
XL Shock waves in solids 

§1. Introduction 

The study of the laws governing the propagation of shock waves through 
condensed media, such as metals, water, etc., is of great theoretical and 
practical importance. In particular, such studies are necessary for the under
standing and calculation of explosion phenomena. The theoretical analysis 
of data obtained from such studies yields information on the equation of 
state of solids and liquids subjected to high pressures, which is very important 
in the solution of a large number of problems in geophysics, astrophysics, 
and other branches of science. 

A knowledge of the thermodynamic properties of the medium is necessary 
for describing the hydrodynamic processes which take place within it. While 
no appreciable difficulties are encountered in calculating the thermodynamic 
properties of gases, a theoretical description of the thermodynamic properties 
of solids and liquids at the high pressures generated by very strong shocks 
presents a very complex problem, which at the present time is still very far 
from understood. Therefore, experimental methods play a major role in the 
study of condensed media in a compressed state. 

Until recently, the physics of high pressures was limited to the study of 
media compressed under static conditions in piezometers of various design. 
However, the pressures obtainable by this means can not exceed a hundred 
thousand atmospheres without the construction of extremely large facilities. 
Also, and more important, it is impossible to provide conditions for reliable 
measurements, since under higher pressures the piezometer bomb deforms, 
preventing the measurement of physical properties to the accuracy desired. 
Nevertheless, many problems in modern science and engineering are con
cerned with pressures of hundreds of thousands and millions of atmospheres. 

In the postwar years, both in the USSR and in other countries, it was 
suggested that dynamic methods, based on the utilization of strong shock 
waves, be used for obtaining high pressures and compressions. Shock waves 
in metals and other condensed media with pressures of hundreds of thousands 
and millions of atmospheres were obtained and investigated. In the USSR 
these new methods were developed in works by Al'tshuler, Kormer, Krup-
nikov, Ledenev, Bakanova, Sinitsyn, Funtikov, Zhuchikhin, and others 
[1-5], and in the USA by Walsh, Christian, Mallory, Goranson, Bancroft, 
McQueen, Marsh, and others [22-26]. 
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Soviet scientists were particularly successful in this direction, having suc
ceeded in obtaining record pressures of five million atmospheres (the American 
authors investigated weaker shock waves; papers reporting the attainment 
of pressures of two million atmospheres, which were the highest achieved 
by them, were published later than those of the Soviet authors*). For the 
first time in the history of mankind a solid body was compressed by a factor 
of 2 or more; until then such a dense medium could be "encoun te red" only 
in the central regions of the earth and of other cosmic bodies. These outstand
ing achievements in obtaining high pressures and densities in solids have 
made it possible to draw a large number of interesting conclusions on the 
thermodynamic behavior of media under such extraordinary conditions and 
to determine by semi-empirical means important thermodynamic character
istics of highly compressed metals. The extremely short duration of the im
pact loads required seeking new measurement techniques that would permit 
the determination of physical properties under conditions of high-rate 
processes, and required the design of appropriate instrumentation. A large 
contribution in this direction was made by the Soviet investigators Tsuker-
man, Shnirman, Dubovik, Kevlishvili, Zavoiskii, and others [6-12]. 

The basic feature distinguishing the condensed from the gaseous state and 
determining the behavior of solids and liquids compressed by shock waves 
is the strong interaction between the atoms (or molecules) of the medium. 
The range of interatomic forces is very limited. It is of the order of the dimen
sions of the atoms and molecules, of the order of 10" 8 cm. In a sufficiently 
rarefied gas, where the average distances between particles are very much 
greater than the particle dimensions, the interaction takes place mainly 
through collisions, during which the atoms or molecules approach each other 
closely. 

The pressure in a gas is of thermal origin; it is related to the transfer of 
momentum by particles participating in the thermal motion, and is always 
proportional to the temperature: ρ = nkT. Relatively small pressures are 
required to compress a gas strongly. The limiting compression of atmospheric 
gas across a shock wave, as dictated by the conservation laws, is reached for 
pressures behind the front of several tens or a hundred atmospheres, so that 
a shock wave of this strength may be regarded as strong. 

The behavior of a condensed medium with respect to a compression is 
different. The atoms or molecules of solids and liquids are close to each other 
and interact strongly. This interaction, in particular, is responsible for 
holding the atoms within the body. The interaction forces have a dual charac
ter. On the one hand, particles separated by sufficiently large distances are 
attracted to each other; on the other hand, when brought close together they 

* This refers to the earliest publications (Soviet and American). In subsequent years 
papers have appeared describing investigations at still higher pressures. See the review [55]. 
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repel each other as a result of the interpenetration of the electronic shells of 
the atoms. Equilibrium distances of atoms in a solid body in the absence of 
external pressure correspond to a mutual compensation between the attrac
tive and repulsive forces, to a minimum in the interaction potential energy. In 
order to separate the atoms by a large distance, it is necessary to overcome 
the binding forces and to supply energy equal to the binding energy, which for 
metals is of the order of several tens or hundreds of kcal/mole (of the order 
of several ev/atom)*. In order to compress a material it is necessary to over
come the repulsive forces, which increase very rapidly as the atoms are 
brought together. The compressibility of metals is, by definition, κ0 = — (1 / V) · 
dV/dp, and at standard conditions is of the order of 1 0 " 1 2 cm 2 /dyne « 10~ 6 

a t m - 1 . In order to compress a cold metal by 10% an external pressure of 10 5 

atm must be applied; the compressibility usually decreases with increasing 
pressure. Compression of metals by a factor of 2 requires pressures of the 
order of several million atmospheres. 

Thus, a strong compression of a condensed medium generates a colossal 
internal pressure, even in the absence of heating, due only to the repulsive 
forces between the atoms. The existence of this nonthermal pressure, which 
is not a property of gases, determines the basic features of the behavior of 
solids and liquids compressed by shock waves. As we shall see below, the 
material is also very strongly heated by strong shock waves, and this results 
in the appearance of a pressure associated with the thermal motion of the 
atoms (and electrons). This pressure is referred to as " t h e r m a l " pressure, 
in contrast to the elastic or " cold " pressure caused by the repulsive forces. 
In principle, as the shock strength tends to infinity, the relative importance 
of the thermal pressure increases and, in the limit, the elastic pressure becomes 
small in comparison with the thermal pressure; under the action of extremely 
strong waves the initially solid medium behaves as a gas. However, for shock 
waves with pressures of the order of millions of atmospheres, as obtained in 
the laboratory, these two pressures are of comparable magnitude. The 
elastic pressure is dominant in weaker shock waves, with pressures of the 
order of hundreds of thousands of atmospheres and below. The thermal 
energy of the material compressed by the shock wave is also small in this case. 
Essentially all of the internal energy acquired by the medium from the wave 
is expended in overcoming the repulsive forces due to the compression and 
is concentrated in the form of potential elastic energy. The speed of propaga-

* The binding forces in solids are of various types. In accordance with their nature, 
solids are usually subdivided into five groups: (1) ionic crystals—for example, NaCl , with 
a binding energy U = 180 kcal /mole; (2) crystals with a covalent bond—for example, 
diamond, U = 170 kcal /mole; (3) metals, U ~ 30-200 kcal /mole; (4) molecular crystals, 
bound by van der Waals forces, with a weak bond—for example, for C H 4 , U = 2.4 kcal/ 
mole ; (5) crystals with hydrogen bonds—for example, ice, U = 12 kcal/mole. Here we shall 
be mainly interested in metals. 
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tion of small disturbances in a condensed medium is, in contrast to gases, not 
temperature dependent. It is determined by the elastic compressibility of 
the medium. 

The numerical characterization of the " strength " of a shock wave is also 
different in solids. The strength of a wave in gases is measured by the pressure 
ratio across the wave front. The limiting density ratio of about 4 to 10 is ob
tained when this ratio is equal to several tens or a hundred. In this case the 
shock wave velocity is considerably greater than the speed of sound in the initial 
gas, and the gas behind the front is accelerated to velocities close to that of the 
shock wave. If the gas was initially at atmospheric pressure, then a shock wave 
with a strength of even a hundred atmospheres is regarded as strong. In a solid or 
liquid, a shock wave with a strength of even a hundred thousand atmospheres 
is regarded as weak. Such a wave differs little from an acoustic wave: it travels 
with a speed close to the speed of sound, compresses the material by only a 
few percent or perhaps of the order of ten percent, and imparts a velocity to 
the material behind the front which is of the order of a tenth the velocity of 
the wave itself. If we characterize the strength of the shock wave by the ratio 
of its speed to the speed of sound in the undisturbed medium or by the close
ness of the density ratio to its limiting value, then a strong wave for condensed 
media is one whose pressure is not less than tens or hundreds of millions of 
atmospheres. 

In this chapter we shall consider in detail the physical behavior of solids 
at high pressures and densities, we shall familiarize ourselves with the proper
ties of shock compression, we shall describe experimental methods for 
studying shock waves moving through solids, and we shall discuss the results 
obtained by these methods. We shall also consider some physical phenomena 
observed in the passage of shock waves through metals and other media and 
on unloading of the substance, when a shock wave reaches a free surface. 

A great deal of valuable information about these problems may be found 
in the recently published review by APtshuler [55], in which a large amount 
of experimental data are brought together and analyzed. 

1. Thermodynamic properties of solids at high pressures 
and temperatures 

§2. Compression of a cold material 

The pressure ρ and the specific internal energy ε of a solid material can be 
divided into two parts. The first part, the elastic component pc or e c , is 
related exclusively to the forces of interaction between the atoms of the 
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medium* and is entirely independent of the temperature. The other part, 
the thermal component, is related to the heating of the body, that is, with 
the temperature. The elastic components pc and sc depend only on the density 
of the material ρ or the specific volume V =\jp and are equal to the total 
pressure and specific internal energy at absolute zero temperature; that is 
why they are sometimes called the " c o l d " pressure and energy. In this 
section we shall consider only the elastic components of the pressure and 
energy. Therefore we shall assume that the body is at absolute zero. 

The state of mechanical equilibrium of a solid at zero temperature and 
pressure! is characterized by the mutual compensation of the interatomic 
forces of attraction and repulsion and by a minimum in the elastic potential 
energy; this minimum can be taken as the origin for the energy ec = 0$. Let 
us denote the specific volume of a body in this state (ρ = 0, Τ = 0) by V0c. 
This volume is slightly smaller than the volume V0 of the body under stan
dard conditions (p = 0 or 1 atm, which are equivalent, and T0 « 300°K), 
since heating the material from absolute zero to room temperature T0 results 
in a thermal expansion, discussed in the following section. The standard 
volume of metals V0 is usually 1-2% larger than K 0 c , which we shall call the 
zero volume. In many cases the small difference in volume between V0 and 
V0c can be neglected. In considering the behavior of a solid whose volume 
is being changed, we shall be referring to the compression (and expansion) 
of the body isotropically in all directions, without discussing the effects con
nected with the anisotropy of the elastic properties, shearing strain, strength, 
etc., which are present at comparatively low pressures and compressions. 

The potential energy curve for a body as a function of its specific volume V 
has the same qualitative character as the potential energy curve for the inter
action of two atoms of a molecule as a function of the internuclear distance. 
This curve is shown schematically in Fig. 11.1. If the volume F i s greater than 
the zero volume K 0 c , then the attractive forces predominate. The interaction 
forces fall off rapidly as the distance between the atoms increases. Hence 
when the volume increases, when the atoms move farther apart, the potential 
energy increases asymptotically to a constant value U equal to the binding 
energy of the atoms in the body. The energy which must be expended to 

* We shall be dealing primarily with metals, which are composed of atoms rather than 
molecules. 

t Atmospheric pressure is negligibly small in comparison with the pressures which arise 
even for very small changes in the volume of the body. Therefore it makes no difference 
whether the body is in vacuum (pc = 0) or at atmospheric pressure (pc = 1 atm). 

X At absolute zero the atoms perform so-called zero-point oscillations, with an energy 
hv\2 per normal vibration mode of frequency v. This energy can be accounted for in the 
potential energy ec{V) in such a way that ec is measured from the zero-point vibrational 
level in the equilibrium state of the body at pc = 0. 
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remove all atoms of a unit mass of a material to infinity is given by U; it is 
approximately equal to the heat of vaporization of the body (strictly speaking, 
it is equal to the heat of vaporization at absolute zero). Heats of vaporization 
for metals are usually of the order of several tens or hundreds of kcal/mole, 

Fig. 11.1. Potential energy and elastic 
pressure curves of a body as a function 
of the specific volume. 

of several electron volts per atom*. The binding forces weaken at distances of 
the order of the dimensions of an atomic cell, so that the curve of sc(V) 
approaches its asymptote e c(K) = U when the body expands by an order of 
magnitude (say when the distance between the atoms doubles). 

The repulsive forces, which increase sharply with decreasing interatomic 
distance, dominate when a body is compressed, and thus the potential 
energy sc(V) increases rapidly when the volume is less than its zero value. In 
order to have some idea of the rate of increase and of the order of magnitude 
of the energy, we note that according to [1] the energy needed for the cold 
compression of iron by 7 % is e c = 5.25 · 10 8 erg/g = 0.03 ev/atom, and for 
compression by a factor of 1.5 is ec = 2.42 · 1 0 1 0 erg/g = 1.4 ev/atom (here 
the pressures are equal to / ? c = 1 . 3 1 - 1 0 5 atm and / ? c = 1.36-10 6 atm, 
respectively). 

The elastic pressure is related to the potential energy by 

>•—% <"·«> 

which formula has a natural mechanical meaning (increase of energy is equal 
to the work of compression) and can be regarded as the equation for the 
isotherm or isentrope of cold compression. Indeed, (11.1) follows from the 
general thermodynamic relation Τ dS = de + ρ dV, in which we set Τ equal 
to zero. But if T= 0 then the entropy S, according to Nernst 's theorem, is 

* For example, for iron—94 kcal/mole = 4.1 ev/atom = 6.96 · 1 0 1 0 erg/g; for aluminum 
—55 kcal/mole = 2.4 ev/atom = 8.45 · 1 0 1 0 erg/g. 
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also equal to zero, and hence remains constant. Therefore, the isotherm 
Τ = 0 is also the isentrope S = 0. 

The pressure curve pc(V) is also shown schematically in Fig. 11.1. The 
elastic pressure at the point V = V0c is zero; the pressure increases rapidly 
with compression, and, at least formally, becomes negative with expansion. 
The negative sign on the pressure describes the physical fact that in order to 
expand the body from the zero volume corresponding to mechanical 
equilibrium at Τ = 0 and ρ = 0, a tensile force must be applied to the body. 
This force must overcome the binding forces tending to return the body to 
the equilibrium volume V0c. 

The process of cold expansion pc(V) for V > V0c cannot be directly fol
lowed experimentally, since it is not possible in practice to achieve a strong 
extension of a metal in all directions. The magnitude of the negative pressures 
can be estimated from the heat of vaporization of the material. By definition, 
the area under the curve for cold expansion from zero volume to infinity is 

If the binding forces weaken considerably when the body expands by a 
factor of approximately 10 (the interatomic distance is about doubled), 
then the maximum negative pressure is of the order / ? m a x ~ U/l0VOc, which 
for iron, for example, is pmax ~ 6 -10 1 0 bar = 6 · 10 4 atm*. 

The slope of the elastic pressure curve at the point of zero pressure corre
sponds to the definition of the compressibility of the material under ordinary 
conditions (the isentropic compressibility differs only slightly from the 
isothermal compressibility; at T= 0 they are identical). The compressibility 
of iron is 

The slope of the cold compression curve determines the speed of propagation 
of elastic waves in the body, the speed of sound. It will be shown later that 
in a solid there exist several "speeds of sound" . For the time being we note 
that the speed of sound defined in the ordinary manner in terms of the 

* This value is appreciably greater than the ultimate tensile strength of iron, which is 
usually of the order of 1 0 9 bar = 1 0 3 atm. The low value of the tensile strength is related 
to the one-sided character of the extension, to the cracks which are present in actual metals, 
to the polycrystalline structure, etc. W e note that the ultimate strength of some types of 
iron can reach 1 to 2 · 1 0 4 atm. 

(11.2) 

from which 

bar. 
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compressibility c0 = V\dpjdV\\12, is equal to 5.85 km/sec for iron at standard 
conditions. 

Theoretical calculations of cold compression curves pc(V) or sc(V) in the 
range of compressions and pressures attainable in practice are based on a 
quantum-mechanical consideration of the interatomic interaction. In a 
number of cases it is possible to obtain satisfactory agreement with experi
mental compressibility data, in particular for alkaline and alkaline-earth 
metals at low pressures. A detailed presentation of these calculations and a 
comparison with the experimental data of Bridgman on the static compression 
of materials up to several tens of thousands of atmospheres can be found in 
the book of Gombas [13], in which may also be found references to the 
literature. Detailed data on cold compression curves for a number of 
metals (and also for sodium chloride) up to pressures of several million 
atmospheres and densities approximately twice standard were obtained by 
APtshuler, Krupnikov, Kormer, Bakanova, Trunin, Pavlovskii, Kuleshova, 
and Urlin [1-5, 14, 15], from theoretical analysis of experimental shock com
pression results (see [55]). We shall say more about these experiments later 
on; here for illustration we present the pc(V) and sc(V) curves for iron 
(Fig. 11.2). 

£c 
10 1 0 erg/ g 

5 

4 

Fig. 11.2. Elastic pressure pc and 
3 energy ec of iron (from the data of [1]). 

2 

1 
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Theoretically it is possible to establish a limiting law for the cold compres
sion of a material at very high pressures and densities. Under conditions of 
very strong compression the electronic shells of atoms, to some extent, lose 
their individual structure. The state of the material in this case can be 
approximately described by the Thomas-Fermi statistical model of an atom, 
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or, somewhat more exactly, by the Thomas-Fermi-Dirac model (the latter 
model takes exchange energy into account)*. The equation of state for a 
material in the Thomas-Fermi model was discussed in §13 of Chapter III. 
In the limit of very high pressures and densities the cold compression pres
sure is 

pc~p5I3~ V~5,\ (11.3) 

This is also only a limiting law for this statistical model of the atom, since for 
compressions which are not too large the model gives another dependence for 
pc(V). In order to compare the actual elastic pressure curves with those 
obtained from the statistical model, we present a logarithmic plot from [1] 
which gives the experimental curve for iron and the curves calculated by the 
Thomas-Fermi and Thomas-Fermi-Dirac methods (Fig. 11.3). It is evident 
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Fig. 1 1 . 3 . Elastic pressurep c for iron. pc is the experimental curve; T F is the calculated 
Thomas-Fermi curve, and T F D is the calculated Thomas-Fermi-Dirac curve. The dashed 
line is an extrapolation of the pc curve. 

from the plot that for compressions of 1.2-1.8 (which have been obtained 
experimentally) the statistical models greatly overestimate the pressure. 
Gandel 'man [37] has carried out quantum-mechanical calculations of the 
cold compression curve of iron over a wide range of pressures. 

§3. Thermal motion of atoms 

The atoms of a material are set into motion by heating. A definite energy 
and pressure are connected with the thermal motion of the atoms. At temper
atures of the order of tens of thousands of degrees and above the thermal 
excitation of the electrons plays an important role. As noted in the preceding 

* Calculations by the Thomas-Fermi-Dirac method have a real meaning only in those 
cases when the exchange correction is small. They essentially indicate the limits of applica
bility of the Thomas-Fermi method. If the exchange correction is found to be large, it 
shows that the Thomas-Fermi-Dirac method is no longer valid. 
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section, the total energy and pressure can be represented as a sum of their 
elastic and thermal contributions. The thermal contributions, in turn, can be 
broken up into two parts, one part corresponding to the thermal motion of 
the atoms (or rather their nuclei) ετ, pT, and another part corresponding to 
the thermal excitation of the electrons ε β , pe. The specific internal energy 
and pressure of a solid can then be written as 

The electronic terms will be discussed later. At temperatures below approx
imately ten thousand degrees, these terms are small and can be neglected in 
(11.4) and (11.5). 

Let us consider the thermal motion of the atoms, without making a dis
tinction between a solid and a liquid and without discussing the effect of 
melting. Thermal motion of the atoms in a liquid differs very little from that 
in a solid. From an energy point of view melting has a very small effect on 
the thermodynamic properties of a substance at high temperatures of the 
order of ten thousand degrees and above, since the heat of fusion is compara
tively small. For example, for lead at standard pressure the melting point is 
r m e l t = 600°K, and the heat of fusion Uf= 1.3 kcal/mole, which corresponds 
to 650°K if we divide this quantity by the gas constant 0t = 2 cal/deg · mole; 
for iron Tmeh = 1808°K, Uf = 3.86 kcal/mole, and Ufj0t = 1940°K. 

If the temperature is not too high, the atoms of a solid (and of a liquid) 
undergo small vibrations about their equilibrium positions (the crystal 
lattice sites in a solid). These vibrations are harmonic as long as their ampli
tude is much smaller than the interatomic distance, in other words, as long as 
the vibrational energy (of the order of kT per atom) is appreciably less than 
the height of the potential barrier which prevents the atoms from jumping 
from the lattice sites into the interstitial space or into other vacant sites. The 
height of the barrier in a solid at standard density is of the order of one or 
several electron volts*, so that the value of kT is comparable with the height 
of the potential barrier at temperatures of the order of ten or several tens of 
thousands of degrees. At higher temperatures the atoms are almost completely 
free to move within the body, and the thermal motion loses its oscillatory 
character and becomes closer to a random motion, akin to that in a gas. 
Thus the substance is transformed into a dense gas of strongly interacting 
atoms. 

The situation becomes different, however, when the heating is accompanied 

* This quantity is approximately equal to the activation energy for self-diffusion of 
atoms in the body AU. It is usually somewhat less than the binding energy, but of the same 
order of magnitude, AU ^ (0.5-0.7)U. 

ε = ec + ετ + ε{ (11.4) 

P = Pc + Pr  + Pe- (11.5) 
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by compression. The compression very sharply increases the repulsive forces 
between neighboring atoms, with the result that the height of the potential 
barrier which must be overcome by the atom in order to move out of its cell 
(from its site in the crystal lattice) sharply increases. Free displacement of 
the atoms in the body becomes very difficult and the motion of the atom 
remains limited to the space of its cell. This is illustrated in Fig. 11.4. 

Fig. 11.4. Schematic diagram illus
trating the change in height of the 
potential barrier for atoms in a com
pressed solid. 

Within some rough approximation we can regard the thermal motion of 
the atoms in a compressed material as small vibrations about their equi
librium positions even at the maximum temperatures of 20,000-30,000°K 
attainable in the strongest shock waves which have been studied experi
mentally. 

At temperatures above several hundreds of degrees Kelvin quantum effects 
play no role in the vibrations and the specific heat of a body whose atoms 
vibrate harmonically is equal to its classical value of 3k per atom or cv = 3Nk 
per unit mass, where Ν is the number of atoms per unit mass. To take into 
account the difference of the specific heat from its value at low temperatures 
where quantum effects are important, let us express the thermal energy con
nected with vibrations of the atoms in the form 

ετ = cv(T - T0) + ε 0 , c0 = 3Nk, (11.6) 

where ε 0 = jQ

T° cv{T) dTte the thermal energy at room temperature,obtainable 
from appropriate tables. For temperatures Τ much higher than T0 we can 
neglect the difference between cv T0 and ε 0 , since both quantities are small 
in comparison with cv T. In this case 

eT = cvT, cv = 3NL (11.7) 

The specific heat is equal to 3k per atom only when the thermal motion of 
the atoms has an oscillatory character. At sufficiently high temperatures the 
atoms move freely through the body; the specific heat then corresponds only 
to the translational degrees of freedom of the atoms and is equal to f k per 
atom, as in a monatomic gas. The transition from vibrational to translational 
motion of the atoms and the corresponding decrease in the specific heat 
occur gradually, in the range of temperatures for which the kinetic energy of 

WW 
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an atom f kT is of the order of the potential barrier against the motion of 
the atoms through the body AU/N. An effective boundary dividing the 
regions with the limiting values of specific heat of 3k and of \k may be 
defined by the threshold temperature 

Tk = 
2AU 
3~kN' 

(11.8) 

At high temperatures Γ > Tk we can represent the thermal energy per 
atom as the sum of the kinetic energy of translational motion \kT and the 
average value of the potential energy, which in the case of small vibrations 
was also equal to \kTbut which is now of the order of AU/k. This corresponds 
to an effective definition of the specific heat by the discontinuous relation 

cv = 3Nk when Τ <Tk\ 

For Τ > Tk, the energy is then equal to 

when Τ > Tk. 

c„ dT = 
TK 

3Nk dT + f N/c dT = %NkT + AU. (11.9) 
TK 

As an example, we note that for iron at standard density 

2.5 ev and Tk « 20,000°K. 
AU 
~k 

As the body is compressed the height of the potential barrier increases and 
the threshold temperature Tk rises, so that the curves giving the temperature 

AU 

AU 
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Fig. 11.5. Dependence of thermal 
energy on temperature for different 
densities (volumes). 
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dependence of the thermal energy for different densities (volumes) have the 
form shown schematically in Fig. 11.5. 

