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ABSTRACT
A maximum payload can be transported to a target satellite if
the ascent trajectory can be made without an orbit plane change
in accomplishing the rendezvous maneuver. This zero plane
change ascent-to-rendezvous can be made by employing the concept of rendezvous compatible orbits (RCO's) wherein two efficient rendezvous opportunities can be made each day from earth
surface launch bases. A method of station keeping to maintain
the target satellite in a compatible condition by means of a
closed control loop is presented. This station keeping method
establishes a closed limit cycle around the nominal compatible
position. Coupling of natural perturbative forces and controlled rocket impulsive forces results in circulation of the
target satellite about the nominal compatible position with
relative motion having fixed maximum displacements along the
orbit path and orbit local vertical. Maximum excursions resulting from this analysis along the orbit path and local vertical are respectively about ±46 η miles and ±0.18 η miles. For
this limit cycle, a characteristic velocity of about 32 fps is
required to maintain the rendezvous compatible orbit of a space
station having an area loading of 100 lbs per square foot of
frontal area for one year.
INTRODUCTION
The construction and supply of orbiting vehicles or orbiting
launch base complexes will require frequent Earth launched rendezvous operations. Since all space operations are costly,
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those that must be made repeatedly, like rendezvous, demand
special attention to economy. The rendezvous operation, then,
has been the subject of considerable investigation.
One concept that has been advanced to improve the efficiency
of cooperative rendezvous operations is that of establishing
the station in a rendezvous compatible orbit (1-3)^, This circular orbit will permit two direct Earth launched rendezvous
per day to be made, both to the same altitude, without any
plane change. These orbits offer a significant improvement in
the frequency of rendezvous opportunities and an increase in
the payload of each launched vehicle. Trajectory characteristics for near coplanar rendezvous compatible orbits are presented in (4), and they illustrate velocity requirements for
rendezvous compatibility considering nominal plane changes at
the point of rendezvous.
The problem of selecting the orbit for the target satellite
is not critical for a single, isolated demonstration of rendezvous capability. By waiting a sufficient length of time, an
instantaneous compatibility between the target orbit and the
launch base occurs, and an efficient rendezvous is possible. If
the orbit is selected with rendezvous in mind, however, it is
possible to choose an orbit altitude that exactly synchronizes
the orbital period with the effective Earth rotation period
(the period of time required for the ascending node of the target satellite to make one revolution relative to Earth). In
this sense the term "compatible" implies synchronous. This
synchronism will, in general, permit one Earth launched rendezvous per day as a maximum. If, however, the target orbit inclination has the correct value, it is possible to arrange one
descending pass over the injection point after a fraction of
Earth's revolution as well as an ascending pass making the two
rendezvous compatible situations per day which typify the RCO.
An important parameter of RCO1s is the synchronism ratio of
satellite orbits to Earth effective revolutions, N/m. By specifying the ratio N/m and the number of satellite orbits between the ascending and descending pass over the injection
point n, the RCO is specified. The correct orbit characteristics corresponding to a synchronous ratio of N/m = 15 are given
in Table 1. This ratio is chosen because any higher ratio requires a very low orbit with short lifetime, and any smaller
one requires an orbit so high as to place it in the radiation
belts and to significantly reduce the rendezvous vehicle
payload.
Since the inclination of this orbit must be established with
a moderate precision and the period established with great precision, the actual usefulness of this orbit has been questioned
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on pragmatic grounds (5). Even if this orbit is initially established to the required degree of accuracy, perturbations
will eventually destroy the synchronism, and the orbit will be
no better than one of similar inclination selected at random.
It is true that the orbit will have to be adjusted from time
to time; however, a study of the problems involved in maintaining the RCO shows that the actual cost will be negligibly
small. Because of the great potential gain to be derived from
the use of these orbits, even if a fairly large penalty were
associated with the maintaining of the RCO, it would certainly
be justified. A description and analysis of a "zero-cost"
station keeping technique is the subject of the present paper.
It is believed that in the time period when rendezvous operations are actually in progress, the accuracy of the initial
injection of the vehicles into orbit will be satisfactory, and
little or no maneuvering after injection will be necessary.
However, this is not essential to the argument. The accuracy
of placing a body into a rendezvous compatible orbit, even today, is sufficiently precise so that once the orbit elements
have been determined, after a week of measurements, the vehicle
can easily be maneuvered to a precise rendezvous compatible
