
X. Thermal waves 

§1. The thermal conductivity of a fluid 

If a fluid body is heated nonuniformly or if energy is released within the 
body, a thermal flux transported by heat conduction appears. Heat con
duction promotes energy diffusion and temperature equalization. In general, 
with temperature gradients also arise pressure gradients, which set the fluid 
into motion. In many cases hydrodynamic energy transport dominates over 
that associated with heat conduction. However, often the motion and hydro-
dynamic energy transfer are unimportant and heat from any source present 
is transported by means of thermal conduction alone. For temperatures which 
are not too high it is ordinary heat conduction which serves as the mechanism 
of heat transfer. 

Ordinary heat conduction transports thermal disturbances comparatively 
slowly through a medium (we shall prove this subsequently using a gas as our 
example). Small pressure disturbances propagate with the speed of sound, 
leaving certain redistributions of density, and the pressure equalizes more 
rapidly than the temperature. If the temperature changes in the medium 
are not large, the fluid moves at a speed much less than the speed of sound, 
and the motion of the fluid can often be neglected when considering heat 
propagation by thermal conduction, treating the process as one at constant 
pressure. 

The energy balance equation takes the form 

p c p ^ = - v - s + * r , ( l o . i ) 

where ρ is the density, which can approximately be taken as constant, cp is 
the specific heat at constant pressure, S is the heat flux vector, and W is the 
energy release per unit volume per unit time from external sources. The con
ductive heat flux is in first approximation proportional to the temperature 
gradient, 

S = -κ VT, (10.2) 

where κ is the coefficient of thermal conductivity, which depends on the 
properties and state of the fluid. Substituting (10.2) into (10.1), we obtain 
the general heat conduction equation, which describes the temperature of 
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the medium as a function of the coordinates and time 

dT 
~dt 

pcp— = \-(K VT) + W. (10.3) 

The coefficient of thermal conductivity and specific heat change very little 
over a moderate range of temperatures and may be considered as practically 
constant. The heat conduction equation (10.3) then becomes linear (with the 
exception of those cases where the energy release Wis a nonlinear function of 
the temperature). With κ = const we have 

pcp— = KV2T+ W. (10.4) 
dt 

Dividing the heat conduction equation (10.4) by pcp it assumes a form in 
which the fluid properties are characterized by only one parameter, the 
coefficient of thermal diffusivity χ = KJpcp\ 

dT W 
— = xV*T + q, q=—. (10.5) 
dt pcp 

The coefficient of thermal diffusivity in gases is approximately equal to the 
molecular diffusion coefficient, 

_Kv 
X ~ 3 ' 

where la is the molecular mean free path and ν is the mean thermal speed of 
the molecules; for example, in air at standard conditions χ = 0.205 cm 2 /sec. 
The heat conduction mechanism in liquids and solids is more complex and 
will not be discussed here. We only note that in water at room temperature 
χ = 1.5 · 1 0 " 3 cm 2 /sec. 

To the heat conduction equation must be added initial and boundary 
conditions. The initial temperature distribution in the medium is given as 

T(x, y, z, 0) = T0(x, y, z). (10.6) 

The heat flux at the interface between two media 1 and 2 with different 
properties is continuous, 

n - O c V T ^ n - O c V T ) ^ (10.7) 

where η is the unit vector normal to the interface. The temperature itself is 
continuous. The temperature or heat flux is given on the boundaries of a body 
as a function of time or, more generally, a relation between the two. 

The mathematical theory of linear heat conduction, which is concerned 
with the solution of (10.5) in various specific applications is well developed and 
is extensively used in various fields of physics and engineering. 
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§2. Nonlinear (radiation) heat conduction 

A new heat transfer mechanism comes into play at temperatures of the 
order of tens and hundreds of thousands of degrees, that of radiation heat 
conduction. The radiation heat conduction process was discussed in detail 
in Chapter II, and also in Chapters VII and IX, where we considered the 
front structure of a very strong shock and the radiative cooling of air. The 
essential difference between radiation and ordinary heat conduction processes 
lies in the fact that the coefficient of radiation thermal conductivity is highly 
temperature dependent, as a result of which the heat conduction equation 
becomes nonlinear. 

The heat flux transported by radiation heat conduction is (see (2.76)) 

Ic Ic 4 σ Τ 4 

S = - 3 ™ > = - 3 V — ( 1 0 · 8 ) 

where Up = AaT*jc is the equilibrium radiation energy density and / is the 
Rosseland radiation mean free path*. The energy flux (10.8) can be written 
in terms of the gradient of temperature in the form (10.2), if the coefficient 
of radiation thermal conductivity is defined as 

lcdUp 16σΓ 3 / 
κ = - —I = — _ — . (10.9) 

3 dT 3 

The coefficient of radiation thermal conductivity is temperature dependent 
because the radiation specific heat c r a d = dUpjdT ~ T 3 , and because the 
radiation mean free path / depends on temperature. 

The radiation heat conduction mechanism can transfer energy at a speed 
much faster than the speed of sound in the medium. This is so because the 
speed of light at nonrelativistic temperatures is very much greater than the 
speed of sound. If energy is released in a body of fluid and it is heated to a 
sufficiently high temperature, then this energy will initially be rapidly dissi
pated by radiation heat conduction. As long as the thermal propagation 
speed is much higher than the speed of sound, the fluid does not have sufficient 
time to be set into motion, the pressure does not equalize, and the heat flows 
through a stationary medium. Later on we shall present an estimate of the 
conditions under which motion arises. Here, we shall consider the propagation 
of heat by radiation heat conduction in a stationary medium only, one whose 
density does not change with time. 

* We recall that for radiative transfer to have the character of heat conduction, the 
radiation energy density at each point of the medium must be close to equilibrium. For 
this it is necessary that the dimensions of the heated region be appreciably greater than the 
radiation mean free path. Editors' note. This condition is also a sufficient one only within 
the diffusion approximation. A sufficient condition in general requires that the gradients 
must be small (see §12, Chapter II). 
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The energy balance is again given by (10.1) or (10.3) (but not by (10.4) 
since κ Φ const), with the only difference that the specific heat at constant 
pressure cp is replaced in all the equations by the specific heat at constant 
volume cv. It is also assumed that the radiation energy density Up can be 
neglected in comparison with the energy density of the medium ρε(Τ). 

If cv is regarded approximately as being temperature independent, and the 
heat conduction equation is divided by pcv, we get the equation 

^ = ν · ( χ ν Γ ) + 4, (10.10) 

which corresponds to (10.5). The coefficient of radiation thermal diffusivity 
χ is 

X = — = γ — · (10.11) 
pCv 3 pcv 

There is a close parallel between this quantity and the ordinary coefficient of 
thermal diffusivity for a gas χ = la v/3. The latter coincides with the diffusion 
coefficient of the molecules which transfer the heat. In the case of radiation 
heat conduction the fluid is heated and cooled and energy is transferred by 
the radiation, which acts as an " in termediary" . For this reason the co
efficient of radiation thermal diffusivity is not simply equal to the radiation 
diffusion coefficient /c/3, but is also proportional to the ratio of the specific 
heats of the radiation and the medium. 

