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I. Introduction

This chapter deals primarily with the application of the basic ideas of
dislocation theory to the plastic deformation of metals. The underlying
concepts are discussed in the chapter by J. M. and W. G. Burgers entitled
"Dislocations in Crystal Lattices." There the geometry of dislocations and
the basic equations with regard to the interaction of dislocations with impurity atoms and with themselves have been developed. We shall make use
of some of this material.
In addition to using the concepts of dislocations, we shall be equally
interested in dealing with aspects of plastic flow of crystalline substances
which are not as yet directly amenable to an interpretation by dislocation
theory. For example, only small-angle grain boundaries are describable by
dislocation theory. Internal friction studies, however, have given a great
deal of information about polycrystalline materials where large-angle grain
* Under contract with the U. S. Atomic Energy Commission.
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boundaries probably predominate. In such cases, then, one makes use of the
experimental data as guides to building a phenomenological theory.
Generally, our point of view will be an emphasis on the experimental
observations used to contribute to the dislocation theory of plastic flow.
Only within the last few years have the experiments been designed to reveal
particular features of dislocation theory. These experiments were chosen as
the pertinent ones to include in this discussion.
We have not attempted to make a detailed analysis of each topic considered; to do so would result in a long and unwieldly article. Instead we
have tried to introduce the reader to the subject at hand, giving some
analysis of the topic according to present-day thinking in the field.
Since the nature of grain boundaries is of prime importance in many of
the discussions we briefly describe first the current status of this topic. In
the later sections the mechanical response of polycrystals (primarily metals)
is examined under various conditions of stressing and is related, whenever
possible, to basic ideas of dislocation theory and grain boundary structure.
Some general references are listed in the bibliography at the end of the
article.
II. Nature of the Grain Boundary

In the last few years there has been a very rapid development in the
understanding of the nature of grain boundaries, largely due to the stimulus
received from applications of dislocation theory. 1 King and Chalmers2 have
reviewed early theories of the structure of crystal boundaries and discussed
in detail the amorphous layer and the transition lattice theory and the
controversy which centered around these ideas. The transition lattice
theory, which postulated that the boundary consisted of a narrow region of
transition, only a few atoms wide, appeared theoretically the more attractive one. More detailed questions concerning the nature of the transition
lattice could not be answered prior to the development of dislocation theory.
The grain boundary is now pictured as an array of dislocations, as suggested
by Burgers,3 which allows two grains to meet at any angle. The theory was
developed quantitatively by Shockley and Read 4 and van der Merwe.5 The
theory is expected to be valid at small angles where the dislocations are
relatively far apart.
1

For a recent review see B. Chalmers (ed.), "Progress in Metal Physics/' Vol. 3,
Chapter 8. Pergamon, London, 1952.
2
R. King and B. Chalmers, "Progress in Metal Physics" (B. Chalmers, ed.), Vol.
1, Chapter 3. Butterworth, London, 1949.
3
J. M. Burgers, Proc. Phys. Soc. (London) 52, 23 (1940).
4
W. Shockley and W. T. Read, Phys. Revs. 75, 692 (1949); 78, 275 (1950).
5
T. H. van der Merwe, Proc. Phys. Soc. (London) 63, 616 (1950).
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FIG. 1. Variation of surface energy with orientation for lead (after Aust and
Chalmers8).

At large angles, or high distortion, probably a modification of the amorphous layer idea applies. Mott 6 suggested that the grain boundary may be
pictured as a sequence of islands of good atomic fit separated by areas of
misfit between the grains. In such grain boundaries the state of disorder is
expected to be high.
The cooperative phenomena which account for the nature of a grain
boundary on the basis of dislocation theory are treated in detail elsewhere
in this book by Burgers and Burgers. Instead of discussing the theory any
further, the most important consequences of the theory and their experimental investigation will be discussed here.
Perhaps the most important prediction of the dislocation theory of crystal
boundaries is the dependence of the boundary energy on the angle of tilt.
The properties of an amorphous layer, such as the grain boundary energy,
would not vary with the orientations of the neighboring crystals. The experiments of Dunn 7 and co-workers, Aust and Chalmers,8 and Greenough
and King9 have shown clearly that the boundary energy varies strongly with
difference in orientation for low-angle boundaries. A representative curve
for lead is shown in Fig. I. 8 The shape of the curve is in excellent agreement
with theory. These experiments represent the first conclusive proof that the
boundary between two crystals cannot be represented as an amorphous
layer but has to be thought of in terms of a transition lattice representable
by an array of dislocations.
6

N. F. Mott, Proc. Phys. Soc. (London) 60, 391 (1948).
C. G. Dunn, Trans. Am. Inst. Mining Met. Engrs. 176, 72 (1949); C. G. Dunn,
F. W. Daniels, and M. J. Bolton, ibid 188, 1245 (1950).
8
K . T. Aust and B. Chalmers, Proc. Roy. Soc. (London) A201, 210 (1950); A204,
359 Q950).
• A. P. Greenough and R. King, / . Inst. Metals 79, 415 (1951).
7
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FIG. 2. Illustration of loading
method for boundary movement
studies which would move boundary
to left. Horizontal lines indicate slip
direction; slip planes perpendicular
to the plane of the paper (after
Parker 11 ).
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Further support for picturing low-angle grain boundaries as an array of
dislocations comes from some recent beautiful experiments of Parker and
co-workers.10· n If the grain boundary consists of an array of dislocations it
should move under the application of an applied stress. Parker and coworkers observed the movement of small-angle boundaries in zinc crystals
by means of the experimental arrangement shown in Fig. 2. They found
that the critical shear stress for boundary motion was of the same order of
magnitude as the critical shear stress for slip. The rate of boundary motion
decreased with increasing boundary angle. The activation energy for bound10

J. Washburn and E. R. Parker, J. Metals 4, 1076 (1952).
C. H. Li, E. H. Edwards, J. Washburn, and E. R. Parker, Ada Metallurqica 1,
223 (1953).
11
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ary motion was found to be the same as for self-diffusion parallel to c-axis,
creep, and recovery after pure slip deformation (all about 20,000 cal./mole).
Typical displacement-time curves are shown in Fig. 3. Thus, these experiments not only show that the grain boundary consists of an array of dislocations but also suggest that the fundamental process for the motion involves the interaction of dislocations and vacancies. As mentioned above,
small-angle boundaries are more mobile than large-angle ones and were
observed to overtake and unite with those of larger angles forming slow
moving substructure boundaries. This may be an important mechanism
for the formation of substructure boundaries during plastic deformation at
low temperature. Direct evidence in support of the Burgers model has also
been obtained recently for germanium from a study of lineage boundaries.12
Further insight into the nature of the grain boundary is obtained from
the work of Smoluchowski and co-workers13·14 on grain boundary diffusion.
These investigators found that there is a pronounced variation of diffusion
along the grain boundary with the magnitude of the angle between the
grains. At small angles no preferential rapid grain boundary diffusion was
observed and diffusion in this range is controlled by volume diffusion. As
discussed above, at small angles one is dealing with an array of single
dislocations which do not appreciably modify the neighborhood of the
diffusing atoms, and conditions inside the grain and in the boundary are
quite similar as far as the diffusion process is concerned. As the angle is
increased, faster grain boundary diffusion is observed past some critical
angle (about 15 deg. for copper). Smoluchowski13 suggests that this point
corresponds to a breakdown of the single dislocation model since the dislocations increase rapidly in density and collect in narrow channels. From
this point on the grain boundary is better described in terms of areas of
highly distorted lattice. As the angle of tilt is increased further the density
of the channel-like distorted regions increases and finally they coalese into
flat areas perhaps several hundreds of atoms broad. This corresponds to the
island model proposed by Mott. 6 In this range of angles the grain boundary
is rather uniform and essentially pure grain boundary diffusion is observed
with its characteristic activation energy which is less than that for volume
diffusion. In the intermediate range, i.e., when the channel-like structure
dominates, the apparent activation energy depends sensitively on the
balance between the diffusion from the boundary into the grains and along
the grains. Calculations show that the activation energy in this range is
expected to be quite.low in agreement with experiment.
12
F. L. Vogel, W. G. Pfann, H. E. Corey, and E. E. Thomas, Phys. Rev. 90, 489
(1953).
13
R. Smoluchowski, Phys. Rev. 83, 69 (1951); 87, 482 (1952).
14
R. Flanagan and R. Smoluchowski, J. Appl. Phys. 23, 785 (1952).
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In summary, the current ideas concerning the nature of the grain boundary may be described as follows. When the angle of disorientation between
the grains is small the grain boundary is well described by a rather simple
dislocation model consisting of an array of single dislocations. As the angle
of disorientation is increased the dislocations tend to bunch together and a
rather complicated secondary structure of dislocations has to be postulated,
such as the channel-like regions discussed above. At even larger angles of
disorientation, when distortion is large, the grain boundary is probably best
described as islands of good atomic fit separated by areas of highly disordered material.
III. Elastic Properties of Polycrystalline Materials