orbit. Such an orbit must be made circular at the correct altitude and inclination, and further sufficient iso-orbital corrections must have been applied so that it is in a condition of
compatibility with the launch base. This operation will not be
discussed herein, as it will be standard practice for 24-hr
satellites, etc.
Once the orbit has been set up, still further corrections
will be required to make up for the various disturbances and
perturbations. The passive disturbances that must be corrected
are higher order secular and long term periodic effects due to
the figure of Earth, solar and lunar perturbations, and the retarding effects of air drag and micrometeorites. The magnitude
of these disturbances are estimated in Appendices B, C and D -and may also be qualitatively estimated by a direct appeal to
the satellite orbit measurements made to date. These estimates
show that, insofar as the station keeping of satellites is concerned, the most important effect by far is that due to drag.
The other perturbations have such a minute effect on the compatibility of the orbit that they may be allowed to accumulate
for a very long time before they are corrected. The most significant of these perturbations is that due to the solar and
lunar gravitational fields. The expected upper limit of this
perturbation (see Appendix C) is 0.1° orbit inclination change
per year. If it were corrected each year this would require
about 50 foot per second of characteristic velocity, not a
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negligible amount. Actually the true secular perturbation is
really expected to be much smaller and in addition adjustment
of the nominal downstream injection point will allow efficient
rendezvous to be made without changes in the orbit inclination.
The possibility of making adjustments in the downstream injection distance S is shown in Table I.
The active disturbances, such as the bumping of the space
station by the space ferry, the exhaust of APU systems, and the
jet reaction resulting from unloading the control flywheels,
are more important. Control of these items to assure that they
involve energy addition to the orbital vehicles is desirable.
The orbit period will require constant attention because of
the sensitivity of the compatibility aspect of RCO to errors in
the period and because of the significant secular effect of drag
which will cause errors in both period and location. These position and period changes need only tangential thrusts to correct them efficiently. The launch trajectory coast periods can
accommodate a fairly wide tolerance on position error of the
RCO so that the control loop on period position need not be too
tight. This problem is studied in some detail subsequently in
this paper.
ENERGY AVAILABLE FOR ORBIT CONTROL
Several sources of energy are available to control the compatibility of the orbits. The most important and useful source
is the accumulation of propeHants in orbit which come from the
reserves of the various rendezvous vehicles. That is, each
vehicle that rendezvous with the space station must have an excess of propellants on board to assure that the rendezvous will
be completed with safety. These propellants can be used for
many purposes, such as orbit control, lifetime of space station
control, and auxiliary chemical power supply system. Other
methods of orbit control which are possible but perhaps not
quite so attractive are: 1) use of the momentum transfer by
impact of the rendezvous vehicle to the space station during
docking; 2) use of attitude control jets when they unload the
inertial attitude control or during their normal operation to
produce an unbalanced force as well as a couple; 3) the possible use of solar pressure; and 4) if a chemical APU is used or
if any gas leakage is expected, exhausting it in such a manner
as to add energy to the satellite. These methods may supplement the main energy adding system. The retarding portion of
the limit cycle oscillation can be provided by aerodynamic drag
and need not require the use of propellants.
A crude estimate of the probable reserve propellants which
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can be incorporated in the rendezvousing vehicle to take care
of the margins that must be allowed in all previous stages is
that about 1% of the total characteristic velocity of the system should be in reserve. The characteristic velocity required
to overcome drag and gravity and to achieve the desired satellite velocity is about 35,000 fps. Thus, 300 to 400 fps characteristic velocity should be available in the rendezvousing
vehicle to account for non-nominal performance of the various
stages of the rocket. If the space station weighs about 15
times the space ferry, then over 20 fps of characteristic velocity for the space station will be available each time a rendezvous is completed. Over a period of a year, this will
amount to several hundred feet per second of characteristic
velocity, depending on the particular supply schedule for the
subject space station. As will be shown later, this is about
ten times the characteristic velocity required for station
keeping.
INSTRUMENTATION FOR STATION KEEPING
The instrumentation for determining the initial orbit elements for initial adjustment of the space station is the usual
free world instrumentation facilities. The specific additional
instrumentation that is desirable to have to assist in maintaining the compatibility of the desired RCO is particularly
simple and is very easy to locate in an advantageous position
on Earth. By definition, the rendezvous compatible orbits pass