In many cases it is possible to consider the radiation mean free path / as 
proportional to some power of the temperature (it is assumed that the density 
of the medium is constant) 

/ = ATm, m > 0. (10.12) 

In a fully ionized gas, where the radiation and absorption of light proceeds 
entirely by bremsstrahlung, m = 7/2. In the region of multiply ionized gases 
m ~ 1.5-2.5. For the power law (10.12) the coefficient of radiation thermal 
conductivity is also proportional to a power of the temperature 

K = 1̂ 1 Tn = BT\ η = m + 3, (10.13) 

where the exponent η ~ 4.5-5.5 in the multiply ionized region. In the approxi
mation in which the specific heat of the gas is assumed constant, we arrive at 
(10.10) with the radiation thermal diffusivity coefficient equal to 
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The nonlinear heat conduction equation then takes the form 

? = e V « ( r V T ) + g. (10.15) 
dt 

Usually the specific heats and internal energy of a gas at high temperatures 
in the multiply ionized region can be approximated by power-law functions of 
temperature 

s = aTk+\ Cv = ^- = (k + \)aT\ 
dT 

where α is a constant and k is a quantity approximately equal to 0.5 (see §8 of 
Chapter III). When the specific heat varies as a power of the temperature, the 
heat conduction equation can also be reduced to the form of (10.15). Let us 
introduce in place of the temperature another unknown function, namely the 
internal energy per unit volume 

/ F \ l/(*+l) 
E = pocTk+\ T = [ — 

We get 

where 

pa 

dE 
— = a'V'(E"'VE) + q', (10.16) 
dt 

n ' = ^ T T ' a' = {k + X ) { p « T ^ r * = W- ( i a i 7 ) 

Equation (10.16) is identical with (10.15) and their solutions are the same. 
The transformation of the solution of (10.15), Τ = Τ (χ, y, ζ, t), for any 
specific problem to the solution of (10.16), Ε = £(x, y, z, r), for the same 
problem can be simply carried out by replacing the constants a and η by a' 
and n\ and also by replacing the source function q by q' = W = qpcv. We note 
that when η = 5 and k = 0.5, n' = 3. In what follows, for convenience in 
comparing the results of the nonlinear and linear heat conduction theories, 
we shall use the temperature equation (10.15). In so doing, we should bear in 
mind that the solution which is found for any particular problem can be 
immediately written also for the case when the specific heat is proportional to 
some power of the temperature. 

In addition to radiation heat conduction, which is of the greatest interest, 
still another example of nonlinear heat conduction can be given. This is 
electron heat conduction in a plasma, which was discussed in §12 of Chapter 
VII. (Ion heat conduction in a plasma is also strongly temperature dependent, 
but it is considerably less important than electron heat conduction.) The 
coefficient of electron thermal diffusivity is χβ ~ T5J2. 
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It is interesting to note that the nonlinear heat conduction equation of the 
form (10.15) also describes an entirely different process, namely, the motion 
of a polytropic gas (the pressure and density of which are connected by the 
equation ρ = const p") in a porous medium. The gas density ρ satisfies the 
equation 

dp 
^ = b V - ( p " Vp), 

where η is the polytropic exponent and b is a constant that is determined by 
the porosity and permeability of the medium and by the properties of the gas. 
Problems in filtration theory are also similar to certain problems in nonlinear 
heat conduction. 

Nonlinear heat conduction processes were first considered by Zel'dovich 
and Kompaneets [1], who, in particular, found an exact solution to the prob
lem of heat propagation from an instantaneous plane source. Analogous 
problems in filtration theory were studied independently by Barenblatt [2]. 
He obtained the same solution for the case of an instantaneous concentrated 
source, and also solved a number of other specific problems. 

§3. Characteristic features of heat propagation by linear and nonlinear heat 
conduction 

The basic features of the nonlinear heat conduction process and the 
characteristic properties distinguishing it from linear heat conduction are 
best explained by the example of the propagation of heat from an instan
taneous plane source in an infinite initially cold medium. Let the energy $ per 
unit area of surface be the energy released at the initial time t = 0 in the plane 
x = 0 (i is in erg/cm 2 ) . For t > 0 the heat propagates in both directions 
away from the plane χ = 0. 

The heat conduction equation (10.10) for the problem considered takes the 
form 

dT _ d dT 

dt dxX dx ' 

with the spatial temperature distribution satisfying the condition of energy 
conservation 

Tdx = Q. (10.19) 
00 

The quantity Q is equal to Sjpcp if the process takes place at constant pres
sure, and to $\pcv, if the specific volume is constant. 
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In the given case the two equations ( 1 0 . 1 8 ) and ( 1 0 . 1 9 ) are equivalent to the 
single heat conduction equation ( 1 0 . 1 0 ) with a delta function source (with 
respect to time as well as with respect to position) 

q(x, 0 = QS(x)d(t). 

Initially at t = 0 the temperature of the medium is assumed to be identically 
equal to zero everywhere, with the exception of the point where the energy 
release takes place 

T(x9 0 ) = Qd(x). 

The solution to the problem posed for the case of linear heat conduction 
with χ = const is well known. It is given by the expression 

r = ( i J o ^ / 4 * ' (10·20) 

The characteristic property of linear heat conduction lies in the fact that the 
heat is concentrated at the point of energy release only at the initial time t = 0 
(for χ = 0 , Γ-» oo as t~1/2). For t>0 the heat instantaneously propa
gates throughout all of space and the temperature tends to zero at infinity, 
as x-> ± o o , only asymptotically. The major part of the energy is concen
trated in a region whose dimensions are of the order of χ ~ (4yj)1/2, which 
increases with time proportionally to y/t. Accordingly, the temperature also 
decreases as 1 /y/t, so that the total amount of heat, which is proportional 
to J Τ dx ~ Tx ~ (\jyjt)yjt ~ 1 , remains constant. The temperature distribu
tion at successive instants of time is shown in Fig. 1 0 . 1 . 

Fig. 10.1. Propagation of heat from 
an instantaneous plane source by linear 
heat conduction. 

The asymptotic character of the decrease in temperature at infinity and the 
instantaneous propagation of heat to infinite distance can be explained within 
the framework of the theory of heat conduction by the fact that the coefficient 
of thermal conductivity is finite at zero temperature. In practice, of course, 
only a negligibly small amount of heat reaches a very distant point at a given 
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t ime; the temperature decrease at infinity is very sharp, following a Gaussian 
behavior. In principle, however, at any arbitrarily large but finite distance 
from the source the temperature is finite immediately following the release of 
energy. It should be noted that the Gaussian law governing the behavior of 
the temperature at infinity is related to the approximate description of the 
heat propagation within the framework of the heat conduction theory. 
Actually the temperature at large distances is not determined by the diffusion 
of " h o t " molecules from the heated region (in a gas), but rather by the direct 
" unimpeded " molecules that arrive at points distant from the heated region 
without experiencing any collisions. Therefore, the drop-off in temperature 
toward infinity is actually not governed by the Gaussian relationship (10.20) 
but by the exponential relation Τ ~ e~x/la

9 where la is the molecular mean free 
path. It is clear that no matter what the preexponential factor, for a given time 
the simple exponential exp( — χ/Ία) will eventually become greater than the 
Gaussian exponential exp( — χ2/4χί\ (χ = Ιαϋβ). However, this region at large 
distances contains such a negligible amount of heat, that consideration of it is 
of no interest. 

Let us now verify the assumption that the motion of the fluid can be 
neglected. If we are dealing with a gaseous medium then a compression wave 
(or shock wave) is propagated from the point of energy release (in our case, 
from the plane x = 0). The shock propagates through the undisturbed 
medium with a speed of the order of the speed of sound in the heated region, 
and thus of the order of the thermal speed of the heated molecules v. The 
rate of propagation of heat by thermal conduction is 

Hence, as soon as the heat propagates a distance greater than the molecular 
mean free path, the rate of propagation of heat by thermal conduction 
becomes less than the hydrodynamic speed. Since, in general, there is no 
reason to consider distances smaller than a molecular mean free path, we 
can assume that the heat always travels with subsonic speed. If the amount 
of the energy released is not large, the compression wave is weak and the fluid 
velocity is small in comparison with the speed of sound. We can assume, as 
noted at the very beginning, that the role of the hydrodynamics is simply to 
equalize the pressure, and that the process of heat propagation proceeds at 
constant pressure. If the amount of energy released is large and the com
pression wave at a large distance from the energy source is a shock wave, then 
we are dealing with the purely hydrodynamic process of a strong explosion, 
considered in §25 of Chapter I. In this case the role of the thermal conduc
tivity of the fluid in the propagation of energy is insignificant. 

