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I. Introduction

Although the irreversible properties of deformation and flow, more recently known as rheology, have long been associated with the classical concepts of viscosity and plasticity, it has only been in recent years that the
influence of pressure has been studied systematically. The year 1931 is
significant in this respect because the notable works of P. W. Bridgman, 2
on the physics of high pressure, and A. Nadai, 3 on plasticity (English translation), then established and summarized the state of knowledge as of that
time. Subsequent progress in the field of high pressure can be judged (with
regard to the physical properties of rheological interest) by the review of
P. W. Bridgman 4 in 1946 and, from the standpoint of plasticity, by the
recent books of the eminent authors A. Nadai, 5 R. Hill,6 and P. W. Bridgman. 7
It is proposed to summarize the status of the subject insofar as it per2

P. W. Bridgman, "The Physics of High Pressure." Macmillan, New York, 1931.
3 A. Nadai, "Plasticity." McGraw-Hill, New York, 1931.
4
P. W. Bridgman, Revs. Mod. Phys. 18, 1 (1946).
6
A. Nadai, "Theory of Flow and Fracture of Solids." McGraw-Hill, New York,
1950.
6
R. Hill, "The Mathematical Theory of Plasticity." Oxford Univ. Press, New
York, 1950.
7
P. W. Bridgman, "Studies in Large Flow and Fracture." McGraw-Hill, New
York, 1952.
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tains to the significant characteristics of viscosity and plasticity under
pressures sufficiently high to cause measurable changes in these properties.
A pressure considered to be high may then be a matter of only a few
hundred atmospheres in magnitude 8 in fluids, or as high as several thousand
atmospheres in the case of a solid. A more exact specification of the pressure
at a given volume should state the temperature and the time of application,
in addition to the magnitude. This amounts to writing the functional relationship, p — f(p, T, t)y which in concept is similar to the "equation of
state" of an ideal plastic solid, namely, that the state of stress is a function
of strain, rate of strain, and temperature. There is some evidence that a
particular state of plasticity may also be dependent on its prior history, or
the experimental path by which the material was brought to its plastic
condition.
The distinction between true pressure effect and the effect of a high loading pressure, in the absence of an additional environment of hydrostatic
pressure, is not unique for solids because of the interrelationship among
components of a triaxial stress system. Because most of the plastic effects
to be considered are induced by high-pressure (hydrostatic) loading, e.g.,
hollow cylinders under internal or external pressure, it may be necessary in
certain instances to call attention to true pressure effects. The emphasis
for the most part will be placed on the experimental advances of the past
15 years, with correlations with older data in certain instances. A brief
review of basic techniques and accuracy of measurement at high pressure
will serve as a preface to the subsequent experimental details.
II. Techniques and Basic Principles of Measurement
1. PRESSURE TECHNIQUES

a. Pressure as a Tool
Hydrostatic pressure is a well-established tool for further exploration of
some of the properties of matter which, under the ordinary conditions of
temperature and pressure, may be relatively constant or insensitive to
measurement. Although some of the pressure effects may be simulated by
change of temperature, e.g., change of volume, closer examination usually
shows that the effects are not equivalent; under extreme conditions pressure
change may not only be more convenient to apply but a necessity if a change
of phase, e.g., melting, is to be avoided. With respect to the value of
dynamic pressure as a tool, it is evident that temperature change9 alone is
inadequate to simulate a pressure change applied over a very short period
8

1000 kg./cm. 2 = 14,200 p.s.i. = 967 atm.
The quenching process might be considered as an exception to this broad statement, but it is hardly a method of general applicability.
9
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TABLE I
APPROXIMATE SOLIDIFYING PRESSURES OF LIQUIDS

Liquid
ethyl alcohol
ethylene glycols
glycerine + water (50%)
kerosene
methyl alcohol
mercury
mineral oil (light)
pentane
petroleum ether
water
water

°C.