The mathematical theory of the elastic deformation of single crystals is
adequately described in the literature; a particularly clear explanation of
this branch of elasticity theory is contained in the book "Theoretical
Physics" by Joos.15 In this section we shall be concerned Avith the moduli
of polycrystalline materials as derived from the known elastic constants.
The difficulty that arises in determining the average properties of the moduli
is that there are surface distortions at the crystal boundaries. The cell sizes
at the surface of a crystal are generally about 5 % smaller than cells located
in the interior of the crystal. As a result, the "elastic constants" of the
material near the surface region will differ from those in the interior. If the
grain size is large, this effect wall be negligible.
The important idea underlying the calculation is that the properties of
the aggregate can be obtained by a summation of the single crystal elastic
constants averaged according to the frequency distribution of all orientations. The question that arises is this: does one average the stress (as proposed by Voigt16) or the strains expressed in terms of the stresses (as proposed by Reuss17)? It turns out that in the Voigt model the forces between
grains could not be in equilibrium whereas in the Reuss model the distorted
grains would produce a non-zero equilibrium force at the boundary surface.
This problem has been considered in detail by Bishop and Hill.18 They
have considered the relationship between the macroscopic stress S and
strain E to the microscopic stress σ and strain €. The quantity (S-E) which
is investigated is twice the energy density, and they show that if the polycrystalline material contains enough large grains and is macroscopically
15

1951.
16

G. Joos, "Theoretical P h y s i c s , " 2nd. ed., Chapter 8. Blackie and Son, London,

W. Voigt, "Lehrbuch der Kristallphysik," p . 962. Teubner, Leipzig, 1928.
A. Reuss, Z. Angew. Math. u. Mechanik 9, 55 (1929).
18
J . F . W. Bishop and R. Hill, Phil. Mag. [7] 42, 414, 1928 (1951); R. Hill, Proc.
Phys. Soc. (London) 65, 349 (1952).
17
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homogeneous, then
SE

/

■edV

(1)

where the integration is extended throughout the volume. One now constructs two new terms, σ* and e*, the stress and strain which would exist
in the crystals having the local orientation and having the macroscopic
strain E and stress S, respectively. It can now be shown that S E must
satisfy the following inequality:
dV

(2a)

dV

(26)

SE^

The right-hand side of (2a) corresponds to twice the energy density calculated on the Voigt model and the right-hand side of (2b) corresponds to
twice the energy density on the Reuss model. These equations have a very
simple interpretation. From equation (2), one can show that the following
equalities exist:
dV

(3a)

E d S = dS f e* dV

(36)

S-dE = dE
and

We then can state that the actual work done in an elastic deformation is
equal to the work that would be done if all the grains were subject to the
same macroscopic strain (according to the first equation) or to the same
macroscopic stress (according to the second equation).
Now let K, μ, and Y be the bulk, rigidity and Young's modulus, respectively, and with the subscript V and R denote the values determined by the
Voigt and Reuss theories. Then it can be shown that in general
KR ^ K g Kv
ßR

μ ^

μν

Y R ^ Y ^ Y V

Thus the Voigt modulus will always exceed the Reuss modulus and the
true value will lie between the two.
To evaluate the elastic moduli one uses the integrals appearing in equa-
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tion (3). It was shown by Voigt and Reuss that
KR = Kv = H(Cn + 2 C12)
and
μν = HKCn ~ Cn) + 3 C44]
l/μη = Vd^Sn

- S12) + 3 Su]

where the equations are valid for crystals of cubic symmetry only. Since
hydrostatic stresses produce isotropic changes in cubic crystals, it is clear
that KR should be equal to Kv . This allows uniform distribution of stress
and strain in the aggregate. The condition for isotropy, Cn — Cn = 2 C44,
makes μκ = μν . Finally for small amounts of anisotropy,
μν

_

μ

_ 0/ [2 C44 — (Cn — C12)]

* "

Λ

[4C44 + 3 ( C n ^ C 1 2 ) ]

We list, in the following table, the values for μκ , μν , and KR = Kv ,
as well as some experimentally determined values of these quantities.

Al
Cu
Au

0.26
0.40
0.24

μγ

KR

ju(exp.)

K(exp.)

0.26
0.54
0.31

0.78
1.39
1.67

0.265
0.436
0.278

0.74
1.33
1.66

IV. Internal Friction

It is well known that solids exhibit properties differing from those to be
ascribed to their elastic behavior even at small stresses. When a solid is set
into oscillatory motion, it eventually dissipates its vibrational energy into
the surrounding medium. This is an example of nonelastic behavior of a
solid and is termed internal friction. In recent years, as a result of many
investigations, we have learned to recognize several sources which contribute to the damping of solids. Some of these are thermal diffusion, atomic
diffusion, magnetic interaction within the lattice, order-disorder transformations, stress relaxation across grain boundaries, stress-induced ordering, and others. A great deal of our present knowledge of the mechanisms
which contribute to the nonelastic behavior of solids is due to Zener and
his coworkers and is summarized in his book.19
The mechanisms which have been listed fit into a scheme wrhich Zener
has termed <ί anelasticity. ,, The term is used to denote those mechanical
properties of solids which satisfy the following requirements:
19
C. Zener, "Elasticity and Anelasticity of Metals." Univ. of Chicago Press,
Chicago, 1948.
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1. Stress and strain are not single-valued functions of each other.
2. The stress is linearly related to the strain.
Nowick20 has pointed out that one must be extremely careful in using the
concept of anelasticity. Not all internal friction at low stress levels can be
properly classified as anelasticity. This turns out to be particularly true in
the case of cold work internal friction where he21 has demonstrated that this
behavior originates in the mechanism of static hysteresis of the solid and is
completely different from anelasticity.
In the following sections on internal friction we shall first give a phenomenological description of anelasticity and then consider the types of information about the plastic property of metals which have been determined
by internal friction. Other uses of internal friction have also proved fruitful
in the study of several solid state problems. These are primarily concerned
with point imperfections and are discussed elsewhere in this book by Dienes.
We shall not discuss the various ways of measuring internal friction at
selected frequency intervals but refer the reader to the review article of
Nowick for a description of the methods.
1. ANELASTICITY

Instead of regarding the state of a solid as uniquely determined by a
constant linear relationship between the stress σ and the strain e, one assumes the existence of a frictional stress proportional to the strain rate e.
Thus, the stress-strain equation is
σ = bi€ + b2e

(4)

where 6i and b2 are the appropriate coefficients which relate the stress to the
strain and strain rate, respectively. This simple relationship is, however,
insufficient to correctly describe the response of a solid in that it predicts
that the dyamic modulus bi shall be independent of the frequency.
A more realistic equation requires that the stress and its first derivative
be related to the strain and the strain rate.
α\σ + a2& — bie + b2e

(5)

Clearly, of the four constants α,χ, a2, 6ι, and b2 only three are independent,
the fourth being determined from equation (5). The three independent constants are denoted by re , τ0 , and MR . Thus, we rewrite the stress-strain
equation as
σ + τ«σ = MR(e + r„e)

(6)

The quantities have the following meaning: r€ is the time of relaxation of
20
A. Nowick, "Progress in Metal Physics," Vol. 4, Chapter 1. Pergamon, London,
1953.
2i A. Nowick, Phys. Rev. 80, 249 (1950).
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stress for constant strain, τσ is the relaxation time for constant stress, and
MR is the so-called "relaxed elastic modulus" (or static elastic modulus).
When a constant strain e0 is suddenly applied to a solid at time t = o, the
resultant initial stress σ0 decreases with a relaxation time rc to a final value
MRe0 ; thus MR is the equilibrium value for the elastic modulus. Frequently
the elastic constants are determined by high-frequency methods such that
the state of strain in the solid is a rapidly alternating function of the time.
Under these conditions no relaxation effects will occur. The elastic modulus
which one measures is then termed the "unrelaxed elastic modulus" (or
dynamic elastic modulus) Mu and defined by the equation
Mu = p

(7)

Ac
where
MK _

T,

Ml ~ V,

, ,
(8)

as can be seen by integration of equation (6). The existence of the static
and dynamic elastic modulus arise as a result of the anelastic behavior of
the solid.
When one seeks solutions of equation (6) \vhich are periodic with the frequency ω, it can be shown that the stress and strain are related by the
equation
σ0 = M*e0
(9)
where M* is the complex modulus and σ0 and e0 are the maximum values of
the stress and strain, respectively. The quantity tan 5, which is a measure
of the internal friction of a linear solid, is determined by the ratio of the
imaginary part Mi to the real part M2 of M*.
tan δ = ^ 1
(10)
M2
The amount by which the strain lags the applied stress determines the angle
δ and is frequently taken as a measure of the internal friction of vibrating
anelastic solids.
2. GRAIN BOUNDARY RELAXATION