Let us now assume that the coefficient of thermal conductivity depends on 
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the temperature and, furthermore, let it decrease with decreasing temperature 
and vanish at zero temperature, as in the case of radiation heat conduction. 
In this case the heat cannot instantaneously penetrate over an arbitrarily 
large distance, but propagates from the source with a finite velocity in such 
a manner that a sharply defined boundary exists between the heated region 
and the cold region which has not yet been reached by the thermal disturbance. 
The heat propagates from the source in the form of a wave, with the above 
boundary surface serving as the wave front. This wave is called a thermal 
wave. The temperature distribution in a thermal wave at successive times is 
shown schematically in Fig. 10.2. 

Fig. 10.2. Propagation of a thermal 
wave from an instantaneous plane 
source. 

1 . 
The temperature and the heat flux in the cold undisturbed medium are 

zero, since the coefficient of thermal conductivity goes to zero. From con
tinuity, the flux at the wave front also goes to zero. In the case of linear heat 
conduction, with κ = const, the vanishing of the heat flux can be attributed 
only to the vanishing of the temperature gradient. In the case of nonlinear 
heat conduction, with the coefficient decreasing to zero as T-+0, the flux 
can vanish if the temperature gradient is nonzero because the coefficient of 
thermal conductivity goes to zero. This condition, in particular, is respon
sible for the generation of a sharp thermal wave front. 

To clarify what has been said, let us consider a layer near the wave front. 
If we restrict ourselves to small enough time intervals that the wave travels 
through distances which are small in comparison with the dimensions of the 
region encompassed by the wave, in comparison with the coordinate of the 
front xf (see Fig. 10.2), then the front velocity during t^ ; s time can be taken 
to be approximately constant. 

The temperature distribution near the front can be Sv. t in the form of a 
standing wave Τ = Τ (χ — vt), where ν is the front veloci> The temperature 
distribution near the front is quasi-steady in a coordinate system moving 
with the front. Substituting a solution in the form T= T(x — vt) into (10.18), 
we obtain the following equation for the temperature distribution near the 
front 

dT d dT 
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Assuming that χ = aTn (η > 0) and integrating this equation twice with the 
boundary condition Τ = 0 at x = xf, we get for the temperature distribution 

This distribution is shown schematically in Fig. 10.2. The front coordinate xf 

and its velocity ν = dxfjdt in this equation represent undetermined functions 
of time. They are found from the complete spatial solution. 

The fact that the temperature vanishes in the manner described by (10.22) 
also justifies the assumption of the existence of a sharp boundary for the 
heated region, i.e., a thermal wave front. If the exponent η ^ 0, the coefficient 
of thermal diffusivity χ does not go to zero for Τ = 0 and (10.21) has no 
solutions which vanish at a finite distance, and this case corresponds to the 
instantaneous propagation of heat to arbitrarily large distances. It follows 
from (10.22) that the temperature gradient near the thermal wave front 
satisfies the proportionality dTjdx ~ \xf — x | ( 1 / n ) _ 1 . If n>\, then the 
temperature gradient at the front (at λ: = xf) becomes infinite, i.e., the front is 
steep. If η < 1, (dTjdx)Xf = 0. The flux, however, is always zero at x = xf: 
S ~ TndT\dx ~ \xf - x\1/n -> 0 for η > 0. 

In examining the structure of a shock front (§§12 and 17 of Chapter VII) 
in which electron and radiation heat conduction were considered, it was shown 
how thermal conductivity produces a preheating " t o n g u e " which travels 
through the gas ahead of the compression shock. The temperature profile 
ahead of the discontinuity is given by (10.22) (if the motion of the gas ahead of 
the discontinuity may be neglected), with the velocity ν representing the speed 
of the shock front. The form of the profile is shown in Fig. 10.3a. The 
" t o n g u e " lies ahead of the shock by the definite finite distance Ax = xf — χγ 

(Fig. 10.3a), which depends on the shock front temperature Tx 

(10.22) 

χ(Ά) χ 
ην ην 

τ 

(α) 

Fig. 10.3. Preheating by heat conduc
tion ahead of a compression shock: 
(a) for nonlinear heat conduct ion; 
(b) for linear heat conduction. 

Ax xf χ 
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In the case of linear heat conduction χ = const and the preheating " tongue " 
extends to infinity, although its effective thickness is finite and constant (for a 
shock wave moving with a constant velocity). The solution of (10.21) with 
χ = const in this case has the form 

T=T1e'ix'xt)/Ax'9 Ax' =-. 
υ 

The temperature profile in the preheating layer is shown in Fig. 10.3b. As 
previously noted, the temperature vanishes only at infinity. 

The relation governing the temperature decrease at infinity due to the 
" unimpeded " molecules in the case of molecular heat conduction differs from 
that dictated by the heat conduction theory, which does not consider the 
motion of individual molecules. Similarly, the thermal wave profile near the 
boundary, in the case of radiative heat transfer, is given by (10.22) only 
within the framework of the radiation heat conduction approximation. If we 
also take into account the presence of " u n i m p e d e d " photons, i.e., the fact 
that the radiation at the leading edge of the wave is out of equilibrium, we 
find that the temperature at the leading edge of the thermal wave decreases 
exponentially as Τ ~ e~xl\ where / is the radiation mean free path. This 
effect was studied in detail in Part 3 of Chapter VII, where we considered the 
structure of shock fronts including the effect of radiative transfer. 

Up to now we have considered the propagation of heat in a medium with 
zero initial temperature. If T0 Φ 0, then the nonlinear coefficient of thermal 
conductivity in the undisturbed medium is finite and the relation for the 
temperature decrease is no longer given by (10.22); however, if T0 is not too 
large, the coefficient of radiation thermal conductivity is sufficiently small 
that this effect can be neglected. Of greater importance is the effect mentioned 
above of nonequilibrium radiation at the leading edge of the thermal wave, 
which leads to an exponential temperature drop Τ ~ e~x/l instead of the 
power-law relation (10.22). 

Let us note one more important difference between nonlinear and linear 
heat conduction. In the linear case the superposition principle is valid. There
fore, if there are a number of energy sources the heat propagates from each 
of them completely independently of the others. The solution of the heat 
conduction equation for distributed sources can be represented as an integral 
"over the sources" of the solutions corresponding to point sources. The 
superposition principle does not hold for nonlinear heat conduction. The 
propagation of heat from a single source depends on the temperature to which 
the medium is heated by a thermal disturbance coming from another source. 
In the general case of distributed sources the solution cannot be represented 
in the form of an integral over the sources. 
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§4. The law of propagation of thermal waves from an instantaneous 
plane source 

The law of propagation of heat from a source can be easily obtained even 
without an exact solution by estimating the order of magnitude of the 
characteristic dimension of the heated region, or from dimensional con
siderations. Problems on the propagation of heat from an instantaneous 
concentrated source (plane, point, line) can be solved exactly (see below). 
However, the semiqualitative estimates describe rather clearly the physical 
meaning of the governing laws and, in addition, are frequently useful when 
considering more complex problems for which no exact solutions can be 
found. 

Let us consider the propagation of heat from an instantaneous plane source. 
The results for the case of linear heat conduction were already presented in 
the preceding section, where the exact solution to the problem was given. We 
shall restate these results in order to demonstrate the general procedure for 
our semiqualitative approach. Let the coefficient of thermal conductivity be 
constant. Equation (10.18) contains only a single parameter—the coefficient 
of thermal diffusivity χ measured in cm 2 /sec. The other dimensional parameter 
is the energy per unit area: $ in erg/cm 2 or the quantity Q in deg · cm. If χ 
is the width of the region in which most of the heat is concentrated at the 
time t, then it is evident from dimensional considerations that x2 ~ χί, 
x ~ (χ01/2· The rate of propagation of heat is dx/dt ~ (χ/ί)ί/2 ~ χ/χ ~ x/t. 
The average temperature in the heated region is of the order of Τ ~ Q/x ~ 
Ql(xt)1/2. These simple results, which agree in order of magnitude with those 
given by the exact solution (10.20), can be obtained directly from (10.18) by 
replacing the derivatives dTjdt and dTjdx by T/t and Γ/χ, 3(χ dT/dx)/dx by 
χΤ/x2. This leads immediately to the same relationships. 