In the limiting case T^>Tk, when the thermal motion of the atoms (more 
precisely, of the nuclei) does not differ from that of a gas, the thermal pressure 
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related to this motion is, as usual, 

NkT 2ετ pT = nkT = = . 
F T V 3 V 

§4. Equation of state for a material whose atoms undergo small vibrations 

We shall assume that the atoms of the body undergo small vibrations 
about their equilibrium positions, and we shall find the value of the thermal 
pressure pT(V,T) corresponding to these vibrations. If the temperature is 
not too high and we can neglect the electronic excitation, then the equation 
of state and the internal energy of the body can be expressed in the form 

p = pc(V) + p T ( V , n (11.10) 

E = ec(V) + 3NkT. (11.11) 

The temperature dependence of the thermal pressure can be obtained im

mediately from the general thermodynamic identity 

The elastic terms, in accordance with (11.1), satisfy this equation automati
cally. Noting that the specific heat cv = 3Nk is independent of volume, we 
obtain from (11.12) the result that the thermal pressure is proportional to 
the temperature: pT = cp(V)T, where φ(Κ) is some function of the volume. 

Let us rewrite this equation in the form 

Ρτ = ην)€-γ=Τ(Υ)^. (11.13) 

The quantity Γ characterizing the ratio of the thermal pressure to the thermal 
energy of the lattice is called the Gruneisen coefficient. The Griineisen 
coefficient for a body at standard volume Γ 0 = Γ(Κ 0 ) is related to the other 
properties of the material through the well-known thermodynamic relation 
(see, for example, [16]) 

Setting —(llV0)(dV/dp)T=K0 for the isothermal compressibility of the 
material at standard conditions, and (\IV0)(dVjdT)p = α for the coefficient 
of thermal expansion at constant pressure, we obtain 
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(c0 is the speed of sound determined by the isothermal compressibility). 
The properties of several metals at standard conditions are given in Table 
11.1, taken from [3]*. The Gruneisen coefficient Γ corresponds to the specific 
heat ratio for a calorically perfect gas (with constant specific heats) decreased 
by unity (we recall the equation of state for such a gas is ρ = (y — 1) ε/Κ). 

Table 11.1 

SOME CHARACTERISTICS OF METALS AT STANDARD 
CONDITIONS 

Al Cu Pb 

p0, g / c m 3 2.71 8.93 11.34 
cv - 1 0 _ 6 , erg/g · deg 8.96 3.82 1.29 
/c 0 · 1 0 1 2 , c m 2 / d y n e 1.37 0.73 2.42 
α · 10 5 , d e g " 1 2.31 1.65 2.9 
Γ 0 

2.09 1.98 2.46 
c 0 , km/sec 5.2 3.95 1.91 
ε 0 * IO" 8 , erg/g 16.1 7.71 3.23 
βο, erg/g -deg 2 500 110 144 

By virtue of the condition used in deriving (11.13), that the specific heat cv 

is independent of volume, it was found that the Gruneisen coefficient is 
independent of temperature. However, in reality, in the limit of very high 
temperatures for which the thermal motion of the atoms (nuclei) becomes 
random, (11.13) should become the equation of state for a monatomic gas, 
and Γ-> I as Γ-> oo. If we imagine that the atoms are separated and removed 
to large distances by an external force (the volume increases), then the material 
becomes a gas even at low temperatures, so that formally, as V-> oo, Γ f. 
As may be seen from Table 11.1, the Gruneisen coefficient for metals at 
standard conditions is close to 2. 

In order to clarify the physical meaning of the Gruneisen coefficient Γ(Κ), 
which arose formally as an arbitrary function from the integration of (11.12), 
we turn to a well-known expression from statistical physics for the free 
energy of a body whose atoms vibrate harmonically. At high temperatures, 
when kT is much larger than the energy of vibrational quanta hv, the specific 
free energy is (see [16]) 

F = sc(V) + 3NkT\n^, (11.16) 
kT 

where ν is a certain average vibrational frequency which is related to the 

* The meaning of β0 will be given in the next section. 
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Debye temperature θ by hv= e~i,3k6 = O.715&0 (for example, for iron 
Θ = 420°K). The first term in (11.16) represents the potential energy of 
interaction of the atoms and is the same as the energy of the cold body. The 
second term describes the thermal part of the free energy. From (11.16), 
using general thermodynamic relationships, we can easily find the specific 
internal energy and pressure of the body 

(we naturally arrived at (11.11)) and 

The first term gives the elastic pressure (which we already know), and the 
second the thermal pressure. Using (11.13), which defines the Gruneisen 
coefficient, we find 

(11.17) 

The Gruneisen coefficient can be related to the function of cold compression 
by the following simple considerations. The average frequency of the spectrum 
of elastic vibrations of the lattice ν is, obviously, close to the maximum 
frequency. The order of magnitude of the maximum frequency is equal to 
the ratio of the speed of propagation of elastic compression waves c0 to the 
minimum wavelength which, in turn, is of the order of the interatomic 
distance rQ, so that ν ~ c 0 / r 0 . However, the speed of sound is c0 = 
(- V2 dpJdVf12, and r0 ~ K 1 / 3 , whence 

Taking the logarithmic derivative of this expression, we obtain 

(11.18) 

This equation was obtained by Slater [17] and by Landau and Stanyukovich 
[18]. It has been shown experimentally that the Gruneisen coefficient de
creases slightly on compression (for a decrease in the specific volume V). 

In order to get some idea of the order of magnitude of the thermal pressure 
(11.13), we note that if, for example, aluminum is heated at constant (stan
dard) volume to a temperature of 1000°K, the pressure will rise to pT = 51,000 
atm. A solid expands when heated at standard conditions, at constant 
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atmospheric pressure. The reason for this thermal expansion is perfectly 
clear and may be seen from an examination of equation (11.10) for the 
pressure. The positive thermal pressure pT increases on heating. The total 
pressure can thus remain constant only if the elastic pressure pc becomes 
negative, and the body must expand up to that point when the binding forces 
holding the atoms in the lattice, or the negative pressure, will no longer 
counterbalance the repulsive effect of the positive thermal pressure. This 
clarifies the relationship expressed by (11.15) between the Gruneisen coeffici
ent, the coefficient of thermal expansion, and the compressibility. Actually, 
a small expansion at constant pressure is related to a small amount of heating 
by the condition 

dp = dpe + dpT*^dV + ^dT = ^dV + ro±dT = 09 

from which (11.14) and (11.15) follow*. 
As an example let us estimate the expansion of aluminum heated at 

constant pressure (zero or atmospheric, which is equivalent) from absolute 
zero to room temperature Τ = 300°K. Using the constants given in Table 11.1, 
we find AVIV^r0(cJV0)KQ AT&2% (AT = 300°K). Moreover, the thermal 
pressure at T0 = 300°K is the same as the absolute value of the elastic pres
sure, equal to pTo = 17,000 atm. It is thus evident that it is always possible 
to consider atmospheric pressure as being equal to zero, since it is negligibly 
small in comparison with both pressure components even at room tempera
ture. 

If the function T(V) is known, the entropy of the material is easily found. 
Considering states with densities differing little from standard, we can regard 
Γ as constant and equal to its standard value Γ 0 . We then get for the entropy 
the relation 

_ d s + Ρ d V _ άετ + PrdV _ dT dV db — — — — — cv —ψ 4- Γ 0 cv - ρ - , 

from which the specific entropy is 

τ /ν\Γο 

S = cJnTXvJ +s- <1L19> 
where S0 is the entropy at standard conditions T0, V0, and can usually be 
found tabulated. The isentropic relation between the temperature and 
volume is given byt 

(11.20) 

* We only consider materials with normal properties, which expand on heating, 
t Compare with the isentropic relation between Τ and Κ in a gas with constant specific 

heats T~ κ ~ ί γ _ 1 ) ; Γ corresponds to γ — 1. 
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Expressing the temperature in terms of pressure by means of the equation 
of state 

p = Pc(V) + r 0

C - £ , (11.21) 

we find the isentropic relation between the pressure and volume 

P~PC(V) f v 0 \ r o + l 

PT0 

(11.22) 

where ρΤο = Γ 0 cv T0j V0 is the thermal component of the pressure at standard 
conditions*. In the case of small compressions, which nevertheless are accom
panied by a sharp increase in pressure (in comparison with atmospheric 
pressure, but not with pTo), the isentrope p(V) passes at an almost constant 
distance from the cold compression curve pc(V). For relatively large com
pressions (by a factor of 1.5 to 2) ρ > pTo and the relative deviation of the 
isentrope from the cold compression curve [p — pc(V)]lpc(V) becomes small. 

§5. Thermal excitation of electrons 

In the simplest model of a metal the outer valence electrons of the metal 
atoms are removed from their places in the atom and, together, form a free 
electron gas, completely filling the crystalline body whose sites are now filled 
by ions or atomic remainders!. The electron gas is governed by Fermi-Dirac 
quantum statistics, the elements of which were presented in §12 of Chapter III. 

At absolute zero the electron gas is completely degenerate; in accordance 
with the Pauli principle the electrons occupy the lowest energy states and their 
kinetic energy does not exceed the Fermi limiting energy (3.88) 

(ne is the number density of free electrons and me is the electron mass). The 
energy E0 in metals is usually of the order of several electron volts, and the 
degeneracy temperature corresponding to it Γ* = E0/k is of the order of 
several tens of thousands of degrees}. 

The kinetic energy of a completely degenerate electron gas, which is of the 
order of E0 per electron, is included in the elastic energy of the body and is 
not related to the thermal energy. In exactly the same manner, the " kinetic " 

* The isotherm is [p — pc(V)]lpTo = V0/V. When the volume changes are small the 
isotherm almost coincides with the isentrope (the pressure change in this case is large). 

f We restrict ourselves here to elementary considerations and shall not be concerned 
with the modern electron theory of metals. 

t For example, for N a , T* = 37,000°K; for Κ it is 24,000°K, for A g it is 64,000°K, and 
for Cu it is 82,000°K. 
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pressure corresponding to it is included in the elastic pressure, together with 
the "po ten t i a l " pressure which arises from the electrostatic interaction 
between the electrons and ions. The sum of the total pressure of nonthermal 
origin is equal to zero if the body is in a vacuum at absolute zero. 

If the temperature increases, the electrons partially move over to higher 
energy states, exceeding the Fermi limiting energy, and the energy of the 
electron gas increases. If the temperature Τ is much lower than the Fermi 
temperature Γ*, then, roughly speaking, electrons escape from the initial 
Fermi sphere in momentum space with an energy increase of the order of kT 
from the Fermi limit. The number of excited electrons is a fraction of the 
order of kT/E0 of the total number of electrons. Each of these electrons 
acquires an additional energy of the order of kT. The order of magnitude of 
the thermal energy per electron is thus (kT/E0)kT and is proportional to 
V2/3T2 (since E0 ~ n2J3 ~ V~2/3). With the inclusion of a numerical coeffici
ent, the thermal energy of the electrons per unit mass of metal for Τ ^ Γ* is 
found to be (see, for example, [16]) 

where the coefficient β depends on the density of the material and is given by 

(11.23) 

(11.24) 

(Ne is the number of free electrons per unit mass of metal and V0 is the 
standard specific volume of the metal). The specific heat at constant volume 
is proportional to the temperature and is equal to 

(11.25) 

Knowing the number of free electrons per atom of metal, we can use 
(11.24) to calculate the coefficient β0 and to find the electronic specific heat 
at a given temperature. Experimentally, the electronic specific heat is deter
mined at very low temperatures, where the specific heat of the lattice is 
governed by quantum laws and is proportional to T3. At sufficiently low 
temperatures the electronic specific heat, which is proportional only to the 
first power of Γ, dominates, and thus can be measured. At room temperature, 
however, the electronic specific heat is usually smaller by a factor of tens and 
even a hundred than the specific heat of the lattice, which under these condi
tions is constant and equal to its classical value cv = 3Nk. 

Experimental values of the electronic specific heat coefficients β0 for 
several metals are given in Table 11.1*. In comparing the values of the 
electronic and lattice specific heats at different temperatures it becomes 
apparent that even at temperatures as low as 10,000°K the electronic specific 

* They agree in order of magnitude with the values calculated from (11.24). 
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heat is quite appreciable, and, say, at 50,000°K it becomes even larger than 
the specific heat of the lattice. It should be noted, however, that (11.25) is 
valid only as long as the temperature is below the Fermi temperature. 

For Τ > Τ* a free electron gas with a constant number of electrons is not 
degenerate, and its specific heat is given by the classical value cVe = %Nek. In 
reality, however, the actual number of " f r e e " electrons increases at high 
temperatures and the electronic specific heat of the material can no longer be 
described by simple equations. The problem of the electronic specific heat of 
a dense gas at high temperatures was considered in detail in §14 of Chapter 
III. At temperatures of the order of 10,000-20,000°K, which have been 
attained in experiments on shock compression of metals, this situation is 
still far from being reached, and the electronic specific heat can be taken 
approximately as being proportional to the temperature, as follows from 
(11.25). We should mention that the degeneracy temperature Γ* increases 
as the metal is compressed (Τ* ~ K " 2 / 3 ) , so that the temperature range in 
which the approximation se ~ Γ 2 , cVe ~ Τ holds is greater in a compressed 
material than at standard density. 

According to the equation of state for a free electron gas (degenerate, as 
well as nondegenerate), the thermal part of the electron pressure is 

Ρ. = \ ^ = ^βγ~ν^Τ\ (11.26) 

If we define the "electronic Gruneisen coefficient" Te by a relationship 
similar to (11.13), 

Pe = re^, (11.27) 

then we find that for a free electron gas it is equal to 2/3. 
Kormer (see [3]) carried out a detailed analysis of the thermal behavior 

of electrons on the basis of the Thomas-Fermi and Thomas-Fermi-Dirac 
statistical models of an atomic cell (see §§12-14, Chapter III). He used the 
approximate calculations of Gilvarry [19], who considered the temperature 
terms as a correction to the Thomas-Fermi model of a cold atom, Latter's 
calculations [20], which were discussed in §14 of Chapter III, and experimental 
data. This analysis showed that the electronic specific heat to temperatures 
of the order of 30,000-50,000°K, as in the free electron model, is proportional 
to the temperature, with cVe ~ Τ, εβ ~ T2, where with increasing density this 
relationship remains valid to increasingly higher temperatures. 

With respect to thermal pressure, the coefficient Te is equal to 2/3 only in 
the limiting cases of very high temperatures or very large densities, for which 
the kinetic energy of the electrons is much greater than the Coulomb energy. 
The value of Ye in the temperature and density ranges obtained in shock 
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compression experiments is slightly lower; it is approximately equal to 
0.5-0.6. It was found that it is sufficiently accurate to take Te = const = \. 
However, for consistency with the thermodynamic identity (11.12), it is 
necessary to change together with the coefficient Te the exponent related to 
this coefficient in the relation between energy and volume, in particular to 
replace ee ~ V2/3T2 by se ~ Vi/2T2 *. Assuming that the coefficient of elec
tronic specific heat at standard volume is equal to its experimental value, we 
can, according to Kormer, write approximately for Τ < 30,000-50,000°K, 

/ T / X l / 2 

*e = i j 8 T 2 , β = β ο [ γ ) , (11.28) 

1 % 
P* = 2V' ( 1 L 2 9 ) 

§6. A three-term equation of state 

Let us briefly summarize the results of §§2-5. The specific internal energy 
and pressure of a solid or a liquid can be represented as a sum of three com
ponents, which describe the elastic properties of the cold body, the thermal 
motion of the atoms (nuclei), and the thermal excitation of the electrons. 
For temperatures which are not too high, not above several tens of thousands 
of degrees (and large compressions), we can assume approximately that the 
atoms undergo small vibrations and that their specific heat is cv = 3Nk. The 
electronic terms at these temperatures are described by the approximate 
equations (11.28) and (11.29). Thus, the energy and pressure are 

ε = ec(V) + ετ + ε β , ρ = pc(V) + pT + pe9 

where 
%VQc 

8C(V) = ' Pc(V) dV, 
V 

ετ = 3Nk(T — T 0) + £o > 

, ΐβί νΧ'2τ* (1130) 

£ τ 1 8 e 

Ρτ = Γ ( Κ ) ^ , pe = - f 

Τ0 is room temperature, and ε 0 is the thermal energy of the atomic lattice at 
room temperature and is tabulated. The electronic specific heat coefficient at 

* For a dependence ee ~ VkT2 with an equation of state ρ = TeeeIV with Te = const, it is 
easy to check that the thermodynamic identity is satisfied only for k = Te. 
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standard volume β0 is obtained from experiments which measure the specific 
heat at very low temperatures. 

The Gruneisen coefficient T(V) is related to the functionp c(V) by the differ
ential relation (11.18). Only one unknown quantity remains, the elastic 
pressure as a function of volume pc(V), and this must be determined experi
mentally. 

2. The Hugoniot curve 

§7, Hugoniot curve for a condensed substance 

The laws of conservation of mass, momentum, and energy across a shock 
wave (1.61)—(1.63) are entirely general, regardless of the aggregate state of 
the medium through which the wave propagates. Since the pressures behind 
even very weak waves are measured in thousands of atmospheres, one may 
always neglect the initial atmospheric pressure, setting it equal to zero. As 
usually, we denote by D the propagation speed of the shock wave through 
the undisturbed medium, and by u the jump in particle velocity across the 
front, equal to the velocity of the material behind the front (in laboratory 
coordinates) if the material ahead of the front is at rest. With unsubscripted 
quantities denoting conditions behind the front, we may write the laws of 
conservation of mass and momentum in the form 

Vo D 
V (D-u) 

(11.31) 

Du 
Ρ = τ τ · (11.32) 

Eliminating the velocity u from these equations, we get 

D2 ( V\ 

( 1 L 3 3 ) 

As the third relation (energy equation) we take the Hugoniot equation (1.71) 
with p0 = 0 

e-e0 = ±p(V0-V). (11.34) 

The total energy acquired by a unit mass of the substance as a result of shock 
compression p(V0 — V) is divided equally between the kinetic energy w 2/2 
and the internal energy ε — ε 0 (in a coordinate system in which the undis
turbed medium is at rest). The change in the internal energy, in turn, is com
posed of the changes in the elastic and thermal energies. 
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Let us first consider a shock wave traveling through a body at zero temper
ature: T0 = 0, ε 0 = 0, and V0 = V0c. On a /?, Κ diagram (Fig. 11.6) we draw 
the cold compression curve pc(V) (which is an isentrope) and the Hugoniot 
curve pH(V); the Hugoniot naturally lies above the cold compression curve 

Fig. 11.6. /?, V diagram for shock 
compression of a cold material. pH is the 
Hugoniot curve; pc is the cold com
pression curve. 

since the total pressure behind the front is composed of the elastic and thermal 
pressure contributions. The elastic energy ec acquired by the material is 
numerically equal to the area of the curved triangle OBC, which is shaded 
horizontally (e c = J ° pc dV). The total internal energy ε, according to (11.34), 

is equal to the area of the triangle Ο AC; the difference between these areas is 
shaded vertically and comprises the thermal energy of the material subjected 
to shock compression. As is evident from Fig. 11.6 the area Ο AC is always 
greater than the area OBC, as long as the cold compression curve is convex 
with respect to the volume axis d2pJdV2 > 0, as is ordinarily always the case. 
Therefore, the material is always heated by a shock wave and its entropy 
increases. This completely general statement, which was illustrated in Chapter 
I using as an example a perfect gas with constant specific heats, follows just 
as obviously in the case of a solid from the elastic properties of the material. 

Let us now consider a shock compression of a body initially at standard 
conditions V0, T0. In this case the initial elastic pressure is negative, and the 
curve of pc(V) is located as shown in Fig. 11.7. The ordinary isentrope 

Fig. 11.7. /?, V diagram for shock 
compression of a solid heated to room 
temperature. pH is the Hugoniot curve; 
ps is the isentrope; pc is the cold com
pression curve. 
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Ps(K S0) passing through the initial state lies above the cold compression 
curve by an amount which increases somewhat with decreasing volume. For 
small compressions the electron pressure is negligibly small; the Gruneisen 
coefficient may be taken to be constant and the isentrope ps(V, S0) is given 
by (11.22). 

As we know (Chapter I, §18), the Hugoniot curvep H (V) has a second-order 
tangency with the isentrope ps(V) at the initial point, so that the Hugoniot 
curve is located as shown in Fig. 11.7. Figure 11.7 has been drawn to a scale 
which makes clear the mutual position of all three curves pc, ps, and pH in a 
range from relatively small pressures up to values of the order of a hundred 
thousand atmospheres. If we consider a wider range of pressures, up to mil
lions of atmospheres, then the difference between V0 and V0c and the differ
ence between the isentrope and the cold compression curve are almost 
imperceptible, while the deviation of the Hugoniot curve from the isentrope 
ps or from the curve pc becomes appreciable because of the increased effect 
of the thermal components of energy and pressure, or equivalently, as a result 
of the significant increase in the entropy. The picture in this case is the same 
as in Fig. 11.6, where we can assume that V0c = V0 and that the isentrope 
pSo coincides with the cold compression curve. 

In shock waves with pressures of the order of a million atmospheres the 
thermal energy which is associated with the increase in the entropy of the 
material is comparable with the total energy. In exactly the same manner, 
the thermal pressure is comparable with the total pressure. This is illustrated 
by Fig. 11.8 taken from [3], on which are shown experimental Hugoniot 

P 
1012bar 

Fig. 11.8. Hugoniot and cold com
pression curves for copper and lead. 

curves for copper and lead up to pressures of the order of 4 · 10 6 atm, and cold 
compression curves calculated on the basis of experimental data (the density 
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ratio p / p 0 = K 0/K, rather than the specific volume, is used as the abscissa)*. 
Table 11.2 provides an idea of the relative role of the various pressure and 

energy components for different shock pressures!-

Table 11.2 

PARAMETERS BEHIND A SHOCK WAVE IN LEAD 

Ρ 
Po 

Ρ Pc Ρτ Pe ε — ε0 cv(T- To) se 

Γ T,°K Ρ 
Po in 10 1 0 dyne / cm 2 = 1 0 4 atm in 10 8 erg/g 

Γ T,°K 

1.3 25.0 21.6 3.35 0.051 25.4 15.3 9.6 0.69 1.9 1,045 
1.5 65.5 51.0 13.9 0.63 96.3 46.7 42.3 7.4 1.77 3,580 
1.7 133.0 95.3 34.0 3.8 242.0 95.8 107.0 39.4 1.60 8,600 
1.9 225.5 156.0 56.0 12.7 471.0 163.2 191.0 118.0 1.35 15,100 
2.1 335.5 233.0 73.0 29.0 775.0 248.0 284.0 243.0 1.07 22,300 
2.2 401.0 277.0 93.0 41.5 965.0 297.0 337.0 332.0 0.98 26,400 

It follows from the table that for the shock compression of lead by a factor 
of 2.2, the material behind the front is heated to a temperature of 26,400°K; 
in this case the thermal pressure is 32 % of the total pressure and the thermal 
energy is 69 % of the total energy, with half of the thermal energy ascribable 
to the electrons and the other half to the atomic vibrations. The thermal 
pressure of the electrons is 34% of the total thermal pressure. Qualitatively 
the behavior with increasing wave strength is the same for all other metals 
studied. Quantitative data can be found in [3] and the review by Al'tshuler 
[55] but will not be given here. 

The greater the shock strength, the greater the role of the thermal com
ponents of pressure and energy. At very high pressures, of the order of hun
dreds of millions of atmospheres and above, the role of the elastic components 
becomes small and the material behaves practically as a perfect gas (perfect 
in the sense that interactions between particles are absent). Accordingly, a 
Hugoniot curve under these conditions in principle does not differ from the 
Hugoniot curve for a perfect gas (when ionization processes are taken into 
account; see Chapter III), and a limiting density ratio across a shock wave 
exists also for a solid body. In the limit ρ -> oo the temperature also tends 
to infinity, the atoms are fully ionized, and the material becomes a perfect, 

* The experiments and methods for obtaining the experimental cold compression curves 
are described in §§12 and 13. 

t The table is taken from [3]. It has been supplemented with some additional properties 
for the sake of completeness. These properties were calculated using the constants given 
in [3]. 
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classical electron-nuclear gas with a specific heat ratio y = 5/3, which corre
sponds to a limiting density ratio of 4 (if effects connected with radiation are 
disregarded; see Chapter III). 

