
XII. Some self-similar processes 
in gasdynamics 

1. Introduction 

§1. Transformation groups admissible by the gasdynamic equations 

In Chapter I we have already become familiar with several examples of 
self-similar motions (the self-similar rarefaction wave, the problem of a 
strong explosion). In Chapter X we considered self-similar problems in the 
theory of heat propagation in a stationary medium by thermal conduction. 
In this chapter we shall consider in detail self-similar motions of one of two 
basic types. We shall show in the introductory part of the chapter how the 
gasdynamic equations admit the existence of self-similar solutions and shall 
present the general characteristics of self-similar motions. It would appear 
worthwhile at first to become familiar with the general group properties of the 
gasdynamic equations. 

We shall consider one-dimensional adiabatic flows of a perfect gas with 
constant specific heats, with either planar, cylindrical, or spherical symmetry. 
Let us write the system of equations for flows of this type. In the continuity 
equation (1.2) we expand the divergence term and write the equation in a 
form appropriate to all three types of symmetry. In addition, we divide the 
equation through by the density p. The entropy in the entropy equation (1.13) 
is expressed by (1.14) (with the density in place of specific volume). The 
equation of motion (1.6) we leave unchanged. We then obtain the following 
system of equations for the density, pressure, and velocity as functions of 
position and time: 

d In ρ d In ρ du , ^u 
—f- + u + — + (v - 1 ) - = 0, 

dt or or r 

du du 1 dp 
^ - + t / — + - / = 0, (12.1) 
dt dr ρ dr 

d _ d 
— In pp y + u — In pp 7 = 0. 
dt dr 

In the continuity equation ν = 1, 2, and 3, for the plane, cylindrical, and 
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spherical cases, respectively. The variable r represents the χ coordinate in the 
plane case and the radius in the cylindrical and spherical cases. 

Equations (12.1) admit several transformation groups, which we shall 
presently enumerate. It is assumed that analogous transformations are 
made at the same time in the initial and boundary conditions of the problem. 

(a) The time t enters the equations only in terms of time derivatives. 
Therefore, a shift in time, carried out by introducing the new variable t' = 
/ + t0, does not alter the equations. The fact that a time shift is possible is 
related to the arbitrariness in the selection of the initial time. 

(b) In the plane case (v = 1) the coordinate also enters the equations only 
in terms of distance derivatives. Therefore, a shift in position, related to the 
arbitrariness in the selection of the coordinate origin, is also possible in the 
plane case. The introduction of the new variable x' = χ + x0 does not alter 
the equations. This is not possible in the spherical and cylindrical cases, since 
the radius enters the continuity equation directly and not just in terms of its 
differential. 

The gasdynamic equations contain five dimensional quantities p, /?, w, r, 
and t, the dimensions of three of which are independent. For example, if we 
choose the density, distance, and time as the basic dimensional quantities, 
then the dimensions of the velocity and pressure are represented in the form 
[u] = [r]/[t] and [p] = [p][r2]/[t2]. As a result of the existence of three inde
pendent dimensional quantities the equations admit three independent 
similarity transformation groups which are related to the arbitrariness in 
choice of the units of the basic dimensional quantities. 

(1) Let the functions p=fl(r,t), p=f2(r,t), and u = / 3 ( r , t) represent 
solutions of the equations for some specified motion. Let us change the scale 
of the density without changing the coordinate and time scales by introducing 
the new variables p' = kp and ρ' = kp, leaving the remaining variables 
unchanged. This transformation does not change the equations. If at the same 
time we similarly transform the boundary and initial conditions by multiplying 
the density and pressure by k, then the new motion will be described by the 
functions 

p' = 0, P' = kf2(r9 t), u = / 3 ( r , r). 

The new motion is similar to the old one, differing only in the density and 
pressure scales. 

(2) Let us change the length scale without changing the density and time 
scales. The equations are not changed if we transform to the new variables 
r' = mr, u' = mu, and ρ' = m2p, with the remaining variables ρ and t left 
unchanged, ρ' = ρ and t' = t. This means that if some motion is described 
by the functions ρ = / i ( r , / ) , ρ = f2(r, f), and u = f3(r, t), then by a simple 
change of scales it is possible to describe a new motion in which the distances 
and velocities are multiplied by a factor of m and the pressure is multiplied 
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by a factor of m1 (the density remains the same). The solution for the new 
motion is expressed by the functions 

P' = / ι Ο ' , 0» P' = ™2fi(r\ t), ii' = mf3(r\ t). 

(3) Finally, let us change the time scale, leaving the length and density 
scales unchanged. The equations admit the following transformation 

, u / Ρ t = ,ir, u = -, ρ = - 2 , ρ = p, r = r. 

This means that if in the boundary and initial conditions the velocity is 
multiplied by the factor n~l, the pressure is multiplied by the factor n~2, 
and the density is left unchanged, then the new process will be similar to the 
old one, except that its rate will be multiplied by a factor of n'1. 

By the successive application of these three groups of similarity transfor
mations we can obtain solutions for an infinite number of new motions with 
altered density, length, and time scales. In particular, if the length and time 
scales are simultaneously increased by the same factor r' = lr and t' = It, then 
the solution will remain unaltered. Such a transformation is equivalent to the 
successive application of transformations (2) and (3) with m = η = /. In 
symbolic form this can be expressed 

u(r, t) -> lu(lr, t) -» j · lu{lr, It) = u(lr, It) 

with similar rules for the other functions ρ and p * . 

§2. Self-similar motions 

It was shown in the preceding sections that the gasdynamic equations admit 
similarity transformations, that there are possible different flows similar to 
each other which are derivable from each other by changing the basic scales 
of length, time, and density. The motion itself may be described by the most 
general functions of the two variables r and /, p(r, t), p(r, t), and u(r, t). These 
functions also contain the parameters entering the initial and boundary con
ditions of the problem (and the specific heat ratio y). 

* Editors' note. The equations of state of the fluid must also follow the transformation. 
With a general equation of state (an imperfect gas, say) and with the identity of the fluid 
unchanged under the transformation, the equations admit the time shift and coordinate 
translation transformations mentioned earlier (also rotation and Galilean transformations), 
plus the scale transformation r' = Ir and /' = It discussed above. Transformations (1), (2), 
and (3) separately are not admitted. A perfect gas with y not constant also admits trans
formation (1), but not (2) and (3) separately. A free Fermi-Dirac gas (see p. 220) admits 
transformations for which m = nk1/3, and gives an example of a fluid which is not a perfect 
gas but which admits transformations besides the scale transformation. 
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However, there exist motions whose distinguishing property is the simi
larity in the motion itself. These motions are called self-similar. The distribu
tion as a function of position of any of the flow variables, such as the pressure 
p, evolves with time in a self-similar motion in such a manner that only the 
scale of the pressure H(t) and the length scale R(t) of the region included in 
the motion change, but the shape of the pressure distribution remains un
altered. The p(r) curves corresponding to different times t can be made the 
same by either expanding or contracting the Π and R scales. The function 
p(r, t) can be written in the form p(r, t) = Tl(t)n(rlR), where the dimensional 
scales Π and R depend on time in some manner, and the dimensionless ratio 
ρ/Π = n{rjR) is a "un ive r sa l " (in the sense that it is independent of time) 
function of the new dimensionless coordinate ξ = rjR. Multiplying the vari
ables π and ξ by the scale functions Tl(t) and R(t), we can obtain from the 
universal function π(ξ) the true pressure distribution curve p(r) as a function 
of position for any time t. The other flow variables, density and velocity, are 
expressed similarly. 

For self-similar motions the system of partial differential equations of 
gasdynamics reduces to a system of ordinary differential equations in new 
unknown functions of the similarity variable ξ = r/R. Let us derive these 
equations. To do this we represent the solution of the partial differential 
equations ( 1 2 . 1 ) in terms of products of scale functions and new unknown 
functions of the similarity variable ξ, 

ξ = ^9 R = R(t). (12.2) 

The pressure, density, velocity, and length scales are not all independent of 
each other. If we choose R and p0 as the basic scales, then the quantity 
dRjdt = R can serve as the velocity scale and p0R2 as the pressure scale. This 
does not limit the generality of the solution, as the scale is only defined to 
within a numerical coefficient which can always be included in the new un
known function. We seek a solution of the form 

ρ = ρ0Α2π(ξ), ρ = ρο9(ξ), u = Αν(ξ)9 (12.3) 

where π, g, and ν are new dimensionless functions of the similarity variable ξ, 
in terms of which the differential equations are to be formulated. These 
functions are here termed the reduced pressure, density, and velocity, re
spectively, or simply the reduced functions*. The scales R, p0, and R are time 
dependent in some as yet unknown manner. 

* Editors' note. These functions are termed by the authors the "representatives" of the 
pressure, density, and velocity, respectively. They are sometimes referred to as the dimen
sionless pressure, density, and velocity. The similarity variable ξ may be termed the dimen
sionless or reduced distance. 
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We now substitute the relations (12.3) into equations (12.1), taking account 
of the definition of the similarity variable (12.2), and applying relations of 
the type 

dp dp0 dg r dR R 

dp = Ροθ' 
dr R ' 

to transform the derivatives. The differentiation of scales with respect to time 
is denoted by a dot and differentiation of the reduced functions with respect 
to the similarity variable is denoted by a prime. After some rearrangement we 
obtain the equations 

fo+ ί \_ν'+ { ν ~ 0 ( l n 9 ) ' + ( v " 1 } 3 = ° ' 
- s r v + {v-W + - = 0, (12.4) 

j j t (In pl~m2) + (v- ξ)(1η ng^)' = 0. 

In order that the solution form (12.3) have meaning, so that it is possible 
to write ordinary differential equations for the new unknown functions 
π(ξ)9 #({), and ν(ξ), it is necessary that the variables / and ξ in equations (12.4) 
be separated. To do this, in the second equation we must set RR/R2 = const, 
from which (with const Φ 1) 

R = At\ (12.5) 

Here A and α are constants (A is dimensional and α is a pure number). In 
the first equation of (12.4) we must set p 0 / p 0 = const R/R, which yields 

Po  = Βί β,  (12.6) 

where Β  and β  are also constants. The first term in the third equation of 
(12.4) then automatically becomes a constant. Thus all the scales in the 
self-similar motion have a power-law dependence on time, and the similarity 
variable has the form* 

ξ-Ίί-Ί?· ( 1 2 7 ) 

* As was noted by Stanyukovich [1], in addition to power-law self-similarity it is also 
possible to have exponential self-similarity, in which R = A'em\ p0 = B'en\ ξ = re~mt/A\ 
where Α', Β', m, and η are constants. The exponential solution satisfies the equation 
RR/R2 = const for const — 1. The majority of problems of practical interest have a power-
law character. 
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Equations (12.4) are thus transformed into a system of three ordinary 
differential equations for the three unknown functions π(ξ), g(£), and ν(ξ). 
The system contains the constant exponents α and β. In a similar manner, 
the boundary and initial conditions of the problem are made dimensionless 
and in turn transformed into conditions on the functions π, g, and v. We 
shall not write out here the system of equations in general form. Instead, the 
equations will be presented later in context with their application to specific 
problems. 

In many flows the density scale p 0 is constant (β = 0). This is true, for 
example, in all cases when a shock (or rarefaction) wave propagates through a 
gas of uniform density. The exponent β is usually different from zero for 
those problems in which the spatial distribution of the initial gas density is 
given by a power law of the type p 0 0 = const r6. In these cases the exponent 
β is defined in terms of the known exponents δ and α (if δ = 0, β = 0). Thus, 
the system of equations for the functions π, g, and ν (and the boundary con
ditions) will contain only one new parameter, the similarity exponent a. 

The exponents in the scale functions are uniquely related to the exponents 
α and β (i.e., α and δ). For example, in the case when the density scale is 
constant (β = 0, p 0 = const), R~tA,R~ r a _ 1 , Π = p0R2 ~ r 2 ( a _ 1 ) . Since the 
length scale R is uniquely related to time, we can consider the velocity, density, 
and pressure scales to be functions of the length scale R, rather than of time. 
Using the relation R ~ ta, we find 

R ~ f~1 - R(A~1)/a, p0~tp~ RP/\ 
Π - p0R2

 ~ r ^ 2 0 * - " - RW+2("-W. 

It is evident from the expression for the density scale p 0 ~ ίβ ~ RP/A and 
from the spatial distribution of the initial density p 0 0 = const r3, that p 0 must 
have the form p 0 = p00(R). For example, the initial gas density at the point 
where the shock wave is located at a time t can serve as the density scale p 0 

(R is then the coordinate of the shock front). The relationship between the 
exponents β and δ indicated above then follows: β = ac>. 

For β = 0 and p 0 = const, the functions p, p , and u given by (12.3) can be 
expressed in any of the equivalent forms: 

ρ = const ί 2 ( α - υ π ( ξ ) = const β 2 ( α - 1 ) / α π ( £ ) , 

u = const ί"-ιν(ξ) = const R(*-1)/avtf), (12.8) 
ρ = const g(£). 

§3. Conditions for self-similar motion 

It is natural to pose the following question: what requirements must be 
satisfied by the conditions of a problem in order that the motion be self-
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similar ? To answer this question we shall resort to dimensional considerations. 
The gasdynamic equations (12 .1 ) do not contain any dimensional para

meters other than the dependent variables p, p , and u and the independent 
variables r and / (the only parameter γ is dimensionless). The boundary and 
initial conditions of the problem do contain dimensional parameters. It is this 
circumstance which makes it possible to construct the functions p(r, t) and 
p(r, r), since all the five variables ρ, p , w, r, and t have different dimensions, 
with three of the variables independent. Since the dimensions of pressure and 
density contain the unit of mass, at least one of the parameters in the problem 
must also contain a unit of mass. In many cases this is the constant initial 
density of the gas p 0 , which has the dimensions* of ML'3. In a number of 
problems the initial spatial distribution of the density is governed by the 
power law p00 = brb. In this case it is the parameter b whose dimensions are 
[b] = ML-3~s. 

Let us denote the parameter containing the unit of mass by a. In the most 
general case it has the dimensions [a] = MLkTs. Bearing in mind the dimen
sions of the functions, [p] = ML~1T~2, [p] = M L " 3 , and [u] =LT~\ we 
can, without any loss in generality, represent them in the form suggested by 
Sedov [2] 

P = r T T ^ 7 T 2 ^
 P  =  7^? Ĝ  u== -tV> < 12·9> 

where P , (7, and V are dimensionless functions that depend on dimensionless 
groups containing r, r, and the parameters of the problem. In general there are 
two dimensionless variables: r / r 0 and r / r 0 , where r0 and r 0 are parameters 
with dimensions of length and time, which either enter directly in the con
ditions of the problem, or can be constructed by combining parameters with 
other dimensions. In this case, the functions P , G, and V will then depend 
separately on r and t and the problem is not a self-similar one. 

We can give a large number of examples of families of similar flows. Let 
us cite one: the problem of a rarefaction wave generated by withdrawing a 
piston from a gas with the variable speed ux = U(l — e~t/T) (see §10, Chapter 
I). In this example the role of the parameter is played by the constant initial 
density of the gas p 0 . In addition, the problem also contains the dimensional 
parameters [τ] = Γ, [U] = Ζ , Γ - 1 , and the initial speed of sound [c 0 ] = LT'1 

(or the initial pressure p0, with c% = yp0IPo)- The ratios t\x and rjc0x or 
rjUx (r0 = C 0T or UT) can, for example, serve as the dimensionless variables. 
If length and time scales cannot be constructed from the parameters of the 
problem, then the variables r and t cannot enter the functions P, G, and V 
separately; the functions can depend only on a dimensionless combination of 

* Editors' note. The symbols M, L, and Tare introduced to denote mass, length, and time, 
respectively. 
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r and t, ξ = rjAt*, where A is a parameter with the dimensions [A] = LT a. 
Equations (12.9) then take the form 

p = 7 ^ m , P = ^ p G ( a u = - t n o - (12.10) 

In this case the problem is self-similar and the expressions (12.10) are 
equivalent to (12.3), differing from them only in the form of the reduced 
functions. Let us demonstrate this using as an example self-similar motions 
with a constant density scale. In this case, a = p 0 , k = — 3, and s = 0, so that 
the expressions of (12.10) take the form 

2 

ρ = po j 2 Ρ(ξ), ρ = p 0G(O, u = -t Υ(ξ). (12.11) 

Substituting r = ξΐϊ and noting that R = a/?/f, we find that (12.11) and (12.3) 
are equivalent if 

Ρ(ξ) = α2^ψ, 0(ξ) = β{ξ), ν{ξ) = ζν-ψ. (12.12) 

The study of self-similar motions is of great interest. The fact that it is 
possible to reduce a system of partial differential equations to a system of 
ordinary differential equations for new reduced functions simplifies the prob
lem greatly from the mathematical standpoint and in a number of cases 
makes it possible to find exact analytic solutions. In addition, the self-similar 
solutions frequently represent the limits which are approached asymptotically 
by the solutions of nonself-similar problems. This statement will be clarified 
later when we consider specific problems. 

§4. Two types of self-similar solutions 

There exist two rather different types of self-similar solutions. Solutions of 
the first type possess the property that the similarity exponent α and the 
exponents of t and R in all scales are determined either by dimensional 
considerations or from the conservation laws. In this case the exponents are 
simple rational fractions with integral numerators and denominators. 
Problems of this type always contain two parameters with independent 
dimensions*. These parameters are used to construct one parameter whose 
dimensions contain the unit of mass a (see (12.10)) and another parameter A 

* Editors' note. There is a type of self-similar solution in which the exponents are deter
mined by the boundary conditions and may be set arbitrarily within certain limits. Although 
the exponents in such solutions are not simple rational fractions in general, the solutions 
are to be considered as of the authors' first type, because the two independent parameters 
exist and the exponents are determinable in advance. See, for example, the solutions of 
[18] and [19]. 



§4. Two types of self-similar solutions 793 

that contains only the units of length and time. With the second parameter A 
it is possible to construct a dimensionless combination, the similarity variable 
ξ = rjAt*. The dimensions of the parameter A, LT~a, are determined by the 
similarity exponent a. Two motions of this type were considered in Chapter I, 
the problem of a self-similar rarefaction wave (§11) and the problem of a 
strong explosion (§25). In the first case the two independent dimensional 
parameters are the initial density and pressure of the gas p0 and p0. They can 
be combined into a dimensional parameter which does not contain the unit of 
mass, the initial speed of sound c0 = (yPolPoY12- The role of the parameter A 
is played by the speed of sound c0. Correspondingly 

ξ = —> « = 1 . c0t 

The parameters in the problem of a strong explosion are the initial density 
of the gas p0 ~ ML~3 and the explosion energy Ε ~ ML2T~2. The energy Ε 
is always equal to the total energy of the moving gas, and as a result an energy 
integral appears in the problem. (We recall that the initial pressure and speed 
of sound p0 and c0 in the problem of a strong explosion are assumed to be 
equal to zero, and hence that these quantities are not parameters of the 
problem.) The parameters p0 and Ε are used to construct a parameter which 
does not contain mass, A = {Ejp0)xl5 ~ LT~2/5, so that the similarity variable 
is ξ = rl(Elp0)l/5t2/5, and α = f. 

For a strong explosion in a medium with variable initial density p00 = br3, 
the explosion energy Ε ~ ML2T~2 and the coefficient b ~ ML~3~3 serve as 
the parameters. They can be used to construct a parameter A not containing 
the unit of mass 

A = l^\ ~LT-2K5+3). 

The similarity variable has the form 

ζ " (Elb)1K5+3)t2l{5+3)' α 5 + (5' 

(The self-similar problem of an explosion in a medium with variable density 
was considered by Sedov [2].) The self-similar problem of the propagation of 
a thermal wave from the point of release of a specified amount of energy is 
also of this general type (see Chapter X). 

As shown in §2, the similarity exponent enters as a parameter in the system 
of differential equations for the reduced functions. Since in self-similar prob
lems of this type the number α is found immediately from dimensional con
siderations (or from the conservation laws), the problem is thus reduced to 
the integration of a system of equations with known boundary conditions 
and parameters. 
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In self-similar problems of the second type, the exponent α cannot be 
found from dimensional considerations or from the conservation laws without 
solving the equations. In this case the determination of the similarity exponent 
requires that the ordinary differential equations for the reduced functions be 
integrated. It turns out that the exponent is found from the condition that the 
integral curve must pass through a singular point, as otherwise the boundary 
conditions cannot be satisfied. Examples of self-similar motions of the second 
type are the problems of an imploding shock wave and of an impulsive load, 
both of which will be discussed later. 