We now turn to the case of propagation of a nonlinear thermal wave. We 
assume that the coefficient of thermal diffusivity has the power-law form 
χ = aTn, for which the equation of heat conduction becomes 

dT d dT 
— = a - T n — . (10.23) 
dt ox dx 

This equation contains only the single parameter a, in cm 2 /sec · deg". The 
other dimensional parameter is in deg · cm. We can combine them 
into a single (independent) dimensional combination containing only the 
units of length and time, aQn in cmn+2 · s e c - 1 . From this the law governing 
the motion of the thermal wave front follows 

X/ ~ (aQnt)lKn+2) = (aQn)lKn+2)t1/in+2\ 
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The speed of propagation of the thermal wave is of the order of 

^ - ( α 0η ΐ/(»+2 ) ί ι/(»+2 ) - ι „ ΐ£ „ 
dt v * J t x}+1 

It is evident that when the exponent η is large, the thermal wave is slowed 
down very rapidly. This is so because, as a result of the thermal propagation, 
the temperature drops and the coefficient of thermal diffusivity decreases 
sharply. Recalling that the average temperature in the thermal wave is of the 
order of Q/xf and the average coefficient of thermal diffusivity χ = aTn ~ 
aQ njxn

f, we can write the law for the propagation of a thermal wave in a form 
corresponding to the linear theory: xf ~ (χί)1/2. It should be noted that the 
average coefficient of thermal diffusivity in this equation depends on time 
according to the relation 

v „ „ _ (nnn\2/(n + 2)f-n/(n + 2) 

Χ J (aQnyKn + 2)tn/(n + 2) VMV£ ) 1 

The law governing the propagation of a thermal wave can be also obtained 
from the heat conduction equation by replacing approximately the derivatives 
of all quantities by their values: dTjdt T/t; dT/dx T\xf\ d(JndT\dx)\dx 
Tn + 1/x2

f. We thus obtain xj ~ aTnt ~ χί; using the fact that Τ ~ Q/xf, we 
arrive at the relationships previously found. 

§5. Self-similar thermal waves from an instantaneous plane source 

Let us find the exact solution for the planar problem of a thermal wave 
propagating in an infinite medium as the result of the instantaneous release 
of energy at the time t = 0 in the plane x = 0. The process is described by the 
nonlinear heat conduction equation (10.23), with the solution satisfying the 
law of conservation of energy (10.19). It is evident from the dimensional 
considerations presented in the previous section that the solution to this 
problem is self-similar*. In fact, the only dimensionless combination that can 
be obtained from the coordinate x, the time t, and the parameters a and Q of 
this problem is 

The quantity QI(aQnt)1/in+2) = (Q2lat)inn+2) has the dimensions of tem-

* The concept of self-similarity is discussed in §§11 and 25, Chapter I. See also 
Chapter XII. 
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perature. Therefore a solution for T(x, t) should be sought in the form 

/02\l/<« + 2) 

T = ( | j Ml (10.25) 

where / ( £ ) is a new unknown function. 
Substituting (10.25) into (10.23) and transforming to the similarity variable 

ξ by means of the relations 

dt' 
1 d/ξ df 1 df 

(10.26) 

η + ΐάξί' dx ( a Q " i ) 1 / < n + 2 ) άξ' 

we obtain an ordinary differential equation for the function / 

The solution of this equation must satisfy the following conditions, which 
follow from the physical conditions of the problem: Γ = 0 at χ = ± o o ; or 
Γ = 0 at χ = + oo and dTjdx = 0 at χ = 0 (by virtue of the symmetry with 
respect to the plane χ = 0). It follows that 

/ « ) = 0 for ξ = α ο ; 
df Λ 

— = 0 
άξ 

for ξ = 0. (10.27) 

A solution of (10.25) satisfying the boundary conditions (10.27) was given 
in [1, 2]. It has the form 

(10.28) 

for ξ > ξ0, 

where ^ 0 is a constant of integration. This constant is to be found from the 
equation of conservation of energy (10.19), which takes the form 

+ ξο 
(10.29) 

-ξο 

Calculation gives 

1> + 2) 1 +"2 1"'~| 1 / ( η + 2 )ΓΓ(1/2 + 1/η)1"/(η+2> 
ξ ° - 1 ^ J L Γ ( 1 / « ) J ' 
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where Γ is the Gamma function. The law for the motion of the thermal wave 
front ξ = ξ0 is 

Xf = UaQnt)mn+2\ (10.31) 

As expected, this relation agrees to within the numerical coefficient ξ0 with 
the one obtained by semiqualitative considerations in the preceding section. 

It is convenient to write the temperature in a plane thermal wave in the 
form 

/ x2V/n 

T=Tc^l--^j , (10.32) 

where xf(t) is the front coordinate, whose dependence on time is given by 
(10.31) and (10.30), and Tc is the temperature in the central plane χ = 0. This 
temperature can be expressed in terms of the average temperature in the wave 
(averaged over the heated volume) 

Tc = j , (10.33) 

where 

T=^-; J= P(l -z2Y /ndz 
2xf Jo 

χ / π m/n) 
η + 2Γ(1 /η + 1/2)' 

For example, for η = 5, ζ0 = 0.77 and Tc = 1.12T. 
When the specific heat is taken to be variable, the temperature distribution 

differs very little from (10.32). Indeed, the energy distribution is 

But Ε ~ T1+k and n' = (n — k)/(k + 1), from which 

Since η ~ 5 and k ~ 0.5, this expression differs very little from (10.32) (in 
the first case the exponent \jn = 1/5; in the second it is \j(n — k) = 1/4.5). 
The new constant ξ0(η') in the relation for the propagation equation itself 
changes more appreciably. For η = 5 and k = 0 (constant specific heats) 
x f ~ t i n , dxf/dt~x}6; for n = 5 and k = 0.5 (that is, cv ~ T0'5), xf ~ 
\jtn' + 1 ~t"\ dxf/dt~x}4. 

The temperature distribution T/Tc as a function of xjxf is given in Fig. 
10.4a for the case η = 5. A thermal wave with a strongly temperature-
dependent coefficient of thermal conductivity has a characteristic temperature 
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" p l a t e a u " . The temperature is almost constant, being equalized by heat 
conduction within the entire heated region, with the exception of a relatively 
thin layer near the front where it rapidly drops to zero. This tendency is 

r/re 

Fig. 10.4. Distributions of tempera
ture, flux, and divergence of flux in a 
thermal wave. 

exhibited more strongly, the larger is the nonlinear exponent n. The distribu
tion of flux with respect to the position coordinate is given by 

S ~ - T n — ~ ( \ - - \ / η χ 
dx \ xjj 

The flux increases almost linearly from the origin χ = 0 to the very edge of 
the wave and drops very rapidly to zero only near the edge, as shown in 
Fig. 10.4b. The divergence of the flux dS/dx is almost constant in the entire 
region of the plateau. The main region of hot gas is cooled almost uniformly, 
and only near the edge of the wave is the gas heated by energy removed from 
the main mass of gas (see Fig. 10.4c). The heat propagates in such a manner 
that the volume of gas is cooled almost uniformly and the energy lost by the 
gas is absorbed near the wave front, which is the manner by which the wave 
continually encompasses the new layers of cold gas. The temperature distri
bution near the front can be approximately given as 

/ x2\1/n Γ 2 Ύ,η 

which was already given earlier (see (10.22)). 
Let the exponent η in the solution of (10.25), (10.28), and (10.30) go to the 

limit η -* 0, which corresponds to the transition to linear heat conduction (the 
constant a in (10.23) in the limit η = 0 plays the role of a constant coefficient 
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of thermal diffusivity χ = const). For η -»0 , ξ0-> 2\Jn 

Q Q 1 
^ = 7-Zm [ / ( O U o = ( f l ( ) " j U W J " ° ( α ί ) 1 / 2 ( 4 π ) 1 / 2 

8 -x2/4at 

χ _ nxy* 

Aat J 

(Anat) 1/2 

and we arrive at the well-known solution (10.20) of the linear heat conduction 
equation. 

