multiple-pulse techniques if for achieving a certain line-narrowing effect the 
cycle time tc had to be as short as the correlation time TC of stochastic 

6 7 W.-K. Rhim, D. D. Elleman, and R. W. Vaughan, / . Chem. Phys. 58,1772 (1973). 
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motions has to be. One of the great merits of Waugh is to have had faith in 
coherent averaging prior to experimental verification of its feasability and 
prior to detailed theoretical analyses of multiple-pulse sequences. 

F. Further Examples of Averaging in Spin Space 

One purpose of this section is to scan to some extent the range of phenomena 
where averaging in spin space plays an important role; another is to demon-
strate with some fairly simple cases the usefulness of the Magnus expansion. 

1. THE CARR-PURCELL (CP) SEQUENCE58 

The pulse representation of this sequence is 

P 9 0 - τ - P / 8 0 - τ - τ - Py
1S0 - τ - τ - P / 8 0 - τ - ··· 

cycle 

The sequence is cyclic, the cycle consisting of two 180° pulses. The cycle 
time tc is 4τ. In the original version of the sequence a = y was chosen; in the 
later Gill-Meiboom modification59 a was shifted to +x or — x. The purpose 
of the CP sequence is to suppress the applied-field inhomogeneity term 

^inh = -7n Σ ^oV = - Σ H ' (4-55) 
i i 

from the effective Hamiltonian. AB0
l is the deviation at the site of the ith 

nucleus of the z component of Bst(r) from its mean value. We point out that 
Jfinh describes a truncated Hamiltonian in the sense of Section C,l. The 
interaction representation Ur{9 which removes the pulses from the effective 
Hamiltonian, results in 

jF'l"h(t) = - £ Aco^Jit), (4-56) 
i 

where for δ pulses lj(t) toggles between +lj and —Iz\ As a result the average 
of J^inh(t) vanishes. If the width *w of the 180° pulses is small enough to be 
neglected jftinh (t) commutes with itself at all times. It follows that all correction 
terms JFin) (n^l) of the Magnus expansion vanish. The inhomogeneity 
term is therefore suppressed completely by the CP sequence. The size of τ is 
of no importance.68 

The correction terms JFin) (n ^ 1) do not vanish if the necessarily finite 
width of the pulses is taken into account. It is instructive to consider these 

6 8 Note, however, that we assumed ΑΒ0
ι to be time independent. In fact, in many applica-

tions of the CP sequence—measurements of self-diffusion constants—AB0
l is not time 

independent. 
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FIG. 4-7. Carr-Purcell sequence; time dependences of quantities of importance. Signs 
in parentheses, and dashed lines are for modification (a) of the sequence (see text). 

correction terms in this very simple case, although the underlying problem 
can be treated explicitly—even classically,69 since only single-spin operators 
are involved. We shall outline the discussion of the CP sequence with reference 
to Fig. 4-7. 

The cycles are defined as the intervals from t = 4Ντ to t = (Ν+1)4τ9 

N integer. Accordingly, we imply that the even-numbered echos are observed. 
Obviously a finite width of the pulses does not cause J p n h to become different 
from zero (last column of Fig. 4-7). It is also obvious that jftinh(t) is not 
symmetric about the center of the cycle. As a result 

(4-57) 

There are several ways to render Jpinh(t) symmetric about the center of the 
cycle and thereby to kill JF}", JP/n

3
h>, etc. 

(a) One reverses the rf phase of alternating pulses. This is indicated in 

6 9 It has been treated classically, but with a lot of trigonometry, algebra, and numerical 
calculations by Hausser and Noack.70 The average Hamiltonian formalism allows an 
analysis that is at least equivalent but that requires practically no calculations and leads, 
in addition, almost automatically to compensation schemes. 

7 0 R. Hausser and F. Noack, Z. Naturforsch. A 19, 1521 (1964). 
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Fig. 4-7 by the signs in parentheses and by the dashed curves A and C, which 
indeed display the desired symmetry about t = 2τ. However, 

*««* = - - T Σ Α ω ί Ι * φ °· <4-58) 
We comment on this result below. 

(b) One reverses the rf phase of alternating pairs of pulses. The cycle 
time becomes 8τ instead of 4τ. Only every fourth echo is observed. J$*inh(t) 
becomes symmetric about the centers of the cycles. Both JFinh and Jf££d) 

vanish. 

Constructing larger cycles out of smaller "basic" ones with reversed phases 
is a standard technique in high-resolution NMR in solids to get improved 
resolution. It seems, however, that modification (b) of the CP sequence has 
not yet been tried in actual experiments. The reason is probably that the 
Gill-Meiboom modification (<x = ±x) achieves (almost) the same effect, 
though in a totally different way: 

A P*° preparation pulse secures in liquid samples pR(0) oc Iy9 which com-
mutes with SP^ as given by Eq. (4-57). JF^l thus does not contribute to the 
initial decay of the observed echos. We cautiously stated "initial decay" 
since JFf$—which turns out to be proportional to Iz—will eventually rotate 
the magnetization away from the rotating frame y axis and then JF^h c a n 

become an effective damping mechanism for the echo envelope. 
Similarly, for modification (a) the resulting average inhomogeneity Hamil-

tonian [Eq. 4-58)] commutes with pR (initial) provided a P*0 preparation 
pulse is used. 