Examination of solutions to specific problems of the second type shows 
that in all these cases the initial conditions of the problem contain only one 
dimensional parameter with the unit of mass but lack another parameter 
which could be used to form the parameter A. This circumstance eliminates 
the possibility of determining the number α from the dimensions of A. 
Actually, of course, the problem does have a dimensional parameter A ~ 
LT~a relevant to it; otherwise it would not be possible to construct the 
dimensionless combination ξ = rjAta. However, the dimensions of this 
parameter (i.e., the number a) are not dictated by the inital conditions of the 
problem, but rather are found from the solution of the equations. The 
numerical value of A cannot be found from self-similar equations alone. It 
can be determined only by knowing how the given motion arose. Thus, for 
example, if the self-similar motion originated as a result of some nonself-
similar flow that approaches a self-similar regime asymptotically, then the 
value of A can only be found by a numerical solution of the complete non-
self-similar problem in which it is possible to follow the transition of the 
nonself-similar motion into the self-similar one. These statements will be 
explained in more detail when we consider specific problems. 

Self-similar motions of the first type, in which the similarity exponent is 
determined by dimensional considerations, were investigated in detail by 
Sedov. Since Sedov's book [2], which gives an exhaustive treatment of these 
motions and the solution to a number of specific problems, is available, we 
shall in this chapter not dwell on self-similar motions of the first type, and 
shall devote our attention to motions of the second type only. 

2. Implosion of a spherical shock wave and the collapse 
of bubbles in a liquid 

§5. Statement of the problem of an imploding shock wave 

Let us imagine a spherically symmetric flow in which a strong shock wave 
travels to the center of symmetry through a gas of uniform initial density p 0 
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and zero pressure. We shall not discuss the origin of the wave. The wave 
could have been generated, for example, by a " spherical piston " which pushed 
the gas inward, imparting to it a certain amount of energy. As the wave con
verges to the center the energy becomes concentrated at the front (cumu
lation), and the wave is strengthened. We shall be interested in the motion of 
the gas at small distances from the center (say, small in comparison with the 
initial radius of the " p i s t o n " ) . It is reasonable to assume that at times close 
to the instant of collapse and at small radii, the motion " fo rge t s " to a 
considerable extent (which will be defined below) about the initial con
ditions and reaches some limiting regime which must be determined. 

The problem does not contain characteristic parameters of either length 
or time. The initial radius of the " p i s t o n " cannot serve as the scale for the 
limiting motion in a region whose dimensions are very small in comparison 
with it. The only length scale is the radius of the shock front R, which itself 
varies with time. The velocity scale is the time-dependent velocity of the front 
dRjdt = R = D. Therefore, it is natural to assume that the limiting motion 
will be self-similar. We have here no basis for determining in advance the 
similarity exponent a. Apart from the initial density p0 there are no other 
evident parameters which could be used for constructing the similarity vari
able. Of course, the energy of the entire gas, equal to the energy imparted 
to the gas by the piston, has a definite magnitude. However, in the self-similar 
region, the dimensions of which are small (of the order of R) and decrease 
with time as the wave converges to the center, only a small part of the total 
energy is concentrated and it also decreases with time*. As will be shown 
below, the energy in the self-similar region, the radius of which is of the order 
of R and the mass within which is of the order of p0R3, decreases with time 
following a power law. However, as R -> 0, it decreases slower than R3 as a 
result of the strengthening of the shock wave and of the increase in the energy 
density (pressure). It is evident from what was said that this self-similar 
motion must be of the second type. The solution will contain some parameter 
A, whose dimensions are not known in advance, related to the similarity 
exponent α ([A] =LT~a; see §2). If the similarity exponent (or the dimen
sions of A) is found from the limiting solution, then the numerical value of A 
remains undetermined. It depends on the initial conditions of the problem, on 
the motion of the gas as a whole. 

As was already stated, the limiting self-similar solution holds only in a 
region of small dimensions of the order of the radius of the front, and then 
only close to the instant of collapse of the shock wave, when this radius is 
small. If we solve numerically the problem of the motion of the gas as a whole 

* The assumption that the initial pressure is equal to zero, that we are dealing with a 
strong wave, also eliminates from the problem the velocity parameter given by the initial 
speed of sound c0. This quantity, along with the initial pressure, is equal to zero. 
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with some initial conditions that ensure that an imploding shock wave will 
be generated (the problem with a "spherical p i s ton" pushing inward), we 
shall find that the true solution in a region with a radius which decreases in 
proportion to the radius of the front will approach the limiting self-similar 
solution closer and closer with time. The form of the limiting solution does not 
depend on the initial conditions or on the character of the gas motion at large 
distances, and in particular does not depend on the manner in which the 
piston moves. However, the limiting solution does not entirely " f o r g e t " the 
initial conditions. It " fo rge t s " the form of the initial motion, but selects 
from the entire set of information provided by the initial conditions the 
single number A which characterizes the intensity of the initial push (a 
" s t r o n g e r " push corresponds to a greater value of A). 

If the form of the limiting solution does not depend on the initial conditions 
and on the motion of the gas at a large distance from the center, then the 
manner in which the true solution approximates the limiting solution will 
obviously depend on the initial conditions. The closer the initial motion 
corresponds to the limiting motion, the earlier will the true motion near the 
front reach the self-similar regime. However, it will reach it sooner or later, 
regardless of the initial conditions and of the type of motion at large distances. 
Therefore, we shall seek a self-similar solution to the problem of the implosion 
of a shock wave. This interesting and important problem was solved in
dependently by Landau and Stanyukovich [1] and by Guderley [3]. 

§6. Basic equations 

The origin for time t = 0 is taken to be at the instant of collapse, when 
R = 0. Thus, the time up to the instant of collapse is negative. In this regard, 
we modify slightly the definition of the similarity variable, setting 

R = A(-{)°> ξ-Έ = 7^τ- (1213) 

Formally, the solution which we seek includes all of space up to infinity, so 
that the intervals for the variables are 

— GO < ί ^ 0, R ^ r < co , 1 ^ ξ < oo 

(actually the self-similar solution holds only in a region with a radius of 
the order of R, and at large distances it is connected with the solution of the 
complete nonself-similar problem in some manner). At the shock front ξ = 1. 
The front velocity is directed toward the center and is negative, with D = 
R = ocR/t = -aR/\t\ < 0. 

Let us substitute into the gasdynamic equations (12.1) a solution of the self-
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similar form (12.3). The system reduces to the equations (12.4) in which 
ν = 3, in accordance with the spherical symmetry of the motion. The problem 
has a constant density scale p0 = const (we shall satisfy ourselves that this 
quite obvious statement is valid when we consider the boundary conditions 
at the shock front). Therefore, the term p 0 /Po in the first equation of (12.4) 
vanishes and the bracketed terms are equal to zero. The factors, which 
depend on the scale in (12.4), reduce to the following constants: 

RR a - 1 Rd„ t _ v . 2 x 2 ( a - l ) 
R (X Rat a 

We thus obtain the following system of equations for the reduced functions: 

(ν-ξ)(\η gy + v ' + j = 0, 

(« _ i)oc-h + (ν - ξ)ν' + g-'n' = 0, ( 1 2 J 4 ) 

(υ - f)(ln ng~yy + 2(a - l ) a _ 1 = 0. 

To simplify the system we make a number of transformations. We use 
(12.12) to replace the functions π, g, and ν by the new reduced functions P, 
G, and V (of course, it is possible to seek the solution of (12.1) in the form of 
(12.11) from the very beginning). Further, we also replace the pressure by a 
new unknown function, the square of the speed of sound*, and correspond
ingly introduce a new reduced function for the square of the speed of sound. 
In dimensional variables c2 = yp\p. In the form of (12.3) c2 = yR2njg = R2z, 
where the reduced function is ζ = yn/g. In the new form (12.11), to which we 
have changed, c2 = y(r2jt2)PjG = (r2jt2)Z, where the reduced function is 
Ζ = yP/G. The formulas (12.12) relate the reduced functions ζ and Ζ through 

z = «2f2-

* The system of gasdynamic equations (12.1) can be also written in terms of the functions 
/>, «, and c2 instead of p, u, and p: 

d\np d In ρ du u 

ct or cr r 

du du c2 a In ρ 1 dc2 

- + - + --7Γ = 0 , (12.1') 
ct or γ or γ or 
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After the introduction of the new variables the system (12.14) takes the 
form 

dV , d\nG 

1 ν - 4 « + Ζ < ™ + ί « Iz-nv-V, ( 1 2 , 5 ) 
α In ς γ din ξ γ a In ξ γ 

, ,^d\nG dZ Γ α - 1 Ί 

This is a system of three first-order ordinary differential equations in the 
three unknown functions V, G, and Ζ of the independent variable ξ. 

Let us consider the boundary conditions. At the shock front the conserva
tion laws give the well-known relations between the flow variables behind the 
front and the speed of the front (see (1.111)) 

7> Pl=——p0D2, Ul=——D, c\= \ J D 2 . 
y - 1 7 + 1 7 + 1 (7 + 1) 

(12.16) 

Substituting the expressions (12.11) for the dimensional quantities in terms 
of the reduced functions, noting that at the shock front r = R and ξ = 1, and 
also noting that D = R = aR/t, we obtain the boundary conditions for the 
reduced functions at ξ = 1, 

7(1) = G(i) = l±±9 Z ( l ) = ^ ^ a 2 . (12.17) 
7 + 1 7 - 1 (7 + 1) 

Here one should note that it is clear that the density scale depends neither 
on the time nor on the front radius. Otherwise it would have been impossible 
to satisfy the condition px = [(7 + l)/(y — l)]Po = const at the shock front. 

The reduced functions also satisfy boundary conditions at infinity. At the 
instant of collapse t = 0, the velocity, pressure, and speed of sound at any 
finite radius r are bounded. But with t = 0 and finite r9 ξ = oo. In order for the 
quantities u = (r/t)V and c2 = ( r 2 / r 2 ) Z to be bounded when t = 0 and r is 
finite, V and Ζ must vanish. We thus obtain still another condition which 
must be satisfied by the solution, 

K(oo) = 0, Z(oo) = 0 at ξ = 0 0 . (12.18) 

In general, the boundary conditions (12.17) are sufficient to start the inte
gration of equations (12.15) from the point ξ = 1 in the direction of increasing 
ξ, after some value of α has been assigned. However, analysis of these 
equations, with which we shall be concerned in the following section, show 
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that with an arbitrary value of α it is not possible to obtain a single-valued 
solution which satisfies (12.17) and arrives at the point (12.18). This is possible 
only for a certain particular value of a, which is then the desired choice of the 
similarity exponent. 

§7. Analysis of the equations 

in this section we shall show how to determine the similarity exponent in 
the solution of the equations (12.15). In order to do this it is first necessary 
to analyze the equations. We shall not, however, attempt to present rigorous 
mathematical proofs or carry out detailed calculations. We shall only con
sider the most important aspects and present the basic methods for solving 
the problem. In so doing we shall attempt to emphasize certain features of the 
problem which are common either to all self-similar solutions, or to solutions 
of the second type. We shall follow the system of presentation suggested by 
N. A. Popov, to whom we are thankful for valuable advice. 

It becomes immediately evident on inspection of (12.15) that the variable 
In ξ, which can be regarded as a new independent variable in place of ξ, 
enters in the system only as the differential d In ξ. Similarly, one of the 
unknown functions, G, appears only as the differential d In G. This property 
of equations (12.15), which is characteristic of all self-similar motions, 
permits the reduction of the system of three differential equations to a single 
differential equation in V and Ζ and two quadratures*. 

Let us solve the system (12.15) for the derivatives dVjdln ξ, din GjdXn £, 
dZjd In ξ. Instead of writing down the rather lengthy expressions which result, 
we write the solution of the algebraic system in symbolic form using deter
minants, 

* This property is not accidental but is a result of the dimensional structure of the gas
dynamic equations, which do not contain any dimensional quantities besides the variables 
themselves. The fact that a quantity is a logarithmic derivative shows that the choice of 
units for this quantity is arbitrary. In the case of the density ρ = p0G, this can be seen 
directly from equations (12 .Γ) for the quantities p, u, and c2 (see footnote in paragraph 
following (12.14)). If in the general nonself-similar equations we transform to the new 
independent variables ξ — r/Ata and η = rjrQ, where A and r 0 are dimensional parameters 
introduced arbitrarily, then, since no limitations were imposed on the choice of these 
parameters, they should drop out from the equations. Indeed, the transformation shows 
that the new variables are contained in the equations only in the form d In and d In η (in 
the case of self-similar motions all functions depend only on ξ and are independent of 77, 
so that the terms in d\n η vanish). 

The dimensionless quantities V and Ζ are formed from dimensional variables, V = tu/r 
and Ζ = t2c2jr2 = ypt2lpr2, without the appearance of any arbitrary parameters; hence, 
they enter the equations in a free form and not as logarithmic differentials. 

dV _ A T 

d In ξ ~ 1 
At d\nG A2 dZ A3 (12.19) 
Δ ' din ξ Δ ' din ξ Δ 
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where the determinant of the system Δ is given by 

1 V — a 0 | 

Ζ 1 

y y 

0 ( y - l ) Z - 1 

= - Z + ( T - a ) 2 . (12.20) 

The determinants Δ ΐ 5 Δ 2 , and Δ 3 are obtained by replacing the corresponding 
columns in (12.20) by the right-hand sides of (12.15). 

The coefficients of the derivatives and the right-hand sides in equations 
(12.15) depend only on Κ and Ζ and do not depend on G and ξ, so that all the 
determinants Δ, Δ ΐ 5 Δ 2 , and Δ 3 are functions of V and Ζ only. Dividing the 
third equation of (12.19) by the first, we obtain the first-order ordinary 
differential equation 

dZ 
dV 

Δ 3 (Ζ , V) 
Δ Χ (Ζ, V) 

(12.21) 

After the solution Z(V) of this equation is found, it can be substituted into 
the first equation in (12.19) and the function ν(ξ) obtained by quadratures. 
Then, substituting ¥(ξ) and Ζ[Υ(ξ)] into the second equation, the function 
G(<i;) may be obtained by quadratures. 

Actually, only one quadrature is necessary, since the system (12.15) 
possesses a first integral which has the form of an algebraic relation con
necting all the variables. The existence of this integral, termed the adiabatic 
integral, is related to the law of conservation of entropy on a gas particle 
path*. In general, the satisfaction of the conservation laws is always accom
panied by the existence of corresponding integrals of the self-similar equa
tions. Thus, in the problem of a strong explosion (see §25, Chapter I), the 
equations admit an energy integral. The main problem, therefore, reduces to 

* To derive the adiabatic integral we use the first and third equations of (12.15). The 
first (continuity) equation is divided by (V— a) and written in the form 

d\n G + d\n(V- a) = - 3 d\n ξ -
3a d i n £ 

V- a 

The third (entropy) equation is divided by Ζ and written in the form 

2 ( a - l ) a - V l n £ 
d\n GV-'Z~ • 2 r f l n f 

Eliminating from these two equations the differential d In a) and collecting all terms 
on one side, we obtain an equation of the form d In F{£, G, V, Z} = 0. This leads to the 
integral T 7 ^, G, V, Z) = const, with the constant to be determined from the boundary 
conditions (12.17). 
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the solution of (12.21) subject to the boundary conditions (12.17) and (12.18). 
Let us consider the behavior of the desired integral curve on the V, Ζ plane. 

At the shock front where ξ = 1, V= V(l) and Z = Z(1) (see (12.17)). Let 
us plot this point on the plane, denoting it by the letter A. At infinity, where 
ζ = oo, V(co) = 0 and Z (oo) = 0, so that the integral curve Z(V) moves 
from the point A to the coordinate origin Ο (Fig. 12.1). 

In order for the solution of the gasdynamic equations to be physically 
meaningful, it must be single valued. To each value of the independent 
variable ξ should correspond unique values of K a n d Z . This means that ξ as a 
function of V and ξ as a function of Ζ or, equivalently, In ξ(Υ) and In £(Z), 
should not have extrema. The derivatives d In ξ/dV = A/A1 and d In ξ/dZ = 
Δ/Δ 3 in the correct solution must not become zero in the domain of interest 
1 < ξ < oo, 0 < In ξ < oo. But the determinant Δ = —Ζ + (V — α) 2 is equal 
to zero on the parabola Ζ = (V — α ) 2 in the V9 Ζ plane (Fig. 12.1). It can be 
easily checked by direct calculation that the point A lies above the parabola, 
so that the desired integral curve must intersect the parabola on its path from 
point A to point O. At the point of intersection, in order that the derivatives 
d i n ξ/dV and d\n ξ/dZ not vanish, it is necessary that the determinants Δ χ 

and Δ 3 also vanish (it can be checked that if Δ = 0, both Ax and Δ 3 must 
vanish simultaneously). Thus, the point of intersection of the correct integral 
curve Z(V) and the parabola is the singular point of (12.21) (At = 0, Δ 3 = 0, 
dZ/dV= 0/0). 

If we specify some arbitrary value of the similarity exponent α and start the 
integration of (12.21) from point A, the integral curve will in general have no 
point of intersection with the parabola or else will intersect it at some ordinary 
point, and the curve will not correspond to the correct solution. Only for a 
particular value of α will the integral curve intersect the parabola and pass 
through the required singular point of (12.21), then moving on to its final 

ζ 

Fig. 12.1. Behavior of the integral 
curve o n the V, Ζ plane. 

r + 1 
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point O. This requirement that the correct integral curve must pass through a 
specific singular point of (12.21) determines the exponent a. The singular 
point Β and a diagram of the correct integral curve are shown in Fig. 12.1 (it 
can be shown that point Β lies on the left branch of the parabola). 

At the singular point B, through which the correct integral curve Z{V) 
passes, the quantities Ζ and V take on specific values, which also satisfy the 
equation of the parabola Ζ = (V — α ) 2 . Since V and Ζ are functions of ξ, the 
singular point corresponds to a specific value of ξ = ξ0. In turn, there is a 
line on the r,t plane, the c^-line, which corresponds to the value ξ = ξ0. 
The equation of this line is r = ϋ(ί)ξ0 = A( — ί)αξ0, or in differential form is 
drjdt = Αξ0. The shock front line is ξ = 1, r = R(t), drjdt = R. Both lines 
are shown in Fig. 12.2 (note that the r axis is the line ξ = oo). 

Fig. 12.2. r,t diagram for the implo
sion of a shock wave, ξ = 1 is the shock 
front line, ξ = ξ0 is the £ 0 - l ine . Several 
characteristics of the C+ and C_ 
families are also indicated. 

The £ 0

- l m e has the important property that it is one of the C_ characteris
tics. In order to satisfy ourselves that this is so, we shall transform the 
dimensional equation for the C_ characteristics drjdt = u — c to similarity 
variables. It should be noted here that the speed of sound c is always a positive 
quantity. The assumed scale for it, R or r//,is negative. Consequently, in taking 
the root of the expression c2 = r2/t2Zit is necessary to set c = —r\t\^Jz\. 
Thus, 

d.L = u - c = - v + - \Jz\ = ^ξ(ν + | V Z | ) = — {V + | V Z | ) . 
dt t t t α 

We shall consider the C_ characteristics which pass through the ξ0-\ίηε on 
the r, / plane. To do this, we set ξ = ξ0 in the equation for the characteristics. 
But for ξ = ξ0 

Ζ(ξ0) = IVtfo) - °G 2, Wziio)  I = « " "(fο) 
since V < α. (We note that for ξ = 1, K(l) = [2/(y + l)]a < a, while for 
ξ = oo, V = 0 and the function V(£) is monotonic). Therefore, the slope of 
the C_ characteristics at any point on the ^o-line is drjdt = (Αξ0)<χ)[ν'{ξ0) + 
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| Λ / Ζ ( < ! ; 0 ) | = Αξ0, which is the same as the slope of the £ 0-line itself. This 
means that the ξ0-\ιηο; is either the envelope of a family of C_ characteristics, 
or simply coincides with one of them. It turns out that the second statement 
is the correct one; the £ 0-line coincides with a C_ characteristic, and is thus 
itself a C_ characteristic. 

From this result follows an important conclusion on the causality of the 
phenomena. As we know, the characteristics of the same family never inter
sect in a continuous flow region. This means that all the C_ characteristics 
which pass above the ξ0-1ϊηε (see Fig. 12.2) never overtake the shock front 
prior to the instant of collapse. The C_ characteristics passing below the 
£ 0-line do overtake the front (the C+ characteristics originate from the front 
line). Thus, the ξ0-Μηο bounds the region of influence. The state of the motion 
at a given time for points which lie to the right of the £ 0-hiie, a t distances r 
greater than r0 = ]1(ί)ξ0, can in no way affect the motion of the shock wave. 

The two special properties of the solution noted above, the passing of the 
correct integral curve through a singular point, which is possible only for a 
specific value of the similarity exponent α (determined by this property), and 
the existence of a ξ0-\Ίηε o n t n e rJ plane which corresponds to the singular 
point and is itself a characteristic bounding the region of influence, are 
properties peculiar to all self-similar solutions of the second type. 

