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I. Introduction

The relation between stress and strain in the plastic range is of obvious
importance in such manufacturing processes as forging, rolling, extruding,
and machining which depend upon plastic action and in turn cause changes
in the plastic properties of the materials. It is equally important in engineering design, despite the apparent assumption of completely elastic behavior. Although nominal working stresses are well below the elastic limit
in structures or machine parts under essentially static loading, the dependence upon ductility is almost always explicit or implicit in design specifications. Stress concentrations which cause local yielding are ignored, unless
there is a problem of fatigue, as are residual stresses or in general all the
true details of the elastic stress distribution. Even in the brittle fracture of
normally ductile metals, measurable and sometimes appreciable plastic
deformation occurs.
In some cases, plastic action is used directly to produce a desired state of
stress or to keep subsequent stresses within the elastic range. Boiler tubes
97
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are expanded plastically by interior rolls to produce positive pressure between them and the plates through which they pass; cold-rolled metal is
used instead of hot-rolled; shot peening is employed to cold-work the metal,
induce residual surface compression, and thus to reduce the danger of
fatigue; and springs are preset.
A complete and true understanding of design and of technological processes cannot be achieved unless adequate information on the state of stress
and strain can be computed with reasonable accuracy. The ultimate objective of the mathematical theory of plasticity is to determine the history of
the state of stress and strain at all points in a partially or totally plastic
body when the history of the boundary loadings and displacements are
specified. Relatively little has been accomplished along these lines for workhardening materials, and so a start is made with the simplest approach
which can yield practical results. Although large strains must be considered
in manufacture and physical metallurgy, the strains are generally small in
the ordinary problems of stress analysis. Hence the simpler assumption of
small strain is made because it avoids enormous complication and still
permits the solution of practical problems. Real materials are often reasonably isotropic in the unstrained state and therefore initial isotropy is
naturally most often assumed. Time and temperature effects, also, though
very important, are not significant in the slow application of load to many
metals at room temperature. They too will be neglected in most of what
follows.
The difference between the approach of the physicist and that of the
engineer can now be made clear. The physicist is properly concerned with
the fundamental reasons for, and the mechanisms of, plastic behavior. He
starts with single crystals and is understandably satisfied to predict orders
of magnitude for moduli, yield strength, and ductility on the basis of atomic
structure and defects. Eventually, fairly accurate predictions are to be expected from this work, but it is unlikely that sufficiently exact information
can ever be computed from first principles on the relation between stress
and strain for polycrystalline material under complicated paths of loading.
Nevertheless, much of the valuable insight which is gained by these studies
is now being applied in the mathematical theory to develop suitable phenomenological stress-strain relations. A phenomenological theory, it should
be remembered, is essentially prediction on the basis of tests, so that there
is, for example, no need for a mathematical theory of plasticity to describe
the behavior of material in simple tension or compression. A set of stressstrain curves for repeated loadings and unloadings is sufficient. On the contrary, physical theories are of extreme value.
A mechanical-thermodynamic concept will be employed to establish a
mathematical theory of great generality when time and temperature effects
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may be ignored. History, or path of loading, is all important because plastic
deformation is an irreversible process. There can be no unique relation
between stress and strain. The simplest relation which can exist is between
the strain increments and the existing state of stress and increments of
stress. In general, it is found that the relation between the increments of
stress and strain depends upon the complete prior history.
A brief discussion will also be given of the apparent similarity between
frictional and plastic behavior and the fundamental difference will be
brought out.
An analysis of existing experimental results in terms of mathematical
theory will complete the survey of the relationship between stress and
strain.
II. Experiments on Yielding
1. A SIMPLE AND USEFUL T E S T SPECIMEN

The onset of plastic action, termed yielding, is to a certain extent a matter of definition. For the usual materials with curved stress-strain diagrams
in simple tension, Fig. 1, it is customary to use an offset yield strength which
does not involve a strong element of judgment. A permanent tensile strain
of 0.002, designated by AC, is generally chosen and defines the yield
strength, point B. The assumption will be made in the further discussion,
however, that the limit of elasticity is well defined and onset of yielding
will refer to it.