In concluding this section, let us note that the second-order nonlinear 
equation (10.26) may be subjected to a group of transformations which leave 
the equation invariant. Indeed, it can be easily checked by direct substitution, 
that if ξ and / are replaced by a new independent variable ξ' and function / ' 
given by 

§6. Propagation of heat from an instantaneous point source 

Let us consider the spherically symmetric case. Suppose that at the time 
t = 0 an energy of $ erg is released at the point r = 0. The heat conduction 
equation in this case takes the form 

dT 1 d ( 2 dT\ 

Tt-?T\**i;} (ια34) 

* And also of self-similar problems in gasdynamics. For details, see Chapter XII. 
Editors' note. The Blasius equation of boundary layer theory may be reduced to first order 
with the help of the same approach. 

then in terms of the new variables the equation has the same form as (10.26). 
According to the theory of Lie groups, the order of an ordinary differential 
equation which admits a one-parameter group of transformations can be 
decreased by one. For this purpose it is convenient to introduce the new 
variables 

In terms of these variables the new equation contains ζ only in terms of the 
differential dz. Therefore, a new variable ρ = dy/dz can be introduced and ζ 
eliminated, yielding a first-order equation in the variables ρ and y 

Thus, the solution of the second-order equation (10.26) reduces to solving a 
first-order equation and to quadratures. This situation is characteristic of 
many self-similar problems of nonlinear heat conduction theory*. 
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The law of conservation of energy gives 

Jo 
TAnr2 dr = — = Q deg · c m 3 . 

The solution of the problem for linear heat conduction χ = const is well 
known 

Τ = e-rl'*xt. (10.35) 
( 4 π χ ί ) 3 / 2 ' 

The heat flows in such a manner that the main part of the energy is con
centrated in a sphere whose radius is of the order of 

in close analogy with the plane case, where we had x ~ (4χ ί ) 1 / 2 · The tem
perature at the center falls off as Tc ~ Q/r3 ~ Ql(xt)3/2. These relationships 
follow directly from dimensional considerations; they can also be obtained 
from estimates based on (10.34) and (10.35), by replacing the derivatives by 
their corresponding values (see §4). 

Let us now consider the case of nonlinear heat conduction with χ = aTn and 
η > 0. The equation takes the form 

dT a d ( , dT\ 
— = - 7 — r2Tn—\. (10.36) dt r2 dr\ dr J v } 

Let us find the equation of motion for the thermal wave front, as was done in 
the plane case. We have 

where χ is the coefficient of thermal diffusivity, corresponding to the average 
temperature of the heated region at time t. But 

T ~ | , (10.37) 

so that rj - aTnt - aQnrJ3nt, whence 

rf - (aQn)lK3n+2)t1K3n+2\ (10.38) 

The velocity of the thermal wave front is expressed by the proportionality 

dr, r, ( a 6 " ) 1 / ( 3 n + 2 ) aQ" 
- ^ ~ 7 ~ ί ( 3 Π + ι , / , 3 Π + 2 ) ~ ; ρ τ · (10-39) 

This velocity decreases extremely rapidly as the wave propagates. For 
example, with η = 5, drf/dt ~ 1/r 1 6. 
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We seek an exact solution of the heat conduction equation in the self-
similar form 

/ 0 2 / 3 \ 3 / ( 3 n +  2 ) 

T vV) φ(ξ χ (ια40 ) 

where the similarity variable ξ is defined as 

τ 
ξ = Ζ (aQnt)lK3n+2)* ( 1 0 * 4 1 ) 

Substituting (10.40) into (10.36) we obtain an ordinary differential equation 
for the function φ(ξ), which differs only slightly from the equation (10.26) 
for the plane case. This equation was solved by the late S. Z. Belen'kii, and 
independently by Barenblatt [2]*. 

The final solution can be written in a form similar to (10.32) 

T = T { 1 - 7 f ) ' ( ι α 4 2 ) 

where the radius of the front is 

ί·/ = ί ι ( β δ " 0 1 / < 3 " + 2 ) · (10.43) 
The constant ξι is given by 

Γ 3 η + 2 Ί 1 / ' 3 η + 2 ) Γ Γ(5/2 + 1/«) "|"/<3"+ 2> 
ξ ι ~ \_2n ~1 ηπη\ |_Γ(1 + 1 /η)Γ(3/2)J 

The temperature at the center Tc is 

where 

is the temperature averaged over the volume at the time when the radius of 
the wave front is rf. 

For example, for η = 5, ξί = 0.79 and Tc = 1.28T. When the specific heat 
is variable, with cv ~ Tk, 

. ή ) · Λ r}) • " - ! + * · 

* The propagation of an almost-spherical thermal wave was considered by Andriankin 
and Ryzhov [3]. Andriankin [4] has also considered a spherical thermal wave with radiant 
energy taken into account. 
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as in the plane case. The thermal wave radius, instead of rf ~ ^/(3n + 2)? [s 

now given by rf ~ ti/i3n' + 2 ) . For η = 5 and k = 0, rf ~ t 1 / l \ drfjdt ~ rj16; 
for η = 5 and = 0.5, #i' = 3.0, rf ~ r 1 / n , and drf\dt ~ r / 1 0 . 

The temperature distribution with respect to radius in the spherical case is 
exactly the same as in the plane case. The flux increases linearly with respect 
to the radius in almost the entire region from the center to the front and only 
drops to zero near the front: 

The divergence of the flux is almost constant over the entire sphere with the 
exception of a thin layer near the front. The gas is cooled comparatively 
uniformly, releasing energy which is absorbed near the front, and in this 
manner heating new layers of fluid. 

Let us imagine a small volume of a gas in which a large amount of energy 
was rapidly released with the result that the fluid was heated to a very high 
temperature. A thermal wave will then travel from the place where the energy 
is released through the surrounding gas. The speed of propagation of a ther
mal wave, according to (10.39), decreases as the wave propagates and as the 
temperature of the heated spherical region decreases; the speed is given by 
drf/dt~aQn/r}n + i . But rf ~ ( β / Γ ) 1 / 3 , so that drf\dt ~ a T n + i . In the 
case of radiation heat conduction η = 5 and drfjdt ~ T53. The speed of 
sound in a high-temperature gas, roughly speaking, is proportional to -JT. 
Consequently, if the initial temperature is very high, the speed of propagation 
of the thermal wave is necessarily much greater than the speed of sound. 
When a wave travels through a stationary cold gas of constant density, the 
pressure of the gas increases. Roughly speaking, the pressure behind the front 
of a thermal wave is proportional to the temperature ρ ~ pT, so that the 
pressure distribution approximately follows the temperature distribution. 
The existence of the pressure gradient in the wave results in the acceleration 
of the gas; it then suddenly expands from the center, and redistributes its 
mass so that it tends to concentrate at the periphery, near the thermal wave 
front. The disturbances travel through the gas with the speed of sound. Forthis 
reason, when initially the thermal wave travels much faster than the speed of 
sound, the fluid behind it cannot acquire any appreciable motion. As we have 
seen, the propagating thermal wave is very rapidly decelerated. After a certain 
time its speed drops off to a value of the order of the speed of sound and then 
becomes less than the latter. Starting at this time, the heat conduction wave no 
longer travels ahead of the sonic disturbances, the fluid is set into motion, and a 
shock wave is formed which then moves ahead of the thermal wave, traveling 
with a speed which is of the order of magnitude of the speed of sound in the 
heated gas behind it. The process gradually comes to resemble that which is 
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described by the solution of the problem of a strong explosion (see §25, 
Chapter I). The time of formation of a shock wave and of its overtaking of the 
thermal wave thus approximately coincides with the time at which the speed 
of the thermal wave drops to the speed of sound in the heated gas. 