§8. Numerical results for the solutions 

In practice the solution and the similarity exponent are found by trial and 
error. A value of α is assumed, (12.21) is integrated numerically from the 
initial point Α (ξ = 1), and the behavior of the integral curve is determined. 
The value of α is corrected by successive approximations in order to obtain 
an integral curve which intersects the parabola at the required singular point 
and then goes to the final point O. Landau and Stanyukovich [1] have given an 
approximate method which yields a value of α quite close to the correct value. 
This value was used for the initial guess and then refined. After the exponent 
α and the function Ζ ( V ) are found it is not difficult to determine the functions 
ν(ξ),Ζ(ξ), and 0(ξ). 

By such a method [1,3] the similarity exponent α was found equal to 0.717 
for a specific heat ratio γ = 7/5. In [1] it was also found that α = 0.638 for 
*y = 3, and it was established that in the limit y-> 1, α-> 1. The relations 
governing the radius and velocity of the shock front and the pressure behind 
the front for y = 7/5 are given by 

R~\t\*~\t\°'71\ 
\R\ ~ | r | a _ 1 ~ ^ | f | " 0 - 2 8 3 ~ £ - 0 . 3 9 5 ^ 

P l „ | Γ | 2 ( « - 1 ) ^ Λ 2 ( « - 1 ) / β / Ν / 1,1-0.566 ^ - 0 . 7 9 ^ 
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The velocity and pressure distributions u and ρ as functions of the radius 
at different times for the case γ = 7/5 are given in Fig. 12.3, taken from the 
book of Stanyukovich [1]. The velocity behind the front decreases monoton-
ically with increasing radius, while the pressure first increases slightly and then 
also drops*. The density behind the front increases monotonically. 

u, km/se c 
1 0 5 s e c 

- 2 V f=2-10~ 5 sec _ 5 

V. -t- 3-1 0 sec 

>-/ =  3 .54-10 " 

(b) 

- 1 

, 1 

5 1 0 r, cm 

Fig. 12.3. (a) Pressure (in arbitrary units) and (b) velocity distributions at different times 
during the implosion of a shock wave with γ = 7/5. The curves are taken from [1]. 

The shock wave accelerates continuously and is strengthened as it con
verges to the center. As t  -» 0 and jR -+ 0 the pressure and temperature behind 
the front tend to infinity; the density of the gas remains finite, and behind the 
wave front it is constant and equal to [(γ + I)I(γ — l ) ]p 0 . 

As the shock wave converges, energy becomes concentrated near the shock 
front as the temperature and pressure there increase without limit. However, 
the dimensions of the self-similar region decrease with time, and the total 
energy concentrated within this region also decreases. We consider now a 
self-similar solution only within some sphere whose radius decreases in pro
portion to the radius of the front R. The effective boundary of this self-
similar region is then considered to be at some constant value of r/R = ξ = ξί. 

* Such behavior of the pressure is not general; for example, when γ = 3 the pressure as 
well as the velocity behind the shock front decreases monotonically. 
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The energy contained in this region, i.e., in a sphere with the variable radius 
rx = ξ^9 is equal to 

. « ^ j'^-L. ; + ^ « . 

The integral with respect to ξ from 1 to ξί is a constant, so that the energy 
Esim ~ R3R2 ~ j h e exponent on R is positive for all real values of 
the specific heat ratio γ. For example, for y = 7/5, α = 0.717, 

£ S i m ~ # 2 ' 2 1 - * 0 as R-+0. 

With the integration with respect to ξ extended to infinity (ξχ = oo) the 
integral diverges (this is explained in the following footnote on limiting 
relationships). Thus, the total energy in all space is infinite within the frame
work of the self-similar solution. In particular, this conclusion also shows 
that the self-similar solution cannot be applied to indefinitely large radii r. 
The energy contained in a sphere of constant radius r can increase (but not in
definitely) with time. If the true solution coincides with (or is a very close 
approximation to) the self-similar solution at a given time from r = R to 
r — rx > / ? £ 0 , the true solution will continue to agree with (or be very close 
to) the self-similar solution within a sphere of at least some finite radius 
smaller than rt all the way to and through the instant of collapse. Note that 
the C_ characteristics to the right of the ξ0-\ίηε in Fig. 12.2 intersect the / = 0 
axis at finite values of r, and signals from the nonself-similar part of the true 
solution can only be propagated inward on these characteristics. 

The form of the limiting distributions of the flow variables with respect to 
the radius at the instant of collapse t = 0 can be established by using dimen
sional considerations. We have at our disposal one and only one parameter 
A(LT~a) which can be used to relate the velocity u and the speed of sound c 
with the radius r. This gives the limiting relationship at t = 0 

u~c~ All*rl~lla = Allar-{1~a)l\ 

Since ξ = oo at t = 0 and r Φ 0, the limiting density p l i m = p 0 G(oo) is constant 
with respect to the radius. Consequently, the limiting pressure distribution 
is given by 

ρ = - ρ €

2 ~ ρ 0 Α 2 / * Γ - 2 ( 1 - Λ ) / " . 
y 

The limiting relationships w(r), c{r\ and p(r) naturally have the same behavior 
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as the relationships at the front during the process u^R), c^R), and Pi(R) 
(except for numerical coefficients)*. 

The numerical coefficients in the limiting relations for w(r), c(r), and /?(r), 
as well as the limiting value of the density pUm = p 0(7(oo), can only be found 
by solving the equations of self-similar motion. For y = 7/5 the limiting 
density is pUm = 21.6p 0 (behind the shock front px = 6p0). The density at large 
distances from the front r - » oo before the instant of collapse is also ρ = 
21 .6p 0 , since for R Φ 0 and r oo, ξ = rjR -> oo and pjpQ = Θ(ξ) G(oo). 

The energy concentrated in a sphere of radius r at the instant of collapse is 

(just as Esim ~ R5~2/a; see above). The energy concentrated in a sphere with a 
finite radius is finite and tends to zero as r -* 0. The larger the sphere, the larger 
is the energy included in it (within the framework of the self-similar regime). 

After the instant of collapse, with t > 0, the shock wave reflected from the 
center propagates outward through the gas which is moving inward toward 
the center. The motion in this stage is also self-similar, and the similarity 
exponent does not change. For t > 0 the reflected wave propagates following 
the relation R ~ t". Calculations show that for y = 7/5 the density of the gas 
behind the reflected shock front is p l r e f = 137.5p 0 , and thus the density is 
23 times greater than the density behind the front of the incident wave 
Pi = 6po · The velocity behind the front is positive and the gas is expanding 
from the center, with the expansion velocity decreasing with time as R ~ 
^ - ( ΐ - α ) starting from infinityf. 

* The limiting relationships can also be established analytically starting from the equa
tions for the reduced functions by finding the asymptotic solution in the neighborhood of 
the point ξ = oo, V = 0, and Z = 0. We get V~ ξ~1,α, Ζ ~ ξ2~2/\ which, upon trans
forming to dimensional variables, yields the limiting relationships given in the text. The 
quantities v2 and z = yn\g are, according to (12.12), proportional to ξ2ν2 ~ ξ2~2,α as 
ξ -> oo; #(oo) = G(oo) = const. It is evident from this result that the energy integral diverges 
as ξι -> oo, since 

and the total energy in all space within the framework of the self-similar solution is infinite 
at any instant of time. 

t In a paper by one of the authors [26] a family of self-similar solutions for cylindrical 
motion is constructed within the acoustic approximation. This family is obtained by means 
of the superposition of plane waves. The similarity exponent is arbitrary and is chosen 
in accordance with the initial conditions. For a converging cylindrical shock wave (in the 
acoustic approximation) the pressure behind the front ρ ~ \ t\ ~ 1 / 2 , where the front radius 
R = c\t\. 

It is interesting that the pressure behind the front of the reflected shock wave is infinite 
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§9. Collapse of bubbles. The Rayleigh problem 

A process which has much in common with the implosion of a shock wave 
is the collapse of bubbles in a liquid (water). Small bubbles filled with the 
vapor of the liquid and undissolved gases are frequently formed in a real 
liquid. The phenomenon of bubble formation is called cavitation. Under 
steady state conditions the bubble is stable and the internal gas pressure 
balances the pressure in the liquid. When the liquid moves and goes from a 
low to a high pressure region, the internal pressure in the bubble (previously 
formed at the lower pressure) is lower than the new, higher pressure of the 
liquid. This causes the liquid to move to the center, collapsing the bubble. As 
in the implosion of a shock wave, the energy of the bubble becomes con
centrated as the bubble collapses. As the bubble radius decreases the rate of 
collapse and the pressure increase and attain very large values. After collapse, 
a pressure peak is formed in the central region and a shock wave travels 
away from the center. When such a process takes place near a solid surface, 
the shock wave can damage the surface material. This is considered to be one 
of the causes of rapid wear of screw propellers and turbines. 

An idealized problem of the liquid motion during the collapse of a bubble 
was solved by Rayleigh [4]. The liquid was assumed to be ideal (inviscid) and 
incompressible. The spherically symmetric cavity was regarded as a void, 
with the pressure within and at the surface of the cavity assumed equal to 
zero*. 

At an initial time let there be a spherical cavity of radius R0 in the liquid. 
The pressure in the surrounding liquid is p0 and the liquid is at rest. After the 
motion starts the velocity distribution as a function of the radius r is found 
from the continuity equation with ρ = const 

U = R^L = RL Ξ = ' (12.22) 
r ς R 

where R(t) is the radius of the cavity and R is the velocity of the boundary. 
Substituting the expression for the velocity into the equation of motion and 

for R φ 0. The results for the shock wave were obtained earlier by Zababakhin and Nechaev 
[27]. The pressure behind the front becomes infinite only within the framework of the 
acoustic approximation, as is explained in [26, 27] . 

* Apparently the internal vapor pressure in the actual process increases during the last 
stage of the collapse to such an extent that it withstands the motion thrust of the liquid and 
forces it to turn back. As a result of the very rapid compression the vapor does not succeed 
in condensing and its compression at the end is isentropic. However, if we consider the 
process of collapse of the bubble only up to a radius which is not too small the vapor 
pressure can be neglected. We may also neglect the surface tension at the boundary with the 
liquid. 
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integrating with respect to r from a* to oo we obtain the pressure distribution 

RR + 2R2 R2 

~ξ Ρ2ξ* Ρ = Ρο + Ρ 1 Ρ τ ^ · ( 1 2 · 2 3 ) 

If we apply this equation at the boundary of the cavity ξ = 1, where ρ = 0, 
we obtain an equation for R(t) 

0 = p0 + p(RR + f R2). (12.24) 

Integrating this equation once under the initial condition R = 0 when = 
R0, we obtain the law for the increase in velocity during collapse 

v - W - ' Y (ii25) 

This equation can also be obtained directly from energy considerations. 
Let us take the energy of the liquid without the bubble to be zero. The 
potential energy of the liquid with a bubble of radius R is equal to the work 
done in overcoming the external pressure forces in the formation of a cavity 
of volume 4nR3/3. This work is equal to /? 0 4π/? 3 /3, independent of the distri
bution of pressure in the region of the bubblef. The kinetic energy of the 
liquid is equal to 

4nr2 -— dr 
2 

2 r« 2 R2R* J „ . 2 , 
4nr ρ -—τ- dr = 2npR2R3. 

2r 

The total energy, equal to the sum of the kinetic and potential energies, is 
conserved, so that 

2 ^ 3 + P o r f = £ = P o ^ ( 1 2 2 6 ) 

Equation (12.25) follows directly from this relation. 
Using (12.24) we can express the pressure distribution (12.23) in the form 

_ 1 \ P & ( 1 _ 1 \ r 

ξ r ι [ξ ξ4r ξ _ « · 

* Integration of (12.25) gives the time of collapse of the bubble as τ = 0.915 Ro(plp0)1/2. 
For example, in water with ρ = 1 g / c m 3 , p0 = 1 atm and R0 = 1 m m , τ = 0.915 · 1 0 " 4 sec. 

f This statement can be explained as follows. Let us imagine a vessel containing a liquid 
at a pressure p0, closed by a movable piston with a surface area S. If a cavity with volume 
Ω is formed inside, the liquid, due to its incompressibility, will displace the piston through a 
distance / such that IS = Ω. In doing this the cavity does an amount of work p0Sl = ρ0Ω 
on the piston. This work is determined only by the pressure p0 far from the bubble and is 
independent of the pressure distribution near the bubble. 
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(The velocity and pressure distributions are illustrated schematically in Fig. 
12.4.) 

It is clear from the formula for the pressure that the problem is not self-
similar (despite the apparent self-similar form of the velocity (12.22)). This 

i u/R 

is evident from the fact that the problem contains a characteristic length scale 
R0 and velocity scale ( /? 0 /p ) 1 / 2 . However, in the limit, when the radius of the 
cavity tends to zero, R 0, the velocity and pressure increase, tending to 
infinity, and the solution asymptotically takes on a self-similar character, and 

ρ~~\ξ τν (12·27) 

The length scale, the initial radius, becomes too large and the pressure scale 
Po becomes too small to characterize the actual process, whose scales are now 
the time-dependent cavity radius R and boundary velocity R(R <^ R0; 
R > (ΡοίρΫΙ2\ ρ ~ pR2 >Po)- The motion appears as though it " f o r g e t s " 
the initial conditions. This is demonstrated in particular by the fact that the 
parameters p0 and R0 do not appear separately in the equation of motion of 
the boundary as before (see (12.25)), but only in the combination p0Rl, 
proportional to the total energy of the liquid Ε = 4nRop0l3 (see (12.27)). 

It can be seen that this is a self-similarity of the first type, appearing because 
the energy is conserved. The dimensional parameters in the self-similar flow 
are the same as in the problem of a strong explosion, i.e., energy and density. 
The motion of the boundary is described by (12.27), R2 ~ EjpR3 and the 
pressure by p~E/R3. Hence we immediately obtain R ~ (Elp)1/5( — t)2/5, 
R ~ (Elp)1/5( — t)~3/5, as in the problem of a strong explosion (the instant 
of collapse is taken to be zero). The similarity exponent α = 2/5. 

Fig. 12.4. Velocity and pressure distri
butions in Rayleigh's problem. 
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In the limit R -+ 0, we obtain from (12.22) and (12.27) 

. R2 R1/2 1 (R R*\ 1 R 

The velocity of the boundary tends to infinity as R ~ R~3/2, but the velocity 
at a finite radius r Φ 0 tends to zero. In the limit R -> 0 the potential energy 
4np0R3l3 tends to zero and the total energy E, which is now all kinetic, is 
concentrated at the coordinate origin. The energy density at this point is 
infinite. Unlike the velocity, the pressure at the time of collapse is also infinite 
at any finite radius r φ 0 (energy is not related to the pressure in an incom
pressible liquid model). This shows that the model of an incompressible 
liquid is imperfect. As will be shown in the following section, if we take com
pressibility into account, we find that the pressure at finite distances from the 
center is bounded. 

§10. Collapse of bubbles. Effect of compressibility and viscosity 

The collapse of an empty cavity in water, taking into account compressi
bility (but not viscosity) was considered by Hunter [5]. The equation of state 
was assumed to be of the form 

with y = 7. Actually, however, in the limit of high pressures the term 1 was 
dropped, so that the equation of state had a form analogous to that for a 
perfect gas, ρ = 2?(p/p 0) y. It was assumed that Β is a constant independent of 
the entropy (the flow was assumed isentropic). The value of Β was taken 
equal to 3000 atm. 

Numerical solution of the hydrodynamic equations (in terms of the 
variables u and c) with properly selected initial and boundary conditions 
showed that, in the limit when the radius of the cavity becomes very small 
and the velocity of the boundary very large, the solution becomes self-similar. 
Accordingly, a solution of the equations was sought in the self-similar form 
u = Rv(r/R) and c2 = R2z{rjK), where the radius of the cavity is R = A( — t)a* 
The general properties and behavior of the equations in similarity variables 
or reduced functions are in many respects analogous to the problem of the 
imploding shock wave. Numerical integration yielded the value α = 0.555 
for the similarity exponent (for γ = 7). 

The energy of the entire flow, as in the problem of the implosion of a shock 

* For analysis and solution of the equations it was found more convenient to choose 
ξ' = —{Rjr)lla = Alfatr-1/a rather than ξ = r/R = rlA{—t)a as the similarity variable (at 
the boundary of the cavity r = R, ξ' = — 1; at infinity r = oo, ξ' = 0). 
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wave, is infinite. (The energy contained in a sphere of radius r at the instant 
of collapse t = 0, R = 0, is proportional to r 1 1 3 . ) It is the absence of an 
energy integral which leads to a self-similar problem of the second type. The 
distributions of velocity, of the square of the speed of sound, and of the 
density with respect to the radius at the instant of collapse of the cavity, when 
R = 0, are of the form 

i i ~ r - ( 1 - e ) / e , c 2 ~ r " 2 ( 1 - a ) / a , 

ρ „ r - 2 ( l - a ) / a ( y - l ) ^ ^ γ-2(1 -α)γ/α(γ- 1)^ 

In contrast to the implosion of a shock wave, where the distributions of u and 
c2 (c2 ~ pjp) have the same form as above, the limiting density is variable 
in this case. This is a result of the fact that the problem was initially assumed 
to be isentropic. The sharp increase in c2 and ρ is not connected with an 
increase in entropy, as in a shock wave, but with the increase in density. 

To some extent the self-similar solution describes the actual process only in 
regions of very small radii, when the initial conditions have effectively been 
" forgot ten" . A comparison of the self-similar solution with the results of 
numerical integration of the partial differential equations for initial con
ditions corresponding to atmospheric pressure in water and to an initial 
radius of R0 = 0.5 cm showed the following: At the instant of complete 
collapse t = 0, R = 0, the self-similar solution is valid in a region whose 
radius is of the order of 1 0 " 2 cm. Such a sphere contains about 10-20% of 
the energy of the liquid, and the pressure at its boundary is of the order of 
several tens of thousands of atmospheres. Hunter [5] also found the self-
similar solution for the shock wave propagating outward from the center 
after the collapse of the bubble. 

The inclusion of the viscosity of the liquid in the calculation leads to inter
esting laws for the behavior of the flow. The problem of collapse of an empty 
spherical cavity in an incompressible viscous liquid was solved by Zababakhin 
[6]. Analysis of the governing equations shows that the character of the flow 
depends on the Reynolds number Re = ( /? 0 /ν)( /? 0 /ρ) 1 / 2 , where ν = μ/ρ is the 
kinematic viscosity. When Re > Re* (low viscosity) where Re* is some critical 
Reynolds number, the velocity of the cavity boundary R becomes infinite 
as R -> 0 in the same manner as in the Rayleigh problem, with R ~ R~3/2 but 
with a smaller proportionality coefficient (part of the energy is converted into 
heat by dissipation). When Re < Re* (high viscosity) viscosity strongly inter
feres with the acceleration of the liquid and the bubble collapse takes place 
slowly, taking an infinite time. The cumulation of energy, characteristic of the 
Rayleigh problem, is absent here. In the intermediate case, when Re = Re*, 
the bubble does collapse in a finite time. The velocity R becomes infinite as 
R -> 0, but less rapidly than R'1. 
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Numerical integration of the equations gives Re* = 8.4 for the critical 
Reynolds number. For a given liquid under a given pressure, i.e., for given p, 
v, and po , we can define a critical bubble radius R% . For R 0 < R * the cumu
lation is completely eliminated by the viscosity. Actually, the critical radius is 
exceedingly small; for example, in water (p = 1 g/cm 3 , p0 = 1 atm, ν = 0.01 
cm 2/sec) RQ = 0.8 · 1 0 " 4 cm. Consequently, viscosity has only a weak effect 
on the collapse of bubbles whose radius exceeds 0.8 · 1 0 " 4 cm. 

3. The emergence of a shock wave at the surface of a star 

§11. Propagation of a shock wave for a power-law decrease in density 

It is well known (see [7], for example) that near the surface of a star the 
density decreases to zero approximately according to the power law 

p 0 0 = bxd, (12.28) 

where χ is a coordinate measured from the surface into the star and b and δ 
are constants. This density distribution is a result of the combined action of 
gravity and thermal pressure. In the establishment of the distribution of 
temperature, which is proportional to the gas pressure, radiation heat con
duction plays an important role (cf. §14, Chapter II). The exponent δ in the 
density distribution (12.28) is related to the constants appearing in the 
equation of radiation heat conduction. It is usually of the order of 3. 