§8. Analytical representation of Hugoniot curves 

From the thermodynamic functions p(V, T) and ε(Τ, V) it is possible in 
principle to find an explicit equation for the Hugoniot curve pH(V, V0). 
Practically this cannot be done, since the theoretical dependence of the elastic 
pressure on the volumep c(V) is unknown. However, it is useful to write down 
the equation for the Hugoniot curve in terms of the unknown function pc{V). 
We shall consider shock waves that are not too strong, in which the electronic 
components of pressure and energy can be neglected and the Gruneisen 
coefficient Γ can be taken to be constant and equal to its value at standard 
conditions Γ 0 . At the same time we assume that the wave is not too weak 
either, so that the initial energy of the undisturbed medium ε 0 can be neg
lected. Physically this means that we consider the initial temperature to be 
equal to zero and make no distinction between the standard volume V0 and 
the zero volume V0c. 

Let us substitute into the Hugoniot equation (11.34) the energy ε = ec + ετ, 
expressing the thermal energy contribution ε 7 in terms of pressure by means 
of (11.21) 

Ρ ~ Pc = PT = r 0 — ; £ = &c + — · 

Solving the resulting equation for p, we obtain the equation for the Hugoniot 
curve in the form 

(K - l)pc(V) - 2sc(V)IV [v°* 
PH = , *c = ] v PXV)dV, (11.35) 

where Κ = 2 / Γ 0 + 1. 
If we formally apply (11.35) to very strong shocks, we find that in the 

limit pH-+ oo, V0/V = K, so that formally Κ represents the limiting density 
ratio across the shock wave. The situation here is completely analogous to 
that for a perfect gas with constant specific heats. We recall that the Gruneisen 
exponent Γ corresponds to the specific heat ratio y minus one. From this, 
the limiting density ratio Κ corresponds to the quantity (y + l)/(y — 1), 
which is the limiting density ratio for gases. The formal analogy with gases is 
connected with the fact that in the limit pH -> oo the major role is played 
by the thermal pressure (pT = pH — pc-+ oo, while pc(V) -* const), and the 
equation of state in this case is the same as that for a gas. 

It is sometimes convenient to express the Hugoniot curve analytically by 
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means of an interpolation formula. It has been shown experimentally that 
the relationship between the front velocity and the velocity of the material 
(relative to the undisturbed medium) behind the front is linear over a wide 
range of shock strengths: 

D = A + Bu. (11.36) 

Thus, for example, for iron A = 3.8 km/sec, Β = 1.58*. Using (11.36) we can 
easily obtain the equation of the Hugoniot curve from (11.34) and (11.32) 

A\V0 - V) 
PH = f = - ^ Τ7Ύ2 · ( H - 3 7 ) 

(B- \)2V 
ι\ Β V012' 

Β - 1 V _ 

The Hugoniot curve pH{V, V0) can be interpolated by polynomials of 
the type 

m fVo Xfc 

where the constant coefficients are determined partially on the basis of experi
mental shock compression data and partially from the properties of the mate
rial in the standard state. 

§9. Weak shock waves 

The pressure range of the order of several tens and hundreds of thousands 
of atmospheres is of great practical importance. These pressures are typical 
of those generated in detonating explosives, in explosions in water, on the 
impact of detonation products on metallic obstacles, etc. The following 
empirical equation of state for a condensed material is frequently used in the 
isentropic flow region: 

P = ^ ( S ) ^ y J - l J , (11.38) 

where the exponent η is assumed to be constant, and where the coefficient A 
depends on the entropy and in fact is also always taken to be constant. The 
constants A and η are related by an equation which depends on the compressi
bility of the material at standard conditions (the speed of sound) 

c2

0=-Vi(^j=V0An. (11.39) 

* Equation (11.36) cannot be extrapolated to small strengths p-+0 and w - > 0 , so that 
the constant A is not the speed of sound in the standard state. 
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In accord with Jensen's data, Baum, Stanyukovich, and Shekhter [21] 
took η = 4 for metals and calculated the constant A for a number of metals 
using (11.39) and the experimentally measured values of the compressibility. 
In a number of cases they obtained good agreement with values of A which 
they determined experimentally. Thus, for example, for iron, Acalc = 5 · 10 5 

atm, which is 11 % larger than the experimental value; for copper Acalc = 2.5 · 
10 5 atm, 6 % larger than the experimental value; for duraluminum Acalc = 
2.03 · 10 5 atm, practically the same as the experimental value. For water it 
is usually assumed that η « 7-8 and A « 3000 atm. 

In calculating flows with shock waves in the above pressure range we can, 
to first approximation, neglect the entropy change across the shock wave 
and use the isentropic equation of state (11.38) with A = const to relate the 
pressure and the density across the wave front. Here the velocities D and u 
are found either from (11.30) and (11.32) or from (11.31) and (11.33). The 
energy equation (11.34) can be used in this case in the next approximation to 
estimate the increase in internal energy connected with the irreversibility of 
the shock compression. Indeed, if we consider (11.38) to be the equation of 
the isentrope, then the internal energy can be determined as a function of V 
by using the equation Τ dS = ds + ρ dV — 0, 

This value of the energy and the pressure obtained from (11.38) naturally do 
not satisfy the energy equation across the shock front (11.34). By definition, 
the difference 

Δε = ip(V0 — K) — j \ dV)s=const 

is equal to the increase in internal energy caused by the increase in entropy 
across the shock wave. The smallness of this quantity in comparison with the 
total increase in energy across the shock wave ε — ε 0 is a condition for the 
validity of the isentropic approximation for the shock compression. 

Calculating the ratio Δε/(ε — ε 0 ) with η = 4 we find that for V0jV = 1.1 the 
ratio is equal to 4.5 %, and for V0/V= 1.2 it is 17.5 % (this ratio is independ
ent of A). A density ratio of 1.1 corresponds to a pressure of the order of 
100,000 atm (90,000 atm for aluminum and 210,000 atm for iron). Thus, for 
pressures of ~ 10 5 atm the isentropic approximation for the shock compres
sion yields an error in the energy of not more than 5 % (the error in pressure 
is even less). We can, therefore, consider the shock wave as an acoustic wave 
in many practical calculations. 
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§10. Shock compression of porous materials 

Let us now consider the shock compression of a porous body. For simplicity 
we consider shock compression to high pressures, of the order of hundreds of 
thousands and millions of atmospheres, so that the ordinary isentrope for 

(Fig. 11.9). 

Ρ 

Fig. 11.9. Isentrope for the com
pression of a porous material. 

The process of shock compression of porous bodies exhibits some distinc
tive features. Experimental studies of the shock compression of the same 
material at different initial densities make it possible to obtain more complete 
information on the thermodynamic properties of the material at high pres
sures and temperatures. Porous media can have quite different forms and 
structures (powders, bodies with internal voids, fibrous bodies, etc.). All of 
them are characterized by the presence of more or less large particles or 
segments of a solid (continuous) material with standard density p 0 = \jV0 

and void segments, as a result of which the average specific volume V00 is 
greater than the standard volume V0 (and the average density p 0 0 is less than 
the standard density p 0 ) . 

Let us imagine that a porous body is subjected to a slow compression on 
all sides. Initially the work of the external pressure forces is used in closing 
up the voids, in packing the material and reducing it to standard volume. 
This work involves overcoming the friction forces between the particles, 
pulverizing the particles, crumpling the fibers, etc. The completion of this 
work requires a relatively small pressure, the scale of which is the ultimate 
strength of the material. For metals this pressure is of the order of a thousand 
atmospheres, and much less than this for many other materials. If we consider 
compressions in the range of pressure of hundreds of thousands of atmos
pheres, then the pressure on the portion of the /?, V curve where the material 
is reduced to standard volume can for practical purposes be taken equal to 
zero, and the ρ, V curve starting from the point V00 can be taken as a straight 
line on the axis of Κ from V00 to V0 (p = 0). For compression above standard 
density the curve can be taken to be an isentrope for the continuous material 
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the continuous material is the same as the cold compression curve. We 
neglect the effects related to the strength of the material, and the fact that 
the initial temperature T0 « 300°K is different from zero. We also assume 
that in the final state behind the front the material is both continuous and 
homogeneous. 

It follows from the conservation laws across the shock wave and from the 
equation of state of the medium that the Hugoniot curve has the form shown 
in Fig. 11.10 (this will be clarified below). The point corresponding to the 
standard volume V0 and zero pressure ρ = 0 lies on the Hugoniot curve. The 
internal energy acquired by the medium in the shock wave ε = ip(V00 — V) 
is equal to the area of the horizontally shaded triangle. The elastic part of the 
internal energy is equal to the area of the curvilinear triangle bounded by the 
curve pc(V) and densely cross-hatched in Fig. 11.10. The larger the initial 

volume K 0 0 , i.e., the greater the porosity of the material, for compression of 
the porous material to the same final volume the greater is the difference 
between these areas; this difference corresponds to the thermal part of the 
energy (the elastic energy is the same for a given volume, while the total 
energy increases). However, the greater the thermal energy, the larger is the 
thermal pressure. Therefore, the higher the porosity, the steeper is the Hugoniot 
curve. In particular, the Hugoniot curve for a porous material lies above 
the Hugoniot curve for a continuous material, as shown in Fig. 11.10. A 
higher pressure is required to compress a porous material to a given volume 
than a continuous material. This pressure is higher, the higher is the porosity. 
The qualitative nature of the picture given will not be altered if we consider 
the initial temperature (and entropy) to be different from zero. 

In order to get some idea of how sharply the thermal components of pres
sure and energy increase for shock compression of a porous body as compared 
to the compression of a continuous one, we present experimental Hugoniot 

Fig. 11.10. ρ, V diagram for shock 
compression of a porous material. ppoT is 
the Hugoniot curve for a porous med
ium; pcont is the Hugoniot curve for a 
continuous material; pc is the cold com
pression curve for a continuous material. 

oo 
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curves for iron of standard density and for porous iron with a density lower 
by a factor of 1.4 ( K 0 0 = 1.412K0). These curves (Fig. 11.11) were taken 
from [1] (the density ratio K 0 /K with respect to standard density rather than 

ρ 
1012bor 

* ι — μ 

Fig. 1 1 . 1 1 . Hugoniot curves for con
tinuous (p i ) and porous (p2) iron. pc is 
the cold compression curve. 

the specific volume alone is plotted on the abscissa). For example, for a den
sity ratio of V0jV = 1.22, which corresponds to decreasing the volume of the 
porous iron by a factor of 1.74 ( K 0 0 / F = 1.74), the pressure for porous iron 
is found to be greater by a factor of 2.63 than the pressure for continuous 
iron, while the energy is 8.64 times larger. 

The strong heating caused by shock compression of porous bodies can lead 
to sharp anomalies in the Hugoniot curves. In particular, the relative role of 
the thermal pressure in compressing a highly porous material to a given 
pressure can turn out to be so great that the density in the final state at high 
pressure is below standard density (V > V0). In this case, the volume does 
not decrease with increasing pressure, as is usually the case, but increases, 
and the Hugoniot curve has the anomalous shape shown in Fig. 11.12. 

Fig. 1 1 . 1 2 . Anomalous Hugoniot 
curve for a highly porous material. 

In order to make clear the origin of this curious effect, we shall use the 
Hugoniot equation derived under the assumptions that the electron pressure 
and energy are small, the Gruneisen coefficient is constant, and the initial 
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energy of the medium can be neglected. This is equation (11.35), in which the 
initial volume V0 is understood to denote the initial volume of the porous 
material V00 (equation (11.35) was derived without assuming that the material 
is continuous in its initial state): 

PH(V, V00) = 
(K - l)pJjV) - 2ec(V)IV 

Κ - V00/V 
K= — +L (11.40) 

1 π 

Equation (11.40) describes a family of Hugoniot curves corresponding to 
different initial volumes V00, that is, to different degrees of porosity which 
may be characterized by the coefficient k = V00/V0 ^ 1. When k = 1, and 
^oo = > w e have the Hugoniot curve for a continuous material. The 
point V= K 0 , pH = 0 satisfies (11.40) for any initial volume V00 (since 
PciVo) = 0 a n d zc(Vo) — 0)> s o t r i a t the family of Hugoniot curves represents 
a bundle of curves emanating from this point. According to (11.40), as 
Pu —* oo, V00IV-> K, and the limiting volume VUm = V00jK. If this value is 
smaller than V0, as is the case for small porosity k < K, the Hugoniot curves 
have their normal shape and are higher the larger is the initial volume. If, 
however, VUm > V0 (which happens for the case of high porosity, with 
k > K\ then the Hugoniot curves are anomalous: the final volume increases 
with increasing pressure. A family of Hugoniot curves corresponding to 
different porosities is shown in Fig. 11.13. 

1 / 1 / V 1 / 1 / 1 / vO T>02 Ό0 3 *004

 V 

Fig. 11.13. Hugoniot curves for different porosities: k 4 . > k 3 > K > k 2 > k 1 > \ . 

We emphasize again that (11.40) describes only the initial behavior of the 
Hugoniot curve for low pressures. Actually at large pressures the role of the 
electronic terms becomes important and the Gruneisen coefficient is not 
constant. This fact, however, does not invalidate the qualitative conclusion 
regarding the possibility of having an anomalous Hugoniot curve for a 
highly porous material. 

In the paper by Kormer, Funtikov, Urlin, and Kolesnikova [56] are 
presented results of studies of the shock compression of porous metals at 
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pressures from 0.7 to 9 million atmospheres. They also give a number of 
theoretical derivations of an equation of state for porous materials and 
determine the parameters which enter into the equation of state on the basis of 
experimental data. 

§11. Emergence of weak shock waves from the free surface of a solid 

Experimental methods for determining Hugoniot curves for a solid, which 
will be considered in the following section, make extensive use of the so-called 
velocity doubling rule in an unloading wave. When a shock wave which propa
gates through a solid emerges from the free surface, the compressed material 
expands, or " u n l o a d s " practically to zero pressure. The unloading (rare
faction) wave travels backwards into the material with the speed of sound 
that corresponds to the state behind the shock front, and the material being 
unloaded acquires an additional velocity in the direction of the initial motion 
of the shock*. 

In this section we shall consider only weak shock waves, which impart to 
the solid an energy which is not sufficient to melt it and even less so to vapor
ize itf, so that the final state of the material after unloading may be assumed 
to be solid. In this case, the final volume of the unloaded material Vv differs 
but little from the standard volume of the solid V0. At the same time we shall 
also assume that the shock wave is not too weak, so that we can neglect 
effects associated with the strength of the solid. It is assumed that the pressure 
in the solid compressed by a shock is isotropic, as in a gas or liquid. This 
assumption is valid when the pressure is large in comparison with the ultimate 
strength, the critical shear stress, etc. The speed of sound is then determined 
by the compressibility of the material, by the bulk compression modulus, 
just as in the case of a gas or liquid. When this is not so the unloading is 
described by formulas from the theory of elasticity, which we shall discuss 
later. 

Let a plane shock wave of constant strength (pressure p, particle velocity w, 
and volume V which is only slightly smaller than the standard volume V0) 

* If the body borders on air rather than on a vacuum, the moving boundary of the 
unloaded material acts as a piston with respect to the air and pushes ahead an air shock. 
Therefore, strictly speaking, the material is not unloaded to zero pressure, but to the pressure 
behind the air shock. However, this pressure, even though it may be large in comparison 
with atmospheric pressure, is so small in comparison with the initial pressure in the shock-
compressed solid that it can always be neglected, and we may consider that unloading into 
air does not differ from unloading into vacuum. The strength of the shock wave in the air 
is determined in this case by the equivalent piston velocity, the velocity of the solid after 
unloading. 

t The vaporization of a solid initially compressed by a very strong shock wave will be 
discussed in §§21 and 22. 
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propagate through a solid. At a specified time the wave emerges from the 
free surface, which is assumed to be parallel to the surface of the shock front. 
A weak shock wave, across which the compression is small, V0 — V4, V0, 
does not differ from an acoustic compression wave and can be described by 
acoustic equations. The shock travels through the body with the speed of 
sound c0. The pressure behind the shock is related to the particle velocity 
through the relation ρ — p0c0u (p0 = 1/K0). Starting from the time t = 0 at 
which the shock wave emerges from the free surface, an unloading wave, 
also an acoustic wave, propagates back into the body. The unloading wave 
travels through the material with the speed of sound (differing but little from 
the speed of sound c0 under standard conditions). The pressure across the 
wave drops from the initial pressure ρ to zero and the material acquires a 
velocity u, related to the pressure change Ap = — ρ by the acoustic formula 
u' = —Aplp0c0 = PIPQC0 (see Fig. 11.14; the density decreases only slightly, 
and the final density pt differs but little from the standard density of the 
solid: VY — V0 <ζ V0). It is evident from comparison of the equations 
ρ = p0c0u and u' = p/p0c0 that «', the additional velocity acquired by the 

(a) 

d y 
P 

ο χ 

Ρ 

Fig. 11.14. Density, pressure, and velocity distributions for a weak shock wave emerging 
from a free surface, (a) Prior to the time of emergence, t < 0 ; (b) after emergence, t > 0. 
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material on unloading, is equal to w, the particle velocity behind the original 
shock. This means that, when a weak shock wave emerges from the free 
surface, the velocity of the material doubles: ux = u + u' « 2u. 

The velocity doubling rule can also be obtained from the general shock 
and rarefaction wave equations in the limiting case of weak waves. We know 
from gasdynamics (see §10, Chapter I) that the additional velocity acquired 
by a material unloaded from an initial pressure ρ to a final pressure pi = 0, is 

where the derivatives, by virtue of the fact that the unloading process is 
isentropic, are taken at a constant entropy equal to the entropy behind the 
shock front. The initial particle velocity of the material behind a shock wave, 
by virtue of the conservation laws (11.31) and (11.32), is 

In a weak shock, where the entropy change is small, the compression is also 
not large. To first approximation we can express the volume increase in the 
form 

where S denotes the entropy of the original state of the material prior to the 
shock compression. Then the particle velocity behind the shock is 

To the same approximation we can neglect the change in the isentropic com
pressibility in the pressure range from 0 to ρ and take the derivative constant 
in the equation for u'. We obtain 

Walsh and Christian [22] established from rather general considerations 
the upper and lower limits for possible variations of the additional velocity 
u' and have found that for pressures ρ ~ 4 · 10 5 atm for a large number of 
metals the velocity doubling rule is accurate to within 2 % . It has been 
experimentally verified [3] that the velocity doubling rule for iron is approxi
mately satisfied up to quite high pressures of ~ 1.5 · 10 6 atm. In general, the 
departure from the velocity doubling rule is greater the stronger is the shock. 

Let us now consider the fact that even a weak shock wave is not acoustic 
and that the entropy across it does increase. Here we assume that to first 

u = ip(V0 - V)~] 1/2 
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approximation the additional velocity acquired after unloading u' is, as 
before, equal to u. The density and temperature in the final state will be con
sidered to satisfy the following approximation. When a body is unloaded 
isentropically to the initial, zero pressure, it is found to be heated and expanded 
in comparison with the initial state prior to shock compression. The energy 
of irreversible heating and the final temperature of the unloaded material 7\ 
can be easily found if the thermodynamic properties and initial state ahead 
of the shock wave are known. For this we use the equation for isentropic 
unloading ds + ρ dV = 0, according to which the final energy ε χ is equal to 

e 1 = s - j \ d V ) s . (11.41) 

Since the energy behind a shock wave is ε = ε 0 + \p(VQ — V\ the irreversible 
energy increase after unloading is 

β! - ε 0 = MVo - V ) - ^ \ p dV)s. (11.42) 

The magnitude of this energy is given by the difference in the areas of the 
curvilinear triangle DBCS and the triangle ABC in Fig. 11.15, in which the 

P 1 
Fig. 11.15. /?, V diagram for shock 

compression and unloading of a solid. 

v vQ νκ V 

curve Η is a Hugoniot curve and the curve S is the unloading isentrope. 
Numerically this energy is equal to the difference between the upper and 
lower shaded areas. 

Let us assume that the shock wave is weak, so that all three volumes 
V9 V0, and Vx differ little from each other and that the Gruneisen coefficient 
can be assumed to be constant and equal to its standard value Γ 0 . In this 
case the isentropic relation between temperature and volume is given by 
(11.20), so that the final temperature 7^ is related to the temperature behind 
the shock wave Τ by 

(11.43) 
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On the other hand, considering the process of thermal expansion of the body 
at constant, zero pressure from the initial volume V0 to Vl9 we can write 

Vl-V0=V0a(Tl-T0)9 (11.44) 

where α is the coefficient of thermal expansion at constant pressure. The 
irreversible increase of energy (11.42) is expressed in terms of the temperature 
increase by 

ei ~ £o = Cp(J\ ~ T0)9 

where cp is the specific heat at constant pressure* of the body. If V and T9 

the volume and temperature behind the shock, are known, then the volume 
and temperature in the final state may be calculated from the system of two 
equations (11.43) and (11.44). 

As an example, we present the results for aluminum obtained in [23]. 
When aluminum is compressed by a shock wave to a pressure ρ = 2.5 · 10 5 

atm, the volume decreases to K = 0 . 8 2 K 0 , and the temperature increases 
by Γ - Γ 0 = 331°Κ (the initial temperature T0 was 300°K). After un
loading, the residual increase in temperature was Tx —TQ= 134°Kf. When 
/? = 3 . 5 · 1 0 5 atm, V=0.1SV09 Γ - Γ 0 = 522°Κ, then T, - T0 = 216°K. 
Naturally, the stronger the shock wave, the greater is the entropy increase 
imparted to the material and the higher is the residual heating. 

If a shock wave with decreasing rather than constant pressure and velocity 
behind the front (for example, the triangular compression pulse of Fig. 11.16) 

Fig. 11.16. Triangular compression 
pulse. 

travels through a flat plate, then after such a wave emerges at the free surface 
" scabbing " i can occur. The phenomenon of scabbing consists of the follow
ing: After the compression wave is reflected from the free surface, the pressure 
distribution in the body results from the superposition of two waves, the 
incident compression wave and the reflected unloading wave. In the acoustic 
approximation (see §3, Chapter I) 

Ρ = pc[fi(x ~ ct) + f2(x + c r ) ] , 

* In solids over small ranges of temperature changes, it is practically the same as the 
specific heat at constant volume cv. 

t The residual temperature was calculated in [23] with greater accuracy than that given 
by (11.43), taking into account the small change in the Gruneisen coefficient with the change 
in volume; the more exact isentropic relation with a variable T(V) was integrated for this 
purpose. 

X Editors' note. Also commonly termed spalling. The authors' term is "break-away", 
or more literally, "split-off". 
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where the function fx describes the incident wave propagating to the right 
with the speed of sound, and f2 describes the reflected wave propagating to 
the left. In this case the function fx corresponds to the triangular pressure 
distribution shown in Fig. 11.16. The function f2 can be determined starting 
from the boundary condition that the pressure at the free surface is zero. 

The functions fx and f2 and the resulting pressure distribution in the body 
at the time of emergence of the shock at the free surface and at two subse
quent instants of time are shown in Fig. 11.17. If xx is the coordinate of the 
free surface (Fig. 11.17), then the region χ > xx corresponds to vacuum and 
the determination of the functions / j and f2 in this region is purely formal 
and without physical significance. The only physically real values offx and f2 

and of pressure are those for x<xx, within the body. To emphasize this 
point, the functions fx and f2 for χ > xx in Fig. 11.17 are shown dashed. 
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Fig. 11.17. Reflection of an acoustic triangular compression wave from a free surface. 
(a) t = ti refers to the time at which the leading edge of the wave emerges at the free surface; 
(b) / = t2 and (c) / = t3 refer to subsequent instants of time. 
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It is evident from Fig. 11.17 that after the compression wave is reflected 
from the free surface, negative pressures arise in the body, i.e., the material 
experiences a tensile stress. If the tensile stress exceeds the ultimate tensile 
strength of the material, then a fracture or " scabbing" occurs at this point of 
the body, and a layer of material (the scab) is split away from the surface and 
separates from the remaining material, moving away from the surface 
with a definite speed. Thus, for example, steel breaks down under impulsive 
loadings when the stresses become of the order of 30,000 kg/cm 2 *. 

