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1. Introduction 

T he general problem of neut ron thermal izat ion by matter has 
attracted a great deal of interest dur ing the past few years. To 
calculate the scattering kernel for a nucleus bound in a chemical 
compound or in a solid crystal is a nontrivial task in quan tum 
mechanics which both requires and yields considerable insight into 
solid state physics. Nevertheless, the original motivat ion for studying 
neut ron thermalizat ion arose in the requi rement of the nuclear 
engineer for some means of calculating the thermal flux distr ibut ion 
i n the reactors he was try ing to design. I t is with this second problem 
that the present paper is concerned. 

T he t ransport equat ion, which is simply the detailed statement of 
neutron conservation, wil l in principle completely determine the 
behavior of the neut ron populat ion in a reactor, once the scattering 
kernel has been given. Numer ical techniques are available and large 
scale digital computers can be used to solve the result ing equations 
i n a straightforward manner—again in principle. I n practice, how-
ever, the t ime required for such a direct computat ion very rapidly 
becomes excessive, part ly because of the neut ron 's ability to gain 
as well as lose energy in the thermal region, part ly because of the 
rapid and complicated variat ion of the scattering kernel wi th energy. 
I n spite of this complexity, however, the observed neutron distr i-
but ions tend to show a very strong family resemblance. Over a wide 
range of reactor parameters, the local flux takes on a modified 
Maxwell ian distr ibut ion, perhaps with an ampl i tude and energy 
peak varying with posit ion, and a 1/Θ tail due to moderat ion of 
neutrons from higher energies. Al l this suggests that a more sophist i-
cated approach is needed which wil l relate the essential features 
of the scattering kernel to the characteristics of the neut ron distr i-
but ions that have engineering significance, and at the same t ime 
provide some insight into the nature of this relat ionship. 

T he variational method meets these requi rements, and the first 
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section of this paper wil l be concerned with the general formalism 
and the est imation of adjoint trial functions. T he following sections 
consider some typical problems in neut ron thermal izat ion: the 
determinat ion of the neut ron spect rum in an infinit e med ium with 
a uni form source ; the spect rum of a decaying pulse of neutrons as a 
function of t ime in a finite block of material and the associated ther-
malization t ime constant; and the rethermal izat ion cross section 
and asymptot ic decay length at large distances from a localized 
static source of thermal neutrons. T he variational method provides 
a unified means of calculating these quanti t ies in terms of a few 
parameters with direct physical interpretat ions. 

Besides the use of a variational pr inciple to estimate a single 
quant i ty accurately on the basis of a large amount of approximate 
information, two other interpretat ions of the formalism are possible. 
By regarding a variational principle as a means of interpolat ing 
between two exact solut ions of the equat ions describing a system, 
i t is possible to estimate the solution for intermediate cases wi thout 
solving the system equat ions exactly, a procedure which can be used 
for the rapid computat ion of thermal group constants in two-group 
theory. Finally, by identifying the variational functional with the 
Lagrangian for a given theory, i t is possible to systematically derive 
approximate theories by considering possible classes of trial functions. 
Th i s can be used to develop a general method for finding the space-
energy distr ibut ion of thermal neutrons in a reactor in terms of a 
small number of overlapping neut ron groups. 

2. The Variational Method 

T he variational method can be looked at in many different ways, and 
much of its usefulness is due to the variety of different interpretat ions 
which are possible. For the moment we can regard a variational 
principle as a means of extract ing a single piece of accurate informa-
t ion about a physical system from a large amount of approximate 
information. One could do this by writ ing a funct ional—that is, a 
function which depends in tu rn on the neut ron flux th roughout 
the reactor—which has the following propert ies: for the correct 
flux it reduces to the average over the system of some quant i ty of 
interest ; and a first order variation of the flux about the correct value 
leads only to a second order variation in the functional. I f this can 
be done, i t means that a poor approximat ion to the flux wil l lead to 
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a good descript ion of whatever quant i ty the functional reduces to 
when the correct solution is inserted. I n part icular, one can use any 
intuit iv e information available about the qualitative features of the 
flux in devising trial functions. T he problem, then, is to construct 
a variational pr inciple—that is, the k ind of stationary functional 
just descr ibed—which reduces to a specific quant i ty, characterist ic 
of the system, when the equat ions describing the system have been 
given. Whi le the general problem is unsolved, fortunately for the 
linear case an explicit recipe can be given. 

Suppose the equat ion describing the system under consideration is 
wr i t ten in the following way: 

Ηφ=ί (1) 

where φ is the neut ron flux, Η is the linear operator which describes 
the product ion minus the loss of neutrons in the system, and / is 
the external source. I t is convenient to int roduce an inner product 
notat ion 

{φ, φ) = ^άχφ{χ)φ(χ) (2) 

where the mult ip le integral is taken over all the variables on which 
the flux depends with whatever l imit s are appropr iate to the problem. 
I n terms of the inner product we can define the adjoint operator to 
Η by requir ing that 

(Η+φ,φ) = (φ,Ηφ) (3) 

must hold for any admissible trial functions φ and φ. ( In practice, 
finding the adjoint operator amounts to interchanging the arguments 
in the kernel of an integral operator, or wri t ing a differential operator 
as a sequence of f irst-order derivatives interspersed with functions, 
and then changing the sign of each derivative and reversing the order 
of the sequence.) Having obtained the adjoint operator, define the 
adjoint flux as the solut ion of the following equat ion: 

Η+φ+=/+ (4) 

where the adjoint source, / +, is chosen to be whatever quant i ty we 
would lik e to have the flux averaged over. For example, if we are 
interested in the absorpt ion rate within some region in the system, 
we are to choose the adjoint source to be equal to the cross section 
for absorpt ion within that region, and zero outside it. 
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A functional which meets the preceding requi rements is then given 
by 