It has been estimated that for air at standard density this takes place when 
the temperature in the heated spherical region drops to a value of the order of 
300,000°K. If the initial temperature of the air at the time of energy release is 
much higher than this value, then there is a sharply defined stage at which the 
energy travels through the stationary air by radiation heat conduction in the 
form of a thermal wave. When the temperature of the expanding heated 
spherical region drops to ~ 300,000°K, a shock wave is formed which then 
moves ahead, and the role of the radiation heat conduction is reduced 
exclusively to that of equalizing the temperature in the central region. If, 
however, the initial energy concentration is such that the air temperature is 
below 300,000°K, then in general no thermal wave is formed, and the energy 
from the very beginning is transported by hydrodynamic means, carried by 
the shock wave. 

It was noted at the end of §3 that the temperature profile at the lower edge 
of a thermal wave is the same as the temperature profile in the preheating zone 
of a very strong shock wave (in a very strong shock wave a " tongue " pre
heated by radiation heat conduction moves ahead of the shock front). In 
particular, the radiation at the very leading edge of the thermal wave is out of 
equilibrium, due to the presence of " unimpeded" photons, and the tem
perature drops to zero exponentially in the optical coordinate. This means that 
the visible luminosity of the surface of a thermal wave front is the same as the 
luminosity of the surface of a very strong shock front. It was shown in §4 of 
Chapter IX that this limiting luminosity, in air at standard density, cor
responds to a brightness temperature in the visible region of the spectrum of 
approximately 17,000°K. The brightness temperature at the surface of the 
front of a thermal wave is also the same. Thus, observing from afar 
the thermal wave propagating through air, we shall " s e e " a temperature of 
the order of 17,000°K, despite the fact that the temperature in the central 
regions of the wave can be as high as many hundreds of thousands of degrees. 

§7. Some self-similar plane problems 

Let us consider several self-similar problems. Two of them will be treated 
by the semiqualitative method presented in §4. We shall obtain an exact 
solution for one of them. 

Constant temperature on the boundary. Let a constant temperature T0 be 
maintained at the boundary of the plane half space (x = 0) with zero initial 
temperature. A thermal wave travels from the boundary into the medium, as 
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shown in Fig. 10.5. Since there exists a characteristic temperature T0, the 
coefficient of thermal diffusivity is of the order of χ ~ αΤξ, and the thermal 
wave front propagates according to the relation 

* / ~ ( χ 0 1 / 2 ~ ( β Τ 3 0 1 / 2· 

Fig. 10.5. Propagation of a thermal 
wave for a given temperature on the 
boundary. 

X 

The value of the numerical coefficient in this equation and the temperature 
distribution (obviously self-similar) can be found by numerical integration 
of an ordinary differential equation for the dimensionless function /(ξ), 
where 

τ - T 0 m , c - ( f l T ; ( ) 1 / 2 , 

subject to the boundary conditions f(0)= 1 and / ( o o ) = 0. 
The heat flux through the boundary decreases with time as 

c T „ S T a r " 0
+ 1 αΤ"0

+ι α 1 / 2 Γ <Τ 2 ) / 2 

5 ~ α Τ ο δ Τ ~ — ~ ν η Ψ 2 

The change of energy in the thermal wave with time can be estimated by 
either of two means, 

CXf Ct f dt 
< ί ~ Τ dx~ T0xf~ r 1 / 2 , or ( f ~ Sdt~ -jjj ~ t1'2. 

Jo Jo Jo * 

Constant flux at the boundary. Let us assume that a constant heat flux 5 0 , 
externally supplied to the fluid, is specified at the boundary 

S0 = -K(^—\ = -cvpaTn(^—\ = const for x = 0. 
\dx Jo \dx J0 

The laws of propagation of the thermal wave and of the temperature 
change in the wave with time may be found by replacing all derivatives by 
their corresponding ratios. The flux across the thermal wave changes from 
S0 to zero. The order of magnitude of the average temperature in the wave is 
given by 

α Γ " + 1 

S 0 ~ cvp—-—· 
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From the heat conduction equation it follows, however, that in order of 
magnitude 

t xf 

From these two approximate relations we find the equation of propagation 
of the thermal wave and the change of temperature with t ime: 

xf ~ (cvpaSn

0)^n+2¥n+i)/in+2\ Τ ~ f-^-

For η = 5, xf ~ t 6 / \ Τ~ t i n ~ x } / 6 , dxfjdt ~ Γ1/7. 
The speed of the thermal wave decreases very slowly, and the average 

temperature slowly increases. The temperature increase appears because as 
the wave propagates the temperature gradient becomes smaller, and in order 
to maintain a constant flux the coefficient of thermal conductivity must in
crease. The propagation of the wave is shown in Fig. 10.6. 

IT 

Fig. 10.6. Propagation of a thermal 
wave for a given flux at the boundary. 

X 

The dipole-type solution. Let the energy be released instantaneously in some 
layer near the plane boundary of the half space. Let us assume that im
mediately after the energy release the temperature at the boundary is made to 
fall very rapidly to a small value, practically to zero, and is maintained there. 
Despite the fact that the temperature at the boundary is very low, the heat 
flux through the boundary remains finite (correspondingly, the temperature 
gradient is very large), so that the energy flows out from the fluid. This 
problem does not admit an energy integral. 

Let us idealize the problem in order to eliminate dimensional length 
parameters (for example, the thickness of the layer where the energy is 
released, or its distance from the boundary). We shall assume that the energy 
is released instantaneously in an infinitesimally thin layer at the surface of 
the body χ = 0, in such a way that in the limit, when the thickness of the layer 
in which the energy release took place tends to zero and the layer itself 

\ l / ( n + 2) 
] f l / ( » + 2)e 
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approaches the surface χ = 0, the first moment of the temperature remains 
finite 

It can be easily shown that in this case, under the condition that the tem
perature at the boundary is zero, the energy integral in the problem of an 
instantaneous plane source is replaced by a moment integral, and the first 
moment of the temperature is conserved in time. This proposition was 
proved by Barenblatt [5]. 

Let us multiply the heat conduction equation (10.23) by χ and integrate it 
from 0 to oo, noting that the flux at infinity vanishes. Integrating by parts, we 

If Γ(0, t)  = 0 at the boundary, then the first or dipole moment of the tem
perature is conserved in time, 

This problem is self-similar, since it contains only two dimensional para
meters, Ρ in deg · c m 2 and a in c m 2 · s e c " l - deg~". It was solved by Barenblatt 
and Zel'dovich [6], with reference to the process of gas filtration. The thermal 
wave front propagates as 

xT(x, 0) dx < oo. 
ο 

get 

xT(x, t) dx = Ρ = const. (10.45) 

(10.46) 

where the numerical constants ξ0 and Μ are given by 

ξ0 = (n + 2 ) 1 / 2 ( n + ΐ)-«/2(«+ΐ) Λ - ι/2(» + ΐ ) 2 ι/2(»+ΐ) 

Here B(p, q) is the Beta function, which may be found tabulated. 

The temperature can be expressed in the form 
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For η = 5, the temperature function is 

1 / χ \ 1 / 6 Γ / x V / 6 T / 5 

and the front travels as 

xf ~ t 1/12 dx f 1 
dt t 11/12 ,11 ' 

The propagation of the thermal wave is shown in Fig. 10.7. 

IT 

t 

Fig. 10.7. The dipole-type solution. 

It is evident that the flux through the boundary χ — 0 is different from zero, 
and that energy flows out from the medium. Indeed, for xjxf <ζ 1, 

τ ~ ( 0 " " " · 

s τ η δ τ δ τ η + ί d f x \ ^ 0 

dx dx d x \ x f j 

(10.47) 

(The total energy g - x}1 - r 1 / 2 ( n + 1 ) , eds.) 
Barenblatt [2] investigated an entire class of self-similar solutions of plane 

problems subject to the very general conditions at the half-space boundary 

or 
Τ = const tq, q^O, 

S = const tq, q^O 

(the temperature or flux at the boundary increases with time following a power 
law). He also considered problems with cylindrical and spherical symmetry. 