Flip Angle Errors, rf Inhomogeneity 

As a foretaste of the host of pulse errors we need to consider (and to fight) 
in high-resolution NMR in solids let us study what happens in a CP train if 
the 180° pulses are not perfect, in the sense that ωχ fw = π + ε, ε <̂  π, but Φθ. 

Because of the unavoidable inhomogeneity of the rf field it is impossible 
to adjust ίψ such that ε = 0 for all parts of the sample. A discussion of flip 
angle errors is therefore automatically also a discussion of the effects of the 
rf inhomogeneity. 

The first thing to note is that flip angle errors destroy the cyclic property 
of the CP sequence in its original version. This seems to be disastrous, at 
least for our formalism, but we can cure the trouble easily in the following 
way: we partition the rf field amplitude (as we did before with Bst) into 

Bx = Bt° + ABt 

such that 

liVnV'wl = «>!% = π and l i ^ A ^ iw| = Awt iw = ε. 
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Only the "ideal" part Βγ° of the rf field is removed from the effective Hamil-
tonian by the interaction representation Ur{. The remainder is kept as a pulse 
error Hamiltonian Jferr(/). Only spin operators /,' show up in Jtferr(t)9 and 
of course, also in JFcrr. For (x = ±x (Gill-Meiboom modification) jf€" 
commutes therefore with pR (initial) and has no disturbing consequences. 
The opposite is true for a = y (original version of the CP train). For practical 
purposes this is probably the most important difference between the original 
and the Gill-Meiboom versions of the CP train. Obviously, «#crr vanishes 
for both modifications (a) and (b). 

JF(i) now contains cross terms between 

i 

(see Fig. 4-7) and Ji?eTr(t). Those involving C(t) are smaller by roughly a 
factor fw/fc than those involving B(t) unless the latter are zero by symmetry. 
The reason is simply that C{t) is nonzero only during the pulses. We shall 
neglect the small type of cross terms henceforth. 

In the original version of the CP train both 2tf e"(t) and B(t) are symmetric 
about the center of the cycle and produce, therefore, no cross terms of the 
large type—which is comforting. 

Modification (a) does produce cross terms of the large type; they contain, 
however, only ij operators and do not trouble us for a = y. 

Modification (b) does not produce cross terms of the large type. This is a 
consequence of the following properties of the cycle: 

(i) symmetry of Jf?e"(t) and B(t) about the centers of the two phase-
reversed subcycles of the full cycle; and 

(ii) iFinh = 0 in each subcycle. 

In summary, the original version of the CP sequence is susceptible to finite 
pulse widths, flip angle errors, and rf inhomogeneity. 

The Gill-Meiboom version and modification (a) are not susceptible to these 
imperfections in first order of fw/fc and ε, respectively; however, they are so 
only because the various correction terms commute with pR (initial). 

All the correction terms in question vanish for modification (b), which may 
be expected, therefore, to be superior to the other versions if only, perhaps, 
with regard to ease of adjustment and stability of the sequence. 

2. FREQUENCY SHIFTS ARISING FROM CW rf FIELDS; BLOCH-SIEGERT SHIFT 

It is well known that the presence of cw rf fields, off or on resonance with a 
spin system causes a "second-order" shift of the "resonance frequency." 
This effect can be studied in a straightforward manner by applying the average 
Hamiltonian theory. We put "resonance frequency" in parentheses to indicate 
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that a certain problem is involved in its definition. The frequency shift arising 
from a linearly polarized on-resonance irradiation is called the Bloch-Siegert 
shift.71 Off-resonance rf fields with substantial rf power are often applied in 
double-resonance experiments. 

For the sake of clarity let us consider the following well-defined experi-
mental situation. A (liquid) sample with spins / i n a high magnetic field 
Bst = (0,0, B0) is irradiated continuously with a nonsaturating cw rf field 
Bi cos(cof+(p) polarized linearly along the x-direction. At time t = —/w an 
intense Px° pulse of width iw is applied such that it creates for / > 0 the 
initial condition p(0) oc Iy. As before we partition B0 into Β0* + ΔΒ. Because 
we want to cover also off-resonance cases we no longer equate JJBQ1 with ω, 
but keep ω1 = yjBo1 (0Γ Δω = y/Ai?) as an adjustable parameter. The reason 
for introducing Δω here is to have a means for monitoring the "resonance 
frequency" of the spins in the presence of the rf field. This somewhat cryptic 
statement will become clear presently. For t > 0 the Hamiltonian is 

't/p 'Up I -Up I -t/p 

JC — JVZ -|- ^roff -t- «*rrf, 

where 
^ ζ = - Τ Β 1 * « / / . = - ω 7 / ζ , 

Kn = -7ηΔΒΙζ = - Δ ω / 2 , 

34?τ{ = — yn
/i?1/Jccos(co/ + <p) = —2ω1Ιχοο^{ωί-\-φ). 