When internal disturbances accompanied by an increase in pressure take 
place in the central regions of a star, a shock wave is formed, which travels 
from the central regions to the periphery and emerges at the surface. The 
propagation of a shock wave through a gas whose density is decreasing to 
zero, as occurs near the surface of a star, is accompanied by the concentration 
(cumulation) of energy. This process is of great interest in astrophysics and 
relevant to the problem of the origin of cosmic rays (see following section). 

There is a certain physical similarity between the cumulation processes in 
the propagation of a shock wave through a gas whose density decreases to 
zero, and in the implosion of a shock wave. In both cases energy is imparted 
to a mass of material that is ever decreasing without limit, in such a manner 
that the specific energy (per unit mass) increases indefinitely. The difference 
between the two cases lies in the cause of the decrease in the mass to which 
the energy is imparted. In the first case the mass decreases as a result of a 
decrease of gas density, and in the second case as a result of decrease of 
volume. 

We shall be interested in the limiting form of the motion when the shock 
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front is close to the star surface. Under these conditions we can neglect the 
curvature of the star surface and of the wave front and we can treat the 
motion as plane. Since the shock is strong, we may neglect gravitational 
forces. Radiation heat conduction plays an important role in the establish
ment of the steady-state distributions of gas temperature and density. Over 
the short period of passage of the very strong shock wave, it does not intro
duce appreciable changes as a result of the redistribution of heat, so that we 
may regard the process as approximately adiabatic. Within this formulation 
the problem of the limiting form of the motion was first solved by GandeFman 
and Frank-Kamenetskii [8]. The same problem was later treated by 
Sakurai [9], who found exactly the same solution, but for other numerical 
values of the exponent δ in (12.28) and of the specific heat ratio γ. A schematic 
representation of the shock wave propagation is given in Fig. 12.5. 

Fig. 12.5. Schematic representation of 
the emergence of a shock wave at the 
surface of a star. The density distribu
tion. 

χ 

The only dimensional parameter for the given conditions of the problem is 
the constant which contains the symbol of mass. There are no other dimen
sional parameters. It is therefore natural to seek a self-similar solution of the 
second type. We represent the solution in the form (12.3), (12.5)—(12.7). In 
accordance with the planar symmetry we denote the coordinate of the wave 
measured from the star surface χ = 0 by X(t). As the density scale p 0 we take 
the value of the density of the undisturbed gas ahead of the shock front. Since 
the wave travels through a gas of variable density, this scale depends on time 
or, equivalently, on the coordinate of the front X (see the end of §2). The 
scale po is given by 

Po = P o o W = bX>. (12.29) 

As in the problem of the imploding shock wave, we take t = 0 to be the instant 
at which the shock wave emerges at the surface, in accordance with which we 
change the sign of t in the similarity relation 
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Thus, we seek a solution of the form 

Ρ = Po9(0> Ρ = Ρ0Χ2π(ξ), u = u = Χν(ξΙ 

ξ=^> Po = bXa, X = X = A(-t)\ (12.30) 

Equations (12.4) in this case (v = 1) become 

- δ + ( ι ; - 0 ( 1 η 0 ) ' + ι/ = Ο, 

(α - lJoT1!? + (υ - ξ)υ' + - = 0, (12.31) 
9 

(ι>-£Χ1η π < Γ 7 + Α = 0, 

λ = 2 ( α - 1 ) α _ 1 - ( γ - 1)5. 
The boundary conditions at the shock front, which we take to be strong, 

are given by (12.16). From these we obtain the boundary conditions 
analogous to (12.17) for the reduced functions at ξ = 1 

7 + 1 2 2 g(\) = l— ν ( ι ) = π ( ι ) = (12.32) 
y - 1 7 + 1 7 + 1 

At the time the shock wave emerges at the surface, at X = 0, the similarity 
coordinate ξ = oo for any nonzero value of x. The flow variables for any 
finite value of χ must be bounded at the time of emergence. This imposes 
an additional boundary condition on the reduced functions at ξ = oo. 

The solution is found in a manner which is completely analogous to the 
solution of the problem of the implosion of a shock wave. We introduce new 
reduced functions V, G, and Z, and obtain a system corresponding to (12.15). 
The system reduces to a single first-order ordinary differential equation in 
V and Ζ and to two quadratures. Actually, instead of the two quadratures 
we have one quadrature and one algebraic relation between the variables, i.e., 
that from the adiabatic integral. The eigenvalue of the system of equations, 
the exponent a, is found by a trial and error method in which we numerically 
integrate the equation for Z(V), and must satisfy the condition that the 
integral curve pass through the correct singular point. As before, the singular 
point has a corresponding £ 0-line on the x, t plane, which is a C_ characteristic 
and which bounds the region of influence for the motion of the shock front. 

In [8] the similarity exponent for δ = 13/4 = 3.25 and y = 5/3 was found 
to be α = 0.590. In [9] the exponents α were determined for a number of other 
values of δ and 7. These results are given in Table 12.1. 

The fact that α is always less than one shows that the shock wave is con
tinuously accelerated 

X~\t\\ |X| - | ί | - ( 1 - α ) - Ζ - ( 1 - α ) / α , |X|->oo as * - > 0 . 
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Correspondingly, the temperature behind the front, which is proportional 
to the square of the front velocity or to the square of the speed of sound, 
Τ ~ \X\2 ~ j f - 2 ( 1 - « ) / a

> a i s o increases without limit. The unbounded increase 

Table 12.1 

SIMILARITY EXPONENT α 

y 
δ 

y 
3.25 2 1 0.5 

5/3 0.590 0.696 0.816 0.877 
7/5 — 0.718 0.831 0.906 
6/5 — 0.752 0.855 0.920 

in temperature, as pointed out above, appears because a finite amount of 
energy is imparted to a mass of gas which decreases to zero. The pressure 
behind the shock front decreases as the front approaches the surface, despite 
the increase in the velocity, since the density ahead of the front decreases 
faster than the temperature (or square of the velocity) increases 

It can be easily checked from the results of Table 12.1 that the exponent of 
X in this equation is always positive, that 

Pi^O as X-+0. 

The limiting distributions of the flow variables with respect to the χ co
ordinate at the instant of emergence of the shock wave at the surface / = 0, 
χ = 0 (t = 0, χ Φ0 corresponds to ξ = oo), are evidently of exactly the same 
form as the relations at the shock front. As in the problem of an imploding 
shock wave, these distributions follow simply from dimensional considera
tions. At the time t = 0 we get 

u ~ χ-(1"α)/α, Τ ~ u2 ~ c2 ~ χ"2*1 "">'«, 

Of course, the same relations follow from the equations in the limit ξ -> oo. 
The final density distribution is increased by a constant factor with respect 
to the initial density distribution. The distributions of the flow variables with 
respect to the χ coordinate before emergence and at the instant of emergence 
of the wave at the surface are shown schematically in Fig. 12.6. 
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The energy of the gas at t = 0 contained in a layer between χ = 0 and χ in 
a column of unit cross-sectional area is proportional to the quantity 

[Xpu2dx~ iXpdx~xs+i-2(l-")f". 

X 

Fig. 12.6. Density, pressure, and ve
locity distributions for the emergence of 
a shock wave at the surface of a star. 
t < 0 before emergence, t = 0 at the 
instant of emergence, t > 0 after emer
gence. 

X 

\ /  =  0 

V"1 \ / < 0 

X 

As χ -» oo the energy becomes infinite; there is no energy integral. The energy 
of a layer of finite thickness remains finite and tends to zero, as χ -* 0. Unlike 
the case of an imploding shock wave, the energy density, which is propor
tional to the pressure, also goes to zero at the boundary, as χ -+ 0. Only the 
temperature or energy per unit mass becomes infinite. An infinite specific 
energy is imparted to a vanishingly small mass of gas. Of course, the tempera
ture cannot actually become infinite as indicated by the mathematical 
solution. Thus, for example, when the shock wave comes so close to the 
surface that the small remaining mass of the layer from χ = 0 to χ = X 
includes only a small number of gaskinetic mean free paths, gasdynamic 
considerations are no longer meaningful. The infinite temperature increase 
can also be limited by physical factors, such as energy lost by radiation from 
the highly heated gas. 

As in the problem of the implosion of a shock wave, the self-similar solution 
is valid only in a limited region near the boundary χ = 0. Far from the front 
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the solution is not self-similar and depends on the conditions under which the 
shock originated. If at a given time the actual solution is very close to the self-
similar solution for 1 < ξ < ξί > ξ0, it will remain so within some finite 
distance of the boundary through the instant of emergence. 

After the shock wave emerges at the surface, the gas flows into a vacuum, 
and the initial density, pressure, and velocity distributions are given by the 
power laws for t = 0. As shown in [9], the solution for the outflow stage is 
also self-similar, but, of course, has a completely different character (the flow 
is continuous and there are no shock waves). An approximate density 
distribution for a time t > 0 is shown in Fig. 12.6. 

§12. On explosions of supernovae and the origin of cosmic rays 

It has been suggested that the origin of cosmic rays, of the protons and 
nuclei with tremendously high energies that are present throughout the 
universe and that strike the earth, is connected with explosions of supernovae. 
Such a theory was developed by Ginzburg and I. S. Shklovskii (see the review 
[10]). The process of the infinite increase in shock strength and of the cumu
lation of energy in the emergence of a shock wave at the surface of a star 
from the interior may be the cause of the acceleration of the particles to their 
tremendously high energies. This idea was used by Colgate and Johnson [11], 
who considered such a process in detail. They showed by calculations that 
some of the material ejected from the surface during the explosion of a 
supernova acquires relativistic velocities and kinetic energies, corresponding 
to the energies of cosmic rays. (The highest energies of particles presently 
observed in the cosmic ray spectrum are of the order of 10 8 Bev = 1 0 1 7 ev.) 
Below we shall present the results obtained by Colgate and Johnson. 

Temperatures at the center of supernovae reach the order of 300-500 
kev ( ~ 5 · 1 0 9 ο Κ ) . At these temperatures nuclear fusion proceeds up to the 
formation of the most stable element, iron. The layers further out consist of 
the lighter elements, carbon, nitrogen, and oxygen. Still closer to the surface 
the main element is helium, and, finally, the outermost layers consist of 
hydrogen. Astronomical data show that in the explosion of a supernova a 
mass of material is ejected that is of the order of one tenth of the entire mass 
of the star and of the order of the mass of the sun, equal to Μ0 = 2 · 1 0 3 3 g. 

Calculations of the mechanical and radiative equilibrium for a star with a 
mass of 1 0 M o give a behavior for the density and temperature distribution 
as a function of radius as shown in Fig. 12.7*. The density at the center of the 

* Under conditions of radiative equilibrium the density dependence o n temperature 
follows the relation ρ ~ Γ 1 3 / 4 = T3 2 5 . This was the basis for the assumption made in [8] 
that the density distribution near the surface is given by ρ ~ χ3·25, although in a layer near 
the surface the temperature depends only weakly on the coordinate χ (the temperature at 
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star is higher than 10 8 g/cm 3 , while at the surface it drops to zero. In any case, 
propagation of an ordinary shock wave is observable out to layers with 
ρ ~ 1 0 " 5 g/cm 3 . 

Fig. 12.7. Density and temperature 
distributions before a star explosion. 
ρ ~ Γ 3 · 2 5 , corresponding to radiative 
equilibrium. 

Temperature ,ev 

10 io2 103 104 ίο 5 10 6 io7 

It is usually assumed that the energy source for the shock wave is the so-
called gravitational instability, which occurs when the isentropic exponent 
(effective specific heat ratio) in the isentropic equation of state y < 4/3. in the 
central regions of the star, at temperatures ~ 500 kev, the nuclei are highly 
dissociated. It is well known that the specific heat of a gas markedly increases 
and the isentropic exponent decreases as a result of dissociation. Small 
disturbances are amplified as a result of the gravitational instability. The 
pressure pulse generated grows in strength, and this leads to the formation of 
a shock wave. The shock moves out from the central region to the surface. 
The gas behind the shock wave suddenly expands out from the center, and 
owing to the increase in wave strength the outer layers obtain extremely high 
velocities. 

The material in the peripheral layers, which has acquired the large kinetic 
energy of the sudden expansion, overcomes the gravitational forces and 
breaks away from the star after the shock wave emerges at the surface. The 
star, as it were, sheds a shell. This phenomenon is well known in astrophysics. 
It is assumed that the Crab nebula was formed in this manner. It has been 
estimated that an amount of energy of the order of 1 0 5 2 ergs is required to 

the surface of the star is not equal to zero). On Fig. 12.7 is given the radius of the layer 
whose mass is equal to the mass of the sun. It must be assumed that this layer is also ejected 
during explosion. The regions containing the different elements are indicated approximately. 
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overcome the forces of gravity when a mass equal to the mass of the sun is 
ejected. Consequently, this is the order of magnitude of the energy which is 
liberated at the center of the star and goes into the formation of the shock 
wave. 

Hydrodynamic calculations of the propagation of a shock generated by 
such a source give velocities behind the shock front shown by curve I in 
Fig. 12.8. The abscissa is the initial density of the material ahead of the front. 

I 3-1 0 

° - 10 
~ 2-1 0 
ο 
•S> 10 
>  1-1 0 

1 0 8 1 0 7 1 0 6 1 0 5 1 0 4 1 0 3 1 0 2 10 1 1 0 ° 10" 1 

Density, g / c m 3 

Fig. 12.8. The velocity of the material as a function of its initial density. Curve I is the 
velocity immediately behind the wave front; curve II is the velocity after expansion. 

Curve II indicates the velocity acquired by a layer with the given density 
after the shock wave emerges at the surface and the material expands. The 
velocity after expansion is larger approximately by a factor of 2 than the 
velocity at the time of passage of the shock front. Figure 12.8 shows that the 
peripheral layers, where the density is less than approximately 30 g/cm 3 , 
acquire velocities behind the strengthened shock wave greater than 1 0 1 0 cm/sec, 
which is 1/3 the speed of light. Therefore, relativistic effects must be 
considered in calculating the motion of the shock wave in these peripheral 
layers. In [11] a numerical calculation was carried out on the basis of relativis
tic gasdynamics. An approximate analytic solution to the problem was also 
given, based on the use of characteristic equations and relativistic analogs 
of the Riemann invariants. 

It is interesting to note that the internal energy behind the front of such a 
powerful shock wave is almost entirely concentrated in equilibrium thermal 
radiation. An approximate solution shows that the final kinetic energy per 
unit mass acquired by the material in a layer with an initial density p0 g/cm 3 

is of the order of c 2 ( 3 0 / p 0 ) 0 ' 6 4 erg/g. If we note that 1 erg/g in hydrogen 
corresponds to approximately 1 0 " 1 2 ev/proton = 1 0 " 2 1 Bev/proton, then we 
find that a kinetic energy of the order of 10 4 Bev is acquired by particles 
previously contained in a layer with an initial density p0~ 1 0 " 5 g/cm 3 . The 
mass per unit surface area of a layer in a star which surrounds a spherical 
surface with such an initial density is approximately 1 g/cm 2 . Such a thin 
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layer is no longer capable of holding back or "locking i n " the thermal 
radiation, which is out of equilibrium in the outer layers closer to the surface. 
Therefore, the shock wave can no longer propagate through these outer 
layers in the same manner as under equilibrium conditions. 

As pointed out in [11], the subsequent propagation of the shock wave 
through a gas of even lower density is connected with the mechanism of 
plasma oscillations in an essential manner. The shock wave reaches a surface 
where the Debye length becomes comparable with the length scale of the 
outer unshocked layer. Calculations show that this occurs at a radius where 
the initial density p0 ~ 1 0 " 1 2 g/cm 3 . Particles at this radius are accelerated 
by the shock wave to energies of the order of 10 8 Bev, which corresponds to 
the maximum observed energies of cosmic rays. 

ft is important to check whether the number of particles accelerated to 
cosmic ray energies by the explosions of supernovae is sufficient to produce 
the existing " s tockp i le" of cosmic rays in the galaxy. The initial density of 
the material which is accelerated by the passage of a shock wave to an energy 
of ~ 10 Bev is approximately 1 g/cm 3 . The mass of a star in a layer surround
ing a spherical surface with p0 ~ 1 g/cm 3 is of the order of 1 0 2 6 g or 6· 1 0 4 9 

protons. We can say that the energy imparted to 6· 1 0 4 9 protons by an ex
plosion exceeds 10 Bev. The lifetime of a high energy proton in the galaxy, 
with an average particle density of matter in the galaxy of the order of 0.1 
particles/cm 3 , is τ ~ 5-10 8 years. This means that ~ 5 · 1 0 8 years after the 
" s t a r t " of explosions in the galaxy a steady-state number of protons Ν will 
be set up. Supernova explosions occur approximately once every 100 years. 
Consequently, 6· 10 4 9 /100 = 6· 1 0 4 7 protons are born per year, and Ν/τ 
protons " d i e " per year. It follows from the steady-state condition that 
Λ /̂τ = 6 · 1 0 4 7 protons/year = const, that 7V= 3*10 5 6 . The volume of our 
galaxy is V ~ 5 - 1 0 6 8 c m 3 . The average density of high energy protons is 
7 V 7 F ~ 6 - 1 0 ~ 1 3 c m " 3 , and their flux is of the order of 7 V c / F ~ 2 - 1 0 " 2 

c m " 2 · s e c - 1 . This value is in agreement with observations. According to the 
calculations given, of the order of 5· 10 6 supernova explosions were required 
to produce the cosmic rays in our galaxy. 

4. Motion of a gas under the action of an impulsive load 

§13. Statement of the problem and general character of the motion 

Let us imagine a half-space χ > 0 occupied by a perfect gas with constant 
specific heats. Initially, at / = 0, the density of the gas is everywhere uniform 
and equal to p 0 , and the pressure, temperature, and initial speed of sound are 
zero. The half-space χ < 0 is empty. The surface χ = 0 is the boundary 
between the gas and the vacuum. 
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Let a pressure pulse of short duration* be applied to the external surface 
of the gas (the gas surface is subjected to an impulsive load). Various methods 
are possible for producing an impulsive load in practice. 

(1) In a short time interval τ a plane piston is pushed into the gas with a 
constant velocity Uu creating a pressure 11^ in the gas. To within a numerical 
coefficient of the order of unity (depending on the specific heat ratio y) 
Π χ « p0U2. The velocity of the shock D that is created by the action of the 
piston is close to Ul. After a time interval τ the piston is " ins tantaneously" 
withdrawn (the pressure pulse is shown in Fig. 12.9a). 

(α) (b) 

Fig. 12.9. Shapes of initial pressure pulses. 

(2) A thin layer of explosive is detonated on the gas surface. If the mass 
thickness of the layer is m units of mass per unit area and the energy released 
per unit mass is Q, then the energy released by the explosion per unit area is 
Ε = mQ. The explosion products suddenly expand with a velocity « y]Q. 
Since the products expand suddenly in both directions and since before the 
detonation the gas was everywhere at rest, the total momentum is equal to 
zero. However, the momentum of the detonation products moving in one 
direction is, in order of magnitude, equal to I'« mU1 « m^fQ (per unit 
surface area). The detonation products generate a shock wave in the gas with 
a pressure of the order of Wx « Po^i- The time τ over which the pressure 
acts is determined from the condition that in the time τ the energy and 
momentum are transferred from the detonation products to the gas, 

E l m 

During this time the shock wave in the gas will travel through a distance 
~ U^x ~ (QT)1/2  and will encompass a mass ~ρ0(ζ)τ)1/2 ~ m, a mass of the 
order of the mass of the explosive. 

* Editors' note. The authors' literal term " o f short durat ion" has generally been trans
lated as " impuls ive" . The term whose literal translation is " b l o w " is here rendered as 
" load ", or sometimes as " impact". Later in the chapter the term " concentrated " appears, 
and means concentrated in a spatial sense rather than in a temporal sense. 
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(3) A thin plate with a small mass m per unit area is made to strike the gas 
surface with a velocity Uv The impact of the plate creates a shock wave in 
the gas, which propagates with the velocity D « Uv The pressure in the gas 
will then be & p0Uf. The initial momentum and energy of the plate, 
I =mU1 and Ε = mU2/2, are transferred to the gas during the time τ in which 
the plate is decelerated, which is of the order of τ « Ε/Τίί Ul « / / Γ ^ « mjp0 JJX. 
During this time the shock wave in the gas travels through a distance ϋχτ and 
encompasses a mass PQU^ « m. 

Thus, we shall assume in general that, as shown in Fig. 12.9b, there is a 
pressure acting on the surface of the gas which drops sufficiently rapidly with 
time. The pressure can be expressed in the form ρρ = Π ^ ί / τ ) , where / is a 
function which characterizes the shape of the pressure pulse. For definiteness 
and convenience in discussing the initial conditions we shall use the " piston " 
concept, as in the first example. It should be noted, however, that all the 
conclusions derived are equally valid regardless of the method by which the 
impact has been produced. 