over the subsatellite injection points near enough to the
launch base proper so that ground based instrumentation located
near the launch bases can make ideally accurate measurements at
least two times a day, and usually five to eight times a day if
the orbit inclination is low enough.
Thus a vast network of stations is not required to keep track
of the orbit elements, when it is maintained as an RCO. This
certainly allows higher accuracy of knowledge of the orbit
elements.
The critical item, the period, can be ascertained with considerable accuracy almost immediately after one or two passes.
Since the period of the limit cycle should be over two weeks,
data can be taken and smoothed over a long period of time and
the required thrust inputs computed from accurately determined
orbit elements.
LIMIT CYCLE RESULTS
Maintaining a rendezvous compatible orbit is principally a
job of controlling the period and keeping the eccentricity as
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small as possible. Many station keeping techniques are possible; however, the technique recommended is as follows. A
limit cycle type of operation is envisioned in which orbit decay due to drag is offset at periodic intervals by impulses
from a maneuvering or attitude control rocket. These impulses
would increase orbit altitude and impulse circularity. It
should be noted that for very tight orbit control, thrusts may
be applied in both directions to keep the orbiting vehicle
within very close limits. As will be pointed out subsequently,
this latter type of limit cycle has severely increased impulse
requirements, whereas the orbit control provided by energy addition - only thrusting appears to be quite satisfactory for
the foreseeable operations. The energy added is just exactly
the minimum required to maintain the orbit altitude and lifetime and, as an added attraction, the rendezvous compatible
nature of the orbit is also maintained for no additional cost
in propellants.
The synchronism ratio of satellite orbits to effective Earth
rotations will establish the proper value of orbital period
which must be maintained and, therefore, the average orbit altitude. As has been pointed out in the introduction and in Ref.
1, the ratio of 16 to 1 is undesirable because it requires a
very low orbit with a correspondingly short lifetime (or alternately a high ρropeliant requirement to maintain the orbit altitude), whereas the ratio of 14 to 1 requires a very high
orbit that would reduce the payload delivered per launch and be
subjected to increased radiation hazard. The ratio of 15 to 1,
therefore, seems the most likely. This will require orbits in
the neighborhood of 488 km (263 η miles). In all of the subsequent discussion, where specific figures are referred to, the
N/m = 15 orbits will be considered.
The equations for the general limit cycle are developed in
Appendix A. The results of the analysis of Appendix A shows
the advantages of an idealized general limit cycle, employing
only energy increasing forward thrusts. Results are also given
for limit cycles employing thrusts in both directions, as an
example of the maximum possible propeliant requirements for
station keeping. A summary of the results of Appendix A is
given in Figs. 1 and 3. The coordinate system used is shown in
Fig. 1.
Fig. 2 shows the relative motion of the satellite in a parabolic limit cycle about the nominal rendezvous compatible orbit..
The origin of the plot constitutes the nominal location (i.e.
ideal location) of the space station within the circular
rendezvous compatible orbit. The orbit is 263 η miles in altitude. The orbit inclination is not essential but is about 30°
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to 40°, the precise value being determined from the rendezvous
compatible orbits of Table 1. Two possible limit cycles are
shown, one with a period of 7 days and the other with a period
of 14 days. The vertical and horizontal scales are very different, since there is a ratio of about 12 times the limit
cycle period in days between the amplitudes in the horizontal
and in the vertical directions. The limit cycles are unsymmetrical, since the orbit decay is due to a constant drag
force, and a nearly impulsive altitude increase is given at the
end of the limit cycle. This lack of symmetry of the limit
cycle will not affect orbital operation appreciably; it simply
must be included in the preflight computations. These limit
cycles are parabolic, and the minimum horizontal value is when
the altitude is just equal to the nominal value. The scale of
the graph is inversely proportional to the weight per square
foot of drag area (W/C^S). In this report
has been assumed
to be 2.0. Note that most of the curves and values given in
this report can be changed for other drag values by simple
proportion.
Figs. 4 and 5 give the maximum amplitudes in the vertical and
longitudinal directions as a function of the limit cycle period
in days. The vertical amplitude increases linearly with the
cycle period, whereas the horizontal amplitude increases as a
square of the period.
The ratio of the horizontal amplitude to the vertical amplitude then increases linearly with the limit cycle period. If
the parameter k is used as a measure of the limit cycle period
in satellite revolutions, the following equations allow the
estimation of the maximum horizontal and vertical amplitudes
and the ratio of the two amplitudes as a function of the period
and of the drag to weight characteristics of the space station.
The vertical amplitude I Δ hi
is
max
Ahl
= irk â2/b
max
I