§12. Experimental methods of determining Hugoniot curves for solids 

The conservation laws of mass and momentum (11.31) and (11.32) 
connect four shock front variables: the propagation speed of the shock wave 
through the undisturbed material D, the jump in the particle velocity w, 
equal to the velocity of the compressed material with respect to that of the 
undisturbed material, the pressure /?, and the specific volume V (or density 
ρ = XjV). If D and u are measured experimentally, then we may use (11.31) 
and (11.32) to find the pressure and the volume, and then, using the energy 
equation (11.34), we can calculate the specific internal energy ε. Thus, the 
problem of determining all of the flow variables of a shock front reduces to 
an experimental determination of any two of them, in particular, of the two 
kinematic parameters D and w, the ones which can be most easily measured. 

The front speed D can be measured comparatively simply by recording 
the time of passage of the shock front at fixed points separated by a known 
distance. The use of such a direct method for determining the jump in par
ticle velocity u is more difficult experimentally. Therefore, the second variable 
is determined by various indirect methods, utilizing certain mechanical 
considerations. 

The experimental methods described below for studying the compressi
bility of solids by means of very strong shock waves and for measuring the 
shock front variables were proposed and developed by APtshuier, Krupnikov, 
Ledenev, and Bakanova [1-5], and also by the American authors Walsh and 
Christian, as well as others [22-26] (the latter did not use the "col l i s ion" 
method; see below). However, Soviet scientists have investigated a much 
wider range of pressures, up to 4 million atmospheres. The idea of measuring 
the kinematic variables for the study of Hugoniot curves was also developed 
independently by Baum, Stanyukovich, and Shekhter [21], who carried out 
their experiments with relatively weak shock waves. 

References [1-3] describe three methods for measuring the shock wave 
variables, the principal features of which are presented here (see also [55]). 

* Editors' note. If the pulse is strong enough, the process may be repeated, producing a 
second or more additional scabs. 
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1. The "free surface" method*. This method is based on measuring the 
velocity of the free surface of a body which is unloaded after a shock wave 
emerges from its surface, and on applying the velocity doubling rule, accord
ing to which the particle velocity u is approximately equal to one half of the 
free surface velocity ux. The applicability of this method is limited, since the 
departures from the doubling rule begin to be appreciable at very high 
pressures, resulting in experimental errors in the determination of u. The 
basic experimental setup consists in the following: A flat plate of the test 
material is placed against an explosive charge, as shown in Fig. 11.18 (the 
corresponding diagram of motion in the x, t plane is given in Fig. 11.19). 

Explosive 

Meial 

Fig. 11.18. Experimental arrange
ment for the "free surface" method. 

. "rp m 

Fig. 11.19. JC, t diagram for the "free 
surface" method. 

c f F 
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Explosive Metal 

When the detonation wave emerges from the explosive at the boundary with 
the metal, the discontinuity breaks up ; a shock wave (line AB) travels through 
the metal with velocity Z), the velocity of the contact surface between the 
explosive and the metal (line AE) is equal to the particle velocity of the metal 
u (a reflected wave AC propagates through the explosive). When the shock 
emerges at the free surface (point B) the discontinuity breaks up again, 
an unloading wave BF travels back into the specimen, and the boundary of 

* Editors' note. Called the " break-away " or " split-off" method by the authors, which is 
the term they use for the scabbing phenomenon. The velocity doubling approximation is 
sometimes referred to as the free surface approximation (see, e.g., [60]). 



724 XI. Shock waves in solids 

the metal acquires the doubled velocity ux « 2u (line BH). The front speed D 
was measured in experiments described in [1-5] by placing electrical contact 
pickups at known distances inside the specimen, as shown in Fig. 11.18, 
which closed at the time the wave passed and sent a pulse which was recorded 
by means of a special circuit and an oscilloscope. 

Dividing the distance d by time the average wave speed across the measuring 
" b a s e " d could be found (the bases d were of the order of 5-8 mm, the 
speeds D ~ 5-10 km/sec, and the time ~ 1 0 " 6 sec; this required the develop
ment of special methods for recording such short time intervals). By the use 
of the pickups the time at which the free boundary of the unloaded material 
passed through fixed points was similarly measured* (see Fig. 11.18). The 
electrical contact method for measuring velocities was proposed by Tsukerman 
and Krupnikov. This method was used to measure the Hugoniot curve for 
iron up to pressures of ρ ~ 1.5 · 10 6 atm (D ~ 7.5 km/sec, u ~ 2.4 km/sec). 

The free surface method is not suitable for studying porous materials, 
since in this case the additional velocity u upon unloading is appreciably 
less than the velocity w, and the doubling rule does not apply. 

2. The "collision''' method^. For the study of stronger shock waves, for 
which the velocity doubling rule introduces an appreciable error, the authors 
of [1] used another method, which is termed the "col l i s ion" method. This 
method is perfectly exact in principle and is suitable for the study of all 
materials, including porous ones. 

An explosive charge is used to accelerate a plate made of the test material 
to a velocity w. The plate (striker) strikes another plate (target), which is at 

Fig. 11.20. Sketch of the experimen
tal setup in the "co l l i s i on" method. 

Fig. 11.21. t diagram for the 
"co l l i s i on" method. 

S Τ χ 

rest and made of the same material. The experimental setup is shown in 
Fig. 11.20, and an x, t diagram of the process is given in Fig. 11.21. Two shock 
waves originate at the time of impact and propagate through both bodies 

* The pickups were equipped with protective caps to prevent their being closed by the 
air shock which the metal boundary pushes. 

t Editors' note. The authors of [1] and the authors used the term " braking " method. The 
method is sometimes called the " m o m e n t u m transfer" method (see [60]). 
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(AB and AC on the x, t diagram). The pressures ρ and particle velocities u on 
both sides of the contact surface between the bodies are the same and equal 
to the values of these quantities behind the shock waves up to the time the 
shocks reach the opposite boundaries of the specimens*. This velocity u is 
also the velocity of the contact surface (the line AE). Pressure and velocity 
distributions after impact are shown in Fig. 11.22. 

Fig. 11.22. Pressure and velocity dis
tributions after impact in the " collision " 
method. 

Since the materials are identical, the two shock waves are also identical, 
and the jumps in particle velocity are the same for both waves. The velocity 
jump for the target is the same as the velocity of the compressed material w, 
since the target was initially at rest. With respect to the striker, however, the 
material ahead of the shock moves with the striker velocity w, and behind 
the wave with the velocity w, so that the absolute value of the velocity jump 
is equal to w — u. Consequently, w — u = u and u = w/2. Thus, the problem 
reduces to measuring the wave velocity D in the target and the striker velocity 
w. This is carried out experimentally in the same manner as in the free surface 
method, by using a system of electrical contact pickups. 

Using the collision method Hugoniot curves for iron were obtained up to 
pressures of ρ ~ 5 · 10 6 atm (D ~ 12 km/sec, u ~ 5 km/sec, and V0jV ~ 1.75) 
in [1]. Porous iron with a density 1.4 times less than standard was also studied. 

The collision method can also be extended to the case when the test target 
and striker are made from different materials. In this case, however, the striker 
must be made of a material for which the Hugoniot curve is known. In a 
number of cases this turns out to be more expedient than making the striker 
from the test material, since by an appropriate choice of the striker material 
it is possible from the same explosive charge to obtain a more powerful shock 
in the test material. 

If the striker and target materials are different, then, in spite of the fact 
that the pressure behind both shock waves is the same, the velocity jumps 
are no longer the same, and w — u Φ u. However, if the Hugoniot curve for 
the striker is known, then we also know the dependence of the pressure on 
the particle velocity jump, that is, the function ρ =f(w — u). On the other 
hand, the pressure ρ is related to the jump of the particle velocity in the 

*See §24, Chapter I. 
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target, equal to the velocity of the contact surface w, by (11.32): ρ = DUJVQ. 
Measuring as before the shock velocity in the target and the striker velocity 
w, we can find u from 

ftv,-u)~. (11.45) 
V 0 

A graphical method, based on the use of a pressure-velocity diagram (see §24, 
Chapter I), is very convenient for this purpose. These diagrams are widely 
used when considering various processes involving shock waves in which 
two contiguous media are involved, since the velocity and pressure at the 
contact surface between the two media are the same. 

Let us consider the collision between the striker and target on a p, u dia
gram, where u is the particle velocity of the material in the laboratory co
ordinate system, in this case in that system in which the target is initially at 
rest. The initial states of the target (p = 0, u = 0) and of the moving striker 
ρ = 0, u = w, are represented by the points Ο and A in Fig. 11.23. If the shock 

Fig. 11.23. p,u diagram for the " c o l 
l i s ion" method. HBA is the Hugoniot 
curve for the striker. OBT is the locus 
of target states after impact. 

velocity measured at the target is D, then the locus of states of the target 
material behind the shock wave is the straight line ρ = Du/V0, with the 
known slope DjV0. Let us depict the Hugoniot curve for the striker material, 
considering the dependence of the pressure on the velocity jump instead of 
on the volume. In this case the velocity jump is equal to w — u, so that 
ρ =f(w — u). The point of intersection Β of the two lines, according to 
(11.45), determines the state (pressure and particle velocity) behind the two 
shock waves. If the striker and target are made from the same material, 
then (as we already know) the point of intersection lies exactly half-way 
between points Ο and A (u = w/2). 

3. The "calibrated reflection" method*. In this method use is made of the 
relationships governing the breakup of an arbitrary discontinuity resulting 
from the reflection of a shock wave from the contact surface between two 

* Editors' note. Termed "ref lect ion" method by the authors and sometimes referred to 
as the "impedance m a t c h " method (see, e.g., [60]). 
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media (see §24 of Chapter I). The advantage of this method in comparison 
with the preceding one is that it does not require the measurement of particle 
velocities, which are more difficult to measure than the shock front velocity. 
However, the method requires the use of a calibrated material with a known 
equation of state. This method was worked out by the authors of [2] together 
with G. M. Gandel 'man. 

Let us consider the passage of a strong shock from material A to material 
B. The wave traveling through material Β is always a shock wave, while the 
wave reflected in A is either a shock wave, in case material Β is " h a r d e r " 
than A, or a rarefaction wave, in case Β is " so f t e r " than A (this is most 
easily visualized by considering the two limiting cases, where A is a gas and Β 
is a solid, and where A is a solid and Β is a gas). The velocity and pressure 
distributions in the two cases are given in Fig. 11.24. The corresponding x, t 
diagrams are also shown there. 

Ο Α Κ Β χ Ο Α Κ Β χ 

(α) (b) 

Fig. 11.24. Pressure and velocity distributions and x, t diagrams for the "calibrated 
reflection " method, (a) Case when the reflected wave is a shock wave. OC is the shock wave 
in A, CM is the shock wave in B, CN is the reflected shock wave in A, and KCK is the 
contact surface between A and B. (b) Case when the reflected wave is a rarefaction wave. 
O C is the shock wave in A, CM is the shock wave in B, CN is the head of the rarefaction 
wave, CT is the tail of the rarefaction wave, and KCK is the contact surface between A 
and B. 

Let us consider this process on a pressure-velocity diagram (in the initial 
state both A and Β are at rest in the laboratory system of coordinates). We 
assume that the equation of state of the material A is known. We draw on the 
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p, u diagram (Fig. 11.25) the Hugoniot curve for the material A, pA(u) for the 
first shock wave traveling through the undisturbed material. If we measure 
experimentally the front velocity of the initial shock Dl9 then we can find the 
state behind it, represented by the point of intersection of the straight line 
ρ = Dlu/V0A with the Hugoniot curve pA(u) (the point a(pa, ua)). 

After this shock wave is reflected from the contact surface between A and B, 
a new state is established in the material A. If the reflected wave is a shock 
wave, then the state lies on a Hugoniot curve of a second compression whose 
initial state is a(pa, Va, ua); this Hugoniot curve is depicted by the curve pH 

going upward from the point a. However, if the reflected wave is an isentropic 
expansion wave, then the new state lies on the rarefaction isentrope, going 
downward from the point a (the curve ps). Since the equation of state for the 
material A is assumed known, then both the Hugoniot curve of the second 
compression pH(V, Va9 pa) and the expansion isentrope with the entropy 
equal to Sa = S(pa, Va) can be transformed so as to replace the volume by 
the velocity as the argument. In the first case this is done by using the relations 
across a shock front, and in the other case by using the relation for an expan
sion wave (see §10, Chapter I). 

If the shock wave velocity D in the material Β is also measured experimen
tally, then the straight line ρ — DujV0B which is the locus of states behind this 
wave can be drawn. The point of intersection b of this line with curve pHaps, 
which is the locus of possible states in the material A after reflection of the 
shock wave, determines the pressure and velocity behind the shock wave in 
the material B, equal to the pressure and velocity at the contact surface 
between A and Β (see Fig. 11.24). The p, u diagram of Fig. 11.25 illustrates 
the second case, in which the reflected wave is a rarefaction wave. In the first 
case the line ρ = DujV0B passes above the line ρ = Dlu/V0A and the point 

Fig. 11.25. /?, u diagram for the 
calibrated reflection " method. 

u 
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of intersection b lies above point a on the Hugoniot curve for the second 
compression of the material A, described by the curve apH*. 

Summing up, the calibrated reflection method consists in the following: 
A shock wave is generated in the plate made of material A with a known 
equation of state, either directly by an explosive charge, or by impact with 
another plate previously accelerated by an explosive to a high velocity. This 
wave passes into specimens of the test material B, with which is also included 
a sample of material A (a diagram of the experiment is shown in Fig. 11.26). 

By recording the closing times of the electrical contact pickups located at the 
points denoted by arrows in Fig. 11.26, the front velocities and D are 
determined. Having constructed the Hugoniot curve pA(u) on a p, u diagram 
and having drawn the line ρ = DlujV0A, the point a giving the state behind 
the shock wave in a material A can be found. Then the Hugoniot curve for 
the second compression is drawn upward through point a, and the isentrope 
is drawn downward through point a; the line ρ = DujVQB is also drawn. 
Thereby the sought state point b(p, u) behind the shock wave is determined 
for the test specimen. 

Actually (in the experiments), the pressure changes between states a and b 
were always small. Under these conditions, as shown by calculations, the 
curve pH aps can to a high degree of accuracy be represented as a mirror image 
of the Hugoniot curve of the primary compression at the point a. We note 
that the slope of the line pH aps at point a is determined by the speed of sound 
behind the front of the primary shock wave in A. Actually, for either a rare
faction wave or a weak compression wave, dp = ±pcdu (see (1.59)); thus the 
slope of pHaps at point a is \dp\du\ = pc =c /K, where c and V are the speed 
of sound and the volume in the material A after compression by the first 
shock wave. Experimental methods for determining the speed of sound behind 
the shock wave will be considered below. 

Al'tshuler, Krupnikov, and Brazhnik have used the calibrated reflection 
method for obtaining Hugoniot curves for a large number of metals (Cu, Zn, 

* In addition, we see here what characterizes the " h a r d n e s s " of a material. Let us 
assume that the shock waves are weak and that their speeds are close to the speeds of sound: 

cB and Z>i ^ cA. Material Β is harder than A and the reflected wave will be a shock 
wave if cB\ VB > cAj VA or pB cB > pAcA. The quantity pc is sometimes called the acoustic 
impedance. It determines the relation between pressure and velocity in an acoustic or weak 
shock wave, with ρ = pcu. 

A Fig. 11.26. Sketch of the experi
mental setup in the "calibrated re
f lect ion" method. 

file:///dp/du/
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Pb, etc.) [2]. This method was used for studying the compressibility of sodium 
chloride (reference [5]), and was also used in the majority of works of non-
Soviet scientists. Iron, aluminum, or brass were most frequently used as the 
material A. 

§13. Determination of cold compression curves from the results of shock 
compression experiments 

One of the most valuable results of experiments on shock compression of 
solids is the determination for a material of its cold compression curve pc(V)9 

which characterizes the repulsive forces between the atoms. The functions 
pc(V) and ec(V) are determined from a theoretical treatment of experimental 
data on the Hugoniot curves for the material. In [3] the cold compression 
curves were determined over a wide range of compressions and pressures 
by expressing the thermodynamic functions p(V, T) and ε(Κ, Τ) as the 
sum of three terms in the form of (11.30). The electronic terms pe and se 

were written on the basis of purely theoretical considerations (see §§5 and 6), 
with known experimental values used for the electronic specific heat co
efficient β0. 

Using the experimental functional dependences for p(V) and s(V) given 
by the Hugoniot curve, we can regard equations (11.30) as two equations 
with three unknown functions pc{V), Γ(Κ), and T(V), where T(V) cor
responds to the dependence of the temperature on the volume along the 
Hugoniot curve. For the third equation we may use the relation between the 
Gruneisen coefficient T(V) and the cold compression curve pc(V), given by 
the Slater-Landau formula (11.18)*. A numerical solution of this system of 
equations gives the cold compression curve pc(V), the function Γ(Κ), and 
the temperature behind the shock wave T. The data in Table 11.2 and the 
curves of Fig. 11.8 (§7) were obtained in this manner. Specific results for 
other metals tested can be found in the tables in [3]. 

If the Hugoniot curves for both porous and continuous forms of a material 
are known from experiment, then the relation between the functions T(V) 
and pc(V) is not required. If we consider temperatures that are not too high 
and neglect the electronic terms pe and se, we can write 

1 _ Δ ε τ = 1 spor(V) - e c o n t (K) 
Γ VApT V ppor(V) - pcont(Vy 

where the quantities on the right-hand side are the experimental values on 

* In a number of cases a slightly different relation between the functions Γ(Κ) and pc{V) 
was used, one given by the Dugda le -McDona ld formula [27]. 
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the Hugoniot curves for the continuous and porous forms of the same material 
compressed to the same volume. The elastic components of pressure and 
energy are identical in both cases, so that the differences in ε and ρ are equal 
to the excess of the purely thermal energy and pressure in the compressed 
porous material over those of the compressed continuous material. This was 
the method used in [1] to obtain the cold compression curve for iron (Fig. 

The cold compression curve for sodium chloride was reported in [5]. 
Comparison with expressions for the repulsive forces in ionic crystals per
mitted the determination of the parameters characterizing the interaction 
forces which enter these equations. The method for calculating the tempera
ture on the Hugoniot curve for comparatively weak waves, when the thermal 
terms are small in comparison with the elastic terms and the Hugoniot curve 
follows the cold compression curve closely, is described in [22] (in this case, 
obviously, the electronic terms were not taken into account). 

Frequently, various interpolation equations are employed to characterize 
the Hugoniot and cold compression curvesp c(V) analytically. This is done by 
specifying state functions of given forms containing several parameters, 
which are then determined from experimental data. As an example, we can 
take the widely used equation pc = A[(V0/V)n — 1], containing the two 
parameters A and n. In investigating sodium chloride [5] thep c (V) curve was 
obtained in analytic form by using a power-law or exponential representation 
for the repulsive forces in ionic crystals. The constants which enter the equa
tion were determined from data on dynamic compressibility. 

Kormer and Urlin [14] constructed an interpolation formula for the cold 
compression curve of the form 

The coefficients an were determined without using experimental data on 
shock compression, only using the relations between the coefficients and the 
known parameters of the standard state (the compressibility, the Gruneisen 
coefficient, etc.) and also the condition that at high pressures the curve 
should agree with the relation derived from the Thomas-Fermi-Dirac model. 
Good agreement was obtained with the experimentally determined curves 

* Subsequently Kormer, Urlin, and Popova [15] refined this method, adding one more 
term to the series and using one experimental point on the Hugoniot diagram. Very good 
agreement with the experimental curves was obtained. 

11.2). 

for/> c(K)*. 
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3. Acoustic waves and splitting of waves 

§14. Static deformation of a solid 

In the study of shock compression of solids, we have assumed up till now 
that the pressure in the compressed material is isotropic, that it has a hydro
static character as in a liquid or gas. The increase in density was then consid
ered as a result of an isotropic compression. Correspondingly, the elastic 
properties of the material were characterized by a single quantity, the isen
tropic compressibility κ = — (llV)(dV/dp)s, which determined the speed of 
propagation of acoustic compression (and rarefaction) waves, the speed of 
" s o u n d " 

This can be done only in the case when the pressures are sufficiently high and 
the effects connected with the strength of solids and the existence of shear 
strains and stresses are not important. If the loads are small, then it becomes 
necessary to take into account the elastic properties of the solid which dis
tinguish it from a liquid. This has an appreciable effect on the character of 
the dynamic processes and, in particular, on the propagation of elastic com
pression and rarefaction waves. Thus, it is found that acoustic waves can 
propagate in a solid with different speeds, depending on the particular con
ditions. Before considering these dynamic phenomena, let us examine the 
behavior of a solid under static loads. Here we assume that the deformations 
and loads are small, so that linear elasticity theory is applicable. 

The state of a deformed body is described by two tensors, the strain tensor 
and the stress tensor. In what follows we shall consider only a few simple 
cases of homogeneous deformations (where each element of the body is 
deformed in the same manner), which are characterized by simple and obvious 
quantities. For this reason we shall not introduce the strain tensor in general 

The stress tensor component aik, where the subscripts / and k denote the 
x, y , and ζ coordinate directions, represents the /th component of a force 
acting on a unit area of the body whose normal is in the k direction. The 
components σχχ, ayy, and σζζ represent normal stresses and the components 
Gxy> σχζ>

 a n d G y z are tangential or shear stresses (Fig. 11.27). The tensor oik 

is symmetric, so that σχζ = σζχ, ayz = azy, axy = ayx. 
Let us consider some examples of deformations. 
1. Imagine a cylindrical rod of length L and diameter d, with a compressive 

form*. 

* See, for example, Landau and Lifshitz [28]. 
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force or a pressure ρ applied to its ends. The ζ axis is directed along the axis 
of the rod, as shown in Fig. 11.28. The lateral surface of the rod we assume 
to be free. Under the action of the load the rod is contracted by a length AL 

Fig. 11.27. Diagram illustrating the 
stress tensor components . 

Fig. 11.28. Diagram of a rod in 
compression. 

ζ 

Ρ 

Η 

and it is thickened (the diameter increases by Ad). In this case only the normal 
stress in the axial direction σζζ, which is minus* the external pressure σζζ = 
— ρ, is different from zero. The normal stresses in the transverse directions, 
σχχ and ayy, are absent, since the lateral surface of the rod is free and nothing 
prevents the rod from expanding in this direction. It is obvious that the tan
gential or shearing stresses oxy, σχζ, and oyz are also equal to zero in the co
ordinate system chosen. 

According to Hooke's law for small deformations the relative contraction 
of the rod is proportional to the applied force: 

AL ρ σ„ 
Τ ' - Έ ' Ύ ' ( 1 1 4 6 ) 

where Ε is Young's modulus (this is the definition of Young's modulus). 
The relative thickening of the rod is proportional to the relative contraction 

Ad AL 

7—T-  (nA1) 

* Editors'1 note. It is customary to define the normal stresses as positive when tensile, 
and we have changed some of the equations for consistency with this practice. Under 
compression σζζ and AL/L are negative. 
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where σ is Poisson's ratio. Poisson's ratio is always positive and smaller than 
\ . This follows from the observations that a compressed rod becomes thicker 
and that its volume can only be reduced (for constant volume d2L = const, 
and Ad/d = - \ AL/L, σ = 1/2). 

2. Let the lateral surface of the rod be constrained in a manner such that 
for an axial compression the rod cannot deform in the transverse direction 
(the rod is placed in a shell with rigid walls). This will give rise to normal 
stresses in the transverse directions σχχ = ayy which exactly balance the exter
nal lateral forces acting on the shell walls. The normal axial stress σζζ is as 
before minus the external compressive pressure p. From the theory of 
elasticity the relative contraction of the rod in the unidirectional axial 
deformation of this case is related to the external pressure by an equation 
analogous to (11.46): 

AL ρ σ~~ 

τ - - # - # · ( 1 L 4 8 ) 

where 

E(l - σ) 
Ε ' = — . (11.49) 

( 1 + σ ) ( 1 - 2 σ ) K } 

The quantity Ε' is always greater than Young's modulus E. In order to 
decrease the length of a laterally constrained rod by the same amount as 
that of a free rod it is necessary to apply a larger compressive force. The 
normal stresses in the transverse directions are 

vxx = <ryy = —— σζζ = - —— p. (11.50) 
1 — G 1 — (7 

Tangential stresses are absent in the coordinate system chosen. All the re
lationships in the above two examples are equally valid in the case when the 
rod is extended, is in tension. 