The problem is to determine the motion of the gas, i.e., the functions 
p(x, r), p(x, r), and u(x, t), after a time which is large in comparison with the 
impact time τ (to find the asymptotic state for t/τ > 1 for a given applied 
external pressure history). The problem can also be formulated in a slightly 
different manner. Preserving the shape of the curve f(t/z) we let the time τ go 
to zero, and the pressure become infinite, and seek, for finite times, the 
limiting solutions of the resulting gasdynamic equations. The solution to this 
problem should, in particular, answer the question of how the pressure ^ 
must increase as τ -> 0, in order to ensure that the pressure in the gas be 
finite after a finite time t. For example, if the solution contains the combina
tion Π^τΛ this means that as τ -> 0, must increase as τ~β 

The above problem was formulated and analyzed in a paper by one of the 
present authors [12] in which the physical features of the resulting motion 
and of the mathematical solution were explained. The equations were 
analyzed and integrated numerically by Adamskii [13]; Zhukov and Kazhdan 
[14], Hafele [15], and von Hoerner [16] found an analytic solution for one 
particular case (y = 7/5). The last two papers are extensions of the work of 
von Weizsacker [17], who posed the problem concerning the limits within 
which the similarity exponent varies for plane motions. It should be noted 
that in [15-17] the physical meaning was not given for the solution, which 
was obtained by purely formal means. 

The general character of the motion resulting from the action of an im
pulsive load is illustrated in Fig. 12.10. A shock is propagated through the 
undisturbed gas with the density ratio across the shock attaining the limiting 
value Κ = (y + l)/(y — 1). Behind the shock the gas expands unhindered into 
the vacuum; at the vacuum interface the density and pressure drop to zero. 
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The pressure, density, and velocity decrease with distance behind the shock 
front. At some point the velocity changes sign, since directly behind the 
front the gas moves to the right, while at the interface it expands into the 
vacuum to the left. The strength of the shock decreases with time. 

Fig. 12.10. Density, pressure, and 
velocity distributions for the problem of 

0 Χ χ an impulsive load. 

The solution to the problem of an instantaneous pressure pulse should 
answer the question as to the maximum possible rate of decrease of the 
strength of a plane shock wave traveling into a gas with a constant initial 
density. It is clear that if the pressure is applied over a longer time, then the 
only effect will be to sustain the shock and delay its attenuation. The behavior 
of the limiting solution is independent of the specific shape of the pressure 
pulse, i.e., of the form of the function / ( ί / τ ) , as long as it drops sufficiently 
fast. It was noted above that, under the action of the pressure the gas 
acquires during impact a velocity Ux ~ (Jljp^)112. The gas interface expands 
into vacuum with a velocity of the same order. In the limit τ -+ 0, oo, 
the velocity of the interface becomes infinite, so that the distributions of 
p, p9 and u in the limiting solution, shown in Fig. 12.10, extend to the left 
to χ = — oo. 

§14. Self-similar solutions and the energy and momentum conservation laws 

The motion which results immediately after applying a pressure pulse is, 
of course, not self-similar. It is characterized by the time scale τ and the length 
scale x0 = (Π^/ρο) 1 7 2 ! , and depends on the shape of the applied pressure 
curve f{tjx). However, after a sufficiently long time t > τ, when the shock 
front has moved through a distance X > x0, the initial scales τ and x0 are 
very small in comparison with the natural scales of the motion t and X, and 
no longer characterize the process. The limiting motion, corresponding to 
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the stage when t > τ and X > x0 or, equivalently, to the limit τ 0, will be 
self-similar. The only length scale in this motion is the shock coordinate X, 
which is variable, while the velocity scale is the front velocity X. Therefore, a 
solution should be sought in the self-similar form 

ρ = ροΰ(ξ), α = Χν(ξ), ρ = Ρ0ΧΜξ), Z = ^=Jji- ( 1 2 · 3 3 ) 

Before proceeding to the mathematical solution, we should decide to 
which of the two types the self-similar motion belongs and whether the 
similarity exponent α can be determined from dimensional considerations or 
from conservation laws. In contrast to the two problems considered pre
viously, the implosion of a shock wave and the emergence of a shock wave at 
the surface of a star, here at any given time t a completely known finite mass 
of gas p0X (per unit surface area) is involved in the motion. 

After the piston which produced the impact at the gas surface is withdrawn, 
the pressure at the vacuum interface is zero, and the gas is no longer subjected 
to any external forces. Thenceforth the momentum and energy of the gas 
must be preserved. The momentum of the gas is equal to the momentum 
produced by the piston pressure 

To within a numerical factor, this quantity is equal to Γ^τ. The energy of 
the gas is equal to the work done by the piston over the time during which the 
pressure acts. In order to calculate this work exactly we would require the 
full solution of the gasdynamic equations over the period during which 
the piston acts, since the work is equal to I ppup dt, where up(t) is the piston 
speed. The piston speed is unknown in advance if it is the pressure pp{t) that 
has been specified. However, to within a numerical factor that depends on 
the form of the function / ( / / τ ) , this work is equal to 

/ Π \ 1 / 2 

Ε « Π,ϋ,τ « n i M J ^ = Π? / 2 τρο 1 / 2 

(L\ is the piston velocity scale). 
If we substitute into the integral expressions for the momentum and energy 

of the entire gas the pressure, velocity, and density in the self-similar form 
(12.33), and take into account the fact that the integrals must vanish in 
the cold undisturbed region X<x< oo, then the momentum and energy 
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conservation laws (per unit surface area) can be written in the forms 

pu dx = p0XX gv άξ = const, (12.34) 

E - J I ( ' 7+
r4r ' ) * - ( τ + 7 h ·)dt - C""L 

(12.35) 

It would seem natural to assume that the dimensionless integrals are 
constants. Then, each of the two conditions taken separately could serve to 
determine the similarity exponent a. The conservation of momentum con
dition would give XX = const, whence X ~ t1/2 and α = \ . On the other 
hand, the conservation of energy condition gives Χ2 X = const, whence X ~ t2/3 

and α = 2/3. Taken together these conditions contradict each other, since 
they lead to different values of the exponent a. A paradoxical situation arises 
in which the conservation laws of momentum and energy, which are the basis 
of the gasdynamic equations, cannot be satisfied simultaneously. This would 
seem to indicate that the problem does not have a self-similar solution, since 
the substitution of such a solution into the conservation laws leads to a 
contradiction. This contradiction has, however, another resolution. The 
point is that the self-similar solution, which does exist and which will be 
found below, is of the second type. The similarity exponent α is found neither 
from the conservation laws nor from dimensional considerations, but by 
solving the equations for the reduced functions under the condition that the 
correct solution pass through a singular point, as in the problems considered 
in preceding sections. 

In order to resolve the above paradox, we note that when the specific heat 
ratio y = 7/5, the similarity exponent is found by means of an analytic 
solution to be α = 3/5*. This exponent lies between the values of α dictated 
by the conditions of conservation of momentum and energy, 1/2 < 3/5 < 2/3. 
It will be shown below that for any value of the specific heat ratio 1 < y < oo, 
the similarity exponent α lies between these limits, 1/2 < α < 2/3. 

In the case where the similarity exponent α = 3/5 the dimensions of the 
parameter A in the relation X = Ata are [A] = LT~3,S. As we have seen 
already (see §5), the limiting self-similar motion does not completely " forget" 
the initial conditions, but from the extensive information included in the 
initial conditions it " se lec t s " and " r e m e m b e r s " one specific constant A, 

* In general, for an arbitrary value of γ the exponent α is not expressible as a rational 
fraction. However, fortunately, for γ = 7/5 a solution of the self-similar equations can be 
found in analytic form, and in this case α is equal to 3/5 (see below). 
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which somehow characterizes the initial " p u s h " . In this case, the limiting 
solution "se lec t s" one parameter A from the information given by the 
pressure relation at the piston pp = Yl^fitjx) and the value of the initial 
density p 0 . In order of magnitude A is given by the following combination of 
characteristic scales: 

4 «^y / V-« = ^niy / 2
T2 /5 ( L T - 3 / 5 ) ( 1 2 3 6 ) 

The numerical value of the proportionality coefficient is determined by the 
form of the pressure relation / ( ί /τ ) . 

From the above relation it is easy to determine the manner in which the 
pressure at the piston must become infinite as τ tends to zero in order to 
ensure a finite (not equal to 0 or oo) pressure at a finite distance in the limiting 
motion. In order for the limiting solution to exist, the parameter A must 
have a finite value, and the product Π } / 2 τ 1 _ α , equal to Π } / 2 τ 2 / 5 in the case 
γ = 7/5, must remain finite as τ 0. Therefore, as τ -» 0, must increase 
as n i - r - 2 * 1 - * * - ! 4 ' 5 . 

We can now clarify the question of the satisfaction of the conservation 
laws. The momentum imparted by the piston to the gas, or the impulse of 
the load, is in order of magnitude / ~ Ε^τ, or in proportional form 
/ ~ Γ^τ ~ τ 2 α _ 1 ~ τ 1 / 5 . As τ -> 0, the momentum 0. Therefore, the total 
momentum in the limiting, self-similar motion is zero (the momentum of the 
gas which is moving with the shock wave to the right is exactly canceled by 
the momentum of the gas expanding into vacuum to the left; see Fig. 12.10). 
The momentum conservation law is written in the form 

gv άξ ~ t i / 5 gv άξ = 0. 
- 00 J — 00 

The only conclusion which follows is the fact that the reduced functions must 
satisfy the condition J_ ^ gv άξ = 0. It is obvious that we cannot take XX 
to be constant and determine the similarity exponent α in this way. 

The energy imparted by the piston to the gas is in order of magnitude 
£ ~ Π ? / 2 τ ρ ο 1 / 2 , or in proportional form Ε - Π ? / 2 τ - τ 3 α " 2 - τ " 1 / 5 . As 
τ 0, Ε -+ oo. The total energy of the gas in the self-similar motion turns out 
to be infinite. Conservation of energy 

shows only that the integral of the dimensiontess reduced functions diverges, 
but says nothing about the value of X2X. The similarity exponent cannot be 
determined from conservation of energy, either. The fact that the energy is 
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infinite and that the energy integral diverges is connected with the fact that 
in the exactly self-similar motion that corresponds to the limit τ - » 0 the 
velocity at which the gas boundary expands into vacuum is infinite (see end 
of §13). The kinetic energy at the boundary is also infinite since, as ξ -* — oo, 
the square of the reduced velocity v2 tends to infinity faster than the reduced 
density g decreases. 

The physical meaning of an infinite energy in the self-similar motion will 
be discussed below. Here we note only that the actual energy of the gas is of 
course finite and equal to the work done by the piston. It is simply that the 
self-similar solution is not valid for a small amount of mass near the gas 
boundary, and this leads to the divergence of the energy integral. 

§15. Solution of the equations 

The general method of finding the self-similar solution for the problem of 
an impulsive load does not differ in principle from the method of solving the 
problems of an imploding shock wave or the propagation of a shock through 
a gas whose density decreases with distance following a power law (see §§2 
and 3 of this chapter). As before, we shall seek a solution of the gasdynamic 
equations (12.1) in the self-similar form (12.33) and obtain a system of 
ordinary differential equations for the reduced functions π, ι>, and g. These 
equations become identical with (12.31) when we set δ equal to zero, cor
responding to a constant density scale, 

(Ό-ξχΐη9)' + Ό' = 09 

(α - \)α-ιυ + (ν - ξ)υ' + g~ln' = 0, (12.37) 

(υ - ξ)(\η ng~yy + 2(α - 1 ) α _ 1 = 0. 

The boundary conditions (12.32) at the shock front where ξ = 1 were given 
in §11. At the gas-vacuum interface the pressure and density vanish and 
minus the velocity becomes infinite, so that for ξ=— oo, π(— oo) = 0, 
g(— oo) = 0, v(— oo) = — oo. 

After a number of transformations, the equations again reduce to one 
first-order ordinary differential equation, one quadrature, and one algebraic 
relation between all the variables (the adiabatic integral). The similarity 
exponent is determined by the condition that the desired solution of the 
differential equation pass through a singular point. 

Actually, in [13, 14] the equations were written and solved in Lagrangian 
rather than in Eulerian coordinates. In the one-dimensional plane case with 
constant initial density the Lagrangian form leads to simpler and more 
convenient relations. Of course, the transition from Eulerian to Lagrangian 
coordinates introduces nothing new in principle. The Lagrangian coordinate 
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is defined as the mass of gas per unit surface area, measured from the vacuum 
interface, 

m = f ρ dx, dm = ρ dx. (12.38) 

In place of time in the scale functions it is convenient to introduce the 
Lagrangian coordinate of the shock front Μ = p0X, equal to the mass of gas 
per unit surface area that has been encompassed by the motion at the time t. 
The Lagrangian similarity variable is given by the ratio 

i, = £ , (12.39) 
Μ 

which varies from η = 0 (at the gas-vacuum interface) to η = 1 (at the shock 
front). 

The solution is then written in the form 

ρ = Βρ0Μ~η/(η), u = ^ΒΜ~η/2\ν(η), ρ = p0q(n), (12.40) 

where Β is a parameter of the problem that is related to the parameter A in the 
relation X = At* and that replaces it in the new formulation. The new re
duced functions are now/ , w, and q. The new similarity exponent n is uniquely 
related to the old one a. In fact, 

M = p0X~ f, u ~ M~n/2 ~ Γ*η/2, u~X~f~\ 

whence aw/2 = a — 1 and 

n = ^ , α = - ^ · (12.41) 
α 1 + n/2 

The mathematical features of the problem, the sequence of transformations 
of the equations, the analysis, and the specific methods of solution may be 
found in [13, 14]. Here, we shall discuss in more detail the results for the 
particular case of γ = 7/5, for which an exact analytic solution of the equations 
can be obtained. All the main features of the process are clarified by con
sidering this analytic solution. 

The exponents α and n for γ = 7/5 have the values α = 3/5 and n — 4/3. The 
solution in Lagrangian coordinates takes the form 

f = n, w = - « ! ) 1 / 2 0 T 2 / 3 - 3), q = 6η5Ι\ (12.42) 

The pressure, density, and velocity distributions as a function of the 
Lagrangian similarity variable are shown in Fig. 12.11. We note that by 
definition f=p/Pi, w(6/5) 1 / 2 = u\uv, q/6 = p/pi, where the subscript " 1 " 
denotes quantities behind the shock front. 

From the definition of the Lagrangian coordinate (12.38) and of the 



§15. Solution of the equations 829 

similarity variable (12.39) the solution (12.42) can be easily transformed to 
the Eulerian variable ξ = x/X. In this regard, with the time t and the 
Lagrangian shock coordinate Μ fixed, 

, dm ρ dx 
dm = ρ dx, —— = —, and dr\ = q άξ. 

Substituting q(n) given by (12.42) into this equation, integrating, and apply
ing the boundary condition η = 1 at ξ = 1 (at the shock front), we obtain 

η = (5 - 4 £ Γ 3 / 2 , ξ = i (5 - η ' 2 / 3 ) · (12.43) 

In terms of the Eulerian variable the functions / , w, and q have the form 

/ = (5 - 4ξ)~3'2, w = - d ) 1 / 2 ( l - 2 0 , ( 1 2 4 4 ) 

q = 6 ( 5 - 4 £ Γ 5 ' 2 . 

Fig. 12.11. Pressure, density, and 
velocity distributions in the problem of 
an impulsive load (in Lagrangian co
ordinates); γ = 7/5. 
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The reduced functions / , w, and q are related to the original reduced functions 
π, ν, and g by the relations* 

π = 1/, v = ( I ) 1 ' 2 * , 0 = 0. (12.45) 

The pressure, density, and velocity distributions as functions of the 
Eulerian reduced coordinate are shown in Fig. 12.12. It is interesting to note 

that the pressure distribution is linear with respect to the Lagrangian mass 
coordinate, while the velocity is linear with respect to the spatial coordinate. 
The velocity becomes zero and changes direction at the point ξ = \. The mass 
contained between the initial position of the gas interface χ = 0 and the wave 
front at any time constitutes 90 percent of the entire mass set into motion. 
The remaining 10 percent of the mass is pushed to the left of the initial gas 

* We leave it as an exercise for the reader to check, by directly substituting the functions 
π , t>, and g given by (12.45) and (12.44) into (12.37) with γ = 7/5 and α = 3/5, that they 
indeed satisfy the equations and the boundary conditions (12.32). 

Fig. 12.12. Pressure, density, and 
velocity distributions in the problem of 
an impulsive load (in Eulerian co
ordinates) ; γ = 1/5. 
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interface as a result of the expansion following the shock compression. We 
note that 78 percent of the mass is moving to the right and 22 percent to 
the left. 

The asymptotic behavior of the solution in the low density region as 
ξ — oo and η -* 0 is given by the expressions 

(12.46) 
/ = , , w ~ > T 2 / 3 , 4~η5/3> 

The values of the similarity variables corresponding to the singular point 
through which the solution of the differential equation passes are η0 = 7 ~ 3 / 2 = 
0.054 and ξ0 = — \. As in the problem of the imploding shock wave, the 
^ 0 -line on the jc, t plane (the */0-line on the m, t or the m, Μ plane) is the 
characteristic (dxjdt = u + c; dmjdt = pc) that separates the region of in
fluence of the shock from the rest of the space. On the x, r, and m, Μ diagrams 
of Figs. 12.13 and 12.14 we have plotted the shock line ξ = 1, η = 1, the 
singular line ξ = ξ0, η = η0, and characteristics of both families*. The 

Fig. 12.13. x,t diagram for the prob
lem of an impulsive load, ξ = 1 is the 
shock line, ξ = ξ0 is the singular £ 0 - l ine . 
Characteristics of the C+ and C_ 
families are shown. 

0 χ 

Fig. 12.14. m , M diagram for the 
problem of an impulsive load, η = 1 is 
the shock front line, η = η0 is the 
singular 770-line. Characteristics of the 
C+ and C_ families are shown. 

* We note that the Μ axis is the η = 0 line, and that the / axis on the x, t plane is the 
ξ = 0 line. The negative semiaxis χ on the x, t plane is the ξ =  — oo line. 
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singular line is a C+ characteristic. All the characteristics of the C+ family 
emanate from the origin. Those passing to the right of the singular line 
overtake the shock front and those passing to the left of it never catch up 
with it. Thus, the state of the motion in the relatively small mass contained 
between the vacuum interface and the singular line does not affect the 
propagation of the shock front*. 

In [15] the values of the similarity exponent were obtained by numerical 
integration for several other values of the specific heat ratio y. The results are 
given in Table 12.2f. The pressure, density, and velocity distributions for 
different values of the specific heat ratio are qualitatively similar to the 
distributions for the case of y = 7/5 (see Figs. 12.11 and 12.12). 

Table 12.2 

SIMILARITY EXPONENTS IN THE PROBLEM OF AN IMPULSIVE LOAD 

y 1.0 1.1 7/5 5/3 2.8 oo 

η 2 1.516 4/3 1.275 1.191 1.117 
α 0.5 0.569 3/5 0.611 0.627 0.642 

It is clear from the table that the larger the specific heat ratio the more 
slowly is the shock wave attenuated. However, the attenuation is always 
faster than in the case when the gas at the interface does not suddenly expand 
into vacuum but is at rest, as in the problem of a strong plane explosion. If 
an instantaneous energy release Ε (per unit area) takes place in the plane 
χ = 0 and if the gas in the plane χ = 0 is always at rest (either the gas occupies 
the space symmetrically on both sides of the plane or is bounded by a rigid 
wall), then the energy is conserved and the shock wave is attenuated following 
the relation 

We shall show in the following section how the limitation η > 1, α < 2/3 

* In particular, the gas may border not on a vacuum, but on a " p i s t o n " , on which the 
pressure drops following a sufficiently rapid power law. The distortion in the state of 
the motion in the region between the interface and the ξ0-line resulting from the presence of the 
piston affects neither the motion to the right of the ξ0-line nor the relation governing the 
shock propagation, as long as the pressure at the piston drops sufficiently rapidly. This 
was shown in a paper by Adamskii and Popov [18]. This paper and also a paper by Kra-
sheninnikova [19] treated the self-similar problem of the gas mot ion resulting from the 
pressure at a piston whose motion follows a power law. 

f Editors' note. The result for the limit y - > oo has been added and is from [18]. In the 
limit γ-> 1, the solution approaches one with impulse conserved, with α = 1/2; this case 
has been included in the table for completeness. 
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follows from conservation of energy when the value of γ is arbitrary. We shall 
also show how conservation of momentum imposes a limitation on the 
exponents from the other side, η < 2, α > \ . 