As before we set ^yt!B1 =ωχ. Uz = exp[ — i3tfzt~\ = exp[ + ^ J / z i ] brings us 
into the rotating frame. The (untruncated) rotating frame Hamiltonian is 

* E ( 0 = Uz-HKfr + ^rf)Uz 

= —ΑωΙζ — 2ωί cos(a>t + <p)[Ix cosω/ί+/y sina/i] 

= — ΑωΙζ — ωι{Ιχ [cos((ci/ + ω) t + φ) 4- cos((ω7 — ω)ί — <ρ)] 

+ ^ [ β ί η ^ + ω)/!-^) 4- ύηίίω1 -ω)ί-φ)~\). (4-59) 

We want to apply the average Hamiltonian theory to this time-dependent 
Hamiltonian. We immediately face a problem: 34?R(t) is not necessarily 
periodic. It is so only if ω1 and ω are commensurable, that is, if m/ω1 = η/ω 
for integer m and n. However, by keeping Δω as a parameter we can always 
see that this condition is fulfilled. Recall that B0 and ω are experimentally 
defined quantities, whereas ω1 and Δω are artifacts of the theory. Hence we 
can always find a period tc for J^R(t) given by tc = 2πη/ω = Ιπιη/ω1, where 
m and n are some integers. 

7 1 F. Bloch and A. Siegert, Phys. Rev. 57, 522 (1940). 
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Obviously «?fR differs for the off- and on-resonance cases. Therefore, we 
shall discuss them separately. We start with the on-resonance72 case ω = — αΑ 

a. On-Resonance Case 

In this case, 

Ji?™(t) = -AcoIz - ω1 [Ix cos <p + Iy sin<p] 

-ω1ΙΙχ cos(2ω/ί- φ) + Iy sin(2ω7ί ~ φ)~]. (4-60) 

The period of J^R(t) is tc = π/ω1, which is half the Larmor period of the 
/ spins. The average or truncated Hamiltonian is given by the first line of 
Eq. (4-60). So far we have always restricted ourselves to this term. 

Turning to Jf(1) we face the question of how to choose the cycle (its duration 
is fixed!). In view of the experimental difficulties related to such a choice, 
we avoid making any decision now and define the (first) cycle as running from 
τ to τ + π/α/, where τ is kept as a free parameter. Note that τ has a well-
defined experimental meaning. A straightforward calculation yields 

ίω1 Γτ+π/ω/ Γ'" 
* ~ ) = ~ ä r j t

 dt"l * ' [** .»< '") ·^ .« ( ' 'H (definition) 

= - W
J f e Y [ l -2cos(2co/T-2<p)]/z 

(Öj 1 

- Δω —j - [Ix cos (2ÖT τ - φ) + Iy sin (2ar τ - φ)] (result). 

(4-61) 

^0
(
η

υ is smaller than 3tifon by roughly a factor ω1/ω
Ι, so for many applications 

one is well justified to neglect «^„^ and, of course, all further higher order 
correction terms. We note in passing that the term —2 COS(2O/T + 2<P) in the 
coefficient of Iz would be absent if only the "counterrotating" circularly 
polarized component of 2tfti were present. On the other hand all correction 
terms jfin\ n>0, would vanish identically if only the "correct" component 
were present. 

Now, what is the resonance frequency of the spins in an experiment as 
described above? In the absence of J^r{, or when ωχ -> 0, the answer is clear: 
ο / + Δω. In other words, it is ω1 plus the coefficient of — Iz in the expansion 
J^on + #?£} H— .By analogy we suspect that in the presence of #?xi the answer is 

cores = ω1 + Δω + ω^ω^ΐω1)2 [ 1 - 2 COS(2G/T-2(?)] . (4-62) 

In a pulse experiment such as we are considering here, we tend to relate 
cumulative effects with cores. It is therefore disturbing that it should depend 

7 2 We need the minus sign to remain consistent with Section C,2,a. The final result, Eq. 
(4-64), does not depend on sign conventions. 
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on φ, and particularly on τ, which means the way we are defining the cycle. 
To overcome this difficulty let us go back one step and consider the motion 
of the magnetization < M ( 7 ) > R in the rotating frame after the pulse. To simplify 
matters we choose Δω = — ωΙ(ωι/2ω1)2 and φ = 0. Note that an experimenter 
would be free to make such choices. 