*¥+> Φ] = (Φ\ f) + (/+. Φ) - {Φ+, Ηφ) • (5) 

I t is not difficul t to verify that F is stat ionary in the neighborhood 
of the correct solution and reduces to (/+, φ) there. Th is part icular 
form, originally due to Roussopoulos,1 is very convenient for several 
reasons. I n the first place i t includes homogeneous equat ions as a 
special case, since one can take the external sources equal to zero 
and include an eigenvalue parameter in the definition of the operator 
H. Secondly, this procedure gives a considerable uni ty to the varia-
tional approach, since all of the variational principles in common use 
can be derived quite simply from this one—for example, those used 
by Rayleigh, Schwinger, Kourganoff, and Marshak. Finally, and most 
important, this variational functional can be regarded as the Lagran-
gian of the theory defined by the original operator equat ions (1) 
and (4), as wil l be discussed in the final section. 

I t is somet imes possible to avoid int roducing the adjoint flux by 
symmetr iz ing the scattering kernel. Th is can be done for neut ron 
thermal izat ion problems by making use of the principle of detailed 
balance, but only when the med ium temperature is independent of 
posit ion. Fur thermore, i t is necessary for the direct and adjoint 
sources to coincide, so that one can no longer est imate the flux 
average of an arbitrary quant i ty. I t is therefore desirable to have a 
physical interpretat ion of the adjoint flux in order to choose reason-
able trial functions. One can show in general2 that the adjoint flux 
at a point is just proport ional to the response of a detector, whose 
sensitivity is given by the adjoint source /+, when a unit source of 
neutrons is inserted at that point. Accordingly, each adjoint source 
generates a different flux adjoint. For the case of a just critical system, 
however, they all coalesce (except for an arbitrary normalizat ion) 
and coincide with the usual impor tance interpretat ion of the adjoint 
flux. 

Th is identification of the adjoint wi th a detector response can be 
used to prove a simple theorem which wil l be useful in the next two 
sections. Suppose that we expand the adjoint flux as a power series 
i n the variable of interest, for example, the energy: 

Φ+ (Ε) = X cn+ Ε- (6) 
n=0 
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where the coefficients cn
+ are constants to be determined. Subst i tut ing 

this trial function in Eq. (5) and requir ing that the functional be 
stationary leads to the following set of equat ions: 

which wil l determine the corresponding parameters in the estimate 
of the direct flux. If we have reason to believe that the power series 
can be t runcated at the iVth te rm so that a polynomial of order Ν 
is a good representat ion, then Eq. (7) states that the best choice of 
parameters in the flux is to be determined by matching the first 
Ν + 1 moments of the balance equation. 

Now if the probabi l i ty that a neutron wil l be absorbed or otherwise 
lost after a given collision is small compared to the probabi l i ty that 
i t wil l .scatter through an appreciable energy range, the response of 
a detector (regardless of its sensitivity) wil l vary only slowly as the 
energy of the source is changed. Under these circumstances i t is 
reasonable to approximate the adjoint flux by a linear function of 
energy. But this consti tutes a proof of the following theorem: I n order 
to carry out a variational calculation for a system with weak absorp-
tion, i t is sufficient to choose a trial function for the flux with two 
adjustable parameters, and determine them by requir ing conservation 
of neutrons and conservation of energy. We are, therefore, somewhat 
i n the posit ion of the man who found he had been speaking prose 
all his life, since we may very well be doing variational calculations 
wi thout realizing it , or at least wi thout making explicit use of a 
variational principle. 

3. Asymptotic Space and Time Behavior 

As a first application of the preceding formalism we shall consider 
the asymptot ic spect rum in a uni form med ium far from a localized 
source of thermal neutrons, a problem first t reated by Hurwi tz and 
Nelk in.3 Assuming that diffusion theory is valid, as we shall do 
throughout this paper, the flux as a function of posit ion and energy 
satisfies the usual homogeneous balance equation outside the source: 

a = 0 , 1 , . . . 
(7) 

— V · ΌΨφ +Σαφ = 
dE 

(8) 



VARIATIONAL METHODS IN NEUTRON THERMALIZATION 167 

T he slowing-down density, which is just the negative current in 
energy space, can be wr i t ten in terms of the scattering kernel as 

e(r, E) = \EdE' ÇdE" [Σ, (Ef - Ε")φ (r, Ε") - Σ8 (Ε" <-Ε')φ(τ,Ε')] 
J° JE ( 9 ) 

where Σ8 (Ef <— E ) is the probabi l i ty of scattering from energy Ε 
to a unit interval about £", and gives the total scattering cross section 
when integrated over E'. 

For the moment we are interested in identifying the factors which 
characterize this physical problem, and therefore would lik e to carry 
out the solution analytically as far as possible before resort ing to a 
variational procedure. T he natural start ing point is to expand the 
space- and energy-dependent flux in a complete set of space-depen-
dent functions ; if we choose these as eigenfunctions of the diffusion 
equation, then for the case of plane geometry we can write 