§16. Limitations on the similarity exponent imposed by conservation of 
momentum and energy 

The character of the motion that results from an impulsive load is such that 
some part of the gas is carried away by the shock wave to the right, while the 
remaining gas expands to the left into the vacuum. There exists a point which 
divides these two parts of the gas; we shall denote the coordinate of this 
point by x*. The particle velocity of the gas is equal to zero at the point x*, 
or w* = w(x*) = 0. The boundary x* itself propagates to the right both with 
respect to the spatial and the mass coordinate. In the self-similar solution the 
point at which the velocity changes sign corresponds to a specific value of 
the similarity variable ξ = ξ*; χ* = ξ*Χ. 

Let us consider the volume contained between the shock front surface 
χ = X and the 4 4 div id ing" surface χ = χ*. This volume contains a mass (per 
unit surface area) 

This mass is a specific fraction of the total mass involved in the motion 
Μ = poA^for y = 7/5, M*/M = 0.78). The remaining mass Μ — Af* expands 
to the left. The mass M* increases with time as Μ* ~ X ~ ta, as does the 
total mass M. 

The boundary x* propagates through the mass to the right, and the gas 
flows out through the surface x* to the left. The expressions for the momentum 
and energy of the gas moving with the shock wave to the right are 

/* = J pu dx = p0XX J gv άξ = const · t2a~\ (12.47) 

Undisturbed gas at zero pressure and temperature flows in from the right, 
through the surface of the shock front into the volume χ* < χ < X. The 
undisturbed gas introduces neither momentum nor energy into the volume. 
Gas with zero velocity, but with a finite pressure /?*, leaves the volume to the 
left through the surface x* (the gas leaves the volume not because of its own 

Μ * = ρ άχ = p0X g άξ = const · p0X. 
Jx* Jt* 

άξ = const - t 3 a - 2 

(12.48) 
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motion, but because of the propagation of the surface bounding the volume). 
There is no momentum flow through the surface x*. The change of momentum 
in the volume is equal to the pressure applied to its boundary 

The momentum within the volume increases with time. It follows from (12.47) 
that 2α - 1 > 0, and α > i , and (12.41) shows that η < 2. 

The change of energy in the volume is due only to the loss of internal 
energy through the surface x* to the left. Kinetic energy is not lost, since the 
gas velocity u* and the kinetic energy are both zero at the boundary x*. The 
work of the pressure forces p*u* dt on the surface x* is also equal to zero. 
Therefore, 

^ = _ _ L ^ * ^ = _ _ L f f t < o. (12.50) 
dt y - 1 p* dt y - 1 

The energy in the volume decreases with time, it is transferred to the left out 
of the volume, together with the mass of gas whose velocity changes direction 
and begins to expand to the left into the vacuum. It follows from (12.48) 
that 3a - 2 < 0, a < 2/3, and (12.41) then gives η > 1. We thus arrive at the 
following ranges for the similarity exponents 

The limit η = 1, α = 2/3 corresponds to constant energy E* = const, while 
the limit η = 2, α = \ corresponds to constant momentum / * = const. 

§17. Passage of the nonself-similar motion into the limiting regime and the 
"infinite " energy in the self-similar solution 

Strictly speaking, the self-similar solution corresponds to idealized initial 
conditions, in which the duration of the impact τ is infinitesimally small and 
the pressure at the piston X\x during the impact is infinitely great. In this case, 
the passage to the limit τ -> 0, -> oo is carried out in such a manner that 
the product Τΐ{/2τι~α, which is proportional to the parameter A (see (12.36)), 
remains finite. Corresponding to the limit τ -> 0 , 1 ^ -> oo, the piston imparts 
an infinite energy to the gas 

(12.49) 

1 2 
2 > η > 1. (12.51) 

Ε » ρ 0 - 1 / 2 Π 3 / 2 τ ~ τ - ( 2 " 3 α > - . o o , α < (12.52) 
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and zero momentum 

1 > - . 
2 

(12.53) 

Let us compare the energy E* and momentum / * of that part of the gas 
which moves to the right in the direction of the shock propagation (see 
equations (12.47) and (12.48)) with the total gas energy Ε and momentum I. 
We obtain 

The ratio of the energy E* of the gas moving to the right with the shock wave 
at a given time t to the initial energy is is the smaller the shorter is the duration 
of the impact. It is not surprising that in the limit of a vanishingly short 
duration of impact τ -» 0 the piston is required to do an infinite amount of 
work (infinite energy of the gas E) in order for the energy of a specific fraction 
of the mass to remain finite after being decreased by a ratio which approaches 
zero. All this infinite energy is now concentrated in that part of the mass 
which expands into the vacuum, or more exactly, at the very edge of the mass 
of gas. At the edge the gas possesses infinite expansion velocity and infinite 
kinetic energy. The shorter the duration of impact the greater is the uni
directional momentum I* at a given time t in comparison with the momen
tum I imparted by the piston. In the limit τ -> 0, the unidirectional momenta 
of the gas particles which move to the right and to the left cancel each other 
out with an accuracy corresponding to the vanishingly small value of I. 

Essentially, the idealized limiting solution does not simply correspond to 
zero duration of the impact τ, but to an infinitely large ratio r/τ. As r/τ - • oo, 
E*IE^>0 and / * / / - • oo. In interpreting this condition we have considered 
finite times t, with vanishingly small durations of impact τ, in which limit 
the work of the piston Ε was infinite and the momentum I was zero. Closer 
to reality is another interpretation of this limit, the interpretation in which the 
duration of the impact does not go to zero but in which the actual duration 
and energy of the impact Ε are finite and we consider times r which are large 
in comparison with τ (r/τ -> oo not because τ-> 0, but because r -» oo). 

In considering the limiting regime from this point of view we must 
determine the manner in which the real motion, nonself-similar because τ is 
finite, asymptotically approaches the limiting regime. How will the fact that 
the energy of the limiting motion is infinite be reconciled with the fact that 
the actual work of the piston is finite ? The point is that the real solution does 
not approach the self-similar one uniformly in time. As the time / and the 
mass of gas involved in the motion Μ = p0X increase, the pressure and all 

(12.54) 
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other quantities approach values corresponding to the self-similar solution. 
However, this process does not occur everywhere. 

The state of a certain mass m0 near the vacuum interface that was subjected 
to the direct action of the piston during impact never approaches the one 
dictated by the self-similar solution, in order of magnitude this mass is equal 
to the mass of the gas through which the shock wave travels during the 
impact, or m0 ~ PQU^X ~ (Jlxp^)ll2x. The velocity with which this mass 
expands into vacuum always remains finite and equal in order of magnitude 
to UL (U^ ~ ( n j p o ) 1 ' 2 , whereas the expansion velocity of the gas interface 
in the self-similar solution is infinite (as τ -> 0, n t -> oo, and UL -+ oo). 
Because the motion is isentropic, the entropy of the mass m0, equal to the 
initial entropy, is also finite. In fact, S = cv \ηρρ~Ύ + const, and the 
value of pp~y in the mass m0 is, in order of magnitude, Π χ ρο y . Thus the 
entropy is bounded for finite τ and Tli. In the self-similar solution for y = 7/5 
we have from (12.42) 

PP~y ~ fq.1 ~ *7~ 4 / 3 ~ m ~ 4 / 3 -» oo as ra —• 0. 

Thus, the mass m0 at the interface always carries the imprint of the initial 
conditions and its state is not described by the self-similar solution even in 
the limit / -> oo. 

This situation in no way contradicts the general tendency of the actual 
solution to transform into the self-similar one in the limit / - » oo. The mass 
m0 comprises, with time, an increasingly smaller fraction of the entire mass 
of gas involved in the motion (Fig. 12.15). In the limit t -> oo, this small mass 

Fig. 12.15. The mass m0 as a fraction of the total mass Μ involved in the motion with 
increasing time it'" > t" > t'). 

need not be considered in the differential equations or in the convergent 
momentum integral*. However, the replacement, in the small mass m0, of 
the actual solution by the self-similar one when evaluating the energy integral 

* Editors' note. The actual finite momentum / is equal to the difference in the momentum 
integral over m0 between the actual solution and the self-similar solution. 
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causes an essential change in the integral, making it divergent. In the self-
similar solution the velocity and kinetic energy become infinite as the vacuum 
interface is approached {m -> 0), whereas actually with a finite pressure at the 
piston Ul and with a finite duration τ, the velocity and kinetic energy of the 
gas are finite near the interface. 

In order to obtain a finite energy of the gas, corresponding to the finite 
work actually done by the piston, it is necessary when evaluating the energy 
using the self-similar solution to cut off the integration before the region in 
which the self-similar solution is inapplicable. We shall evaluate the energy in 
terms of the Lagrangian coordinate. Then, when integrating the specific 
energy over the mass of gas encompassed by the motion, we take as the lower 
limit a mass coordinate equal in order of magnitude to the mass m0, which is 
not correctly described by the self-similar solution, 

CM/u2 1 p\ J . 2 Γ 1 /V 1 π \ 
E= - + -?)dm = p0X2X - + 

To this term could be added separately the finite limiting energy of the 
mass m0. 

Let us carry out the integration in the case y = 7/5. The main contribution 
to the integral is given by the region near the lower limit, where the velocity 
of the gas and its kinetic energy are very large (in the limit m0jM - • 0, ν -• 
— oo). Therefore, in order to evaluate the integral approximately we use the 
asymptotic expression for the velocity (12.46) (see also (12.45)). We then 
obtain 

η 

Ε ~ p0X2X η~4/3 άη ~ p0X2X 
J mo/Μ 

Let us express the variables in this relation in terms of X, using 

M = p0X, X = A5/3X~2/3 (since X = At3'5). 

Noting the relations A « ( Π 1 / ρ 0 ) 1 / 2 τ 2 / 5 (equation (12.36)) and m0« 
(fTiPo) 1/ 2!, we find that 

Ε ~ p0A10l3X-AI3Xm^l3

Py3X113 = p*/3Al0/3m;1/3 « Π3/2ρο1/2τ. 

It may be seen that the energy of the entire mass of the gas, with the 
exclusion of the small mass m0 to which the self-similar solution does not 
apply, is constant in time, finite, and equal in order of magnitude to the work 
done by the piston. The energy contained in the relatively small mass m0 

is of the same order. This mass travels into the vacuum with a velocity of the 
order of UX and with a kinetic energy of the order of mQU\ & p0U\x & 
p0(Jlilp0)3/2T « Π ι / 2 ρ ο 1 / 2 τ ^ Ε, Within the framework of the self-similar 
solution, however, an infinite amount of energy is concentrated in the mass 
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m0, despite the fact that with time it constitutes an ever decreasing fraction of 
the total mass Μ of the gas encompassed by the shock. 

It is an essential feature that the region of the gas that is not described by 
the self-similar solution and that produces the divergence in the energy integral 
if the self-similar solution is extrapolated into it lies beyond the limits of the 
domain of influence. It is located to the left of the singular line, and thus has 
no influence on the propagation of the shock wave. Actually, the boundary 
of the nonsimilar region is described by m « m0, and the singular line by 
m = η0Μ (m = 0.054ΛΓ for y = 7/5). As t -> oo and Μ -» oo, m0 <ζ η0Μ. 

In order to get some idea how the nonself-similar solution passes to the 
limiting self-similar regime Zhukov and Kazhdan [14] carried out a numerical 
integration of the gasdynamic equations with y = 1/5 for the rectangular 
pressure pulse shown in Fig. 12.9a. Figure 12.16 gives the curves of pjpi9 

Fig. 12.16. Passage of nonself-similar motion into the self-similar regime. The curves 
are taken from [14]. The unit of time has been taken as the time of duration of the piston 
action r. 

u/ui, and pjpY as functions of the similarity variable x\X for several times 
uu and p l are quantities behind the front). Curves for the exact self-similar 

solution are also given in this figure. As may be seen from the curves, as early 
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as t\x = 5 the actual solution is quite close to the self-similar one, and for 
tjx = 15 it is almost identical with it. Thus the motion passes into the self-
similar regime quite rapidly. From the solution of the nonself-similar 
problem we can determine the value of the numerical coefficient in equa
tion (12.36) for the parameter A. It turns out to be equal to 1.715, so that 
A = 1 .715(11!/ρ 0 ) 1 / 2 τ 2 / 5 . The value of the numerical coefficient is a character
istic of the shape of the piston pressure pulse. Therefore the value 1.715 is 
associated with the rectangular pulse with γ = 7/5. 

§18. Concentrated impact on the surface of a gas (explosion at the surface) 

Let us consider a " spherical" analogue of the plane motion of a gas sub
jected to an impulsive load on its surface. A "cyl indr ica l" analogue will be 
considered at the same time. This problem was treated by one of the present 
authors [20]. 

Let the half-space ζ > 0 be occupied by a perfect gas with a specific heat 
ratio y. The density of the gas p0 is constant, and the pressure and temperature 
are zero. The space ζ < 0 on the other side of the plane ζ = 0 is empty. At the 
initial time / = 0 in a mass of gas m surrounding the point 0 at the interface 
ζ = 0, an energy Ε is suddenly released. This can occur as the result of an 
explosion at the surface, or as a result of the concentrated impact at the 
surface from a high-velocity projectile if the projectile does not penetrate too 
deep into the fluid but is sharply decelerated near the surface. In this case its 
kinetic energy is rapidly converted into heat, and something similar to an 
explosion takes place. A shock wave travels from the point 0 through the gas, 
while in the other direction the heated gas expands into the vacuum. The initial 
velocities both in the direction of propagation of the shock wave and in the 
direction of the vacuum are of the order of u0 ~ (E/m)112*. 

The surface of the shock front, which is a surface of revolution about the ζ 
axis, forms something like a " b o w l " , as shown in Fig. 12.17. The gas heated 
by the shock wave flows from the bowl through the round opening (the section 
of the bowl in the plane ζ = 0) into the vacuum. The outflow of the gas 
weakens the shock wave in comparison with what would be the case if the 
opening were closed by a fixed " c o v e r " ; this case would correspond to an 
explosion in an infinite medium. 

The shock wave moves most rapidly in the downward direction and most 
slowly along the surface ζ = 0, where it is strongly attentuated owing to the 
expansion of the gas into vacuum. Therefore, the front surface is like a hemi
sphere but elongated in the downward direction. The gas near the front moves 

* If the motion is caused by the impact of a projectile then m is of the order of the mass 
of the projectile, Ε is of the order of its kinetic energy, and u0 is of the order of the 
impact velocity. 



840 XII. Some self-similar processes in gasdynamics 

in the direction of propagation of the wave. Somewhere within the bowl there 
is a surface on which the vertical component of the velocity changes direction. 
Above this surface, which is shown in Fig. 12.17 by the dashed line, the gas 

Fig. 12.17. The velocity field for a 
concentrated impact. 

moves in the direction of the vacuum (the approximate directions of the 
velocity are indicated by the arrows). As the gas moves away from the plane 
ζ = 0 the expansion velocity in the previously empty space ζ < 0 increases, 
as shown schematically in the figure by arrows of increasing length*. 

It is rather evident that in the limit, when the shock wave encompasses a 
mass Μ > m, the motion is self-similar. In this case the front surface expands 
in a similar fashion. The coordinate of any point of the front, say point B, 
increases with time as zl ~ ta. The pressure behind the front, say at the same 
point B, decreases with an increase in the mass Μ as px ~ M~n. Here, the 
constants η and α are related by the simple expression! η = 2(1 — α)/3α. 

In the case of a concentrated impact, as in the plane case, the exponent η is 
limited by th? inequality 

1 < η < 2. (12.55) 

In order to check that this is indeed the case, let us consider the stage when 
M^> m and ρ ~ M~n and set up approximate expressions for the energy and 
vertical ζ component of the momentum of the gas in the bowl. Taking the 
dimensional parameters into account in the coefficient of proportionality 
between ρ and Μ but neglecting the numerical coefficients, the average 

* Apparently, the gas flowing out of the opening near the plane interface with the 
undisturbed medium may move along the plane ζ = 0, and the pressure on the plane itself 
may be equal to zero. It is possible that a " b l o w o u t " may occur for certain values of γ, 
with a conical cavity formed near the plane ζ = 0 outside the hole. It is possible that for 
some values of γ much more complicated flow patterns may be formed, with, for example, 
a shock triple point near the point A. 

| M ~ z J ~ / 3 s . The velocity of the gas behind the front u is proportional to dzjdt ~ 
t*-1 ~ p1'2 ~ M - " / 2 - r 3 u n l 2 . From this α - 1 - - 3 o t n / 2 or η = 2(1 - α)/3α. 
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pressure over the bowl volume can be written as 

(12.56) 

Here p0 ~ Ep0jm is the initial pressure at the time of impact or explosion. The 
average velocity of the gas in the bowl is equal, in order of magnitude, to 

where El0 is the initial energy in the bowl, which obviously is of the order of 
the total energy E. The momentum in the bowl is of the order of 

where 7 1 0 ~ (Em)1/2 is the initial momentum*. 
The energy flows out from the bowl through the opening, since the velocity 

of the gas in the opening is directed toward the vacuum. Consequently, the 
energy Ex contained in the bowl decreases with time (with an increase in the 
mass A/), and according to (12.58), η > 1. 

We compare the momentum of the gas in the entire bowl to the momentum 
of that part of the gas that is contained between the surface of the shock front 
and the dotted surface across which the vertical component of the velocity 
changes sign and on which it is zero. No momentum flows out through this 
surface in the vertical direction and the pressure is positive on the surface. 
Consequently, the momentum increases with time and, according to (12.59), 
η < 2. The vertical momentum of the gas in the bowl is also balanced by the 
increasing but oppositely directed momentum of the gas which flows out of the 
bowl and expands into the vacuum. Thus (12.55) can be considered as proved*)*. 
The value η = 1 would correspond to conservation of energy in the bowl 
i.e., to an explosion in an infinite medium. The value η = 2 would correspond 
to conservation of momentum. 

The same inequality (12.55) is also valid in the cylindrical case, in the case of 

* In the case of impact by a projectile, 7 1 0 is of the order of the momentum of the im
pacting body. 

t We note that the passage to the limit of the self-similar regime corresponds to m - > 0 . 
In order for the pressure to be finite, it is necessary that the energy be infinite, Ε ~ m~{n~1} -> 
oo, and that the initial momentum be zero, Il0 ~ (Em)l/2 ~ ml~n/2 - > 0 . 

(12.57) 

The energy in the bowl is of the order of 

(12.58) 

(12.59) 
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a " l i n e " impact. The picture of the motion in a line impact or explosion is 
qualitatively similar to that given in Fig. 12.17. In this case, however, the 
explosion takes place not at a single point O, but along a straight line passing 
through the point Ο perpendicular to the plane of the figure. The entire 
motion is symmetric with respect to the plane passing through this line and 
the ζ axis. The surface of the front will not form a bowl but an infinitely long 
" t r o u g h " , the cross section of which is depicted by the figure. Μ is the mass 
per unit length of the trough encompassed by the shock. 

We can establish an even narrower interval for the exponent which appears 
in the relation governing the attenuation of the shock wave. Physically, it is 
clear that in the case of a concentrated impact the degree of weakening of the 
shock wave per unit increase of mass is less than in the plane case for the same 
value of the specific heat ratio. In fact, the relatively smaller the area through 
which the gas flows out into the vacuum the less pronounced is the attenuating 
effect of the outflow of gas from the front. In the " spherical" case the area of 
the opening is much smaller than the surface area of the shock front (see 
Fig. 12.17). In the plane case both areas are equal. The "cyl indr ical" case is 
intermediate in this respect. 

Thus denoting the exponents in the relation for the attenuation of the shock 
wave ρ ~ Mn by nun2, and n3 for the plane, line, and concentrated impacts, 
respectively, then for the same specific heat ratio 

1 <n3<n2<ni<2. (12.60) 

For example, for γ = 7/5, ηγ = 4/3 and 1 < n3 < 4/3. For γ = 5/3, = 1.275 
and 1 < n3 < 1.275. The concentrated impact is thus closer to a point ex
plosion in an infinite medium than the plane impact is to a plane explosion. 

§19. Results from simplified considerations of the self-similar motions for 
concentrated and line impacts 

As in the plane case, in order to determine the exponent n(y) in the attenu
ation relation ρ ~ M~n for the shock wave, it is necessary to solve the equation 
for the self-similar motion. However, the " spher ica l " and "cyl indr ical" 
problems are incommensurably more complex than the plane problem, since 
they are essentially two-dimensional and the self-similar motion is described 
by partial differential equations rather than by ordinary differential equations. 
The situation is also complicated by the fact that the shape of the shock front 
surface at which the boundary conditions are specified is not known before
hand and must itself be found from the solution. For this reason even a 
numerical integration of the self-similar equations can become very difficult. 