§8. Remarks on the penetration of heat into moving media 

It was noted above that it is possible to neglect the motion of the medium 
when considering thermal waves because in the early stage of propagation of 
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the thermal wave from the source, when the temperature is very high, the 
propagation speed is much higher than the speed of sound and the fluid is 
simply unable " t o get moving" . In some cases, however, the motion of the 
medium is appreciable from the very beginning. 

Let us assume that the temperature at the boundary of the medium in
creases with time according to the power law T0 = const tq (q > 0). The 
distance through which the heat is carried into the medium by the radiation 
heat conduction mechanism is given by the proportionality 

X/ ~ ( X 0 1 / 2 ~ Tn/2t112 ~ & q + 1 ) l 2 (χ ~ Tn). (10.48) 

The speed of the thermal wave is expressed by the proportionality 

dt t 

The shock wave travels from the energy source at the boundary of the medium 
into the medium with a speed of the order of the speed of sound in the 
heated fluid: 

D ~ J Τ ~ tq/2. 

Let us compare the speeds of the thermal and shock waves, dxf/dt and D. 
If (nq — l)/2 <q\2, q < l/(n — 1), then at the beginning of the process as 
t -> 0 the speed of the thermal wave is always higher than that of the shock 
wave and the thermal wave outruns the shock. The motion of the medium at 
this stage can be neglected, as was done above. It is only starting at a certain 
time t\ when D becomes greater than dxf/dt, that the shock wave will move 
in front of the thermal wave and the fluid in the neighborhood of the thermal 
wave will be set into motion (obviously, there is no clearly defined time f and 
the fluid is accelerated gradually; t' represents an effective boundary between 
these two stages). 

If (nq— l ) / 2 > # / 2 , q > l/(n — 1), the situation is reversed. As i - > 0 , 
D > dxfldt, the shock wave outruns the thermal wave, and the thermal wave 
from the very beginning travels through a moving medium. Starting at a cer
tain effective time t\ the thermal wave moves in front of the shock wave and 
then travels through a stationary medium. The mass of the moving fluid, 
which is proportional to Dt ~ t i q , 2 ) + 1 (per unit area of surface), then makes 
up an increasingly smaller fraction of the mass heated by the thermal wave, 
which is proportional to xf ~ t{nq + l ) l 2 . 

In the intermediate case, (nq — l)/2 =q/2, q = \j(n — 1), the speeds of the 
thermal and shock wave increase at the same rate with time. In this case, in 
general, the stages when the energy penetrates the medium by one method 
only (either by hydrodynamic means or by heat conduction) are not separ
able, as they are asymptotically in the cases q ^ lj(n — 1). The fluid is heated 
by heat conduction and is set into motion almost simultaneously. 
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It is remarkable that in the particular case η = 6 (when the radiation 
mean free path I ~ T3) the hydrodynamic equations with radiation heat 
conduction (but not radiation energy and pressure) taken into account 
admit a self-similar solution. This solution corresponds to the case when the 
temperature at the boundary of the medium increases as T0 ~ t1/5 (the 
existence of such a self-similar solution was pointed out by Marshak [7]). The 
reference density in this case is constant and equal to the initial density of the 
medium p0, the pressure ρ ~ pT ~ t1/5, and the fluid velocity u ~ (plp)1/2 ~ 
tl/1°. The coordinate of the boundary of the disturbed region (the front of the 
thermal or shock wave) increases with time according to the relation 

The similarity variable in this case is ξ = const xt 1 1 / 1 0

9 so that the solution 
of the equations is expressed in the form 

It is significant that a self-similar solution is possible when the thermal 
conductivity (radiation mean free path) is an arbitrary function of the 
density, χ = f(p)T6 (since the density scale is not time dependent). That the 
gasdynamic equations including radiation heat conduction actually admit 
the above self-similar solution can be easily verified from a direct examination 
of these equations*. 

The character of the self-similar region for the case considered depends on 
which is larger, the speed of sound c ~ y / τ , or the speed with which the 
disturbances travel by heat conduction xjt ~ (χ/ί)112. Both quantities increase 
with time as i 1 / 1 0 , so that the relation between them is determined by the 
proportionality coefficients. For this reason the character of the process 
depends on the numerical value of the coefficient in the relation T0 ~ t1/5, 
determining the temperature increase with time at the boundary of the 
medium. A state is possible in which a shock wave travels ahead through the 
undisturbed fluid with a thermal wave following it through the heated and 
compressed fluid. Another state is possible in which the front of the thermal 
wave behind which the fluid is set into motion is the boundary between the 
disturbed and undisturbed regions. 

In concluding we note the article by Nemchinov [ 8 ] , in which some prob
lems of radiative heat transfer including the motion of the medium are 
considered. 

* W e recall that the equations of continuity and of motion do not change when radiation 
heat conduction is included, but that an additional energy flux (10.8) is introduced into the 
energy equation (see §9, Chapter II). 

χ ~ « ί ~ ( χ ί ) 1 / 2 ~ ( Τ 6 ί ) 1 / 2 ~ ί η / 1 0 · (10.49) 

Τ = const ί 1 / 5Λ(ί), u = const t i l l o f 2 ( 0 , etc. 
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§9. Self-similar solutions as limiting solutions of nonself-similar problems 

Self-similar solutions are of interest not so much as particular solutions 
of a specific narrow class of problems, but mainly as limits which are asymp
totically approached by solutions of more general problems that are not self-
similar. This problem was investigated by Zel'dovich and Barenblatt [9], 
as applied to an initial value problem for the nonlinear heat conduction 
equation in the one-dimensional planar case (10.23). 

The basic physical features of the asymptotic behavior of a solution can 
best be clarified by using an example of linear heat conduction for which the 
solution is particularly simple. Let the temperature distribution T(x, 0) = 
T0(x) along the χ axis at the time t = 0 be given, with the temperature differing 
from zero only on a finite part of the χ axis*. As is well known, the solution 
of the heat conduction equation (10.18) in this case is (χ = const). 

1 Γ 0 0 

τ ( χ ' 0 = ( 4 ^ F 2 J To(y)e~(x~y)2/*xtdy- (10-5°) 

This is a generalization of the solution (10.20) to the case of a distributed 
source. 

Let us consider the behavior of the temperature as t -> oo at large distances 
from the place where the heat was initially concentrated, for x > y. Expanding 
the integrand in a power series in the small quantity yjx we obtain 

T o O O ? ' * • + · ' ] , ( 1 0 . 5 1 ) 

where 

ζ 0 

(Xt)ll\-
T0(y)y dy + 

2ξΖ - 1 

4 y * 

The solution is seen to be a sum of self-similar terms, in which the powers of 
inverse time increase by 1 /2 with each successive term, and the coefficients are 
expressed in terms of successive moments of the initial temperature distribu
tion. In the limit /->oo we are left with the first term in the brackets, cor
responding to the solution of (10.18) for a concentrated source. The next term 

* This initial condition is one applicable for the problem of nonlinear heat conduction. 
In the linear case the more general condition of a sufficiently rapid temperature decrease at 
infinity is permissible. 
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in the expansion, which characterizes the difference between the actual and the 
limiting solution, is of the order of 1 / / 1 / 2 with respect to the leading term, 

— Τ Γ ι , ^ ) , . . . " 
- ' ΐ ί ιη 1 + f i / 2 + 

(10.51') 

Since the coordinate origin, the time origin, and the temperature scale in 
(10.18) can be chosen arbitrarily (that is, the group of transformations 
x' = χ — x0, t' = t + τ, Τ' = kT are admissible), this equation admits of a 
more general self-similar solution than (10.20), given by 

^SIMO - x0 , t + τ, Q) = 
Q 

I ^ R T R + T ) ] 1 ' 2 

-(χ-χο)2/4χ(ί + τ) (10.52) 

This solution corresponds to the instantaneous release of a definite amount 
of heat Ε = cvpQ at the point χ = x0 and at the time t = — τ. 