One important use of internal friction has been in the study of stress
relaxation across grain boundaries. We consider this topic first.
It has only been within the last few years that information about the
nature of the grain boundary interface has been determined. Some of the
most important theoretical advances made in this direction resulted from
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the work - of Read and Shockley and van der Merwe. These ideas have
already been discussed. In this section we shall discuss the work of Κέ22
and Rotherham, Smith, and Greenough23 on the nature of the relative motion of neighboring grains in poly crystalline material. These experiments
demonstrate that the relaxation of shear stresses applied to a polycrystalline
material takes place as a result of the viscous behavior of the grain boundary.
Ke measured the internal friction and rigidity of polycrystalline aluminum 99.991% pure using a low-frequency (^1.0 cycle/sec.) torsional
apparatus. In addition he measured the effects of creep under constant
stress and stress relaxation at constant strain, each determined as a function of temperature. The internal friction was determined from the logarithmic decrement and the rigidity is determined by measuring the frequency
of the free torsional vibrations of a wire carrying a torsional bar. Since in
this case all the effects observed were shown to be linear with strain and
stress, Ke concludes that the inhomogeneity of the strain is of no consequence in this experiment.
The temperature dependence of the internal friction was measured at a
frequency of 0.8 cycle/sec. at room temperature using an annealed polycrystalline aluminum wire. The results are shown in Fig. 4 \vhere there is
also plotted the results of a similar experiment using a "single crystal" of
aluminum. The small rise in the "single crystal" is believed to be due to
some small amount of cold work introduced in the handling of the sample.
The internal friction peak (assuming the validity of a viscous grain boundary region) arises because of the competition of two effects: the relative
displacement of the crystallites under a given stress and the resistance to
slip along the grain boundary. At low temperatures the relative displacement will be small and the resistance to slip large; at high temperatures the
displacements will be large and the resistance to slip along the grain boundary will be small. Only at an intermediate temperature when both quantities are appreciable will the internal friction peak appear. Ke considers
other possible sources of this internal friction peak and by good plausibility
arguments rules them out. These other sources are thermal diffusion, selfdiffusion in aluminum, diffusion of impurities along grain boundaries, and
crystal growth. The conclusion is that the internal friction peak has its
origin at the grain boundaries.
At the same time that the internal friction was measured, the rigidity
modulus of the aluminum was determined. The results are shown in Fig. 5.
It is seen that the rigidity modulus is a straight line for both "single crystal"
22 T. S. Ke, Phys. Rev. 71, 533 (1947); 72, 41 (1947); 73, 267 (1948).
23 L. Rotherham, A. D. N. Smith, and G. B. Greenough, / . Inst. Metals 79, 439
(1951).
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FIG. 4. Variation of internal friction with temperature in polycrystalline and
''single crystal" aluminum (frequency of vibration = 0.8 cycle/sec. at room temperature (after Ke22).

FIG. 5. Variation of rigidity with
temperature in polycrystalline and
"single-crystal" aluminum (after
Ke22).
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and polycrystalline material for temperature below 200° C. At this temperature, the modulus of the polycrystalline sample decreases more rapidly
than that for the "single crystal." By comparison with Fig. 4 it is seen that
this is also the temperature at which the internal friction of the "single
crystal" and polycrystalline material deviate appreciably. The behavior of
the curves in Fig. 5 is that which would be expected if the grain boundary
were to act in a viscous manner. As the temperature increases the viscosity
of the grain boundary material would decrease, thereby decreasing the
rigidity modulus. Κέ shows that the ratio of the moduli determined from
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Fig. 5 is in reasonable agreement with the ratio computed according to a
method due to Zener.24
When the applied stress in a polycrystalline specimen is kept constant,
the grain boundary slip will lead to the relaxation of the strain according to
equation (5). This relaxation will also cause creep in the metal. Several
recent studies25 along these lines essentially substantiate this picture.
Rachinger finds that the relative motion of grains in plastic flow is less (but
of the same order of magnitude) than that determined by Ke\
Κέ measured the creep in aluminum at a shearing stress which corresponds to a maximum shear strain of 2 X 10~5 at the surface of the wire in
the temperature interval 150 to 300° C. and compared this with the creep
curve obtained by means of the "single crystal" wire. He found that there
was no appreciable creep in the latter case up to a temperature of 350° C.
He further assumed that there is a heat of activation H associated with the
process and by a straightforward application of the usual rate expression
determined the heat of activation to be H = 34 kcal./mole.
Using a maximum shearing strain of 10 -5 , Κέ also determined the stress
relaxation at constant strain. The heat of activation was determined in a.
way similar to that used for creep measurements. The value is H = 34.5
kcal./mole, which is in good agreement with that determined from the
creep.
K6 interpreted the information determined in his experiment to show that
the grain boundaries in polycrystalline metals behave in a viscous manner.
Using relations derived by Zener, Κέ calculated the stress relaxation at
200° C. from his data on dynamic modulus, internal friction, and creep.
These were then compared with the experimentally determined stress
relaxation; the results showed excellent agreement. Having demonstrated
that the grain boundaries behave in a viscous manner, Ke then proceeded to
investigate the coefficient of viscosity and its temperature variation.
Let Δχ be the distance slipped along the grain boundary during the time
T, where r is the time of relaxation, then
vc^^X

r

(11)

where v is the rate of relative displacement of the two sides of the boundary. The viscosity ή is
(v/d)
24

C. Zener, Phys. Rev. 60, 906 (1941).
D. McLean, / . Inst. Metals 81, 133 (1952); 82, 287 (1953); 82, 293 (1953). W. A.
Rachinger, / . Inst. Metals 81, 33 (1952).
25
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where S is the shearing stress and d is the effective thickness of the grain
boundary. The viscosity can be expressed in terms of the grain size δ and
the unrelaxed modulus Gu
r, = Garj

(13)

The temperature dependence of τ can be determined through the heat of
activation H where H = 34.5 kcal./mole and at one temperature (285° C.)
where r = 0.18 sec. Using an average grain boundary diameter of 0.03 cm.
and estimating the grain boundary thickness to be of the order of one
atomic distance, one gets for the coefficient of viscosity
, = 1.2 X 10-MGU exp [ ? * g » ]

(14)

At 670° C. it is seen that η = 0.14 poise is in agreement with the viscosity
of liquid aluminum (η = 0.065) determined by Polyak and Sergee.26
These experiments demonstrate that the transition region of a grain
boundary in a polycrystalline material behaves in a viscous manner in the
sense that it cannot sustain a shear stress and it has a coefficient of viscosity
decreasing with increasing temperature. This does not however give any
detailed information about the structure of the transition region. One
needs at this point a more precise idea of the nature of the grain boundary.
Ke27 has shown that the activation energy associated with viscous slip
along grain boundaries, volume diffusion, and creep are all comparable.
This is true for a-brass, α-iron, and aluminum. He then suggests that as a
result of this close agreement, the mechanism for self-diffusion is identical
to the mechanism for grain boundary slip. This implies that as far as local
order is concerned the transition region at the grain boundary cannot be
different from that of the interior of the grain.
Rotherham et al.2Z have carried out similar internal friction and grain
boundary viscosity experiments on tin. Their results are in substantial
agreement with that of Ke; the relaxation effect is attributed to slip on
grain boundaries. However, in this case, whereas the activation energy for
grain boundary viscosity (H = 19 kcal./mole) is approximately equal to
the activation energy for creep {H = 17.3 kcal./mole), it differs considerably from the activation energy for self-diffusion (H = 5.9 kcal./mole
along the α-axis and 10.5 kcal./mole along the c-axis) determined by Boas
and Fensham.28 Ke29 regards the equality of the three activation energies
as an important consequence of his model for the structure of the boundary.
26

E. V. Polyak and S. V. Sergee, Compt. rend. acad. sei. U. R. S. S. 30, 137 (1941).
T. S. Ke, Phys. Rev. 73, 267 (1948).
28
W. Boas and P. J. Fensham, Nature 164, 1127 (1949); 165, 178 (1950).
29
T. S. Ke, / . Appl. Phys. 19, 285 (1948).
27
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Although it seems to be true that the activation energy for slip and grain
boundary viscosity are comparable, there is not as yet sufficient evidence
to say that the processes have the same origin. There seems to be little
doubt that these energies bear no simple relation to the activation energy
for self-diffusion and are different for different materials.
3. DISLOCATION DAMPING

We have mentioned that the internal stresses associated with dislocations
present in a metal will be a source for the conversion of vibrational energy
into heat. We shall use this as our other example of internal friction in
nonelastic solids. In studies of this type one determines the amplitude dependence of the internal friction when the strain amplitude is of the order
of 10~7. Generally it was believed that the damping would be independent
of the strain amplitude for small strain of the order of 10~5. That this is
not true for metals was demonstrated by Read30 in his experiments on the
amplitude-dependent internal friction of single crystals.
Read measured the internal friction of crystalline copper, tin, lead, and
zinc with the method of the composite piezoelectric oscillator. He found
that the internal friction of well-annealed single crystals is considerably less
than that of the corresponding polycrystalline material. The decrement of
unannealed single crystals may be as large as that for polycrystalline material; however, after annealing, the decrement decreases from 10~3 to a
value of the order of 10~5. This result is shown in Fig. 6 where the decrement of a zinc crystal is plotted as a function of time at small strain amplitudes. The crystal was mounted without annealing immediately after having been removed from the crucible in which it was grown. The decrement
was then measured at room temperature. After 4 days the quartz oscillator
was removed from the crystal and the crystal annealed for 1 hr. at 250° C.
The remainder of the curve shows the variation of the decrement after reassembly.
The fact that there is a considerable decrease in the internal friction of
the zinc crystal is consistent with the idea that the number density of dislocations in zinc decreases as a result of the outward diffusion of dislocations, for this metal is relatively soft at room temperature. We note the very
rapid decrease in the internal friction subsequent to the anneal.
Dislocations can be introduced into the zinc crystal at room temperature
with comparative ease. The number density present will always be fixed
when the rate of production is equal to the rate of outward diffusion of dislocations. At a fixed strain amplitude, a finite time is required to establish
this equilibrium. This is exhibited in Fig. 7, where we have shown the results of an internal friction measurement of a well-annealed sample in
which the strain amplitude is increased in successive steps. Upon decrease
8

° T. A. Read, Phys. Rev. 68, 371 (1940).
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FIG. 6. Showing the change in the decrement of a zinc crystal with time; part A,
before annealing; part B, after annealing (after Read 30 ).
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FIG. 7. The decrement measured when the strain amplitude is increased by steps
smaller than those when the strain amplitude is subsequently decreased (after Read 30 ).

of the strain amplitude, the decrement curve does not follow the initial
curve to zero but returns on a path which is steeper. At this time a new
number density and distribution of dislocations are present in the lattice
which indicates that the measurements themselves have a strong effect on
the state of the crystal. This limitation is not so severe when copper crystals
are used since copper does not resoften at room temperature.
Perhaps the most significant nonelastic characteristic that Read measured was the associated variation of the decrement and Young's modulus
with the vibrational strain amplitude. This result is in agreement with that
observed by Nowick in his study of the amplitude-dependent internal
friction of copper single crystals.
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FIG. 8. Variation of internal friction with strain amplitude and temperature (after
Nowick21).