Some idea of the numerical values of the exponents and of the general 
characteristics of the motion can be obtained from the simplified consider-
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ations presented in [20]. An exact particular solution of the self-similar differ
ential equations was obtained, which is a generalization of the exact solution 
for the one-dimensional problem (see §15) and which in some respects cor
rectly indicates the features of the two-dimensional process. The solution con
tains a number of unknown constants. With this rather arbitrary particular 
solution it is impossible to satisfy the boundary conditions at the shock front. 
For this reason, the solution, instead of being required to satisfy boundary 
conditions at the front, was instead required to satisfy general integral re
lations expressing balances of mass, energy, and the components of the 
momentum of the gas contained in the bowl or trough. For this purpose, a 
very simple shape was chosen for the shape of the front surface. The bowl was 
replaced by a circular cylinder with a flat bottom and the rounded cross 
section of the trough was replaced by a rectangular cross section (see Fig. 

Just as the exact analytic solution in the one-dimensional case exists for 
only one particular value of the specific heat ratio y (equal to 7/5), so the 
approximate solution here, which is a generalization of the exact one-di
mensional solution, is applicable with only one particular value of y. This 
value, along with the corresponding value of n, is found from the solution. 

It was found that in the case of a concentrated impact η = 1.07 for y = 
1.205, the ratio of the height of the cylinder h to its diameter d is equal to 
1.05. The density of the gas in the opening p o p e n = 0.0187p 0 , and only 1.6% 
of the mass encompassed by the shock wave flows out of the opening. The 
density of the gas at the bottom of the cylinder phot = 10.3p 0 , which is very 
close to the actual density behind the shock front [(y + l)/(y — l ) ]p 0 = 
10.7p 0 . The vertical velocity component changes direction at a depth of 
0.846/* from the opening and at a distance of 0.154/* from the bottom. In the 
case of a line impact n~ 1.14 for y = 1.266, h\d = 1.21 (/? is the height of the 
trough and d is the width), and 2 % of the total mass flows out of the trough. 

We see that the exponents η are very close to unity, so that the outflow of 
gas away from the shock front due to its expansion into vacuum weakens the 

12.18). 

ο 

Fig. 12.18. Replacement of the bowl 
by an equivalent cylinder. 
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shock wave only slightly in comparison with an explosion in an infinite 
medium. This is clearly a result of the fact that only a small fraction of the 
entire mass flows out from the boundaries of the bowl or trough. The shape 
of the bowl is evidently appreciably different from hemispherical, the shape 
which would have corresponded to an explosion in an infinite medium. The 
height of the bowl, i.e., the cylinder, is approximately equal to the diameter, 
whereas if a hemisphere is replaced by an equivalent cylinder the height would 
be approximately half the diameter. The same is also true for the line impact. 

Fortunately, the specific heat ratios γ = 1.205 and γ = 1.266 for which the 
approximate solutions are valid are close to the actual values of the effective 
specific heat ratios for gases at high temperatures with dissociation and 
ionization important. We note that in the plane case the exponent η decreases 
monotonieally as y increases. If the situation in the two-dimensional case is 
the same, which seems quite likely, then for a concentrated impact 1 < η < 
1.07 for γ > 1.205, and for a line impact 1 <n < 1.14 for y > 1.266. Values 
appreciably smaller than 1.205 or 1.266 are hardly likely to be of interest in 
actual processes. As a consequence, in the majority of actual processes for 
which the problem of a concentrated (or line) impact could serve as a model, 
the shock wave is attenuated only slightly more rapidly than in an explosion 
in an infinite medium. 

§20. Impact of a very high-speed meteorite on the surface of a planet 

The process which takes place when a meteorite with a velocity of several 
tens or a hundred km/sec (and higher) strikes a planet can serve as a charac
teristic example of the phenomenon of a concentrated impact. For this 
problem it is only meaningful to consider either planets lacking an atmosphere, 
such as the moon, or sufficiently large meteorites. Small meteorites, or rather 
meteors, are vaporized, "burned u p " by atmospheric friction, and never 
reach the surface of the planet. 

When a meteorite impacts it is sharply decelerated and the initial kinetic 
energy Ε = mv2j2 (where m is the mass of the meteorite and ν is the impact 
velocity) is largely converted into internal energy or heat. The depth to which 
the meteorite penetrates the surface is usually of the order of the dimensions 
of the meteorite itself, so that at the initial time the energy release takes 
place in a mass of the order of m. A shock wave travels through the ground 
from the point of energy release*. 

We consider only impacts with very high velocities, where the specific 
energy v2\2 is many times larger than the binding energy (or heat of vaporiza-

* We do not consider low impact velocities, where the deceleration process and the 
propagation of the shock wave through the meteorite are important, or in other words, 
where we cannot assume that the energy release is instantaneous. 
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tion) of the atoms and molecules of the meteorite and of the ground. In this 
case a stage exists when the shock wave encompasses a ground mass Μ that 
appreciably exceeds the initial mass m, but when the material encompassed 
by the shock wave can be regarded as a dense gas. The ground and the 
meteorite are totally vaporized during the expansion and expand from the 
planet surface in a gaseous state. In the stage when the material has not 
expanded too much, the gas pressure is considerably higher than atmospheric 
and the existence of an atmosphere (if there is one) can be neglected. The vapor 
expands as if into a vacuum. As can be seen, we are dealing here with a typical 
picture of a concentrated impact on the surface of a " gas as described in the 
preceding section. 

Let us estimate what the required impact velocities are. The heat of 
vaporization of iron (both iron and stone meteorites occur) is equal to 94 
kcal/mole = 7 · 1 0 1 0 erg/g. The heat of vaporization of stone is of the order 
of 83 kcal/mole = 5.8 · 1 0 1 0 erg/g. This is the value for silica (S i0 2 ) , which is 
the main component of various soils and rocks. If in addition we also con
sider the dissociation of the S i 0 2 molecules during vaporization, then the 
total binding energy comes to 203 kcal/mole = 1.4 · 10 1 1 erg/g. As an estimate, 
let us say that complete vaporization requires that the specific energy exceed 
the heat of vaporization, for which we take the approximate value U « 10 1 1 

erg/g, by a factor of 10. Then the minimum velocity at which a mass of the 
order of the mass of a meteorite will vaporize will be vmin « (2 · 10 · 1 0 n ) 1 / 2 = 
14 km/sec. In exactly the same way we can state that the expansion following 
the passage of the shock wave vaporizes those ground layers which were 
reached by the shock wave while the specific internal energy εχ behind the 
front is at least of the order of sk ~ 10U ~ 1 0 1 2 erg/g. The assumption that sx 

must exceed U by a factor of 10 was based on estimates obtained in §22 of 
Chapter XI, where it was shown that complete vaporization in the unloading 
of a solid body compressed by a strong shock wave is obtained if the energy 
behind the wave front is at least five times greater than the binding energy of 
the material. 

In order to estimate the total mass of ground which vaporizes on the 
impact of a meteorite we must use the relation governing the attenuation of 
the shock wave. An estimate of this type was first carried out by Stanyukovich 
[21], who studied the phenomenon of the '"explosion" on impact of a 
meteorite on the surface of a planet as the cause for the formation of lunar 
craters. He did not take into account the effect of the expansion of the vapor 
into the vacuum, assuming that the shock wave propagates in the same manner 
as it would in a strong explosion in an infinite medium, following the re
lations ργ~Μ~γ, εί~Ε/Μ. The arguments presented in the preceding 
section substantiate this assumption. The order of magnitude of the vaporized 
mass Mk is determined by ek ~ E/Mk, from which Mk ~ E/ek ~ m(v2lsk) = 
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m(vlvk)2, where vk = ε* / 2 ~ 10 km/sec. For example, if the impact velocity 
ν ~ 100 km/sec the vaporized mass of ground exceeds the mass of the meteor
ite by a factor of 100. 

When the energy behind the shock wave drops below ~ 1 0 1 2 erg/g, the 
ground encompassed by the shock wave no longer vaporizes on unloading. 
However, the energy in the wave is still sufficient for the mechanical pulveri
zation of the material. The limiting energy required for pulverization is much 
less than the heat of vaporization. Therefore, the mass of the pulverized 
material exceeds the mass of the vaporized substance by a large factor. The 
pulverized material is ejected upward in the form of solid particles, and this 
results in the formation of the crater. Questions as to the dimensions of 
craters produced by meteorite impact, as to the role played by the gravita
tional force which prevents the material from being thrown to large distances, 
and other questions were considered by Stanyukovich [21]. 

The explosion-like effects of high-speed meteorite impacts also take place 
when a body moves through a rarefied atmosphere at hypersonic velocity. 
The impacts of air molecules with the surface of the body are similar to 
meteorite impacts at planet surfaces. A " microexplosion " takes place at 
each impact, and a certain amount of vaporized material is ejected from the 
surface of the body. The body receives an additional recoil momentum, which 
increases the drag coefficient and the rate of deceleration of the body in the 
atmosphere. This phenomenon was considered in a paper by Stanyukovich 
[22]. The impact of a high-speed body on the surface of a liquid which is 
assumed to be incompressible has been considered by Lavrent'ev [23]. 

§21. Strong explosion in an infinite porous medium 

Kompaneets [24] solved the problem of a strong point explosion in a 
plastic compacting medium with constant compaction behind the shock 
front*. Here we consider the simplified problem (by neglecting plastic shear 
stress, eds.) of the propagation of a shock wave from a point explosion in a 
porous medium, with the condition that the continuous medium is incom
pressible (for example, in a sand consisting of incompressible grains). We 
neglect the strength of the sand grains, and we assume that the adiabatic 
compression of the material to the density of the continuous medium (total 
elimination of voids) does not require any expenditure of energy. In other 
words, the shock is taken to be strong with respect to the strength of the 
material, but weak with respect to its elasticity (the compressibility of the 
continuous medium). The initial pressure p0 is equal to zero. 

The average density of the undisturbed medium will be denoted by p 0 , 
and the density of the continuous medium (the " sand grains") by p l 5 p0 = 

* In [25] the compaction was assumed to depend on the wave strength. 



§21. Strong explosion in an infinite porous medium 847 

Pi(l — k)9 where k is the porosity, which can vary from zero to one (not the 
same k as in §10, Chapter XI, eds.). 

Let a strong explosion take place at some point. An intense initial push is 
imparted to the material (as for example, if a spherical " p i s t o n " were to 
rapidly expand and then stop). A shock wave will travel through the material, 
with the material compressed across the shock to the density of the con
tinuous medium and with the voids completely filled. Thereafter the density 
of the medium no longer changes but remains equal to px. The material 
encompassed by the shock wave moves behind the front. A spherical layer 
with constant density p1 is formed behind the shock front surface, and behind 
that a cavity, as shown in Fig. 12.19a. 

Pi 

1 
Po 

(a) 
Ό 

( b) 

Fig. 12.19. Density (a) and velocity (b) distributions as functions of radius for an ex
plosion in sand with incompressible grains. 

If the radius of the wave front is R and the radius of the internal surface of 
the layer is r 0 , then conservation of mass gives 

M = y H 3 p 0 = y ( * 3 - r S ) P i 

or 

r3

0 = R3[ 1 - ^ ) = R3k. (12.61) 

The velocity distribution in the layer is found using the equation of continuity 
for an incompressible fluid V · u = 0, 

U - U(T) ' r0<r<R, (12.62) 

where ux is the particle velocity behind the shock front (see Fig. 12.19b). 
It is related to the front velocity D = dR\dt by 

M l = D ( l - g ) = D/c. 
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With the assumptions made, the Hugoniot curve for the material has the 
shape shown in Fig. 12.20*. Let the pressure behind the shock wave be 
p1 (point Β on the Hugoniot curve). As is known (see §16, Chapter I), a 
material initially at rest acquires, in a strong shock wave (pl /? 0), the same 
kinetic and internal energies of u\\2 per unit mass. These energies are nu
merically equal to the area of triangle OAB in Fig. 12.20. Since the solid 

Fig. 12.20. Hugoniot curve for sand 
with incompressible grains without 
taking the strength of the material into 
account. 

particles are assumed to be incompressible, we shall not be interested in the 
fate of the internal energy acquired by the material in the shock wave. This 
energy is converted into heat and simply represents a loss of the mechanical 
energy of motion. The decrease in the kinetic energy of the entire mass Μ in 
the time dt is thus equal to the increase in the internal energy of a mass dM 
encompassed by the shock wave in the time dt, and 

-i M = — dM. (12.63) 

Here u2 = $u\ denotes the mean square of the velocity in the mass M. The 
coefficient β is readily calculated from (12.62) and (12.61), and is β = 
3/(k + k2/3 + ki/3). Integrating (12.63), we find the relation governing the 
attenuation of the shock wave 

u\ = const Μ~(1+β)/β = const M~n. 

In analogy with preceding sections, we have here denoted the exponent of the 
mass in the expression for the specific energy by «, with η = (1 + β)/β. 

The total kinetic energy is proportional to Ek = Mu2\2 ~ M ~ ( " _ 1 ) , and 
the momentum is proportional to I ~ Mut ~ M1'"12. Since β > 0, the 
exponent η is always bounded between the limits 1 < η < 2 (cf. the results of 
§18). In the limiting case of a continuous incompressible medium &->0, 
β -» oo, n-> 1, the energy is conserved, and the momentum increases with 

* For a discussion of the shock compression of a porous material when compressibility 
of the continuous medium is taken into account, see §10, Chapter XI . 
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time. In the limiting case of an extremely porous substance (a highly " com
pressible " medium) k 1, β -> 1, η -> 2, the momentum is conserved, and the 
energy decreases. In the general case 0 < k < 1, the energy decreases (it is 
converted into heat), and the momentum increases. As we see, the situation 
is the same as that which occurs for an impact on the surface of a gas (see 
§18). As in the limiting case of a concentrated impact the initial energy is 
infinite (if k Φ 0, n> 1 and Ek ~ Μ -• oo as M-+0). In a manner 
analogous to what has been done here, one can also consider an imploding 
shock wave in a porous medium with incompressible grains. 

5. Propagation of shock waves in an inhomogeneous 
atmosphere with an exponential density distribution 

§22. Strong point explosion 

In Part 4 of Chapter I we considered the problem of a strong explosion in an 
infinite homogeneous medium. As we know, the earth's atmosphere is not 
homogeneous and the air density decreases with altitude; the dependence of 
the density p0 on altitude h can be approximated by the barometric formula 
Po = Pooe~h/A- Here p 0 0 is the density at sea level and Δ is the so-called 
scale height of the standard atmosphere, which at the earth's surface is 
approximately equal to 8.5 km*. 

Let us examine the propagation of a shock wave induced by a strong point 
explosion in an inhomogeneous atmosphere. Our interest here is in the stage 
of the wave motion at which the wave has moved away from the source of the 
explosion through a distance comparable to the scale height Δ; only in this 
case does the inhomogeneity of the medium appreciably influence the wave. 
We shall assume that we are dealing with a strong shock wave (with the 
pressure behind the front much greater than the pressure ahead of the front). 
The gasdynamic process is not self-similar, since we have the length scale Δ, 
and, in addition, the flow is now two-dimensional instead of one-dimensional. 
In cylindrical coordinates with the vertical axis passing through the point of 
the explosion, the flow is a function of the ζ coordinate and of the radius r. 
The complete solution to this problem can be found only by a numerical 
integration of the flow equations. It is possible, however, to get some idea of 
the character of the shock propagation and of the shock shape on the basis 
of some simple considerations given by Kompaneets [28]. 

* Actually, since the air temperature also varies with altitude, the density of the earth's 
atmosphere does not strictly follow the exponential law. The scale height Δ , defined as 
Δ = — (d\n pldh)~l, is variable between 6 and 15 km for altitudes below 150 km, and 
becomes still larger above 150 km. 
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Let us assume that, as with the strong explosion in a homogeneous medium, 
the pressure is almost constant throughout the entire volume bounded by the 
explosion wave, and is thus constant along the back of the surface of the 
front. We assume also that it is proportional to the average pressure in the 
volume, to the ratio of the explosion energy to the volume bounded by the 
wave Ω 

Pi = ( y - D ^ . (12.64) 

Here λ(γ) is a numerical coefficient which can be estimated from the solution 
to the explosion problem in a homogeneous medium (see Chapter I). 

Let the equation of the surface of the shock front in cylindrical coordinates 
be / ( z , r, t) = 0. Differentiating, we get 

dldz +  v dr +  3_[dt = 0 

dz dr dt 
or 

3f Sf r df 

where Dz and Dr are the components of the velocity vector D. The normal 
component of the wave front velocity is given by 

| V / | 

We know, however, that at the front of a strong shock wave 

D = 
Po 2 

ψ , 

where p 0 is the density ahead of the front at a given point on the shock 
surface. From the last two expressions we obtain 

<Pl y + 1 \ 1 / 2 dfldt 
Po 2 J | V / | 

We now substitute the pressure pi from (12.64) and, using the equation for the 
surface, express the volume Ω bounded by the surface of the wave front in the 
integral form Ω = J dQ. We assume that the equation / ( z , r, t) = 0 is solved 
for the radius r == r(z, t) and consider the atmosphere to be exactly exponen
tial. Combining the above results we obtain for the function r = r(z, t) a. 
partial differential equation, one which is solved exactly in [28]. 

The evolution of the shock front surface is shown in Fig. 12.21, taken from 
[28]. This figure shows the wave front cut by a vertical plane passing through 



§22. Strong point explosion 851 

the point of explosion (through the ζ axis), at successive instants of time. The 
wave is spherical at the beginning, and gradually becomes egg shaped. 

The strength of the wave does not change in the same way for its motion in 
different directions. When moving vertically downward in the direction of the 
strongest density increase, the shock wave is weakened and decelerates most 
rapidly. Conversely, when moving vertically upward in the direction of the 
strongest density decrease, it is even accelerated and, in a finite time τ, it 
moves to infinity, "breaking t h r o u g h " the atmosphere. The front surface 
forms something like a " b o w l " and, in the huge cavity bounded by this 
surface, the pressure drops to a very low value (within the framework of the 
assumptions made, to zero). When moving horizontally the wave is weakened, 
but more slowly than when moving downward. 

The physical reason for the acceleration of the shock wave at large dis
tances when moving upward is easily understood [31]. If R is the distance 
of the upper point of the shock wave to the explosion center, then the volume 
of the cavity Ω is proportional to R3 and the pressure ργ ~ EjR3. The density 
ahead of the front is p0 = pc exp( — R/A), where pc is the density at the level 
of the explosion. Therefore, as R oo the front velocity 

approaches infinity, while the time required by the wave to move upward to 
infinity, 

is finite*. It follows from this equation that the time for "breaking t h r o u g h " 

* W e note that the energy concentrated in a given solid angle whose vertex is located 
at the point of the explosion does not remain constant as is the case with spherical sym
metry. The energy has a tendency to "flow'" upward from the bottom and this process 
also aids in accelerating the shock wave upward. The mass, on the other hand, has a 
tendency to " flow " downward, and to accumulate near the lower part of the shock. 

Γ 
Fig. 12.21. Shock front at successive 

instants of time for a strong explosion 
at high altitude. Sections shown are 
formed by passing a vertical plane 
through the origin of the explosion. The 
density of the atmosphere changes by a 
factor of e over the distance Δ . 

(12.65) 
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the atmosphere is τ = v (p c A 5 / iT) 1 / 2 , where ν is a numerical constant deter
mined from the complete solution of the problem). It is easy to see that τ is 
the only quantity with the dimensions of time which can be constructed from 
the dimensional parameters £, p c , and Δ of the problem. 

The relations governing the motion of the shock wave, the shape of the 
front surface, and the constant ν were improved somewhat in comparison 
with those given in [28] by Andriankin, Kogan, Kompaneets, and Krainov 
[29]. These authors analyzed the problem as formulated above, but took into 
account the pressure distribution behind the shock wave along the front 
surface. In their treatment the motion of each part of the front surface was 
determined separately. The more accurate value of the constant ν was found 
to be ν « 24 for a specific heat ratio γ = 1.2. Up to the time of breaking 
through the atmosphere the shock wave travels a distance of about 2Δ 
downward and 3.5Δ horizontally (at the level of the point of the explosion). 
In accordance with the statement of the problem, the solution given in 
[28, 29] is no longer valid near the time of breaking through the atmosphere, 
since then the pressure drops to zero and the shock wave stops moving 
(under the approximations used). 

The inhomogeneity of the atmosphere is felt only in those explosions where 
the shock wave moves through a distance that exceeds the scale height Δ 
and still remains sufficiently strong. When this is not so the shock wave will 
be attenuated before the inhomogeneity is felt, and the explosion takes place 
in the same manner as in a homogeneous atmosphere. An approximate 
condition for obtaining a shock front evolution as described above can be 
defined as in [29], that the ratio of pressures behind the front to the air pressure 
ahead of the front ργΙρ0 for the propagation of the wave over a distance Δ 
(as calculated from the relations for an explosion in a homogeneous atmos
phere) should exceed (y + l)/(y - 1) by a factor of, say, 10 (see footnote on page 
94 in §25, Chapter I). For example, at an altitude of 100 km,p0 « 1 0 " 6 atm = 
1 bar, and this condition {pjp0 ~ 100) is satisfied only for explosions with 
energies E> 1 0 2 0 erg. At low altitudes, an explosion whose strength is not 
extremely large takes place in practically the same manner as in a homo
geneous atmosphere. 