It can be easily proved that by a proper choice of the parameters x0, τ, 
and Q we can obtain a self-similar solution of the type (10.52) which describes 
the exact solution (10.51) better than does the self-similar solution (10.20), 
in which x0 = 0 and τ = 0. Indeed, let us expand the function (10.52) in a 
power series in the small parameters x0/x and x\t (in the limit t -> oo, χ -> oo). 
Comparing the expansion with the exact solution (10.51), we see that by 
choosing the values of Q, x0, and τ so that 

Q = T0(y) dy9 

D 

T0(y)y dy 

* oo 

J — oo 

T0(y) dy 

iy)y2 dy 

(10.53) 

2χ T0(y) dy 
V 

terms of the order of t 1 / 2 and t 1 in the expansion disappear, so that 

T(x, 0 = T s i m (x - x 0 9 t + r9 Q^l + A + .. . J . (10.54) 

The second term in the brackets in (10.54) is a higher order quantity as 
t -> oo, than is the second term in (10.5Γ). 

The physical reason for the better agreement of the similar solution (10.52) 
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with the exact solution lies in the fact that (10.52) corresponds to an in
stantaneous release of the same amount of heat at the point x 0 , which is the 
center of gravity χ of the initial temperature distribution T0(x). The instant of 
energy release corresponds to the time required for the heat to acquire the 
same lateral dispersion (measured by the second moment) relative to the 
center of gravity as has the initial temperature distribution. The " effective " 
amount of heat Ε = cvpQ in the improved similar solution (10.52) is found to 

be exactly equal to the actual amount of heat cvp |__ T0(x) dx. In a similar 

manner it is possible to find a self-similar solution which best approximates 
the exact solution with distributed heat sources in the case of nonlinear heat 
conduction. 

The self-similar solution of (10.23) corresponding to an instantaneous heat 
release at the point χ = 0 at the time t = 0 was given in §5 (equations (10.32), 
(10.33), (10.31), and (10.30)). It was shown in [9], which also discusses the 
mathematical features of this problem, that by an appropriate shift in position 
and time, that is, by properly selecting x0 and τ, it is possible to obtain a self-
similar solution T(x — x0, t + τ, Q), which differs from the exact solution 
Γ(χ, r, Q) by terms of order higher than r ( 2 n + 3 ) / ( n + 2 ) * . 

§10. Heat transfer by nonequilibrium radiation 

Let us imagine that a spherical region of radius R0 has been formed in 
low density air at a temperature Τ high enough that the heated sphere is com
pletely transparent to its own thermal radiation and radiates as a volume 
radiator. If the radiation mean free path which characterizes the emission 

* Editors'' note. Since the energy and first moment integrals are both conserved in the 
nonlinear case also, Q and x0 are still given by the expressions of (10.53). The second 
moment obeys the law 

and when taken about the center of gravity must approach (/ + T ) 2 / ( " + 2 ) asymptotically. 
Let us define r'(t) by 

and note that r'(0) is given by an analogue of the formula for τ in (10.53). The quantity 
τ ' - * T as / - > oo. We can show (with η > 0) that dr'/dt ^ 0, so that τ ' approaches its limit 
τ monotonically from below. Thus r'(0), although useless in general as an estimate for r, 
does serve as a lower bound. 

— OO 

t + r\t) = 
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coefficient of the air is 1{(Τ), then the condition for transparency is lx(T) > R0. 
(We recall that the radiation mean free path, as a rule, increases rapidly with 
increasing temperature.) Photons born in the highly heated region leave almost 
unimpeded and are absorbed in the surrounding layers of cold air. The air 
in the central sphere is thus cooled by light emission and the peripheral layers 
are heated by light absorption. The heated region expands and the tem
perature in it drops. The process is quite similar to that of propagation of a 
thermal wave, with the difference, however, that the radiation that transfers 
the energy is here substantially out of equilibrium. This process of the transfer 
of heat by nonequilibrium radiation was treated by Kompaneets and Lants-
burg[10, 11]. 

The radiation, having been absorbed first in the opaque peripheral layers 
of the sphere, heats them to a temperature T* at which the air becomes 
transparent. Let the mean free path of photons which carry the major part 
of the energy of the radiation spectrum of the central sphere with temperature 
Τ be Ij in the peripheral region. It depends both on the characteristic fre
quencies (on T) and on the temperature of the air in which the absorption 
takes place. It is clear that the approximate condition which defines the 
transparency temperature Γ * is 

(10.55) 

where R is the radius of the heated sphere, which increases with time in com
parison with the initial radius R0. The temperature distribution is illustrated 
in Fig. 10.8. 

RQ R 

Fig. 10.8. Nonequilibrium radiation from a very hot central region. 

If the temperature Τ in the central sphere is initially very high and the air 
in it is highly transparent to radiation, then the transparency temperature Γ * 
is found to be appreciably lower than T, and the radiation born in the peri
pheral layers with temperatures of the order of Γ * can be neglected. In this 
case the rate of expansion of the heated region is determined simply by an 
energy balance equation. The amount of energy radiated during the time 
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interval dt at a time t in the highly heated central region is of the order of 

cUp(T) 4nR3

0 

UT) 
•dt, 

where Up = AaT^jc. This energy is absorbed in a peripheral layer of thickness 
dR and radius R and the air in this layer is heated to a temperature which is 
of the order of the transparency temperature T*. It follows that 

cUp(T)AnRl 
UT) 3 

dt = 4nR2 dR ρε(Γ*), 

where ρ is the density and ε is the specific internal energy of the air. From this 
we obtain the rate of expansion of the sphere 

dt ρε(Τ*) ShmyRj K ' 

Here T, the temperature in the radiating central region, drops in accordance 
with the cooling equation 

MJ)=_cUIr1 

μ dt l,(T) v } 

From (10.56) it might appear that the velocity of the sphere boundary ν 
can be as large as we wish, even larger than the speed of light (if the radiation 
energy density U9 which is of the order of UpRjlx is higher than the energy 
density of the medium ρε). In fact, however, this is not so for the reason that 
(10.56) is valid only for the case when ν <̂  c. If the rate of expansion of the 
sphere is comparable with the speed of light, then this means that the radiated 
energy is used up not only in heating the medium, but also in " filling " the 
expanding sphere with radiation. Mathematically this is expressed by the 
fact that the velocity ν is proportional not to U/ρε but to U/(U + ρε), and this 
automatically sets an upper limit for the velocity ν which is less than c. 

As the heated sphere expands and the air in the central region is cooled, the 
latter becomes less and less transparent and the temperatures Τ and T* 
approach each other. When they become equal opaqueness sets in. At the same 
time the radiation from the peripheral layers, which sends photons not only 
outward, as from the central region, but also back into the interior of the 
sphere, becomes appreciable. The radiation density in the sphere then 
approximates the equilibrium density at the given temperature, and gradually 
the process takes on the character of the thermal wave considered in the 
preceding sections. 

In order to indicate better how the transition takes place from one regime 
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to the other at the transparency condition for the entire sphere, Γ « Γ * , 
lt « R, let us estimate the speed of propagation of the boundary of the heated 
sphere in this limiting case from the formulas for nonequilibrium and thermal 
waves, respectively. 

In the nonequilibrium regime, in the limit R tending to lx (from the side 
R <! /j) and Τ tending to T*, the radiation comes not only from the central 
sphere but from the entire heated region, so that in the energy balance 
equation as expressed by formula (10.56) we should substitute R for R0. 
Then, to the right order of magnitude with Τ ~ T* and R~ l u 

v „ c E E * c E P . (10.58) 
ρε Ιί ρε 

On the other hand, in the equilibrium regime the speed of the thermal wave is 
given approximately by 

where the coefficient of radiation thermal conductivity χ, according to the 
definition (10.11), can be written in the form χ ~ Ic ϋρΙρε. It follows that in 
order of magnitude the speed of the thermal wave is 

U P 1 ν ~ c — —, 
ρε R 

where in the equilibrium case R > /. If we now let R tend to /, we obtain at the 
transparency condition, R ~ I ~ l u the same value as (10.58), ν ~ c Όρ\ρε. 




