
VII. Shock wave structure in gases 

§1. Introduction 

The basic ideas on shock waves have been presented in Chapter I. It was 
shown that the hydrodynamic equations for an ideal fluid admit the existence 
of discontinuous solutions describing shock waves. The flow parameters, 
i.e., the density, pressure, and velocity on each side of the discontinuity sur
face, are connected by finite difference equations which correspond to the 
differential equations describing the continuous flow regions. Both the 
hydrodynamic and the difference equations are expressions of the general 
laws of conservation of mass, momentum, and energy. It follows from the 
conservation laws that the entropy of the fluid also undergoes a jump (in
creases) at the discontinuity surface. The increase in entropy across a shock 
wave is determined only by the conditions of conservation of mass, momen
tum, and energy and by the thermodynamic properties of the fluid, and is 
entirely independent of the dissipative mechanisms causing this increase. 

It is somewhat paradoxical that the adiabatic equations of motion for a 
fluid admit the existence of surfaces where the entropy undergoes a jump. The 
irreversibility of a shock compression indicates the presence of dissipative 
processes, such as viscosity and heat conduction, which lead to the increase 
in the entropy. It is precisely the viscosity which results in the irreversible 
conversion into heat of a major part of the kinetic energy of the stream 
crossing the discontinuity, in a coordinate system in which the discontinuity 
is at rest. Thus, if we are interested in the mechanism of shock compression, in 
the internal structure and thickness of the transition layer in which the fluid is 
transformed from the initial to the final state and which, within the framework 
of the hydrodynamics of an ideal fluid, is replaced by a mathematical surface, 
we must turn to a theory which includes a description of the dissipative pro
cesses. In Chapter I this problem was considered for the case of weak shock 
waves. In this chapter we shall not impose any limitations on the strength of 
the shock. 

Usually in hydrodynamic processes changes in the macroscopic parameters 
in regions of continuous flow occur very slowly in comparison with the rates 
of the relaxation processes which lead to the establishment of thermodynamic 
equilibrium. Each gas particle at any instant of time is in the state of thermo
dynamic equilibrium which corresponds to the slowly changing macroscopic 
variables, as though the particle " fo l lows" the changes in the variables. 
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Therefore, when considering shock discontinuities within the framework of 
the hydrodynamics of an ideal fluid, it is entirely permissible to assume the 
state of the gas on both sides of the discontinuity to be in equilibrium. 

The density, pressure, etc. change very rapidly in the thin transition layer, 
through which the gas passes from its initial state of thermodynamic equi
librium into its final, also equilibrium, state. The thermodynamic equilibrium 
inside this region, called here the shock front, can be appreciably disturbed. 
Therefore, in studying the internal structure of a shock front it is necessary to 
consider the kinetics of relaxation processes and to investigate in detail the 
mechanism of the establishment of the final state of thermodynamic equilib
rium in the fluid which is attained behind the shock front. 

The study of the internal structure of shock fronts is of interest for many 
reasons. At first this problem attracted attention as purely a theoretical one, 
the solution of which aided in understanding the physical mechanism of shock 
compression, as a truly remarkable phenomenon in gasdynamics. Later shock 
waves were employed in laboratories with the aim of obtaining high tem
peratures and of studying various processes which take place in gases at high 
temperatures, as for example, vibrational excitation in molecules, molecular 
dissociation, chemical reactions, ionization, and radiation (see Chapter IV). 
Theoretical considerations of the shock front structure enable one to deduce 
from the experimental data a good deal of valuable information about the 
rates of these processes. Finally, the study of the structure of very strong 
shock fronts in which radiation plays an important role helps to clarify 
the problem of such an important characteristic as the luminosity of the 
shock front and makes it possible to explain some interesting optical effects 
observed in strong explosions in air (see Chapter IX). 

The mathematical theory of shock front structure is based on the assump
tion that the structure is steady. The time it takes the fluid in a shock wave to 
go from the initial to the final state is very short, much shorter than the 
characteristic times over which the flow variables change in the continuous 
flow region behind the shock front. In exactly the same way, the front 
thickness is much less than the characteristic length scale over which the 
state of the gas behind the front changes significantly, for example, the distance 
from the shock front to the piston " pushing" the wave (the piston moves 
with a nonuniform speed, in general). In the short time during which the 
shock wave traverses a distance of the order of the front thickness, its propa
gation velocity, pressure, and the other flow variables behind the front remain 
practically unchanged. However, the kinetics of the internal processes which 
take place within a shock front propagating through a gas with given initial 
conditions depend only on the wave strength. Therefore over some relatively 
long period, each of the gas particles flowing into the shock discontinuity 
passes through the same sequence of states as the preceding ones. In other 
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words, the distribution of the various variables across the shock front forms 
a " f rozen" picture which moves during this period as an entity together with 
the front (Fig. 7.1). 

(a) 

(b) 
D=un 

Fig. 7 .1 . Pressure distributions across 
a shock wave: (a) propagation of the 
shock in a laboratory coordinate system; 
(b) the shock in a coordinate system 
moving with the front. 

If we denote the front velocity by D (Z> = \D\ > 0), and the coordinate 
normal to the front surface at a given point by x, then we can say that all the 
state variables of the gas inside the wave depend on position and time only in 
the combination χ + Dt. In a coordinate system moving with the front the 
process is steady and is independent of time. This fact (which has already been 
used in deriving the relationships across the discontinuity) greatly simplifies 
the study of the problem from a mathematical point of view, since all the 
flow variables in the coordinate system moving with the wave are functions 
not of the two variables χ and i, but only of a single coordinate, and the 
process can be described by ordinary differential equations. 

In considering the thickness of weak shock fronts in §23 of Chapter I, 
we have shown that the molecular mean free path serves as a characteristic 
scale of the shock thickness. As the wave strength increases, the thickness 
decreases, and when the increase in the pressure behind the front over the 
initial pressure becomes comparable with the initial pressure, the front thick
ness is of the order of a molecular mean free path. It is physically clear that 
the thickness of a strong shock wave, where the compression takes place in the 
presence of " viscous " forces, is always of the order of a molecular mean free 
path*. This can be most simply explained by considering a shock wave in a 
coordinate system in which the gas behind the front is at rest (in a coordinate 
system moving with the piston) or, equivalently, by considering the bringing 

* W e wish to emphasize the particular way in which we use the concept of " viscosity " 
in the case being considered. When referring to viscosity, it is usually understood that the 
velocity gradients are small and that the velocity changes significantly only over distances 
much greater than a molecular mean free path. In other words, viscosity in hydrodynamics 
is a "macroscop ic" concept. If a sharp change in gas velocity and density takes place over 
a distance of the order of a mean free path, then this " microscopic" phenomenon may 
not be considered from the point of view of hydrodynamics but must be treated on the 
basis of the kinetic theory of gases. A s applied to the case of very large gradients, the term 
" viscosity " in the shock wave front denotes the mechanism by which the directed velocity 
of the molecules is changed to a random velocity by molecular collisions. 
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to rest of a high-velocity gas stream incident on a stationary wall. The 
kinetic energy of the directed molecular motion (the kinetic energy of hydro-
dynamic motion) is converted into kinetic energy of random motion, i.e., 
into heat when the fluid is brought to rest. In order to " b r a k e " the fast 
molecules, whose directed velocity is much greater than the initial thermal 
velocity (in the case of a strong wave, with a hypersonic shock speed), several 
gaskinetic collisions are sufficient, since on the average each collision changes 
the direction of motion of a molecule through a large angle. Therefore, the 
directed momentum of the molecules is almost entirely scattered after several 
collisions and the velocities become random. 

The distribution of energy over the various internal degrees of freedom, in 
particular vibrational excitation of the molecules, dissociation, and ionization, 
usually requires many collisions. The thickness of the relaxation layer in 
which the final thermodynamic equilibrium is established is much greater 
than the thickness of the initial shock wave. Hence the entire transition layer 
of the shock front can be divided into two regions with appreciably different 
thicknesses, a very thin "v i scous" shock front and an extended relaxation 
layer. 

In a sufficiently strong shock front in which the gas is heated to high 
temperatures, an important role is played by radiation and radiative heat 
transfer. The structure of the front in this case becomes even more complex. 
The total front thickness is determined by the largest scale characterizing 
the transition process associated with radiant heat exchange, namely the radia
tion mean free path, which ordinarily is many times greater than the gas-
kinetic mean free path. 

In the following sections we shall consider in detail the characteristic 
properties of the structure of shock fronts. We start by considering relatively 
weak shock waves, after which we shall consider increasingly stronger 
waves. 

1. The shock front 

§2. Viscous shock front 

Since the compression shock in a shock front takes place over distances 
comparable with the gaskinetic mean free path, we should actually begin our 
study of shock front structure on the basis of the kinetic theory of gases. As a 
first step in this direction, however, it is natural to consider the problem in the 
framework of the hydrodynamics of a real fluid, in which dissipative processes 
are taken into account, i.e., with viscosity and heat conduction. Here, in 
contrast to §23 of Chapter I, we do not impose any limitations on the strength 
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of the shock wave. To provide continuity of presentation we repeat here some 
conclusions and calculations of that section. In order not to complicate the 
presentation by unnecessary detail connected with the slow excitation of 
nontranslational degrees of freedom, we regard the gas as monatomic and 
neglect ionization. 

The one-dimensional flow equations for a viscous and heat conducting gas 
flow which is steady in a coordinate system moving with the wave front are 

d 

— p W = o, 
dx 

du ^dp d 4 du ^ ^ ^ 
^U dx dx dx 3 ^ dx 

puT — --μ(— Y - — 
dx 3 \dx) dx 

Here Σ is the specific entropy*, μ the coefficient of viscosity!, and S is a 

* Editors' note. The reader is cautioned to note that the symbol S used elsewhere in the 
book to denote specific entropy is going to be consistently used for energy flux, particularly 
for radiant energy flux, and therefore a new symbol had to be used for entropy in this 
chapter. 

t For the case considered the concepts of first and second viscosities are indistin
guishable. 

Editors' note. More specifically, their effects are combined into a single term. A s in the 
analysis of §23, Chapter I, we may include second or bulk viscosity by replacing f/x by 
the longitudinal coefficient μ" = f μ + μ'. 

Dilute monatomic gases have μ' = 0, and the usual physical origin of bulk viscosity is 
in rotational relaxation. As discussed in §2 of Chapter VI, the rotational relaxation time 
r r o t is extremely short, though it may be appreciably larger than the characteristic transla-
tional or gaskinetic collision time of (6.1), Chapter VI. 

On the assumptions that rTOt is large compared with r g a s but small compared with a 
characteristic macroscopic time scale, and that vibrational modes are unexcited, a relation 
between μ' and r r o t may be established. The quantity p of (1.95), Chapter I, is given by 
p = pRTtrans, while pst is given by pst = ρ(γ — \)(ctT!insTtrans + c r o t 7 r o t ) , with c t r a n s + crot = c 
and (y — l)c„ = R. Thus we identify 

, Dp c r o t 

ρ — pst = μ —zr- = pR{TUans — Trot) — · 
put cv 

With τ Γ ο ι > T t r a n s and the rotational mode governed by a relaxation law, we have 

DTTOt 

TtTans TTot 

Dt ~ T r o t 
Finally, with T r o t small in comparison with the macroscopic time scale, we may approximate 

DTroi DTtrtns j t y ( y - l ) 2 g Dp 
~ΈΓ^~5Γ^ΚΎ l)ltTanspDt™ R pDt' 
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nonhydrodynamic energy flux, equal according to the ordinary heat con
duction law to 

S = - K ^ \ (7.2) 
ax 

where κ is the coefficient of thermal conductivity. To the system of equations 
(7.1) must be added the boundary conditions expressing the absence of any 
gradients ahead of and behind the wave front, and also the fact that the flow 
variables must approach their initial (for χ = — oo) and final (for χ = + oo) 
values. 

Rewriting the third equation in (7.1) by means of the relation 

Τ dl = de + ρ dV = dh - - dp 
Ρ 

and integrating each equation in (7.1), we obtain the first integrals of the 
system 

pu = p0D, 

ι 4 du ~ 

p + p u _ _ / i _ = P o + P o D ) ( ? 3 ) 

, u2 1 / 4 du\ , D2 

The constants of integration are expressed here in terms of the initial values of 
the flow variables, distinguished by the subscript " 0 " and by the front 
velocity D = u0. 

If we refer the system (7.3) to the final state (denoted by the subscript "1") 

Eliminating ΤίΓΛη* — Trot and Dp/Dt yields the result 

μ' = (γ- Ό2ρε— T r o t . 
cv 

See Kohler [100]. 
If r r o t is not much larger than T g a s , the relaxation analysis above does not apply. The 

relation above then may be considered to indicate correct orders of magnitude. For either 
diatomic or polyatomic molecules, 

£ - 0.1632L. 
μ r g a s 

The quantity T r o t is the relaxation time for a process in which TitaM is kept fixed. For a 
process in which ε = c t r a n s 7 t r a n s + crotTtot is kept fixed, the relaxation time is ctransTtotlc0. 
The distinction between these two definitions of the relaxation time should be kept in mind. 
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we obtain the already well-known relations across a discontinuity, which we 
repeat here for convenience 

P i " i = PoD> 

Pi + Ρ ι " ί = Po + PoD2, ^ ^ 

It follows from these equations that the entropy jump across a shock wave 
Σ1 — Σ0 = Σ(ρΐ9 ρ χ) — Σ(ρ0, ρ0) is entirely independent of both the dissipative 
mechanisms involved, or in this case of the values of the coefficients of 
viscosity and thermal conductivity μ and κ. The latter determine only the 
internal structure of the wave front and its thickness δ. The thickness δ of the 
viscous shock front is proportional to the coefficients μ and κ, which in 
turn are proportional to the molecular mean free path /. In the limit / -> 0 the 
hydrodynamics of a real fluid becomes, in the continuous flow regions, the 
hydrodynamics of an ideal fluid. The shock front in the limit / 0 becomes a 
mathematical surface, since δ ~ I 0. In this case, the gradients of all the 
flow variables across the front tend to infinity as 1 // but their jumps remain 
finite. 

Specifying the coefficients of viscosity and thermal conductivity and also 
the thermodynamic relation h(p, p) (in a monatomic gas h = cpT = \p\p), 
we can numerically integrate the system (7.3) and (7.2) with the given boundary 
conditions. However, it is much more convenient to have an analytic solution, 
since it illustrates graphically all the relationships governing the phenomenon. 
Unfortunately, it is not possible in general to find an analytic solution to the 
system. The equations can be integrated analytically if we limit ourselves to 
weak waves and expand the solution in a series with respect to the small 
change in one of the flow variables. This method was used in §23 of Chapter I 
for estimating the front thickness (the complete solution is given in the book 
by Landau and Lifshitz [1]). An exact analytic solution for a wave of arbitrary 
strength can be found in one special case. This solution, first obtained by 
Becker [2] and subsequently investigated by Morduchow and Libby [3], 
describes all of the physical laws governing the structure of a shock front, 
and is both simple and graphic. Let us describe this solution in more 
detail. 

Usually the transport coefficients in gases, that is, the values of the kine
matic viscosity ν = μ\ρ and of the thermal diffusivity χ = K/cpp, are close to 
each other and to the diffusion coefficient Ινβ. Let us set the dimensionless 
group Pr = pcpJK = ν/χ, called the Prandtl number, equal to 3/4. In this case 
the expression in parentheses in the last of equations (7.3) becomes a total 
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differential of the quantity h + w 2/2, and the equation becomes 

u 2 \ 4 μ d / u2\ f D2 

h +  V -3^T x{h+V=h»+T-
In writing the integral of this linear equation, it is evident that h + w 2/2 can 
be finite at χ = + oo only if it is independent of x, 

u2 D2 * 
ft+- = ft0+— . (7.5) 

Thus, for a Prandtl number equal to 3/4, (7.5) is satisfied not only behind the 
shock front (see (7.4)), but also at any intermediate point x. 

Equation (7.5) gives a curve in the /?, V plane along which the gas changes 
from the initial to the final state. Noting that for the monatomic gas under 
consideration h = %pV, and introducing the dimensionless velocity or specific 
volume 

_^__X_ = Po 
η ~ D ~ V0 " ρ ' 

we find the equation of this curve is 

ρ 1 + ^ Μ 2 ( 1 - η2) Αη, - η2 

(7.6) 

= ~Λ ~Λ ~ ΪΛ2 = Τ Τ ΤΤι ' (7·7) 

Po f (4>?ι - 1)η 

Here ^! refers to the final state behind the shock front 

1 , 5 _ P o _ _ 1 3_L 
4 p 0 D 2 ~4 + 4M 

and A / is the Mach number Μ = Djc0, where c0 is the speed of sound in the 
initial state (cq = | p 0 ^ o ) - I n deriving (7.6) and (7.7) we have made use of the 
equations relating the variables on both sides of the shock front. The Hugoniot 
equation in terms of the variables Pilp0 and ηί is 

Pi 4 - ^ 
Po 4ηι - 1 

Figure 7.2 shows the Hugoniot curve and the curve along which the state of a 
particle changes through the wave (and also the characteristic straight line 
connecting the initial and the final states). 

Using (7.6) and the first two equations of (7.3), let us write a differential 
equation describing the velocity and specific volume distributions through 

* This equation is analogous to the Bernoulli equation in steady flow theory. 
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the shock front η(χ) 

5 Ρ dr1 η ν \ (7.8) 

For simplicity, the coefficient of viscosity is assumed to be independent of 
temperature and equal to μ = ρ010ν0β (it is independent of density, since 

Fig. 7.2. Shock transition A-^B ona. 
ρ, V diagram. Η is the Hugoniot curve. 
The point describing the state inside the 
wave front passes from A to Β along 
the dashed line. 

μ ~ pi, and I ~ 1/p). The integral of (7.8) contains an additive constant con
sistent with the arbitrariness in the choice of the coordinate origin. Locating 
the origin at the point of inflection of the velocity profile (in the " center " 
of the wave) and using (7.7), we find for η(χ) the expression 

in-ηιΤ (y/^-^r L μ ι0] ν 40 V 6 / 
(7.9) 

Knowing the velocity profile u = Βη, it is easy to determine the distribu
tions of the other variables. Thus, for the temperature we have from (7.5) 
TjT0 = 1 + \M2{\ — η2); the pressure is defined in terms of η by (7.6) and 
the entropy is 

Σ - Σ 0 = cp In J - R In — ( R = -^). 
P T0 Ρο \ PTJ 

It is evident from (7.9) that as χ -> — oo, η 1 and as χ -> + oo, η -> ηί9 

with the initial and final values being approached asymptotically in an expo
nential manner. All the flow variables velocity, density, pressure, and tem
perature change monotonieally across the wave from their initial to the final 
values, which are approached asymptotically as χ ^ Τ oo*. The entropy, on 
the other hand, does not change monotonieally, and has a maximum within 
the wave (this has already been shown in §23, Chapter I). We can easily satisfy 

* The inflection points for the various variables in the wave front do not coincide. 



474 VII. Shock wave structure in gases 

ourselves that this is so by rewriting the entropy equation (the third of equa
tions (7.1)) with the aid of the second law, the "Bernoulli equa t ion" (7.5), 
and the second of equations (7.1). We find 

άΣ (dh dp\ ( du d 4 du du\ 
puT — = pu[ — - V — ) = pul -u — -V — -p—+Vpu — \ 

dx \dx dxj \ dx dx 3 dx dxJ 

d 4 du u 
U dx 3 ^ dx 3 ^ dx2 

It is evident that the entropy has an extremum at the inflection point in 
the velocity, that is, at the wave "cen te r " . The existence of an entropy maxi
mum in the wave is connected with the presence of heat conduction. One 
of the dissipative processes, viscosity, produces only an entropy increase, 
proportional to {dujdx)2. Heat conduction, however, produces an irrevers
ible transfer of heat from the hotter to colder gas layers. Here the increase in 
entropy of fluid particles through heat conduction in the colder layers 
(where dSjdx ~ —d2Tjdx2 < 0) is positive, and in the hotter layers (where 
dSjdx d2T/dx2>0) is negative. 

The entropy decrease in the more heated layers does not in any way con
tradict the second law. The entropy of the gas as a whole or of an individual 
particle increases across the whole shock discontinuity as a result of the 
process of shock compression. However, an individual layer of gas passing 
through the wave is no longer an isolated system. Its entropy increases at 
the beginning, when it is supplied heat through heat conduction and the work 
of the viscous forces, and then decreases when the heat loss due to heat con
duction in the direction of the colder gas layers behind it exceeds the heat 
supplied by the work of the viscous forces. 

The front thickness, as in §23 of Chapter I, is given by 

3=- D ~ U i 
(du/dx)max 

It is evident from (7.9) that the order of magnitude of the front thickness is 

Μ 
δ ~ 1 0 Μ2 - 1 

In a weak shock wave when Μ — 1 <̂  1, δ ~ l0l(M — 1), in agreement with the 
results presented in §23 of Chapter 1. In this case, the front thickness can be 
equal to many molecular free paths. In the case when Μ = 2, shown in Fig. 
7.3, the front thickness is approximately equal to three molecular free paths 
/ 0 . In the limiting case of a strong wave, when Μ -> oo, δ ~ / 0 /Λ / ->0 . The 
statement that the front thickness vanishes as the wave strength increases 
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should, of course, not be taken literally*. The fact is simply that when the 
front thickness becomes of the order of a mean free path, the hydrodynamic 
theory loses its meaning, since it is based on the assumption that the gradients 
are small, that the mean free path is small in comparison with the distance over 
which appreciable changes in the flow variables take place. Hence the theory 
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Fig. 7.3. Distributions of (a) velocity, (b) pressure, and (c) entropy through a viscous 
shock front with Mach number Μ = 2 in a gas with a specific heat ratio y = 7/5 and a 
temperature-independent viscosity coefficient. The abscissa is in units of molecular mean 
free path in the undisturbed gas (the graphs were taken from [3]). 