We are then left with 

F = Jfon + JP™ + ··· « - ω ^ + ωι(ωί/2ωΙ) C O S 2 G / T / Z . (4-63) 

(We neglect terms of order ωί (ω1/ω
1)2 as much smaller than those retained.) 

F is time independent but carries a periodic parametric dependence on τ. 
Note that it is the coefficient of Iz that carries this periodicity. Now think of 
the coefficients of Ix and Iz as representing magnetic fields in the rotating 
frame. Choosing the sampling points at 

7Γ 7C 7Γ 

4ωΛ Αωι ω1 

(i.e., such that COS2Ö/T = 0) the effective field is along the x axis and, when 

observed stroboscopically, < M ( 0 > R will be seen to move in the yz plane 

(see Fig. 4-8). 
Choosing the sampling points such that COS2G/T = ± 1 , we find effective 

fields 

and <M(r)>R moves, when observed stroboscopically, in planes tilted some-
what with respect to the yz plane (see Fig. 4-8). It requires little imagination 
to guess what happens between: The magnetization moves in little wiggles 
with angular frequency Ιω1. It must do so since it is under the influence of a 

Beff for 
χΤ*π/2ωτ 

1-τ=πΑω} 371/40)* 
\=0 

FIG. 4-8. Stroboscopic observations of <M(/)>R in the rotating frame. The angular 
frequency of the local oscillator for the phase-sensitive detector is ω1. Δω = ΑΒ/γη* is chosen 
as —ωΙ{ωιΙ2ω1)2. The figure is drawn for a « tana = ω^ΐω1 = 0.05. The frequency of 
the oscillations is 2ωι and increases only apparently toward z since the projection of the 
orbit <M(/)>R is shown. 

- X 
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driving force of angular frequency 2a/ [see Eq. (4-60)]. Note, however, that 
it would have been difficult to predict directly from Eq. (4-60) the direction 
in which the magnetization is going to oscillate. 

On the average the magnetization remains in the yz plane and we conclude 
that the average resonance frequency cäres is all that can be defined reasonably 
and is given by 

ωΓβ8 = ω/[1+(ω1/2ω/)2]. (4-64) 

The difference cöres — ω1 = ωΙ(ωί/2ω1)2 is the well-known Bloch-Siegert shift. 
This discussion makes clear that in the average Hamiltonian theory one must 

be really careful about defining cycles. This could be said to detract from the 
beauty of the theory. However, our "difficulty" actually arose from asking 
our question about cor€S at a too early stage. Had we inquired in the first 
place into pR(0 or into < M ( 0 > R we would not have run into any difficulty 
and the choices of φ and τ would have turned out to be essentially immaterial. 

b. Off-Resonance Case13 

Both JF and iP( 1 ) turn out to be even simpler than in the on-resonance 
case. Inspection of Eq. (4-59) and a straightforward calculation yield 

jfoff = -Δω/ Ζ , (4-65) 

*2ί} = ~hW off - *ζ0«Ί Λι . M -Γ , 2 [ω + ω ω — ω 

A fcos [(ω* + ω ) τ + ψ] c o s [(ω' — ω)τ — φΤ\ -ΙχωχΔω{ j - + 

- IyO) 

α/ + ω ωΙ — ω j 

Α fsin [(α/ + ω) τ + φ] sin [(α/ — ω) τ — φ']} 
χ Δ ω < τ 1 j > 

I ω +ω ω — ω J 

1 ιί 1 

(4-66) 
The second-order frequency shift of the I-spin system is just the coefficient 
of —Iz in ÜF̂ ff* and therefore given by 

+ -Γ—1 = ω' Τ^Γ—2 · (4-67) 

Note that this shift changes its sign depending on whether |ω7| is larger or 
smaller than |ω|. Note also that the Bloch-Siegert shift is obtained from the 
first term of the coefficient of — Iz [i.e., from ^ω1

2/(ω/-|-ω)] in the special 
case ω1 = ω. 

To get an idea of the size of the effect consider a proton-13C decoupling 
experiment carried out in a field of 1.5 Tesla (=15 kG) on a solid sample. 

7 3 A. Lösche, Ann. Phys. {Leipzig) [6] 20,178 (1957). 
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A typical value of Βγ is 6 x 10~3 Tesla ( = 60 G). Under these conditions we 
must be aware of a second-order shift of about —0.27 ppm in the 13C 
spectrum. Under most circumstances this little shift can be neglected. On the 
other hand, in a proton-19F decoupling experiment with the same values of 
BQ and B1 the shift in the proton spectrum becomes as large as +34.8 ppm, 
which certainly cannot be neglected. 