FIG. 1. Stress-strain curve for simple stress. The total
strain 6 produced by stress p is composed of an elastic
part €« and a plastic part e*\

FIG. 2. Combined stress in a thin-walled cylinder. Internal pressure, axial force
P, and twisting moment T produce known stress components px , py , pxy or equivalently principal stresses pi, pt .
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Knowledge of the behavior of metal under uniaxial stress is not sufficient
to predict what will happen under more complicated states of stress. The
easiest test specimen to visualize and the one on which most work has been
done1-31 is the thin-walled cylinder, Fig. 2. An axial pull P produces a uniform distribution of tensile stress in the axial direction. A twisting moment
T causes an almost uniform distribution of shear stress in the wall. Internal
pressure produces axial and circumferential stresses which are large compared with the pressure. Therefore, to a first approximation, a homogeneous
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biaxial state of stress px , py , pxy , or, pi, p2 results from any combination
of such loading. Figure 3 shows the stress paths for several cases of "radial"
loading. The term radial comes naturally from the plots as straight lines
from the origin. It means, for example, that the external loads on the thinwalled tube of Fig. 2 and, therefore, the homogeneous internal stresses
increased in ratio. Any ratio of pi to p2 which will not cause buckling can
be employed. The general description of radial loading is
Pij =

Kp%

where K is a number which increases from zero as the loading proceeds and
p% is some arbitrarily chosen state of stress (px°, py°, p°xy , · · ·). Clearly,
use of principal stresses in Fig. 3 rather than components in fixed directions
implies a lack of orientation effect. However, radial loading, by definition,
means that the directions of the principal stresses are fixed.
Plots of any component of stress against the corresponding component
of strain look like the simple stress-strain plots. Increase of K means increasing plastic deformation after initial yielding has taken place; a decrease of K causes elastic unloading. No additional plastic deformation
takes place until the highest value of K previously reached is exceeded.
The yield function or relation between the yield values of K for the various stress ratios including simple tension requires the start of a mathematical theory of plasticity.32-40
2. SIZE EFFECT

As defined, the yield function is a function of a stress alone which gives
the states of stress at which yielding occurs. It is meaningful only if there
is no difference in plastic properties between a small and a large region of
metal under stress. As an illustration, the tube wall thickness in Fig. 2
should have negligible influence.41 The usual manner in which size effect
appears in practice, however, is in the presence of a steep gradient of stress.
Only part of the material is highly stressed in a region of stress concentration or in a bent beam, and just a single point or surface is at maximum
stress. Unless the very high stress region covers an appreciable number of
32
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grains (Fig. 4), it is not reasonable to expect the same behavior as is found
in a relatively large test specimen under homogeneous stress.
However, X-ray diffraction studies indicate quite strongly that, in most
practical cases, the so-called restraining effect of the region under low stress
does not exist. The assumption that a theory based on homogeneous stress
may usually be applied to an inhomogeneous state is therefore reasonable.42
To avoid size effect, it is desirable to ensure that the test specimens employed to establish the proper mathematical theory of plasticity for the
metal have many grains carrying the load. Clearly, the tube wall in Fig. 2

FIG. 3. Radial loading paths. A radial
line in a plot of pi vs. pi denotes constant
stress ratio. Internal pressure applied to a
thin-walled closed tube gives 302/pi = 2.

FIG. 4. Size effect. The number of grains
ithin the region of high stress may be sigifionnt
nificant.

W

should not be too thin. On the other hand, the ratio of wall thickness to
radius should be small to keep the third principal stress small. Therefore,
the diameter must be quite large (say 2 in. or more).
3. SHEARING STRESS AND THE £FFECT OF HYDROSTATIC STRESS

If size effect is negligible or absent, the form of the yield function can be
examined. As Bridgman has shown for metals, the influence of hydrostatic
pressure on yield point is not appreciable until very high pressures are
reached.43-45 Also, if a tensile test or shear test is run at atmospheric pres42
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FIG. 5. Possible equivalence of biaxial tension and uniaxial compression. Addition
of hydrostatic stress p does not alter the shearing stress on any plane.