* Editors' note. The result that δ ~ Io/M^0 as oo is somewhat artificial. It is based 
on the assumption that μ is constant through the wave. Since μ ~ pvl and p 0 / p i ~ 1, vl 
remains of the same order through the wave. But ϋν ~ Mv0, and Ιι ~ / 0 / M - > 0 as M - > oo 
if / 0 is kept fixed. But δ ~ h in the same limit, and δ remains finite if Λ does. 

The conclusion δ ~ l u that the shock front thickness is of the order of a few mean free 
paths in the flow behind the shock, is a general one for strong shocks. Even though the 
Navier-Stokes equations are invalid for strong shocks, they nevertheless give not only 
correct order-of-magnitude results, but also quite faithful numerical results for the macro
scopic flow variables except in the upstream part of the shock front. 
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is simply inapplicable for sufficiently strong waves. It is evident physically that 
the thickness of the shock front for a wave of any strength cannot become 
smaller than the mean free path, since the gas molecules flowing into the 
discontinuity must make at least several collisions in order to scatter the 
directed momentum and to convert the kinetic energy of the directed motion 
into the kinetic energy of random motion (into heat). At the same time, the 
thickness of the shock front in the case of a strong wave cannot include 
many mean free paths, since the molecules of the incident stream lose, on 
the average, an appreciable fraction of their momentum during each 
collision. 

The problem of the structure of strong shock fronts must be treated on the 
basis of the kinetic theory of gases, and hence the many numerical studies 
concerned with the improvement of the simple theory presented above, 
by taking the dependence of the transport coefficients on temperature into 
account, by calculating the effect of the Prandtl number on the front structure, 
and so forth [4-13], do not contribute anything new in principle beyond the 
particular case considered above, and at best are of interest for the case of 
weak waves only*. 

Tamm [101], and independently Mott-Smith [16], applied the Boltzmann 
kinetic equation to the problem of the structure of a shock front. An approxi
mate solution to the Boltzmann equation in the neighborhood of the shock 
front is constructed as a superposition of two Maxwellian distributions 
corresponding to the temperature and macroscopic velocity in the initial and 
final states. The relative weight of each function varies over the width of the 
wave from 0 to 1. The front thickness for an infinite strength shock wave 
tends to a finite limit. Sakurai [17], who has somewhat refined Mott-Smith's 
method on the basis of a hard-sphere model for the molecular interactions, 
obtained shock thicknesses in units of mean free path based on the initial 
conditions, of f S/l0 = 2.11, 1.68,1.46, and 1.42 for Mach numbers of Μ = 2.5, 
4, 10, and oo, respectively. We note several other papers which have developed 

* An attempt to refine the hydrodynamic approximation by taking into account second 
derivatives in the expressions for the transfer terms (the so-called Burnett approximation), 
undertaken by Zoller [14], somewhat improves the results for weak waves and, essentially, 
only points out the limits of applicability of the hydrodynamic theory. For a wave strength 
PilPo = 1.5, the thickness of the front, according to Zoller, is equal to 17 mean free paths, 
and for pjpo = 4 is equal to 6 mean free paths. The front thickness of weak shock waves 
in monatomic gases was measured by Greene, Cowan, and Hornig [15] using a method 
based on the reflection of light (see §5 of Chapter IV). The thickness was found equal to 30, 
19, and 13 mean free paths for Mach numbers Μ = 1.1, 1.5, and 2.5, respectively. Zoller's 
calculations are in not too bad agreement with these results. See also [56]. 

t The front thickness δ is defined in the following manner. If fa and fp are the molecular 
distribution functions in the initial and final states, then the distribution function at an 
intermediate point χ in the wave is, according to the theory, / = ν(—χ)/Λ-\- v(x)fp, where 
v(x) = 1(1 + tanh(2*/8)). 
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Mott-Smith's method and treated the shock front on the basis of the Boltz
mann equation [52-55]. 

§3. The role of viscosity and heat conduction in the formation of a shock front 

Despite the fact that the values of the transport coefficients—kinematic 
viscosity and thermal difTusivity, or the corresponding dissipative terms in the 
energy equation—are close to each other, the contribution of each of these 
dissipative processes to the formation of a shock are far from equal. Physi
cally, it is clear that the principal role in the mechanism of shock com
pression is played by viscosity rather than heat conduction, since it is the 
viscous mechanism which causes the scattering of the directed momentum of 
the incident gas and the conversion of the kinetic energy of the directed 
molecular motion into the kinetic energy of random motion, i.e., the con
version of mechanical energy into heat. Heat conduction, on the other hand, 
only indirectly affects the conversion of mechanical energy as a result of the 
redistribution of pressure. In order to satisfy ourselves of this, it is useful to 
consider the problem of a one-dimensional steady flow of a gas through a 
shock front under the assumption that viscosity is completely absent and that 
the dissipation is caused by heat conduction only. An investigation of this 
problem (first carried out by Rayleigh [18]) is of considerable interest, since it 
illustrates the features of the structure of a shock front in the presence of other 
mechanisms of heat exchange, e.g., radiative heat transfer or electron heat 
conduction (in a plasma). 

By neglecting viscosity, the first integrals in the hydrodynamic equations 
for one-dimensional steady flow (7.3) take the form 

It follows from the first two equations of (7.10) that in the process of shock 
compression, in the absence of viscosity, the state of a gas particle must 
change continuously along a straight line in the pressure-specific volume 
diagram 

ρ + pu2 

pu 

Po + PoD2, (7.10) 

ρ = Po + P o ^ 2 ( i - 1 ) , 
V 

(7.11) 

This important property of inviscid gas flow is illustrated in Fig. 7.4, which 
shows a Hugoniot curve and a straight line connecting the initial and final 
states of the gas. 
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We shall attempt to solve the system of equations (7.10) where, as before, 
we shall eliminate all variables except the dimensionless velocity or relative 
specific volume η. For generality, we shall not restrict our problem to a 

Fig. 7.4. Straight line shock transition 
for an inviscid gas. 

monatomic gas and shall retain an arbitrary constant specific heat ratio. 
Noting the equation of state 

p = — pT = RpT, R = — (7 .12) 

(μ 0 is the molecular weight), and the thermodynamic relation h = 
[yl(y — 0 ] W P » w e express by means of the third equation of (7.10) and (7 .11) 
the nonhydrodynamic energy flux and temperature in terms of η, 

L =l+yM2(l_^__i_y ( 7 . 1 3 ) 

p0D3γ+ 1 
s = - ^ — A i - v X n - n d - (7.14) 

2 y — 1 
Here, as before, the quantity 

7 - 1 2 1 

y + l 7 + 1 Μ 

is the dimensionless velocity in the final state and Μ = D/c0 is the Mach 
number. 

The function Τ(η) passes through a maximum at the point 

_ 1 1 
η~η™χ~2*2ΪΜ2~' 

Two cases can be encountered in considering shock waves of different 
strengths. If the shock is sufficiently weak, then ηί > ^y m a x . Indeed, for a Mach 
number close to unity (M — 1 <̂  1), we find ηί « 1 — [4/(7 + \)]{M — 1), so 
that it is also close to unity, while J7M A X « (7 + \)/2y < 1. In this case, a 
monotonic compression of the gas from the initial to the final volume (from 
η = 1 to η = ηχ) results in a monotonic increase in the temperature from the 
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initial value T0 to the final value Γ,, given (under the assumed conditions) by 

J = 1 + ?<iz±V_,/ 1 +

 1 

T0 - • (y + D ! v Λ ίΜ', 

The curves of Τ(η) and Ξ(η) in this case have the shape illustrated in Fig. 7.5. 

1 [_ χ \ Fig. 7.5. Τ,η and 5 , ^ diagrams for 
the case when a continuous shock tran-

^ 1 sition with heat conduction only is pos-
" sible, without considering viscosity. 

Fig. 7.6. Temperature and entropy 
distributions in a shock wave with heat 
conduction only (without viscosity) in 
the case when a continuous transition 
is possible. 

By eliminating η from (7.13) and (7.14) and substituting (7.2) for S, we 
obtain a differential equation of the type dTjdx = f (T) which has a con
tinuous solution. The temperature and entropy distributions in such a wave 
are represented schematically in Fig. 7.6. They are quite similar to the 
distributions found in the preceding section. It is evident from the entropy 
equation (7.1) with μ = 0, that the entropy has a maximum at the point 
where d(x dT\dx)\dx = 0, or in the case of κ = const where the temperature 
in the wave T(x) has an inflection point, i.e., where d2T/dx2 = 0. Therefore, 
a weak shock wave with a continuous distribution of flow variables across 
the front can also exist in the absence of viscosity, with only heat conduction 
present. 

Let us now consider a sufficiently strong shock wave. In this case the 
specific volume for which the temperature assumes its maximum value lies 
between the initial and final values: ηχ < ^ym a x < 1. Actually, for M > 1, 
*/max ^ 1/2, and ηγ = (y — l)/(y + 1) < 1/4, since the specific heat ratio 
cannot exceed 5/3. Thus, for a continuous monotonic compression of the 
gas from its initial to its final volume, the temperature across the wave front 
must necessarily pass through a maximum. Plots of the functions Τ(η) and 
Ξ(η) for this case are given in Fig. 7.7. Let us investigate the possibility 
of the existence of a continuous solution of (7.13) and (7.14) in this case. It 
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can be seen from (7.14) and Fig. 7.7 that the heat flux S caused by heat 
conduction does not change sign over the entire range in which the relative 
volume changes from η = 1 to η = ηχ and it is opposite to the direction of 
gas flow, i.e., S < 0. In accordance with the definition of the flux S = 
— κ dTjdx, the temperature can only increase as the volume changes from its 

initial to its final value: dT/dx>0. Consequently, the region behind the 
temperature maximum, where dT\dr\ > 0, is not realized. In this region the 
specific volume has not yet reached its final value and must decrease, with 
dr\\dx < 0; the temperature, however, also decreases with decreasing volume, 
with 

and the heat flux would have to be directed in the opposite direction (S > 0), 
in contradiction to (7.14). 

Thus, a continuous distribution of temperature and density with respect to 
position is impossible in the case of a strong wave in which only heat con-

Fig. 7.7. Τ,η and δ,η diagrams for 
the case of an isothermal jump, taking 
into account heat conduction alone but 
without taking viscosity into account. 

dT _ dT άη 
dx άη dx 

Fig. 7 .8 . Temperature and density pro
files in a shock wave with an isothermal 
jump. 

Ο χ 

Pi 

0 χ 

duction is taken into account. Starting from the initial state, the final state can 
be reached without passing through the temperature drop region caused by 
the increased compression only if a discontinuity is allowed in the solution. 
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In particular, there is a continuous change from the initial state (point A 
on Fig. 7.7) to point B, and then there is a jump to the final point C. The 
formation of a density jump indicates that viscous forces must be present, 
and that a strong discontinuity can disappear only through the action of 
viscosity but not of heat conduction. The temperature in the jump remains 
constant, and only its derivative, i.e., the flux, changes. The temperature and 
density profiles in such a wave, which is called an " i so the rmal" shock, are 
shown in Fig. 7.8*. 

It is easy to find the largest strength for which a continuous solution in the 
absence of viscosity is still possible. This strength corresponds to the case 
in which the maximum of the function Τ(η) coincides with the final state, 
when *7 m a x = ηι. In this case, the Mach number and the pressure ratio across 
the front are given by 

M , = / 3 y - l γ / 2 pi + l 

y(3 - i)J Po 3 - γ 

For example, for y = 5/3, M' = 1 . 3 5 and p[/p0 = 2, while for y = 7/5, 
M' = 1.2 and/>;//><>= 1.5. 

If we consider the other limiting case, when there is only viscosity and heat 
conduction is absent, we obtain a continuous solution for the flow variables 
across the shock wave which does not differ basically from the solution of the 
preceding section, with the single exception that the entropy in this case also 
increases monotonieally (see the third equation of (7.1) without the term 
dSjdx). The behavior of the entropy in both limiting cases can be clarified 
by considering a/?, V or a ρ, η diagram (Fig. 7.9). In the absence of viscosity 

Fig. 7.9. />, V diagram for a shock 
wave, taking viscosity into account. 
His the Hugoniot curve; Σ 0 , Σ ΐ 5 and Σ' 
are isentropes; the transition from the 
initial to the final state takes place along 
the dashed curve. 

the state in the wave changes along the straight line A Β and the entropy (as 
is evident from a comparison of the Hugoniot curve with the isentropes) first 

* W e note that the 4 4 i so thermal" character of the shock, i.e., the continuity of tempera
ture across the shock front, is a consequence of the assumption that the heat flux is pro
portional to the temperature gradient. In the third part of this chapter, in considering 
radiant heat exchange in a shock front, we shall see that without this assumption the 
temperature will also have a discontinuity. 
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increases, reaching a maximum at the point of tangency of the straight line 
and the isentrope Σ', and then decreases. In the absence of heat conduction 
the state changes along the dashed curve which passes below the straight 
line A Β (the equation of this curve is ρ = p0 + PoD2{\ — η) + f p du/dx, 
where dufdx < 0), and it is nowhere tangent to the isentropes. The situation 
here is completely analogous to that which exists in the weak waves con
sidered in §23 of Chapter I. 

§4. Diffusion in a binary gas mixture 

The presence of gradients in the thermodynamic quantities of a gas mixture 
gives rise to diffusional fluxes in the components of the mixture, which results 
in a redistribution of their concentrations. In general, diffusion tends to 
equalize the spatial concentrations of the components. However, the existence 
of pressure and temperature gradients or of an external force field such as 
gravity, centrifugal forces in rotating mixtures, or the presence of an acceler
ation results in component separation in an initially homogeneous mixture. 
In particular, such a situation arises in a shock wave propagating through a 
gas mixture. The concentrations of the components behind and ahead of the 
front are uniform and constant in space. In the region of the front, where 
gradients are present, these concentrations change. As with viscosity and heat 
conduction, diffusion represents an irreversible molecular mass transfer of a 
specific component (viscosity is responsible for momentum transfer and heat 
conduction for internal energy transfer) and is one of the sources for the 
dissipation of mechanical energy. 

The diffusional flux is defined as follows. Let the mass concentration of 
one of the components in a binary gas mixture, for example, of the light 
component whose molecular mass is mu be equal to a. The concentration of 
the second, heavy component whose molecular mass is m2{rn2> rnx) is 
1 — a*. As a result of the diffusion of one gas with respect to the other the 
gases have different macroscopic velocities, which we denote by u t and u 2 . 
If ρ is the density of the mixture, then the total flux of the first component is 
pauj, and the flux of the second component is p(l — a )u 2 . The macroscopic or 
hydrodynamic velocity of the mixture u is defined in such a way that the total 
mass flux of the gas is equal to pu (u is the momentum per unit mass). Thus, 
pu = pau1 + p(l — a)u 2 or u = au, + (1 — a)u 2 . Within the framework of the 

* The mass concentration α is equal to the mass of the first, light component, per unit 
mass of the mixture. If the number of molecules per unit mass of mixture is Ni and N2 

(Ni + N2 = N)9 then α = JVi/Wi and 1 — α = N2m2 . The molar concentrations are 

Μ _ _ α _ Ν2 _ 1 - α 

Ν Nnii ' ~Ν ~ Nm2 ' 
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hydrodynamics of an ideal fluid (without diffusion), the velocities of both 
components of the mixture are the same and equal to u. The fluxes of the 
components are equal to pau and p(l — a)u. 

In the next approximation there appear in the hydrodynamic theory vis
cosity, heat conduction, and diffusion (in the mixture). The diffusional flux i 
refers to the difference between the total and the hydrodynamic fluxes of one 
component, say the first component, i = paul — pau = ρ α ( ^ — u). The total 
flux of the first component is equal to the sum of the hydrodynamic and 
diffusional fluxes pau + i. The total flux of the second component is, obviously, 
p(l — a)u 2 = p(l — a)u + p(l — a)(u 2 — u) = p(l — a)u — i. The diffusional 
fluxes of the two components in a binary mixture are of the same magnitude 
but of opposite direction. 

As pointed out above, diffusion arises as a result of the presence of con
centration, pressure, and temperature gradients in a gas*. In the one-dimen
sional case the gradients are simply equal to derivatives with respect to x, and 
the vector i has only an χ component which will be denoted simply by /. 
The diffusional flux is given by (see [1]) 

Here D is the diffusion coefficient, kpD is the pressure diffusion coefficient, 
and kTD is the thermal diffusion coefficient. The dimensionless quantity kp 

is determined only by the thermodynamic properties of the mixture and is 
given by (see [ l ] t ) 

For m2> mu kp> 0 and the pressure diffusional flux of the light component 
is in the direction of decreasing concentration. The flux caused by the con
centration gradient is also in the direction of decreasing concentration (for 
either component). The thermal diffusional flux of the light component for 

* The state of a binary mixture is characterized by three thermodynamic variables: the 
concentration and any two of the usual variables such as temperature, pressure, and density. 
In studying diffusion, it is convenient to choose pressure and temperature as the independent 
variables. 

t In the absence of viscous momentum transfer (see below). 
% The quantity kp is most simply derived by considering an equilibrium binary mixture 

in a gravity field at constant temperature. In equilibrium the molecular number densities 
rii and η2, from the Boltzmann equation, are expressed in proportional form as η ~ 
exp(—migx/kT\ and n2 ~ exp(—m2gx/kT\ where g is the acceleration of gravity and Λ : is 
the altitude. Since the equilibrium diffusional flux is equal to zero, doc/dx + (kp/p) dp/dx = 0. 
Using the relationship between the concentration α and the particle number densities Wi 
and n2 and noting that p = (n1+ n2)kTy we find the above equation for kp. 

(7.15) 

(7.16) 
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most mixtures is in the direction of increasing temperature (for m2> 
kT < 0). 

In contrast to kp, the thermal diffusion ratio kT depends not only on the 
component concentrations (for α = 0 or 1, kT = 0) and the molecular masses, 
but also on the law governing the molecular interactions. The quantity kp is 
determined purely by the thermodynamic properties of the gas, since thermo
dynamic equilibrium is possible even in the presence of a pressure gradient in 
an external force field. If a temperature gradient is also present, then the gas 
is no longer in a state of equilibrium. If only repulsive forces varying as 
1/r" are acting between the molecules, then for η > 5, which is usually the 
case, kT < 0: the light gas will diffuse in the direction of increasing tempera
ture. For η < 5, which is rarely encountered, the light gas diffuses in the 
direction of decreasing temperature (the case of η < 5 includes the Coulomb 
law for the interaction of charged particles, for which η = 2). When η = 5 
thermal diffusion is absent and kT = 0. Usually, when the relative gradients 
Vp/p and \T/T are comparable, the importance of thermal diffusion is small 
in comparison with pressure diffusion. For further details on thermal diffu
sion see [19]. With the diffusional flux is connected an additional irreversible 
energy flux q, which is proportional to the diffusional flux i (see [1]). 

Zhdanov, Kagan, and Sazykin [19a] have introduced an important cor
rection to the classical diffusion concepts presented above. These authors 
derived an expression for the diffusional flux from the kinetic equation, using 
the Grad "thir teen m o m e n t " method. This method of approximation has a 
number of advantages over the Chapman-Enskog method used to obtain 
(7.15), whenever it is necessary to take into account higher approximations 
in the expansion of the distribution function. It is found that equation (7.15) 
for the diffusional flux is valid only in the absence of viscous momentum 
transfer in the gas. Under conditions when viscous momentum transfer is 
present (that is, when there is a velocity gradient) equation (7.15) must also 
include terms proportional to the viscous forces. In spite of the fact that these 
forces are determined by second-order derivatives of macroscopic quantities 
(such as velocity), they can be of the same order as terms proportional to 
first-order derivatives such as the term with pressure gradient. For example, 
in the case of a purely viscous steady flow without acceleration, the pressure 
gradient is simply balanced by the viscous forces. In the case of unsteady flow, 
the inclusion of viscous forces in the expression for the diffusional flux 
actually introduces into this expression terms proportional to the acceler
ations of the gas. 

In the case of purely viscous flow, the replacement of the viscous force by 
the pressure gradient which balances it results in a change in the pressure 
diffusion constant kp in comparison with its purely thermodynamic value 
(7.16). The pressure diffusion constant is no longer a thermodynamic quantity 
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in a viscous flow; it depends on the character of the molecular interaction. 
The pressure diffusion constant under some conditions can become negative 
(in the case when the molecular weights of the components differ very slightly 
from each other and when the molecular cross sections are appreciably 
different). When viscous momentum transfer is taken into account, the ther
mal diffusion ratio kT also changes. 

§5. Diffusion in a shock wave propagating through a binary mixture 

Let us consider what happens when a shock wave is propagated through a 
binary gas mixture. Large gradients in the thermodynamic quantities are 
present in the shock front and, as a result, conditions for diffusion are 
favorable. Physically, it is clear that the light component will concentrate in 
the shock front. Indeed, in the heated gas behind the shock front the mol
ecules of the light component have a higher thermal velocity than the molecules 
of the heavy component (ν ~ (T/m)1/2). Therefore, the light molecules "pu l l 
a h e a d " and leave the heavy molecules slightly behind (in the laboratory 
coordinate system, where the original mixture is at rest). 