3. HETERONUCLEAR DECOUPLING74 

One major purpose of heteronuclear decoupling is the removal of the 
effects of direct and indirect couplings between / and S spins from /-spin 
spectra. These effects tend to mask lineshifts arising from single /-spin inter-
actions. For a long time, it has been well known that they can be suppressed 
by irradiating the sample with a linearly polarized rf field Bf cos cot at or 
close to the Larmor frequency of the S spins. In order to learn something about 
how well they can be suppressed we need to consider the Hamiltonian 

n/£> n/P I I "%#> S I <yM?IS ι <yV>S 

where, in particular, 3^IS represents the IS spin-spin interactions, and 

^frf = -y^B^S; cos<ot = -Ico^SxCOScot (definition of ω^). 

The direct effect of this rf field on the / spins was considered in the previous 
subsection and is disregarded here. We partition, as before, the applied static 
field B0 into B0

S + AB9 where B0
S is defined such that cos = yn

sB0
s = -ω. 

The idea behind this partitioning is the intention to study heteronuclear 
decoupling with a monochromatic rf field not exactly on resonance with the 
S spins. 

Accordingly, we write 

jtf>z
s = -OJSSZ- Δω5 2 (Δω = yn

s AB <ζ cos). 

There is no need to partition #?τ
ι in a similar manner. By way of the inter-

action representation Uz = exp[ — i{^ — ω 5 £ ζ ) ί ] we switch over to the 
rotating /- and 5-spin frames. Note that these frames rotate with different 
angular velocities about the laboratory frame z axis. The truncated rotating 
frame Hamiltonian is 

7 4 In high-resolution NMR in liquids one contrasts heteronuclear with homonuclear 
decoupling. The difference is, however, only quantitative or at most technical. What 
counts is that the observed (/) and perturbing (5) spins have different NMR frequencies, 
either because they belong to different isotopes (heteronuclear decoupling) or because 
they are differently chemically shifted (homonuclear decoupling). By contrast, the observed 
and perturbing spins are identical in WAHUHA experiments. 
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where 

jeoS = - Δ ω 5 ζ , ** R = -mi
sSx, #ls = Σ A^JSJ, 

i,k 

with 
Aik = Jik + J^Uk - y^y/hD*. 

In liquids we are primarily concerned with Jik, whereas in solids we have to 
fight Dik

z9 which is proportional to r^3. 
J^ls transforms in both the /- and S-spin spaces as a first-rank tensor (cf. 

Table 4-1). Hence a rotation in S-spin space about the first-rank magic angle 
β^ = 90° will result in a zero average of the /-S-coupling term. The required 
motion is imposed on the S-spin operators by 

UTi = exppcö^S,/] . 

The combination of Uz and Ur{ defines a rotating 7-, doubly rotating S-spin 
frame of reference. The effective Hamiltonian in this frame is 

£{t) = ZJ-{
 1 (3^{s + J f off) UT{ (definition) 

= YAiklJ(Sk coscoft-Sf sincoft) 
i,k 

- Aco(Sz cos ω^ί-Sy sin coft). (4-68) 

j f (/) is periodic, with period tc = 2π\ω^. The average of jft(t) over tc vanishes 
as we have anticipated. This holds true regardless of the size of ω ^ or B^; 
however, it does not yet tell us much about the efficiency of the decoupling 
scheme. Therefore, we must inquire into JF(1) and, eventually, also into 
ÜF(2). A simple straightforward calculation yields 

jf(1) = - - ί - [tCdt" P dt'l£{t"\£(t')-\ (definition) 
2/c Jo Jo 

1 i,m,k x i,k L k 

(4-69) 

The last term is the simplest: It does not affect the /-spin system. The middle 
one vanishes when the S spins are irradiated exactly on resonance (Δω = 0). 
We postpone for a while the discussion of this term for Δω Φ 0 and turn 
immediately to the first term, which deserves a little more attention: For fixed i 
the summation is over all other spins m of the /-spin system and over all spins k 
of the S-spin system. A special situation arises when the spin quantum number 
of the /spins is \. This is so in virtually all cases of practical interest (* 3C, 15N, 
lH, 1 9F, etc.). For / = \ and / = m we have /z'7z

m = (ij)2 = ±, independent 
of the representation. This means that the i = m term in the sum Σ», m,* n a s 
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no influence at all on the /-spin spectrum. Next consider the terms / Φ m. 
To be specific let us have in mind a proton-decoupled 13C-experiment on a 
solid sample in which hydrogen atoms are bonded directly to the carbons of 
interest. Select a certain 13C spin as spin /. The dominant part of Aik is 
proportional to r^3 and therefore (relatively) large only if k represents a 
directly bonded proton. Amk is proportional to r~fc

3, where rmk is the distance 
of the /cth proton to another 13C nucleus. In a sample with 13C in natural 
abundance rmk will typically be much larger than the C—H bond distance. 
As a result Amk will be very small and we may expect that the entire first term 
of iF ( 1 ) affects the 13C spectrum—in particular, the widths of the resonance 
lines—to a negligible extent only. The situation changes somewhat in samples 
highly enriched with 13C. The change, however, is not very dramatic since the 
second smallest proton-carbon distance in, e.g., benzene is still more than 
twice as large as the smallest one. 