φ(χ, Ε) = £ anXn(E) er*iLn (10) 
71=0 

where the expansion coefficients an are to be determined from bound-
ary condit ions at the source. T he energy dependent functions χη, 
which describe the spect rum in the nth mode, wil l satisfy the eigen-
value equat ion 

where qn(E), the slowing down density in the nth mode, is obtained by 
replacing the flux in Eq. (9) by χ η( Ε ) . T he lowest eigenvalue and 
the corresponding eigenfunction const i tute the asymptot ic diffusion 
length and the asymptot ic spect rum far from the source, where the 
spect rum has sett led down to its equi l ibr ium shape and simply 
decreases in ampl i tude wi th greater distance. T he higher modes are 
only impor tant near the source where they are needed to satisfy 
boundary condit ions. If the eigenvalues are well separated, the next 
to lowest eigenfunction wil l describe most of the nonasymptot ic 
behavior, and L 1 can be identified wi th the characterist ic length for 
the rethermal izat ion of a nonequi l ibr ium neut ron distr ibut ion in t ro-
duced into the med ium as it comes into equi l ibr ium with the asymp-
totic spect rum. 
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A t this point, we have carried the problem as far as we can analy-
tically. For a heavy gas moderator and constant cross sections, the 
eigenfunctions tu rn out to be Laguerre polynomials of order 1 
mult ipl ied by a Maxwell ian, but in the general case the equat ion 
must be solved numerical ly. We shall therefore apply the variat io-
nal formalism of the preceding section to Eq. (11); for this homoge-
neous equat ion it is equivalent to the usual Rayleigh principle. Let 
us first consider some possible trial functions for the thermal flux 
spect rum which have been used for various related calculations that 
have appeared in the l i terature. 

(a) Eigenfunctions of the heavy gas kernel. 

xW^Ee-VTof^^Hl^E) (12) 
71=0 

where T0 is the moderator temperature measured in electron volts 
and the Ln

{1) are the Laguerre polynomials of order 1 [not to be con-
fussed with the eigenvalues of (11)]. Th is has the advantage that the 
undetermined coefficients cn enter l inearly in the trial function and 
that the flux can be approximated as closely as desired by taking Ν 
large enough since the Laguerre polynomials form a complete set. 
T he results of using such a trial function together with an adjoint 
flux which is a polynomial of order Ν in the energy are clearly 
equivalent to the more usual p r o c e d u r e4 ,5 of expanding in an 
orthogonal set wi thout recourse to a variational principle, since the 
first Ν powers of the energy can be represented by linear combina-
t ions of the first Ν Laguerre polynomials. 

(b) Overlapping Maxwellians. 

x(£)^fC (13 ) 
n = 0 1 η 

Th is assumes that the neut ron distr ibut ion can be represented by the 
linear superposit ion of several spectra characterist ic of the extremes 
of the p rob lem.6 ,7 T he simplest case is a set of Maxwell ians at various 
temperatures al though the use of equi l ibr ium spectra in the presence 
of absorpt ion is another possibil ity. I t depends on the fact that a 
linear combinat ion of two thermal flux distr ibut ions at different 
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temperatures is very close in shape to the corresponding distr ibut ion 
at an intermediate temperature. Th is type of trial function also 
yields l inear equat ions for the undetermined coefficients ; i t i l lustrates 
the possibil ity of using an expansion in nonorthogonal functions 
which, while not complete, may provide a better est imate of the 
exact solut ion than an orthogonal set for small values of N. 

(c) Effective temperature approximation. 

x{E)^A^e-VT. (14) 

Th is m o d e l8 - 10 approximates the actual spect rum by a Maxwell ian 
wi t h an ampl i tude A and an effective neut ron temperature Τ which 
are the parameters to be determined. I t has the disadvantage that 
the result ing equat ions are apt to be nonlinear, but for a small 
neut ron-moderator temperature difference provides a very direct 
physical interpretat ion. 

A l though these three possibil it ies appear quite different, for the 
case in which the neutron distr ibut ion does not differ greatly from a 
Maxwell ian at temperature Γ0, in statistical equi l ibr ium with the 
moderator, they tu rn out to be equivalent. To see this, suppose that 
there is sufficiently small absorpt ion so that a l inear adjoint is appro-
priate and, therefore, terminate the sums in (b) and (c) after the 
first two terms. T h en if we expand the flux in either case in powers of 
the difference between the moderator temperature Γ 0 and the Tn' s 
which occur in the trial functions, and retain only first-order terms, 
we obtain a te rm proport ional to the energy mult ip ly ing a Maxwell ian 
at the moderator temperature, which corresponds to the first 
Laguerre polynomial. T he net result of this is that not only is i t 
unnecessary to symmetr ize the scattering kernel, but for the case 
of small deviations from statistical equi l ibr ium (to which we shall 
confine ourselves in this and the next section) one can choose 
whichever trial function is most convenient in a given calculation. 
We shall use the effective temperature approximat ion (c) because 
of its intuit iveness, but the results wil l be precisely those that would 
be obtained with either of the two alternatives. 

By vir tue of the theorem given in the preceding section, we have 
only to integrate the balance equat ion over all energies both before 
and after mult ip ly ing by the energy in order to obtain the two condi-
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t ions which determine the parameters in the trial funct ion—in this 
case the neutron temperature Τ and the eigenvalue ZA Whi le the 
particle balance equation is straightforward, since the term on the 
r ight wil l vanish when integrated over energy, the energy balance 
equation requires some algebraic manipulat ion. Let us define as our 
smallness parameter 

T - T0 
T0 

and write our trial function to first order in e as 

where 

X ( £ ) ^ [ ( l - 2 e ) +~e]M0(E) (15) 
1 0 

M0(E) = - A - e-Β,τ. 
1 0 

is a normalized Maxwell ian flux at the moderator temperature. 
I t is convenient to define 

Ση = j dE M 0( £ ) ( ^ - ) Σ(Ε) (16) 

where Σ is any energy-dependent quant i ty and Σ0 is just its value 
averaged over the moderator Maxwell ian. I f Σ varies as the y8th 
power of the energy, then 

Σ" = rr ( ^ + 2 ) " } Σ" = Γ {β + 2 + W) Σ { Ε ο) ( 1 7) 

where E0 = T0 is the energy corresponding to the most probable 
velocity (0.025 ev at room temperature) and Γ denotes the gamma 
function. For constant cross sections in part icular, Ση = (η + 1)! Σ. 