Nowick measured the effect of successive application of static compressive stress on the internal friction as well as the variation of Young's modulus with decrement. The results are shown in Figs. 8 and 9. It will be noted
in Fig. 8 that the curves start out in an approximately quadratic fashion,
and except for very small strain amplitudes exhibit a strong amplitude dependence. For a viscoelastic behavior one would expect the decrement to be
independent of the strain amplitude. In Fig. 9 we have shown the variation
of the decrement in its dependence on the variation in the change of Young's
modulus, δΕ/Ε. The most striking feature of this curve is that there exists
a linear proportionality between these two quantities. Nowick has shown21
that this is to be expected when the energy-loss mechanism results from
static hysteresis. These results are consistent with the results of Marx and
Koehler31 who also measured the internal friction and Young's modulus of
single crystals of copper and lead.
31
J. W. Marx and J. S. Koehler, Symposium on the Plastic Deformation of Crystalline Solid, Pittsburgh, 1950. U. S. Department of Commerce, PB 104604, pp. 171185.
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Koehler32 has interpreted these results in terms of the effect of the pinned
down dislocations on the elastic constants and internal friction of metal
single crystals. The physical basis underlying the calculations is that in
many respects an oscillating dislocation
has properties similar to those of a vibrating string. The dislocation can be
characterized by an effective mass per
unit length M ;33 it will experience a
damping force per unit length B, similar to a vibrating string in a viscous
medium; and a tension per unit length
equal to irCu. The last term arises because the self-energy of a dislocation is
least when it has the form of a straight
line.
δ Ε , / Ε , X I0 5
Under the action of an externally apF I G . 9. Variation of decrement with
plied
stress a dislocation will increase
fractional change in Young's modulus
21
its
length,
taking that shape \vhich
at small amplitudes (after Nowick )·
gives a minimum energy configuration.
The assumption in the calculations is that all displacements are small. The
analogy between a vibrating string and an oscillator dislocation can be
carried one step further. When we speak of the vibrating string, one boundary-value problem of particular interest is that in which the ends of the
string are held fixed. A similar condition arises in the problem of the oscillating dislocation. Here the end points are assumed to have zero displacement since the dislocation is anchored by impurity atoms; the portion of the
dislocation between impurity atoms oscillates in its slip plane, under the
field of the applied stress.
Let \f/(xy t) be the displacement of the dislocation from its equilibrium
position and let x be the distance measured with respect to an impurity.
Then the force acting upon the dislocation is σα cos ωΖ where σ cos ωί is the
shearing stress and "a" the interatomic distance. The force tending to
restore the dislocation into the equilibrium position is the inertial force
M(d2\l//dt2); the viscous force is Β(θψ/θί) and the force arising from the
increase in the self-energy of the dislocation due to its distortion is
— C(d2\pgdx2). Thus the equation of motion of the oscillating dislocation is
32
J. S. Koehler, in "Imperfections in Nearly Perfect C r y s t a l s " (W. Shockley et al.,
eds.), Chapter 7. Wiley, New York, 1952.
33
J. D . Eshelby, Proc. Roy. Soc. (London) A197, 396 (1949).
34
N . F . M o t t and R. F . N . Nabarro, Report of a Conference on the Strength of
Solids, University of Bristol, p . 8. Physical Society, London, 1948.
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(15)

This equation is to be solved subject to the boundary conditions that
ψ[1/2, t] = ψ [—1/2, t] = 0 where I is the length of the dislocation, the distance between impurity atoms.
The general solution for this equation has not been achieved; Koehler
has solved it by a method of sccessive approximation. The success of his
solution rests upon the fact that the inertial and viscous terms are small
compared to the self-energy term.
With this assumption, and taking successive approximations, Koehler
shows that the decrement Δ is
Δ =

2TNGBO>(L (Λ

1+

-C5W- V

, ΠΜαω2

~2C^+

, 1645aV\

-CÜ-)

,1£Λ

(16)

where N is the length of the dislocation measured in units of the interatomic
distances, I is the length of the dislocation line, L is the length of the cube
edge of material having a true modulus of rigidity G, and c is the concentration of impurities; the remaining quantities having been previously defined.
In addition, one also calculates the change in the rigidity of modulus dG
which is due to the presence of dislocations. This is given by the equation
dG _ σ0αΝ Γΐ , αωΒ tan ωίΊ

~G ~ ~CÜ& \2

+

C?

J

, ^

{ V

These equations are further modified when one considers the dependence
of the modulus of rigidity and the decrement on the strain amplitude. We
shall not discuss the detailed calculations at this point but instead indicate
how these considerations are inserted into the theory.
When the oscillating stress field increases to a critical size, the stress will
be great enough so as to dislodge the dislocation from the binding field of
the impurity atom. Initially, only a few dislocations will be so affected. The
magnitude of the external field required to tear the dislocation from the
impurity atom depends, in part, on the separation between atoms, since
this will determine the amount of curvature the dislocation line possesses
for a given strain. The long dislocation lines are the ones with least energy
and so they will yield first. With increasing strain amplitudes, a larger
number of dislocations will be freed from the field of the impurity atoms.
This results in a change in the distribution function for the length of dislocations and this too is inserted into the theory. The final result of the calculation is that the equations for the change in the elastic constant and the
decrement are modified only slightly.
We shall use equations (16) and (17) to obtain an order of magnitude for
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the change in the elastic constant and the decrement of copper. The appropriate constants are:
p = 8.9 gm./cc.
a = 2.55 A.
G = 4.53 X 1011 dynes/cm. 2
v = 0.34
ω = 2.3 X 105 cycles/sec.
N c^ 1.5 X 1016 atomic distances/cm. 3
I ~ 3.5 X 108 cm./cm 3 .
c c - 1.0 X 10~3
B = 4.8 X 10"3 gm./sec. cm.
Inserting these values, wre get dG/G ^ 0.05 and Δ ~ 10 -3 . These values are
in reasonably good agreement with the experimental results of Nowick's
and of Marx and Koehler31 on the change in the Young's modulus and decrement in copper single crystals as a result of cold work.
We have gone into considerable detail on the topic of internal friction and
its use to obtain detailed results on the nature of the cold worked state of
metals. Our justification is that it promises to be an extremely powerful
tool which is just beginning to be exploited. Weertman and Koehler35 have
pointed out that equation (15) is modified when a restoring force (Fix)
which acts on the dislocation due to an array of dislocations is inserted into
the theory. Here I is the length of the dislocation line per cubic centimeter
of material, x is the displacement of the dislocation from its equilibrium
position, and F is a quantity which depends sensitively on the array of dislocations considered. F can be determined using specific models and compared to experimental results since it appears in the equation for Δ and
dG/G. The importance in knowing the arrays of dislocations arises in the
theory of work hardening. This is discussed in Section VI.
V. Plastic Properties of Metals
1. STRESS-STRAIN CURVE

Previously, we have described the stress-strain relationship of polycrystalline material as derived from single-crystal elastic constants. The
validity of these results rests upon the assumption that the crystals are
subject to deformation so small that Hookes , Law is operative. In this
35

J. Weertman and J. S. Koehler, J. Appl. Phys. 24, 624 (1953).
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region the stress-strain curve is linear and we are dealing with the elastic
deformation of the material; upon release of stress the material will return
to its original state. Beyond the elastic region, a material may be deformed
so that permanent or long-time deformation occurs. This is the plastic region. The value of the stress corresponding to the strain at which the elastic
region ends and the plastic region begins is called the yield point. We confine
this section to phenomena associated with stresses near the yield point.
Section VI deals with the work hardening of metals which results from large
applied stresses. Generally the topics covered in this section deal with the
plastic properties resulting from the interaction of dislocations and impurity
atoms; the work hardening of metals is ascribed to the interaction of dislocations with a network of dislocations of an arbitrary distribution. We
shall not take up any of the problems associated with the crystallography of
slip, twinning, or fracture, but refer the reader to the many books in the
field.36 It is enough for our purposes to describe some of the terminology
required for this article.
When a crystalline material is deformed plastically, detailed examination
of the structure indicates that one section of the material has been translated with respect to the remainder. The movement is comparable to shearing a telephone book so that the top pages have been moved relative to the
bottom. In crystals the displacement takes place along principal crystallographic planes, referred to as slip planes, or a glide plane. The direction of
motion is the slip direction. The movement of atoms relative to their neighbors takes place only on slip planes; the region between slip planes (the
undisturbed region) is called the glide lamalla. It can be shown that when
slip takes place the movement of atoms is not a simultaneous phenomenon
but involves the motion of only a few atoms at a time located in the slip
plane. When these few atoms are set in motion, the motion is then propagated over the remainder of the plane. This leads to the concept of dislocations as applied to the plastic flow of metals. This was first done by Orowan,37 Polanyi,38 and Taylor.39 The geometry of dislocations and some of
the basic mathematical properties which they possess are discussed in the
chapter by J. M. Burgers and W. G. Burgers.
Cottrell40 was the first to recognize that dislocations and normally present solute atoms will interact and he used this as a basis for a theory of the
36