In short, if(1) is probably never the resolution-limiting term in proton-
decoupled 13C spectroscopy on solid samples and the same holds true, a 
fortiori, for proton-decoupled 15N spectroscopy. 

To find the resolution-limiting term we must go one step further in the 
Magnus expansion. However, in calculating the next term, Jf(2\ we can 
restrict the sum over i,k in 3&(t) [cf. Eq. (4-68)] to the one single term that 
describes the spin-spin coupling of an 1H—13C or 1H—15N fragment. The 
necessary integrations are straightforward (not even very lengthy) and the 
result is 

*2i-l(^A3''s'~i(j!&AI's·' (4"70) 

where A is the coupling constant of the 1H—13C or 1H—15N fragment. 
This result lends itself to a very simple interpretation. Provided Α/ω^ < 1 

the leading proton-carbon interaction term in the rotating frame (AIZ Sz) is 
reduced by the irradiating rf field at resonance with the proton spins by the 
factor -^(Α/ω^)2. 

The members of the MIT NMR group have indeed observed in their 
pioneering 13C-proton decoupling experiments on solid samples50 that ω^ 
need not surpass very much the strongest coupling coefficient Alk = A for 
obtaining good results, which means very narrow 13C-resonance lines. 
Furthermore, they noticed that the crossover from poor to acceptable de-
coupling is fairly sharp. Our Eq. (4-70) predicts it to be quadratic in Α/ω^. 

Δω Φ 0; Noise Decoupling; Chirping Pulses 

It is clear from the second term in Eq. (4-69) that on-resonance irradiation 
of the S spins assures the maximum decoupling efficiency. Nuclear magnetic 
shielding and quadrupole interactions of the S spins often cause, however, 
a considerable spread of the S-spin resonances. It is then impossible with a 
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monochromatic decoupling rf field to be on resonance with all the S spins. 
Then one must either live (or die!) with the (Aco/o)l

s)AikIz
iSx

k term, trying to 
make it as small as possible by making ωχ

5 as large as possible, or one must 
resort to one of the more sophisticated decoupling procedures to be briefly 
mentioned now. 

Noise decoupling approaches the problem by a random (often pseudo-
random, i.e., in the long run repetitive) phase, amplitude, or frequency 
modulation of the rf field. The idea is to generate a band of decoupling 
frequencies and thereby to provide for each individual S spin an rf field at 
the most efficient decoupling frequency. 

The same goal can be reached at by a string of "chirping" pulses. A chirping 
pulse is one in which the carrier frequency is swept through a certain 
(adjustable) range of frequencies from the beginning to the end of the pulse. 
The attractive feature of chirping pulses is that the intensity distribution of 
the generated rf spectrum can be tailored—at least in principle—according 
to the special needs of the sample at hand. 

Noise decoupling is currently used extensively, particularly in 13C NMR 
on both liquid and solid samples. The exploration of chirping pulses, on the 
other hand, is still in its planning phase. It should be pointed out, however, 
that neither of these schemes seems to be capable at the present time of 
decoupling in solid samples spin-^ nuclei, in particular protons and 13C, 
from quadrupolar nuclei such as 2H or 14N whose spectra are spread over 
typical ranges of 170-200 kHz, and 4-5 MHz, respectively. 

Deuteron decoupling has been achieved in nematic solutions by exploiting 
double-quantum transitions.753 It remains to be seen whether these techniques 
can also be applied to solids.75b 

4. HETERONUCLEAR DECOUPLING WHILE PERFORMING 

A WAHUHA EXPERIMENT 

We have stated above that the truncated IS coupling Hamiltonian in the 
rotating frame behaves as a first-rank tensor in /-spin subspace. Its average, 
therefore, does not vanish in a pure WAHUHA experiment (see Table 4-1). 
The IS coupling is reduced by a factor 1/^/3; the quantity in which we are 
usually interested—the chemical shift—is, however, reduced by the same 
factor so we really gain nothing. A means of removing this term from the 
effective Hamiltonian is irradiating the S spins with an appropriate rf field 
at the Larmor frequency of the 5 spins. Figure 4-9 shows a number of pos-
sibilities, one of which is suggestive (A) but does not work, whereas the other 
two (B, C) do work. 

75a R. C. Hewitt, S. Meiboom, and L. C. Snyder, J. Chem. Phys. 58, 5089 (1973). 
75b Note added in proof: Since the completion of this manuscript they have been applied 

successfully to solids, e.g., to ice (A. Pines, private communication). 
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FIG. 4-9. Schemes for eliminating the IS coupling term from the effective Hamiltonian 
while performing an /-spin WAHUHA experiment, ω^ί^ = π for schemes B and C. The 
average of Iz(t)Sz(t) over two WAHUHA cycles vanishes for schemes B and C, but does 
not vanish, in general, for scheme A. Note that virtually the entire large window of the 
WAHUHA train is available for the S spin-π pulses. 