I n order to apply energy conservation we need to evaluate the 
result of mult iplying the r ight hand side of Eq. (9) by Ε and integrat-
ing over all energies to obtain the rate per unit volume at which energy 
is transferred from moderator to neutrons. Using the definition of 
the slowing-down density and interchanging integration variables 
in the second term, one obtains 

j'dEE d£ = j"dE μι (Ε) χ(Ε) (18) 
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where 

μι{Ε) = Γ dE' (Ε' - Ε) Σ8 (Ε' +- Ε) (19) J ο 

is the first energy transfer moment of the scattering cross section. 
T he rate of "heat transfer '' is then given by the average over the 
actual flux of this first energy transfer moment of the scattering 
kernel. T he preceding result is general; for our part icular trial 
function i t wil l reduce to 

dq 

' 0 

where 

fdEE^Êi(T0-T)M2 (20) 

= ^ L - fdE M0(E) f dE' (Ε' - Ef Σ3 (Ε' +- Ε) (21) 
1 0 J 0 J ο 

is the Maxwell averaged second moment int roduced by Ne lk in10 

which depends only on the moderator temperature T0. Th is identi ty 
follows from the use of detailed balance and the observation that the 
integral of an ant isymmetr ic function of two variables over a sym-
metr ic region must vanish. 

Equat ion (20) states that for small temperature differences the 
rate at which energy is transferred to the moderator is proport ional 
to the neut ron-moderator temperature difference. Since the total 
number of neutrons in the normal ized flux distr ibut ion is (\/πΙ2)ν0 
where v0 = v2T0/m is the most probable neut ron velocity, the rate 
at which energy is transferred per neut ron and per unit temperature 
difference is 

- - 0— ^ (22) 
Vit 

Th is "heat t ransfer" coefficient provides an extension of von DardeFs 
approach8 to an arbitrary scattering kernel. I t is wor th not ing that the 
second moment appears only as a result of detailed balance; the 
general expression (18) involves the first energy transfer moment 
as one would expect on physical grounds. 

Wi t h these prel iminaries over we can now subst i tute our trial 
function in the balance equat ion and require particle and energy 
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conservation. I n terms of the previously defined quanti t ies, the result 
is 

[(1 - 2c) Σα0 + c Σα1] - i j [(1 - 2.) D0 + *Z)J = 0 (23) 

[(1 - 2c) 27Λ + e 27α2] - 1 [(1 - 2c) £>, + cZ>2] = - ^ . (24) 

Either e or L2 can be el iminated to give a quadrat ic equat ion for the 
other quant i ty in terms of the various cross section averages. Remem-
bering that the calculation for the lowest mode is only valid to first 
order in €, however, one obtains 

Τ 2 

= ' + 2 ( f - Ξ 7 ) 'θ <25> 

for the ratio of the asymptot ic diffusion length to L2
M = Ο0/Σα0, its 

value calculated from cross sections averaged over a Maxwell ian 
at the moderator temperature. T he temperature shift in the asympto-
t i c spect rum is 

and might in principle be either positive or negative, depending on 
the variat ion of cross sections wi th energy; i t wil l vanish if the 
absorpt ion is zero, but also if the absorpt ion and diffusion coefficients 
vary in the same way with energy. 

Several special cases of these results are worth not ing. For cross 
sections which vary as some power of the energy (with β ά and β α 
the corresponding exponents for the diffusion coefficient and absorp-
t ion cross section) we have 

— = ι + 2 φ , - βα) •Σ-α0 

= 1 +" T L ^ 1 < / * . = < > . & = - * ) (27) 

where the second line holds for a constant diffusion coefficient and 
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l/v absorpt ion. T he last line is the l imit in g value for a heavy gas 
moderator, for wh ich the average second moment is 

M2 = 4 ξΣν ( 2 8 ) 

T he corresponding results for the diffusion length are 

= 1 + Jr T T - (A. = ° . a = - i> ( 2 9) 

16 ξΣ, 
(Λ > 1) . 

T he small numerical coefficient (of the order of 0.1) in the last case 
indicates that the med ium wil l behave almost as if free of absorpt ion 
hardening for the asymptotically decaying space mode. 

T he next eigenfunction χ χ of Eq. (11) must be orthogonal to the 
exact χ 0, SO that it cannot be described by a Maxwell ian at an effective 
temperature. However, the trial function (15) provides an arbi trary 
linear combinat ion of the first two Laguerre polynomials, and is 
therefore still an appropr iate estimate of χ 1 provided € is no longer 
restr icted to be a small quant i ty. Accordingly, if e is el iminated from 
Eqs. (23) and (24), the second solution of the result ing quadrat ic 
equat ion gives L x2, the rethermal izat ion area. Since the general result 
is not part icularly instructive, we shall note only two special cases. 

I f the absorpt ion cross section vanishes, 

W = _2 (Z )2 - ZV/Do) 

M2 

= 4D/M2 (βα=0) (30) 

= D/ξΣ. (A > 1). 

A similar result for a constant Z), but with a different numerical 
coefficient and temperature dependence, has been obtained by 
DeVooght1 1. If both D and Σα are independent of energy, 
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By wri t ing Eq. (11) for the heavy gas model with constant cross 
sections and compar ing it with the differential equat ion defining the 
Laguerre polynomials, i t is easy to show that the exact eigenvalues 
are given by 

L" = - Σ Τ Τ ^ ξ Σ Τ - ( 3 2) 

T he agreement for η = 0 and 1 with the variational result might 
have been anticipated from the fact that the trial function used is a 
linear combinat ion of the exact two lowest eigenfunctions. 