C. S. Barrett, "Structure of Metals," 2nd. ed. McGraw-Hill, New York, 1952;
C. F. Elam, "Distortion of Metal Crystals." Oxford Univ. Press, New York, 1935;
E. Schmidt and W. Boas, "Plasticity of Crystals." F. A. Hughes, London, 1950.
37
E. Orowan, Z. Physik 89, 634 (1934).
** M. Polanyi, Z. Physik 89, 660 (1934).
39
G. I. Taylor, Proc. Roy. Soc. (London) A145, 362 (1934).
40
A. H. Cottrell, Report of a Conference on the Strength of Solids, University of
Bristol. Physical Society, London, 1948.
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sharp yield point of metals. The reason that there is an interaction is that
the material above the slip plane and near the dislocation is in compression
whereas that below the slip plane is in tension. A solute atom will segregate
to the strained region since the strain energy can then be lessened. Whether
the solute atoms lie above or below the glide plane depends on their relative
size with respect to the solvent atoms. We shall discuss how the interaction
of solute atoms and dislocations contributes to the plastic properties of
metals.
Another example of the way dislocation theory has been applied to our
understanding of the plastic properties of metals is the treatment of the
precipitation hardening of solid solutions. Initially a quenched supersaturated solid solution is soft, but it hardens when precipitation takes
place because the lattice becomes locally strained. It turns out that the
yield strength depends on the separation between local groups of particles.
Whether a dislocation can pass through these strained centers depends on
the degree of dispersion. This forms the basis of Mott and Nabarro's 41 theory
of precipitation hardening.
Chalmers42 observed a type of plasticity for very small strains located
below the yield point and termed this "microcreep." It was interpreted by
Cottrell and Jaswon43 as the viscous drag exerted by the atmosphere of
solute atoms on a dislocation when the atoms follow the dislocation by
diffusion.
In addition to the above we shall discuss the effect of stress and temperature on the logarithmic creep formulated by Andrade. Finally, we
shall conclude this section on the plastic properties of metals with a review
of the strength of grain boundaries relative to the strength of the grains.
Some of these topics are also discussed in this volume from a somewhat
different vie\vpoint in the chapter by Dienes.
2. THEORY OF THE YIELD POINT

a. The Elastic Limit
The analysis by Cottrell and his coworkers of the sharp yield point according to dislocation theory was one of the most strikingly successful advances made in the field of the plastic properties of metals. The dislocation
theory of the yield point makes use of the idea that the strain energy is de41
N . F . M o t t and F . R. N . N a b a r r o , Proc. Phys. Soc. (London) 52, 86 (1940); J.
Inst. Metals 22, 367 (1946); Report of a Conference on the Strength of Solids, University of Bristol, p. 1. Physical Society, Lonodn, 1948; F . R. N . N a r b a r r o , Proc. Phys.
Soc. (London) 68, 669 (1946); N . F . M o t t , in ''Imperfections
in Nearly Perfect Cryst a l s " (W. Shockley et al, eds.), Chapter 6. Wiley, New York, 1952.
42
B . Chalmers, Proc. Roy. Soc. (London) A156, 427 (1936).
43
A. H . Cottrell and M. A. Jaswon, Proc. Roy. Soc. (London) A199, 104 (1949).
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creased when solute atoms of the proper size segregate to the dislocation.40
If the dissolved atoms in a solid solution are smaller than the solvent atoms
they will segregate in the compressed region of the dislocation; conversely,
atoms larger than the atoms of the host lattice will segregate in the region
of dilation. In either case work will be done against the stress field of the
dislocation. This leads to a binding force between the atoms and the dislocations; as a result the impurity atoms will anchor the dislocation into
position. A force is needed to break the dislocation away from its cloud of
impurity atoms and this force is larger than that required to keep the dislocation in motion. As a result the metal yields suddenly; the stress required
to initiate the avalanche is associated with the sharp yield point of the
metal.
The stress required to separate a dislocation from its atmosphere can be
estimated as follows. The interaction energy of a dislocation displaced a
distance x from its equilibrium position in the slip plane is

"«■ -<OT

(i8)

where A is a constant which for iron is equal to approximately 2.5 X 10~20
dyne cm.2 and aQ is equilibrium distance between the dislocation and the line
of solute atoms. The binding force is

Fx

= -ψ = ^™
dx

(x2 — a02)2

(19)

and the tensile strength is Fx/b02, where b0 is the atomic spacing. The binding
force has a maximum at x = a0/\/3. We take this as the critical shear
stress ac required to dissociate the dislocation from its atmosphere:

*-2-5i?

(20)

Taking a0 = 2.0 X 10"8 cm. and b0 = 2.86 X 10"8 cm., we get ac = 1.8
X 1011 dynes/cm. 2 . An extrapolated value of the observed tensile strength
to absolute zero gives 1.40 X 1010 dynes/cm. 2 . The two values are in reasonably good agreement. The significance of the difference in values is discussed in CottrelFs book.44 There it is pointed out that dynamical effects
associated with dislocations moving with velocities near that of sound may
be of importance in this problem. This was first suggested by Holden.45 We
shall not enter into these problems since such a discussion lies outside the
scope of this article.
44
A. H. Cottrell, * 'Dislocations and Plastic Flow in Crystals," pp. 141, 145-147.
Oxford Univ. Press, New York, 1953.
48
A. N. Holden, J. Metals 4, 182 (1952).
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b. Temperature Dependence of the Yield Point
A further important feature of the theory is that it suggests an explanation for the temperature dependence of the sharp yield point.46 This arises
in two ways. There is a critical temperature Tc appearing in the theory
which determines the temperature at which the interstitial atoms will
condense around a dislocation. For temperatures T > Tc, the interstitial
atoms form a Maxwellian gas. The shear stress associated with a Maxwellian
atmosphere is small compared to the shear stress of a condensed atmosphere. As a result, the critical shear stress changes rapidly as the temperature is increased through the range of the critical temperature. This
accounts for part of the temperature dependence of the yield point. In addition to this effect, the yield point will be temperature dependent because
thermal fluctuations λνϋΐ act to decrease the shear stress required to dislodge a dislocation from its atmosphere. Let σ(0) be the shear stress required
to move a dislocation to an equilibrium position xi determined from the
applied shear and the atmosphere. Let x = x2 be a nonequilibrium position;
when the dislocation is at x2 the external force is greater than the binding
force. Then the activation energy for the release of the dislocation by
thermal fluctuation is V(x2) — V(xi) minus the work done by the external
forces when the dislocation is displaced. This assumes the dislocation remains straight during this motion; actually the dislocation will form a loop
and this change in the shape of the dislocation must be included. Cottrell
and Bilby determine the ratio σ(τ)/σ(0) where σ(τ) is the yield stress at
any temperature T and σ(0) is the yield stress at 0° K. The temperature
variation of this quantity agrees satisfactorily with the experimental results.47 The extreme sensitivity of this model to the temperature [it is found
that σ(τ)/σ(0) varies by a factor of 10 in the temperature range 0 to 400° K.]
arises from the narrowness of the potential energy trough associated with
the atmosphere of solute atoms. As a result, only a small loop is needed to
cause the break-away avalanche.
c. Plastic Deformation below the Yield Point
As a result of the interaction energy between a solute atom and a dislocation a slow-moving dislocation drags its atmosphere with it. This motion
results when the applied stress is less than the critical shear stress required
to separate the dislocation and the atmosphere. Cottrell and Jaswon43 have
developed the theory of the distribution of solute atoms around a slow-moving dislocation. The theory is applied to systems where the equilibrium concentration of solute atoms possess a Maxwellian distribution. This means
46

A. H. Cottrell and B. A. Bilby, Proc. Phys. Soc. (London) A62, 49 (1949).
D. J. McAdams and R. W. Mebs, Trans. Am. Soc. Testing Materials 43, 661
(1943).
47
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that it cannot be applied to condensed atmospheres of the type discussed
above or to systems where the strains around solute atoms are not spherically symmetric.
The relative motion of the solute atoms with respect to a moving dislocation will arise from three sources:
1. A drift velocity Vi due to thermal agitation; this is given by the
Einstein formula for Brownian motion

'· - (ä) v«

ei)

where D is the diffusion coefficient.
2. A diffusion velocity v2 caused by the concentration gradients set up
by the segregation of the solute atoms; this is given by Fick's law as

v2 = -D (^j

(22)

3. A constant velocity — vi due to the motion of the dislocation, where
i is a unit vector in the direction of motion of the dislocation. The resultant
velocity of the solute atoms is therefore
v = vi + v2 - vi

(23)

These equations are now combined to form the differential equation for
the concentration of solute atoms near the dislocations.
From the detailed calculations it is shown that the main effects produced
by the motion of the dislocations are the displacement of the center of the
Maxwellian distribution of solute atoms toward the trailing side and the
formation of a trough on the leading side. It is shown that the separation of
the center of the distribution from the dislocation depends on the velocity
of the dislocation. As the relative velocity increases, there will be a critical
velocity at which the dislocation and the atmosphere will separate. When
this results, rapid flow occurs. This is the explanation given by Cottrell
and Jaswon for the phenomena of "microcreep" observed by Chalmers.42
Chalmers measured the microplasticity of tin single crystals at strain
rates below 10~8 sec. -1 and tensile stresses below 180 gm./mm. 2 and observed a type of viscous flow below the yield point. The principal results of
his experiment are:
1. If a constant stress is applied for a long period of time, the creep rate
approaches zero and the limiting strain is approximately 10~5.
2. Once microcreep is exhausted and the stress suddenly increased to
another value still in the microcreep region, no increase in the rate of creep
is observed.
3. The initial rate of creep is proportional to the applied stress.
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These results are consistent with the dislocation model used by Cottrell
and Jaswon. The first and second results suggest that microcreep becomes
exhausted because the slow-moving dislocations are blocked by obstacles
in their path and the final result is consistent with the notion that a critical
velocity vc (hence a critical shear stress ac) exists. At any shear stress
σ < ac, we have σ = (v/vc) ac.
A quantitative comparison can be obtained from the expression for the
critical shear stress given by Cottrell.48
ac =