sure in the standard manner with load and deformation recorded, immersion of the entire setup in a chamber under pressure will hardly alter the
stress-strain curves obtained in the small strain range. The major effect of
pressure is to increase greatly the ductility of the material and so permit
much larger deformation prior to fracture. Conversely it is found that large
and violent plastic deformation, as may be obtained by the repeated twisting and reverse twisting of wires far into the plastic range, alters the
density very little.46-47 This means that the plastic or permanent change in
volume is very small.
As pictured in Fig. 5, equal biaxial tension in a plane produces the same
shearing stresses as uniaxial compression in the perpendicular direction. In
more general terms, absence of appreciable effect of hydrostatic pressure
may be restated as predominance of the effect of shearing stresses in plastic
deformation. As plastic deformation in metal is primarily a succession of
permanent shear strains, such a result is reasonable. Quite the contrary is
true in granular materials, including soils; there permanent deformation is
often accompanied by large volume change and the hydrostatic pressure
has a very large effect upon shearing strength and upon the relation between stress and strain.48
Having established that shearing stress is by far the major cause of
yielding of metals, the problem is to determine what function of shearing
stress governs. It should not necessarily be expected that the same function
applies to all metals; experiment must provide the answer. A simple idea is
that the maximum shearing stress is the correlating variable. The hexagon
of Fig. 6 represents this criterion of yield proposed by Tresca.49 The circumscribing ellipse proposed by Mises,35 as well as Maxwell, Huber, and
Hencky, agrees much better with the common result that the yield stress
in shear is nearer 0.6 the yield stress in tension than the 0.5 for the maximum shearing stress criterion. An argument in favor of the ellipse is that it
46
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Mises J2 or
octahedral

FIG. 6. Several yield criteria. Stress changes inside the yield curves produce elastic
response only.

represents a line of constant distortional or shear-strain energy. As Nadai 37
pointed out, it also is a line of constant octahedral shearing stress, i.e.,
shearing stress on a plane whose normal makes equal angles with all three
principal directions. However, while shear-strain energy is usually a better
criterion than maximum shearing stress, the data generally plot between
the two. A somewhat more complicated weighting of shearing stress is
therefore required.60
Although the two dimensional plots drawn so far are sufficient for isotropic materials, it is interesting to consider three and more dimensional
representations of the yield criterion. 34,40 Taking the three principal stresses
as coordinate axes, all isotropic criteria which are independent of the sum
of the principal stresses plot as cylinders whose axes are equally inclined to
the three coordinate axes of principal stress (Fig. 7). Maximum shearing
stress corresponds to a cylinder (prism) whose cross section is a hexagon,
shear-strain energy a cylinder of circular cross section.
Isotropy means that there is no need to draw the yield surface in a space
of more than three dimensions. Nevertheless, some intersections of particular planes with the surface in general stress space are of interest, for
example, the intersection with the px , pxy plane. In simpler language, this
intersection is the yield curve for combined normal stress and shear, Fig. 8.
Both the Tresca and the Mises criteria plot as ellipses, px2 + ^ply = constant and px2 + 3pxy = constant, respectively. Again experimental points
usually fall between the two but closer to the Mises' ellipse, as shown by
the dashed line.
60
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F I G . 7.
F I G . 8.
FIG. 7. A yield surface for an isotropic material. The axis is equally inclined to the
coordinate axes of principal stress. If the mean stress has no influence, the surface is
cylindrical or prismatic.
FIG. 8. Intersection of the px , pxy plane with the yield surface. The two most
popular yield curves for combined normal stress px and shearing stress pxy are shown.
The dashed line indicates that the data generally plot between the two.

III. The Yield Function as a Loading Function

It is to be kept in mind that the deformation is assumed isothermal and
that time and viscosity effects are supposed absent. The reasonable and
commonly accepted assumption is made that a loading function exists
which depends upon the state of stress and strain and the history of loading. In other words, at each stage of a plastic deformation or unloading
there is some function of stress /(p»y) such that no additional plastic deformation takes place when / is smaller than some number k which also may
depend upon plastic strain, and history. Plastic flow of a work-hardening
material occurs when / exceeds fc. The loading function is the yield function
for the deformed material. At any stage of plastic deformation the loading
function may be represented, geometrically as is the yield criterion Fig. 7,
by a surface in a space whose coordinates are the components of stress.
A seemingly logical extension of a yield criterion is to consider it as the
truly significant variable, to use it as a loading function. For example,
maximum shearing stress may be used as ordinate and maximum shearing
strain as abscissa to plot the data for all radial loading paths. Octahedral
shearing stress vs. octahedral shearing strain is another of many possibilities. Either of the two mentioned and infinitely many others bring the
data for all radial loading paths into rather remarkable agreement if the
material is originally reasonably isotropic. 5-7 · 12 · 14 · 15 > 22 · 24> 2 5 · 2 8 · 3 0
A single effective stress-effective strain curve51 does not suffice, however,
for a description of the material's behavior even for a given radial path of
61
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F I G . 9. Mohr's circles and Lode's variables. A plot (for all planes at a given point)
of normal stress p vs. shearing stress r on
the same plane. In the corresponding plot
for strain, μ is replaced by v.