A problem closely related to the preceding one is the decay with 
t ime of a pulse of neutrons int roduced into a finit e block of moderat-
ing material. Th is has been studied by Ne lk in10 using a Maxwell ian 
at an effective temperature in a variational principle for the sym-
metr ized balance equation, and by Singwi and Ko tha r i12 for a general 
dependence of the diffusion coefficient on energy. Corngold and 
Zamick13 have used Laguerre polynomials as trial functions. S ingwi4 

and Puroh i t5 have studied the problem in terms of an eigenfunction 
expansion wi thout using a variational principle, but have noted the 
equivalence between the result ing expressions when only the first 
two Laguerre polynomials are used. 

T he flux as a function of t ime as well as space and energy wil l 
satisfy a balance equat ion which is identical with (8) except for 
the addit ion of the te rm Ι/νδφ/θΐ on the left, where ν is the neutron 
velocity corresponding to E. I n this case we are interested in the 
t ime behavior specifically rather than the way in which a localized 
pulse reaches spatial equi l ibr ium. We shall therefore assume that 
the spatial dependence is given by the lowest mode solution of 

\7*Φ0 + Β*φ0=0 (33) 

where B2 is the corresponding buckl ing for the system, and expand 
the flux distr ibut ion in a series of eigenfunctions of the t ime operator: 

φ(τ,Ε,ί)= φ0 (r) Χ αη χη(Ε) V . (34) 
η =0 

Subst i tut ing this result in the t ime-dependent balance equat ion leads 
to the following eigenvalue equat ion for the spectral functions χη(Ε) 

(-^ + Β Β 2+ Σ α) Χ η= ^ (35) 
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where we can identify the lowest eigenfunction with the spect rum 
after a long t ime interval which decreases in ampl i tude with t ime 
whil e maintain ing its energy distr ibut ion, while the higher eigen-
functions are needed to satisfy initial condit ions. If the eigenvalues are 
well separated, the next to lowest eigenvalue wil l describe the rate 
at which the nonasymptot ic spect rum comes into equi l ibr ium wi th 
the moderator, so that the reciprocal eigenvalue 1 /λχ is just the 
thermal izat ion t ime. 

T he calculation in this case is exactly parallel to the preceding one ; 
i t can be avoided, however, by making the appropr iate identifications 
between (11) and (35) wi th the following results: 

T 1 • <W * Σα 1 + Dl & \ Σα 0 + DoB2 

α Σα0 + D0B2 I M 2 

D R2 

= 1 - (βα = 0, βα = - I ) (36) 

T he last two cases show the expected diffusion cooling due to the 
preferential loss of neutrons with higher than average energies. T he 
asymptot ic decay constant is given by 

(37) 

_ ι z y?2 A , * 2 _ _ ^ 
~ 1 ~ Τ + Σα0 ~ΉΓ ν>*-»>Ρ·--ν) 

8 DoB' + Σ^ ξΣ$ ^ ^ l > 

where λΜ = Σα0/(1/ν)0 is the value computed in the absence of a 
temperature shift. 

T he thermal izat ion t ime, 1/λ1( again satisfies a rather compl icated 
quadrat ic equat ion; for the part icular case of an infinit e absorpt ion-
free medium, however, 

Λ Ι = Λ = ^ M* (3 8) 

3V7T 
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4. Infinite Medium Spectra 

A somewhat more difficul t problem than the preceding one is the 
calculation of the posi t ion- independent neut ron spect rum in an 
infinit e med ium containing a uniform source of fast neutrons. Th is 
has been studied by Liebfr ied9 and by Ca lame14 using the effective 
temperature approximat ion wi th the symmetr ized heavy gas kernel, 
and by Zaretsky and Sedeln ikov15 for a general scatter ing kernel 
but assuming l/v absorpt ion. 

T he balance equat ion for this case is 

where S(E) is the normalized spect rum of source neutrons and vanish-
es below some energy well above the thermal range. Whi le this 
involves only a single independent variable, the energy, so that no 
initial analytical reduct ion is needed, a complicat ion arises from the 
fact that the neut ron moderat ion changes its character essentially 
between the fast and thermal regions. A natural descript ion of the 
flux is a Maxwell ian at some effective temperature Γ jo ined on to an 
epi thermal spect rum at a transit ion energy Et. I f we assume no 
absorpt ion in the epi thermal region, i t is reasonable to use the 
asymptot ic relation 

between flux and slowing-down density at Et to obtain the ampl i tude 
of the thermal distr ibut ion. Since the slowing-down density is uni ty 
because of the source normalization, an appropr iate trial function 
for (39) is 

Σαφ{Ε) =^L + S(E) (39) 

q(E) = ΕξΣ,φ(Ε) (40) 

Φ(Ε) ^ A 
E_ 
f2 

β—E jT (41) 

for Ε < Et, wi th ampl i tude 

A = (42) 
Et2&s(Et) 

I n order to determine the two parameters Ef and Τ we integrate 
the balance equat ion both before and after mult ip ly ing by E. I t is 
convenient to consider only the energy range from 0 to Et to avoid 
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having to specify the epi thermal flux in detai l; since there is no 
absorpt ion, all the source neutrons must appear in the thermal 
range with this transi t ion energy. However, we can still extend the 
integrals over (41) to infinity , since the initial assumpt ion that the 
thermal spect rum deviates only slightly from an equi l ibr ium Max-
wellian implies that the contr ibut ion from energies above Et is 
negligible. 