2SAc0N/b

where c0 is the average atomic concentration of solute atoms, N is the number of atoms per unit volume, A is a quantity which measures the strength
of the dislocation (A = 9 X 10~21 dyne cm.2), and b is the magnitude of
the Burgers vector. Inserting c0 = 3.5 X 10 -5 , N = 3.7 X 1022 cm."3, and
b = 3 X 10 -8 cm. we get
cc = 9.3 X 106 dynes/cm. 2
which is equivalent to a tensile stress of 180 gm./mm. 2 . This agreement
was obtained by assuming a diffusion coefficient of 10~14 to 10 -16 cm. 2 /sec.
and a density of dislocations of 106 to 108 per cm.2; both assumptions appear
quite reasonable for a soft material such as tin.
3. PRECIPITATION HARDENING

In this section we shall be mainly concerned with precipitation as a
mechanism for the hardening of metallic crystals. We shall inquire into the
way crystals containing foreign atoms present in platelet form contribute
to the yield stress of the work-hardened materials. An example of a precipitation-hardened alloy is duralumin. This alloy consists mainly of
aluminum with a few percent copper added and is formed by heating to a
high temperature and quenching. At this point the copper has formed a
supersaturated solid solution with the aluminum. Immediately after the
quench, it is found that the alloy is relatively soft; after several hours or
days of heat treatment at temperatures slightly above room temperature
the hardness of the solid solution has increased considerably over that of
ordinary aluminum. The annealing time is important, since resoftening
occurs if aging continues. This effect is termed overaging.
Merica, Waltenberg, and Scott49 studied the surfaces of the duralumin
solid solution; from photomicrographs they suggested that the hardness of
48
A. H. Cottrell, ''Dislocations and Plastic Flow in Crystals," p. 138. Oxford
Univ. Press, New York, 1953.
49
P. D. Merica, R. G. Waltenberg, and H. Scott, Trans. Am. Inst. Mining Met.
Engrs. 64, 41 (1921).
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the solid solution was due to the presence of aggregates of copper atoms on
the slip planes of the aluminum matrix when the system was quenched to
room temperature. The hardness depended not only on the percent of
copper in the solid solution but also on the degree of dispersion. The latter
assumption was introduced to account for the fact that the maximum
hardness did not correspond with the time required for the formation of
precipitates large enough to be seen in a microscope. Thus the assumption
was made that the hardness of the solid solution was due to submicroscopic
aggregates of copper.
Guiner50 and Preston51 used small-angle scattering of x-rays to determine
the presence of copper-rich aggregates in the solid solution. Their work
confirmed the essential nature of the precipitation process and was in accord with the hypothesis of Merica et al. They found that the hardening of
duralumin can be described in the following way: the copper-rich regions
segregate on the cube faces of the aluminum matrix in regions up to 50
atoms in diameter and several atoms thick. The regions are in atomic
register with the matrix. Since the matrix and the precipitate have unequal
atomic spacings, there will be a stress developed at the interface.
The main characteristics of precipitation hardening are :
1. In the freshly quenched alloy the foreign particles are individual solute
atoms appearing with a mean separation L of about five atomic spacings.
2. During the annealing the hardness increases as the solute atoms
segregate to form small platelets with a spacing of less than 100 atomic
cells.
3. If overaging occurs, the platelets grow and L increases to the order of
1000 atomic cells.
The first successful attempt to develop a dislocation theory for the hardening of crystals as a result of the dispersion of precipitates in the matrix is
the result of the work of Mott and Nabarro. 41 The theory assumes that
stresses exist when the precipitate is present in the matrix. Since the shear
stresses around the precipitated region are proportional to the volume of
the precipitate and the tensile stresses are proportional to the surface area,
there will be an equilibrium size of particles determined by these forces.
Platelets greater than the equilibrium size will break away from the matrix.
This accounts for the size of platelets found by Preston, Guinier, and others
in the work on precipitation-hardened materials.
Mott and Nabarro assumed, initially, that the increase in the yield stress
results from locking of moving dislocations by the stress field about the
60

A. Guinier, Compt. rend. 106, 1641 (1938); J. Calvert, P. Jaquet, and A. Guinier,
/ . Inst. Metals 65, 121 (1939).
61
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precipitate. As a result slip occurs when the applied stress σ is sufficiently
large so as to overcome the internal stress σ». The condition for slip is
σ ^

σ{

We note that the yield stress is independent of the spacing between particles. Actually the problem is one step more complex than this. The internal
stress σ; is really a stress averaged over all regions which contribute to the
locking of the dislocations. An ambiguity arises because two different averages can be taken. This has lead Orowon52 to suggest another possibility
for explaining certain aspects of precipitation hardening. We shall first
discuss the problem of determining the appropriate average to be used and
then discuss Orowon's suggestion.
In their early explanation of the process of precipitation hardening, Mott
and Nabarro took an arithmetic average of the magnitude of the internal
stresses to determine σ;. It can be shown that the yield strength, on this
picture, is
σ ^ 2e μθ

(24)

where e is a parameter which describes the degree of misfit of the atoms of
the precipitate [(1 + e)r0 = r defines the radius of the solute atoms], μ is
the average shear stress, and c is the concentration of solute. From this
expression we conclude that the yield stress is independent of the separation between particles.
However, if one now takes an algebraic instead of arithmetic average of
the internal stresses about regions of the precipitate, then it is easy to see
that this will result in zero internal stresses. The reason is simply that the
precipitated regions will be found at random in their position about the
dislocation line. The random stress fields of the precipitates would cancel
each other and result in zero hardening.
In their 1948 paper, Mott and Nabarro resolved this difficulty by allowing sections of the dislocation line located between pinning points to act
approximately independently of each other so that there is no net cancellation of the stress fields acting on the dislocation line. This proved to be an
important step in the problem. It explains the time dependence of the precipitation hardening process since what is important in this theory is the
limiting radius of curvature r to which the dislocation is bent by the internal
stress ai. The quantity r is to be compared to the distance between centers
of stress, Λ. The theory is discussed in some detail in the chapter by Dienes
and here we shall give only the main physical arguments. Three cases are
62
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to be distinguished:
A~r

i

In this case the dislocations avoid the obstacles and the loops move independently of one another. This results in an effective stress determined from
the arithmetic average over the local internal stresses. This gives precipitation hardening with an activation energy independent of the applied stress.
We can get an approximate value for the critical dispersion Acrit for
this case assuming that the internal shear stresses σ» can be identified with
the yield strength. We use the idea already introduced that a dislocation
has a tension T = αμα2 acting along its length trying to reduce it. In this
sense the dislocation acts like a soap film. The radius of curvature r of the
"soap film" due to the local stress σ, is T/r = σ»α. Eliminating T gives
A = r^5 αμα/σί

(25)

where a is of the order of ^ . If σ»· is equal to the yield strength of the metal,
and experimentally it is found that the yield strength is usually a factor of
100 less than the shear modulus, then σ< ~ μ/100 and we get r = 50a.
We now identify r with the critical distance between Preston-Guinier zones,
from which we deduce that the critical distance is of the order of 50 atomic
spacings. This is in fair agreement with the known experimental results.
Λ < < r

ii

This is the case of solid solution hardening where the particles are finely
dispersed and the dislocation line is only slightly perturbed. The equilibrium position of the dislocation is such that it will pass through many
centers of stress without increasing its length too much. It can be shown
that in this model a dislocation moves as a unit from position A to B,
where A and B are the initial and final position of the dislocation (see Fig.
10). The appropriate internal stress is obtained from a volume average of
the local stresses. This leads to a yield stress σ = 2.5 Me4/3c which is valid
at small concentrations.
Cottrell, using experimental data of Linde, Lindeil, and Stade53 who measured the change of the critical shear stress of copper single crystals by the
addition of small amounts of tin, manganese, and indium, finds that the
Mott and Nabarro theory overestimates σ by a factor of 10. This he believes
is due to the fact that the theory underestimates the length of the coherent
dislocation line. Another possibility is that dislocations may free themselves
from their pinning points with greater ease than anticipated in the theory
because of thermal fluctuations. Finally there is a possibility that valency
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FIG. 10. Elementary movement of a dislocation line in a solid solution (after Mott 41 ).