Let the heavy gas have a small admixture of the light gas. Then the density 
distributions of both the heavy and light gases ( p 2 and px) in a strong shock 
wave have the form shown in Fig. 7.10. This figure also shows the concentra
tion distribution of the light component α = Ρι/(ρ2 + Pi)- The thickness of the 

Fig. 7.10. Pressure and density dis
tributions of the heavy ( p 2 ) and light 
(pi) components and concentration of 
the light component (a) in a shock wave 
propagating through a binary gas 
mixture. 

region containing the higher concentration of the light component is of the 
order of Ax ~ Dju0, where D is the diffusion coefficient and u0 here denotes 
the shock velocity*. The diffusion coefficient D is of the order of Ιϋί9 where 

* This follows from the condition that the total flux of the light component is steady in a 
coordinate system moving with the front. Approximately p\UQ = D dpi/dx, from which 
pi = pi ι exp(—u 0 \x\ ID). Here we have used an approximate boundary condition according 
to which we can assume that the density of the light component at the point χ = 0, where 
the viscous shock front is located, is equal to its final value pu. 
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is the thermal speed of the light gas heated by the shock wave and / is the 
molecular mean free path. The velocity of the front u0 is of the order of the 
thermal speed of the heated heavy gas, u0 ~ v2. But vxjv2 « ( m 2 / m 1 ) 1 / 2 , 
so that Ax « ( m 2 / m 1 ) 1 / 2 / . The thickness of the viscous shock front is of the 
order of /. Consequently, the thickness of the region in which the light 
component is concentrated is greater by a factor of (m2/miy/2 than the 
thickness of the shock front. The components are most sharply separated 
when the particle masses are appreciably different (m2/mi > 1). 

This effect would be most pronounced in the case of a plasma, owing to the 
very large difference between the electron and ion masses. In a plasma, 
however, an important role is played by the electrostatic interaction between 
the electrons and ions, which strongly limits the diffusion process (for a 
discussion of this see §13). 

Together with viscosity and heat conduction, diffusion affects the structure 
of a shock front. To describe this structure we must set up the equations for 
the planar steady flow case, in a manner similar to that of §2 for treating the 
viscous shock front. The equations for the conservation of mass and momen
tum and the first two equations of (7.3) remain unchanged (μ is now under
stood to represent the coefficient of viscosity of the mixture). To the equation 
of conservation of energy (the last equation of (7.3)), we must add the 
molecular heat flux resulting from diffusion and replace the molecular flux 
due to heat conduction S by the sum S + q. The system of equations will now 
include the diffusional flux / (to which the heat flux q is proportional), and the 
system will contain a new unknown function, the concentration a. Therefore 
an additional equation must be added to the system. This is the equation of 
continuity (conservation of mass) for one of the components (the existence of 
an equation of continuity for the entire mass of gas automatically ensures the 
conservation of the second component). The condition of constancy of mass 
flux of the light component in the planar steady flow case is 

pau + i = const = p0oi0u0 

(the diffusional flux disappears ahead of the wave). The general equation of 
continuity for one of the components [1] is 

^ + V · (pau + i) = 0. 
ot 

It is evident then that behind the wave, where the diffusional flux also vanishes, 
the concentration is equal to its initial value ax = a 0 (since p1ul = p 0 w 0 ) . 

The system of equations for one-dimensional steady flow in a binary mix
ture can be solved, in principle, in the same manner as for a single-component 
gas (see §2). The solution will yield a distribution of all quantities in the wave 
front. This problem was considered by D'yakov [20] for the case of a weak 
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shock, when it is possible to expand all quantities in powers of a small 
parameter (see §23, Chapter I)*. As was shown in §§18 and 23 of Chapter I, 
if we regard the pressure change in a weak shock Ap = pt — p0 as a first-order 
quantity, then the volume and temperature changes will also be first-order 
quantities. The total entropy change in the transition from the initial to the 
final state I j — Σ 0 is a third-order quantity and the entropy change inside the 
wave front, let us say, I m a x — Σ 0 is a second-order quantity. The thickness 
of the shock wave front is of the order of Ax « lp0/Ap, where / is the molecular 
mean free path. From the conservation equation for one of the components, 
which can be rewritten as 

α - α 0 Po"o 

and from the expression for the diffusional flux, it is evident that the changes 
in concentration in the wave Δα and the flux / are second-order quantities, 
with 

α — α 0 ~ ι ~ — ~ — ~ (Ap) . 
dx Ax 

Consequently, the term containing the concentration gradient in the ex
pression for the diffusional flux can be neglected (da/dx ~ Aoc/Ax ~ (Δ/?)3, 
while dpjdx ~ (Ap)2). 

D'yakov [20] obtained an analytic solution for the concentration distribu
tion in the front of a weak shock wave. This solution will not be given here 
(the distribution has the form shown in Fig. 7.11), but we shall estimate the 

Fig. 7.11. Density and concentration 
distributions in a weak shock propaga
ting through a binary gas mixture. 

order of magnitude of the change in concentration. If we neglect thermal 
diffusion, which normally plays a less important role than pressure diffusion 
(since the value of kT is usually lower than that of kp), then we may write 

Δα = α — α 0 

Po^o 

D kpAp 
u0 ρ AX 

* For another treatment of this problem (including a numerical integration for shocks of 
arbitrary strength, eds.) see also the article by Sherman [21]. 
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The diffusion coefficient D ~ Ιϋ, where the thermal speed of the molecule ϋ 
is of the order of the speed of sound, that is, of the order of u0. Noting that 
Ax ~ (p/Ap)l, we find Δα ~ kp(Apjp)2. The excess amount of the light com
ponent collected by the shock wave (per unit area of front surface) is of the 
order of 

M : 
Ap 

(a — a 0 ) dx ~ ρ Δα · Ax ~ pkD — /. 
Ρ 

In a sufficiently strong shock, where Ap ~ /?, we have Δα ~ kp, Μ ~ pkpl. If 
the difference between the molecular masses is comparatively large (kp ~ 
(m2 - mj)), then the change in concentration in a strong wave is of the order 
of the concentration itself and the excess mass of one component is of the 
order of the mass of the component itself in a layer of thickness of a molecular 
mean free path. 

We have noted above that diffusion, like viscosity and heat conduction, 
results in the dissipation of mechanical energy and in an increase in the entropy 
of the gas (for a discussion of this point see [1])*. We know that with dis
sipative processes excluded, in the framework of the hydrodynamics of an 
ideal fluid a shock wave is represented as a mathematical discontinuity. The 
discontinuity vanishes and becomes a layer of finite thickness with a con
tinuous distribution of flow variables only if dissipative processes are con
sidered. Here heat conduction by itself can ensure a continuous transition in 
the shock wave only in the case when the wave strength is not too great 
(see §3). It is interesting to consider whether a dissipation of diffusional origin, 
without taking into account viscosity or heat conduction, can ensure a con
tinuous transition in a shock wave propagating through a binary mixture. 
This question was investigated by Cowling [22] (neglecting thermal diffusion). 
It was found that, as in the case when there is only heat conduction, a con
tinuous solution is possible only for shock strengths below a certain limit 
which depends on the difference between the molecular masses and the 
concentration of the components. In the limiting cases, when the concentra
tion of one of the components tends to zero (a - » 0 or a -> 1), that is, when 
the gas becomes a single-component fluid, or when the relative difference of 
the masses tends to zero, the upper limit of the allowable shock strength also 
tends to zero. When the difference between the molecular masses is large and 
the numbers of molecules of both species are comparable, diffusion provides 
a continuous transition up to quite high shock strengths, being more effective 

* Like heat conduction, diffusion can also cause a local entropy decrease (see §2). 
Diffusion does, however, increase the entropy of the entire system as a whole, and of a 
particle taken over the transition from the initial to the final state in a shock wave. Unlike 
heat conduction and diffusion, viscosity can only cause a local increase of entropy, and 
can only result in an increase in the entropy of a particle. 
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in this respect than heat conduction. Thus, for example, in a mixture of 
hydrogen and oxygen (mljm2 = 1/8) with a 1 0 % molar concentration of 
oxygen (N2/N), a continuous compression of the mixture by a shock is possible 
up to a density ratio of 4.78 (the limiting density ratio for γ = 7/5 of 6 was 
used in the calculations). Heat conduction alone can provide a continuous 
compression to a density ratio of no more than (3y — l)/(y + 1) = 4 /3 . 

2. The relaxation layer 

§6. Shock waves in a gas with slow excitation of some degrees of freedom 

Often the excitation of certain degrees of freedom of a gas* requires many 
molecular collisions, with the necessary number of collisions (or the relax
ation times) appreciably different for different degrees of freedom. The time 
required to establish complete thermodynamic equilibrium in a shock front 
and, consequently, the front thickness, is determined by the slowest of the 
relaxation processes. Here, of course, we should consider only those processes 
which result in the excitation of degrees of freedom which make an appreci
able contribution to the specific heat for finite values of the flow variables. 
If T M A X is the longest relaxation time, and ux is the gas velocity behind the 
front with respect to the front, then the front thickness is of the order of 

~ W i W = £ ( p 0 / p i ) W f · 
The translational degrees of freedom of a particle are those which are 

"exc i ted" most rapidly. Therefore the mechanical energy of a gas flowing 
into a discontinuity is primarily converted into thermal energy of trans
lational motion of the gas atoms and molecules. As shown in §2, the thickness 
of a viscous shock front for strong shocks is of the order of one or several 
gaskinetic mean free paths. At room temperatures molecular rotations are 
also rapidly excited as a result of a small number of collisions, while vibra
tions are ordinarily unimportant at these temperatures. Consequently, the 
front thickness for weak shocks propagating through a molecular gas heated 
to room temperature is of the order of several gaskinetic mean free pa ths j . 

At temperatures of the order of 1000°K, when kT is comparable with the 
energy /*v v i b of the vibrational quanta of molecules, excitation of the vibra
tional modes requires many thousands and sometimes tens and hundreds of 
thousands of collisions. The thickness of a shock front of corresponding 

* Let us recall that for the sake of brevity we include within the term " degree of freedom " 
also the potential energy of dissociation, of chemical reactions, and of ionization. 

t In what follows, we shall continue to denote the shock front velocity by D. 
% Exceptions are molecular hydrogen and deuterium, which require hundreds of 

gaskinetic collisions for rotational excitation (see §2, Chapter VI). 
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strength is determined by the relaxation time of the vibrational degrees of 
freedom. 

The rates of relaxation processes always increase rapidly with increasing 
temperature; thus, for example, at temperatures of the order of 8000°K, 
when kT^>hvyih, several collisions are sufficient for the excitation of the 
vibrational modes. Those processes which took place rather slowly for certain 
shock strengths and which determined the front thickness become rapid in a 
strong wave and are replaced by other processes. For example, in a diatomic 
gas at temperatures of the order of 4000-8000°K, the establishment of 
thermodynamic equilibrium is delayed principally by the slow molecular 
dissociation (the vibrational modes are excited comparatively fast and 
ionization is not yet important). At temperatures of the order of 20,000°K a 
small number of collisions is sufficient to dissociate the molecules, and the 
front thickness is determined by the rate for single ionization (double ioniza
tion is still unimportant). At Τ ~ 50,000°K single ionization is replaced by 
double, and so forth. 

Obviously, the limit of the temperature region in which one or another 
relaxation process is slow is not clearly defined. In exactly the same manner, 
the front thickness at a given temperature is not always determined by only 
one of the processes. However, as an approximation for a shock wave of a 
given strength it is always possible to subdivide the excitation processes for 
the different degrees of freedom which make significant contributions to the 
heat capacity into rapid and slow processes. Here the term rapid is under
stood to refer to processes whose relaxation times r r e l are comparable with the 
gaskinetic relaxation times and for which the characteristic lengths Ax = 
ι^τ,.^ are of the order of a moderate number of gaskinetic mean free paths and 
thus are comparable with the thickness of the viscous shock front. It follows 
that slow refers to those processes which require a very large number of 
gaskinetic collisions. 

The problem of the structure of a shock front in a gas with slow excitation 
of part of the specific heat was first analyzed by one of the present authors in 
1946 [23, 24] using a reversible chemical reaction and excitation of molecular 
vibrations as examples. 

Let us consider qualitatively the process of shock compression in a gas 
with slow excitation of some of the degrees of freedom. We shall not as yet 
specify the kinds of degrees of freedom and we divide them only into two 
categories: those which are excited rapidly and those which require many 
gaskinetic collisions. The principal dissipative processes—viscosity and heat 
conduction—play a role only in the region where there are large gradients of 
the flow variables, in the region where the rapidly relaxing degrees of freedom 
are excited. This region coincides to a certain degree with the viscous shock 
front region. In the slow relaxation region, extending over a distance of many 
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gaskinetic mean free paths, the gradients are small and this dissipation can be 
neglected. 

We shall not consider the structure of the narrow region in which the rapid 
processes take place. In principle, it does not differ from the structure of the 
viscous shock front treated in §2. The increase in specific heat due to the 
rapid excitation of the nontranslational degrees of freedom introduces only 
some quantitative changes in the structure of the viscous front without 
changing the basic qualitative relations. Since the thickness of this region is 
not large, of the order of several mean free paths, we can consider it approxi
mately as infinitesimally thin and relate the quantities on both sides of it by 
conservation equations which are in all respects similar to equations (7.4). In 
what follows, for the sake of definiteness, we shall term the region of rapid 
relaxation the "compression shock" to differentiate it from the concept of 
the "shock wave f ront" which includes the entire transitional region from 
the initial to final thermodynamic equilibrium state. 

Denoting the flow variables directly behind the compression shock by a 
prime, we can write the equations defining these quantities 

The enthalpy h! = h\pρ') = h'(T\ p') includes only the rapidly excited 
degrees of freedom of the gas (with the slowly excited degrees of freedom 
frozen at the state ahead of the shock, eds.). The extended region of slow 
relaxation is described by integrals of the one-dimensional steady flow equa
tions of the type (7.3), in which the dissipation terms can be neglected. Con
sidering p, /?, ε, h, and u as functions of the coordinate x, we can write the 
integrals of the equations in this region as 

It is convenient to place the coordinate origin χ = 0 on the " infinitesimally 
t h i n " compression shock. In exactly the same manner, if we follow the 
change of state of a given particle passing through the shock front with 
respect to time, then it is convenient to let t = 0 be the time of rapid compres
sion in the compression shock. The boundary or initial conditions for the 
flow variables p(x), u(x) have the form p(0) = ρ', w(0) = w', and so forth. 
When χ + oo we have as before p(oo) = p 1 ? w(oo) = ul9 and so forth. 

Shown on the ρ, Κ diagram of Fig. 7.12 are two Hugoniot curves originating 

p V = p0D; ρ' + p'u'1 = 

pu = p0D 

p + pu2 = p0 + p0D2 

P'u\ 

P' + P'u'2, (7.17) 
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from a point A corresponding to the initial state of the gas. One of them (II) 
corresponds to complete thermodynamic equilibrium, that is, it corresponds 
to the final state of the gas behind the shock front. The other curve (I) 

Fig. 7.12. /?, V diagram for a shock 
propagating through a gas with slow 
excitation of some of the degrees of 
freedom. 

V Κ  V 

corresponds to the excitation of only the rapidly relaxing degrees of freedom 
and to the " frozen " state of slowly relaxing degrees of freedom. In calculating 
curve I the specific internal energy of the slowly excited degrees of freedom is 
taken to be the same as in the initial state, in spite of the fact that the density 
and pressure of the gas change. As may be seen from the figure, curve I is 
steeper than curve II. Indeed, at the same density, the temperature and 
pressure are greater when some of the degrees of freedom are frozen, since, 
roughly speaking, the same compression energy is distributed among a smaller 
number of degrees of freedom*. 

Let us draw a straight line AC, connecting the initial and final states of the 
gas. As is well known, the slope of this line determines the propagation 
velocity of the shock wave through the undisturbed gas D. It follows from the 
first two equations of (7.17) that the state of the gas particles in the relaxation 
region changes along this straight line: 

ρ = p0 + p0D2(l - - 0 = p' + p V 2 ( l - (7.18) 

Thus, the point describing the successive states of a gas particle for a given 
front velocity jumps from the initial state A(p0, V0) to the intermediate state 
Β(ρΊ V) behind the compression shock and then moves to the final state 
C(pl9 Vx) along the straight line (7.18). In this case the pressure and density 
ratio increase as the final state is approached and the gas velocity relative to 

* In this case, numerical calculations show that the increase in the number of particles 
due to dissociation or ionization cannot compensate for the temperature decrease caused 
by the expenditure of energy in dissociation and ionization at constant volume. Therefore, 
the pressure in case II is still lower than in case I. 
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the front decreases. In the case of a wave so weak that its velocity is smaller 
than the speed of sound corresponding to the frozen degrees of freedom, the 
straight line AC passes below the tangent to the Hugoniot curve I at point A 
(Fig. 7.13). In this case, the state changes continuously along the straight 
line AC from point A to point C, and the gas experiences from the very 
beginning a gradual excitation of the lagging part of the specific heat. 

It is evident from (7.18) that the pressure in the relaxation region of a 
strong shock increases by only a small amount. Indeed, even if in the rapid 
compression zone only the translational degrees of freedom are excited, so that 

V'IV0 = 1/4, then the pressure in the relaxation layer can increase by not 
more than 2 5 % of its final value, since the quantity 1 — V/V0 to which the 
pressure change ρ — p0 is proportional lies in the range 1 > 1 — K , / K 0 > 1 — 
V'/Vo ^ 3/4. If, however, other degrees of freedom are also rapidly excited, 
then V'IV0 < 1/4 and the pressure change in the relaxation region is even 
smaller. The enthalpy increase in the relaxation region is extremely small. It 
follows from the third and first equations of (7.17) that 

The quantity (V'IV0)2 < \/\6 for a strong shock, so that the enthalpy 
increase in the relaxation region does not in any case exceed 5-6%. Since 
the specific enthalpy is almost constant in the relaxation region and the 
specific heats increase as the previously frozen degrees of freedom are excited, 
the temperature in this region will decrease. The temperature decrease can be 
appreciable if the lagging part of the specific heat is large and makes a large 
contribution to the final specific heat of the gas. The final temperature 7\ 
can be one half or one third as much as the temperature T' behind the 
compression shock. In exactly the same manner, the gas density can also 
increase appreciably (roughly speaking, ρ ~ pT; ρ changes slightly and Τ 
changes appreciably). The profiles of /?, p, w, and Γ in a shock front prop
agating through a gas with slow excitation of part of the specific heat are shown 

ρ 

Fig. 7.13. /?, V diagram for a weak 
shock propagating through a gas with 
slow excitation of some of the degrees 
of freedom. AK is the tangent to the 
Hugoniot curve I at the point A. 

v 

(7.19) 
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schematically in Fig. 7.14. For specific calculations of the distributions, the 
rate equations for the corresponding relaxation processes must be used. This 
will be done for several cases in the following sections. 

Po 

0 Ax 

Fig. 7.14. Pressure, density, velocity, P& 
and temperature profiles in a shock 
front propagating through a gas with 
slow excitation of some of the degrees 
of freedom; Ax&urTel is the front 
thickness. 

_| I ^ 

0  Δ * χ 

We note that if the shock wave is generated by a piston moving with a 
constant velocity w, then the velocity with which the gas moves behind the 
compression shock relative to the undisturbed gas D — u' is not the same as 
the piston velocity (it is lower); only the relative velocity of the gas in the 
final state behind the wave front, D — ul9 is the same as the piston velocity. 

§7. Excitation of molecular vibrations 

At temperatures of the order of 1000-3000°K (depending on the type of 
molecule) behind the shock front, molecular dissociation is very small and the 
contribution made by the chemical energy to the internal energy of the gas 
may be neglected. In this case the front thickens basically as a result of the 
slow vibrational excitation of the molecules. Molecular rotations at these 
temperatures are excited very rapidly, in only a few collisions, so that the 
rotational energy at each point of the wave front is in equilibrium and 
corresponds to the " t ranslat ional" temperature of the gas. 

We shall consider a diatomic gas composed of molecules of the same 
species initially heated to room temperature of the order of T0 « 300°K. 
At this temperature the vibrational energy is extremely small and the specific 
heat ratio is equal to 7/5. The flow variables behind the compression shock 
can be calculated from the ordinary equations for a perfect gas with constant 
specific heats, corresponding to the participation of only the translational 
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and rotational degrees of freedom of the molecules, with a specific heat ratio 
of Υ = 7/5. We shall write these equations, characterizing the strength of the 
shock wave by the Mach number ( M = D/c0; c\ = y ^ o ^ o X a s is conventional 
in laboratory studies: 

p' 6 
Po 1 + 5M - 2 ' 

— = - M 2 - - , 
Po 6 6 

^ = ^ ( 7 - M - 2 ) ( M 2 + 5). 

The flow variables in the final state behind the shock front can be calculated 
from the general relations at the front by specifying the functions h^T^ or 
ε ι (^Ί)> taking into account the vibrational energy. 