T he equat ions result ing from particle and energy conservation 
are then 

Α[{\-2,)Σα0 + ,Σα1} = \ (43) 

A[(l - 2e) Σα1 + ,Σα2] = - A y M2 + ^ (44) 

and must be solved numerical ly. For the case of a heavy gas with 
l/v absorpt ion, the result is approximately of the form 

where the coefficient C is of the order of 2, and is consistent with 
effective temperature fits to spectra calculated for a free gas by the 
Mon te Carlo me thod .16 

Th is result can be used to account for the success of the "mixed 
number densi ty" method used by B reen17 to calculate thermal flux 
peaking in fuel-water regions near reactor water gaps. T he method 
involves the use of diffusion coefficients averaged over a Maxwell ian 
at the moderator temperature, together wi th absorpt ion cross sections 
averaged over the hardened infinit e med ium spect rum, on the basis 
of numerical results from mul t igroup calculations. T he physical 
justif ication is a littl e clearer in the light of Eqs. (27) and (45). T he 
flux in the fuel-water region can be divided approximately into two 
parts—a spatially constant component due to neutrons slowing down 
in the med ium, which is appreciably absorpt ion hardened; and an 
exponential ly decaying transient due to neutrons diffusing in from 
the adjoining water gap, which is much closer to a Maxwell ian. 
T he transient component, however, is almost Maxwel l ian because of 
the near cancellation of the local absorpt ion and diffusion effects, and 
not because the neut rons have originated in the low-absorpt ion water 
gap; i t should, therefore, be at the fuel rather than the water gap 
temperature if the two differ. 
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T he preceding applications have involved the use of a variational 
principle to extract a small amount of accurate information, such as 
an effective temperature or an eigenvalue, from a large amount of 
relatively poor information, such as a tentative guess at the shape of 
a flux spectrum. Calculations were carried as far as possible analyt i-
cally in order to find the dependence of these quanti t ies on the 
physical parameters enter ing the problem. An alternative is to use 
the variational method as an interpolat ion procedure: if accurate 
solutions are known for two extreme cases of a prob lem involving 
some parameter, i t provides a means for rapidly est imating solutions 
for intermediate values of the parameter. I n this case the interest is 
i n rapid numerical computat ion rather than physical insight. 

A n example is the calculation of thermal group constants for use in 
few-group studies. T he flux spectrum needed for weight ing the 
constants could be found by numerical ly integrat ing Eq. (39) for 
each case, but this is a very t ime consuming procedure. Al though 
i t may take only 30 sec to carry out on a large computer, this is quite 
untenable for design studies on a high performance reactor, since the 
composit ion is likely to vary appreciably th roughout the core and 
also dur ing its operat ing life. Suppose, however, that we carried out 
calculations only for two extreme values of the composit ion, to obtain 
the two spectra φ1 and φ2, and the corresponding adjoints φχ+ and 
φ2+. For example, in a parameter s tudy of water boiler reactors with 
many fuel-to-water concentrat ions, one might choose pure water 
as one case and the highest fuel concentrat ion considered as the other 
extreme. We then assume that the direct and adjoint spectra for 
intermediate values of the concentrat ion can be represented by the 
following linear combinat ions: 

where the ^'s are constants to be determined. If we construct a 
variational principle for Eq. (39) according to the recipe of Section 2, 
insert these trial functions and vary the coefficients, the requi rement 
that the functional be stationary leads at once to the following two 
algebraic equations: 

Φ ~ C1 φ1 + ^2^2 

φ+ ^ + α2+φ2+ 
(46) 

Hn ct + H12 c2 = / j 

H21 cl + H22 c2 = f2 
(47) 
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together wi th a corresponding set for the c+is. T he coefficients are 
given by 

Hnm = (φη+, Ηφηι), ίη = {φη\ί) (48) 

and require only numerical integrat ions to evaluate. 
T he result is that one has reduced the problem of solving the 

energy-dependent s lowing-down equat ion to the much simpler 
problem of solving a pair of l inear algebraic equat ions. Once this has 
been done, the result ing values of the c's and corresponding flux 
estimates (46) can be used to weight the thermal group constants in 
just the way one would use the exact solut ions. Th is procedure has 
been developed into a rapid calculational method for group constants 
by Calame et al.18 which provides substantial savings of computer 
t ime ; it gives quite satisfactory accuracies for design calculations and 
is faster than the usual methods by about a factor of 10. 

5. Space-Energy Flux Distribution 

As a last application of the variational method, we shall consider the 
calculation of the flux distr ibut ion in space and energy in a reactor 
containing many regions of different composit ion and temperature. 
Th is is a fundamental problem of reactor design and wil l i l lustrate 
the th i rd application of a variational principle: as a Langrangian 
used to construct a simpler approximat ion to a given theory .2 Suppose 
that we are given the functional of Eq. (5) and told that i t is stat ionary 
for arbi trary small variations of the arguments in the neighborhood 
of a part icular set of values for φ and φ+. T h en if we calculate the 
variation of F and use the propert ies just ment ioned, we can immedi-
ately recover the direct and adjoint Eqs. (1) and (4). Th is means 
that we can identify the variational functional wi th the Lagrangian 
of the theory given by the original operator equat ions; instead 
of working with the reactor equat ions and their adjoints directly, 
we can deal instead with the functional since one is equivalent to the 
other. If the theory is given in terms of differential equat ions, then 
one can modify the functional in such a way as to include the 
boundary condit ions as well as the equations ; so that we have under 
this interpretat ion a very compact statement of the ent ire theory. 

I f we then use prior information or our physical intui t ion to choose 
trial functions which are only part ly specified, for example, by giving 
the explicit dependence on some of the variables, but leaving the 
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dependence on others undetermined, it is often possible to carry 
out part of the integrations impl ied by the inner product notat ion. 
T he result is a reduced Lagrangian depending on new functions 
and fewer variables than originally, which can be interpreted as 
defining a simpler theory. By studying the classes of trial functions 
which are possible, one has a systematic procedure for reducing a 
complicated theory to a simpler one, which the stat ionary proper ty 
of the variational principle implies is the best possible simplified 
theory consistent with the class of trial functions which was 
chosen. 