FIG. 11. A dislocation passing between widely spaced obstacles (after Orowan62).

effects may exist in solid solution hardening which are not taken into account in the Mott and Nabarro theory.
Cottrell54 has pointed out that in addition to the hardening of crystals by
locking of dislocation, solute atoms may also contribute to alloy hardening
because of differences in valency of the atoms in the precipitate and
matrix. This interaction would be an electrostatic dipole interaction.
We conclude this chapter with a discussion of Orowan's52 suggestion for
the mechanism of overaging. His treatment avoids some of the questions,
such as the method of averaging, which arise in the Mott and Nabarro
theory. Here we are concerned with the condition of the matrix corresponding to the case
A> r

Hi

In Fig. 11 we have shown the condition around a precipitate when a dislocation line proceeds through the matrix. The dislocation (A) is moving
in the direction indicated by the arrows; the plane of the paper is the slip
plane. The solid line (B) represents the state of the dislocation as it meets
the precipitated particles. At this point the dislocation starts to bulge
forward and enlarge itself until it completely surrounds the precipitated
particle; then the bulges coalesce and the dislocation proceeds through the
crystal as shown by the solid line (C) and leaves a dislocation ring about
the precipitated particle. The important point about this motion is that the
dislocation line does not have to overcome the local stress field of the
precipitated particles, as discussed in the Mott and Nabarro theory. In this
model the yield stress is σ = (2αμα)/Α. For a given concentration of particles the spacing A increases with time since the Preston-Guinier zones
54
A. H. Cottrell, "Dislocations and Plastic Flow in Crystals," p. 126. Oxford Univ.
Press, New York, 1953.
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increase in size and thereby decrease their number. As a result the yield
stress decreases. This is the reason the hardness decreases after reaching a
maximum. The reason the hardness does not increase continuously as Λ
decreases is that there is a lower limit for which the equation is valid. Thus
when the degree of dispersion is large and the particles are small we would
expect the Mott and Nabarro mechanism to govern the yield stress; as
the precipitated particles grow the Orowan mechanism is dominant.
4. CREEP

Creep, defined as the continuous deformation of a specimen under a constant applied stress, is recognized as an exceedingly complex mechanical
response to which many phenomena contribute. It is impossible to cover
such a large field in a short section. In the last few years a few of the
phenomena have been more or less isolated and studied intensively. Examples are the high temperature viscous creep, discussed elsewhere in this
book (Dienes), which is explicable on the basis of a pure diffusion mechanism, and the pure grain boundary creep of viscoelastic character studied
by Κέ , which has been discussed already. In this section, some other
examples of creep will be discussed which appear to be interpretable on the
basis of dislocation theory.
On the basis of its time dependence, creep is generally discussed according
to four main features: (1) instantaneous response, (2) transient creep which
is the period of decelerating flow, (3) steady-state creep, and (4) period of
accelerating flow ending in fracture. Several manifestations of (2) and (3)
will be covered.
Transient creep has been represented by two types of formulas; that of
Andrade 65 relating strain e to time t by the relation
e = ßfi*

(26)

and logarithmic formulas of the type
e = «[log (yt + 1)]*

(27)

The value of % for s was proposed by Mott and Nabarro 56 as valid for
alloys. Cottrell suggests s = 1 for pure metals.57 Recent experimental work
of Wyatt 58 on pure polycrystalline copper and aluminum has clarified the
region of validity of these relations. He has shown that logarithmic creep
δδ
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predominates at low temperature with s = 1 while the Andrade type response is important at the higher temperatures.
We shall discuss first the interpretation of the logarithmic creep of pure
metals based on the work of Orowan,59 Cottrell,57 and Mott 6 0 · 6 1 In this
theory logarithmic creep is ascribed to the trapping of dislocations (already
present or generated by Frank-Read sources) by obstacles from which they
can be released by thermal vibrations. For pure metals these obstacles are
other dislocations which cut the slip plane. The slowing down of creep is
attributed to increasing difficulty of release of dislocations due to workhardening. Let the material contain N points per unit volume where dislocations are held up. Let U(a) be the activation energy required to move a
trapped dislocation and A the area swept out by the dislocation. The creep
rate then is given by
(28)
$ = vNbAe-0M,kT
at
where v is a frequency and b is Burgers vector. For dislocations held up by
other dislocations
ϋ(σ) = B ( l - ^

(29)

A ~l<?
v ~ 1012
where σ0 is the stress required to start motion without the help of thermal
vibrations and l0 is the mean distance between obstacles. Work-hardening,
however, increases the random internal stresses, σ». Thus, σ — σ0 of equation (29) is to be replaced by a quantity Δσ which is the increment of stress
along the stress-strain curve just past the point of instantaneous extension
indicated by point P in Fig. 12. Measuring e from this point one may write
Δσ = 0e

(30)

where Θ is the slope of the stress-strain curve at point P. Equation (29)
then becomes
UM = —
and (28) becomes

(31)

σ0

f = vNU02e-Bet,°°kT
at

(32)

59
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eds.), p. 191. Wiley, New York, 1952.
60
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61
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FIG. 12. Schematic work-hardening curve (after Mott 61 ).

and upon integration
€ = a log (yt + 1)

(33)

where

Be
y =

Nbl0\

a
This is the experimentally observed time law. The linear dependence of a
on T and the rather small dependence on stress, which comes in through Θ
only, are in agreement with Wyatt's experiments.
At higher temperatures and larger creep strains the Andrade type creep
predominates. It is well established by now that Andrade's t113, equation
(26), law is of very general validity.62*64 Mott 61 has recently suggested a
theoretical derivation for equation (26) based on the idea that this type of
creep is characteristic of that part of the stress-strain curve where the flow
stress slightly exceeds the applied stress as indicated schematically in Fig.
12. Suppose that at the point P, at the end of the instantaneous extension,
the applied stress is equal to the internal stress σ{. Steady-state creep can
only occur when σ slightly exceeds σ» and transient creep occurs until this
stage is reached. Let the stress fluctuation be σι, at any given point X in
the crystal. After n fluctuations the strain at X will have changed by
η 1/2 σι. If the state of a crystal is represented by Q then the stress must be
raised by Δσ in order to produce a dislocation from a Frank-Read source at
this point. The number of such events required is (Δσ/σι)2 which may be
62
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written (0e/Vi)2. If the frequency of such events is ω, the creep rate is given
by

which gives on integration

s-^fe)'

(34>

e = ßt^

(35)

where ß = 3NL2bü)(ai/e)2, N = number of sources per unit volume, and
L = slip distance. This is a rather general derivation which is adaptable to
any mechanism in which local fluctuations of stress are produced. Mott
suggests that the origin of the stress fluctuation is ascribable to the escape
of dislocations from piled-up groups of dislocations and interprets ω as the
frequency of such escapes from nearby sources.
The theory is suggestive although not complete. Andrade and coworkers62-64 have shown that the tllz creep is primarily due to deformation
within the grains and that it is very sensitive to the type of stress which
is applied. For example, under pure shear only transient flow is observed in
lead and cadmium while in a tensile test on the same metal permanent flow
is prominent. Such structural details are not apparent in the theory.
Steady-state creep is still the subject of considerable controversy since
there is considerable evidence to show that the concept of a constant flow
may fail in the case of long-time creep.65 For the present discussion it is
sufficient that the steady-state concept be approximately valid. The most
successful formalization of steady-state creep is based on a balance between
work hardening and recovery. Following Orowan,66 let Θ be the coefficient
of work-hardening and r be the rate of recovery defined as
Θ= —
de

= slope of stress-strain curve in the absence of recovery

ritr

r = — — = decrease in yield stress with time when work-hardened material is annealed
Then, during steady-state creep, the yield stress must remain constant
giving

i.e.
65
66

άσ = ^ dt + ^ de = 0
dt
de
e = r/θ

(36)

J. D. Lubahn, in "Cold Working of Metals," American Society for Metals (1949).
E. Orowan, / . West Scot, Iron Steel Inst. 54, 45 (1946-7).
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The rate of recovery may be written
θσ

=

_ce-<t,-v*r)

(37)

Ot

as developed by Kuhlmann 67 and Cottrell and Aytekin.68 Thus, the rate of
steady creep is given by
e = °-e

kT

(38)

a relation proposed by several investigators69-71 and quite well verified
experimentally.
This theory predicts a period of induction whenever the stress is suddenly
reduced by a small amount. The reason is that the yield stress has to fall
by recovery by the amount the applied stress was reduced before the new
steady state can be established. Such transients have been observed by
Cottrell and Aytekin68 and Carreker, Leschen, and Lubahn.72
The above theory is a rather formal one. Interpretation and further
development based on dislocation theory has been started only recently.61
5. STRENGTH OF GRAIN BOUNDARY

In this section we shall discuss briefly another important property of
a grain boundary, namely its strength relative to the strength of the
grains. It is well known that intergranular fracture, manifested as cracks
along grain boundaries, replaces transgranular fracture at high temperatures and low rates of strain. Above the so-called "equicohesive" temperature coarse-grained metals are stronger than fine-grained ones while
below this temperature the opposite behavior is observed.
Interpretation of these observations came primarily from the work of
Zener73 and K6 ,22 Two main ideas are needed. First, temperature and
strain-rate dependence is explained by the viscous nature of grain boundaries. The detailed structure of the grain boundary is not important for
this argument. The only requirement is that viscous behavior be valid
67

D. Kuhlmann, Z. Physik 124, 468 (1947); Proc. Phys. Soc. (London) A64, 140
(1951).
68
A. H. Cottrell and V. Aytekin, J. Inst. Metals 77, 389 (1950).
69
W. Kauzmann, Trans. Am. Inst. Mining Met. Engrs. 143, 57 (1941).
70
A. S. Nowick and E. S. Machlin, J. Äppl. Phys. 18, 79 (1947).
71
P. Feltham, Nature 169, 976 (1952).
72
R. P. Carreker, J. G. Leschen, and J. D. Lubahn, Trans. Am. Inst. Mining Met.
Engrs. 180, 139 (1949).
73
C. Zener, "Elasticity and Anelasticity of Metals," pp. 126-130, 146-150. Univ.
of Chicago Press, Chicago, 1948.