3. A body subjected to an isotropic compression (or expansion) changes 
its volume while retaining its shape, i.e., while remaining similar to itself in 
shape. An isotropic compression is obtained by applying a constant pressure 
to the surface of the body. The stress tensor for such a compression is diagonal 
(pxy = σχζ = ayz = 0) ; all three normal components are the same and equal to 
minus the pressure. This remains true in any coordinate system. The " pres
sure " in the body is isotropic in this case and is hydrostatic in character, as in 
a liquid. For small deformations, the relative change in volume* is proportional 

* The sum of the diagonal strain tensor components is uxx + uyy + uzz = Δ V/ V and is 
termed the dilatation. For an isotropic compression uxy = uyz = uxz = 0 and uxx = uyy = uzz. 



§14. Static deformation of a solid 735 

to the pressure: 

AV ρ 

Ύ=~κρ=~Έ9 (1L51) 

where κ is the compressibility, and its reciprocal Κ = l/κ is the bulk modulus. 
4. Finally, let us consider a pure shear deformation in one direction, as 

shown in Fig. 11.29. In pure shear the body only changes its shape but not 
its volume. In the example shown in Fig. 11.29 only the tangential stress 

Fig. 11.29. Pure shear strain in one 
direction. 

σχζ is different from zero. All the other components of the stress tensor are 
equal to zero. According to Hooke's law, the shear strain angle is proportional 
to the shearing force τ (per unit area), which is equal to the stress σχζ 

0 « t a n 0 = -^ = ^ , (11.52) 
(jr U 

where G is the shear modulus. 
As is well known (see [28]), we can represent an arbitrary deformation as 

the sum of pure shear strains and an isotropic compression (or extension). 
Because of this interrelationship between the strains in axial compression of 
a rod and the elementary strains of isotropic compression and shear, the four 
characteristics of the material Ε, σ, Κ, and G are not independent, but are 
connected by two relations. One can show (see [28], for example) that 

9KG 13K-2G 
e =  WV G> σ = 2 ΐ Ζ Τ ^ ' ( 1 L 5 3 ) 

and, conversely, that 

G = ^ A — i ' Κ = τ η Ε ι V < 1 L 5 4 ) 2(1 + σ) 3(1 — 2 σ ) 

Thus, we can rewrite Hooke's law for the axial deformation of a laterally 
constrained rod (11.48) in terms of the moduli Κ and G in the form 

E' = K + $G. (11.55) 
L Ε 

* It is evident from this equation that σ =̂  1/2, since K> 0 and 0. 
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In order to give some idea of the numerical values of the parameters we note 
that for iron (with a 1 % carbon content) 

Ε « 2.1 · 10 6 kg/cm 2 , G « 0.82 · 10 6 kg/cm 2 , 

Κ * 1.61 · 10 6 kg/cm 2 , σ « 0.28. 

For a body subjected to an isotropic compression or extension the stress 
tensor is diagonal in any coordinate system, and all three of its components 
are the same. For other deformations the stress tensor is diagonal and the 
tangential stresses vanish only in certain specially selected coordinate systems. 
The deformations of a rod in compression examined above, either free or 
constrained laterally, can serve as an example. The inequality of the diagonal 
elements of the stress tensor is connected with the fact that in reality the defor
mation is not a pure isotropic compression (or extension) and does contain 
an element of shear. This is manifested explicitly if we change to another 
coordinate system, or, equivalently, if we consider forces acting on areas 
which are inclined with respect to the rod axis. In this case it becomes immedi
ately clear that the inclined areas experience tangential stresses, which shows 
that shear strains are present. 

Let us calculate the tangential stress acting on an area inclined at 45° to 
the direction of the external pressure (Fig. 11.30). For simplicity we shall not 

consider a cylindrical rod, but rather a plane layer infinite in the y direction 
and constrained laterally so that there are no displacements in the χ direction. 
In the x, y, ζ coordinate system we have stresses σζζ and σχχ = ayy. In order to 
find the tangential stress acting on the plane AB, we introduce a new coordinate 
system, χ', y', z', rotated with respect to the old system about the y axis (the 
axes y and y' coincide). According to the rule for transformation of a tensor 
on rotating the coordinate system, we find 

Fig. 11.30. The question of non-
diagonality of the stress tensor. 

<rx>z> = - °zz c o s 2 + <?xx cos 2 45° = - \{σζζ - σχχ). 

This is a tangential stress acting in the x' direction on the area AB, whose 
normal is in the direction of the z' axis. 
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§15. Transition of a solid medium into the plastic state 

One of the characteristic properties of a solid that distinguishes it from a 
fluid is the stability of its shape, its resistance to shear. A fluid has no resistance 
to shear and readily assumes any shape as long as this does not require any 
change in its volume (density). Tangential shear stresses are absent in a 
fluid in a static state*. A fluid is characterized by the fact that its shear 
modulus G = 0. Formally, for G = 0 Poisson's ratio σ is, according to (11.53), 
equal to \ . The stress tensor in this case is diagonal in any coordinate system, 
with all its three normal components identical and equal to minus the 
" hydrostatic " pressure, which is isotropic. The elastic properties of a fluid are 
characterized only by its compressibility or bulk modulus. 

It is well known that, for sufficiently high loads that do not reduce to an 
isotropic compression, a solid changes its elastic properties and becomes 
plastic, or flowing, similar in some respects to a fluid. The plastic state of a 
solid is not characterized by the total absence of tangential stresses, as in the 
case of a fluid, but by the absence of an increase in the tangential stresses 
with an increase in shear strains. Starting at certain critical shear strains and 
stresses, a solid no longer resists any further increase in shear. 

Above we have defined the shear modulus G as a coefficient of proportion
ality between the tangential stress in pure shear and the shearing strain (see 
(11.52)). As a result of the linearity of the relation between stress and strain, 
the increments in strain and stress are also proportional 

σχζ = GO, daxz = G d9 

(in pure shear through the angle 0, as shown in Fig. 11.29). When a solid 
medium is in the plastic state, after the values of the shear strain angle θ and 
stress σχζ become equal to critical values 0 c r and σ 0 Γ , there is no longer an 
increase in stress with increasing strain (or its rate of increase drops sharply). 
This is illustrated by the σχζ(θ) diagram in Fig. 11.31. If we formally define 
the shear modulus in this state as the coefficient of proportionality between 
the increments daxz and d6, rather than between the quantities σχζ and θ 
themselves, then the shear modulus should be set equal to zero. 

Let us consider an axial compression of a nonplastic and of a plastic body. 
Let a cylindrical solid body be placed in a cylindrical container with rigid 
walls and be compressed by a piston along its axis (Fig. 11.32). A schematic 
representation of the changes in the positions of the atoms in the body is 
given in Fig. 11.33. For simplicity we assume a cubic lattice. If the body is 
nonplastic, then the interatomic distances in the direction of the axis decrease, 

* They arise only at the time when the shape changes and do not depend on the strains 
themselves but on their rate of change. 
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while they remain unchanged in the transverse directions. In this case the 
atoms remain " i n their places". This is shown in Fig. 11.33b. If, however, 
the body is plastic, then all interatomic distances are decreased, the lattice is 
rearranged, and the atoms are redistributed in such a manner that the lattice 
remains cubic even in the compressed state (Fig. 11.33c). For clarity, the atoms 
in Fig. 11.33c have been renumbered, without any implication that the atoms 
in question have been redistributed in the particular manner shown. 

tx: 
X 

Fig. 1 1 . 3 1 . Tangential stress-shear 
strain angle diagram. 

The first case (Fig. 11.33b) contains within it an element of shear. Thus, in 
the undeformed state (Fig. 11.33a) the projection of atom 2 on the inclined 
plane A Β passing through atoms 1-6 of two neighboring horizontal rows 
falls at point C situated at the midpoint of the segment AB. In the deformation 
of a nonplastic body (Fig. 11.33b) point C moves closer to point B. The 
inclined rows of atoms are displaced with respect to each other: the upper 
row 2-7-12 is displaced to the right and downward with respect to the lower 
row 1-6-11. 

However, in the deformation of a plastic body the lattice remains cubic, 
the projection of atom 5 on the inclined plane A Β passing through 
atoms 1-13, labeled point C as in the undeformed state, lies at the midpoint of 

Fig. 1 1 . 3 2 . Diagram showing axial 
compression (constrained) of a rod. 
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segment AB. The inclined rows of atoms 5-10 and 1-13 are not displaced 
with respect to each other, as also in the undeformed state. 

During deformation a body acquires elastic energy resulting from the work 
of the external forces producing the deformation. If the body is nonplastic, 
then this energy is related to the change in volume as well as to the shear. 
For a given volume the elastic energy is a minimum if the compression is 
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Fig. 11.33. Diagram illustrating the 
deformation of nonplastic (b) and 
plastic (c) bodies; (a) shows the un
deformed state. 
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isotropic and there are no shearing strains. Therefore, a nonplastic body 
subjected to an axial compression to a given volume is in a nonequilibrium 
state. The equilibrium state for the given volume would correspond to an 
isotropic compression, that is, to one with a rearranged crystal lattice. The 
rearrangement of the lattice requires an activation energy, as the atoms must 
overcome potential barriers*. At small loads rearrangement does not take 
place and the solid exhibits nonplastic behavior with respect to deformation. 

However, when the loads are sufficiently great, the solid loses its firmness 
or nonplasticity and becomes similar to a fluid, in the sense that it becomes 

* It is possible that rearrangement involves a macroscopic breaking up of the particles 
of the body. 
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capable of rearranging itself in such a manner that its energy at a given volume 
is a minimum. In particular, this occurs for axial compression of a body when 
the tangential stress in a plane inclined at 45° to the direction of the compres
sive force σ χ ν (see the end of the preceding section) exceeds the critical shear 
stress σ „ . Noting that 

1 1 -2σ 1 1 -2σ 
σ χ ' ζ ' = ~ iKPzz - σ χ χ ) = - ~ - j σ ζ ζ = -Ζ ~Λ Ρ, 

2 1 — σ 2 1 — σ 
we find for the critical compressive load pcr above which the solid becomes 
plastic 

P c r = ^—f2acr. (11.56) 
1 — 2σ 

In contrast to the thermodynamic constants of the material (Young's modulus 
or the compressibility), the critical shear stress, as a quantity characterizing 
the strength, depends strongly on the processing of the metal, impurities, etc. 
For iron, approximately, acr = 600 kg/cm 2 , and pCT = 1900 kg/cm 2 . 

Let us consider an axial compression of a body in the ζ direction by a 
compressive load p. No deformations occur in the transverse directions χ and 
y (the rod is laterally constrained). We shall formally describe the transition 
from the nonplastic to the plastic state by setting the shear modulus in the 
proportionality relation between the stress and strain increments equal to 
zero for loads exceeding the critical value. According to (11.48) and (11.55), 
for ρ = - σζζ<ρ0Γ9 

Then from (11.50) and (11.53) 

AL dax>z> 
= - Τ ( σ „ - σχχ) = - G-j-, 1 ( K n f j - ) = — G. 

After the load reaches its critical value, in the equations for the derivatives 
of the stresses (but not in the relations for the stresses themselves) we set 
G = 0. For ρ > pcr we obtain 

dazz = daxx dax.z. 
d(AL/L) d(AL/L) 9 d(AL/L) ' V } 

The normal stresses —σζζ, —σχχ, and —oyy now increase uniformly in corre
spondence with the bulk modulus (in axial compression AL/L = AVjV). The 
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tangential stress in the inclined plane remains constant and given by ox.z, = aCT 

(the critical strain is (AL/L)cr = aJG). The stress-strain diagram is shown 
in Fig. 11.34. 

Fig. 11.34. Stress-strain diagram for 
axial compression of a solid. 

{-T}cr ~~L~ 

For loads less than or of the order of the critical load, σζζ is very different 
from σχχ and the "p re s su re " is substantially nonhydrostatic in character. 
In the limit when the loads are sufficiently large, with /? > pCT9 the relative 
difference (σζζ — σχχ)/σζζ = — 2ocvjazz -> 0, and all the three normal stresses 
become almost identical. The tangential stress GXZ> = acr becomes small in 
comparison with the normal stresses. It remains constant or increases slowly, 
much more slowly than before. 

§16. Propagation speed of acoustic waves 

Let us extend the results of the preceding sections to the case of dynamic 
loads and find the propagation speeds of acoustic compression (and rare
faction) waves under different conditions. Let a constant compressive force 
with pressure ρ be applied at an initial time to the end of a thin rod with a 
free lateral surface*. A compression wave will travel through the body, with 
a propagation speed which we denote by cx. The material between the wave 
front and the end of the rod deforms as in example 1 of §14, and acquires a 
constant velocity u in the direction of the axial force. As may be seen from 
Fig. 11.35 the relative contraction of the rod in the compression region is 

P P 

-* -* Ut 

Fig. 11.35. Diagram illustrating the propagation of an acoustic compression wave. 

* This statement of the problem is analogous to the piston problem treated in gas-
dynamics (see Chapter I). 
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[ctt — ( q — u)t]lcxt = u\cx. If we consider small loads and deformations, 
then, according to Hooke's law (11.46), 

i U f * (11.58) 
cx Ε 

In a time t the mass of material encompassed by the wave pcxt (per unit 
cross sectional area of the rod) acquires a momentum pcxtu. According to 
Newton's law this momentum is equal to pt, so that 

p=puc1. (11.59) 

This equation is completely analogous to the corresponding gasdynamic 
equation. From (11.58) and (11.59) the expression for the propagation speed 
of a compression wave through the rod (the speed of " sound ") is 

c ^ Q 1 ' 2 . 1 " (11.60) 

When the compressive load is removed, a tensile or unloading wave is propa
gated at the same speed. 

Let us now imagine a laterally constrained rod, as in example 2 of §14, 
such that the body is not deformed by the compression wave in the plane 
perpendicular to the direction of wave propagation J. Repeating the preceding 
considerations and using (11.55), we find the speed of " s o u n d " in this case 
to be 

(ΕΥ12 (K + f G \ 1 / 2 

" - ( 7 ) -\-r) • ( n M ) 

The speed ct is nothing else but the " longi tud ina l" speed of sound, that is, 

* In a dynamic process that takes place adiabatically (isentropically), Young's modulus 
differs somewhat from that used in statics corresponding to isothermal conditions. This 
difference is usually negligibly small (see [28]). The same is true of Poisson's ratio and the 
bulk modulus. The isentropic and isothermal shear moduli do not differ from each other, 
since shear is not accompanied by a change in volume of the body. 

f Editors' note. This speed is termed the thin rod wave speed. Wave propagation in a rod 
of finite width is dispersive, and this wave speed is a limiting speed for large values of the 
ratio of wavelength to rod width. Analogous is the thin plate wave speed (E"lp)1/2, where 
Ε" = E/(\ — σ2) = 4G(3K+ G)/(3AT+ AG). This speed applies when a rectangular bar is 
free in one lateral direction and constrained in the other, and is a limiting speed in the same 
sense as ct. 

t We can also treat the rod as free, but consider times during which the compression wave 
travels through distances which are appreciably smaller than the diameter. A n unloading 
wave from the lateral surface propagates to the axis with a finite speed, so that over the 
time considered it encompasses only the outer layers. However, in the central regions close 
to the axis no transverse displacements have as yet taken place, and the deformation of these 
layers will be purely axial. 
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the propagation speed of longitudinal waves in an infinite elastic medium*. 
Actually, when a compression wave propagates through an infinite medium 
no displacements take place in the plane perpendicular to the direction of 
propagation, and the phenomenon takes place in the same manner as for a 
laterally constrained rod. The speed cx is always greater than the wave speed 
in the unconstrained rod, since Ε' > Ε (see §14). 

The speed ct is the propagation speed only for sufficiently weak compres
sion (and rarefaction) waves, in which the " p r e s s u r e " or (more precisely) 
normal stress perpendicular to the direction of propagation is sufficiently 
small, less than the critical stress defined by (11.56). If a rarefaction wave 
propagates through a material previously stressed in compression (let us say an 
unloading wave), the absolute value of the drop in stress must be less than 
critical for ct to be the propagation speed (for more detail on this see §17). 
However, if the dynamic load is great, greater than critical, then the com
pressed solid, as shown in the preceding section, goes over to a plastic state, 
similar to that of a fluid. The wave propagation speed, as we know, is deter
mined by the derivative of the " pressure " with respect to volume, in this 
case of the normal stress with respect to volume. In the plastic state this 
derivative is proportional to the bulk modulus, as if the shear modulus were 
equal to zero. Therefore, the propagation speed of sufficiently strong acoustic 
compression and rarefaction waves is determined only by the compressibility 
of the material, and is 

The speed ct is sometimes called the elastic wave speed, and the speed c0 

the plastic wave speed. The quantity c0 is always less than c z ; for example, 
for iron ct = 6.8 km/sec and c 0 = 5.7 km/sec. The propagation speed of 
strong compression waves (shock waves) depends on the wave strength. It is 
always greater than c0 or close to this value. The propagation speed of weak 
disturbances is always equal to c,, independent of the strength. 

* The speed of propagation of transverse waves, in which the particles are displaced 
perpendicular to the direction of propagation of the wave and in which only shearing strain, 
without compression and rarefaction takes place, is ct = ( G / p ) 1 / 2 ; ct < ct. Editors' note. The 
speed C / is termed the " dilatation " wave speed, as the dilatation (see (11.51)) obeys a wave 
equation for which this speed is characteristic. It has also been termed the "irrotat ional" 
wave speed, as it is characteristic of any motion which is irrotational, for which the dis
placement has a scalar potential. The speed ct is termed the " r o t a t i o n " (sometimes "d i s 
tor t ion" or "shear") wave speed, as the rotation vector (curl of the displacement) obeys 
a wave equation for which this speed is characteristic. It has also been termed the " equi-
vo luminal" wave speed, as it is characteristic of any motion in which there is no density 
change. Both ct and ct are elastic wave speeds, but only ct is of importance in the wave 
propagation treated in this chapter. 

(11.62) 
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Problems of the propagation of rarefaction and compression waves in an 
elastic-plastic medium with a nonlinear relation between stress and strain, 
one similar to the dependence ozz(AL\L) shown in Fig. 11.34, were investi
gated in detail by Rakhmatulin. References to original articles in this field 
may be found in the review by Rakhmatulin and Shapiro [29]. In the next 
section we shall consider the simplest case of wave propagation in a material 
having the properties discussed. 

§17. Splitting of compression and unloading waves 

Let us see what actually happens when a constant pressure ρ is applied at 
an initial time to the surface of a flat body. The pressure is assumed to be 
sufficiently small that the deformation depends linearly on the pressure, that 
it follows Hooke's law. Let us draw a p, V diagram for the state of the com
pressed material behind the wave front. Because of the " anisotropy " of the 
pressure in the case of small deformations we shall, in place of the pressure, 
use the normal stress component σζζ acting on an area parallel to the surface 
of the wave front with the wave taken to propagate in the ζ direction. The 
abscissa is taken to be the specific volume of the material. For small deforma
tions and pressures the state is described by Hooke's law in the form (11.55), 
which, according to (11.61), may be rewritten in the form 

AV 2 
σ ζ ζ = ~γ pcl9 -σζζ<ρ0ΐ. 

When the pressure exceeds the critical value pcr and the change in volume 
exceeds Δ VCJ V = pjpc1 the body becomes plastic and the slope of the line 
ozz(AV) changes. According to (11.57) and (11.62), we have in this region 

AV 2 

σζζ = — pc0 + const, - σζζ > pcr. 

The σζζ, V diagram is shown in Fig. 11.36. 
If the external pressure ρ < pcr then one elastic compression wave will 

Fig. 11.36. Stress (or pressure)-volume 
diagram. 
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propagate through the body with the speed ct (Fig. 11.37a; state 1 on the 
σ ζ ζ , Κ diagram of Fig. 11.36). If, however, the applied pressure p> pcr9 then 
in the body the final state 2 shown in the σ ζ ζ , V diagram is reached. In this 
case not one but two waves travel through the body: One is an elastic wave 

(a) P<Pcr 1  JL*. | 

Fig. 11.37. T w o cases of propagation 
of an acoustic compression wave: (a) one 
elastic wave; (b) a system consisting of a 
plastic and an elastic wave. (b) 

P>Pcr 2 

u+u — 1 ' 

with a s t rengthp c r and with the state Γ behind the front; this is followed by 
a plastic wave with the state 2 behind the front (see Fig. 11.37b). Since 
c0 < ct, the plastic wave cannot overtake the elastic wave, and the combina
tion of the two waves is stable*. The plastic wave propagates through a 
slightly compressed medium moving with the velocity ucr = pcJpcl. This 
velocity is very low; for example, in iron the critical compression by the 
elastic wave is equal to AVCJV = 5 · 10~ 4 , and the particle velocity uCT = 3.6 
m/sec. The particle velocity behind the plastic wave is u' = (p — pcr)/pc0 

relative to the moving medium behind the elastic wave, and u + uCT relative 
to the undisturbed medium. 

If we consider strong compression waves, and even more so shock waves 
with pressures of hundreds of thousands of atmospheres and higher, then 
the effects of preliminary compression of the medium by the elastic wave to 
one or two thousand atmospheres and its acceleration to velocities of the 
order of several meters per second can be neglected and the plastic wave 
taken to propagate with respect to the undisturbed medium at rest with the 
speed c0 corresponding to the compressibility. Sufficiently strong shock waves 
propagate at a velocity which appreciably exceeds c0. If the shock velocity 
D > , then in general no splitting of the wave occurs. The shock wave 
(plastic) propagates faster than the elastic wave from the very beginning 
and merges with it into a single wave. 

Sufficiently strong unloading waves in an initially compressed medium also 
split into elastic and plastic waves. Let the medium be unloaded from a 
pressure pQ to a pressure ρ (for example, first a compression wave with a pres
sure p0 behind it is generated in the body by compressing it with a piston, 

* The existence of the combination of elastic and plastic compression waves was noted 
by Bancroft et al. [30], in a study devoted to phase transitions in iron (for a discussion of 
this see §19). Editors' note. It was also noted by Donnel l [61]. The elastic wave is sometimes 
referred to as a " precursor ", particularly when it is much weaker than the plastic wave. 
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and then after a certain time the pressure at the piston drops to the value p). 
If Po — ρ < pCr, then one elastic unloading wave travels through the com
pressed medium with the speed cl. However, if p0 — ρ > pcr an elastic 
unloading wave, in which the pressure drops from p0 to p0—pcr, moves 
ahead followed by a plastic unloading wave propagating at a lower speed. 
In the plastic wave the pressure drops to the value /?, equal to the pressure at 
the " piston " (in particular, if the piston is retracted ρ can be equal to zero). 
These two cases are shown in Fig. 11.38. The phenomenon of splitting the 

Fig. 11.38. T w o cases of propagation 
of an acoustic unloading wave: (a) 
elastic wave only; (b) a system con
sisting of a plastic and an elastic wave. 

PQ-P<P C, 

(a) 
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unloading wave into two waves was observed experimentally by the authors 
of [4] and will be described in the following section. These authors explained 
the observed phenomena in the manner discussed above. 

§18. Measurement of the speed of sound in a material compressed by a 
shock wave 

The experimental determination of the speed of sound behind a shock 
front is of great interest. This is the speed of propagation of disturbances 
which overtake the shock wave and affect its strength*. The speed of sound (or 
the isentropic compressibility) determines the slope of the isentrope on a 
/?, V diagram that passes through the point representing the state behind the 
shock front; thus it determines the initial behavior of the compressed material 
on unloading and its behavior behind the weak secondary shock. A knowledge 
of the speed of sound is important for establishing the equation of state for 
the material and for the correct design of shock compression experiments. 
Finally, values of the speed of sound in a solid at high pressures are also of 
interest in a number of geophysical problems. 

Methods for measuring the speed of sound behind a shock front have been 
developed by Al'tshuler and Kormer, together with Speranskaya, Vladimirov, 
Funtikov, and Brazhnik [4]. One of the methods (method of lateral unloading) 
consists in the following. A cylindrical flanged specimen (Fig. 11.39) is sub-

* We recall that a shock propagates through the medium with the velocity behind the 
shock subsonic. 
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jected to a shock compression. Lateral unloading starts after the wave front 
passes the corner O. Disturbances from the unloading overtake the front and 
weaken the shock. The front velocity in the weakened outer section of the 
front surface decreases and the shock curves, as shown in Fig. 11.39, while 

the central part of the surface not yet reached by the disturbances remains 
planar and the shock velocity there remains the same as before. 