In general, the final values of the flow variables are not expressed by simple 
equations, since the vibrational energy in the region where quantum effects 
must be considered is a complicated function of temperature (see (3.19)). If 
we consider sufficiently strong shock waves with temperatures behind the 
front greater than the energy of vibrational quanta divided by the Boltzmann 
constant (Γ χ > hv/k), then the vibrational energy per molecule is equal to its 
classical value kT and ε = [l/(y — l)]/?/p, where the specific heat ratio y = 9/7. 
In this limiting case ^\ = \P\VX and the Hugoniot relation takes the simple 
form* 

Po SVJV0-1 V0 Spjpo + l 

From the general relation (1.67) it follows that 

- M 2 = . (7.21) 
5 l-VJV0 

One can also easily expresspjpo , as well as VJVq and TxjTQ = px Vxjp0V0 in 
terms of the Mach number M. It should be noted that the region of applic
ability of the above simple equation for the Hugoniot of a diatomic gas is 
very limited. If Tx < hv/k, then the vibrational energy is not equal to kT, 
while at temperatures appreciably greater than hv/k, molecular dissociation 
becomes important. 

As an example, let us consider a shock wave at a Mach number Μ = 1 in 
oxygen with an initial temperature Τ = 300°K. If the initial pressure is 

* We emphasize that these equations are not the same as the equations for a gas with 
the constant specific heat ratio y = 9/7, since in the initial state γ = 7/5 and ε0 = f p 0 V0. 
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atmospheric and the speed of sound c0 = 350 m/sec, then the shock velocity 
D = 2.45 km/sec. The flow variables behind the compression shock are 
p'/Po = 5.45, p'/po = 57, T'/T0 = 10.5, Τ = 3150°K. The parameters in the 
final state behind the shock front are P i / p 0 = 7.3, pllp0 = 60, TxjTQ = 8.2, 
and 7\ = 2460°K. The value of hv/k for oxygen is 2230°K; since 7\ is slightly 
larger than this value it is possible to use the simple equation for calculating 
Tx (dissociation of oxygen at this temperature and not too low a density is 
sufficiently small that it can be neglected). 

Let us find the distribution of the flow variables in the relaxation region and 
estimate its thickness. The specific internal energy of the gas at any point χ 
consists of the energy of the translational and rotational degrees of freedom, 
equal to \RT, with Τ the " t ranslat ional" temperature at the point χ and R 
the gas constant per gram, and of the nonequilibrium vibrational energy 
which will be denoted by e v i b : thus, s = ^RT+syih. As was pointed out 
above, the specific enthalpy remains practically constant in the relaxation 
region (in our numerical example the change amounts to only 1 %), and hence 

h = \ RT + e v i b « const « ht « h'. 

This equation relates the nonequilibrium vibrational energy to the tem
perature at the point x. Directly behind the compression shock the vibrational 
modes are not excited (in the initial state at Τ = T0 « 300°K the vibrational 
energy is very small), so that at the point χ = 0 behind the compression shock 
e v i b = 0. Behind this point a gradual excitation of the vibrational modes takes 
place, e v i b increases, and the temperature decreases from T' to the final value 
Tl9 at which value the vibrational energy attains its equilibrium value cor
responding to this temperature. 

The temperature distribution with respect to χ may be found from the rate 
equation for vibrational excitation (6.9): 

^ £ v i b _ g v i b ( ^ ) ~ e v i b 

Dt ~ r v i b 

Here e v i b ( r ) is the equilibrium vibrational energy corresponding to the 
translational temperature T, and r v i b is the relaxation time. Let us for sim
plicity consider only strong shocks where the temperature is sufficiently high 
and the equilibrium vibrational energy is expressed by the classical formula 
£ v i b ( r ) = RT. In this case 6 v i b = hx - \RT=\RTX - ^RT. Substituting these 
expressions into the rate equation and replacing the material derivative with 
respect to time by a derivative with respect to position by taking into account 
the fact that the process is steady, DjDt = d/dt + u d/dx = u d/dx, we obtain 
the equation 

dT _ 9 7\ - Τ 
dx 7 wr v i b 
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The relaxation time r v i b depends on the temperature and density (or pressure). 
This dependence can be approximately described by (6.19), which was 
derived in §4 of Chapter VI, namely 

In order to make these considerations physically clearer we shall assume 
that wr v i b is approximately constant in the relaxation region and corresponds 
to some average temperature and density between T' and 7\ and p ' and ργ 

(u = Dp0/p). This approximation is meaningful since the temperature and 
density changes are not large. In our numerical example, the temperature 
changes by a factor of 1.28, Γ 1 / 3 by a factor of 1.08, and the density and the 
velocity change by a factor of 1.34. Integrating the temperature equation 
with the initial condition Τ —T' at χ = 0, and noting that since h! = hu 

T' — ^ Γ ΐ 5 we obtain the temperature distribution 

Recalling that the pressure is almost constant (ρ ~ pT « const), and that the 
temperature variation is also not too rapid, we find the approximate density 
distribution 

Ρ = Pi - (Pi - P') e~9x/lu^ = p' + (Pl - p ' )( l - ι Γ 9 " 7 " * " * ) . (7.22) 

Thus, as χ -» oo the temperature and density asymptotically approach their 
final values 7\ and p 1 ? and the effective thickness of the relaxation region and 
of the shock front is approximately given by 

Equations (7.22) and (7.23) can serve for an experimental determination 
of the vibrational relaxation time. Ordinarily for this purpose, interferometric 
methods are used to measure the density distribution behind the com
pression shock and the thickness of the shock front (see Chapter IV). To 
extract from the experiment better data than can be obtained using the above 
simple theory one can refine the simple theory by taking into account the 
quantum dependence of the vibrational energy on temperature, the change in 
velocity u = w(x), etc. Of course, all of these refinements do not change either 
the qualitative picture of the distributions or the order of magnitude of the 
front thickness. 

The theory presented above can also be extended to vibrational relaxation 
in polyatomic molecules if the strength of the shock wave is such that only the 

Ax = iuxyih. (7.23) 
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lowest-frequency vibrational mode is excited*. Calculations and measurements 
for C 0 2 and N 2 0 may be found in [25]. Table 7.1 gives several values of shock 
front thicknesses in oxygen and nitrogen as determined by vibrational re
laxation (from the experiments of Blackman [26]). These data are reduced to 

Table 7.1 

SHOCK FRONT THICKNESS IN OXYGEN AND NITROGEN WITH VIBRATIONAL 
RELAXATION [26] 

Μ D, km/sec T°i pilpo r v i b · 1 0 6 , s e c Ax, cm 

Oxygen 

5.95 2.08 2000 6.3 5 0.165 
8.0 2.8 3300 7.1 0.8 0.031 

Nitrogen 

7.42 2.43 3000 6.55 30 1.11 
9.97 3.26 5000 7.14 5 0.23 

correspond to a pressure behind the front px = 1 atm (Ax ~ T V I B ~ l/p^, and 
an initial temperature T0 = 296°K. 

The most detailed summary of all theoretical work devoted to the calcu
lation of the structure of the vibrational relaxation region in a shock front is 
to be found in the review by Blythe [57]. This paper considers a large variety 
of approximate solutions and also presents the results of exact solutions 
obtained with the aid of digital computers (see also [58]). We also note several 
experimental papers which describe studies of the vibrational relaxation in a 
shock front and determine the corresponding relaxation times and rates of 
vibrational excitation. Oxygen was studied in [59, 60], nitric oxide in [61], 
carbon monoxide in [62], and carbon dioxide in [63, 64]. A detailed survey of 
the experiments relating to this problem along with numerous references is 
given in the book of Stupochenko, Losev, and Osipov [90]. 

§8. Dissociation of diatomic molecules 

At temperatures of the order of 3000-7000°K behind a shock front in a 
diatomic gas there is still no ionization, molecular vibrations are excited 
relatively quickly, and the thickness of the wave front is connected with the 
slowest relaxation process—molecular dissociation. Estimates show that the 

* In the case of nonlinear polyatomic molecules the numerical coefficient 9/7 in (7.21) 
and (7.22) must be replaced by 5/4, corresponding to the different rotational specific heat 
ilk per molecule instead of k). 
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vibrational relaxation time in the above temperature range is approximately 
an order of magnitude less than the time required for establishing dissociative 
equilibrium. Approximately, therefore, one may take the vibrational, as well 
as the rotational, energies at each point of the relaxation region to have their 
equilibrium values. The flow variables behind the compression shock cor
respond to an intermediate value of the specific heat ratio / = 9/7 (the 
vibrations at such high temperatures are completely "classical") . They can 
be calculated from (7.20) and (7.21). 

Appreciable dissociation appears only in sufficiently strong shocks, where 
the density ratio across the compression shock is close to its limiting value of 8 
corresponding to the specific heat ratio of γ = 9/7 (we assume that the shock 
wave propagates through a gas at room temperature Τ « 300°K). In this case 
(7.20) and (7.21) simplify to give, approximately, 

£ i . s , 

Po 40 T0 320 

where Μ is the Mach number (defined with y = 7/5 ahead of the shock, eds.). 
The flow variables behind the shock front, with dissociation taken into 
account, cannot be expressed by simple formulas (see §9, Chapter III) ; they 
are calculated from the general relationships at the shock front. 

Let us find the distribution of the flow variables in the relaxation region. 
The specific internal energy of the gas taking dissociation into account is 
(see (3.21)) 

7 3 (1 oc\ 
ε = - (1 - a > R T + 2<x-RT + olU = (~-^JRT + olU9 

where U is the dissociation energy per unit mass of gas and α is the degree of 
dissociation (which may be out of equilibrium). Since the density ratio just 
behind the compression shock is already very large (almost 8), the pressure 
change in the relaxation region is small and the enthalpy change is negligibly 
small. From this it follows that 

ρ = R(l + a)pT « const = p' = Rp'T\ (7.24) 

h = (^ + ^JRT + ocU& const = W = 9- RT. (7.25) 

These equations allow us to express the density and degree of dissociation at 
a point χ of the wave in terms of the temperature, or the temperature and 
density in terms of the degree of dissociation. Thus, for example, neglecting 
α (α < 1) in comparison with 9, we find from (7.25) that 
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where Tdis = U/R (for example, for oxygen r d i s = 59,400°K). There is still no 
dissociation at the point λ = 0 behind the compression shock: α = 0 and 
T=T'. Beyond that point dissociation begins; the degree of dissociation 
increases and the temperature decreases on account of the energy lost in 
dissociation. This process continues until dissociative equilibrium correspond
ing to the gas temperature is attained. 

To find the distribution of the flow variables with respect to χ we shall use 
the rate equation for dissociation (see §5, Chapter VI). We shall consider 
here shock waves which are not very strong, in which the degree of dissoci
ation reached behind the front is small, i.e., α, <̂  1. In this case we can 
neglect molecular dissociation due to collisions with atoms and retain in the 
rate equation (6.21) only those terms which correspond to dissociation as a 
result of collisions with molecules and recombination of atoms by three-body 
collisions (with a molecule acting as the third body). When replacing in the 
rate equation (6.21) the atom number density by the degree of dissociation 
according to the relation NA = 2aN0 (N0 is the original molecule number 
density) only the degree of dissociation and not the gas density (i.e., N0) 
should be differentiated with respect to time, since (6.21) does not contain 
any term describing the density change. If such a term is added to (6.21), it 
cancels out with the term 2a dN0/dt, obtained by differentiating N0 in the 
expression 

Neglecting α in comparison with unity in all terms, using the definition of the 
relaxation time τ given by (6.25), and replacing the material derivative with 
respect to time by a derivative with respect to position, we can rewrite the 
rate equation in the form 

where (a) is the equilibrium degree of dissociation corresponding to the 
temperature and density of the gas at the point χ (see (6.23)). 

As in the preceding section we shall take both the relaxation time τ(Γ, ρ) 
and the velocity of the gas with respect to the compression shock u = Dp0/p 
to be constant, corresponding to some average value of the temperature and 
density in the relaxation region. If the final degree of dissociation is very 
small, and the temperature and density changes are not too large, then this 
approximation may be used for a rough estimate. The equilibrium degree of 
dissociation (a) which depends on Τ and ρ will also be taken constant and 
equal to the degree of dissociation in the final state αλ. Integrating the rate 

Ν A = 2N0oc. 
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equation under these assumptions and imposing the initial condition α = 0 
at χ = 0, we obtain 

Substitution of the degree of dissociation α calculated from this expression 
into (7.26) gives the temperature distribution T(x) (for α = clu Τ = 7^), 
from which (7.24) will give the density distribution p(x). We shall not write 
out the equations for the T(x) and p(x) distributions. It is obvious from these 
distributions as well as from (7.27) that Τ and ρ asymptotically approach 
their final values behind the wave front Tx and p t . The effective thickness of 
the relaxation region and of the shock front, as should have been expected, 
is approximately equal to 

where τ is some average relaxation time in the nonequilibrium region. 
Nonequilibrium dissociation in a shock front has been studied experi

mentally by many authors. A large number of these studies were carried out 
in oxygen. Matthews [27] used an interferometer to measure the density 
distribution in the nonequilibrium region behind the compression shock in a 
shock tube. The experimental data were compared with the theoretical calcu
lations based on a solution of the rate equation for the dissociation. Matthews 
calculated a number of distributions with different values of the reaction rate 
constants; the constants were selected to obtain the closest agreement with the 
experimental data. (The distributions were calculated more exactly than in 
the method presented above.) The experimentally determined dissociation 

a t — a — X/UT (7.27) 
oc1 + a 
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Fig. 7.15. Density distribution across a compression shock in oxygen according to the 
data of [27]. The initial pressure p0 = 19.6 m m H g and the initial temperature T0 = 300°K. 
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rate for oxygen was given in §6, Chapter VI. Figure 7.15 shows the density 
distribution in the nonequilibrium region of a shock wave in oxygen according 
to the data of Matthews. It is evident from Fig. 7.15 that the thickness of the 
shock front under experimental conditions is of the order of Αχ « 1 cm. 
Losev [28] and Generalov and Losev [29] measured the temperature distribu
tion behind a compression shock in the region in which oxygen was out of 
equilibrium by means of the temperature-dependent absorption of ultraviolet 
radiation in the Schumann-Runge bands of 0 2 molecules. Light absorption 
was used to study the dissociation rate of bromine and iodine in a shock 
wave [30]. 

In the papers by Camac and Vaughan [65], Rink et al. [66], and Wray and 
Freeman [91], the dissociation of oxygen in a shock wave was investigated; in 
[67] the dissociation of hydrogen was studied and in [68] the dissociation and 
recombination of nitrogen were studied. For a survey of the literature and a 
detailed bibliography see the book [90]. 

§9. Shock waves in air 

Air is a mixture of two diatomic gases: nitrogen and oxygen (79 and 21 % 
with respect to the number of molecules). In shock waves with strengths 
corresponding to final temperatures T{ ~ 3000-8000°K a considerable 
broadening of the shock front is observed as a result of the dissociation of 
nitrogen and oxygen molecules. Besides the dissociation reactions at high 
temperature, oxidation of nitrogen also takes place. The determination of the 
distributions of the flow variables in the wave front and the thickness of the 
front requires the simultaneous solution of the rate equations for all of these 
reactions. Such calculations have been carried out by Duff and Davidson [32] 
and also by a number of other authors. A number of experimental papers are 
devoted to the study of the nonequilibrium region in air using shock tubes. 
References to these articles may be found in the review [31] and in the book 
[90]. 

For illustration let us present the results of the calculations reported in [32] 
(the calculations were carried out with the use of an electronic computer). 
The calculations included the following basic chemical reactions: 

0 2 + M ^ O + 0 + M , 
N 2 + M ^ ± N + N + M, 

N O + M i ± N + 0 + M, 
0 + N 2 ^ ± N O + N , 
N + 0 2 ^ ± N O + 0 . 

In all of these reactions Μ denotes any atom or molecule. The following re
combination rate constants were taken for the three dissociation reactions: 
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3 · 1 0 1 4 , 3 -10 1 4 , and 6 - 1 0 1 4 mole 2 - c m 6 - s e c 1 , respectively. The forward 
rates of the fourth and fifth reactions were taken in the following form: 

k4 = 5 · 1 0 1 3 e x p -
75,500' 

mole" 

k5 = 1 · 1 0 1 1 T 1 / 2 e x p -
6200\ 

mole" cm · sec 

(cf. the data of §8, Chapter VI). 
Two assumptions were made in these calculations: (1) the vibrational 

degrees of freedom at each point of the nonequilibrium region are in equilib
rium and (2) the rate of vibrational excitation was calculated simultaneously 
with the rates of the chemical reactions. The temperature and density distribu
tions behind the compression shock in a shock wave with a Mach number 
Μ — 14.2 propagating through air with p0 = 1 mm Hg and T0 = 300°K are 
shown in Fig. 7.16. The temperature behind the compression shock T' is 
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Fig. 7.16. Temperature and density distributions in a shock front in air at a Mach 
number M= 14.2. The ordinate gives the temperature and the density ratio plp0. The 
initial pressurep 0 = 1 m m Hg, and the temperatue T0 = 300°K. The solid curves correspond 
to instantaneous excitation and the dashed curves to a finite rate of excitation of the 
vibrational modes . 

9772°K if the vibrational modes are taken to be in equilibrium and 12,000°K 
if they are unexcited there. Results obtained under the assumption of vibra
tional equilibrium are shown by the solid lines and those obtained from the 
assumption of no vibrational excitation behind the compression shock by the 
dashed lines. The difference between these curves, although not very large, is 
still significant, since the chemical reaction rates do not strongly exceed the 
vibrational excitation rate. The front thickness under these conditions, as 
can be seen from Fig. 7.16, is of the order of 5 mm. 

The thickness of the relaxation layer in air in the dissociation region was 
measured by Losev and Generalov [33]. The temperature change in the 
relaxation layer was measured from the change in the absorption of light 
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from an external source in the Schumann-Runge bands of oxygen molecules. 
The pressure behind the shock front was very close to atmospheric. For 
D = 3.7 km/sec, Ax « 0.5 cm (the average temperature in the layer Τ « 
4500°K); for D = 2.8 km/sec, Ax « 1.3 cm ( f « 3200°K). Comparison with 
the Duff and Davidson calculations presented above indicates the correctness 
of the reaction rate constants chosen for these calculations. 

Wray, Teare, Kivel, and Hammerling [69] list rate constants for chemical 
reactions in high temperature air. The constants were chosen by the authors 
on the basis of analysis of the available experimental data and are recom
mended by them for the calculation of nonequilibrium processes in shock 
waves. Calculations carried out by the authors on the front structure in air 
are in agreement with the shock tube measurements of Lin [70]. The list of 
the rate constants is given below. The last two lines give the reaction rate 

Table 7.2 

RECOMBINATION RATE CONSTANTS [69] 

Reaction 
Recombination rate 

constant, c m 6 / m o l e 2 · sec 
Third body 

0 + 0 + M - > 0 2 - f M 2.2 · ΐ ο 2 0 Γ - 3 / 2 Ο 
8.0· ΐ θ 1 9 Γ - 3 / 2 o 2 

2.5 · 1 0 1 5 Γ " 1 / 2 N 2 , N, NO, A 
N + N + M - > N 2 - f Μ 5.5 · ΐ θ 2 0 Γ " 3 / 2 Ν 

2.o · i o 2 0 r - 3 / 2 N 2 

6.0· i o 1 5 r - 1 / 2 0 2 , O, NO, A 
N + O + M-^NO + M 2.0· 1 0 2 1 Γ " 3 / 2 NO, Ο, Ν 

l . o - i o 2 0 r - 3 / 2 0 2 , N 2 , A 

Reaction 
Rate constant, 
c m 3 / m o l e · sec 

N O + N - > 0 + N 2 1.3 · 10 1 3 

N O + 0 - > N + 0 2 1.0· \ o i 2 T i / 2 e - 3 l 2 0 , T 

N + 0 - > N O + + < ? 3 · i o 1 3 r _ 1 / 2 e ~ 3 2 , 5 0 0 / T 

N O + + e - > N + 0 1.8 · 1 0 2 1 Γ " 3 / 2 

constants for ionization and electron recombination which play an important 
role in establishing ionization equilibrium in air at comparatively low 
temperatures. The rate constants for the reverse chemical reactions can be 
expressed in terms of the rate constants for the forward reactions and the 
corresponding equilibrium constants. A detailed summary of the rates of 
various reactions which take place in air, including those involving charged 
particles, is given in Chapter 11 of the collection [92]. We note also [71-75], 
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which have reported studies on the relaxation layer in a shock wave in air and 
related problems. A more detailed survey with respect to shock waves in air 
is given in the book [90]. 

§10. Ionization in a monatomic gas 

For temperatures behind the shock front of the order of 15,000-20,000°Κ 
the gas is appreciably ionized. The establishment of ionization equilibrium at 
these temperatures is the slowest of the relaxation processes and therefore 
determines the thickness of the wave front*. 

From the point of view of experimentally studying ionization in a shock 
tube it is most attractive to deal with monatomic gases. Due to the absence 
of a number of the degrees of freedom possessed by molecular gases it is 
easier in monatomic gases to obtain high temperatures ~ 15,000-20,000°K. 
Monatomic gases are also very suitable for checking the theory of the 
phenomenon, since ionization (single) is the only relaxation process respons
ible for broadening the shock front. The first detailed study of this kind was 
carried out by Petschek and Byron [35] for argon. 

Let us consider a shock wave in a monatomic gas. Appreciable ionization is 
attained only for rather strong waves, where the limiting density ratio reached 
across the compression shock is 4, since the specific heat ratio / = 5/3. The 
flow variables behind the compression shock are expressed in terms of Mach 
number by the simple relations 

p' Ρ' 5 , r 5 , 

Ρο Ρο 4 το 16 
For example, for Μ = 18 and an initial temperature T0 = 300°K, which 
corresponds to a shock velocity D = 5.75 km/sec, the temperature behind the 
compression shock T' = 30,000°K. At equilibrium behind the shock front 
in argon for an initial pressure /? 0 = 1 0 mm Hg, the gas is approximately 
2 5 % ionized and the temperature Tx = 14,000°K. 