The horizontal amplitude is
IA S|
= (π k/2) 2
max

ä2/b = ä (u-ü)

and the characteristic velocity required to restore the orbit
altitude is AV = (2 * k/b) \/ G/a, where G is Earth's gravitational constant (g R |·
\ ο ο/
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The ratio of the horizontal amplitude to the vertical amplitude increases linearly with the limit cycle period
AS
Ah

= 4

(Period, days)

k

7Γ.

15 χ (Period, days)

It should be noted, however, that the total characteristic velocity change is independent of the period selected when the
requirement for a given period of time is considered. As a numerical example for a (N/m) = 15 orbit, assuming the average
air density is given by the ARDC 1959 atmosphere, that the drag
coefficient of the space station is equal to 2.0, and that W/S
= 100 psf, then AV = 32 fps for a one year period
AW
A V

- 3200

c ~ w^y

f o r

o n e

y e a r

Fig. 6 presents the characteristic velocity requirement per
year to maintain the limit cycles as a function of the weight
to drag area ratio. For W/S = 100 pounds/square foot the characteristic velocity required as a function of the limit cycle
period is given in Fig. 7. Fig. 7 shows that the minimum characteristic velocity is 32 fps per year, and this is for the
case where no impulsive forces are added in a direction to reduce the energy of the space station. If it is desired to decrease the limit cycle period for the same maximum horizontal
amplitude, then it will be necessary to have a limit cycle that
is forced in both directions. Values of the characteristic velocity requirements for several cases are listed on the graph.
It should be noted that there is little or no advantage to
operating in a lower period limit cycle for the particular horizontal amplitude specified by the instrumentation accuracy and
expected magnitude of disturbances, and thus there appears to
be no reason for operating at a characteristic velocity requirement of more than 32 fps per year for a space station in a
rendezvous compatible orbit with a synchronous ratio of 15 to 1
and with a weight to drag area ratio of 100 psf. The required
characteristic velocity will increase directly as the drag area
increases and inversely with the weight.
SELECTION OF LIMIT CYCLE PERIOD
The fact that the characteristic velocity requirements are
independent of limit cycle period will tend to make a short
limit cycle period the best one. However, modification of the
launch trajectory can compensate for reasonable distance error
without significant penalty, whereas a tight limit cycle will
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make the (ground based) instrumentation more critical. Another
factor governing the choice will be the size of the uncontrolled velocity increments (e.g., those from attitude control
or momentum transfer from coupling with other vehicles). The
effect of frequency of operation of the thruster on reliability
should also be taken into account.
Referring again to the ideal limit cycle, the amplitude of the
distance oscillation can be seen to be less than (4 miles) for
a limit cycle period of 4 days. This oscillation is of the same
order as caused by the periodic perturbations (see Appendix B),
but it would not be too difficult to measure or separate these
two types of motion. The instrumentation accuracy noise level
sets one lower bound to the limit cycle. The bumping of the
space station by the ferry sets a somewhat higher lower bound.
The ideal limit cycle also shows that a limit cycle period of a
month would bring distance deviations from the nominal orbit on
the order of 200 miles. Although a precise upper limit to describe limit cycle amplitude cannot be established, on the
basis of payload penalty this figure is reasonable. There is
little penalty directly associated with the modified ballistic
coast trajectory. Considerably less than 1 fps of characteristic velocity would be required to modify the horizontal deviation by 200 miles. If only one launch were to be made per
day, there would be no other penalties associated with the rendezvous operation. If both launches were to be made in a single day and if there were a slight deviation from the nominal
orbit along the longitudinal direction, it would result in one
of the launches requiring a small plane change. Even in this
case, however, the characteristic velocity requirement due to
this error would only be about 10% of the increment in characteristic velocity required, because the southeast launch is
never as efficient as the northeast launch.