The point at which the weakening of the shock wave begins may be easily 
found from simple geometric considerations. In the time t which elapses from 
the time at which the shock passes the corner 0 , the shock moves through a 
distance Dt. The material previously situated near the corner is carried ahead 
through a distance ut to the point A. The earliest disturbances generated at 
the time the shock passed the corner, which travel through the medium with 
the speed of sound c, at this time reach a sphere of radius ct about the point A, 
and the weakening of the shock begins at the point Β (see Fig. 11.39). Con
sidering the triangles OBF and ABF, we can relate the speed of sound with 
the velocities D and u and with the tangent of the unloading angle a: 

The problem is reduced to that of the determination of the front velocity D 
and the angle α (it is assumed that the Hugoniot curve for the medium is 
known, so that the particle velocity u can be calculated). 

The problem is solved experimentally as follows. The shock wave emerges 
at the free surface with a defined velocity. On the central (unweakened) part 
of the front surface this velocity is everywhere uniform while on the outer 
(weakened) part the velocity is less, as shown by the arrows in Fig. 11.40. 
In the experiment the time at which the free surface reaches a Plexiglas plate 
Ρ is recorded (this is done by streak or sweeping image photography). The 
picture obtained on the film is depicted in Fig. 11.40 (the curve on the film 
results from the luminescence produced when the medium strikes the Plexi
glas). Point Β is determined from the film and, with the geometry of the 

ο 

Fig. 11.39. Geometric construction 
for the lateral unloading experiment. 
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experimental setup known, it is then possible to determine the unloading 
angle a. 

It was found that in the case of water the boundary between the weakened 
and undisturbed regions of the shock surface is very sharp and that the bulk 

Fig. 11.40. Diagram for the experi
ment with lateral unloading. 

modulus po c2 calculated from the speed of sound c is smaller than the slope 
of the Hugoniot curve (in the variables /?, p/p0) p0dpjdp at the point corre
sponding to the state behind the front. This is in complete agreement with the 
respective locations of the Hugoniot curve and the isentrope as shown in 
Fig. 11.41. 

Fig. 11.41. Pressure-density diagram. 
Η is the Hugoniot curve; S is the un
loading isentrope; KK is the tangent to 
the isentrope at a point corresponding to 
the state behind the shock. 

In the case of a metal (iron, copper), however, the shape of the curve on 
the film is rounded without a sharply defined boundary, as if the outer parts 
of the front surface were strongly unloaded and those closer to the center 
(to the axis of the specimen) were unloaded only very weakly. The bulk 
modulus p0c2 as calculated using the point where a weak curving of the 
front surface began was found to be greater than the corresponding slope of 
the Hugoniot curve p0dp/dp by a factor of approximately 1.5. The experimen
tal data taken from [4] are given in Table 11.3. 

This phenomenon was explained by the authors of [4] on the basis of the 
existence of two speeds of sound in a solid, which we discussed in §§15 and 
16. Weak rarefaction disturbances are propagated through the compressed 
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medium with the elastic wave speed ct (the " pressure " in the medium com
pressed by the strong shock wave is isotropic). This increased elastic speed of 
sound corresponds to the beginning of the weak distortion of the front 
surface; the corresponding modulus p0cf is found to be too large, larger 
than the slope of the Hugoniot curve p0 dp/dp, because the shock velocity 
corresponds to the smaller, plastic sound speed. A plastic wave with the 
decreased plastic sound speed moves through the partially unloaded material. 
Disturbances of significant strength travel with this speed and appreciably 
weaken the shock front. The speed of the plastic wave is determined only by 
the compressibility and it is this speed which must be compared with the 
slope of the Hugoniot curve. The bulk modulus p0 c%, calculated with the 
plastic sound speed c0, is found in the case of metals, just as in the case of 
water, to be smaller than the slope p0 dp/dp, in complete agreement with the 
Hugoniot theory (water, being a fluid, has only one, plastic speed of sound c0). 
The existence of two speeds of sound makes extremely difficult the exact 
determination of the boundary of plastic unloading, which is of major interest 
because it determines the compressibility of the medium. 

In order to eliminate this effect, the authors of [4] developed another 
method (the "ove r t ak ing" unloading method, which in its initial form was 
proposed by Ε. I. Zababakhin). This method considers the collision between 
an accelerated plate and a test sample, made from the same material with a 
known Hugoniot curve. The x, t diagram for this process is shown in Fig. 
11.42. Shock waves OA and OB propagate from the point of collision Ο 

Fig. 11.42. x, t diagram for the "over tak ing" unloading method. 

through both bodies. After the shock wave in the striker reaches the free 
surface B, the unloading begins there and a rarefaction wave travels through 
the medium, overtaking the shock front in the test sample at the point A. 
From this time onward the shock is attenuated and the trajectory of the front 
curves upward, as shown in Fig. 11.42. By experimentally determining the 
trajectory of the shock front A Ε during the stage of appreciable attenuation, 
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DATA FROM LATERAL UNLOADING EXPERIMENT [4] 

Material a, deg D, km/sec u, km/sec 
Elastic 

km/sec 

Elastic 
Po cf, 

1 0 1 0 bar 

dp 

I O 1 0 bar 

Plastic 
po eg , 

1 0 1 0 bar 

Water 47.5 4.42 1.52 5.6 31.4 34.2 
Copper 41.0 5.24 0.87 6.33 357.8 288.8 240 
Iron 46.5 5.34 0.98 7.15 401.3 298.2 240 

with a consideration of the process of propagation of the rarefaction dis
turbances, we can find the speed of sound in the compressed medium behind 
the front. We are considering a stage of strong attenuation of the shock wave, 
which can result only from the plastic wave and not from the weak elastic 
wave. Hence the speed of sound determined in this experiment is the plastic 
speed related to the compressibility of the medium (for details of this method 
see [4]). To illustrate the numerical values we show in Table 11.4 some experi
mental results. For comparison, the speeds of sound (plastic) c 0 at standard 
conditions are also given. 

Table 11.4 

EXPERIMENTALLY DETERMINED SPEEDS OF SOUND AT HIGH 
PRESSURES 

Metal ρ, 1 0 1 0 bar VolV 
c 0 , km/sec 

c0, km/sec (at standard 
conditions) 

Al 195.5 
160.0 

1.76 
1.701 

11.74 
11.23 5.2 

Cu 379.6 
311.7 

1.694 
1.638 

9.48 
8.93 3.9 

Fe 347.8 
284.9 

1.650 
1.600 

9.48 
9.53 5.7 

§19. Phase transitions and splitting of shock waves 

Many solids can have different crystalline forms under different conditions. 
At certain temperatures and pressures, which are related in a defined manner, 
transitions from one form to another are possible. These transitions, accom
panied by changes in volume and the release (or absorption) of latent heat, 

Table 11.3 
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are called phase transitions of the first kind. Such transitions are often 
referred to as polymorphic transformations*. 

An example of a material capable of undergoing a polymorphic trans
formation is iron. At atmospheric pressure and a temperature of 910°C iron 
is transformed from the α phase to the y phase; the change is accompanied 
by a 2 .5% decrease in volume and the absorption of 203 cal/mole of latent 
heat. Polymorphic transformations frequently occur at high pressures. In 
particular, at a pressure of 130,000 atm the above transition in iron takes 
place at a temperature slightly above standard temperature. 

Distinctive phenomena can appear during shock compression of a material 
capable of undergoing polymorphic transformations at high pressures. These 
phenomena were treated theoretically (mainly qualitatively) in papers by 
Bancroft, Peterson, and Minshall [30], Duff and Minshall [31], and Drum-
mond [32]. Experimentally, shock waves in the presence of polymorphic 
transformations were reported in the first two papers (in the first in iron and 
in the second in bismuth) and in papers by Dremin and Adadurov [33] 
(in marble), and Dremin and Karpukhin [34] (in paraffln)f. In a certain 
range of pressures not one, but two shock waves following one another travel 
through a material capable of undergoing a polymorphic transformation. 
This splitting of a shock wave is related to the anomalous behavior of the 
Hugoniot curve for the material in the region of phase transition. For pres
sures behind the shock which are not too large the entropy increases only 
very slightly across the shock wave; hence the Hugoniot curve is close to the 
isentrope and in examining the above phenomenon we may use the ordinary 
isentrope. 

The isentrope for a material undergoing a polymorphic transformation is 
depicted schematically in Fig. 11.43. When the material is compressed from 
its original volume to beyond that of a certain state A, a transition from phase 
I to phase II begins. The crystal lattice then begins to rearrange itself in such 
a manner that the new equilibrium positions of the atoms correspond to 
smaller interatomic distances. Therefore decreasing the volume in the phase 
transition region requires a much smaller increase in pressure than in the 
initial phase I. (At absolute zero the phase transition I—II takes place at con
stant pressure, and the portion AB of the isentrope S = 0 is a horizontal line, 
as shown in Fig. 11.43b.) If there were no rearrangement, the pressure curve 
would have extended upward from the point A as shown by the dashed lines 
in Fig. 11.43. In the region AB the material is in a two-phase state. Complete 

* For sufficiently strong shock waves the solid will melt, which is also a phase transition 
of the first kind. 

t Editors' note. Bethe [62] noted that when isentropic expansion leads to a phase tran
sition from a two-phase state to a one-phase state, compression shocks in general are split 
and expansion shocks exist. 
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rearrangement of the lattice and complete transformation of the material 
from phase I to phase II end at the point B, after which the isentrope of the 
second phase again goes upward steeply. The compressibility of the material 
is different in different phases, so that the slopes of the curves corresponding 
to the single-phase states at points A and Β are different in general. 

(a) 

Fig. 11.43. A n isentrope for a material 
undergoing a polymorphic transforma
tion : (a) at a temperature different from 
zero T> 0 ; (b) at absolute zero. 

(b) 

Let us now consider a solid possessing a Hugoniot curve of the type 
described above, and assume that at an initial time a constant pressure ρ is 
applied at the surface (we shall consider a one-dimensional plane case). We 
take the pressure to be sufficiently high that we may neglect effects associated 
with the strength of the material and consider the pressure to be hydrostatic; 
in other words, we shall disregard the possible existence of an elastic wave 
(see §17) and consider the shock wave to be plastic. 

If the pressure ρ is lower than the pressure pA at which the phase transition 
begins, then an ordinary shock wave propagates through the material, and 
the state behind the shock corresponds to a point on the Hugoniot curve 
(say, to point C on Fig. 11.44). The propagation velocity of the shock wave D 
is determined by the slope of the straight line drawn from the initial state 
point Ο to the final state point on the Hugoniot curve 

D=V0\ 
Po 

Vo 

1/2 

If the pressure ρ is greater than pE (which corresponds to the intersection 
with the Hugoniot curve of the line ΟΛΕ that touches the Hugoniot curve at 
the point A), say it is equal to pF, then again only one shock wave will propa
gate through the body, with the state behind the shock that of point F. How
ever, in this case the material behind the front is in another phase—phase II. 
The transition from phase I to phase II takes place across the shock front. 
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Usually the time required for a polymorphic transformation is much larger 
than that required to establish thermodynamic equilibrium in an ordinary, 
single-phase material. The situation in this case is quite similar to that which 

Fig. 11.44. p,V diagram illustrating 
various cases of shock wave propagation 
with polymorphic transformation of a 
material (explanation in text). 

Ο V 

takes place in a shock wave propagating through a gas with retarded excitation 
of some of the degrees of freedom (for example, through a dissociating gas). 
The direct shock compression leads to the intermediate state Μ that lies on 
the extrapolated Hugoniot curve for phase I, corresponding to the absence 
of a phase transition (this corresponds to the viscous shock in a gas). After 
that the phase transition begins and the thickness of the front is determined 
by the relaxation time of the transition, in a manner similar to that in which 
the shock front thickness in a gas is determined by the dissociation time. The 
pressure distribution in the shock wave has the form shown in Fig. 11.45, one 

—Ax - J 

Fig. 11.45. Pressure distribution in a shock wave with phase transition relaxation. 

which is completely analogous to the pressure distribution in a shock wave 
in a dissociating gas. The point characterizing the state in the thickened 
region of the wave front moves along the straight line segment MF in Fig. 
11.44. 

Let us now consider the intermediate case in which the pressure applied 
to the body lies between pA and pE, equal to pN (point Ν on the Hugoniot 
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curve of Fig. 11.44). The velocity of the shock wave determined by the slope 
of the line ON is now less than the velocity of the shock with the lower 
pressure pA corresponding to the point A. This latter velocity is determined 
by the slope of the steeper line OA. Therefore, the wave with the pressure 
pA moves faster than the shock wave with the pressure pN. (We note that the 
line ON intersects the Hugoniot curve three times, that is, for the same wave 
speed there are three possible pressure-volume values. Obviously, this non-
uniqueness is physically meaningless. 

At such an intermediate value of the pressure pE> ρ > pA the shock wave 
is split into two independent waves moving at different speeds (this case is 
shown separately in Fig. 11.46). In the first shock wave the material is com
pressed from the initial state Ο to state A corresponding to the beginning of 

Fig. 11.46. p,V diagram illustrating 
the splitting of a shock wave. 

the phase transition, with the propagation velocity of the first shock through 
the undisturbed material determined by the slope of the line OA, by 

V o - VA) 

The first wave is followed by another shock in which the material is com
pressed from state A to the final state N. The propagation velocity of this 
second wave through the compressed and moving material which is in the 
state A is determined by the slope of the line AN and is 

' Η - η V / 2 

2 \ ν Α - νΝ 

The propagation velocity of the second shock wave relative to the original 
stationary material is equal to the sum of the velocity D2 and of the particle 
velocity of the material behind the first shock uA 

D'2 = D2 + uA. 

It is apparent that the second wave does not overtake the first one, so that 
the combination of the two separate shocks is stable. Indeed, the propagation 
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velocity of the first wave relative to the material behind it is 

D l = vA(lA^l± 
1 \ V O - V A . 

1/2 

Since the slope of the line OA is by definition (pN < pE) greater than the 
slope of the line AN, we have (pA - p0)l(V0 - VA) > (pN - pA)l(VA - VN) 
and D"x > D2, so that the first wave travels through the material faster than 
the second one. 

A phase transition takes place in the front of the second shock wave. In 
the initial state A the material is in the first phase, and in the final state TV it 
is either in the second phase (if pN >pB) or in a two-phase state ( i fp N <pB); 
the transformation in the latter case is incomplete. Since the process of phase 
transition is retarded, the front of the second shock is found to be greatly 
thickened, in contrast with the thin front of the first wave. The pressure dis
tribution in the case of the system of two waves is shown schematically in 
Fig. 11.47. With increasing time the distance between the two wave fronts 
increases, since their velocities are different, but the pressure profile in the 
second wave is stationary and propagates unchanged. 

Fig. 11.47. Pressure distribution in the case of splitting of a shock wave into two waves. 

The combination of two shock waves in the presence of a phase transition 
is in many respects analogous to the combination of an elastic and a plastic 
compression wave considered in §17. The cause for the appearance of the 
two waves in both cases is the anomalous behavior of the isentrope and of 
the Hugoniot curve, where by anomalous behavior we mean that there is a 
region of the /?, V curve where it is convex. It was shown in Chapter I that the 
increase or decrease of entropy across a shock wave depends on the sign of 
d2p/dV2; this sign determines purely thermodynamic consequences. From 
this we can conclude that an anomalous Hugoniot curve leads to anomalous 
kinematic results, in this case to the splitting of a shock wave into two waves. 
The limiting condition ρ > pE for the recombination of the two waves into 
one corresponds to the situation in the case of the combination of elastic and 
plastic waves when the plastic wave speed (because of the departure of the 
Hugoniot curve from Hooke's law) becomes greater than the elastic wave 

X 
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speed, when the second wave overtakes the first one and coalesces with it. 
As we pointed out above, the phenomenon of splitting of a shock wave in 

materials which undergo polymorphic transformations has been observed 
experimentally. For illustration, we present in Fig. 11.48 the experimental 

Fig. 11.48. Hugoniot curve for iron in the region of phase transition. Δ — data from 
[24], O— data from [30]. 

Hugoniot curve for iron in the region of phase transition reported in [30]. 
We note that a phase transition in bismuth takes place at a pressure of 
~28,500 atm, with the relaxation time for the transition at 42°C found to 
be less than 1 msec. 

Alder and Christian [35] found a phase transition of the first kind in 
iodine I 2 (iodine crystals are molecular) at a pressure ρ « 7 · 10 5 atm and a 
relative volume VjV0 « 0 . 5 3 . The transition was fixed by determining the 
point at which there was a change in slope in the relation between shock and 
particle velocities. Calculations show that the temperature behind the wave 
at the phase transition point is about 1 ev. It is comparable with the dissocia
tion energy of 1.53 ev for iodine molecules. It is assumed that the phase 
transition is connected with the transformation of a diatomic molecular 
crystal into a monatomic metallic state. 

It is interesting that anomalies in the cold compression curves for metals 
(and hence also in the Hugoniot curves) similar to those which appear in the 
presence of polymorphic transformations can also arise even if the atomic 
lattice is not rearranged. Such anomalies are a result of changes in the struc
ture of electron zones, from overlapping of individual zones under compres
sion. The possibility that metal properties can change with changes in the 
zone structure has been noted by Lifshitz [36]. The effect of these changes on 
the cold compression curves for metals and on the appearance of anomalously 
shaped parts of the curve, with d2p/dV2 < 0, was studied by Gandel 'man [37]. 

For a sufficiently strong shock wave melting of the solid takes place, and 
this leads to a discontinuous change in slope of the Hugoniot curve. Problems 
of shock wave melting have been treated in a number of papers [44, 57-59]. 
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§20. Rarefaction shock waves in a medium undergoing a phase transition 

According to the general theory presented in §§17, 18, and 19 of Chapter I, 
an anomalous behavior of an isentrope, one with a segment of the curve 
which is convex (d2p/dV2 < 0), leads to the possibility of rarefaction shocks. 
Isentropes for solids undergoing a phase transition represent exactly such a 
possibility. This was noted in [32]*. Regimes with rarefaction shocks in a 
metal in the presence of phase transitions were studied by Ivanov and 
Novikov (and Tarasov) [38], who were the first to give clear experimental 
evidence of the existence of rarefaction shocks in iron (and steel). 

The isentrope of a material undergoing a polymorphic transformation has 
an anomalous shape in the region of the point of inflection A (Fig. 11.43). 
Although the second derivative d2p/dV2 at all points where the isentrope 
behaves normally is positive, nevertheless there exists a segment in the neigh
borhood of the point A where a chord connecting any two points 1 and 2 lies 
entirely below the isentrope (Fig. 11.49). This is related to the fact that the 
mean value of the second derivative on the segment 1-2 is negative!, 

/Pp\ _ (dp/dV)2 - (dp/dV), 

VWi-2~ V 2 - V ± 

Fig. 11.49. Anomalous segment of an 
isentrope. 

ν 

As is known from the general theory, this is the situation which leads to 
anomalies in the hydrodynamic relationships. The propagation of compres
sion shocks in such a material was considered in the preceding section. 

Let us now consider the unloading of a material that has been compressed 
by a shock wave. We assume that at the time t = 0, in a body previously 
compressed by a shock wave to the state 1 (pi9 Vx), there is a rarefaction wave 
in which the pressure and volume change smoothly to the values p2, V2 

(state 2; p2 <pl9 V2 > V^). The initial pressure distribution as a function of 
position is shown in Fig. 11.50. We assume that the points of the initial and 

* See Editors' note, p. 751. 
t At all points of the segment 1-2, with the exception of the point of inflection A, 

d2pjd V2 > 0, but at the point A itself d2p/d V2 = — oo, so that the mean value on the segment 
1-2 is nevertheless negative. 
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final state, 1 and 2, as well as all of the intermediate points of the smooth 
distribution lie on the isentrope and that the subsequent process is adiabatic*. 
Corresponding points in Fig. 11.50 are indicated on the isentrope of Fig. 
11.51 by the same letters and numbers. 

Pi 2 

Fig. 11.50. Problem of the evolution of a rarefaction wave; the initial pressure distribution. 

Fig. 11.51. Problem of the evolution 
of a rarefaction wave; states on the /?, V 
diagram correspond to the distribution 
shown in Fig. 11.50. 

ν 
We shall assume that the rarefaction wave is a simple wave (see §8, Chap

ter I), propagating to the right through the compressed medium. In order 
for the wave to be simple it is necessary that the initial pressure and velocity 
distributions with respect to position p(x, 0) and u(x, 0) satisfy the condition 
that the Riemann invariant J-(x, 0) be constant. It follows that J-(x, t) = 
const at later times. Let us assume that this condition is satisfied. As is 
known (see §8, Chapter I), the C+ characteristics in a simple wave propa
gating to the right are straight lines in the x, t plane; along these lines the 
pressure and other flow variables are constant. 

Let us consider what happens to our initial pressure distribution at later 
times. To do this we draw on the x, / plane of Fig. 11.52 the C+ character
istics, which are straight lines of slope dx/dt = u + c. The speeds of propa-

* W e are considering only low pressures, for which thermal effects are small and the 
Hugoniot curve practically coincides with the isentrope. In addition, we assume that 
the phase transitions take place sufficiently rapidly ," instantaneously so that the states of 
the material never depart from the thermodynamic equilibrium isentrope. 
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gation of disturbances (sound speeds) at different points of the initial 
distribution are determined by the slopes of the tangents to the isentrope at the 
corresponding points. At the two break points A and Β the speed of sound 
undergoes a jump (the dependence of the speed of sound on volume is shown 
in Fig. 11.53). The velocity of the material, by virtue of the condition J_ = 
const, is given by u = —\cdp\p + const and is continuous at the points 
A and B. Hence the slopes of the characteristics change discontinuously 
with the jumps in speed of sound. 

Plateau Fig. 11.52. x, t diagram illustrating 
the evolution of an initial rarefaction 
wave in a material with an anomalous 
isentrope. 

Fig. 11.53. Dependence of the speed 
of sound o n volume, corresponding to 
the isentrope shown in Fig. 11.51. 

\ 

Two C+ characteristics with different slopes, along which the pressure is 
the same but the speed of sound is different, emanate from the " n o r m a l " 
break point B. These sound speeds correspond to the values immediately 
before and after the point where the slope of the isentrope changes discon
tinuously. The propagation speed of the characteristic with the value of the 
pressure pB + ε(ε is infinitesimally small) is greater than that of the charac
teristic with the slightly lower valuep B — ε. The situation at the " anomalous " 
break point A is different. Point A also serves as the origin of two character
istics but the characteristic with the higher pressure pA + ε propagates slower 
than the one with lower pressure pA — ε. Characteristics drawn from points 
neighboring A tend to intersect (see Fig. 11.52), and the limiting character
istics originating from A behave as if they had intersected at the outset. 
This means that in the initial pressure distribution a small discontinuity is 

file://�/cdp/p
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formed at point A from the very beginning (in the limit t 0 the discontinuity 
is infinitesimal) and it grows with time*. 

The propagation of the rarefaction wave and the pressure distributions at 
successive instants of time are shown schematically in Fig. 11.54. The pressure 
plateau pB is bounded by the characteristics emanating from the point Β and 
shown in Fig. 11.52. The rarefaction shock wave which originated at point A 
grows in accordance with its intersection with the characteristics. The jump 

X 

Fig. 11.54. Evolution of the pressure distribution in a rarefaction wave; formation of a 
rarefaction shock wave, t = 0, t', t'\ and tm are successive instants of time. 

increases, the upper initial pressure increases, and the lower final pressure 
decreases, as long as the upper point of the shock moves supersonically with 
respect to the material ahead of the shock and the lower point moves subson-
ically with respect to the material behind the shock. In this case the upper 
boundary of the shock "ea t s u p " portions of the smoothly increasing pres
sure distribution in front, while the rarefaction disturbances behind the shock 
overtake it and thereby strengthen it (are "ea ten u p " by the shock). The 
jump ceases to grow when the upper pressure reaches the pressure of the 
plateau and the propagation speed of the lower boundary with respect to 
the material behind the shock becomes sonicf. 

The steady-state position of the discontinuity (the points Γ - 2 ' on the isen
trope of Fig. 11.51) and the pressure distribution in the rarefaction wave are 
shown in Fig. 11.55. As we know (see §14, Chapter I), the propagation veloc
ities of the discontinuity Γ-2 ' , ut with respect to the material ahead of it and 

* The situation for an initially smooth compression wave in a material with normal 
properties is somewhat different. The characteristics in this case do not immediately inter
sect (see §12, Chapter I), the pressure distribution steepens gradually, and the compression 
shock wave does not form immediately. However, for the rarefaction shock the discontinuity 
is generated at the very beginning and its strength increases proportionally with time. Editor's 
note. With an initially smooth compression wave in the material of Fig. 11.51, a com
pression shock is generated at the very beginning at point B. 

t Editors' note. Point 2' in the final asymptotic profile is a Chapman-Jouguet point 
(see p. 346). Thus the determining asymptotic conditions here are analogous to the usual 
ones in detonations. However, it is possible in principle for p2 > Pi' · In this case the 
Chapman-Jouguet point is never reached and the relative velocity behind the wave remains 
subsonic in the final profile. 
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u2 with respect to the material behind it, are determined by the slope of the 
line Γ - 2 ' on the isentrope (actually on the Hugoniot curve)* 

Fig. 11.55. Character of the final pressure distribution in a rarefaction wave. The 
distribution expands with time, without changing its shape. 