10. μ vs. w.
0 for pure shear and also for the stresses
set up by internal pressure on a thinwalled t u b e .
μ = — 1 for simple tension.
VP is v for the plastic components of strain.
FIG.

loading. Information is also needed on what the components of strain are
doing. All components of strain cannot always be measured in a convenient
manner but it will be supposed that the values are known for each value of
p°ij and K in ρί}· = Κρ%. A plot could then be made of the ratios of the
principal strains against the load. Lode13, 52 devised a more descriptive and
useful formulation instead, which is based upon the Mohr's circles of stress
and of strain, Fig. 9. As the elastic and plastic components of strain are
essentially independent it is more convenient to speak of a Mohr's circle for
plastic strains alone.
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In most cases it is found experimentally that vp remains reasonably constant for a radial loading path as K increases, but it varies with p°y or μ,
Fig. 10. In the elastic range, v = μ, in the plastic, \vv\ ^ |μ| so that as K
increases beyond the onset of yielding, |v| drops from its high value of |μ|
and approaches \vp\ asymptotically. 10
As Prager 50 has shown, a judicious combination of shearing stress in the
W. Lode, Mitt. Forscharb. Gebiete Ingenieurwesens

p . 303 (1928).
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FIG. 11. A shearing-stress variable req = F(J2 , J3) correlates Osgood's data.

form of functions of the invariants «72 and Jz of the stress deviation tensor
will permit correlation of experimental data on vv vs μ. Similar use of such
invariants permits the plotting of all radial loading path data on practically
a single curve, as in the analysis of the thin-walled tube data of Osgood,53
Fig. 11. Points shown are for axial to circumferential stress ratios of approximately 0, 3^, 1, 2, and infinity.
IV. Significance of the Loading Function

Caution must be employed in interpreting the success of J 2 , Jz theory
for radial loading paths. It could mean that subsequent yield or loading
surfaces are merely blown-up versions of the original yield surface,54 Fig.
12. However, data for radial loading paths carry no such implication.55 The
statement that curve (2), for example, is a loading surface means that when
it is established, further change to states of stress which are represented by
all points inside ® produces elastic response only. No further plastic deformation occurs until the stress point (the point whose coordinates are
the state of stress) moves outside (2).
Direct tests must be made by probing the new loading surface as Taylor
and Quinney did.29 Using tubes which were stretched first far into the
plastic range, partially unloaded in tension and then twisted under constant
tension, they established subsequent yield curves for various materials.
Fig. 13, which turned out to be close to the Mises curve. Apparently therefore in this restricted portion of the px , pxy plane the yield surface did just
63
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FIG. 12. Possible loading surfaces. One way of interpreting
Fig. 11 is to assume that the successive yield curves ©, ® (or
more generally loading surfaces) produced by plastic deformation are simply blown-up
versions of the original yield
curve ®.

FIG. 13. Establishing the loading curve.
Taylor and Quinney extended their tubes
plastically, unloaded to some extent and
then twisted them until plastic deformation
occurred again.
Px
original yield
point

expand for the materials they tested. As will be seen, this happens in special
cases only.56
Tests on aluminum alloy tubes by Budiansky, Dow, Peters, and Shepherd2 and also by Morrison and Shepherd20 show that the loading curve,
Fig. 13, has a vertical tangent at the normal stress axis. Shearing stress
added to normal stress, as in the twisting of a circular tube following axial
compression which is maintained, shows initial elastic response. However,
the plastic-strain history following the initial elastic behavior indicates that
the loading surface is more sharply rounded than the ellipse of Fig. 13.
V. Experimental Evidence Requiring a General Approach