Pressure
(kg. /cm.2)

25
0
30
30
23
0
38
23
30
0
30

19,000
5,000
12,000
4,000
30,000+
7,600
2,100
30,000+
12,000+
6,000
10,000

of time. Consequently, confidence in the generality of the result derived
from a series of measurements must depend on the thoroughness of exploration of the volume, pressure, temperature, and time parameters.
b. Temperature Limitations
The approximate maximum pressures, below which the liquid phase
exists at a specified temperature, for some of the liquids frequently utilized
to transmit hydrostatic pressure are tabulated in Table I.
If gaseous pressure is to be employed, which is usually a necessity at the
extremes of temperature, the consequences of a highly compressible medium
must be accepted, but in general gases do not impose serious difficulties in
this respect.
Methods have been utilized to overcome the strength limitation of normal
steel chambers10 by either cold-working (autofrettage) or applying a pressure directly to the external surface of the pressure vessel, e.g., wire-winding
or the shrinking on of a hot steel band. However, measurements within
steel chambers under internal pressures of from 20,000 to 150,000 kg./cm. 2
did not become practicable until P. W. Bridgman,11 and R. W. Goranson
and E. A. Johnson12 designed auxiliary apparatus to apply external pressures much higher than attained previously.
For higher temperatures, which considerably reduce the normal strength
of steel pressure chambers, it is often possible to incorporate a small
heating unit within the pressure chamber.13
10

D. M. Newitt, "High Pressure Plant and Fluids at High Pressures." Oxford
Univ. Press, New York, 1940.
11
P. W. Bridgman, Phys. Rev. 48, 893 (1935); 57, 342 (1940).
12
R. W. Goranson and E. A. Johnson, Phys. Rev. 57, 845 (1940).
« L. H. Adams and J. W. Green, Phil. Mag. [7] 12, 361 (1931).
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c. Generation of Static Pressure
The generation and measurement of static pressure, at least in the lower
pressure range, has become practically a standard procedure during the
past 40 years, following the methods of P. W. Bridgman. Specific equipment of varying degrees of complexity have been described by other investigators.10· 1 4 · 1 5 The design of the cascade-type press, i.e., a press within a
press, has been the principal achievement toward the realization of experimental hydrostatic pressures of 150,000 kg./cm. 2 and above. Broadly
speaking, the same apparatus can be used for the generation of both hydrostatic and gaseous pressures, subject to the limitation referred to previously.
P. W. Bridgman7 has also utilized simple (mechanical) compression combined with shear in a method which has proved to be useful in studying
plastic flow, as well as an additional tool for searching for polymorphic transitions in solids. If small thin disks of material are normally compressed to
an extent sufficient to cause appreciable plastic flow, the material within
the body tends to approach a condition where it is virtually under hydrostatic pressure. Because the shearing force is manually applied at a slow
rate and discontinuously at the ends of the stroke, the shearing stress is
primarily static in effect.
d. High-Pressure Gages
Experience has demonstrated that the electrical resistance-type gage,
made of manganin wire and properly seasoned, is a most satisfactory
secondary gage for the routine measurement of static pressure. M. Benedict16 considered that the absolute accuracy of the gage at constant temperature is within 0.2 % up to 2000 kg./cm. 2 , and 0.3 % from 2000 to 7400
kg./cm. 2 ; gages made with different kinds of manganin agreed to within a
probable error of 0.07%. The temperature coefficient of the pressure coefficient,17 however, is known with less certainty because the change of resistance of manganin with temperature is not linear. A sustained search for
more suitable materials for pressure gages has not been rewarding, but the
recent development of a gold-chromium wire18 (2.1 % Cr) offers possibilities.
The pressure sensitivity is less than that of manganin, but the temperature
coefficient is also less. For the greatest accuracy of pressure measurement
the resistance-type gage should be employed at constant temperature
during an experiment, preferably near room temperature. This can be
14