Continuous irradiation of the S spins (scheme A) does not do the job 
unless 

2π/ωχ = 2τ/η, η integer. 

If this condition is not met, the average of Iz(t)Sz(t) does not vanish over the 
WAHUHA cycle and, even worse, this average varies from "cycle" to 
"cycle." We put cycle in quotes because under these conditions the WAHUHA 
cycle is no longer a true cycle. 

A sequence of S spin-180° pulses in either type of large windows of the 
WAHUHA sequence does the job (scheme B) even when the width of the 
S spin-180° pulses is finite. One glance at Fig. 4-9 will convince the reader of 
this fact. Note, however, that the cycle time is 12τ instead of 6τ. The com-
plementary type of large windows can be chosen as convenient observation 
windows. 

There may be cases where one would like to pulse the S spins at a higher 
rate in order to obtain a better averaging efficiency. It is not possible simply 
to exploit both types of large WAHUHA windows for S spin-180° pulses. 
The average of the coefficients of Iz Sy and Ix Sy would not vanish. Reversing 



F. FURTHER EXAMPLES OF AVERAGING IN SPIN SPACE 87 

the rf phase of alternate pairs of S spin-180° pulses cures the trouble 
(scheme C). 

The superiority of scheme C over scheme B becomes fully clear if we 
disregard the Sy sinco/^ parts of Sz(t). This we can do for ίψ/τ <ζ 1. For 
scheme B, 3^{s{t) oc Iz(t)Sz(t) becomes symmetric around the center 6τ of 
the cycle with the effect that in addition to <^RS(0>av = 0 a^ correction 
terms of odd order vanish. For scheme C, on the other hand, ^{s{t) becomes 
antisymmetric and <«^RS(0)av vanishes together with all correction terms, 
odd and even (see Chapter IV, Section D,4). 

Mehring et al.16 have performed a first successful homoheteronuclear 
decoupling experiment on NaF. Scheme B was used. The 19F spins were 
observed, with the 23Na spins playing the role of the S spins. A 19F NMR 
line with a width of about 4 ppm, shifted by + 57 ppm with respect to C6F6, 
was obtained. The WAHUHA sequence alone failed to produce a sizably 
narrowed 19F spectrum. At the end of the previous subsection we pointed 
out that decoupling of any kind of spins from quadrupolar nuclei such as 
23Na is a difficult if not insurmountable problem. In NaF, however, the 
Na ions sit on cubic lattice sites where the field gradient vanishes. As a result, 
there is no quadrupolar spread of 23Na-NMR frequencies in NaF. This 
circumstance was crucial for the success of the experiment of Mehring et al. 

Further homoheteronuclear decoupling experiments have been reported by 
Mehring et al.77 (I spins: 19F, S spins: Ή), Burghoff et al78 (I spins: *H, 
S spins: 31P), and Van Hecke et al. (/spins: *Η, S spins: 19F).79 

5. SELF-DECOUPLING 

Recall how heteronuclear decoupling works: By external means we intro-
duce a term into the spin Hamiltonian, which affects the S spins only. What 
results is a time dependence of the S spin operators over which we may 
average eventually. Now, there are automatically terms in the total nuclear 
spin Hamiltonian that contain S spin operators only. Two important examples 
are Jf£s and 34?Q

S
9 which describe, respectively, the omnipresent direct 

spin-spin couplings among the S spins and the quadrupolar couplings of the 
S spins with electric field gradients, provided 5 ^ 1 . When molecular motions 
are present in the sample both Jtf£s and J^Q

S depend explicitly on the time t. 
With regard to an /-spin experiment we may treat Jf£s and J^Q

S in an 
analogous manner as we treated Jfjj, that is, we may remove these terms 

7 6 M. Mehring, A. Pines, W. -K. Rhim, and J. S. Waugh, / . Chem. Phys. 54, 3239 (1971). 
77 M. Mehring, H. Raber, and G. Sinning, Proc. Congr. AMPERE, 18th, 1974 1, 35 (1974). 
78 U.Burghoff, G. Scheler,andR. M ü l l e r , / ^ . StatusSolidL A 25,K31 (1974); U.Burghoff, 

H. Rosenberger, R. Zeiss, R. Müller, and L. N. Rashkovich, ibid. 26, K171 (1974). 
7 9 P. Van Hecke, H. W. Spiess, and U. Haeberlen, / . Magn. Resonance, in press. 
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from the Hamiltonian by way of the interaction representation 

Us(t) = Tapi-ij\jris(t') + jrQ
s(t')] dt\ . (4-71) 

A consequence of Us(t) is a time dependence of 2ff{s, or of Sz: 

Sz - Sz(t) = Us 1 (0Sz Us{t). (4-72) 