It is clear from Fig. 11.51 that the point 2' is determined by the point of tan-
gency to the isentrope of the line Γ-2 ' , since at that point u1 = c1,. The 
propagation velocity of the discontinuity with respect to the material ahead 
of it ux is less than the larger speed of sound at the break point B, but greater 
than the lower speed of sound at that point; the line Γ - 2 ' has a slope inter
mediate between the slopes of the two tangents to the isentrope at the point B. 

In practice a rarefaction wave ordinarily arises when a shock wave emerges 
at the free surface of a solid. The regime in this case is self-similar; all the 
C+ characteristics in the x, t plane originate from a single point and the entire 
steady-state pressure distribution shown in Fig. 11.55 is formed at the outset, 
as in an ordinary self-similar rarefaction wave (see §11, Chapter I). Thus, 
the rarefaction wave has a complex profile consisting of two parts where the 
pressure decreases smoothly, a pressure plateau (all of these three parts 
expand with time in accordance with the self-similarity of the regime), and a 
rarefaction shock wave (if the surface of the solid is a free surface, point 2 
of the final state corresponds to zero pressure). An x, t diagram for a centered 
rarefaction wave is shown in Fig. 11.56. 

In the experiments described in [38] unusual scabbing phenomena were 
observed when explosive charges were detonated on the surfaces of iron and 
steel specimens. The split-off surface was extremely smooth. This phenom
enon has been interpreted as resulting from the collision of two rarefaction 
shock waves, when the pressure on some surface changes in a discontinuous 
manner from a positive to a negative value. Usually during smooth unloading, 
the zone of tensile stresses giving rise to the scabbing phenomenon is not 

* These equations follow from the conservation laws of mass and momentum across the 
discontinuity and are equally valid for compression and rarefaction shocks. 
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sharply defined and the split-off surface is rough, due to the micro-inhomo-
geneity of the material over the extensive zone of tensile stresses. From an 
analysis of the complex picture of the motion which takes place under the 

Fig. 11.56. x,t diagram for a self-
similar rarefaction wave, formed when a 
shock wave emerges at a surface. I is the 
line of the free surface, II is the tail of 
the rarefaction wave, III is the line of the 
rarefaction shock, IV is the head of the 
pressure plateau, and V is the head of 
the rarefaction wave. 

experimental conditions, the authors of [38] were able to conclude that the 
observed phenomena are attributable to the existence of rarefaction shock 
waves. This is also substantiated by the fact that in other materials (not iron 
or steel), in which no phase transitions take place in the pressure range under 
consideration, no unusual scabbing was observed. 

4. Phenomena associated with the emergence of a very 
strong shock wave at the free surface of a body 

§21. Limiting cases of the solid and gaseous states of an unloaded material 

In §11 we considered the process of unloading of a solid initially compressed 
by a shock wave, after the shock emerges at the free surface. It was assumed 
that the shock was not too strong, that the temperature behind the front was 
relatively low, and that the material when unloaded to zero pressure remained 
solid. It is clear that if the shock wave is very strong and the internal energy 
of the heated material ε χ exceeds by many times the binding energy of the 
atoms U (equal to the heat of vaporization at zero temperature), then, when 
the material expands to a low (zero) pressure after the shock wave has emerged 
from the free surface, the material is completely vaporized and behaves like 
a gas during the unloading*. In particular, for unloading into a vacuum to 

* Sometimes reference is made to the "vapor iza t ion" of the material inside the shock 
wave itself. This statement is incorrect if "vapor iza t ion" is understood to denote a phase 
transition in the ordinary thermodynamic sense. A dense medium can be called a " l i q u i d " 
or a " g a s " only in a conditional sense, depending on the relationship between the kinetic 
energy of thermal motion of the atoms and the potential energy of their interaction. The 
transition from a " liquid " to a " gas " in a material heated at constant volume takes place 
in a continuous manner. In general, we should recall that at pressures and temperatures 
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strictly zero pressure, the density and temperature at the leading edge of the 
material are also equal to zero. The density, velocity, and pressure distribu
tions in the unloading wave have the same qualitative character as in a rare
faction wave in a gas (see §§10 and 11 of Chapter I). They are represented 
in Fig. 11.57. 

Fig. 11.57. Density, velocity, and pres
sure distributions after the emergence 
of a very strong shock wave at a free 

* surface. 

The hydrodynamic solution for a self-similar unloading wave can be written 
in a general form, independent of the thermodynamic properties of the 
medium. It is given by the equations 

j = u-c, (11.63) 

[dp 
u + — = const (11.64) 

J pc 
for a wave moving to the left, and is shown schematically in Fig. 11.57. The 
integration is carried out at constant entropy 5, since the unloading process 
is isentropic. In this case the entropy is equal to the entropy of the material 
behind the shock front. The constant can be expressed in terms of the proper
ties of the material behind the shock (which are denoted by the subscript 
" 1 ")· Then (11.64) becomes 

Pl dp 
— . (11.65) 

Ρ pc 

The velocity of the leading edge of the unloaded material (the velocity of 
the free surface) is 

" dp 
U2 = UL + 

Jo 
(11.66) 

pc 

above critical the entire material is homogeneous and no phase separation takes place. It 
should be noted that a statement to the effect that a material in a sufficiently strong shock 
wave ceases to be solid has a completely physical meaning (the solid material melts). 
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We have already used (11.66) in §11 in order to obtain the law of velocity 
doubling. The distribution of hydrodynamic variables in the unloading wave 
can be found if the thermodynamic properties of the material are known 
(i.e., the functions p(p, S) and c(p, 5) , with which the integral in (11.65) can 
be evaluated). The corresponding formulas for a gas with constant specific 
heats were given in §10 of Chapter I. In the case of interest to us of unloading 
of a solid this cannot be done as yet, since no satisfactory theory exists for 
calculating the thermodynamic functions of materials for densities somewhat 
less than the standard density of the solid (we refer here to intermediate 
temperatures, for which the material cannot be considered as either a solid 
or a perfect gas). For this reason we shall limit ourselves here to rough esti
mates and to a qualitative description of the process. 

For simplicity we shall assume that prior to compression by the shock 
wave the solid was at zero temperature and zero volume V0c, and also that 
the unloading takes place into a vacuum, to zero pressure. In addition, we 
shall not make any distinction between the solid and liquid states. The heat 
of fusion is usually much smaller than the heat of vaporization* (the volume 
change on melting is also small), and hence when considering phenomena 
with energies for which the material is completely vaporized we can neglect 
the effect of melting. 

Let us follow the unloading of a given particle of the material on a ρ, V 
diagram. Figure 11.58 shows the elastic pressure curve pc extended into the 
region of negative pressures, the Hugoniot curve pH, and the curve OKA 
separating the single- and two-phase regions. The branch Ο Κ up to the critical 
point Κ represents the boiling curve (beginning of vaporization), while the 
branch KA is the saturated vapor curve (beginning of condensation). In 
addition, the figure also shows several isentropes S, which pass through 
different possible states behind the shock wave. 

Let us consider the simplest limiting cases. Let the shock wave be weak 
(state 1 on the Hugoniot curve). The compressed material is unloaded along 
the isentrope Si9 the pressure drops to the point B1 where the isentrope 
intersects the boiling curve, after which the solid (or liquid) should, in prin
ciple, begin to boil. However, to form nuclei of the new phase, i.e., vapor 
bubbles, requires a rather large activation energy to destroy the continuity of 
the material and to form the bubble surfaces. The rate of this process (for 
metals) at the low temperatures of the order of hundreds and even thousands 
of degrees is so negligibly small that actually the solid continues to expand 
and cool down to zero pressure along the "superheated l iquid" isentrope 
shown in Fig. 11.58 by the dashed curve from the point Blm In its final state 

* For example, for lead the heat of fusion is 1/46 times as large, and for aluminum 1/22 
times as large as the heat of vaporization. 
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the volume of the material is V2 *, which somewhat exceeds the zero volume 
V0c, and is heated to a temperature T2, which is related to the volume 
difference V2 — V0c by the thermal expansion relation (see §11). Even if 

Fig. 11.58. Unloading isentropes on a /?, V diagram. 

problems concerning the kinetics of the volume vaporization could be dis
regarded, the vaporized fraction of the material could not exceed a value 
of the order of cvTBJU (U is the heat of vaporization or the binding energy). 
This quantity is very small at temperatures TBl of the order of hundreds of 
degrees (for metals U/cv~ 10 4 o K) . This case of unloading was considered 
in §11. 

In the other limiting case, when the shock wave is very strong (state 4), 
the unloading isentrope passes in the purely gaseous region far above the 

* In contrast to the notation used in §11, all the quantities in the final unloaded state will 
be denoted here by the subscript 4 4 2 ", with the s u b s c r i p t 4 4 1 " referring to quantities behind 
the shock front. 
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critical point K, and the material expands as a gas to infinite volume. In 
general, the isentrope will at some time intersect the saturated vapor curve 
(the point i? 4 ), after which condensation should begin*. However, if the time 
for the expansion of the vapor is limited, which is usually the case under 
laboratory conditions, there is insufficient time for condensation to take 
place and the material continues to expand along the supercooled vapor 
isentrope (the dashed line from the point B4 in Fig. 11.58). 

§22. Criterion for complete vaporization of a material on unloading 

Let us establish a quantitative criterion for the complete vaporization of a 
material on unloading, one which is more specific than the obvious condition 
that the energy of the shock wave should be appreciably greater than the heat 
of vaporization, ε λ > U. We shall speak of complete vaporization if the mate
rial being unloaded, following the laws of thermodynamics, passes through 
the stage of a purely gaseous state (we do not claim that the final state in this 
case is also purely gaseous, since in principle condensation must set in when 
expanding to infinite volume). We shall consider a range of shock strengths 
intermediate between the two limiting cases when the wave is weak and it is 
known that the material will remain solid on unloading and when the wave 
is very strong and it is known that the material will behave as a gas on un
loading. 

The internal energy of the material compressed by a shock wave is made up 
of the elastic e c l and thermal sri energy (where in the thermal energy we do not 
make any distinction between the atomic and electronic contributions). When 
a compressed material expands to the zero volume V0c, the elastic energy 
acquired on compression is completely returned, and is transformed into 
kinetic energy of the material that is accelerated on unloading!. A part of 
the initial thermal energy ετ expended in performing the work of expansion 

and equal to f V°c pT dV, is also transformed into kinetic energy. Let us denote 

the thermal energy remaining in the material at the time it reaches the zero 
volume V0c by e'T. This energy is the same as the total internal energy at this 
instant. It is quite clear that in order to achieve complete vaporization during 
the subsequent expansion the energy ε'τ must exceed the binding energy U, 

z'T > U. 

The question here is what the magnitude of this excess energy should be. 
In expanding to volumes greater than the zero volume, the excess energy ε^ 

* Condensation in the expansion of vapor into vacuum was considered in detail in 
Chapter VIII. 

t In this case, however, it does not remain concentrated in the same parcel, as for a 
flow for which Bernoulli's law is applicable; see §11, Chapter I. 
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is partially expended in performing the work of expansion (this part of the 
energy is transformed into the kinetic energy of the hydrodynamic motion), 
and partially into overcoming the binding forces characterized by the nega
tive pc (this part of the energy is transformed into potential energy). 

Let us assume that the energy ε'τ is sufficient to completely vaporize the 
material, that is, it is sufficient to prevent the pressure ρ = pT 4- pc = pT — \pc\ 
from dropping to zero before the material expands to infinite volume. From the 
adiabatic relation ds + ρ dV = 0, it follows from the fact that dec +pcdV=0 
that dsT +pT dV= 0. Integrating this equation from the zero volume V0c 

to infinity, where the thermal energy vanishes, we obtain 

The first term represents that part of the excess energy which is expended in 
the work of expansion, and the second represents the energy expended in 
breaking the atomic bonds. 

Let us represent the pressures /?, pT, pc on a ρ, V diagram (Fig. 11.59). 

Also shown on the figure are the values of the various energies as represented 
by the areas defined by the appropriate curves. In the limit of complete 
vaporization, at that stage of expansion where the binding forces are weakened 
(V> Vmax), the pressure is close to zero and the thermal pressure is sufficient 
to overcome the binding forces (pT « \pc\). However, at an earlier stage, 
when V0c < V < K m a x , the pressure ρ is high and the thermal pressure is 
appreciably larger than the elastic pressure, pT > \pc\. This is clear from the 
fact that in the state where V = V0c, p' =p'T = Tsj/V0c > Γ U/V0c, where Γ 
is the effective Gruneisen coefficient, which is of the order of unity (\pc\max ~ 
U/V0c). The decrease in thermal pressure on expansion is more or less 
monotonic (the energy ετ decreases and the volume V increases). Therefore 

ρ 

Fig. 1 1 . 5 9 . The problem of vapor
ization of a condensed material o n 
expansion (for explanation see text). 

V 
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the curve pT(V) has the shape shown in Fig. 11.59. From Fig. 11.59 it is clear 
r oo 

that the vertically shaded area, equal to the work of expansion ρ dV, is 
of the same order of magnitude as the area corresponding to the potential 
energy U, and that in the limit of complete vaporization the excess energy 
ε'τ should be roughly twice the binding energy U. 

In order to express these rather qualitative considerations quantitatively, 
the thermodynamic properties of the material must be known in the range of 
volumes greater than the standard volume of the condensed state, in a range 
where the binding forces are of importance. Unfortunately, this range of 
volumes with V0c < V< 5V0c has been the least investigated, either theoreti
cally or experimentally. 

We can approach the evaluation of the shock strength which separates the 
regions of complete and incomplete vaporization under unloading in a 
somewhat different manner, by characterizing the vaporization boundary 
not in terms of the energy ε'τ but in terms of the entropy. It is clear from 
Fig. 11.58 that the effective boundary between complete and incomplete 
vaporization on isentropic unloading is defined by a state KH behind the 
shock such that the entropy is equal to the entropy Scr of the critical point, 
the entropy corresponding to the expanding material passing through the 
critical point K. The fact that for an entropy greater than Scr the material at 
some instant of time begins to condense (state 3, isentrope S3, condensation 
point B3) means that all the atomic bonds had been broken earlier, that the 
material had become a gas. Conversely, if the entropy is less than Scr (state 2, 
isentrope S2, boiling point B2), the thermal energy is not sufficient to bring 
about complete vaporization. For entropies close to critical (from either 
side) the material is in a two-phase state during unloading, and both vapor 
and liquid drops are present. An important role is played here by the kinetics 
of the phase transitions. These very interesting problems have not as yet been 
studied either theoretically or experimentally. 

The entropy criterion, despite its limitations, has an advantage over the 
energy criterion in that it allows us to approach the estimate of the limiting 
critical entropy .S c r from the "gas s ide" , omitting the poorly investigated 
range of volumes two to three times greater than the standard volume of the 
solid. Here, of course, there is also the uncertainty coming from the fact 
that the critical parameters of liquid metals are unknown as a rule. 

Let us illustrate the above qualitative considerations by carrying out an 
estimate for lead. The entropy of lead at the critical point is calculated by 
means of the entropy equation (3.18) for a perfect gas which is monatomic, 
as is lead vapor. We take for the critical temperature TCT = 4200°K and for 
the volume VCT = 3K 0 c * (ordinarily the critical volume is about three times 

* The quantity Tcr was estimated in [39]; according to van der Waals equation, pcr = 
(3IS)ncrkTct & 2400 atm. 
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greater than the standard volume of the liquid). The statistical weight of lead 
atoms is g0 = 9. Using these parameters gives 5 c r = 42.8 cal/mole · deg*. 

The entropy behind the shock can be calculated from the functions 
ε(Τ, V) and p(T, V) described in §6. The simplest procedure is to find the 
entropy in the state Τ, V by integrating the equation 

de + pdV dsT + pTdV 
dS = = 

Τ Τ 

first at constant temperature equal to the standard temperature T0, from 
the volume V0 to V, and then with respect to temperature at V = const, from 
T0 to T. In the first integration we can neglect the electronic terms, which 
are negligible at T0 « 300°K. For purposes of estimation we take the Grun
eisen coefficient to obey T(K) « T 0 ( F / K 0 ) m , where the exponent m for lead, 
according to the data of Table 11.2, is approximately 1. After integration 
we obtain 

S ( T , V) = S 0 + c„ In L + β ο ( Ρ ί ' \ τ - T0) - [ Γ 0 - r ( K ) ] . f 
T0 \V0J mT0 

(11.67) 

Here S0 is the entropy of metallic lead under standard conditions T0, V0, 
and ε 0 , which, according to data quoted in [40], is S0 = 15.5 cal/mole · deg. 
Substituting the shock parameters from Table 11.2 into (11.67), we can find 
the entropy behind the wave. An entropy close to the critical value 5 c r is 
obtained with the following shock wave parameters: VQJV^ = 1.9, pt = 2.25 · 
10 6 atm, 7\ = 15,000°K, ε χ = 4 . 7 1 · 1 0 1 0 erg/gj (more exactly, for these 
parameters Sx = 44.5 cal/mole · deg). The energy z'T upon isentropic expan
sion to the zero volume V0c is found to be equal to 1.9 · 1 0 1 0 erg/g, and thus 
twice the binding energy U = 0.94 · 1 0 1 0 erg/g, in complete agreement with 
the expected value mentioned above (Τ' = 9500°K,/?^ = ρ' « 5 · 10 5 atm). 
Thus, it is to be expected that for stronger shock waves complete vaporization 
of lead will occur on unloading. As another example, we present calculations 
for the strongest shock waves observed experimentally in lead. Namely, for 

P l = 4 · 10 6 atm and V0/Vl = 2.2 the entropy St = 51.7 cal/mole · deg, and 
the energy at the time of expansion to standard volume ε'τ = 3.57 · 1 0 1 0 erg/g 
and thus is 3.6 times greater than the binding energy U (Τ' = 15,000°K). In 

* The use of van der Waals equation to take into account the departure from the perfect 
gas law leads to a very small correction in the entropy; this correction is A . S n o n i d e a i = 

0t In (2/3) = —0.8 cal/mole · deg (for the same volume at which the ideal S is calculated). 
This correction was included in the calculated value of 5 c r . 

t The last term, which depends on Γ, is of little importance, so that the error resulting 
from the approximation of T(V) by a power law relation is negligible. 

t It is interesting to note that the energy behind a shock wave for which complete 
vaporization just begins is five times greater than the binding energy. 
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this case, complete vaporization on unloading has apparently already taken 
place. 

In conclusion we wish to emphasize that an unloading wave propagating 
through a body after a shock wave has emerged at the free surface contains 
from the outset particles of the material in widely differing states, from 
those with the pressure pl (at the head of the rarefaction wave) down to 
those with zero pressure (at the free surface). All states through which the 
given particle passes when going from the pressure px to zero are present in 
the wave. We also note that the pressure of the particles close to the free 
surface drops to zero so rapidly that in the case of complete vaporization 
the vapor in this region is strongly supersaturated, although for thermody
namic equilibrium the medium should be in a two-phase state. 

§23. Experimental determination of temperature and entropy behind a very 
strong shock by investigating the unloaded material in the gas phase 

A number of sections in this chapter have been devoted to the study of 
the thermodynamic properties of solids at high pressures and temperatures 
and to the description of experimental methods for studying these properties 
by the measurement of the state and flow variables in the material behind the 
compression shock. A general feature of these methods is that they allow 
only the determination of the mechanical state variables of the material, in 
particular of the pressure, the density, and the total internal energy. Measure
ment of the kinematic variables of the shock wave, the front velocity and the 
particle velocity, together with the use of relationships across the shock front, 
does not make it possible to determine directly such important thermo
dynamic variables as the temperature and entropy. In order to find the tem
perature and entropy from mechanical measurements we must adopt some 
theoretical scheme for characterizing the thermodynamic functions. Earlier 
we made use of a three-term representation of the pressure and energy in 
which certain parameters, such as the specific heat of the atomic lattice, the 
electronic specific heats, and the electron pressure, had to be determined 
theoretically. 

On the other hand, it would be very interesting and important to find some 
means for the direct experimental determination of the temperature or 
entropy behind a shock wave to reduce as far as is possible the number of 
theoretical parameters. Unfortunately, such a procedure is extremely difficult, 
both in principle and experimentally. Optical methods, one of the major 
means of measuring high temperatures, can be used only when the body is 
transparent, while the overwhelming majority of solids are opaque; this 
particularly includes metals, the solids of greatest interest to us. 

The temperature behind the front of a shock wave in Plexiglas was meas-
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ured optically by Zel'dovich, Kormer, Sinitsyn, and Kuryapin [41]. In these 
experiments the surface brightness was measured from the front of a very 
strong shock wave propagating through a transparent material, in this case 
Plexiglas. The surface brightness was converted to temperature under the 
assumption that the heated region bounded by the front surface radiates as a 
perfect black body. The surface brightness was measured in the red and blue 
regions of the spectrum, and not only the brightness temperature but also 
the color temperature was determined (see §8, Chapter II). The temperature 
behind a shock wave with a pressure ρ « 2 · 10 6 atm and a density ratio 
p/p0 « 2.7 was found to be Τ « 10,000-11,000°K. The temperature estimated 
from the internal energy (known from mechanical measurements) and by 
making suitable assumptions on the energy balance (the dissociation of 
Plexiglas molecules is important) shows the measured value of the tempera
ture to be reasonable. 

It might have been possible to try to measure the temperature optically 
at the time when the shock emerges from the free surface. However, in order 
for the measured temperature to agree with the actual temperature behind 
the shock, the experiment would have to satisfy almost impossible require
ments. Metals are opaque to visible light even in very thin layers ~ 1 0 " 5 cm. 
A shock with a velocity of 10 km/sec would travel through such a layer in 
~ 1 0 " n sec. Even if it were possible to build a light recording instrument 
with a resolution time of ~ 1 0 ~ 1 2 - 1 0 ~ 1 3 sec, in order to record just before 
the instant at which the wave emerges from the surface, when the wave is 
separated from the surface by a transparent layer of ~ 1 0 ~ 6 - 1 0 ~ 7 cm, it 
would still be impossible to ensure the simultaneous emergence of the shock 
at different points of the free surface with the requisite accuracy. In other 
words, it is impossible to ensure that the front surface is parallel to the free 
surface to within ~ 1 0 ~ 6 cm. If, however, we measure the surface luminosity 
in the practically measurable time of — 1 0 " 8 sec after the emergence of the 
wave, then we will record the luminosity not behind the wave front, but 
behind the unloading wave, since in a time of ~ 10" 8 sec the unloading wave 
traverses a layer which is optically very thick, of the order of 10 6 cm/sec χ 
1 0 " 8 sec = 1 0 " 2 cm; such a layer is completely opaque to the light produced 
in the unloaded region whose temperature we want to determine. (The 
problem of the luminosity from the surface of an unloading wave will be 
considered in detail in the next section.) 

The possibilities for determining the temperature (and entropy) behind a 
shock wave experimentally were given in a paper by one of the authors [42]. 
Let the shock wave be so strong that after it emerges from the free surface 
the material completely vaporizes on unloading. Then the material at the 
leading edge of the expanding medium is in the gas phase. If we could some
how measure in the gas phase the mechanical quantities density and pressure, 
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or the temperature, then the entropy could be calculated theoretically, since 
the thermodynamic properties of gases can be calculated relatively simply 
(see Chapter III). However, since the unloading process is isentropic the 
entropy of the material behind the shock wave is the same as the entropy 
in the gas phase on unloading. Thus, knowing the entropy in the gas phase, 
we would also know the entropy behind the shock wave. 