L. H. Adams, Rev. Set. Instr. 7, 174 (1936).
"High Pressure Measurement." Am. Soc. Mech. Engrs., New York, 1953.
16
M. Benedict, J. Am. Chem. Soc. 69, 2224 (1937).
17
L. H. Adams, R. W. Goranson, and R. E. Gibson, Rev. Sei. Instr. 8, 230 (1937).
18
H. E. Darling and D. H. Newhall, Trans. Am. Soc. Mech. Engrs. 76, 311 (1953).
15
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approached in many cases by mounting the gage in a separate chamber but
still connected directly in the pressure line of the test chamber.
The dead-weight piston gage,19 long one of the primary standards of
pressure, has been critically examined recently at the National Bureau of
Standards.
Dynamic pressure of large magnitude is most easily generated in closed
chambers by burning or detonating solid propellants, the geometry and
burning rates of which determine the pressure and its duration. The rapidity
of the detonation wave, of the order of a few microseconds' duration,
restricts its practical application to the study of fragmentation of fractured
bodies or penetration effects. Accurate measurement of detonation pressure
is prohibitively difficult at present under the usual conditions of the
laboratory. Gaseous pressure generated by burning solid propellants,20 on
the other hand, can be safely and rather easily applied. E. J. Mickevicz21
has described his apparatus for generating pressure in this manner, achieving pressures of the order of 3,000 kg./cm. 2 for durations of 10~2 sec. He employed propellants of burning rates 0.17 X 106 to 0.99 X 106 kg./cm. 2 /sec.
There appears to be opportunity for further application of this technique.
The pressure and adiabatic flame temperature in a closed pressuregenerating chamber can be computed with sufficient accuracy for most
work by means of the equation of state for propellant gases, as illustrated
by the work of A. D. Crow and W. E. Grimshaw.22
e. Piezoelectric Gages
The most suitable type of dynamic gage, in many respects, is that which
utilizes the piezoelectric or magneto-strictive effects. The piezogage,23·24
composed of quartz plates, has proved to be very suitable for the measurement of gaseous pressures and can measure the rate of change of pressure
directly. Quartz, however, does not have good hydrostatic pressure sensitivity, hence tourmaline25 gages are more often used for this purpose. The
temperature sensitivity is equivalent to a pressure change of 14 kg./cm. 2
at a temperature change of 1°, near room temperature. The most evident
deterrent against wider use of crystal gages at high pressure is the lack of
accurate means of calibration at the present time.
19

D. P. Johnson and D. H. Newhall, Trans. Am. Soc. Mech. Engrs. 75, 301 (1953).
R. E. Gibson, J. Phys. and Colloid Chem. 54, 847 (1950).
21
E. J. Mickevicz, Trans. Am. Soc. Mech. Engrs. 75, 325 (1953).
22
A. D. Crow and W. E. Grimshaw, Phil. Trans. Roy. Soc. (London) A230, 387
(1932); Phil. Mag. [7] 15, 729 (1933).
23
R. H. Kent and A. H. Hodge, Trans. Am. Soc. Mech. Engrs. 61, 179 (1939).
24
J. W. Head, Electronics 18, 132 (1945).
2
* A. B. Arons and R. H. Cole, Rev. Sei. Instr. 21, 31 (1950).
20
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/. High Centrifugal Fields
Progress in the creation of high centrifugal fields26 in small bodies subject
to very high speeds of rotation has produced a tool of some importance for
particular investigations in rheology, e.g., diffusion, viscosity, and plasticity. Pressure and stress in solid rotors are not measured directly but
computed from data associated with angular velocity, time, and dimensions of the apparatus. Stresses of the order of 29,000 kg./cm. 2 have been
attained in 3.97 mm. rotors at 77,000 r.p.s.
2 . VlSCOMETERS 27

a. Falling-Weight (Vertical) Viscometers
Y. Suge,28 for example, has measured the viscosity of oils at pressures
from 200 to 2000 kg./cm. 2 with a viscometer of this type, the time of fall
being recorded electrically as the weight traverses a known distance between electrical coils wound about the central section of the tube. At
higher pressures the Bridgman-type29 viscometer is the most suitable, but
from 12,000 to 30,000 kg./cm. 2 a modified form30 as been found to be more
satisfactory.
b. Rolling-Ball Viscometers
This modification of a freely falling-weight viscometer has been extensively employed by a number of investigators. E. Kuss,31 and W. Fritz
and W. Weber32 used types in which the ball rolled at steep angles to the
horizontal, e.g., 80 deg. M. D. Hersey 33 · 34 adapted the original rolling-ball
viscometer of A. E. Flowers to measurement of the viscosity of oils under
pressure, which was later used in a series of investigations by R. B. Dow35
and associates, B. H. Sage and W. N. Lacey,36 and R. M. Hubbard and G.
G. Brown,37 at low horizontal angles. Precaution must be taken to ensure
that errors caused by turbulence, i.e., the nonlinear part of the calibration
curve, do not vitiate the accuracy of measurement. This is not a serious
26