§23. Self-similar motion of a shock wave in the direction of increasing density 

Let us consider in more detail the nature of the gasdynamic process in the 
region of the lowest point of the shock wave produced by a strong explosion 
which moves vertically downward. In an explosion in a homogeneous at
mosphere the pressure in the volume is equalized and is only lower than the 
pressure behind the shock front by a factor of \ to \ (see §§25 and 26 of Chap
ter I). This internal pressure " m a i n t a i n s " the shock wave, and is responsible 
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for the fact that the wave is attenuated more slowly than it would be in the 
absence of an internal pressure. The role of the internal pressure becomes 
particularly understandable if we compare the motion for a plane explosion 
with the motion for a plane impulsive load (see the preceding part of this 
chapter). In the latter case, the pressure in the region behind the shock front 
decreases to zero and there is no internal pressure to maintain the wave. For 
this reason the shock wave is attenuated faster than in a plane explosion. A 
similar effect appears in an explosion in an inhomogeneous atmosphere. 
The pressure in the cavity drops rapidly, owing to the increase in its volume 
brought about by the upward acceleration of the wave. As a result of this 
volume increase the internal pressure is no longer large enough to maintain 
the shock wave which propagates downward, and the gas from the lower 
layers flows upward away from the front, rushing into the " empty " cavity. 
The situation to some extent approximates that which takes place in the 
problem of an impulsive load. Another reason for its similarity to this prob
lem is that, when the shock wave moves away a sufficiently large distance 
from the point of the explosion, the curvature of the lower part of the front 
surface becomes small; this part, together with the gas layer behind the 
front which is adjacent to it, then appears as approximately plane. Thus, to 
describe the flow of the gas in the lower part of the shock wave approxi
mately it is convenient to consider the idealized problem of the propagation 
of a plane shock wave in an inhomogeneous atmosphere in the direction of 
increasing density. 

The problem to be considered may be formulated as follows: Let the gas 
density be distributed in space following the exponential law 

p0 = ρ ν / Δ , Δ = const (12.66) 

(for convenience the χ axis is directed downward). This distribution has the 
property that the mass of gas concentrated in a column of unit cross-sectional 
area, from χ = — oo, where p 0 = 0, to χ = X, is equal to a mass of gas of 
density p0(X) in a column whose length is Δ, 

Μ = Po(x) dx = p0(X)A. (12.67) 

Let an impulsive load be applied at the initial time t = 0, somewhere in the 
region of very low density, where χ « — oo. A shock wave will travel through 
the gas in the direction of increasing density, and the heated gas will expand 
in the direction of the vacuum. 

We shall seek the limiting motion at the stage when the shock wave en
compasses a mass of gas Μ that is much greater than the mass m0 subjected 
to the initial impact in the low-density region. The initial pressure and 
temperature of the gas are taken equal to zero. It is clear that the statement 
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of the problem is entirely analogous to the statement of the problem of an 
impulsive load applied to the surface of a constant density gas bordering on a 
vacuum (see §13). The problem of an impulsive load in the case of an in-
homogeneous atmosphere was formulated and solved by one of the present 
authors [30]. 

It is clear that the limiting motion (M > m0) is self-similar. However, this 
similarity has an unusual character. Unlike the other self-similar motions 
which have been considered, the conditions of this problem contain a length 
scale Δ and do not contain a parameter with the units of mass (usually such a 
parameter is connected with the given initial density of the gas). The quantity 
ρ * in (12.66) cannot serve as a parameter, because the χ coordinate origin is 
chosen arbitrarily and thus the choice of p* is arbitrary*. 

The χ coordinate is defined only to within an additive constant, as a result 
of which the motion can depend only on a difference of coordinates, but not 
on the χ coordinate itself. The difference in coordinates is the distance 
measured from the shock front, the coordinate of which will be denoted by 
X; the motion must depend on the dimensionless distance 

This quantity is the similarity variable. Here, in contrast to all the other self-
similar motions which have been considered, the similarity variable does not 
contain the units of time. The motion, of course, possesses a certain para
meter A that characterizes the strength of the impact!. However, owing to 
the absence of another parameter with the units of mass it is impossible to 
construct from the quantities x, A, and Δ a combination with the dimension 
of time. Consequently, from the independent variables and the parameters 
x, f, A, and Δ it is impossible to construct a dimensionless variable which 
would contain the time /. 

From the remarks made concerning the dimensional properties of the 
problem and the arbitrariness of the χ coordinate, it is easy to find the re
lation governing the motion of the shock wave and to write down the general 
expressions for the unknown functions, the velocity, pressure, and density. 
The velocity of the shock front is 

where the numerical coefficient α depends only on the specific heat ratio γ. 

* ρ* is the density at the point χ = 0, but we are justified in placing the coordinate 
origin χ — 0 at any point at any density. 

t It will be related below to the explosion energy. 

X — χ 
A 

(12.68) 

(12.69) 
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The coordinate of the front X increases logarithmically with time as 

X = α · Δ In t + const. (12.70) 

The expressions for the velocity, density, and pressure of the gas behind the 
shock front have the form 

2 Δ 
U = UFU = - OC — U, 

f γ + 1 t 

P = PfP = y—,Po{X)p, (12.71) 2 2 Δ 
P =  P fP = ^ - | τ γ α ψ Po(X )P, 

where the dimensionless reduced functions w, p, and ρ depend on γ and on the 
similarity variable ξ, the dimensionless distance measured from the shock 
front. The reduced functions are defined so that at the shock front (ξ = 0) 
they all become one, 

fi(0) = p(0) = p(0) = 1. (12.72) 

The other boundary condition is that in the vacuum at χ = — oo, { = oo, 
# o o ) = 0. 

The density p0(X) of the gas directly ahead of the shock front is given in 
terms of the mass coordinate of the front Μ by (12.67). In contrast to the 
geometric coordinate, the mass of the gas encompassed by the shock wave 
depends on time as usual, following a power law. We have Μ = p0(X)X = 
MX IA = Moct'1, from which 

Μ = Af. (12.73) 

Here A is the constant of integration, and is also the parameter characterizing 
the strength of the impact. Its dimensions are [A] = ML~2T~*. We can thus 
substitute into equations (12.71) the explicit dependence of p0(X) on time, 

Μ Af 
P o W = T = - r . (12.74) Δ Δ 

As was noted before, the self-similarity of the motion is unusual: the 
velocity, density, and pressure distributions appear as though " tied " to the 
shock front and move together with the front, without expanding in time (only 
the amplitudes of these quantities change). However, in Lagrangian co
ordinates the motion is self-similar in the usual sense. The Lagrangian 
coordinate m is 

m = p(x) dx = const · Μ ρ(ξ) άξ. 
J -OO  Ji 
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Thus ξ and, consequently, also w, p, and ρ are functions of the similarity 
variable η = mjM = ml At*. 

The equations for the self-similar motion are most conveniently solved in 
terms of Lagrangian coordinates. Substituting (12.71) and (12.74) into the 
gasdynamic equations 

du dp d(l/p) du 
τ - + τ - = 0, — τ~ = 0, pp y = F(m\ 
dt dm dt dm 

we obtain equations for the reduced functions ϋ(η), ρ(η), and ρ(η) 

ύ + αηύ' = οψ', 

ϊ + ηίΐί = -^-TU\ (12.75) 
Ρ \Ρ/ 7 - 1 

Integrating the second of these equations and eliminating ρ and u from the 
system, we obtain the basic equation for the problem 

y-lf, 2 - ο Λ ^ _ ( 2 _ a ) / a y 

d_l = y + i y + i \ y / (12.76) 
άη lot ! _ ^ ΐ 1 ρ - ( ΐ / 7 ) - ι  i- ( 2 -«) /« r 

2y 

The solution ρ(η) must pass through the two points p( l ) = 1 and p(0) = 0, 
and this condition determines the exponent a. 

An exact solution to the problem may be obtained for the particular case 
γ = 2. We have* 

a = f , M ~ i 3 / 2 , D = \ - t > 

1 3 / 2 1 (12.77) 

ρ = η9 β = η 5 , \ w = f ( l - i > T 2 / 3 ) . 

The solution in Eulerian coordinates has the form 

ρ = (1 + 2 ξ Γ 3 ' 2 , Ρ = (1 + 2ξ)-5·\ ύ = 1 - ξ. (12.78) 

An analytic solution can also be obtained for the case y = l : a = l , ρ = η, 
ρ = η3, ύ = 1. This case is of interest only from the point of view of furnishing 
a limit on the similarity exponent α; it corresponds to infinite compression of 

* The solution in Lagrangian coordinates is completely analogous to the analytic solution 
for the problem of an impulsive load in the case y = 7/5. (See (12.42).) 
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the gas across the wave front, with the result that ρ, ρ, and ύ in Eulerian co
ordinates become δ functions, proportional to δ(ξ). Since common values of y 
are contained in the interval 1 < y < 2, we may assume that the corresponding 
values of the similarity exponent lie in the interval 1 < α < 3/2*. 

Fig. 12.22. Reduced velocity w, pressure p, and density ρ as functions of the mass co
ordinate. 

Fig. 12.23. Spatial distributions of reduced velocity w, pressure p, and density ρ behind 
the shock wave. 

* Consideration of energy and momentum balances, analogous to those given in §16, 
leads to the general limits 1 < α < 2. 
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For arbitrary values of y the solutions can be found by trial and error, by 
numerical integration of (12.76). Figures 12.22 and 12.23 present the reduced 
velocity, density, and pressure distributions as functions of the mass and 
spatial coordinates which were obtained for γ = 1.25. In this case the ex
ponent α = 1.345*. 

§24. Application of the self-similar solution to an explosion 

The downward motion of the shock wave produced by a strong point 
explosion takes on the features of the self-similar motion described in the 
preceding section after the pressure in the cavity pc becomes small in com
parison with the pressure pf behind the shock front at the lowest point. Both 
of these quantities enter into the numerical calculation of the motion of the 
shock wave carried out in [29], so that we are in a position to " t i e - i n " the 
self-similar solution at some particular point in the numerical calculation. It 
should be noted that at the point when the pressure in the cavity drops 
sharply the solution of [29] is no longer valid, since the force moving the shock 
wave vanishes at zero pressure in the cavity according to the approximation 
made there. Actually, however, the motion of the shock wave continues after
wards for quite a long time, and it has exactly the character of the motion 
ensuing as a result of an initial " p u s h " . 

Numerical estimates show that the pressure in the cavity can become much 
less than the pressure behind the front while the front velocity is still suffici
ently large that the counterpressure in the undisturbed air can still be neglected 
in treating the subsequent motion. Therefore the self-similar solution can 
describe the downward propagation of the shock wave for some time after the 
atmospheric break-through. 

To be specific let us assume that the transition to the new regime is reached 
for Pflpc = 10. According to [29] this value corresponds to a time from the 
explosion of tx = 19t f c, where xk = (pcA5/E)1/2 is the time scale characteristic of 
an explosion in an inhomogeneous atmosphere (p c is the air density at the ex
plosion altitude and Ε is the energy of the explosion). At the time tx the shock 
wave has moved downward from the point of explosion through a distance 
ζ = 1.9Δ; at this time the shock front velocity is Dx = 2.5 · 1 0 " 2 · Δ/τ Λ . 

* Editors' note. Calculations of one of the editors give the following values for α in this 
problem [33]: 

Ύ y OC 

2 
5/3 
3/2 
7/5 

1.500 
1.450 
1.417 
1.392 

4/3 
9/7 
5/4 

11/9 

1.369 
1.351 
1.338 
1.324 
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Let us extrapolate the limiting shock propagation relations (12.69) and 
(12.70) to the time of transition to the new regime, with the position and time 
measured so that the initial condition D = D1 when X = 0 is satisfied. Here 
the process up to the time of transition plays the role of the impulsive load. 
We obtain the approximate dependence of the front position on its velocity 
and on time (the coordinate is measured downward from the point of tran
sition to the new regime), with X = α · Δ \n(D1/D) = α Δ ln(r/0). The para
meters Dt and θ are determined in terms of the parameters of the explosion 
by the expressions D1 = 2.5 · 10" 2 (Δ/τ Λ ) = 2.5 · 1 0 " 2 ( £ / p c A 3 ) 1 / 2 * , θ = 40ατ*, 
and α = 1.345 for γ = 1.25. The impact parameter A is, to the same approx
imation, given by A = e1'9pcA9~<x = 6JpcA6~". 

It has been estimated using actual numerical values! of the parameters 
that the distance through which the shock wave moves downward while 
decelerating from the transition velocity Dt to the velocity D « 1 km/sec, 
a speed a few times the speed of sound in cold air, is approximately 2 to 3 
times the scale height Δ. To this is added the distance of about 2Δ downwards 
from the explosion center, obtained from the theory given in [28, 29]. Thus 
a shock wave produced by a strong explosion moves downward from the 
point of the explosion through a distance of about 4 to 5 times Δ in de
celerating to a velocity of the order of 1 km/sec. 

§25. Self-similar motion of a shock wave in the direction of decreasing density. 
Application to an explosion 

We now consider the self-similar propagation of a shock wave in the 
exponential atmosphere of (12.66) in the direction from +co to -co. This 
problem is analogous to that of the emergence of a shock wave at the surface 
of a star (see Part 3 of this chapter) with the sole difference that there the 
atmospheric density did not have an exponential but rather a power-law 
behavior. However, it is the exponential character of the atmosphere which 
imparts to the motion its special features. The problem as formulated was 
solved by one of the present authors [31]. It is clear that this solution can 
also be used to describe the motion of the upper part of the shock wave 

* The numerical values of the parameters Ώγ and θ depend only weakly o n the choice 
of the transition value of pflpc. Thus, for example, for the last time calculated in [29], 
t = 2 3 . 4 r k , which was close to the time of the atmospheric break-through, ζ *t 2 Δ , D = 
2A2 10-2Alrk,pflpc = 22. 

t Editors' note. This estimate appears to be for a high energy, high altitude explosion, 
say of the order of 1 0 2 4 erg at 100 km altitude. Only a high energy, high altitude explosion 
will " break-through " or " v e n t " in the sense of the Kompaneets model. The reader should 
be warned that at high altitudes the hydrodynamic model of a strong explosion fails, be
cause of the large values of photon mean free paths at very low densities. 
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resulting from a strong explosion and those neighboring regions which, some 
time after the explosion, "b reak loose" from the sphere of influence of the 
central regions. 

We assume that the shock wave emerges at the " b o u n d a r y " of the atmos
phere χ = — oo, where p0 = 0, at the time t = 0; thus we take the time prior 
to emergence as negative. All our considerations regarding the dimensional 
properties of the motion in an exponential atmosphere presented at the 
beginning of §23 hold here as well. Therefore, all of the equations of §23 are 
applicable. The only feature which must be taken into account is the change 
in the sign of the time. The front velocity is as before 

As before, the constant A characterizes the strength of the shock wave 
source*. Equations (12.71), (12.75), and the basic differential equation (12.76) 
remain unchanged, and only the region of integration changes. Previously 
η = m\M varied from 1 at the wave front to 0 in the low-density regions. 
In the present case it varies from 1 at the front to oo in the high-density 
regions. The boundary conditions at the front remain the same as before, 
while the boundary condition for η = oo, which corresponds to the time 
t = 0 (M = 0), is defined so that in the limit / -» 0 time disappears from 
equations (12.71). 

Results of numerical calculations for the two specific heat ratios γ = 1.2 
and y = 5/3 are shown in Figs. 12.24 and 12.25. The similarity exponents 
were found to be α = 6.48 and α = 4.90f, respectively. For sufficiently large η 
the equations can be solved by means of an approximate analytic solution 

* Of course, the similarity exponent α and constant A are unrelated to the corresponding 
quantities of §23, since the problem is completely different. 

t Editors' note. Calculations of one of the editors give the following values for α in this 
problem [33]: 

Δ 
D = X = α - , t < 0, D < 0, 

and the coordinate of the front is now given by 

X = α Δ ln( — t) + const. 

The Lagrangian coordinate of the front is 

M = A{-t)\ a > 0 . 

y a y a 

2 
5/3 
3/2 
7/5 

4.57 
4.90 
5.18 
5.45 

4/3 
9/7 
5/4 

11/9 
6/5 

5.68 
5.90 
6.10 
6.29 
6.47 
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Fig. 12.25, Spatial distributions of reduced pressure p, density p, and velocity ii for the 
upward motion of the shock wave. The solid curves are for γ = 1.2 and the dashed ones for 

Fig. 12.24. Distributions of reduced pressure /?, density p, and velocity u as functions of the 
mass coordinate for the upward motion of the shock wave. The solid curves are for γ = 1.2 
and the dashed ones for γ = 5/3. 
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from which the velocity, pressure, and density distributions can be deter
mined as functions of the mass at the time of emergence of the shock wave at 
the " b o u n d a r y " of the atmosphere. From this solution 

(«)(=0~ -m'1'2, (p) ( =o~m 1 _ 2 /", (p).-o = x · 
Δ 

The third of these equations shows that each gas particle (with Lagrangian 
coordinate m), compressed by the shock wave by the factor (y + l)/(y — 1), at 
the time t = 0 has expanded to its initial density p0 = mjA. This means that 
at the time when the shock wave emerges at the " b o u n d a r y " , the initial 
atmosphere as a whole has been displaced in the direction of motion by a 
definite distance d. This displacement is found to be equal to djA = 7.50 for 
7 = 1.2 and to d\A = 4.57 for y = 5/3. Each of the particles of the gas at the 
time / = 0 has been accelerated to a velocity larger by a known factor than the 
velocity which it acquired at the time of shock compression. This factor is 
1.54 for y = 1.2 and 1.85 for y = 5/3. 

After the shock wave emerges at the " b o u n d a r y " (after "breaking 
th rough" the atmosphere) and t > 0, the gas continues to expand in the 
direction of the vacuum. This outflow remains self-similar, since it is char
acterized by the same pair of dimensional parameters Δ and A, the similarity 
exponent α remaining unchanged. It was for this motion that the approximate 
analytic solution of [31] was obtained. It was shown that after "breaking 
th rough" the atmosphere the gas particles fly upward practically without 
further acceleration, by inertia at constant velocity. 

In order to apply the solution obtained to the description of the flow field 
in the upper region of the atmosphere far above the explosion point, it is 
necessary to relate the arbitrary parameter A with the quantities which 
characterize the explosion, with the energy Ε and the density pc at the level 
of the explosion. To do this we can use the estimate (12.65) for the velocity 
of a shock wave propagating upward. We can determine the numerical 
coefficient in the formula by means of (12.64), which applies to an explosion 
in a homogeneous atmosphere. As can be seen from (12.65), the wave velocity 
first decreases as the wave moves away from the point of explosion (the density 
decrease does not as yet affect the motion), and then begins to increase. It has a 
minimum at R = 3Δ. It can be assumed approximately that the time at which 
the wave begins to accelerate is the time when the self-similar relation 
\D\ = ccAI(-t) governing the motion becomes applicable!. From this relation 

* The proportionality coefficients are given in [31]. 
f Editors' note. The effect of the curvature of the rising shock on its propagation in an 

exponential atmosphere is not negligible. Approximate calculations of one of the editors 
for y = 7/5 give α = 7.89 for a rising curved shock wave in place of the 5.45 valid for the 
plane shock [34]. 
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the time required by the wave to move to infinity is found to be equal to 

For y = 1.2 the constant is equal to 25, which is almost exactly the value 
found in [29]. Consequently, the same result could have been obtained by 
" t y i n g " the self-similar solution to the calculations of [29]. Knowing the 
time t = — τ when the wave is at a distance R = 3Δ above the point of 
explosion, i.e., at a point with a known Lagrangian coordinate, we can also 
determine A, 

In conclusion we note that in principle, the air layers accelerated by the 
shock wave to high velocities, exceeding the earth's escape velocity, should 
have broken loose from the earth's gravitational field and "spilled o u t " into 
space. However, owing to the ionization of the air that has been highly 
heated by the strong shock wave, its upward expansion is limited by the 
decelerating effect of the earth's magnetic field. Some problems relating to the 
expansion of a highly rarefied plasma into a vacuum containing a magnetic 
field were considered in [32]. 

* The time for the wave to move from the point of the explosion to the point R = 3Δ 
is much smaller than r. 

A = const Εα/2Αι~5α/2ρΙ~α/2. 