The thickness of the compression shock is approximately two to three 
gaskinetic atomic mean free paths. If the gas is ionized ahead of the shock 
front and thus also immediately behind the compression shock, it is only 
weakly so. Ionization occurs after the shock compression and rapid heating of 
the gas particles. The basic ionization mechanism is ionization by electron 
impact (see Chapter VI). However, ionization by electron impact with the 
formation of an electron avalanche requires the presence of some initial 
" p r i m i n g " electrons. One of the mechanisms which can lead to this initial 
ionization is ionization by atom-atom collisions. As was noted in Chapter VI, 

* Molecular dissociation at these temperatures proceeds very rapidly, with a small 
number of collisions. 
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the cross section for this process is extremely small. Therefore, the formation 
of the " p r i m i n g " electrons by atom-atom collisions requires an appreciable 
time. Correspondingly, the region behind the compression shock where the 
flow variables correspond to a negligibly small degree of ionization and are 
simply equal to p ' , /?', and T\ etc., extends over a rather large distance. 

Avalanche ionization begins when the rate of ionization by electron impact 
becomes greater than the rate of ionization by atom collisions, or of ionization 
due to other processes. Possible mechanisms for the formation of the priming 
electrons will be discussed below. Since the rate of ionization by atomic 
collisions is extremely low, avalanche ionization begins with only very few 
" p r i m i n g " electrons, when the degree of ionization a ~ 1 0 ~ 5 - 1 0 ~ 3 . We 
shall not examine here the formation of the " p r i m i n g " electrons but shall 
consider the basic process of ionization from the very low to the equilibrium 
values (a t = 0.25 in our example). 

At a constant electron temperature Te the avalanche increases exponentially 
as ne ~ a ~ et/x (see §11 of Chapter VI), until recombination begins to com
pensate appreciably for the ionization. Thereafter, the degree of ionization 
gradually approaches its equilibrium value at which the recombination exactly 
balances ionization. In actuality, the formation of an avalanche proceeds in 
a more complex manner. Each act of ionization results in the electron gas 
losing an amount of energy equal to the ionization potential / (which in 
argon is equal to 15.8 ev). On the other hand, the temperature of the electron 
gas is of the order of 10,000°K, that is, the thermal energy of a single electron 
is of the order of 1.5 ev. Thus, the formation of a single new electron requires 
an energy equal to the thermal energy of approximately ten electrons. If the 
thermal energy of the electrons were not replenished, the electron temperature 
would drop very rapidly. This would also result in a drop in the rate of 
ionization which depends very strongly on the electron temperature through a 
Boltzmann factor of the type e~I/kTe (see §11, Chapter VI). The electron 
energy loss in ionization is compensated for by energy transfer to the electrons 
from the atom gas heated by the compression shock. However, the energy 
exchange between the heavy particles and the electrons, due to the great 
difference in their masses, progresses extremely slowly and it is just this 
exchange process which limits the rate of development of the electron 
avalanche and determines the time required to reach equilibrium ioniz
ation. 

For small degrees of ionization, very few ions are present and the electrons 
acquire their energy by collisions with neutral atoms. However, the effective
ness of such collisions for electron temperatures Te ~ 1 ev « 1 0 4 o K is approxi
mately 10 3 times less effective than the electron-ion collisions. Therefore, the 
transfer of energy from atoms to electrons is important only at the very 
beginning of the process; already at a low degree of ionization α ~ 1 0 " 3 , the 
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energy exchange between the ions and electrons is of primary importance. 
The temperature of the ions is equal to that of the atoms since the energy 
exchange between them proceeds very rapidly as a result of their equal 
masses. Thus, a small number of ions serves in this case as an " intermediary " 
in the energy exchange from the atoms to the electrons. In the electron gas the 
energy is distributed very quickly, so that we can speak of an electron tem
perature Te which is, naturally, different from the temperature Τ of the 
heavy particles (atoms and ions). 

The electrons not only ionize the atoms but also excite them. The energy of 
the first excited level of an argon atom is E* = 11.5 ev. In the case of appreci
able electron concentrations the excited atoms are deexcited by electron 
collisions of the second kind. In this case the excitation energy is again 
returned to the electron gas. However, when the electron temperatures are 
of the order of and, in particular, higher than 1 ev, electron impact ionization of 
an excited atom becomes more probable than deexcitation (only a moderate 
amount of energy I — E* = 4.3 ev is required for ionization). The ionization 
in this case takes place in two stages, the atom is first excited and then it is 
ionized. The energy expended for ionization in this two-stage process still 
remains equal to the ionization potential: E* + (/ — Ε*) = I. Other multistage 
processes in which an atom is not immediately ionized by electron impact, but 
is first subjected to several increases in the degree of excitation, are also 
possible (see Chapter VI). 

If the rate of ionization of excited atoms is high in comparison with those 
of deexcitation and of the excitation of unexcited atoms, then the ionization 
rate is essentially determined by the excitation rate only (in accordance with 
(6.79)). This is precisely the assumption made by Petschek and Byron [35], 
who assumed that each atom is " ins tantaneously" ionized following the 
excitation. The excited atoms emit part of their energy. The photon generated 
as a result of this emission is absorbed by a neighboring unexcited atom (the 
absorption cross section for the resonant photons is very large), which, in 
turn, reemits and so forth*. 

Let us set up a system of equations which approximately describes the 
ionization process and the distributions of flow variables in the shock wave. 
For simplicity we restrict ourselves to the case of a small degree of ionization 

* Resonant photons born in the heated zone behind a shock front may leave the heated 
region by diffusing through the gas and penetrating the front surface. After that they 
diffuse through the unexcited gas and leave the propagating shock wave behind. The 
diffusion of resonance radiation at a large distance ahead of the front results in a significant 
concentration of excited atoms. This process was considered by Biberman and Veklenko [34]. 
They have shown that at a distance of 1 m ahead of the wave front in argon with p0 = 10 m m 
Hg, Μ = 18, and Τγ = 14,000°K, the concentration of excited atoms reaches 5 · 1 0 1 3 c m " 3 , 
which corresponds to an excitation "temperature" of ~ 13,500°K, only slightly lower than 
the temperature of resonance radiation passing through the front surface and equal to 7 \ . 
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α <̂  1. For convenience we shall refer to the energy and all other thermo
dynamic quantities not per unit mass but per original gas atom. 

The enthalpy per original atom is equal to 

h = \kT + ia /cT e + a/. 

From the condition that the enthalpy is approximately constant in the 
relaxation zone and that α <̂  1 we obtain a relationship between the degree 
of ionization and the atom temperature analogous to that of (7.26) 

5 V - Τ 
α = , (7.28) 

2 Τ: ' V 
1 i o n 

where Γ ί ο η = I/k (in argon Tion = 1.83· 10 5 o K) . 
The gas pressure is ρ = nkT + nockTe « nkT, where η = na + nx = na + ne 

is the total number of atoms and ions per unit volume. It can be expressed 
in terms of the atom temperature and the degree of ionization from (7.18). 
It can be determined less exactly from the condition that the pressure in the 
relaxation zone is approximately constant: ρ « nkT'« nkT''. This yields 

n = 4 n 0 ( l - ^ a ^ ! (7.28') 

where n0 is the atom number density ahead of the front. 
The rate equation for the degree of ionization α = nejn is 

7 - = u — = - . (7.29) 
Dt αχ η 

Here q is the algebraic sum of all terms which describe the appearance and 
disappearance of free electrons per unit volume per unit time. Over the main 
region q is determined by electron impact ionization. Within the framework 
of the Petschek-Byron assumptions, for example, q in this region represents 
the rate of atom excitation q = oc*nena, where the rate constant a* is given by 
(6.79). In the very beginning of the process, immediately behind the com
pression shock, q is determined by processes which result in the formation of 
" p r i m i n g " electrons (atom-atom collisions, etc., see below). In the final 
stage, in the region where equilibrium is approached, recombination must also 
be included in q. 

The rate of ionization by electron impact depends on the temperature of the 
electron gas, which is governed by the equation of electron energy balance. 
We denote the entropy and enthalpy of the free electrons per original atom 
by Σβ and he = ^ockTe, and the electron pressure by pe = nakTe. Remembering 
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that D\Dt = u d/dx, we may write the energy balance equation 

dZ. (dhe ldPe\ 1 
(7.30) 

where a>ea is the heat inflow per unit volume per unit time due to the energy 
exchange from the ions and atoms to the electrons, and is the energy lost 
by the electrons in ionization (per unit volume per unit time)*. According 
to (6.121) 

Z \ U l / e x c h Z T e x c h 

where l / t c x c h = \\xei + \\xea\ xei is the characteristic time for energy exchange 
between ions and electrons (equation (6.120)) and xea is the characteristic time 
for energy exchange between atoms and electrons (equation (6.122)). The 

* Equation (7.30) can also be derived from equations of the type of (1.10) and (1.6) 
written for an electron gas. In this case, however, we must take into account the fact that a 
small polarization (relative displacement of positive and negative electric charge, eds.) 
takes place in an ionized gas in the presence of gradients of the macroscopic quantities, as a 
result of which electric fields arise which prevent an appreciable charge separation (for 
more details, see §13). The polarization field Ε ensures a " r i g i d " connection between the 
electron and atom-ion gases. When this field is taken into account, additional terms appear 
in the electron equations of motion and energy 

Due „ 
mene -j^j = — vpe — eneE 

(3 meUe\ 1 Γ / 5 , meul\ ωι — erieE · u e 

Because the mass of the electrons is extremely small, the inertia term in the equation of 
motion of the electron gas is extremely small, and the gradient of the electron pressure is 
balanced by the action of the polarization field; thus, — eneE = Vpe. W e now substitute 
this quantity into the energy equation, neglecting the small kinetic energy of the electron 
gas, and consider the one-dimensional steady-state case. Not ing also that the electron gas 
velocity u e is practically the same as that of the atom-ion gas u, using the integral of the 
continuity equation nu = const and the definition ne = an, we arrive at (7.30). W e also 
write the equations of motion and energy for the atom-ion gas in the form: 

Du 

~Dt 
P=Pa + Pi, 

/ 3 , mau2\\ _ Γ (5 t r r , mau2\ 

n [ 2 k T + — ) j + v - [ " v r + ~ ) entE' u. 
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energy expended in ionization is equal to 

oji = Iq = Inu ^ - · (7.32) 
ax 

The system of differential equations (7.29) and (7.30) for a(x) and Te(x) 
and the algebraic equations (7.28) and (7.28') which give Γ(α) and «(a), 
together with the ionization rate q defined in an appropriate manner, can be 
used to find the distributions of all the quantities in the relaxation zone. In 
fact, the rates of exchange and of inelastic losses ωβα and ωί compensate one 
another to an appreciable extent, coea — a>t- <ζ coea, co f. Thus in by far the 
greatest part of the relaxation region the energy balance equation (7.30) 
reduces to the algebraic relation ωβα « ω ί 5 which makes it possible to express 
α in the form of a function of Te. This was the approach used by Petschek 
and Byron for calculating the width of the relaxation region. 

The basic difficulty in considering ionization in the relaxation region is 
presented by the problem of the formation of the priming electrons. The cross 
sections for ionization by atom collisions are practically unknown (see §15, 
Chapter VI). The published experimental data for argon [37, 38] pertain to 
energies of several tens of ev. Therefore some reasonable estimate of the cross 
section must be assumed for calculation purposes. The structure of the 
relaxation region in argon was calculated by Bond [36] and Biberman and 
Yakubov [93]*. For illustration we show in Fig. 7.17 the distributions taken 
from [93] of the atom and electron temperatures and of the degree of ioniza
tion for a Mach number Μ = 16, D = 5.1 km/sec, and inital pressure p0 = 
10 mm Hg. These curves were calculated on the assumption that the atoms are 
ionized by electron impact directly from the ground level, and that the cross 
section for ionization by atom collisions near the threshold as a function 
of the collision energy ε is approximated by a straight line with slope C = 
1.2 · 10"" 2 0 cm 2 /ev, so that when ε = / + 1 ev the cross section σ = 1.2 · 1 0 ~ 2 0 

c m 2 (see Chapter VI). It can be seen from the figure that initially the ionization 
is extremely small and that it increases very slowly. The electron temperature 
rises quite rapidly to a value Te « 1.3 ev, and then remains almost constant. 

In this region the energy supplied by the ions is compensated by the energy 
lost in ionization. It should be noted that the time for accumulating priming 
electrons due to atom-atom collisions should depend only weakly on the 
cross section chosen. In the case of Te = const it is completely independent of 
the cross section of atom-atom ionization and is determined by the time of the 
succeeding electron avalanche development (this was shown at the end of 
§13, Chapter VI). As shown by calculations in [93], the taking into account 
of the step-wise character of electron impact ionization with preliminary 

* In [35] only values of the total width of the region were obtained. 
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excitation of the atoms significantly reduces the ionization time and width 
of the relaxation region only for shock Mach numbers less than 12-13; for 
Μ > 13 this reduction is insignificant. 

2 0 , 0 0 0 

15,00 0 

1 0 , 0 0 0 

5 , 0 0 0 

4 3 2 1 

Η 0.1 0 

Αθ.05 

* ,cm 4 3 2 1 

Fig. 7.17. Distribution of electron and atom temperatures and degree of ionization 
in a shock wave in argon on the assumption that the initial electrons are formed by atom-
atom collisions. The Mach number is 16, the pressure ahead of the front 10 m m Hg, 
and the initial temperature 293°K. 

Experiments in a shock tube on ionization relaxation in argon were 
carried out by Petschek and Byron [35]. In order to expand the nonequilibrium 
region and to increase the relaxation times so as to make them accessible to 
measurement, the experiments were carried out at quite low initial pressures 
of argon. The most reliable measurements were made at p 0 = 2 mm Hg. The 
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electron density distribution in the shock wave was determined by recording 
the continuous luminous spectrum which results from electron-ion recom
bination. The intensity in this spectrum, at a given cross section χ of the shock 
wave, is proportional to the square of the electron density (the gas is trans
parent to radiation). In addition, probes were used to measure the electron 
density gradients, and these were in agreement with the luminosity measure
ments. The experiments showed that the width of the relaxation region, which 
is determined to an appreciable extent by the initial rate of ionization, is 
strongly dependent on the degree of purity of the argon; in the formation of 
priming electrons an important role is played by the impurities (with low 
ionization potentials). 

We present the results of some measurements of the ionization relaxation 
time in argon. The relaxation times and approximate front thicknesses are 
reduced to the initial pressure condition / 7 0 = 10 mm Hg (they are inversely 
proportional to the gas density). The values are for a very pure gas, with an 
impurity content of ~ 5 · 1 0 " 5 . The experiments show that, roughly speaking, 

Table 7.3 

IONIZATION RELAXATION TIME IN ARGON 

Μ T\ °K D , km/sec τ · 1 0 6 , sec Δ χ , cm 

10.3 10,000 3.3 100 - 6 . 5 
11.5 12,500 3.7 17 - 1 
13.4 16,700 4.3 3 - 0 . 2 
16.4 25,000 5.25 0.5 - 0 . 0 3 2 
20.3 40,000 6.5 0.1 - 0 . 0 0 6 

log τ is alinear function of 1 \T\that is, τ ~ cxp(const/Tf). The constant in this 
relation corresponds to an activation energy of approximately 11.5 ev. 

Comparison of experimental data on electron density distributions with 
avalanche ionization calculations has shown that the avalanche is developed 
only after the initial ionization reaches a value of the order of 0.1 of the 
equilibrium ionization, or an absolute value of α ~ 1 0 " 2 . The question of the 
nature of the initial ionization was not resolved in [35]. Estimates have shown 
that ionization as a result of atom-atom collisions or photoionization by 
photons born in the equilibrium region cannot ensure the rapid formation of 
the large number of priming electrons which are required to explain the 
experimental data. The evident insufficiency of the mechanism of atom-atom 
collisions is shown by the fact that calculations which take into account only 
this mechanism give relaxation times which are tens of times larger than the 
experimental relaxation times [93]. 
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A number of authors have proposed different mechanisms for the initial 
ionization: in particular, it has been suggested that a role is played by the 
diffusion of electrons from a region with a high level of ionization into a 
region where the degree of ionization is low and even into the gas ahead of the 
shock front. (Electron diffusion in a shock wave is treated in [39, 76, 77].) 
The role of atom excitation ahead of the shock front by resonance radiation 
emerging from the equilibrium region was pointed out in [94]. 

An analysis of the various ionization mechanisms in a shock wave in argon 
(and in monatomic gases in general) is contained in the paper by Biberman 
and Yakubov [93] cited previously. The authors have investigated the effect 
of variations in the choice of ionization cross sections by electron and atom 
impacts, the role of step-wise and radiative processes. They have come to the 
conclusion that the decisive role in the rapid formation of the priming 
electrons must be played by the excitation of atoms by resonant radiation 
coming from the equilibrium region. This effect brings about a large increase 
in the concentration of excited atoms, which are easily ionized by electron 
impacts. Taking into account the above effect, the authors were able to 
considerably narrow the gap between calculated and experimental values of 
the relaxation times and to obtain satisfactory agreement. 

We must note that the problem of ionization relaxation and, in particular, 
of the initial ionization mechanism is still not entirely clear. We also wish 
to note [95] in which relaxation in xenon is studied, and [96], which is con
cerned with the effect of radiation. 

§11. Ionization in air 

Ionization in shock waves in air was studied in the early papers [40, 41, 70, 
78-80], and especially thoroughly in the experiments described in [87]. 
In the latter experiments waves with velocities of 4.5-7 km/sec (Mach 
numbers 14-20) were studied in shock tubes at initial pressures of 0.02-0.2 
mm Hg. The measurements showed that the ionization develops very rapidly 
and reaches a value of the order of equilibrium ionization at distances from 
the shock equal to 10-40 gaskinetic mean free paths in the undisturbed air. 
Here the degree of ionization is of the order of 1 0 " 4 - 1 0 ~ 3 at equilibrium, but 
the degree of ionization in the relaxation region passes through a maximum 
which can exceed the equilibrium value by several times. 

It was already noted in Part 2 of Chaper VI that the ionization mechanism 
in a molecular gas such as air, for shock waves which are not too strong, differs 
appreciably from the ionization mechanism in monatomic gases. The free 
electrons in air are formed primarily by associative ionization, in which two 
atoms combine into a molecule with the simultaneous removal of an electron 
and formation of a molecular ion. The principal process requiring the lowest 
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activation energy is the reaction 

N + 0 + 2 . 8 e v - > N O + + e. 

Since the ionization potentials of all the components of air are much higher 
than the amount of energy expended in this reaction, the latter (for not too 
high temperatures) takes place at a much faster rate than direct ionization of 
atoms and molecules by particle impacts. The rate constant of the above 
principal ionization reaction is given in Table 7.2 of §9. Since an appreciable 
role in the ionization of air is played by atoms, calculations of ionization 
rates in air are based on calculations of molecular dissociation (chemical 
reactions in general). These calculations were carried out by Lin and Teare 
[86], and they are in good agreement with measurements [87]. Calculations 
(for shock wave velocities not exceeding 9 km/sec) have shown that ionization 
occurs rapidly, even faster than the chemical reactions, so that the ionization 
in the relaxation region, to a certain extent, comes into equilibrium with the 
chemical composition of the gas and " fo l lows" the change in the degree 
of molecular dissociation. 

Ionization in air in shock waves with velocities somewhat greater than 
10 km/sec (9-15 km/sec) was considered by Biberman and Yakubov [97]. 
They took into account the chemical composition of the air in the relaxation 
region and the excitation of the atoms and molecules. Unlike the case of low 
velocities, dissociation takes place more rapidly than does ionization and the 
ionization occurs mainly in the atom gas. Associative ionization plays the 
determining role in the creation of the initial electrons; as the electron density 
increases, the role of step-wise ionization by electron impacts becomes more 
important, with the energy of the electrons, as is also the case in a monatomic 
gas, replenished by energy transfer from the ions. 

The ionization rate of atoms and molecules by electron impact was calcu
lated in [97] using a method of combining the excited and ionized states into 
one group. This method, suggested by Biberman and UPyanov [99], may also 
be useful for other problems connected with the disturbance of ionization 
equilibrium. It consists of the following: It is assumed that impact excitation 
and ionization of atoms which are in the ground state, and also the inverse 
processes of deexcitation with the atom moving to the ground level and 
recombining by three-body collisions with capture of an electron into the 
ground level, take place at a relatively slow rate. At the same time it is assumed 
that the increase in the degree of excitation by electron impact and ionization 
of excited atoms, as well as the corresponding inverse processes, takes place 
at a relatively rapid rate. 

The rates of actual processes behave in this manner to some extent, so that 
the above assumptions are reasonable. But if these assumptions hold we can 
assume approximately that a Boltzmann distribution is established among the 
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different excited states, while a Saha distribution is established between the 
excited and ionized atomic states. In other words, all the excited and ionized 
states can be combined into a single group, by assigning to this group of states 
the particular temperature equal to the temperature of the electron gas. On 
the other hand, the electron density, as well as the relation between the 
electron (or excited atom) densities and the densities of atoms in the ground 
state, is no longer described by the Saha equation, and is not an equilibrium 
relation. It is determined from the rate equation which describes the transition 
of atoms between the ground state and the excited and ionized states. If 
desired, this method can be refined by separating out from the excited and 
ionized states the lowest excited states, and writing separate rate equations 
for the atom concentrations in these states. Reference [99] has used the above 
method for considering the effect of radiation leaving a bounded gas volume 
when the state of the gas is disturbed from thermodynamic equilibrium. 