J. W. Beams, / . Wash. Acad. Sei. 37, 221 (1947).
F . Lazarre, J. phys. radium 11, 51D (1950).
28
Y. Suge, Set. Papers Inst. Phys. Chem. Research (Tokyo) 34(2), 1244 (1938).
29
P . W. Bridgman, Proc. Am. Acad. Arts Sei. 61, 57 (1926).
30
P . W. Bridgman, Proc. Am. Acad. Arts Sei. 77, 117 (1949).
31
E . Kuss, Naturwissenschaften
33, 312 (1946).
32
W. Fritz and W. Weber, Angew. Chem. 19B, 123 (1947).
33
M. D . Hersey, J. Wash. Acad. Sei. 6, 525 (1916).
34
M. D . Hersey and H . Shore, Mech. Eng. 50, 221 (1928).
35
R. B . Dow, Phil. Mag. [7] 28, 403 (1939).
36
B . H. Sage and W. N . Lacey, Am. Inst. Mining Met. Engrs. Tech. Publs. N o . 845
(1937).
37
R. M. H u b b a r d and G. G. Brown, Ind. Eng. Chem. 15, 212 (1943).
27
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problem generally for liquids because the angle of roll, and the weight and
size of the ball can be adjusted so that the roll time bears a linear relationship to the coefficient of viscosity at a given temperature. For gases, on the
other hand, constant vigilance is required to avoid turbulence; E. W. Comings, B. J. Mayland, and R. S. Egly38 recalculated the data of B. H. Sage
and W. N. Lacey36 on the assumption that turbulence occurred and found
a better correlation with other data. R. Kiyama and T. Makita 39 have
measured the viscosities of several gases with this instrument over a temperature range to 300°, up to 100 kg./cm. 2 . The useful range of the current
design of the viscometer appears to be limited to pressures of about 5,000
kg./cm. 2 , up to 300°.
c. Capillary-Tube Viscometers
Capillary-tube viscometers have been the principal means of measuring
the viscosity of gases under pressure, but less so for liquids, although in
principle laminar-flow measurements are most reliable. The transpiration
method developed by A. O. Rankine (1908) has usually been preferred to
the direct measurement of high pressure gradients along a capillary tube,
because under the former condition the gas is virtually under static pressure, the driving head not being greater than the weight of a small mercury
capsule or piston. The former technique has the great advantage of permitting accurately calibrated glass capillaries to be utilized. The Poiseuille
flow equation applies in both cases, although corrections must be made.
W. L. Sibbitt, G. A. Hawkins, and H. L. Solberg40 have shown, however,
that measurement of the pressure gradient over a capillary of about 118 ft.
in length gives viscosities in excellent agreement with the transpiration
method of A. Michels and R. O. Gibson41 for nitrogen, when the latter data
are interpolated for temperature difference within the pressure range of 70
kg./cm. 2 used by the former investigators.
The viscosity of liquids under pressure has been determined by means of
several varieties of capillary viscometers. P. W. Bridgman42 devised a
method of flow for mercury whereby a horizontal viscometer was tilted to
provide a small pressure head for flow while the viscometer was under
hydrostatic pressure, but stated that he experienced considerable trouble
in obtaining satisfactory operation. J. H. Hyde's 43 viscometer, for measur38
E . W. Comings, B . J. Mayland, and R. S. Egly, Univ. Illinois Eng. Expt. Sta.
Bull. N o . 354 (1944).
39
R. K i y a m a and T . Makita, Rev. Phys. Chem. (Japan) 22, 49 (1952).
40
W. L. Sibbitt, G. A. Hawkins, and H. L. Solberg, Trans. Am. Soc. Mech. Engrs.
64,401 (1943).
41
A. Michels and R. O. Gibson, Proc. Roy. Soc. (London) A134, 288 (1931).
42
P . W. Bridgman, Proc. Am. Acad. Arts Sei. 62, 187 (1927).
43
J. H . H y d e , Proc. Roy. Soc. (London) A97, 240 (1920).
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ing the viscosity of oils up to 1500 kg./cm. 2 , required a relatively complicated procedure to balance the viscometer accurately on a knife-edge. M. D
Hersey and G. H. S. Snyder44 employed a long, metal capillary under large
pressure gradients, i.e., at inlet pressures up to 3000 kg./cm.2 but discharging
to atmospheric pressure, to study the viscosity of viscous oils and greases.
M. D. Hersey and J. C. Zimmer45 have discussed some of the difficulties associated with the temperature gradients generated under these circumstances. A. E. Norton, M. J. Knott, and J. R. Muenger46 used similar means
to study possible shear-stress relationships in fatty oils believed to solidify
partially under pressure, and E. B. Dane, Jr., and F. Birch47 employed the
same technique to study the behavior of glass at high temperatures, but
with nitrogen to transmit the pressure. The method appears to be a useful
one for studying extrusion of semifluid materials under high pressure
gradients with associated high rates of shear.
d. Rotating-Tube Viscometers
The investigation of B. W. Thomas, W. R. Ham, and R. B. Dow48 reported comparison of the rolling-ball viscometer with a rotating-tube,
Margules-type viscometer, studying three oils over a temperature range
from 37.78 to 98.89°C. While good agreement of results was obtained from
the comparison, the rotating-tube viscometer is not suited to routine
viscometry at high pressure. In its present form the instrument is restricted to high viscosity liquids, there are a number of corrections49 to be
made, the pressure range is limited to about 3000 kg./cm. 2 and the apparatus is relatively bulky in size.
e. Oscillating-Disk Viscometers
Application of this method in recent years has been mostly with gases
over a pressure range of 1000 kg./cm. 2 . J. G. Mason and O. Maass,50 and
W. A. Felsing and F. Blankenship51 employed this technique to measure
the viscosity of ethylene up to 180 kg./cm. 2 , and recently M. G. Gonikberg
and L. F. Vereshchagin52 extended the measurements to 1000 kg./cm. 2 .
44