Enough information is available on the behavior of actual materials to
prove conclusively that successive loading surfaces are not blown-up versions of the original yield surface. Practically all metals in the engineering
strain range show a very pronounced Bauschinger effect.57' 58 As illustrated
by the tension-compression curves, Fig. 14, there is an unequal raising of
the Αθλν limit or often an actual lowering when the flow stress is reversed
66 ψ. Prager, Z. angew. Math. u. Mechanik 15, 76 (1935).
67
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FIG. 14. Bauschinger effect. There
is an unequal raising of the yield
point (flow limit) or often an actual
lowering in reverse loading.

FIG. 15. Correlation of test
data on the Bauschinger effect
using a loading function/ which
contains strain explicitly.

yield stress in compression after pre-tension

f* ϋ^-δδχΙΟ^εί
20
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02
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08

10

in sign. Any original equality of behavior with respect to tension and compression is destroyed. Figure 15 gives the data of Liu and Sachs59 and their
correlation by means of a loading function which contains strain explicitly.54
Furthermore, phenomena allied to the Bauschinger effect appear. Any
initial isotropy which may have been present is destroyed. If the yield
point in tension was originally the same for all directions in the material,
it is so no longer. Both tensile and compressive yield values are altered for
practically all directions by tension in one direction into the plastic range.
As shown schematically in Fig. 16, often when one is raised the other is
lowered. For example, the tensile yield stress at right angles to the applied
tensile stress may be appreciably reduced and the compressive yield considerably increased.
Perhaps it is worth remarking that the physical causes of the Bauschinger
and allied effects need not be considered in this type of treatment. The
localized variations in yielding occurring on a microscopic scale due to imperfections and to high stresses at some grain boundaries are all averaged
and lumped together in the mathematical theory.
69
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FIG. 16. Possible effect of tensile plastic
deformation. The full line represents the
original yield curve, the dashed line the
curve resulting from tensile stress B'. Point
B is the initial yield stress in tension.

Clearly, the term strain-hardening is a misnomer in a sense. The final
state of strain does not describe the properties of the material. Compression
following tension, so that the total strain resulting is zero, produces a state
quite different from the initial. Work-hardening is also a courtesy designation. The work dissipated in plastic deformation likewise does not determine the state of the material. 60 An analysis of experimental data demonstrates conclusively that no single parameter is adequate. In fact, it appears
likely that there is no finite set of parameters; the number of state variables
may well be infinite. As the state of the material is determined by the entire stress and strain history, so also is the response of the material to increments of stress. It is for this reason that an incremental theory is essential.
There is not, and cannot be, a relation between stress and strain independent of the path of loading61 (deformation theory). In particular cases,
it may of course be true that the predictions of a crude theory are adequate
or even excellent. Results obtained from such theories can be used with
confidence only when general incremental theory is thoroughly understood.
Such understanding is tied to the basic concepts of the following section.
VI. Fundamental Mechanical-Thermodynamic Consideration
1. WORK-HARDENING

As stated previously, a good first approximation may be obtained by
ignoring time effects in most structural metals at room temperature. A
stress-strain diagram therefore represents a succession of states of static
equilibrium. Furthermore, it is an experimental fact that metals generally
work-harden. Each equilibrium state may then be said to be stable. The
phenomenon of the upper yield point, exhibited by a few metals, notably
mild steel, is an important exception. Another exception is the region beyond the ultimate strength on a nominal tensile stress-strain curve when
necking occurs, Fig. 17. However, the latter instability is in terms of force;
the actual stress continues to increase until failure occurs.
60
61

F. D. Stockton and D. C. Drucker, J. Colloid Sei. 5, 239 (1950).
D. C. Drucker, Trans. Am. Soc. Mech. Engrs. 71, 587 (1949).

STRESS-STRAIN RELATIONS IN PLASTIC RANGE

L-

111

£

FIG. 17. Work-hardening and stability.