Ionization in air for very high velocity shock waves, of the order of tens of 
km/sec (applied to the problem of the motion of meteors in the atmos
phere) was considered by Bronshten [98]. One of the most characteristic 
properties of ionized gases is their ability to conduct an electric current. A 
rather large number of papers have been devoted to calculations and theoret
ical studies of the electrical conductivity of ionized air (and other gases). See, 
for example, [70, 81-84]. 

§12. Shock waves in a plasma 

The structure of a shock front propagating through an ionized gas has a 
number of interesting features. These features were noted by one of the 
present authors [42]; quantitative calculations of the front structure have 
been made by Shafranov [43]; see also the papers by Imshennik [51], Jukes 
[44], Tidman [44a], and Pikel'ner [85]. The basic features of the structure are 
related to the slow character of the energy exchange between ions and 
electrons and to the high electron mobility, as a result of which the electron 
heat conduction greatly exceeds the ion heat conduction. Maxwellian distribu
tions in the electron and ion gases are established quite rapidly, in a time of 
the order of the time between particle "coll is ions"*. On the other hand, the 
equilibration of the temperatures of both gases takes place much more slowly, 
because of the large difference between the electron and ion masses. This 
relaxation process determines the shock front thickness in a plasma. 

For a qualitative discussion of the consequences of the low rate of energy 
exchange between the electrons and ions, we shall first assume that the 
electron heat conduction does not differ from the ion heat conduction. In 

* For the concept of "co l l i s i on" of charged particles interacting according to the 
Coulomb law see §20, Chapter VI. 
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addition, we shall assume that ionization does not take place in the shock 
wave, but that the wave is propagated through a gas which is already ionized. 
In a coordinate system moving with the wave, a considerable part of the 
kinetic energy of the gas entering the compression shock is irreversibly con
verted into heat through the action of ion viscous forces. The increase in ion 
temperature across the compression shock is of the order AT{ ~ miD2jk, 
where raf is the mass of an ion and D is the velocity of the incident gas, equal 
to the shock front velocity. The thickness of the viscous shock is determined 
by the time between ion collisions τ,·; it is of the order of an ion mean free 
path 11 ~ vxx, where ϋ ~ D is the thermal velocity of the ions in the com
pression shock (the definition of τ { is given in §20, Chapter VI). During the 
compression time τχ the ion gas does not succeed in transferring to the 
electron gas any appreciable thermal energy, since the characteristic exchange 
time rei ~ (/w f//w e) 1 / 2 · τχ· is very large. For ions of average mass, zei is 
hundreds of times larger than τ ( ; for protons it is only 43 times larger than τ,·. 
The increase in electron temperature across the compression shock due to the 
conversion of the kinetic energy of the incident electron gas into heat through 
the action of electron viscous forces is negligibly small. It is of the order 
ATe ~ meD2/k, that is, smaller by a factor of m e /m f than ATt. The electron 
gas in the compression shock is heated by another process. 

The electrons and ions are bound together by the forces of electric inter
action and this bonding is very strong. The smallest separation of the electron 
and ion gases results in the formation of strong electric fields which prevent 
further separation. Hence, each small parcel of the plasma remains electrically 
neutral. The electron density ne is always the same as the positive charge 
density Znx (Z is the ionic charge, ne and n-x are the electron and ion number 
densities, respectively). In the compression shock the electron gas does not 
behave independently, but is compressed in the same manner as the ion gas. 
We can say that the electrons are " rigidly coupled " to the ions by the electric 
forces. These forces are " external" with respect to the electron gas and do not 
lead to any dissipation. Since the dissipation of energy due to electron viscous 
forces is negligibly small, the compression and heating of the electron gas in 
the compression shock is adiabatic. Thus, for example, when a hydrogen 
plasma is compressed by a strong shock wave the density across the com
pression shock increases by a factor of 4, corresponding to the specific heat 
ratio of 5/3. The ion temperature can increase very markedly if the wave is 
strong, while across the compression shock the electron temperature in
creases only by a factor of 4y~1 = 4 2 / 3 = 2.5. Therefore in a strong shock wave 
propagating through a plasma with equal ion and electron temperatures, 
behind the compression shock there is a marked difference in the temperatures 
of the two gases. After a small parcel has undergone the shock compression 
it begins to transfer thermal energy from the ions to the electrons, and this 
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leads to an equilibration of the temperatures in a time of the order of the 
exchange time xei (see §20, Chapter VI). The thickness of the relaxation 
region behind the compression shock in which the plasma approaches 
equilibrium (with equal temperatures Te = Ti = T1) is of the order of Ax ~ 
uiTei (ui = (Ρο/Ρι)^)· The final temperature 7\ is determined by the general 
equations of conservation for the shock front. Thus, in the absence of effects 
connected with the existence of increased electron heat conduction, the 
temperature distribution in the wave front would have the form shown in 

If none of the other degrees of freedom other than the previously " frozen " 
translational degrees of freedom of the electron are excited (which is the 
situation in a fully ionized gas), then the density and pressure in the relaxation 
region remain strictly constant. Indeed, the specific heat ratios for a gas with 
" f r o z e n " and equilibrium degrees of freedom are the same and equal to 
y = 5/3, so that the compression across the compression shock takes place 
along a Hugoniot curve which coincides with the Hugoniot curve of the 
final state. The physical reason is, obviously, the fact that the pressure is only 
determined by the average translational energy of the particles, which remains 
constant during the exchange, the value being independent of its distribution 
among the particles. 

Let us now consider the effect of electron heat conduction on the shock 
front structure. Up to this point we have assumed (with ample justification) 
that the dissipative processes, viscosity and heat conduction, are important 
only in the region of large gradients in the compression shock, where the 
macroscopic quantities change significantly over distances of the order of 
a gaskinetic mean free path. In the relaxation region, which extends over a 
distance of many mean free paths, the gradients are small and the dissipation 
processes can be neglected. Actually, the characteristic scale, which serves as a 
criterion for the smallness of the gradients, is a length scale based on the 
transport coefficients and the front velocity. The transport coefficient, for 
example, for the atom thermal difTusivity, is of the order of χ ~ Ιϋ/3 and the 
length scale λ ~ χ/D ~ lv\D ~ / is of the order of a gaskinetic mean free path, 
since the thermal speed of the atoms in the front ν is of the order of the front 

Fig. 7.18. 

Fig. 7.18. Ion and electron (dashed 
line) temperature profiles in a shock 
front in a plasma without taking into 
account electron heat conduction. 

Ο x 
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velocity D. The coefficient of electron thermal diffusivity χβ is approximately 

where le is the electron mean free path, ve is the thermal speed of electrons, 
and xe is the time between the " collisions " of electrons with each other. As 
was shown in §20 of Chapter VI, the mean free path for charged particles is 
independent of their mass and depends only on the charge and temperature, 

At comparable temperatures and in light gases, for example, in hydrogen 
(Z = 1), the electron and ion mean free paths are of the same order, while the 
electron velocity is larger than the ion velocity by the factor (mjme)1/2. 
Therefore the electron heat conduction coefficient is (/w £//w e) 1 / 2 times larger 
than the ion heat conduction coefficient, and the characteristic scale over 
which the electron heat conduction takes place is 

This length scale is of the same order as the thickness of the relaxation region 
in which the electron and ion temperatures equilibrate: 

Therefore, the gradients in the relaxation region are not small with respect to 
electron heat conduction and the heat exchange by conduction in this region 
is comparable to the heat exchange between ions and electrons. The electron 
heat conduction promotes more rapid equilibration of the temperatures 
behind the viscous shock, since it transports the heat from the layers which 
are further removed from the compression shock to the more forward layers 
where the electron temperature is lower. In addition, and this effect is extreme
ly important, the electron heat conduction results in a preheating of the gas 
ahead of the viscous compression shock. While the " h o t " ions cannot move 
away too far from behind the compression shock into the region ahead of the 
shock (their thermal velocity is comparable with the propagation velocity of 
the shock through the undisturbed gas), the " h o t " electrons successfully 
move ahead and leave the compression shock behind, since their velocity is 
approximately (m^m^11 times greater than the front velocity. A preheating 
layer is thus formed ahead of the compression shock. In this layer the electron 
temperature is higher than the ion temperature, since the electron gas is 
heated first and only then is the heat partially transferred to the ions. A 
sharp increase in the ion temperature takes place in the compression shock. 

3 

i.e., / - Γ 2 / Ζ 4 . 
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The electron temperature remains constant, since its tendency to a dis
continuous increase is prevented by the "smoothing o u t " due to the large 
heat conduction. The compression shock has an " isoelectron-thermal" 
character. The temperature profiles in the wave front, taking into account 
electron heat conduction, are shown in Fig. 7.19. 

Τ _^I^—mm 1 Fig. 7.19. Ion and electron (dashed 
line) temperature profiles in a shock 
front propagating through a co ld plasma. 

- | Δ * | 0  Δχ χ 

Let us estimate the thickness of the preheating layer ahead of the compres
sion shock. We shall assume, for simplicity, that no energy is transferred from 
the electron gas which is being preheated to the ion gas, and also that the gas 
ahead of the compression shock is not compressed and not slowed down (in a 
coordinate system where the front is at rest). Exact calculations justify these 
simplifying assumptions. The electron heat conduction flux is 

dTe dTe 

S = -Ke~T = -XeCe-l-> (7.33) 
dx dx 

where Ke = xece is the coefficient of thermal conductivity and ce is the specific 
heat at constant volume of the electron gas per unit volume. The effective 
coefficient of electron thermal conductivity is 

E ML,2ZE* In Λ Q Ζ In Λ c m - s e c - d e g ' 

where In Λ is the Coulomb logarithm (see §20 of Chapter VI), and ξ 
is a number which depends only weakly on Ζ ; ξ(\) = 0.95, £(2) = 1 . 5 , 
{(4) = 2.1*. 

* W e present, for reference purposes, the formula for the electrical conductivity of a 
plasma 

J-o 3 / 2 

σ = 2.63 · 1 0 " 4 y ( z ) — — (ohm · c m ) " 1 , 
Ζ In Λ 

y o 3 / 2 

= 2.38 · 1 0 8 y ( Z ) — s e c " 1 , 
r Ζ In Λ 

y ( l ) = 0.58; y (2) = 0.68; y(4) = 0.78. 
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Since the process is steady, the heat conduction flux in the preheating layer 
is equal to the hydrodynamic flux of electron energy* 

-S = DceTe = X e c e ^ (7.34) 
dx 

(the initial electron temperature ahead of the front is assumed to be zero; 
far ahead of the wave the flux S vanishes). Noting that χβ ~ vele ~ T*/2 or 
χβ = aT*/2, where a = const, and integrating (7.34), we find 

_ 2 a 5 / 2 

X ~ X o = ~5D e 

or 

s [ i f ( χ " Χ ο ) ] 7 · (7.35) 

where x0 is the coordinate of the leading edge of the preheating region, from 
which the temperature departs from the value zero. The temperature profile 
described by this equation is shown schematically in Fig. 7.19. If we place the 
coordinate origin x = 0 at the point of the compression shock and denote 
the temperature at this point by Te0 (the electron temperature does not change 
across the shock), then the expression for the thickness of the preheating layer 
can be written 

l v 1 - 2 A T512 - 2 XE(TE0>* (1 Ί,(Λ 
{Xol~5D e 0 "5 D ' ( 7 * 3 6 ) 

When electron heat conduction is taken into account, the electron tem
perature at the shock is of the same order as behind the entire wave front, so 
that the thickness of the preheating layer is of the same order as the thickness 
of the relaxation region behind the shock 

, , Xe(Ti) vele fmV'2 fmV'2 

D D \meJ \meJ 

The thickness of the preheating layer ahead of the compression shock 
increases rather rapidly with an increase in wave strength. If we consider the 
fact that χβ - T5J2 - T\12, and D - T\12, then we find from (7.36) that 
|*ol - T\ ~ D\ 

The temperature profile we have found is characteristic of nonlinear heat 

* This is a first integral of the energy equation for the given case: 
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conduction with the coefficient of thermal conductivity decreasing with 
decreasing temperature*. In the case of ordinary heat conduction with a 
constant coefficient of thermal conductivity κ = const, χ = const we would 
have found from the energy equation that the preheating extends exponentially 
to infinity: 

Τ = Γ 1 έ ? " , χ , / * \ 7\ = Γ(χ = 0), 

where the characteristic scale is χι=χ/Ό. In the case of ordinary heat 
conduction, the effective thickness of the preheating region xu in contrast to 
the nonlinear case, decreases with increasing wave strength: xx ~ Ζ ) " 1 ~ 
Γ Γ 1 / 2 · 

When electron heat conduction is taken into account in very strong shocks, 
the un-ionized gas is strongly preheated and ionized even before the com
pression shock, so that the qualitative features of the structure of a wave 
propagating through an ionized gas remain the same also in the case when the 
wave travels through an un-ionized gas. 

For an exact calculation of the structure of a shock front in a fully ionized 
gas we must add to the hydrodynamic equations which account for electron 
heat conduction, such as (7.10), the entropy equation for an electron gas 
similar to (7.30) 

ntuTe — = - — + oei, (7.37) 
ax ax 

where coei is the energy transferred per unit volume per unit time from the 
ion to the electron gas; it is given by (7.31). The velocity and the charge 
density of both gases at any point are assumed to be equal (ne = Z« f ) . The 
enthalpy and pressure are 

h = hi + he = \kT{ + Z\kTe9 

P = Pi + Pe = "ikTt + nekTe. 

The entropy of the electron gas per ion is 

Σ β = Zk In —— + const = Zk In —— + const. (7.38) 
n e ρ 

Let us find the condition which determines the electron temperature in 
the compression shock. To do this we integrate (7.37) over the region of the 
compression shock as its thickness tends to zero, noting that the electron 
temperature across the shock is continuous (it is equal to Te0). Denoting 

* More details on nonlinear heat conduction are given in Chapter X. 
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quantities ahead of and behind the shock by the subscripts 01 and 02, we can 
write the result of integration as 

p0DTe0\n^ = S 0 2 - S 0 i . (7.39) 
Poi 

The flux has a jump at the discontinuity: the difference between the fluxes 
on both sides of the discontinuity corresponds to the work to isothermally 
compress the electron gas by the " ex t e rna l " forces exerted by the ions. 

The system of equations describing the front structure can be solved only 
by numerical integration. This was done by Shafranov [43] for the limiting 
case of a strong wave (pjp0 >̂ 1) in a hydrogen plasma (Z = 1) with zero 
initial temperature. The temperature and density distributions are shown in 
Fig. 7.20. The temperature 7\ here is arbitrary (it is proportional to the 
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Fig. 7.20. Temperature and density distributions for a strong shock wave in a plasma 
(the figure is taken from [43]). The electron temperature at the compression shock is 
Te0 = 0 . 9 3 7 , ; the ion temperatures ahead and behind the compression shock are Tn = 0 .167\ 
and Tl2 = 1.247Ί, respectively. The densities ahead and behind the compression shock are 
Poi/po= 1.13 and p02lpo = 3.53. 

square of the wave velocity D). The unit of length that has been used is 
0.019Ζ)τ β ί ι , where reii is the characteristic exchange time in the final state 
behind the shock wave front; for example, at an initial density ni0 = ne0 = 
1 0 1 7 c m " 3 and temperature behind the front Tx = 10 5 o K, xeh = 3.3 · 10~ 9 

sec, D = 94 km/sec, and the unit of length is 5.9 · 10~ 4 cm. 

§13. Polarization of a plasma and the creation of an electric field in a 
shock wave 

In the preceding section we have assumed that the electrons and ions are 
rigidly bound to each other by electric forces, and that the plasma is elec
trically neutral at each point in the shock; the electron density changes from 
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point to point and is exactly proportional to the ion density. Actually, how
ever, this assumption is not strictly fulfilled. Due to the presence of large 
electron density gradients in the compression shock, and to the high mobility 
of electrons resulting from their exceedingly small mass, conditions are 
favorable for the diffusion of the electron gas with respect to the ion gas, 
for changes in the electron concentration, and for the creation of space 
charges. 

The effects of diffusion on the propagation of a shock wave in a binary gas 
mixture were considered in §5. Diffusion in a plasma, however, is substantially 
different from diffusion in a mixture of neutral gases. The point is that the 
smallest change in the relative concentration of the electrons and ions leads 
to the creation of space charges, i.e., to polarization of the plasma accom
panied by the creation of a strong electric field. This field prevents further 
polarization and inhibits the diffusion electron current. 

Let us estimate the order of magnitude of the polarization of a plasma in 
the presence of gradients of the macroscopic quantities, and the degree to 
which, on average, the condition of electrical neutrality is satisfied. For 
simplicity, let us consider a hydrogen plasma (Z = 1). We assume the electron 
temperature to be of the order of Τ and the electron and ion number density 
to be given approximately by ne = nt = n. Furthermore, let us also assume the 
presence of gradients in the macroscopic quantities, such as density, pressure, 
etc., such that the characteristic dimension of the region in which appreciable 
changes in these quantities take place is of the order of x. As a result of 
electron diffusion in a region of the order of χ there will be a difference 
between the electron and ion densities, δη = nt — ne, which results in the 
creation of a space charge βδη. This gives rise to an electric field Ε ~ 4ne · 
δη · χ* and to a potential difference across the boundaries of the region 
δφ ~ Ex ~ 4πβδη · χ2. But in the absence of external fields the separation 
of ions and electrons and the potential difference are maintained only by the 
thermal motion of the electrons; consequently, the potential energy of the 
electrons βδφ cannot exceed a value of the order of kT; βδφ ~ 4ne2 · δη · 
χ2 ~ kT. From this, the degree of polarization, that is, the extent of the 
departure from electrical neutrality in the region being considered, is of the 
order of 

δη kT 
η 4ne2nx2' 

A strong separation of the ions and electrons, for which δη/η ~ 1, can come 

* We recall that the electrostatic equations for the field intensity Ε and the potential 
φ are 

V · Ε = Aire · Sn, Ε = - V<£. 
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about only in a thin layer whose thickness d is determined by the condition 
δη I η « 1 « kT/4ne2nd2. From this 

kT V'2 ;JT°X12 

= 6.9 — cm. 4ne2n) ~"\n 

The length d is simply the Debye radius (see §11, Chapter III)*. It character
izes the distance over which the plasma screens the electric field of any 
charged body, that is, the thickness of the so-called double layer which forms 
around a charged body. In particular an individual ion can serve as the 
"charged b o d y " (this is precisely the manner in which the concept of the 
Debye radius was introduced in §11, Chapter III). 

Using the definition of d, the departure from electrical neutrality may be 
expressed as δη/η ~ (d/x)2. The largest gradients in the plasma appear in the 
viscous compression shock of a propagating strong shock wave, when 
the macroscopic variables change appreciably over a distance of the order 
of the mean free path of the charged particles 

/ ~ - ® 1 ~ 3 . 5 · ι ο * — c m t -
ne In Λ η 

The average departure from electrical neutrality in the compression shock 
region (x = xmin ~ /) is 

δη (d\2 e6n(\nA)2 _ , - η 
_ 1 « 3.9 · 1 0 ~ 8 — 

This quantity is very small for all reasonable values of density and tempera
ture; for example, at T= 10 5 o K, n= 1 0 1 8 c m - 3 , < / ^ 0 . 8 · 1 0 " 6 cm, 
3.5 · 1 ( Γ 4 cm, δη/η ~ 4 · 1 0 " 5 , δφ ~ kT/e = 8.6 voltsj , and Ε ~ δφ/l ~ 
2.5 · 10 4 volts/cm. 

We note that the compression of the electron gas in a strong compression 
shock whose thickness is of the order of a mean free path / is due only to the 
electric forces exerted by the ions (the compression of the ion gas is usually 
due to viscosity). Consequently, the potential difference in the compression 
shock is determined by the work done per electron in compressing the 
electron gas β(φ02 — φ 0 ι ) = kTe0 1η(ρ 0 2 /ρ 0 ι ) · F ° r a several-fold compression 
the logarithm is of the order of unity and, consequently, βδφ ~ kT, as was 
stated above. 

The distribution of charge, electric field, and potential in a shock front in a 

* More precisely, the Debye radius multiplied by V2, since η in (3.78) is the total number 
of ions and electrons. 

t The logarithmic factor in the mean free path (see §20, Chapter VI) is usually of the 
order In Λ ~ 10. 

% The numerical value of δ<£ is of the order of the temperature in electron volts. 
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plasma are shown in Fig. 7.21. The significant difference between the distribu
tions of the concentrations of the different components in a plasma and the 
distributions of the concentrations in a mixture of neutral gases lies in 
the fact that, together with the region of increased electron concentration in the 

X 

Fig. 7 .21. Mass density, space charge 
density, electric field intensity, and 
electrostatic potential distributions in a 
shock front propagating in a plasma with 
electron diffusion taken into account. 