M. D . Hersey and G. H. S. Snyder, / . Rheol. 3, 298 (1932).
M. D . Hersey and J. C. Zimmer, J. Appl. Phys. 8, 359 (1937).
46
A. E . Norton, M. J. K n o t t and J. R. Muenger, Trans. Am. Soc. Mech. Engrs. 63,
631 (1941).
47
E . B . Dane, Jr., and F . Birch, J. Appl. Phys. 9, 669 (1938).
48
B. W. Thomas, W. R. H a m , and R. B . Dow, Ind. Eng. Chem. 31, 1267 (1939).
49
Correction for temperature change within the viscometer is the most troublesome, because the driving motor (electric) is contained within the pressure chamber.
50
J. G. Mason and O. Maass, Can. J. Research 18, 25 (1940).
51
W. A. Felsing and F . Blankenship, Proc. Oklahoma Acad. Sei. 24, 90 (1944).
62
M. G. Gonikberg and L. F . Vereshchagin, Compt. rend. Acad. Sei. U.S.S.R. 55,
801 (1947).
45
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TABLE I I
ACCURACY OF VISCOMETERS FOR LIQUIDS UNDER PRESSURE

Liquid
1 caster oil35

P(kg./cm.2)
1000

°C.
40

Viscometer % Dev.
RB
B

2 petroleum oils48
3 petroleum oils63

1-2500
1-3700

37.78-98.89

^t

37.78

RB

98.89

B

4.9
7.3
2.0
2.0

1.8
0.9

The latter calibrated their instrument with nitrogen, probably using
the data of A. Michels and R. O. Gibson. The disk, suspended by a thin
manganin wire, is set into rotation by magnetic means, after which the
system oscillates harmonically with a constant logarithmic decrement. Observations were made optically in the conventional manner by reflecting
light from a mirror on the suspension through glass windows in the pressure
chamber.
/ . Accuracy of High-Pressure Viscometry
Noteworthy progress has been achieved in this respect during the past
few years, particularly in liquid viscometry. As a consequence of the extensive, cooperative study of the American Society of Mechanical Engineers53 on lubricants, whereby the Bridgman viscometer at Harvard University54 was compared with a rolling-ball viscometer55 at The Pennsylvania
State University under the same conditions, and the earlier comparison of
rolling-ball and rotating-tube viscometers48 at the latter institution, it is
now possible to state the accuracy which is obtainable over a pressure
range of 4000 kg./cm. 2 .
Table I I summarizes the results of three comparisons of the Bridgman
(B), rolling-ball (RB) and rotating-tube (RT) types of viscometers for
liquids. The first comparison gives the differences between viscometers
RB and B from the average of data at one pressure and temperature of four
studies, two of which were with capillary-tube and falling-weight viscometers. The second comparison gives an average difference between R T and
RB over the experimental range, and the third the average difference be63
"Viscosity and Density of over 40 Lubricating Fluids of Known Composition
at Pressures to 150,000 psig and Temperatures to 425 F . " Am. Soc. Mech. Engrs.,
New York, 1953.
64
Measurements in the Graduate School of Engineering, under direction of R. V.
Kleinschmidt.
66
Same viscometer as used in studies by R. B. Dow.35
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tween RB and B at two temperatures over the pressure range. It can be
concluded that the average error to be expected from the B and RB viscometers is about 2%. Considering all the data for these viscometers56
the possible error57 is of the order of 5 %, although recent investigations indicate that accuracies within 2 % are attainable.
Because of possible errors caused by diffusion and thermal effects and
the small magnitude of the viscosity, it is to be expected that the error in
viscometry of gases at high pressure is likely to be greater than for liquids.
Because no direct comparisons have been made estimates must be limited
to comparison of results obtained by different investigators for the same
gases, but which were often not at the same temperatures. The detailed
correlation of E. W. Comings, B. J. Mayland, and R. S. Egly38 leads to the
belief that an average error of 20 % is probably representative for all the
gases studied to date. But examination of the more recent data for nitrogen
and carbon dioxide shows much higher accuracy. The data of W. L. Sibitt,