The meaning of work-hardening in simple tension is just that stress is a
monotonically increasing function of strain, Fig. 17. Thic concept may be
broadened to include all states of stress and paths of loading by considering
the work done by an external agency which slowly applies an additional
set of stresses to the already stressed material and then slowly removes the
added set.62· 63 The final geometric configuration may or may not be the
same as the original. The external agency is to be understood as entirely
separate and distinct from the agency which causes the existing state of
stress and which has produced the existing state of strain.
Work-hardening means that for all such added sets of stresses the material will remain in equilibrium and further that (a) positive work is done
by the external agency during the application of the added set of stresses and
(6) the net work done by the external agency over the cycle of application
and removal is positive if plastic deformation has occurred in the cycle. The
net work is zero if and only if elastic changes in strain alone are produced.
It is worth emphasizing that the work referred to is not the total work
done by all the forces acting but just the work done by the added set on the
displacements which result. Expressed differently, work-hardening means
that net energy can not be extracted from the material and the system of
forces acting upon it in such a cycle. Furthermore, energy must be put in if
plastic deformation is to take place.
Figure 18 illustrates the physical meaning of the definition. A thinwalled circular tube is shown under a state of stress produced by an axial
force F, twisting moment M, and internal pressure P. The external agency
which adds and then removes stress is symbolized by the rigid mass attached to a massless cushioning spring which is "dropped" on the end
plate. Velocities are supposed so small that all vibration and wave effects
62
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D. C. Drucker, Quart Appl. Math. 7, 411 (1950).
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FIG. 18. A pictorial representation of the meaning of external agency. The bouncing mass symbolizes the agency which applies and then removes a set of forces to the
already stressed body.

in the tube are negligible. If the added strains produced by the added
stresses are all elastic, the mass will bounce back to its initial height. According to the definition of work-hardening, if plastic strains occur, the
mass will not rebound completely no matter what the combination of F,
M, and P . Nonwork-hardening models may be constructed for which the
mass will return to a higher elevation than it had originally. The most obvious is a material with a falling instead of a rising stress-strain curve in
simple tension. More subtle types are described in reference 62.
2. CONVEXITY OF THE LOADING SURFACE

The definition of work-hardening and the reasonable assumption of the
existence of a loading function are sufficient to prove convexity of the
loading surface. Consider any state of stress pi y on or inside the loading
surface, Fig. 19, and imagine an external agency to add stresses along a
path ABC lying inside the surface until pij on the loading surface is reached.
Elastic changes only have taken place so far. As all purely elastic changes
are completely reversible, the state of the material is independent of the
path from p*y to pa provided the path lies on or within the loading surface.
Now suppose the external agency to add a very small outward-pointing
stress increment dpa which produces very small increments in plastic
strain defy as well as elastic increments. The external agency then releases
d

d£n

P:i

P

'J " Pfrt

^\

FIG. 19. Stress path produced by external agency. Plastic strain coordinates
are superposed.
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such t h a t ( p ( - p..«)<i£cO

(c) convex
(d)
(e)
FIG. 20. Loading surface is convex. The plastic-strain increment vector is normal
to the surface at a smooth point and lies between the normals at adjacent points to a
corner.

dpij and returns the state of stress to p*j along an elastic path DE. As all
the elastic energy is recovered, the requirement that the work done by the
external agency be positive leads to both
dpijdeij

^ 0

and
(Pa - P*i)defi ^ 0
The usual summation convention is followed in these expressions:
dpijdeij = dpd*xv + dpydeyp + etc.
If plastic-strain coordinates are superimposed upon stress coordinates as
in Fig. 19, the expressions may be interpreted as scalar products of stressincrement and strain-increment vectors. A positive scalar product requires
an acute angle between the vectors. As all pij — p*3- must satisfy this rule,
the surface must be convex (Fig. 20).
3. DIRECTION OF THE PLASTIC-STRAIN INCREMENT VECTOR

If the loading surface has no corners or pointed vertexes, the plasticstrain increment vector must be normal to the loading surface.64 Ratios of
the components of plastic-strain increment are thus independent of the
ratios of the components of stress increment at any smooth point on the
M