STATION KEEPING TRANSFER LOGIC
In order to arrive at an orbital transfer logic that will:
1) result in the chosen limit cycle, 2) not have excessive
maneuvering fuel requirements to get from an arbitrary position
into the limit cycle, 3) still maintain a reasonably rapid
transfer to the limit cycle from positions that are extreme,
an arbitrary desired limit cycle and loosest tolerable limit
cycle has been chosen. If the satellite is not outside the
loosest tolerable bounds, it will be allowed to coast to the
normal up transfer bound. If the satellite is outside this
boundary, then some immediate transfers may be made to speed
up the return to the desired limit cycle. Fig. 3 shows the
logic employed with a two-week period desired and a three-week
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period as the longest to be tolerated. The transfer boundaries
outside this region are determined by a constant time to return
to the limit cycle operation except for some extreme positions
in which the transfer to limit cycle times are made even more
rapid. The figure also shows trajectories that are the result
of this transfer logic. The coordinate system used is the
"Shell-coordinate" system. It does not correspond to a rectangular one in space but, rather, one in which Earth's surface
would appear more or less flat, as the coordinates are proportional to orbit altitude and true anomaly.
It may be noted that the limit cycle transfers require about
1.2 fps velocity each, so that it is feasible that very small
motors can be used, such as attitude control jets.
CONCLUDING REMARKS
From the preceding discussion, it can be seen that, although
a space station in an RCO must be maintained in order to be
useful, the maintenance will require very little additional
effort. When the undisputed advantages of the RCO are compared
with the cost of maintaining it, namely very simple ground
based instrumentation and a small maneuvering rocket contained
in the orbiting vehicle, it can only be concluded that rendezvous-compatible-orbits are indeed very practical. The orbit
can be maintained using reserve propellants on board the rendezvous vehicles, and possibly using attitude control jets or
momentum transfer during docking. The maintenance can be accomplished with a limit cycle period of one to two weeks without
any measurable payload penalty for the interceptor.
As shown in Appendices B, C, and D, the perturbations due to
the figure of Earth, to solar and lunar influences, and to
meteorites are not too significant. Of these, perhaps the most
important is that of solar and lunar influence, since this can
alter the orbital inclination and may require as an extreme
upper limit as much as 50 fps per year of characteristic velocity to overcome. A value of 5 to 10 fps per year is more
likely, and furthermore need only be corrected once every few
years. Space ferry "bumping" must be considered. Note that
the direction of bumping impulses depends on the design of the
station and rendezvous system. The total characteristic velocity requirement to maintain the satellite "on-station" will
mainly depend on the air drag (32 fps per year if the weight
is 100 psf of cross sectional area). In any case the station
keeping propellant costs (and even the total rendezvous costs)
are very nominal as measured against the total costs of
launching vehicles into orbit.
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APPENDIX A: ANALYSIS OF LIMIT CYCLE CONSISTING OF ENERGY
DECAY BY DRAG AND ENERGY INPUT BY HOHMANN ORBIT TRANSFER
It is clear that it is impractical to maintain the exact com
patibility condition between a space station and a launch base
The most promising method of realizing the advantages of RCO1s
is to maintain a condition of near-compatibility by controllin
the satellite position in a limit cycle about the nominal or
exactly compatible position. If the limit cycle amplitude is
larger than the instrumentation errors and larger than the dis
placements caused by perturbations of a random or periodic
nature, then slight cycle to cycle modification of the control
inputs will mask out the accumulated effect of these disturbances. If the amplitude of the limit cycle which meets these
conditions is not excessively large, the control problem will
be simple, and the compatibility condition will be maintained
closely enough to produce real economy gains in the rendezvous
operation. The only significant perturbative force that need
be considered (and corrected oftener than once every few years
is the aerodynamic drag.
Hohmann transfers will be used to change orbit altitude,
whereas the change in orbital period thus obtained and the accumulated drag effect will produce an effect on the longitudinal position as measured as either ahead or behind the nominal
RCO. If both forward thrusting transfers that raise the orbit
altitude and produce a dropping back from the nominal position
and rearward thrusts that have the opposite effect are used to
correct leading and trailing errors, the propellant requirements will be greater than if the drag forces are allowed to
reduce orbit altitude below the nominal and the Hohmann transfer only to raise orbit altitude back above the nominal. Although the latter arrangement is more efficient, the analysis
presented here will be sufficiently general to provide the
significant relations for both cases.
NOMENCLATURE
u

= argument of the latitude of the satellite measured as
an angular coordinate from the center of Earth from
the ascending node (see fig, 1-1)

a

= semimajor axis of actual satellite orbit; it will be
assumed that orbit is nearly circular so "a" may also
be taken to equal the actual orbit radius

p

= air. density at altitude of nominal rendezvous compatible orbit, slugs/ft^

i

= orbital plane inclination
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Ω

= longitude of the node

β

= earth longitude

ψ

= earth latitude

C^S = product of drag coefficient and cross sectional area;
parameter giving a measure of the ballistic drag
area, ft^.
m

= mass of the satellite vehicle, slugs

G

2
= universal gravitational constant of Earth = gοRο
= mean orbital motion where η = du/dt and η = du/dt

η

Subscript zero indicates initial conditions.
Bar over symbol indicates that quantity pertains to the
nominal rendezvous compatible orbit which is a constant altitude, constant angular velocity orbit.
Therefore Ji = constant, and a = constant
Analysis
The motion to be considered for the limit cycle is composed
of two parts: first, a long time duration decaying nearly
circular orbit and second, a short time (half orbit period)
orbit altitude change. The velocity addition for the half
orbital period Hohmann transfer will be assumed to be impulsive.
The motion of the satellite relative to the nominal position
in the RCO will be considered first from the basis of a decaying, nearly circular motion. Perturbation analyses (3) show
the rate of decay of orbit semimajor axis for a nearly circular
orbit to be given by the following expression
da
dt