G. A. Hawkins, and H. L. Solberg40 for nitrogen at 37.78° and up to 68
kg./cm. 2 , by the method of pressure drop in a capillary, can be compared
with the measurements by transpiration of A. Michels and R. 0. Gibson,41
wrhen the data of the latter at 50° are interpolated to 37.78° and compared
over the pressure range of 100 kg./cm. 2 . The agreement is excellent at
50 kg./cm. 2 , being 1.93 X 10~2 centipoise against the interpolated value of
A. Michels and R. O. Gibson 1.92 X 10~2 centipoise. E. W. Comings, B. J.
Mayland, and R. S. Egly measured the viscosity of carbon dioxide at 40°
at pressures up to 140 kg./cm. 2 by the transpiration method, and R.
Kiyama and T. Makita's measurements at 50° up to 100 kg./cm. 2 were
taken with a rolling-ball viscometer. Reading viscosities from smooth
curves of C.M.E. and K.M. (interpolated) plotted at 50°, it is found that
at 51.5 kg./cm. 2 the C.M.E. value is 1.91 X 10"2 against 1.86 X 10"2
centipoise from K.M.; at 72.5 kg./cm. 2 the values are 2.15 and 2.11 X 10~2
centipoise, respectively. It can be concluded, therefore, for nitrogen and
carbon dioxide, that viscosity at pressures up to 100 kg./cm. 2 can be
determined to an accuracy within 2.5% by the capillary-transpiration,
capillary-pressure gradient, and rolling-ball viscometers.
3. MEASUREMENT OF STRAIN

a. Strain Gages
Measurements of change of length, area, and volume when a solid body
is deformed, while straightforward in principle, are difficult to perform
56
Reference 37 reports accuracy within 5% up to 150° and 10% at higher temperatures (pentane).
57
None of the current pressure viscometers for liquids are suited for accurate
measurement at atmospheric pressure. A capillary instrument is recommended at
atmospheric pressure.
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when a body is appreciably plastic, because of hysteresis between stress and
strain and time effects which may vary greatly in magnitude.
The usual procedure in measuring deformation has been to determine
the change of external dimensions, e.g., diameter and length, by employing
suitable gages of the conventional type, mechanical-optical or electrical
resistance gages. The importance of measuring internal deformation, e.g.,
at the internal wall of a closed cylinder subjected either to internal or external pressure, cannot be minimized, but it appears that this technique,
using electrical gages, has been applied only recently by M. C. Steele and
J. Young.58
b. Removal-of-Metal Technique
For the purpose of obtaining information on the distribution of residual
stresses resulting from overstrain, the magnitude of which must be computed from theoretical relationships, various investigators have resorted
to methods of machining to remove part of the material of the body, thereby
removing some of the stresses existing near the outer or inner surfaces. A
method developed originally by G. Sachs has been discussed by H. Ford59
who pointed out that only two stresses, e.g., circumferential and radial,
can be determined practically in a body under residual triaxial stresses.
For solid or thick-walled cylinders the procedure is to bore a central hole
in steps, the external diameter and length being carefully measured after
each step of machining. The relative circumferential strain, i.e., change of
diameter per unit internal diameter, and the relative longitudinal strain
are plotted against the cross-sectional area of remaining metal. The corresponding stresses, as a function of diameter, can then be computed by
theory. Similar techniques have been discussed by A. E. Macrae,60 A.
Nadai,3 and K. Heindlhofer.61 C. F. Jeanson62 has emphasized the possible
effect of relieving the residual strain during the machining operation; i.e.,
machining down to a new outer diameter is equivalent to relieving the
residual stress which existed at that diameter prior to cutting.
c. Automatic Recording of External Strain
F. A. Biberstein, J. M. Krafft, and M. H. Slud63 have developed a servoscanner measuring system which automatically detects, amplifies, and
68