The time dependence of Sz(t) is random and therefore characterized by a 
correlation time TC rather than by a period. This constitutes an important 
new feature that complicates the quantitative aspects of self-decoupling. 
Qualitatively, however, it goes without saying that Sz(t) can eventually be 
replaced by an average. We expect that "self-decoupling" becomes effective 
when TC

_1 becomes larger than the "strength" of the IS coupling. 
In order to get a feeling for the nature and size of TC and for the practical 

importance of self-decoupling we consider now a few examples. 

a. Free Induction Decay and Standard cw Experiments 

Abragam9 (Chapter IV) describes experiments on solid KF (/ spins: 39K, 
S spins: 19F) and on solid AgF (/ spins: 109Ag, S spins: 19F), where self-
decoupling due to 2ft™ is strong enough to reduce the /-spin linewidth by as 
much as a factor of ten. He states that at least the 109Ag resonance could 
not have been observed if self-decoupling had not been operative. Abragam, 
however, uses a different approach to describe the effect. 

Our next example is proton self-decoupling in 13C and 15N NMR in solids. 
Only 2>t£H is operative. An estimate for τ ~* can be made on the basis of the 
second moment <Δω2> of the proton resonance line. According to Eq. (3) of 
Abragam9, Chapter V, 

Tc-i = W = <Δω2>1/2/30. (4-73) 

In a typical organic solid <Δω2> is about 1.4xlO10 sec"2 ( = 20 G2). 
A typical number for τ~* is therefore 4 x 103 sec" *. 

A measure for the proton-carbon coupling "strength" is the coefficient of 
Iz Sz in JfR5, which we divide by 2π in order to get a quantity suitable for 
comparison with τ~ι: 

proton-carbon coupling strength 

1 / 4 \ 1 / 2 

= — hyn
Hyn

cr~z - = 2.7A·"3 X 104sec"1, 
2π \5J 

where r is the proton-carbon interatomic distance in angstroms. The corre-
sponding number for 15N is l . l r " 3 x 104 sec"1. We have taken a powder 
average over the orientation dependence of 2ft^, which means we replaced 
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1-3 cos2 Θ by 

<( l -3cos 2 e) 2 >i v ' 2 = V i 

The same average is incorporated in our estimate of τ" 1 . We conclude that 
we may expect a substantial narrowing effect if the distance between the 
carbon (or nitrogen) and the nearest proton exceeds, say, 2.7 Ä. Such minimum 
distances are not uncommon in nature. 

A practical example where self-decoupling of this type appears to be 
operative is triethanolamine, (OHCH2CH2)3

15N. At liquid nitrogen tem-
perature we found <Δω2(15Ν)> = 3 x 107 sec"2, whereas the theoretical value 
calculated on the basis of Eq. (IV-55) in Abragam9 is 108 sec- 2 . The dis-
crepancy may even be larger than expressed by these two numbers since the 
experimental value contains contributions of unknown size from 15N nuclear 
magnetic shielding anisotropy. We believe that this is a manifestation of 
proton self-decoupling. As a result of an unusually high proton packing 
density the second moment of the proton resonance is particularly large in 
triethanolamine; our experimental value is 2.65 x 1010 sec - 2 ( = 37 G2). 

b. Multiple-Pulse Experiments 

The realm of multiple-pulse experiments is 1H and 1 9F NMR in solids (see 
Chapter VI). If the S spins are either 1 9F or *H, the coupling strength will 
typically be so large that no self-decoupling occurs. If the S spins are, on the 
other hand, other spin-^ spins, Ji?£s will be typically so small that W becomes 
too small for self-decoupling. Therefore, we may expect that 3tf£s is seldom 
if ever an efficient source for self-decoupling. What remains as a possibility 
is self-decoupling driven by quadrupolar couplings J^Q

S of spins with S ^ 1. 
Here, the correlation time TC becomes equal to the spin lattice relaxation 
time of the S spins. (We assume that a uniform spin lattice relaxation time of 
the S spins exists.) 

Since active heteronuclear decoupling of quadrupolar nuclei in noncubic 
environments seems unfeasible at the moment, self-decoupling of this type 
is very attractive. An example where it is operative is iraws-diiodoethylene, 
C2H2I2. A WAHUHA multiple-pulse experiment that we carried out at 
90 MHz yielded a powder spectrum with a width of not more than 400 Hz. 
The entire spread of the olefinic proton shift anisotropy is contained in that 
number. Without iodine self-decoupling the WAHUHA proton spectrum 
would have had a width in excess of 2.4 kHz. Further measurements on single 
crystals80 led to substantially narrower lines but revealed, in addition, a 
critical dependence of the self-decoupling efficiency on the coupling strength 
and on W. In single crystals the coupling strength does vary as 1 — 3 cos2 Θ, 
and W\s also dependent, in general, on the orientation of the crystal. 

See also Chapter VI, Section C,2 and Fig. 6-9. 