η \mass /

2
η

Let
da
dt

da
η du
~r~

η
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as
ν = na

The orbit altitude will be assumed to be constrained to lie
within a small band about the nominal altitude, as it must be to
maintain near-compatibility. For this reason the density can
be assumed to be constant. When actual limit cycles are shown
in this analysis, the actual density variation can be computed.
The maximum altitude variation will be on the order of ± 1000
ft, so it can be seen from this preview of the results that this
assumption is certainly valid. Assuming constant density will
permit the integration of the above equation. Let
b = m/^CDS
da _
2
a

du
b

Integration between some arbitrary initial condition and the
final condition yields

Solving for a in terms of u
a/ao = [ 1+ (a o/b) („ - u Q )]
The constant b has the dimensions of a length and is much
larger than a^ for the typical RCO altitudes.
Now the relative motion between the actual and nominal orbit
will be analyzed. The perturbations
(u - u) a; a - a
are the desired displacements in actual length units; however,
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it will be advantageous to use a nondimensional form for these
quantities in a relative coordinate system where (see Fig, 1)
7= (a -a)/a

( = u - u

It should be noted that this coordinate system is not a
rectangular one. The surface of a spherical Earth would appear
as a horizontal (straight) line in this system.
Because the motion of the satellite with respect to the
nominal orbit location is small, a linearized solution is feasible. The derivation of the linearized relative motion in nondimensional coordinates is given below
η = du/dt

η = du/dt

du/du = n/n
For a circular orbit the mean motion is given by
1/2
η = (g/a 3 )
3/2

n/n = /I a/al \

From this and the equation for the variation of a

31

|p

du/dïï =

a o

-(^ο)^

) (a /ajj ^
0

+ V

b

(

U

3/2
" "θ)]

To integrate this to find u a function u set
/B \
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Γ
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Solving for u - u

0

Now, since a /b<<l, this expression may be expanded by the
2
binomial theorem and truncated for terms of order (a^/b) and
higher
u

- o = (* - o) (
u

ïï

1 / a

o)'

/ Z +

(

a / a

oV ( o ) ( ) (
a

3/4

/ b

-

π

π

οϊ

This is valid as long as
(u - u 0 ) (a 0 / b ) « 1

Now the nondimensional coordinate is introduced

η

a

"ο = o

/ a

·

1

= a/ä - 1
and the known constant

S«l

S = â/b
From previous relations for a

V- η

-1

0

"ο = now because

ij<<

8

(

χ

+

"ο)

1 or 0 ( 1 ) 'v 0 ( ί )

" -

"ο = 71
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u
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+

0

(
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2
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Using this same sort of substitution in the equation for u

u

J

" - o = (» - o)
+

('

s

2

(" - o)

+

'ο) "
('

+

3 / 2

'ο) "

2

' (

3 / 4

)

- (·)
1

ι -

"ο = - « (û - û )
0

The equation for { is developed in a similar manner
ξ = u -

û

ί0 = u0 -

û

0

•-««"M [K)"'-]
3 2

*( -=o)
s

<-<o =
• ο

2

('^'ο)"

2

ί ( 3 / 4

>

- ( f ) < o H o H ) ' ( — o )

2

0

Finally ξ in terms of η is to first order

4
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!
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The equation shows that the relative motion is parabolic and
has its maximum forward displacement when η= 0.
The motion is parabolic with the maximum £ - f

occurring at

= 0. Fig. 1 illustrates two of these cycles, where Ah = η a
A S = f- i Q ä.
In this coordinate system the Hohmann transfer will cause a
change in ε given by
Δ* = η (t - t)
where t and t are the half periods of the two orbits. Clearly
nt = π and nt = π(η/η), so that

« = « [l - (a/a) 3

a = a +Ί

Ah

+

[o

/ 2

A h

]

i]

Where a is the semimajor axis of the transfer orbit, and Ah^,
A h^ are the algebraic altitude differences at the beginning
and end of the transfer, and now

Ah 0
Δ

ε=π

+

3/2
Δ hx

2Ά

To first order this is

Δ

ε

It should be noted that the drag has been neglected in this
short time transfer. The limit cycle obtained when Hohmann
transfers are used will be derived now. A symmetrical limit
cycle will be specified (see Fig. 2) so that

1

-V

=

2
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The characteristic velocity per cycle is
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a
=