X 

forward part of the shock front, there arises a region of decreased con
centration in the rear part of the wave. For a mixture of neutral gases only the 
light component concentrates in the shock front (the excess mass of the light 
component arrives from "infini ty") . This situation is not possible in the 
case of a plasma. Concentration of electrons without a simultaneous concen
tration of positive ions in a neighboring region would lead to the appearance 
of an electric field at " infinity", that is, it would require the expenditure of 
an infinite amount of energy. 

In [45], the structure of a weak shock front in a plasma was examined, 
taking into account only the effect of electron diffusion impeded by the 
electric forces and without taking into account either viscosity or heat 
conduction, in a manner similar to that of Cowling [22] for a mixture of 
electrically neutral gases (see §5)*. As in the electrically neutral case diffusion 
guarantees the spreading out of a shock discontinuity which is not too strong. 
Because of the restraining effect of the electric field the thickness of the 
transition layer is smaller than in the neutral gas mixture. 

Jaffrin and Probstein [89] have considered the structure of a shock wave in a 
fully ionized plasma in a general form, simultaneously taking into account the 
viscosity, the thermal conductivity, and the polarization and charge separation 

* See also [44 46] . 
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of the plasma. They have used as their starting point a system of hydro-
dynamic equations for a mixture of electron and ion gases and Poisson's 
equations for the electric field. The mass density, electron, and ion tempera
ture distributions which were obtained in this paper agree with the distribu
tions as described in the preceding section. The qualitative considerations 
given on the formation of a double electric layer, shown schematically in 
Fig. 7.21, in the region of the viscous shock are substantiated. However, in a 
strong shock wave there appears still another double electric layer of the same 
type, which is located at the leading edge of the region heated by electron 
thermal conduction, at the point where a sharp rise takes place in the electron 
temperature. The physical nature of this second layer is the same as that of the 
basic layer: the temperature rise at the edge of the heated layer is accom
panied by a fairly small (in comparison with the inner viscous shock) but 
very sharp compression, and in this region the electrons diffuse relative to the 
ions and a charge separation results. 

3. Radiant heat exchange in a shock front 

§14. Qualitative picture 

When a shock wave is propagated through a gas occupying a large volume, 
and the dimensions of the heated region are very large in comparison with the 
mean free path of a photon so that the gas temperature changes very little 
over a distance of the order of a mean free path, the thermal radiation in a 
wave is brought into local thermodynamic equilibrium with the fluid. Radia
tive equilibrium also exists immmediately behind the shock front. 

The energy density and radiation pressure become comparable with the 
energy density and pressure of the fluid only at extremely high temperatures 
or extremely low gas densities. For example, in standard density air this 
occurs at a temperature of « 2 . 7 · 10 6 °K. The radiation energy and pressure 
in shock waves of not too high a strength are much smaller than the energy 
and pressure of the fluid, and therefore have almost no effect on quantities 
behind the front. The relationship between the radiation energy flux and the 
energy flux of the fluid is, however, different, since the shock velocities 
encountered in practice are much smaller than the speed of light. The ratio 
of energy fluxes σΤ4/Ώρε ~ (C/ r a d/pe)(c/D), is, roughly speaking, greater by a 
factor of cjD than the ratio of energy densities. Thus, for D = 100 km/sec, 
cjD = 3 · 10 3 . In atmospheric air, for example, both fluxes become equal 
already at a temperature Τ ~ 300,000°K, for which the radiation density is 
still very small. 

It would seem that radiative transfer of energy away from the front of a 
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strong shock must play an important role, and that therefore in the third 
equation of (7.4) with the energy flux of the fluid we should also include the 
energy flux carried away from the surface of the front by radiation S = σΤ\. 
This could have an appreciable effect on the final state behind the shock front, 
and could lead to a high density behind the front similar to the high density 
obtained with increased specific heats. Actually, however, the energy lost by 
radiation from the front surface is rather limited and the effect of this loss is 
usually negligible. The point is that in a continuous spectrum gases are trans
parent only to the photons of comparatively low energy. Both atoms and 
molecules strongly absorb photons whose energies exceed the ionization 
potentials, giving rise to the photoelectric effect, while molecules, as a rule, 
absorb photons of even lower energies; for example, the boundary of the 
transparent region for cold air lies at λ ~ 2000 A and hv ~ 6 ev. When 
the temperature behind the front is high, the energy contained in the low-
frequency region comprises only a small fraction of the total energy in the 
spectrum. Thus, at a temperature behind the front of Τ = 50,000°K only 4.5 % 
of the energy of the Planck spectrum is concentrated in the transparent region 
of air hv < 6 ev. In this case the low energy photons are in the Rayleigh-Jeans 
region of the spectrum and their flux (and the corresponding possible energy 
losses) is in any case proportional not to the fourth but only to the first 
power of temperature. 

The major part of the radiation from the shock front actually escapes to 
"'infinity" only at temperatures for which the maximum of the Planck 
spectrum lies in the transparent region of the spectrum, at temperatures 
behind the front of the order of 1-2 ev. At such temperatures, however, the 
absolute magnitude of the radiation flux σΤ\ is very small and the additional 
density increase resulting from radiation losses in air at standard density does 
not exceed one percent. 

Thus, the presence of thermal radiation has only a very small effect on the 
flow variables behind the front of a not too strong shock. However, this is not 
the case for the effect of the radiation on the internal structure of the transition 
layer between the initial and final thermodynamic equilibrium states of the 
gas, on the structure of the shock front itself. Here the radiation in strong 
waves (which are of real interest) is found to play a very important role and, 
moreover, it is precisely the radiant heat exchange which determines the front 
structure. The problem of the structure of a shock front taking into account 
radiant heat exchange, to which §§14-17 of the chapter are devoted, has been 
studied by the present authors in [42, 47-49]. Although the flux of radiation 
going out from the wave front to " inf ini ty" is very small and exerts no 
influence in terms of energy on the shock wave flow variables, the fact that it 
exists is of tremendous importance since it enables the observation of the 
wave by optical methods. The problem of shock wave luminosity and the 
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brightness of the front surface is closely interwoven with the problem of the 
front structure. It will be considered in Chapter IX. 

Owing to the opaqueness of the cold gas, the radiation emanating from the 
surface of the shock discontinuity in strong waves is almost entirely absorbed 
ahead of the discontinuity and heats the layers of gas flowing into the dis
continuity. The energy which goes into the heating is produced by emission 
from the gas layers which have already suffered a shock compression and 
which as a result are cooled by the radiation. The effect thus reduces to the 
transfer of energy from one gas layer to the others by radiation. Radiant heat 
exchange takes place in distances of the order of the absorption mean free 
path of the photons. Usually the photon mean free path is several orders of 
magnitude larger than the gaskinetic mean free path of the particles (see 
Chapter V) and is larger than the thickness of the relaxation layer in which 
thermodynamic equilibrium is established in the fluid. Thus, in air at standard 
density the mean free paths for photons with energies hv ~ 10-100 ev, 
corresponding to temperatures behind the front of Tx ~ 10 4 -10 5 °K, are 
of the order of 10~ 2—10~ 1 cm, while the gaskinetic mean free path is of the 
order of 1 0 " 5 cm. 

The shock front thickness, in which the radiant heat exchange plays an 
important role in the energy balance, is determined by the photon mean 
free path, which is the greatest length scale. In a sense we can speak about 
the relaxation of radiation in a shock front and about the establishment of 
equilibrium between the radiation and the fluid behind the front. Let us follow 
qualitatively the change in the front structure going from weak to strong 
waves. Here we shall consider the phenomenon on a " large scale ", disregard
ing the "small scale" details related to the relaxation of the various degrees 
of freedom of the gas; we assume that the fluid at each point of the wave is in 
thermodynamic equilibrium. The viscous compression shock together with the 
relaxation region behind it will be considered as a mathematical discon
tinuity. 

In the limiting case of a sufficiently weak wave when the role of the radiation 
on the energy balance is small, the profiles of all the variables across the 

^ 
Fig. 7.22. Temperature, density, and . i . 

pressure profiles in a "class ical" shock °̂ I f\ 
wave. Τ ι — ~ 

shock wave have the " classical" step-like character (Fig. 7.22). As the strength 
increases, the radiation flux from the front surface σΤ\ increases very rapidly. 
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The radiation is absorbed ahead of the discontinuity at a distance of the order 
of a photon mean free path and heats the gas; the heating drops off with 
distance from the discontinuity as a result of absorption of the radiation 
flux. The compression shock is now propagated not through a cold, but 
through a heated gas and the temperature behind the shock T+ is higher than 
without heating, that is, it is higher than in the final state. The temperature 
behind the compression shock decreases from T+ to Tx. In other words, a gas 
particle passing through the shock wave is first heated by radiation and, 
after being subjected to a shock compression, is then cooled by the emission 
of part of its energy as radiant flux. Heating of the gas ahead of the dis
continuity leads to an increase in its pressure and to some density increase 
(and also to a slowing down, in a coordinate system in which the front is at 
rest). In the compression shock the gas is compressed to a density slightly 
lower than the final one. The cooling of the gas behind the compression shock 
helps to compress it further to the final density (as in the case of the decrease 
in temperature resulting from the excitation of additional degrees of freedom). 
In this process the pressure also increases. The profiles of temperature, 
density, and pressure for the wave described are shown schematically in 
Fig. 7.23. 

Po 
P+ 

P-

Fig. 7.23. Temperature, density, and 
pressure profiles in a shock front of not 
too large a strength, taking into account 
radiant heat exchange. 

P+ 

P-

The preheating temperature ahead of the discontinuity Γ_ is proportional 
to the radiation flux emerging from the discontinuity surface — .S 0 « σ Τ 4 , 
and, therefore, increases rapidly with increasing wave strength. Thus, in air 
at standard density T_ « 1400°K for Tx = 25,000°K, T_ = 4000°K for 
7\ = 50,000°K, and T_ = 60,000°K for 7\ = 150,000°K. The difference 
between the overshoot temperature behind the shock T+ and the final 
temperature Tx increases correspondingly (roughly speaking, T+ — 7\ « Γ_). 
At some temperature behind the front Tx = Tcr, the preheating temperature 
Γ_ reaches the value of Tx and the temperature profile assumes the shape 
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shown in Fig. 7.24. This temperature TCT is approximately equal to 300,000°K 
for air, and can be called critical since it divides two rather different types of 
shock front structure. 

Let us consider a strong wave of supercritical amplitude, with a temperature 
behind the front 7\ > Tcr. The photon energy flux emitted by the gas behind 
the compression shock and emerging from the discontinuity surface toward the 
cold gas would be sufficient to heat a layer whose thickness is of the order of a 
photon absorption mean free path to a very high temperature, higher than Tx. 
Can such an intensive heating be actually achieved? Obviously, it cannot, 
since otherwise the preheating layer would begin to radiate strongly and cool 
down very rapidly to the temperature 7 \ . The formation of a state with 
Γ_ > 7\ would mean that in a closed system heat could be spontaneously 
transferred from the low- to high-temperature gas layers, in contradiction 
with the second law of thermodynamics*. Actually, the energy which the 
radiation removes from the gas heated in the compression shock is simply 
used up in heating the thicker layers ahead of the discontinuity. Photons 
emerging from behind the surface of the discontinuity are absorbed ahead of 
the discontinuity in a layer of thickness of the order of a mean free path and 
the fluid, heated to a temperature close to 7 \ , radiates and thus heats the 
neighboring layers, etc. We are dealing here with a typical case of preheating 
of the gas by radiation heat conduction. A heat-conduction wave is propagated 
ahead of the discontinuity, encompassing a thicker gas layer, the higher is the 
shock strength. The phenomenon is completely analogous to a shock wave 
with electron heat conduction considered in §12 (radiation heat conduction 
is also nonlinear). 

The temperature and density profiles in a shock wave of supercritical 
strength are shown in Fig. 7.25. As before, behind the compression shock 
there is a temperature peak resulting from the shock compression. As before, 
the gas particles which have undergone the shock compression are cooled by 
emitting a part of their energy, which goes into developing a thermal wave 
ahead of the discontinuity. Unlike the subcriticai case, however, the thickness 
of the peak is now less than a radiation mean free path and decreases with 
increasing wave strength (see also §17). 

Fig. 7.24. Temperature profile in a 
shock wave of "crit ical" strength. 

0 χ 

* Additional details on the impossibility of a state with T- > Tx will be presented in §17. 
A rigorous proof of this statement is given in [42]. 
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In the radiation heat conduction approximation, where the details of the 
phenomena occurring at distances less than a mean free path are not con
sidered, the peak is " c u t off" as shown by the dashed line in Fig. 7.25, and 

Fig. 7.25. Temperature and density 
profiles in a very strong shock front 
taking into account radiant heat ex
change. The dashed line corresponds to 
the radiation heat conduction approx
imation (isothermal jump). 

0 x 

the shock takes on the character of an " i so the rma l" shock (see §3 of this 
chapter). In the following sections the physical picture whose general features 
have been outlined above will be justified mathematically. 

§15. Approximate formulation of the problem of the front structure 

As usual, we shall consider a one-dimensional steady flow in a coordinate 
system in which the front is at rest. A number of simplifications will be 
introduced to make clear the specific features of the front structure which are 
related to radiant heat exchange. The gas will be assumed to be a perfect one 
with constant specific heats, so that its pressure and specific internal energy 
may be expressed by the simple relations 

p = RpT, ε = —^— RT. 
y - 1 

The viscous compression shock, together with the relaxation layer in which 
thermodynamic equilibrium in the fluid is established, will be replaced by a 
mathematical discontinuity. We shall neglect relaxation phenomena, viscos
ity, heat conduction, and also electron heat conduction in the radiant heat 
exchange region*. The shock wave is taken to be strong (the initial pressure 
and energy of the fluid are small in comparison with the final values). We 
shall not consider, however, extremely strong waves; in our case we may 
neglect the energy and pressure (but not the flux!) of radiation. We also 
neglect the small flux of low energy photons escaping from the wave front to 

* Estimates in a number of actual cases, including the practically important case of a 
shock wave in standard density air, show that electron heat conduction plays less of a role 
than that of the transfer of energy by radiation (see [481). 
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"inf ini ty" by assuming that the radiation flux ahead of the front is zero. 
Using the above assumptions the system of integrals of the hydrodynamic 

equations (7.10) takes the following form: 

Here S is the radiation energy flux. We note that this flux is directed opposite 
to the gas flow moving in the positive χ direction, so that S < 0 (D, u > 0). 
Ahead of the front, at χ = — oo, and behind the front, at χ = + oo, the flux 
S = 0, and all the variables take on their initial or final values; these will be 
denoted again by the subscripts " 0 " and " 1 " . The χ coordinate will 
be measured from the compression shock. 

In order to determine the radiation flux, we must add to the hydrodynamic 
equation (7.40) the radiative transfer equation. We shall consider the angular 
distribution of photons within the framework of the diffusion approximation, 
replacing the rigorous kinetic equation for the intensity by two equations for 
the density and flux of radiation (see §10, Chapter II). We emphasize that the 
diffusion approximation does not formally make any assumptions regarding 
the proximity of the radiation density to its equilibrium value, and that the 
diffusion approximation is by no means equivalent to the radiation heat 
conduction approximation. The diffusion approximation can also be used to 
describe nonequilibrium radiation, by taking into account the angular distri
bution of photons only approximately (see the discussion of this point in 
§13, Chapter II). We shall use only the spectrally integrated values of the 
radiation density and flux U and S, introducing for this purpose a photon 
mean free path / appropriately averaged with respect to frequency. As noted 
in Chapter II, this approximation is, strictly speaking, possible only in 
definite limiting cases. It does not, however, alter the qualitative relations 
governing the radiative heat transfer and is, therefore, sufficient for our 
purposes. 

The radiation equations in the above approximations (see (2.62) and (2.65)) 
can be written 

ε + - + 

ρ + pu2 

ρ u2 S 
ρ 2 p0D 

pu 

PoD2, 

2 ' 

(7.40) 

dS _ c(Up - U) 
dx I 

IcdU 
~3~dx~' 

Here Up = 4aT*/c is the energy density of equilibrium radiation, correspond
ing to the temperature of the fluid at the given point x. 



§15. Approximate formulation of the problem of the front structure 533 

Since the hydrodynamic and radiative transfer equations do not explicitly 
contain x, we can transform to a new coordinate—the optical thickness τ, 
measured from the point χ = 0 in the positive χ direction 

dx Cx 'dx 

άτ=^, τ = J — . (7.41) 

If the mean free path / is known as a function of the temperature and density, 
we can easily transform the various quantities in the final solution from 
distributions with respect to the optical coordinate to distributions with 
respect to x, by means of equations (7.41) (for / = const both distributions are 
obviously the same). In terms of the optical thickness the transfer equations 
take the form 

dS 
~dx~ 
— = c(Up-U), (7.42) 

c dU 
S = - - — . (7.43) 

3 dx 

The hydrodynamic equations (7.40) and the radiative transfer equations 
(7.42) and (7.43), together with the natural boundary conditions expressing 
the absence of radiation in the cold gas ahead of the wave and the fact that the 
radiation behind the wave front is in thermodynamic equilibrium* 

τ = - o o , 5 = 0, (7 = 0, T = 0, (7.44) 

τ = + ο ο , 5 = 0, U=Upi=^±, T = 7 \ , (7.45) 

completely describe the structure of the shock front within the present state
ment of the problem. The system of differential equations is of second order. 
The order can be decreased by eliminating τ from the system by dividing 
equations (7.42) and (7.43) by each other 

dS c2 U - Un 

ϊ ΰ - Ί - τ 1 - <M6> 
The (/?, V), (Γ, K), and (5, V) diagrams considered in §3 are very conveni

ent for clarifying the physical meaning of the relations governing the front 
structure. Introducing again the relative specific volume η = V \ V0, equal to the 
reciprocal of the density ratio or to the velocity ratio 

= — = ?°=-
η V0~P~D' 

* Only two of these conditions are independent, the others fol low from the equations. 
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we find from the first two equations of (7.40) that in the regions where the 
flow variables are continuous the pressure changes along the straight line 

Figure 7.26 shows that the T(S) curve, which can be obtained from (7.48) 
and (7.49), has two branches. One of them, which in the limit S-+0 gives 
Γ-> 0 (η -> 1), corresponds to states close to the initial state, and thus to the 
preheating region ahead of the discontinuity; the other, which in the limit 
S - • 0 gives Τ-*Τγ (η -> ηχ), corresponds to the states close to the final state, 
and thus to the region behind the discontinuity. 

In the following two sections we shall find approximate solutions of the 
equations for the two limiting cases described in §14, i.e., for shock waves of 

Fig. 7.26. Τ,η and diagrams for 
a shock wave taking radiant heat ex
change into account. 

The dependence of temperature and flux on the density ratio is described by 
relations similar to (7.13) and (7.14). These relations are obtained from (7.40) 
for the case of a gas with constant specific heats. Replacing the Mach number 
in (7.13) and (7.14) by the temperature behind the shock front Tl9 we obtain 

(7.48) 

(7.49) 

where η{ = (y — l)/(y + 1). Radiation in a shock wave plays an important 
role only at high temperatures, when the gas is strongly ionized. For numerical 
estimates the effective specific heat ratio in the ionization region can be taken 
equal to γ = 1.25. The corresponding density ratio across the wave front is 
1 / ^ = 9 , ηι = 0 . 1 1 1 . 

The functions Τ(η), Ξ(η), and ρ(η) are shown in Figs. 7.26 and 7.27. 

(7.47) 
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subcritical and supercritical strengths. It should be noted that the transition 
from the first to the second case is continuous. It is simply that for inter
mediate strengths, close to critical, it is not possible to find solutions in 
analytic form. Numerical integration for these intermediate strengths is not 
difficult. However, this is not really necessary, since the limiting analytic 
solutions found are valid for strengths very close to critical from either side. 

§16. The subcritical shock wave 

Let us consider a shock of moderate strength in which the radiation-induced 
effects are small. The temperature behind the compression shock will then be 
close to the final temperature and a radiation flux of absolute magnitude 
|5ΌΙ « σΤ\ will come out from the surface of the discontinuity. Following the 
state of a gas particle incident on the wave, we note that the point representing 
the particle on the (Γ, η), (S, η), and (ρ, η) diagrams moves from the initial 
position A in the direction of increasing compression up to position Β at 
which the flux is equal to .S 0 . The gas density, temperature, pressure, and 
radiation flux in the parcel increase monotonieally as the discontinuity is 
approached. It follows from equations (7.48) and (7.49), and this is also evi
dent from Fig. 7.26, that the increase in density on those branches of the 
curves which originate from the initial point A, in the preheating region, is 
very small. Even for Τ = Tu the density ratio on this branch will be only 
1/0 — Ά\) — 1-13 (if γ = 1.25 and ηί = 0.111), and for temperatures ahead of 
the discontinuity Γ_ smaller than Tl9 the density ratio in the preheating 
region is even smaller. If we approximately eliminate η from (7.48) and (7.49) 
and express S in terms of Τ to second order in ηί9 we obtain 

ρ 
D 

Fig. 7.27. /?, η diagram for a shock 
wave taking radiant heat exchange into 
account. 

-S = 
DppRT 

y-1 
= Ορ0ε. (7.50) 

This equation, which is obtained from the energy integral (7.40) if the terms 
p/p, D 2 / 2 , and w 2/2 are dropped, has a simple physical meaning. It denotes the 
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fact that the radiant energy absorbed in the preheating region is used up only 
in raising the gas temperature. Actually, it is easy to show that the com
pression work pjp and the change in the kinetic energy D2/2 — w 2/2, which 
are essentially proportional to ηχ, balance each other to within order η\. 