J. FLEEMAN AND G. J. DIENES

236
according to which

shear stress = η (shear-strain rate)

(39)

where η is a coefficient of viscosity. The temperature variation of η is given
by
V = Voe""1'
(40)
Thus, the shear stress which can be supported at a grain boundary decreases
rapidly with increasing temperature and decreasing strain rate. These
relations are well confirmed by experiment.
Next, one has to show that the existence of such viscous regions leads to
fracture along the grain boundary. Let a load be applied to an elastic
matrix containing a small viscous region. The shear stress within the viscous
region starts to relax at once. Let this region be in the form of a thin disk.
There is also partial relaxation in the elastic matrix surrounding the viscous
region for some distance on either side of the disk.73 The distance over
which this relaxation extends is independent of the thickness of the disk
and is comparable with the radius of the disk. Thus, if the disk is very thin,
which is reasonable for a grain boundary, a very small amount of viscous
phase can lead to relaxation over a large volume of the material. As the
stress relaxes in the viscous region, high stress concentration is produced
within the elastic matrix. While there is relaxation in the matrix on either
side of the disk stress concentration is developed near the ends of the
viscous region. This process is easily visualized geometrically and can also
be shown to occur by very general energy considerations.73 The viscous
region, since it cannot support shear stresses, will behave essentially as a
cracklike cavity and the same type of stress computations are applicable.
Calculations show that if the radius of curvature at the edge of the disk
is one-hundredth of the radius of the disk then stress relaxation within the
viscous region develops a tensile stress within the elastic matrix about 10
times as large as the over-all shear stress. Thus, fracture may develop in
the grain boundaries via the mechanism of stress relaxation in the grain
boundary. Consequently, conditions which favor viscous response, namely
low strain rates and high temperatures [equations (39) and (40)], also favor
intergranular fracture.
As experimental support for this interpretation the work of Hanson and
Wheeler74 may be cited. These investigators found that in aluminum under
creep conditions cracks started at the grain boundaries. They showed that
under creep conditions the density of polycrystalline specimens decreased
appreciably while that of single crystals remained constant. This can be
taken as strong evidence for crack formation at the grain boundaries.
74
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VI. Work-Hardening of Metals

In Section V the discussion was confined to topics concerned with small
plastic deformation of metals. Here, in discussing the work-hardening of
metals, wre focus attention upon the structural changes which result when
large stresses are applied to metals. This problem is the one most closely
related to everyday experience, since it is a common observation that bending a material several times will increase the yield strength considerably.
The theory of the work-hardening of metals was one of the first problems attacked by dislocation theory. It also turned out to be one of the
most difficult problems since what is involved is not only the presence of
dislocations but, in addition, their distribution according to number and
sign in the metal. At present no really satisfactory theory of work-hardening
exists; because of the difficulties inherent in the problem, it will probably
be one of the last yielding a satisfactory explanation.
When considering the internal friction arising from impurity-anchored
dislocations, Weertman and Koehler50 treated the amplitude of the small
oscillations as independent of their position. With this assumption, one can
construct models using different arrays of dislocations to determine the
restoring force on the dislocation. I t turned out that the restoring force
determined is a sensitive function of the type of array considered. This
would be one approach to determining a reasonable set of dislocations to be
used in the theory of work-hardening. The approach that has been used in
recent theories is to assume only the presence of dislocations and their
property of moving under an applied stress. This leads to a qualitative
theory of hardening. Modern theories are modifications of the early theory
due to Taylor.75 Here we wish to elaborate on these ideas and then discuss
the manner in which they have been modified by Mott.
The basic idea in Taylor's theory is that the yield strength depends on
the internal stress field of the dislocations present in the virgin material.
The minimum stress required to move the dislocations is equal to the above
yield strength; thus the first few dislocations migrate under the action of
a shear stress which is infinitesimally small. As one increases the external
stress, the local concentration of dislocations increases, thereby decreasing
the spacing between dislocations hence increasing the internal stress field.
As a result, a larger stress is required to produce a given amount of distortion. In this maner Taylor accounts for the work-hardening of crystals.
The way in which two dislocations become stuck is discussed in the
chapter on "Dislocations in Crystal Lattices" by J. M. and W. G. Burgers.
It can be shown that when two edge dislocations of opposite sign pass each
other at a distance I between their slip planes, the driving stress required
75
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to allow them to pass is
μ6

-

8ΤΓ(1

- v)l

(41)

where b is the magnitude of the Burgers vector and μ and v are the shear
modulus and Poisson's ratio of the material, respectively. To calculate a
stress-strain curve Taylor supposes that slip begins at random points in the
crystal and occurs by the separation of a negative and positive dislocation.
The dislocations move apart and then become stuck by meeting a dense
array of dislocations so that the formation of a certain local density of
dislocations corresponds to a given amount of plastic strain. In this theory,
Taylor shows that the stress-strain relationship is as follows:

<τ = Κμ(£Υ

(42)

where K ^ 0.1 and L is the average distance moved by the dislocation.
This yields the well-known parabolic relationship often observed in metals
and is valid for temperatures above which plastic flow will occur.
Important objections have been raised with regard to this theory, the
most important being that slip takes place uniformly throughout the
crystal. It is this assumption that leads to the parabolic relationship above.
We know from the work of Heidenreich and Shockley76 that when plastic
flow occurs in aluminum the slipped regions are divided into slip bands
separated by about 2000 A. Each slip band is further subdivided into glide
lamella. The amount of slip on each band is about 200 A. This, and other
detailed objections to the Taylor theory, are discussed in Cottrell's book.77
We turn now to Mott's 78 theory of work-hardening. Mott elaborates on
Taylor's theory in two important ways: the manner by which dislocations
are generated during slip and how dislocations become "immobile" after
moving a certain distance. The first of these is explained by the Frank-Read
mechanism for dislocation production and the latter by the formation of
sessile dislocations. Both of these concepts are discussed in detail in the
chapter by Burgers and Burgers. Since sessile dislocations can only be produced in the cubic closepacked structure and not in hexagonal crystals,
this would explain why the latter harden more slowly.
According to the Mott theory, the dislocations produced by a Frank-Read
source pass out of the crystal unless they are trapped at internal obstacles
76
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such as sessile dislocations. Hardening results from the strain around
piled-up groups of dislocations. Each group of n dislocations acts as a single
dislocation of strength nb. Mott estimates that n is of the order of 1000.
These groups are distributed at average distances 2L along the slip plane.
Now let d be the distance between slip planes so that the mean distance
between "super-dislocations" is (LeZ)1/2; each is now subjected to a mean
internal stress σ»

The mean number per unit area p of dislocation centers is (Ld)~l, hence
e

= p(nb)L = ^

(44)

Combining this expression with equation (43) we get
Γμ(ηϊ>)1/2Ί i/2

(45)

This is the well-known parabolic hardening law as also derived in Taylor's
theory of work-hardening.
The picture that now arises out of the Mott theory is this: a Frank-Read
source acts as a generator of dislocations; the dislocations move from the
source a distance L at a velocity approaching the velocity of sound, piling
up at a barrier. These are either sessile dislocations or grain boundaries.
This process continues until the resulting back stress acting on the source is
large enough to stop it; the entire process is over within a few microseconds.
Seitz79 has speculated on other mechanisms for the cessation of the
Frank-Read generators. The explanation is based on the behavior of a spiral
prismatic dislocation in the presence of a uniform shearing stress. We shall
assume here that the spiral prismatic dislocation has already produced a
region of vacancies in the metal. Just as a simple prismatic dislocation may
be stretched parallel to the Burger's vector, so, under a shear stress, a spiral
prismatic dislocation will possess a similar property. During this process the
anchor segments are converted into dislocations lying in adjoining slip
planes. These dislocations will be connected by jogs located on the screw
axis. When this occurs, and the distance between jogs becomes large
enough, the prismatic dislocation will no longer be confined to the surface
of the cone, but may expand to produce interstitial atoms. As this occurs
the dislocation will cease to act as a Frank-Read generator. Seitz believes
that the generation process will cease after about 1000 rings have been
produced.
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To return to the Mott theory of work-hardening, we calculate the back
stress required to stop the source. The stress needed to operate the source
is Δσ = μφ/l) where I is the length of the source. Then dislocations created
dynamically at the source move a distance L before they are stopped by an
obstacle. The corresponding back stress is Ußb/L. Equating this quantity
to Δσ gives n/L = \/l. Inserting this result into equation (45), we get
6λ

e1/2

(46)

This is the final stress-strain relation.
Upon removal of the externally applied stress it is known that there is
little appreciable recovery of the strain. How does this fit into the theory?
Mott supposes that approximately one in six of the dislocations present in
the "super-dislocation" will become sessile by combining with another edge
dislocation located on a neighboring octahedral plane. This occurs because
about this number are required to cause plastic flow on the adjacent plane.
As a result strain recovery is prevented when the stress is removed.
For a detailed discussion on the occurrence of slip lamallas, the temperature dependence of hardening, and the experimental evidence for deformation bands and easy glide the reader is referred to Cottrell's book and to
the original papers by Mott.
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Concentration
Average atomic concentration
Distance
between
slip
planes
Effective thickness of grain
boundary
Length of the dislocation
Radius
Time
Critical velocity
Drift velocity
Diffusion velocity
Distance
Grain size
Loss angle (measure of internal friction of a linear
solid)
Decrement
Strain
R a t e of strain
Viscosity
Slope of stress-strain curve
Quantity which measures
strength of dislocation
Critical dispersion
Average shear stress
Rigidity modulus
R a t e of relative displacement
Frequency
Poisson's ratio
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Yield stress; as function of
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Critical shear stress
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Displacement of dislocation from its equilibrium
position
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