+
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2

and the horizontal amplitude is
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The smallest velocity requirement per unit time occurs when
=
=
as
*?2 V 2 0,
expected since then all impulses add energy to
the system.
Since l / j

»

π

, the equations for AV

and Ρ simplify for
Li

limit cycles of more than a day to

η

"2 «ä

-2

C

' D

Sa

So that the required characteristic velocity is independent of
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the period for the single transfer/period limit cycle. For
this case

•• • U)
Ρ = 2 «/«η
The curves of Figs. 2, 3, and 7 are determined using W/S
100 psf loading based on frontal area.
An N/m = 15, altitude 262 η mile RCO was used with the ARDC
1959 atmosphere. The curves are described in the body of the
report.
Note that for short periods (say less than 1/2 day) changes
in air density between night and day as determined from satellite measurements must be considered. For one week or one
month limit cycles, most of the effect of daily variations in
drag will be ironed out.
APPENDIX B:EFFECT OF PERIODIC PERTURBATIONS DUE TO EARTH'S
OBLATENESS ON DEVIATION OF RCO FROM ITS IDEAL PATH
If the orbital inclination is constant, the orbit motion is
steady with constant period, and the node regresses at a constant rate, then the RCO will pass over a point fixed with respect to earth twice a day. Periodic oscillations in the orbital elements due to Earth's oblateness will result in a deviation from this ideal situation, and this appendix calculates
this amount and shows it is small. The theory is discussed
more fully in Ref. 4.
The

principal short period periodic perturbations are
(sin 2u/2)
L =
Au

-j(RQ/a)

= J [R /a]
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An analysis of the deviation in latitude and longitude that
variation in any one of these three variables can cause,
whether due to the above periodic perturbations or not, can
made assuming that they are small.
do =

DU

¥

¥•

+

du
θ = Ω

ψ =

+

Ϋ

ND

vu

di

+ tan ^ (tan u cos i)

ά =
du
Ψ

D I

|i d u + | ^ di +
sin ^ (sin u sin i)
ai

dn

dCl

An evaluation of these expressions gives
Δ0

cos i sec 2 u
\
2
— )
1 + tan u cos ι

(

(V,

sin i cos u

.2

»1 - sin

These

Δ υ

\

/
x

/

. 2 >

u sin

-(

U

t

ι

L

tan u sin i
\ 1. +,
2
FT J
1 + tan u cos ι '
cos i sin u

A

Λ

\

. 2 .2.) »'

VI - sin u sin

ι

angles can be converted to linear distances
Ay + a δψ

;

Δ

χ = a cos ΪΔ0

By inspection, the upper limits of these expressions are

I Δγ I < J a(
/R
ι

ι ^ _

Ι

^
\2
ο ι

Γ

S 1

^

1
2

. 2 .
sin ι

+

|sinicosi|J
.2 .
3/2
2.
ι sin ι cos
ι ι , cos ι

and I Ay I and | Δ Χ | are considerably less than 4 η mile (max)
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APPENDIX C: LUNAR AND SOLAR GRAVITATIONAL PERTURBATIONS
Levin (8) shows that lunar and solar gravitational perturbations for a satellite of 1000 η miles altitude amount to no
more than 18 to 6 ft or less from solar sources and 12 ft or
less from lunar sources. At heights less than 1000 miles the
lunar and solar gravitational effects "are dominated by the uncertainties in oblateness corrections and by local gravitational anomalies." The secular perturbation of the inclination in
one year due to these sources amounts to between 0.05° and
0.10°. Both of these effects can be ignored.
The solar radiation pressure is also the source of a perturbative force. The solar pressure is about 9.4 χ 10~8 psf.
Where as, for comparison, the aerodynamic pressure is on the
order of 6.3 χ 10"6 psf. Thus the solar radiation pressure is
about 1.5 χ 10"2 times the aerodynamic pressure, and although
these forces are in different directions, the order of magnitude permits the neglect of these perturbations in this
analysis.