W. Prager, J. Appl. Phys. 20, 235 (1949).
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surface. In any two-dimensional representation, the plane components of
the plastic-strain increment are normal to the yield or loading curve. The
stress-strain relation for a smooth loading surface may be written in the
form
del- = G^-1Tdpmn
dpa apmn
where the loading function / and the coefficient G may depend upon stress,
strain, and the history of loading. If G is independent of dp a the relation
is termed linear. The simplest and most commonly used form is J 2 theory,
Vi p'mnPmm , G = G(J2) where p'mn is the stress deviator, pmn —
/ = J2
^PkkSmr

deij = G(J2) p'ij dJ2

The elastic increment may be written
de\j

^ ijmn (*Pm

and
deij = de\j + def3
At a corner or vertex, defy must lie inside the figure formed by the normals
to the surface at all points in the neighborhood, Fig. 20.
4. COMBINATIONS OF WORK-HARDENING AND IDEAL PLASTICITY

A great deal of the previous discussion carries through with little change
in the case of ideal plasticity. The fundamental difference is that the yield
surface is fixed in stress space and pi3 must lie on or inside the one given
surface.
It is of considerable interest to note that combinations of ideal plasticity
and work-hardening are permissible. Furthermore, there is no necessity for
the loading surface to enclose the origin (stress-free state). As shown by
the stress-strain curve for uniaxial stress and by the possible loading surfaces which correspond, Fig. 21, materials which deform plastically upon
unloading may be included within the theory.

mitiak
yield \

subsequent
loading surface

/

surface.''

FIG. 21. Loading surface need not enclose origin. Plastic deformation may take
place during unloading to zero stress.
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5. 'COMBINATIONS OF LOADING FUNCTIONS

At the 1953 Brown Symposium on Plasticity, Koiter, 65 Handleman, and
Sanders66 independently discussed the loading function as a combination
of several or infinitely many loading functions, each operating independently or dependently. Corners are intrinsic in such theories and Koiter has
shown that slip theory 67 may be considered to be of this type. Although
truly giving an incremental stress-strain relation, as Sanders has demonstrated, within a limited path of loading the resulting strains may be path
independent and coincide with J 2 deformation theory.
Allowing the individual loading functions to move about as plastic deformation proceeds gives such theories great flexibility. They offer considerable promise because the fundamental physical behavior of crystals
can be incorporated reasonably well.
6. DIFFERENCE BETWEEN FRICTION AND PLASTICITY

The model of Fig. 22 does give force-displacement curves which correspond to stress-strain curves for a work-hardening material if the coefficient of friction increases in the direction of motion. In such a case the
system would be called stable. If the
.
P
A ΑΛ
coefficient of friction / is constant and
vvr-i
P = fN where N is the normal force
N
on the plane of sliding, the system is
FIG. 22. Friction model.
in neutral equilibrium. A falling coefficient as motion proceeds would be
unstable. The question arises whether these terms have the same meaning
as in plasticity. Addition of a spring and vertical force, Fig. 23a, demonstrates that they do not. If the system of Fig. 23a is in the state of impending motion to the left, an increase of V will allow motion to take place.
Repeated application and removal of increments to V permits finite travel
of the mass. By definition, the equivalent of such motion is not permitted
in a work-hardening or an ideally plastic material because even infinitesimal
work cannot be extracted from such systems plus the forces acting upon it.
The contrasting definition in a frictional system is that if it is stable finite
work cannot be extracted for infinitesimal disturbance 62 (Fig. 23).
VII. Some Basic Experiments

The NACA tests 2 have already been mentioned. They are extremely significant because they demonstrated conclusively for the aluminum tubes
66
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J. L. Sanders, Brown University Report All-97 to ONR.
67
S. B. Batdorf and B. Budiansky, Natl. Advisory Comm. Aeronaut. Tech. Note
1871.
66
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FIG. 23. Friction and plastic action are fundamentally different.

tested that the initial response to shear pxy superposed on compressive stress
px was purely elastic. This result was found for ratios of increase in compression to shearing stress from zero to very large values. The indication
was therefore that the loading surface produced by normal stress alone was
rounded and not pointed as predicted by slip theory 67 or combinations of
independent loading functions.65· 66 There is, however, a strong possibility
that the difference in predicted strain for appreciable pxy may not be large.
Direct tests to determine the presence or absence of corners were made by
Drucker and Stockton. 9 Checking this most important feature of plasticity
theory requires very accurate determination of the total strain increments
for small stress increments. Readings of strain should be good to 10 μ in./in.;
otherwise, when calculated elastic-strain increments of the same order are
subtracted, the plastic increments remaining will not be determined with
sufficient accuracy.
Tests of the crucial incremental type obviously require accurate knowledge of the stress increments. This places somewhat unusual requirements
on load measuring devices. For example, a testing machine which is correct
within 0.2 % of indicated load is really far too elaborate an instrument for
determination of yield strength, ultimate, etc. Considering material variables alone and ignoring current factors of safety, ± 1 % is not at all excessive. However, if the initial value of load is 40,000 lb., and an increment
of 500 lb. is to be measured within just 4%, the permissible error is only