Let us apply these considerat ions to the calculation of the thermal 
flux distr ibut ion in space and energy, assuming diffusion theory but 
allowing an arbitrary scattering k e r n e l .2 , 7 , 19 T he direct and adjoint 
flux equat ions are 

- V · D\/φ + (Σα + Σ8)φ = Γ dE' Σ8(Ε <- Ε')φ{Ε') + S 
J ο 

(49) 

- V · θνφ+ + (Σα + Σ,)φ+ = Γ άΕ'φ+ (Ε') Σ, (Ε' «- Ε) + S+ 
J 0 

where the adjoint source S+ is chosen according to the considerations 
of Section 2 and both the external sources and the cross sections 
may depend on posit ion and energy. By vir tue of Eq. (5) the 
Lagrangian for this theory is the following: 

φ] = jdr J°° dE (φ+ S + S+φ - \7Φ+ * D\/φ - φ+Σαφ) 

(50) 

+ \dr Ç dE ΓΆΕ'φ+(Ε) [Σ8(Ε*-Ε') - Σ8(Ε) Β(Ε - Ε')] φ(Ε'). 

I n order to simplify the problem we would lik e to el iminate or at 
least reduce the energy dependence since a direct mul t igroup solu-
t ion to the equations, while feasible, would required a large number 
of groups because of the rapid flux variation wi th energy in a Max-
wellian. An alternative is to approximate the flux distr ibut ion as a 
function of both posit ion and energy by a set of neut ron populat ions, 
each one characterist ic of some part icular locality, but overlapping 
i n energy and extending throughout the entire system.6 
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n=l 

Ν (51) 
φ(τ, Ε) = %φη+(τ)Χη+(Ε) 

η=1 

where we shall assume that χη and χη+ have been obtained by solving 
the infinit e med ium equat ion (39) in some approximat ion. T he space-
dependent coefficients φη and φη+ can be identified as the total flux 
and the average adjoint in the nth group, respectively, if we normal ize 
the spectra by 

C d E Xn = h Ç d E X n+ Xn = \ . (52) J ο J ο 

Subst i tut ing these trial functions into the Lagrangian and carrying 
out the energy integrals (since the trial spectra are numerical ly given 
functions of energy) results in the following reduced Lagrangian: 

(53) 

+ Χ X Jdf [— \/φη+ · ΒηηΧ7φη + φ η+( Σ η τ η ~

 Σαητη)Φτη] 
η m 

where the posi t ion-dependent group constants are given by 

Sn=fdEXn+S Sn+=fdES+Xn 

D n m= dEXn+Dxm Σ α η ηι = d E X n^ a Xm (54) 
J 0 J 0 

Enm = fdE CdE' Xn+(E) [Σ,{Ε +- Ε') - Σ,(Ε) S(E - E')]Xm(E'). 

I f we vary the adjoint group fluxes to recover the approximate 
equations which this new Lagrangian defines, we obtain 

Ν 

Σ [ - V » AimWm + ( Σ α η γη - Σηπι)φΛ = S n. (55) 

We can write such a pair of tr ial functions as follows: 

φ(τ, Ε)=Χφη(τ)Χη(Ε) 
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Th is is a set of N second-order differential equat ions in the space 
variables only which define a simpler few-group theory. I t differs 
from the usual few-group equat ions in having Laplacians for each 
group on the left side of each equation, and in its boundary condi-
t ions which require, in addit ion to cont inuous group fluxes at each 
interface, that the Ν quanti t ies 

Ν 

2) DnmV4>m (56) 

also be cont inuous. If the group constants are independent of posit ion 
withi n each region, the set of equat ions can be diagonalized by pre-
mult iply ing by the inverse of the diffusion coefficient matr ix, thus 
reducing the equations to the conventional group form al though the 
boundary condit ions remain nondiagonal .19 However, the numerical 
solut ion of these extended equations is not significantly more diffi -
cult for �  small number of groups than the conventional few-group 
equat ions. A computer program using this method has been develop-
ed by Calame and Feder igh i7 which is capable of giving substantial ly 
the same accuracy as existing mul t igroup programs, but requires only 
a fraction of the comput ing t ime. 

Whi l e the preceding development has been oriented towards 
numerical computat ion, we can at tempt to extend the derivation 
analytically in order to s tudy the relation of the group coefficients 
to those of conventional group theory. Suppose that we restrict the 
summat ions of Eqs. (51) to two groups and choose for the two 
adjoint spectra 1 and E. T he second adjoint spectrum, E, no longer 
has the normalizat ion $άΕχ2+χ2 = 1, and hence can not be inter-
preted as the average adjoint in group 2, but this was a matter of 
convenience and not a necessary requi rement. T he group equat ions 
then become 

- V · A W i ~ V · DfJ4>* + Σα1φΧ + Σα2φ2 = S (57) 

— V · EDl Ό1\/φ1 — V *  ED2 AÏV<£2 + Eal Σα1φΧ + Ea2 Σα2φ2 
(58) 

= AEL Σ8ΐφ1 + ΔΕ2 Σ82φ2 + ESS 

where, by compar ing coefficients with Eqs. (54) and (55), Dny Σαη, 
and Σ8η are simple averages over the two group fluxes ; S is the total 
rate at which neutrons are produced by an external source; and 



VARIATIONAL METHODS IN NEUTRON THERMALIZATION 183 

EDn,E a ni and Es are the average energies at which neutrons in g roup 
η are lost by diffusion or absorpt ion, and the average energy of 
neutrons from the source. T he quant i ty ΔΕη is defined as Σ2η/Σ3η. 
Using the definition of Σηπι, i t is easy to show that Σ1η = 0 while 

Σ. 2N = f dE' I dE(E' - Ε) Σ, (Ε' +- E)Xn(E) (59) 

so that ΔΕη is just the average increase in neut ron energy per scat-
ter ing collision averaged over the group η spect rum. 