A method was given in [42] for calculating the temperature along the entire 
unloading isentrope if the specific internal energy ε is known as a function of 
pressure and density along the isentrope and if one value of the temperature 
is known at any point on the isentrope. In this regard, it follows from the 
thermodynamic identity 

J o de + pdV 1 δε , . . _ . J T 7 

dS = ψ— =Yypdp + -(—, + p)dV 
1 fde \ 

and from the condition that the entropy is a state function and dS a total 
differential, that 

Differentiating and simplifying we obtain a partial differential equation for 
the function T(p, V) 

δε \ δΤ δε δΤ , , ^ 

3V + P ) 3 i - T p 6 V = T - ( 1 L 6 8 ) 

The characteristics of this equation are lines along which 

dp δε/δΥ + ρ 
dV= δε/δρ 

But this is the equation for an isentrope. Along the characteristics, then, 
along an isentrope, according to (11.68) 

dt 
dVjs δε/δρ 

From this we obtain 

Τ = T0 exp| 
>K dV\_ /Γ* dp 

νοδεΙδΡ)-Τ°*ΧΡ\]ροδεΙδν + ρ, 

where the integrals are taken along the isentrope. The method is simply the 
application of this formula. 

We note that knowing the entropy behind two shock waves whose strengths 
are close to each other (not necessarily the absolute values of the entropy, but 
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only their difference), we can easily calculate the temperature behind the 
shock wave from the thermodynamic relation 

since Δε, /?, and AVare taken to be known from mechanical measurements. 
In addition, knowing the temperatures along the Hugoniot curve we can 
also find the absolute values of the entropy by integrating the thermodynamic 
relation 

along the Hugoniot curve, having set the constant of integration equal to 
the tabulated value of the entropy of the material at standard conditions. 

§24. Luminosity of metallic vapors in unloading 

It was noted in the preceding section that any attempt to " s e e " the high-
temperature luminosity from the front of a very strong shock propagating 
through a solid at the time it emerges from the free surface is doomed to 
failure. Let us consider in more detail what should be observed in this case, 
what luminosity will be recorded by an instrument directed at the free 
surface, and how the surface brightness will vary with time. The theory of 
the phenomenon was given in a paper by the authors [43], and the corre
sponding experiments were carried out by Kormer, Sinitsyn, and Kuryapin. 

Let a very strong shock wave with a front temperature Tx of the order of 
several tens of thousands of degrees emerge at the time t = 0 from a plane 
free surface of a metal bounded by a vacuum (the wave front surface is as
sumed to be strictly parallel to the free surface of the body). The body must 
be in a vacuum, as otherwise the material which is being unloaded will 
generate a shock wave ahead of itself in the air; the air temperature can be 
very high and we would observe the luminosity of the highly heated air 
instead of the luminosity of the metal, the quantity of interest to us. We 
consider the shock wave to be so strong that the metal is completely vaporized 
on unloading and expands in the gas phase. The temperature distributions 
at t = 0 and at a later time are shown in Fig. 11.60. In the time t the rarefac
tion wave encompasses a layer of the material of thickness c^t, where c1 is 
the speed of sound in the compressed material behind the shock front. Since 
the material moves with the velocity ux in the laboratory system of coordinates, 
then at the time t the head of the rarefaction wave is at the position 
x = {u1 — c^t (the initial location of the free surface is taken to be at χ = 0). 
The leading edge of the expanding metallic vapor moves ahead with a velocity 

Τ = 
Δε + ρ AV 

AS 

dS = 
άε + ρ dV 

Τ 
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u2 given by (11.66). Since the material in the unloading wave is in the gas 
phase, the temperature at the vacuum interface is zero, as are the density and 
pressure. 

kr 

Fig. 11.60. Temperature distributions 
at the time of emergence of a shock wave 
from a free surface, at / = 0 and at a 
later time t > 0. The radiating layer is 
shaded. / is a light-recording instrument. 

It was stated in the preceding section that metals are opaque in very thin 
layers of ~ 1 0 ~ 6 cm. This means that even as early as t ~ 1 0 - 1 1 sec (for a 
speed q ~ D ~ 10 6 cm/sec) the layer of unloaded metal almost completely 
shields the high-temperature radiation at the temperature Tu and the metal 
which was originally heated by the shock wave becomes invisible. Let us 
examine the nature of the surface luminosity of the material in the continu
ous spectrum and the type of radiation recorded by an instrument directed 
toward the planar free surface. The metallic vapor constitutes a monatomic 
gas, whose radiative properties in the continuous spectrum were studied in 
detail in Chapter V. The absorption coefficient for visible light is extremely 
temperature dependent, increasing rapidly with an increase in temperature, 
with the cold vapor completely transparent in the continuous spectrum. 
The luminosity of a layer with a temperature distribution similar to that 
shown in Fig. 11.60 has already been considered in Chapter IX. The phenom
enon is completely analogous to that with the luminosity of air in the 
preheating layer which forms ahead of the compression shock in a strong 
(supercritical) shock wave. At low temperatures at the vacuum interface the 
vapor is transparent and radiates only very weakly. On the other hand, in the 
deeper layers where the temperature is high, the vapor is completely opaque to 
visible light and does not " r e l ea se" the photons born in these layers. The 
photons escaping to infinity from the surface of the material are born in 
some intermediate radiating layer, removed from the vacuum interface by 
an optical distance τ ν of the order of unity (the radiating layer is shown 
shaded in Fig. 11.60). 

Knowing the temperature and density distributions as a function of posi
tion and the light absorption coefficient κν for a given frequency ν as a function 
of temperature and density, we can calculate the brightness temperature for 
radiation of this frequency using the general relation (2.52). However, we 
can proceed in a simpler manner by noting that the brightness temperature 
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is the same as the temperature of the radiating layer (the geometric thickness 
of the radiating layer is small and the temperature in it changes little); we 
can set up an expression for the optical thickness measured from the vacuum 
interface and set it equal to unity 

Ju2t 

( T b r ) 

Kv(x)dx = 1. (11.69) 

With temperature as the variable of integration in place of x, we write 

Jc 

T b r dx 
Kv(T) — dT=l. (11.70) 

This equation determines the brightness temperature. The derivative of the 
temperature distribution is calculated using the general solution for a rare
faction wave (11.63) and (11.64). 

Since the material at the leading edge, close to the vacuum interface and 
precisely in that region which contains the radiating layer, is in the gas phase, 
then by specifying an effective adiabatic exponent y for the gas we can find 
the approximate distribution of all quantities in this region in explicit form. 
To do this (11.64) should be integrated not from the undisturbed compressed 
material, as was done in deriving (11.65), but from the vacuum interface, 

['dp 
— = « 2 -

Jo PC J 
Ά (11.71) 
ο Ρ 

using the isentropic relation c(p, S). 
The solution will contain the velocity of the interface u2 and the entropy S 

as parameters. We shall not write out this solution, but shall find the deriva
tive directly from (11.63) and the differential relation du = — c dp/p, 

1 dx du (dc\ fd\np\ (dc 

or 

dT T{\d\nTjs \d\nTjs\ 2 (y - 1) Τ 

Here we have used the relation C~\/T, and also the isentropic relation 
Τ ~ py~l. Equation (11.70) now takes the form 

t dT dT \dTjs V d T Js \8Tjs 

dx ct((d\np\ (d\x\c\\ y + 1 ct 

^ . ( " ^ Π ψ ^ - Ι . ( Π . 7 2 , 
2(y- 1) Jo Τ 

It is evident that the integral and, consequently, the brightness temperature 
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decrease with time. The physical reason for this result is that as the unload
ing wave encompasses a larger and larger mass of the material with time, 
the geometric and optical thicknesses of the layer between the vacuum inter
face and the point with the given temperature increase continuously. There
fore the radiating layer, which is separated from the interface by the specified 
optical distance of the order of unity, moves into a region of increasingly 
lower temperatures (Fig. 11.61). 

Fig. 11.61. Displacement of the 
radiating layer (shaded) with time in 
an unloading wave. 

It is remarkable that the interface velocity u2 has dropped out of the 
equation (11.72) for ThT(t)*. The interface velocity is an unknown because it 
is determined by the thermodynamic properties of the material along the 
entire unloading isentrope, including the unexplored region where the density 
is somewhat less than the standard density of the solid. The only parameter 
contained in (11.72) is the entropy S, which appears because of the depend
ence of the absorption coefficient κν on the density (the atom number density 
n), which is related to the temperature by the adiabatic relation 

B(S)T i / ( y - D (11.73) 

where B(S) is the entropy constant. 
If the basic mechanism of absorption of visible light in metallic vapors is 

photoelectric absorption by highly excited atoms (and also bremsstrahlung 
absorption in the fields of the ions), then the absorption coefficient κ ν can be 
calculated approximately from (5.44) 

~(I-hv)/kT (11.74) 

3 ) , and / is the ioniza-where av is a constant depending on frequency (av ~ ν 
tion potential. 

In dense vapors with very weak ionization an important role may be 
played by bremsstrahlung absorption in the fields of neutral atoms (see 

* Since (11.70) does not explicitly contain the coordinate χ but only the derivative dx\dT. 
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Chapter V). In this case the absorption coefficient κν is proportional to the 
number of free electrons ne, that is, to the degree of ionization, and the basic 
temperature dependence of the absorption coefficient is Boltzmann-like but 
with a different exponent 

K v „ nne = by e-I/2kTn3/2, (11.75) 

where bv depends only weakly on temperature. The general character of the 
temperature dependence of κν is the same in both cases: κν ~ e~E/kT

9 where 
Ε = / - hv in the first case and Ε = 1/2 in the second case. It should be noted 
that numerically the two values of Ε do not differ much for metals (where 
/ « 6-8 ev and hv « 2-3 ev). 

Let us evaluate approximately the integral of (11.72), taking the basic 
temperature dependence of the integrand to be contained in the exponential 
factor. Setting all the slowly varying functions which are powers of the 
temperature constant, we find te~E/kTbr = const and obtain a logarithmic 
decrease of the radiation brightness temperature with time (Fig. 11.62) 

const 
Τ = . 

b r In t + const' 

Detailed calculations show that the brightness temperature for metals is of 
the order of 7000-4000°K* at times t ~ 1 0 ~ 7 - 1 0 ~ 6 sec, irrespective of the 
assumed absorption mechanism. In these times the free surface moves away 
approximately 1 0 - 1 - 1 cm at speeds of ~ lOkm/sec. 

I 7 * 

Fig. 11.62. Time dependence of the 
brightness temperature of the surface of 
an unloading wave. 

§25. Remarks on the basic possibility of measuring the entropy behind a 
shock wave from the luminosity during unloading 

Equation (11.72) contains only one parameter characterizing the shock 
wave—the entropy S. If the radiative properties of the material, i.e., the 
function κ ν(Γ, ρ), are known, then by plotting the experimental luminosity 

* While behind the shock wave the temperature 7 \ can reach tens of thousands of 
degrees. 
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curve Tb£t) we can find the absolute value of the entropy behind a shock 
wave. On the other hand, by specifying the entropy on the basis of other 
considerations (calculating it using thermodynamic properties of the com
pressed solid and measured shock wave parameters), we can extract from 
the experiment on the luminosity of an unloaded surface data on the radiative 
properties of metallic vapors, namely to determine the preexponential factor 
in the expression for the absorption coefficient. It is interesting to note that 
assuming that only one absorption mechanism exists and that κν is expressed 
either by (11.74) or (11.75), the final equation for the function Thr(t) (11.72) 
contains only the product of the unknown parameters avB(S) for the case of 
(11.74) and bvB3/2(S) for the case of (11.75) (since in (11.74) κν ~ avn ~ avB, 
while in (11.75) κ ν ~ bvn3/2 ~ bvB3/2). The entropy constant Β in the adia
batic equation (11.73) depends on the absolute value of the entropy S as 
Β ~ e~s^ {β is the gas constant per mole). This means that by taking the 
luminosity curves from two experiments with slightly differing shock strengths 
and determining the parameters, say, the product avB, we find the difference 
of entropies behind the shock waves even if the optical constant av is not 
known, from 

Here the single and double prime refer to the first and second experiments. 
As noted in the preceding section, we can also find the temperature behind 
the shock wave by knowing the entropy difference. 

The experiment described above can serve as a specific application of the 
considerations given in the preceding section on the use of measurements in 
the gas phase in an unloading wave for an experimental determination of 
the entropy and temperature behind a shock wave. 

5. Some other phenomena 

§26. Electrical conductivity of nonmetals behind shock waves 

Under normal conditions gases are good insulators. Behind sufficiently 
strong shock waves they become conductors. A similar situation also occurs 
with solid dielectrics, which conduct electric currents behind strong shock 
waves. However, while the appearance of conductivity in gases involves 
simply the thermal ionization that takes place at high temperatures of the 
order of ten thousand degrees and above, attainable in shock waves, the 
physical cause of the transformation of solid dielectrics into conductors by 
shock waves is considerably more complex. It is more likely connected with 
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the compression than with the temperature increase, though in many respects 
this is still not clear. 

The electrical conductivity of condensed materials behind shock waves 
has been studied by several authors. Brish, Tarasov, and Tsukerman 
developed a method for the measurement of conductivity and have measured 
the conductivity of the detonation products of condensed explosives [45], 
and also of water, Plexiglas, paraffin, and air [46] behind strong shock waves 
with pressures of up to a million atmospheres. The conductivity of an ionic 
crystal of sodium chloride at pressures up to a million atmospheres was 
studied in the previously cited reference [5]. Alder and Christian [47], who 
measured the electrical conductivity of ionic and molecular crystals of 
Csl, I 2 , CsBr, L i A l H 4 , and others worked with weaker shock waves (up 
to 250,000 atm). 

The essence of the basic electrical contact method described in [45], used 
for the measurements of conductivity reported in [45, 46, 5], consists of the 
following: Electrodes (contacts) Ε are connected by a shunt resistance Rsh 

and are placed in the body through which the shock wave propagates (Fig. 
11.63). As long as the shock wave does not reach the contacts, the resistance 
of the dielectric is practically infinite. After the shock wave reaches the con
tacts the dielectric becomes a conductor and the desired resistance Rx is 
connected in parallel with the resistance Rsh. 

Shock wave 

^ 4 - 6 kv 

To oscillograph ·= • 
To switching 
system 

Fig. 11.63. Diagram of the experimental setup for the measurement of electrical con
ductivity behind a shock wave. 

Shortly before the shock wave reaches the contacts the capacitor C, which 
was previously charged to a voltage of several kilovolts with the help of the 
actuating thyratron, is discharged through the high-voltage resistance Rhy 
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and the contacts. The resistance Rhy > Rsh, so that the current in the circuit 
is determined only by Rhy. The potential difference at the contacts is propor
tional to the resistance between the contacts. This resistance is equal to Rsh 

before the arrival of the shock wave and R = RshRJ(Rsh + Rx) after the 
shock wave reaches the contacts (the resistance Rsh is chosen so that it is of 
the order of Rx). If Ush and Ux correspond to the potential difference at the 
contacts, then Ush/Ux = RSJR = (Rsh + Rx)/Rx. The voltages i7 s h and Ux 

are measured by an oscillograph, Rsh is known, and the unknown resistance 
Rx is found from the equation given. 

The measured resistance Rx is converted to the specific electrical conductiv
ity of the material by electrolytic simulation. For this purpose the electrodes 
are immersed into an electrolyte bath maintaining the same geometry as in 
the experiment. By changing the electrolyte density, a resistance equal to 
that measured in the experiment is obtained. The unknown conductivity is 
then equal to the known conductivity of the electrolyte (for other methods of 
measuring the conductivity of materials behind a shock wave see [45, 5]). 

Experiments [46] have shown that the electrical conductivity of dielectrics 
is increased behind a shock wave by many orders of magnitude. The initial 
conductivity of distilled water was σ ~ 10~ 5 o h m ~ 1 c m ~ 1 , while at a pressure 
ρ = 10 5 atm it became σ = 0.2 o h m ^ c m - 1 . The conductivity behind the 
shock was completely independent of the initial conductivity of the water, 
which depends on the purity of the water. The same value of σ behind a 
shock wave was also obtained for ordinary water with an initial conductivity 
σ ~ 1 0 " 3 o h m - 1 c m - 1 . 

Perfect dielectrics such as paraffin (σ ~ 1 0 " 1 8 o h m ~ 1 c m " 1 ) and Plexiglas 
(σ ~ 1 0 ~ 1 5 o h m ^ c m " " 1 ) were, at pressures of the order of 10 6 atm, converted 
into fair conductors with conductivities σ ~ 1-2 · 10 2 o h m ~ 1 c m ~ 1 *. In para
ffin a significant increase in the conductivity is observed at a pressure of 
~ 6 - 7 · 10 5 atm, and as the pressure is increased further, σ increases rapidly. 
An extremely sharp increase in the conductivity of Plexiglas takes place at 
a pressure of 8 · 10 5 atm. 

The change in the electrical conductivity of Plexiglas and paraffin behind 
a shock wave by 15-20 orders of magnitude attests to the 4 4 metal l izat ion" 
of these dielectrics when compressed to pressures of the order of a million 
atmospheresj. This phenomenon cannot be explained by thermal ionization. 
It is related to the change in structure of the electron zones of a solid on com
pression. The zones are brought closer on compression, the distances between 

* For comparison with the conductivity of metals we note that for copper σ ~ 1 0 6 

o h m _ 1 c m _ 1 , for iron σ ~ 10 5 o h m ~ 1 c m ~ 1 , and for mercury σ ~ 1 0 4 o h m _ 1 c m - 1 . 
t Alder and Christian [47] measured considerably lower electrical conductivities. The 

"metal l izat ion" phenomenon in the comparatively weak waves with which these authors 
worked manifested itself much more weakly. 
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them decrease, and this facilitates electron transitions leading to the appear
ance of free electrons and metallic conductivity in a material which was 
previously a dielectric*. Qualitative ideas concerning the metallization of 
any material under sufficiently strong compression were discussed in a paper 
by Zel'dovich and Landau [48], in which they considered the transformation 
of metals from the solid to gaseous state. The metallization of hydrogen at 
high densities was studied by Abrikosov [49]. 

It must be said that the details of the mechanism of metallization of 
dielectrics by a shock wave are still not entirely clear, and this phenomenon 
requires further theoretical and experimental study. In particular, it would 
be interesting to clarify the separate roles of temperature and compression 
in increasing the conductivity. 

Experiments [5] with sodium chloride, which under normal conditions 
has a small ionic electrical conductivity, make it possible to assume that the 
basic role there in the increase of electrical conductivity with increasing shock 
strength is played by temperature, in contrast to our previous considerations. 
The curve of σ(Τ) is Boltzmann-like, σ ~ e~E/kT with an activation energy 
Ε « 1.2 ev, and this apparently attests to the ionic nature of the conductivity 
of NaC] behind a shock wave. The limits for the range of shock strengths 
studied were ρ = 10 5 atm, which gave T= 440°K, V0/V= 1.26, σ = 2 · 1 0 " 5 

o h m ^ c m " 1 , and ρ = 7.9 · 10 5 atm, which gave T= 6150°K, V0/V= 1.85, 
σ = 3.26 o h m _ 1 c m _ 1 . 

§27. Measuring the index of refraction of a material compressed by a 
shock wave 

The thickness of a shock front in solids and liquids is comparable with 
interatomic distances and much less than the wavelengths of visible light 
λ ~ 4000-7300 A. Therefore light passing through a transparent undisturbed 
material incident on the surface of a shock front separating the undisturbed 
from the compressed material is reflected in the same manner as from an 
ordinary boundary between two different media. The reflection of light from 
the surface of a shock front in transparent materials, water and Plexiglas, was 
investigated experimentally by Zel'dovich, Kormer, Sinitsyn, and Yushko 
[51]. Knowing the index of refraction of the undisturbed material, knowing 
the angle of incidence, and measuring the reflectivity, it is then possible to 

* The effect of pressure on the electrical conductivity of dielectrics had been studied 
previously (in a region of comparatively low pressures). Thus, Bridgman [50] established 
that yellow phosphorus, which is a dielectric, is transformed at pressures of 1.2-1.3 · 1 0 4 atm 
and a temperature of 200°C into a new form, black phosphorus, which has a metallic 
conductivity. The density of black phosphorus is 1.4 times greater than that of yellow 
phosphorus. 
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use the known Fresnel formulas (see [52] for example) to calculate the index 
of refraction η of a material compressed by a shock wave*. This method is, 
in general, also applicable to those cases when the material compressed by 
the shock is opaque. If the absorption mean free path is comparable with the 
wavelength of light, then, in principle, it is possible to measure both the real 
and the imaginary parts of the refractive index. To do this it is necessary to 
determine the degree of polarization of the reflected light and the dependence 
of the reflectivity on the angle of incidence [54]. A material which is transpar
ent in the undisturbed state becomes opaque behind a sufficiently strong 
shock wave. The loss of transparency at high pressures can occur for various 
reasons, from cracking of the material, from phase transitions, or from rear
rangement of the electronic levels (in particular, in the "metal l iza t ion" of 
dielectrics, mentioned in the preceding section). 

The basic experimental arrangement for the study [51] of the reflection of 
light from a shock front in water is shown in Fig. 11.64. A layer of water is 

located on top of a Plexiglas plate, which is placed on the flat surface of an 
explosive charge. A Plexiglas prism is placed on top of the water. The paths 
of the light rays before the detonation are shown in Fig. 11.64a. Ray I from 
a light source is incident on the prism, from which emerge rays II and III 
reflected from the two water surfaces. The paths of the rays after the detona
tion during the passage of the shock wave through the water are shown in 

* The thickness of a shock front in a gas, the thickness of the transition layer between 
the undisturbed and compressed media, is of the order of a wavelength of light; therefore, 
the Fresnel formulas are not applicable. However, in gases the index of refraction at different 
densities is known. A study of the reflection of light under these conditions makes it possible 
to determine the front thickness. Such measurements were carried out by Cowan and Hornig 
[53] for weak shock waves (see Chapters IV and VI). 

Fig. 11.64. Experimental arrangement 
for measuring the reflection of light from 
a shock front: (a) before detonation; 
(b) during the propagation of the shock 
through water. 

Explosive 

Plexiglos I 

Detonation 
products 
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Fig. 11.64b. Ray IV is produced by reflection from the surface of the shock 
front, while ray V is produced by reflection from the now moving boundary 
between the compressed Plexiglas plate and the compressed water. Ray V 
replaces ray III. 

The reflected rays are recorded by streak photography. A schematic dia
gram of a photographic record is shown in Fig. 11.65. Prior to detonation 

rays II and III give straight lines on the moving film. At the time tx at which 
the shock wave passes into the water, the two lines produced by rays IV and V 
appear, with line V now replacing the terminated line III. Line II continues, 
remaining undisturbed up to the time the shock wave emerges at the upper 
surface of the water (the time t2). It is evident from Fig. 11.64b that as the 
wave front approaches the upper boundary of the water the distance between 
rays IV and II decreases. At the time of emergence t2 the rays IV and II come 
together, and the line IV in Fig. 11.65 reaches the line II. In practice the 
distance between rays II and III was approximately 20 mm, and the difference 
in time t2 — tx approximately 4 · 1 0 " 6 sec. 

The shock front velocity in water was measured by the slope of the line IV. 
Knowing the Hugoniot curve for water, the density and other parameters 
behind the front could be determined. The reflectivity was calculated from 
the ratio of the intensities of the incident and reflected rays; the intensities 
were determined by photometric methods. The refractive index of compressed 
water was determined by two methods, one geometric (from the distance 
between the reflected rays), and the other using the reflectivity. Average 
values from several experiments, calculated by both methods, were found to 
be close to each other. As the water density changes from p / p 0 = 1.47 to 
p / p 0 = 1.81, which corresponds to pressures from 50 to 150 thousand 
atmospheres, the index of refraction remains almost constant and equal to 
η = ΙΛ9 ± 0.03 (from the geometric method) or η = 1.46 ± 0.03 (from the 
reflectivity method). In standard density air η = n0 = 1.333. 

Experimental results obtained by other authors on the measurement of 
the refractive index of water at relatively low pressures are quite well de
scribed by the linear relation η = 1 + 0.334p*, where ρ is the density in g/cm 3 . 

πι 

Fig. 1 1 . 6 5 . Diagram of a photo-
chronogram. 

* The Lorenz-Lorentz formula gives much worse agreement with the experimental data. 
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This formula also agrees with experimental values for water vapor and with 
the experimental value of the refractive index for ice at 0°C and ρ = 0.92 
g/cm 3 equal to 1.311. 

The values of the refractive index obtained for water compressed by a 
shock wave are much lower than the values derived from the above equation. 
In all probability the difference can be ascribed to a temperature effect (water 
compressed by a shock wave to a density ρ = 1.8p0 was heated to 1100°C). 
The mechanism of such a temperature effect (the higher the temperature, the 
lower the index of refraction) has not yet been clarified. 

Investigation of the reflection of light from shock fronts shows that the 
front surface is smooth. Otherwise the reflection would be diffuse rather than 
specular. 