APPENDIX D: METEORIC IMPACT PERTURBATIONS
Perturbations due to Meteoric Impact
Velocity losses due to meteoric impacts, ordinarily negligible, are considered. Losses are shown to be, indeed, negligible although the conservative assumption is made that Bjork's
(9) meteoric flux applies.
For example, Bjork's flux distribution yields a daily meteorite accretion on the earth of 8000 tons compared to accretions of 2000, 1000, and 100 tons determined by other investigators .
According to Bjork the flux is
,= ΙΟ" 1 2 m - 1 0 / 9
Ψ is the number of meteoric particles whose mass is greater
2
than m which pass through lm /sec. Then the number of particles
2 .
of mass m per m /sec is
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2
and the mass of all meteors of mass m per m /sec is
d,

-10

Λ η- 1 2 )

-10/9

Let ν = speed of meteors of mass m.
m

2
Then the momentum of all meteors of mass m per m /sec is
ά
-10 ( -12\ -10/9
m — Ψ ν = —— \10Ί Π
/τη
ν
dm m
9
m
If A g is measured in square feet, m g in pounds, t in seconds

c

5.,o

(iom /A
s s

1 0

)t

Sample Calculation
t

= 5531 sec

m /A
s s

= 3.18 slugs/ft2

ν

c

5 d o ' 1 0 ) (5.531) (l03)
—
3.18
=8.7 (l0~ 7 ) fps

Whipple (10) assumes the following velocity distribution on
theoretical grounds

V

ml

=

2 8

[ l° 3)

m / s ec

4

(10~2) g < m < 25g

V

m2

(15 + 325 m) (lO3) m/sec 2.5 (l0~7) g < m < 4

V

m3

15 (l03) m/sec

lo"

1 1

(l0~2) ,

g < m < 2.5 (ΐθ"?) g

The meteors' momenta per second then become, per square meter
78

GUIDANCE AND CONTROL

Μχ =

ψ

2

k

)
m

(28)

-10/9 ,
dm

*25

8

28 ( l O " )

[l/(0.04)

1 /9

- 1/25

1 / 9

]

= 2.0

7

( u f ) grams

«2 - Ψ («·•') /,

(15 + 325 m) m " 1 0 /9 dm

•10
9 (xoi

= 10

15 m

15

-1/9 V

» -

1 0

7

( " )-325

1

0

/9
+

8/9

2

325

·-

5

m

dm

1 0
7

= 5 . 5 ( l 0 - > rams

10-11
M3 . -iS

( 1 S)

(:„-')

J

m

dm = 15

(16.7-5.4)

4 ° - 0
17

grams

The total momentum per second is therefore

(17 + 5.5 + 2.0) (l0~7) = 24.5 (ΐθ"?)grams + M per square meter
The satellite velocity loss due to head-on encounter with
meteors which have this change of momentum per second is
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ν = MA t/m where
c
s
s
A
m

s
s

t

= cross section of satellite exposed to impact
= satellite's mass
= time interval over which M occurs

Effects of Meteor Showers
The flux of meteor showers varies through a wide range according to Ovenden in Appendix V, Ref. 11. Of the 19 showers
listed, five produce a one-observer hourly rate of 60 or greater
for the magnitudes 4 or less compared to a corresponding hourly
rate of 13 for sporadic meteors. The Giacobinids, which do not
occur annually as the above, once every 12 years have an hourly
rate for one observer of 1400.

Sample Calculations
Characteristic velocity losses due to sporadic meteors per
revolution
7

8.7 (lu" ) fps
Characteristic velocity loss for showers which have one observed hourly rate of 60 is
fps
Characteristic velocity loss for Giacobinids

These meteor showers can be neglected.
significant.
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Table 1

R-C-0 for an eastward launch from a latitude
2QS
base (AMR) with N/m = 13> and various downrange
injection distances

1

2

3

4

5

6

7

0° i

28.90

30.84

34.42

40.47

50.32

65.70

86.50

(S=0)h

484.2

485.4

487.7

492.8

502.3

520.3

552.1

28.91

30.88

34.51

40.65

50.66

66.24

86.54

(S=833.4)h

484.2

485.4

487.8

492.9

502.9

520.7

552.2

15.0° i

28.93

31.00

34.78

41.22

51.52

67.21

87.07

484.2

485.5

488.0

493.4

503.7

522.3

552.6

28.95

31.10

35.11

41.90

52.98

68.55

87.01

484.3

485.5

488.3

494.1

505.0

524.2

552.9

28.98

31.36

35.88

43.59

55.63

71.12

87.46

484.3

485.6

488.8

495.6

508.0

528.0

553.6

Φ/η
7.5° i

(S=1666.8)h
21.21° i
(S=2356.8)h
30° i
(S=3333.6)h

Where i = orbital inclination to the equator, DEG; h = orbital
height kilometers; η = integer number of satellite revolutions
between rendezvous ; ψ - central angle between launch base and
downrange injection point, DEG; S = ARC length along earth's
surface corresponding to central angle ψ (S = 11.12 ψ, kilometers)
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SATELLITE

a

= α + Ah

υ = σ + As/â
η = Ah/α
^ SE

U —
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