T he preceding two group equat ions then just describe part icle 
and energy conservation and could, indeed, have been wr i t ten down 
together with the definitions of the constants wi thout recourse to 
a variational pr inciple. T he associated boundary condit ions are 
cont inui ty of the flux in each group, together wi th cont inui ty of 
the particle current 

- D1\J61 - D2y</>2 (60) 

and of the energy current 

- ED1 Ώ1\/φ1 - ED2 D2V<£2. (61) 

For the case of constant cross sections within each region, Eqs. (57) 
and (58) can be solved for V2</>i and \/2φ2 t0 g i ye particle balance 
equat ions for the two flux groups: 

- Z^ V V i + {Σα1 + Σ21)φ, = Σ12φ2 + S1 
(62) 

- Z ) aV ^ a + (Σα2 + Σ12)φ2 = Σ2ίφχ + S2 

where the group constants must be defined as 

y _ ^ 2 y ED2 — Ea2 _ ED2 — Es ^ 
^ 1 2 — j? 77 ^s2 π π ^Α2> ° 1 ~ ~F> j? ° 

&D2 — ^D2 — A D I UD 2 — ΆΏ \ 

(63) 

y — Α Ει y Eai ~ E DI y η _ ~ E d± e 
^ 2 1 — ^ π ^ s l π π ° 2 -Z>2 ~~ &D1 " &D2 — £,Dl ED2 — EDl 

[The notat ion is no longer consistant wi th the definitions of (54)]. 
I t should be noted that the definitions of the group cross sections 

impl ied by (63) are not arb i t rary; that is, if one wants to interpret 
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each term as a loss or gain of neutrons from a given group by a 
given process, then the identification of Enm as the cross section for 
transfer of neutrons from group m to group η is uniquely determined. 
For the part icular case of a heavy gas it is easy to show that 

where En is the average energy of the group η spectrum, T0 is the 
moderator temperature, and EQ = 2T0 is the local equi l ibr ium 
energy. Since the diffusion coefficients are constant in the heavy gas 
approximat ion, EDn = En and the group constants become identical 
wit h those previously obta ined2 ; that is, the form of the expression 
for the group constants does not depend on the trial spectra that 
were chosen. 

Nevertheless, we might expect some cancellation as a result of 
choosing equi l ibr ium spectra for the trial functions. Th is problem 
has been considered by L indenme ie r19 for the heavy gas limit , but 
the generalization is straightforward. We have to consider two dif-
ferent cases, depending on whether or not an external source of neu-
trons is present in the part icular region being looked at. Fur thermore 
one might be led to either of two interpretat ions of the term "equi l i-
b r i um." T he first possibil ity is to consider that if group 1, say, is to 
be regarded as an equi l ibr ium group in med ium 1, then far away 
from any boundar ies only group 1 flux wil l be present. But another 
viewpoint is that, regardless of the populat ion of the two groups, 
there should be no transfers from the equi l ibr ium group 1 to the 
nonequi l ibr ium group 2; that is, Σ21 must vanish identically. 

Consider the source-free case first. I n order to maintain a flux in 
the absence of a source, its spatial dependence must satisfy Χ72Φι = 
Β2φν Subst i tut ing this in the energy-dependent infinit e med ium 
balance equat ion yields an eigenvalue equat ion for χχ which we can 
interpret as an equi l ibr ium spect rum in the first sense, since its 
first two energy moments wil l satisfy the equat ion 

which are precisely what one obtains from Eqs. (62) if there is an 
exponential space variation and φ2 is set equal to zero. But these 
equat ions imply that Σ21 wil l also vanish, so that the spect rum is an 
equi l ibr ium one in both senses. 

ΔΕηΣεη = (E0 - Εη)ξΣ, (64) 

- DJP + Σα1 = 0 

- ED1DXB* + Σα1 = ΔΕΧΣΛ 
(65) 
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For the second case, in which an external source S is present, 
the equi l ibr ium spect rum defined by the solut ion of the infinit e 
medium energy-dependent balance equat ion has the same first two 
energy moments as are obtained by sett ing φ2 — 0 in the group 
equations, and hence is an equi l ibr ium spect rum in the first sense as 
before. However, the cross section for the transfer of neutrons out 
of the equi l ibr ium group is now given by 

Σ21 = - -Ρ^ψ- ΣΛ (66) 

which wil l vanish either for the trivial case of zero absorpt ion, or 
if the energy of source neutrons coincides with Em. Th is could be 
ensured by considering that neutrons which have slowed down to 
this energy const i tute a separate populat ion and appear in the equil i-
b r ium spect rum in the same way as from an external source, but 
would presumably lead to some error because of the overlap in 
flux from ED1 to the top of the Maxwell ian. I n the general case, 
however, the source wil l either be at some intermediate cutoff 
energy, or at fission energies, with the result that the two spectra 
wil l be mixed, even though one is an equi l ibr ium spect rum in the 
sense that it alone wil l be present in an infinit e med ium. 

T he preceding sections have indicated three possible interpreta-
t ions of the variational method which are conceptual ly qui te different 
—the efficient calculation of a single piece of information from general 
physical considerat ions; the rapid numerical est imation of inter-
mediate cases from a few detailed calculations of the extreme cases; 
and the reduct ion of a given theory to a simpler approximate version 
in terms of an intuit ive physical picture of the system behavior. 
Section 3 also i l lustrated the usefulness of the variational method 
in unifying a number of apparent ly quite dist inct analytical appro-
aches to the calculation of asymptot ic spectra th rough the equivalence 
of the corresponding trial functions. T he considerable flexibility  in 
choosing trial functions on the basis of incomplete, qualitative 
knowledge, and the possibil ity of dealing both with analytical 
studies to provide insight into physics as well as numerical methods 
for rapid computat ion, are responsible for the usefulness and general-
it y of the variational method. I t should be clear from the foregoing 
that while the problems of neut ron thermal izat ion provide an 
excellent application of these methods, they are by no means res-
tr icted to this area. 
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