The equation of conservation of energy in the case when the gas is neither 
slowed down nor compressed, written as 

-S = Dp0e(T,p0), (7.51) 

is valid in general when the specific heats depend on temperature. If we 
evaluate this equation at the point χ = 0 directly ahead of the discontinuity 
we find the maximum preheating temperature T_ 

| S 0 | * σΤ\ = Ζ)ρ 0ε(Τ_). (7.52) 

In a gas with constant specific heats D ~ \JTX and T_ ~ Γ 3 / 5 , and the pre
heating rapidly increases with increasing wave strength. 

We may use (7.52) to obtain an approximate estimate of the temperature 
behind the front for which the temperature ahead of the compression shock 
T_ reaches the value Tx (we call such a wave critical). The approximation 
lies in the fact that the flux from the discontinuity surface is again assumed to 
be σ Γ 4 , although it is actually slightly greater, because the temperature 
behind the discontinuity is slightly higher than Tx. The approximate equation 
for the critical condition Tx = TCT is 

σ Τ 4 = D(TCT)p0s(Tcr). (7.53) 

Table 7.4 

TEMPERATURE AHEAD OF COMPRESSION SHOCK IN AIR AT STANDARD DENSITY 

D , km/sec Ά, °K ev/mol. 7\_, °K Z>, km/sec Ά, °K ε_ , ev/mol. r_, °κ 

23.3 50,000 3.7 6,800 56.5 150,000 122 60,000 
28.5 65,000 8.4 9,000 81.6 250,000 635 175,000 
32.1 75,000 13.1 12,000 86.2 275,000 910 240,000 
40.6 100,000 32.7 25,000 88.1 285,000 1020 285,000 

In Table 7.4 are presented values of the temperature ahead of the compression 
shock in air at standard density calculated from (7.52), taking into account 
the actual variation of ε(Γ). It is evident from the table that the critical tem
perature in air is approximately equal to 300,000°K (285,000°K according to 
(7.53)). As follows from (7.53), the critical temperature is the temperature for 
which the energy flux of the radiation and of the fluid become approximately 
equal (we recall the remark made at the beginning of §14). 
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Returning to the original equations for a gas with constant specific heats, 
let us find the approximate solution in the preheating region of a subcritical 
wave. If the temperature in the preheating region is small in comparison with 
the temperature behind the front (T_ < Tx), then the equilibrium radiation 
density, which is proportional to the fourth power of the gas temperature 
(Up ~ Γ 4 ) , is much less than the actual density U, which is determined by 
radiation passing through the gas and coming out from behind the surface of 
discontinuity at a temperature Tx (U ~ \S0\ ~ T\). The radiation born in the 
preheating region in this case makes only a small contribution to the total 
flux and density. The radiation density in the preheating region is therefore 
significantly out of equilibrium. Neglecting in (7.42) and (7.46) Up in compari
son with U, we find for the solution ahead of the discontinuity for τ < 0 

- S = - = = - S 0 e ~ ^ K (7.54) 

T= T _ e ~ v 3 | t | , (7.55) 

P- Po = P- -Poc-jsu\ 
Po Po 

All the quantities decrease exponentially with optical thickness with in
creasing distance from the discontinuity (Fig. 7.28). The values of Γ_, p _ , and 

(7.56) 

(7.57) 

Fig. 7.28. Radiation flux, density of 
radiation, and temperature profiles in a 
subcritical shock wave. 

ο * 

p _ can be easily calculated with the aid of (7.52) and (7.48) and the equation 
of state. 

The radiation density and flux at the shock discontinuity remain continuous. 
Actually, according to (7.43), a discontinuity in the radiation density would 
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correspond to an infinite value of the flux, which from conservation of energy 
must actually be finite. A discontinuity in flux would lead to an unsteady 
accumulation or loss of radiant energy at the discontinuity. Consequently, a 
representative point in the Γ, η and S, η diagrams on passing through the 
viscous shock jumps from a point Β on one of the branches to position C on 
another branch, corresponding to the same flux S0 . (The derivative of the flux 
in this case, of course, is discontinuous.) The same is true on the /?, η diagram: 
the gas is compressed through the compression shock following the Hugoniot 
curve CB passing through the point B. After the shock compression the state 
of the particle monotonically approaches its final position at the point D. 
Here, the temperature and radiation flux decrease and the gas density and 
pressure increase. 

As is evident from the Γ, η diagram, in a wave of not too large strength the 
temperature difference between the value behind the discontinuity T+ and 
the value behind the front Tx is, like the volume change behind the dis
continuity, not large. Eliminating η as before from (7.48) and (7.49) for the 
second branch, we find to second order in ηχ the relation between the flux and 
temperature behind the discontinuity 

~S = 1 . Dp0R(T - Tx). (7.58) 
>7i(3 - y) 

For an approximate solution of the radiative transfer equation in the region 
behind the discontinuity, we note that the temperature here changes very 
little and we can set Up κ UpX = 4oT\\c = const. We obtain for τ > 0 

-S = 4= (Upl - U) = -S0e~^\ (7.59) 
V3 

Τ — 7\ = (T+ — TJe'^, (7.60) 

with T+-Tx = [(3 - y)/(y + 1)]Γ_ « 0.78Γ_ for γ = 1.25. The radiation 
density at the discontinuity is found by patching together at τ = 0 the two 
branches of the curves U(S) given by (7.54) and (7.59). We obtain* 

Ό0 = \υρ1=2σΤ\. (7.61) 

The radiation density and flux profiles in a subcritical wave are illustrated 
in Fig. 7.28, in which for comparison the temperature profile is also shown. 

Let us determine the limits of applicability of the approximate solution of 
the equations in the preheating region. Equation (7.50) is very accurate even 
in a wave of critical strength, since for y = 1.25 the density ratio ahead of the 

* We note that here another value — S0 = (2/^/Τ)σΤ\ is obtained for the flux, which 
differs slightly from the preceding value — S0 = σΤ\. The small discrepancy is a result of 
the inaccuracy of the diffusion approximation, and it disappears when the exact radiative 
transfer equation is used; for additional details see [47]. 
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discontinuity is small: p _ / p 0 ^ 1.13. The solution of the radiative transfer 
equation (7.54), however, was obtained under the approximation Up <ζ U and 
becomes invalid when the radiation density U is comparable with its equi
librium value. It follows from (7.54) and (7.50) that this occurs at a tempera
ture Tc satisfying the equation 

(7.62) 

Comparing this equation with (7.53) in which the specific heats are assumed 
constant [ε =RT/(y — 1)], and noting that D has only a weak dependence 
on temperature (D ~ with y = const), we see that Tc is very close to the 
critical temperature Tcr. It follows from this that the radiation density in the 
preheating region is always out of equilibrium for temperatures below critical 
and that our approximate solution is valid for waves with strengths close to 
the critical. 

Essentially, the radiation density becomes of the order of its equilibrium 
value when the radiant energy and the hydrodynamic fluxes are comparable. 
As can be seen from (7.54) to (7.57), the optical thickness of the preheating 
region in a subcritical wave is of the order of unity. The geometric thickness 
of the region is, consequently, of the order of a radiation mean free path 
averaged over the spectrum. In air at standard density this thickness is of the 
order of 1 0 " 2 - 1 0 _ 1 cm. The thickness is the greater, the higher is the tem
perature behind the front, since the radiation mean free path increases with 
increasing photon energies. The thickness of the region behind the com
pression shock where the gas and the radiation approach their final states is 
also of approximately the same order of magnitude. 

§17. The supercritical shock wave 

Let us consider a shock wave of large, supercritical strength when the 
temperature behind the front Tx > TCT. The temperature in the preheating 
region increases from zero to Γ_ , which is equal to the final temperature Tx 

and thus also higher than Tcr. Since the temperature Tc defined by (7.62) 
is close to r c r , Γ_ is greater than Tc. The density ratio in the preheating 
region is not large and (7.50) still applies. 

At the leading edge of the region where the temperature is lower than TC9 

the radiation is again out of equilibrium, and the solution is of the type of 
(7.54) and (7.55) in which T, 5, and U decrease exponentially with the optical 
thickness. At the point where the temperature reaches the value Tc, the 
radiation density is of the order of its equilibrium value and the flux S is of the 
order of the Stefan-Boltzmann flux σΤ*. Moving further toward the dis
continuity, the radiation flux increases by virtue of the conservation relation 
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(7.50) in proportion to the temperature (S ~ Γ ) , so that it becomes smaller 
than the Stefan-Boltzmann flux. This means that in the temperature region 
where T> Tc, oppositely directed one-sided fluxes (which are of the order of 
σ Γ 4 ) to a large extent balance each other, the generated radiation at each 
point is comparable to the absorption, and thus the radiation density is close 
to its thermodynamic equilibrium value. In other words, in this layer of the 
preheating region the radiation is in local equilibrium with the fluid and the 
radiative transfer has the character of radiation heat conduction. The flux 
S is now determined by the temperature gradient, and its smallness in com
parison with the Stefan-Boltzmann flux is due to the fact that the temperature 
changes very little over a distance of the order of a photon mean free path. 

A solution for the radiation heat conduction layer can be obtained by 
replacing the radiation density U in (7.43) by the equilibrium value i / p « U 

3 dx 3 dx 

Solving this equation together with the algebraic equation (7.50), we find the 
temperature, flux, and radiation density profiles in the equilibrium layer of the 
preheating region. They should be patched together with the solution at the 
leading edge of the nonequilibrium layer at a point with temperature T= Tc, 
which effectively separates the two layers. The optical coordinate of this point 
will be denoted by xc. After some elementary calculations we obtain in the 
nonequilibrium layer, for τ < xc, |τ| > | T C | , 

Tc 4 σ Τ 4 4 σ Τ 4 ' 

and in the equilibrium layer for xc < χ < 0, 0 < |τ| < |TJ, 

i_^_^y'*= (1+ ^ |t_tJY» (7,5) Tc 4σΓ« \4σΚ/ \ 4 

where xc is expressed in terms of the temperature ahead of the discontinuity by 

Since the temperature in the nonequilibrium layer decreases exponentially, 
decreasing by several times over an optical distance equal to unity, the value of 
| T c | in the case of a very strong wave, with Tl > T*9 is effectively the optical 
thickness of the preheating region. We note that in the equilibrium layer the 
photon mean free path is taken to be the Rosseland mean value (see §12, 
Chapter II). The temperature ahead of the discontinuity in the supercritical 
wave almost coincides with the temperature 7\ behind the front. 
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The temperature ahead of the discontinuity T_ can never become higher 
than the final temperature behind the front Tx. Indeed, if T_ > Tl9 then 
the radiation density in the preheating region ahead of the discontinuity, 
which is approximately equal to £/_ « 4σΓΐ/<?, would become higher than the 
radiation density behind the front UPI = 4aTx/c. Consequently, the radiation 
density in the region between the discontinuity and the final state (0 < τ < 
4 - oo) would decrease in the direction away from the discontinuity. The flux 
S ~ —dUjdx would be positive and directed in the direction of gas motion. 
However, this contradicts (7.48) and (7.49), which follow from the con
servation laws and which show that the flux in the shock wave is everywhere 
negative and directed opposite to the gas motion. The temperature Γ_ is 
thus bounded above by the value of Tx. The impossibility of heating the gas 
ahead of the compression shock to a temperature exceeding the temperature 
behind the front Tx attests at the same time to the fact that a discontinuity 
must necessarily arise in the solution (a representative point on the Γ, η and 
S, η diagrams, in order to reach the final position Z>, must " j u m p over" 
from a position B' on another branch). The above physical considerations on 
the impossibility of the temperature Γ_ exceeding Tx and the necessity that a 
discontinuity must arise, are confirmed by a rigorous analysis of the equations 
for this regime (see [42]). 

Since in a supercritical wave T_ « Tl9 the radiation density ahead of the 
discontinuity is close to equilibrium and even ahead of the discontinuity it 
almost reaches its final value. Thus, 

V . . V _ „ « H „ " 1 . 0 „ (7.67) 
c c 

and in the region behind the discontinuity the radiation density remains 
practically constant 

4 σ Τ 4 

U(T) « UDI = - for τ > 0. (7.68) 
y c 

It follows from (7.65) that the flux at the discontinuity is equal to 

(7.69, 

On the T9 η and S, η diagrams a representative point in a supercritical wave 
moves along the curves from the point A to the point B' and then jumps to the 
point C , where the flux is the same. The temperature behind the discontinuity 
T+ can be obtained from (7.48) and (7.49). It is 

T+=(3-y)Tv (7.70) 
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Using the radiation heat conduction approximation in the region behind 
the discontinuity together with the fact that the radiation density in this 
region is constant, we find that the temperature is also constant. The tem
perature across the compression shock is continuous and equal to Tx. A 
representative point on the Τ, η and S, η diagrams moves directly from the 
position B' ahead of the discontinuity to the final position D. Here the flux 
will obviously undergo a discontinuity, since it is different from zero and 
equal to S0 ahead of tne compression shock and in the final state (point D) 
is equal to zero. We are thus dealing with a typical case of an 4 4 isothermal 
shock" which has already been encountered in §§3 and 12. 

The formation of the 4 4 isothermal shock " is a result of the mathematical 
approximation in which the flux is taken to be proportional to the tem
perature gradient. This excludes the possibility of a temperature jump, since a 
temperature discontinuity would result in an infinite flux. Actually, however, 
by virtue of the fact that the process in the compression shock is steady it is 
the flux which is continuous while the temperature undergoes a jump. This 
does not present any contradiction. It is simply that the radiation in the 
region immediately behind the discontinuity is out of equilibrium (the 
radiation density is lower than at equilibrium, since the density corresponds 
to the temperature Γ_ « Tx while the gas temperature is T+ > Tx) and the 
flux, which is determined by the gradient of the actual radiation density, is 
not expressed in terms of the gas temperature gradient. Again, a temperature 
peak exists behind the shock discontinuity and the temperature profile in a 
supercritical wave has the shape shown in Fig. 7.25. 

Let us estimate the optical thickness of the temperature peak behind the 
discontinuity from simple physical considerations. The geometrical thickness 
of the peak Ax is such that radiation born in this region gives a flux S0, 
coming out from the surface of the discontinuity and used up in preheating 
the gas entering the wave. The energy radiated per unit time in a layer 
Ax (per unit area of discontinuity surface) is of the order of 

—— Αχ ~ —γ- Αχ. 

This quantity is approximately equal to the flux S0, which according to 
(7.69) is of the order of S 0 ~ σΤ3

€Τχ. From this we obtain the thickness of the 
temperature peak 

The thickness decreases rapidly with increasing wave strength and the peak 
in a very strong wave is much narrower than a radiation mean free path. It is 
for this reason that this peak is " cu t off" in the radiation heat conduction 

(7 .71 ) 
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approximation, which disregards details related to distances shorter than a 
radiation mean free path. 

In conclusion, let us cite some values of the thickness of the preheating 
region in a supercritical shock wave propagating through air at standard den
sity. These values were estimated using (7.66) and the values of the Rosseland 
mean free path for real air calculated by the method presented in §8 of 
Chapter V. At Γ, = 500,000°K, rc = 3.4 and the thickness is of the order of 
40 cm. At Tx = 750,000°K, xc = 14 and the thickness is of the order of 2 m. 
Since the temperature peak is very narrow, these thicknesses represent at the 
same time the thickness of the entire shock front. 

§18. Shock waves at high energy densities and radiation pressures 

It was shown in §3 that in not too weak a shock wave, when heat con
duction is present but viscosity is absent, the gas cannot make a continuous 
transition from the initial to final state. A discontinuity is necessarily formed, 
which corresponds to a viscous compression shock and which within the 
framework of the given approximation is infinitesimally thin (since the vis
cosity of the fluid was excluded from the very beginning). If the heat conduc
tion flux is proportional to the temperature gradient, then all the flow vari
ables, with the exception of temperature, undergo a discontinuous jump at the 
discontinuity and an "isothermal shock" takes place. In §§12 and 17 we 
have examined specific examples of " isothermal shocks " which are caused 
by electron and radiation heat conduction. 

However, for extremely strong shock waves, when the energy density and 
the radiation pressure become sufficiently large in comparison with the 
energy and pressure of the fluid, the situation changes. The discontinuity 
disappears and the gas in the shock wave makes a continuous transition from 
the initial to the final state through radiation heat conduction alone, even 
if the fluid viscosity is not considered. This problem was treated by S. Z. 
Belen'kii and (later) by Belokon' [50]. 

We shall describe the internal structure of the shock front on the basis of 
equations (7.40), where S is the radiation heat conduction flux. The total 
pressure and energy are composed of quantities pertaining both to the 
fluid and to the radiation; here the radiation is taken to be in thermodynamic 
equilibrium. The point which describes the state in the wave on a /?, Κ diagram 
moves along the straight line 

ρ = p0D2(l - ly), 
V 

(7.72) 

where 

(7.73) 
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The temperature and the relative volume behind the wave front Tx and ηχ 

are related by the Hugoniot equation (with temperature and volume as 
variables) including both the radiation energy and pressure. This equation 
was derived in §10, Chapter III (equation (3.76)). Let us rewrite it here in the 
form 

where ηί0 = (γ — l)/(y + 1) is the final relative volume without taking into 
account the radiation density and pressure. It is evident from this equation 
that for prad>pgas, ηχ = 1/7; and for prad <pgas9 ηχ = ηχο· 

The temperature as a function of the volume for the compression of the gas 
in the wave front is obtained by substitution of (7.73) into (7.72), and is 

It is more convenient to write it in a somewhat different way by replacing 
p0D2 by Tx and ηχ 

Rpo- + ^ = [Rpo — + Γ ζ · (7.75) 
η 3 c V η1 3 c ; 1 - η 1 

The function Τ (η) has a maximum in the interval 0 < η < 1 (the coordinates 
of the maximum are denoted by T m a x and f/ m a x ). 

The radiation flux in the wave 5, as in the case when both the radiation 
density and pressure are small, is always unidirectional and opposite to the gas 
flow. It vanishes only when χ = — oo and χ = + oo, ahead and behind the 
wave front. Therefore, the temperature in the wave must increase mono-
tonically from Τ = 0 to Tl9 since otherwise the flux S ~ —dT/dx would change 
sign within the wave. 

If the radiation pressure is low, prad <^ pgSLS, then as follows from (7.75) 
fmax = 1/2 > y\i ~ y\\o = (y — 0/(7 + 1). In this case the point on the Γ, η 
diagram jumps from one branch of the Τ(η) curve to the other without passing 
through the maximum, and this results in an isothermal shock (see §§3 and 
17). If the radiation pressure is high, prad > pgas, then the point f/max at which 
the function Τ(η) passes through its maximum lies beyond the range of 
volumes actually encountered, 1/7 « ηχ < η < 1: the value of ^ m a x is close to 
zero (this is evident from (7.75)). Thus, in this case the gas density in the wave 
and the temperature change continuously and there is no discontinuity. This 
case is shown on a diagram of Γ 4 versus η (Fig. 7.29). Temperature, gas 
density, and radiation flux profiles in such a wave are shown schematically in 
Fig. 7.30. 

(7.74) 
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χ 
Fig. 7.30. Temperature, gas density, 

and radiation flux profiles in a shock 
wave taking into account the radiation 
energy and pressure in the case when a 
discontinuity is not present. 

X 

Let us find the wave strength at which the discontinuity disappears. Ob
viously, the strength corresponds to the case when the point of maximum 
temperature T m a x , ^ m a x coincides with the final point Tu nx (exactly as in §3). 
Indeed, a discontinuity is present for ηί < ^ m a x (" smal l " strengths), while for 
*7max < *li ( " l a r g e " strengths) the discontinuity is absent. The front variables 
corresponding to the transition strength which separates the continuous 
solution and isothermal jump regions will be denoted by T*9 η*. Differen
tiating (7.75) for the function Τ (η) and setting dT/άη = 0, Τ = Τ*9η = η*, and 
also setting in this equation and in the Hugoniot equation (7.74) Tx = Γ * 
and ηί = η*, we obtain a system of two equations for the unknowns 
Γ * and η* 

Rp0T* _( T* 4 <τΤ* 4\ 1 

Fig. 7.29. Γ 4 , η diagram for a shock 
wave with radiation and without a 
discontinuity. 
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Eliminating Γ * from this system we obtain a quadratic equation for η*, one 
of whose roots corresponds to the real state and is given by 

Thus, for example, for γ = 5/3, ηί0 = 1/4, η* = 1/6.45 (this value is slightly 
higher than the limiting volume for prad ^> pgas which is equal to 1/7). The 
transition strength, according to (7.74), corresponds to a ratio of the radiation 
pressure to the fluid pressure in the final state equal to 

Let us note that for this strength the gas velocity behind the front relative to 
the front is exactly equal to the isothermal speed of sound in the final state 
(while for strengths greater than the transition strength, for which there is no 
discontinuity, the gas velocity behind the front is higher than the isothermal 
speed of sound; the front moves with a supersonic velocity with respect to the 
gas behind it). 

The temperature distribution in a shock wave without a discontinuity 
can be found in the usual manner from the hydrodynamic equations (7.40) 
and from the expression for the radiation heat conduction flux S = 
— %cld(4aT4/c)ldx. We shall not discuss this further here. 

The article by Imshennik [51] considers a shock wave in a two-temperature 
plasma with radiation taken into account (the electron and ion temperatures 
are not assumed to be equal). In [88] the structure of a shock front is studied, 
with radiant energy transfer taken into account on the basis of the equations 
of radiation hydrodynamics (in the nonrelativistic approximation). 