FIG. 24. Stress-increment loading paths followed in tube tests. Combinations of tension and
internal pressure were applied.
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FIG. 25a. Circumferential vs.
axial total strain in one tube
test. Two sets of points appear
because the circumferential
strain was measured at two sections 5 in. apart.
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tube test.

pressure 200
in

"si

loo

long. 37 000
load 35 000
in lbs.
33 000

l_»—-*e,,,,"j—

^'T

1

I

20 lb. or 0.05 % of 40,000. A null-balance system which can usually give the
best accuracy over a wide range of values may not be nearly so suitable as
a spring-balance type which can easily record small increments as well as
total load to within a few percent.
Stress-increment paths were followed at two points, A and B, of Fig. 24.
These paths, produced by variation in axial pull and internal pressure applied to thin-walled aluminum tubes, are shown schematically with great
enlargement. Total changes in stress for any "loop" are very small compared with the stress at the starting point. The result of tests at point B
was exp = 0 for all stress increments, indicating a smooth loading surface
produced by internal pressure into the plastic range.
In an extensive series of tests, diametral change, and therefore circumferential strain ey , of the 2-in. diameter tubes was measured at two cross
sections 5 in. apart. The longitudinal change in length in the 5 in. was also
recorded to give ex . Figure 25a is a typical plot of total strain —ey vs. ex .
Two distinct sets of points appear because each diametral gage reading was
plotted separately; the two were not averaged. The stress-increment path
was chosen, as shown, to produce the repeated horizontal portions of the
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total strain plot. Even under these severe conditions, Fig. 256 demonstrates
the essentially constant ratio of ά*χρ to deyp for this test. Here again there
is no evidence of a corner. A more accurate type of analysis by Stockton68
confirmed this result for this tube but uncovered definite indication of
corners in the loading surface for some of the other tubes tested.
VIII. Remarks

So many significant experiments have been performed for so many
purposes, it is not possible to do more than list some of the references in
the space available. The same statement applies, of course, to advances in
theory. Reference should be made to the books by Hodge and Prager, 69
Hill,70 Hoffman and Sachs,71 Nadai, 72 and Freudenthal, 73 monographs by
Steele, Liu, and Smith,74 and Drucker.75 A bibliography by Kececioglu76
will also be found helpful.
Effects of time and temperature have been ignored in the discussion but
are often of great importance. Many studies have been made and reports
written from both the physicist's and the engineer's point of view. A few
references77-90 only are listed. Much of the theoretical and experimental
work on creep parallels that on plastic behavior.
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General conclusions are not easily drawn but it seems fair to say that
simple Mises J2 or octahedral theory is adequate in many cases for prediction of the invariants of stress and strain. Incremental components of
strain however are given very poorly by Ji theory when the path of loading
changes abruptly. Factors of 2 and 3 for the main components of strain are
not uncommon and the smaller strains may have the wrong sign. Occasionally, however, Ji does very well even in detail. Each metal, in fact, each
state of each metal, seems to be a law unto itself as evidenced by the tests
on supposedly identical aluminum tubes. 9
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Nomenclature
F
J2 , Jz
M
N
P
P

Axial force in external
agency model
Invariants of the stress deviation tensor
Twisting moment in external agency model
Normal force on plane of
sliding;
Axial pull on cylinder
Internal pressure in external agency model

d(p..

Twisting moment on cylinder
Stress increment
Increments in plastic strain

f

Loading

T
dpa

function

.
. .
/
Coefficient of friction
Ρχ >Pv > Vxv Biaxial state of stress
V'mn
Stress deviator
Circumferential strain in
ey
tube tests