M. C. Steele and J. Young, Trans. Am. Soc. Mech. Engrs. 74, 355 (1952).
H. Ford, "Symposium on Internal Stresses in Metals and Alloys." Institute of
Metals, London, 1948.
60
A. E. Macrae, 'Overstrain in Metals." H. M. Stationery Office, London, 1930.
61
K. Heindlhofer, "Evaluation of Residual Stress." McGraw-Hill, New York,
1948.
62
C. F. Jeanson, "A Treatise on Radial Expansion of Guns." Bureau of Ordnance,
Navy Dept., Washington, D. C , 1938.
63
F. A. Biberstein, J. M. Krafft, and M. H. Slud, Appl. Mech. Lab. Catholic Univ.
69

256

R. B. DOW

records the external dilation of a thick-walled cylinder subjected to internal hydrostatic pressure. The detector is essentially a device for converting small displacements into proportional pressure differences, which
are further amplified hydraulically to operate a flexible bellows and piston
attached to a mechanical linkage terminating in a pen or similar recorder.
The apparatus is accurate, rapid in operation, and provides a continuous
record of dilation.
d. Change of Volume
Direct measurement of volume change under simple compression when
the material is in a plastic state has been described by P. W. Bridgman.64
The method, applicable to solid cylinders of material, involved the measurement of change of volume by a dilatometer filled with water and connected
to an open capillary tube in which the displacement of the meniscus, proportional to change of volume of the specimen, was read at a given pressure. The dilatometer was placed within a pressure chamber sealed by
moving pistons at the top and bottom; as the top piston compressed the
specimen, the identical bottom piston was \vithdrawn an equal amount to
keep the volume of liquid in the dilatometer constant during the test. Linear
displacement was read from a dial gage attached externally to the top
piston.
e. Examination by X-Rays
X-ray measurements on solids undergoing change of the plastic state do
not appear to have been extensive, and there is undoubtedly room for much
further study at high pressure. R. B. Jacobs65 has made one of the few
X-ray studies of structural change, i.e., phase change in solids under
pressure. P. W. Bridgman and I. Simon66 have lately studied the resulting
structural effects in glass, after extreme deformation by normal compression, by X-ray examination of the specimens at atmospheric pressure.
4. MISCELLANEOUS EXPERIMENTAL TECHNIQUES

a. Measurement of Dynamic Pressure
L. Deffet67 has referred to a quartz piezometer in use at the Belgian
Institute of High Pressures, by which dynamic pressure is measured by
registering the elongation with the aid of a photoelectric cell. Although deAmer. Tech. Rept. No. 6 (1948), sponsored by Math. Sei. Div., Office of Naval Research, Washington, D. C.
64
P. W. Bridgman, J. Appl. Phys. 20, 1241 (1949).
68
R. B. Jacobs, Phys. Rev. 54, 325 (1938).
66
P. W. Bridgman and I. Simon, J. Appl. Phys. 24, 405 (1953).
67
L. Deffet, J. phys. radium 11, 481 (1950).
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tails were not given, it is stated that time intervals of Kooo s e c · n a v e been
measured, presumably at pressures of the magnitude of 10,000 kg./cm. 2 .
b. Ballistic Viscometer
M. F. Charron68 has employed a pendular ram to strike a pellet or piston
of a test liquid located at the entrance of a horizontal capillary tube. The
pellet is forced through the capillary by the pressure difference resulting
from the impact, and in accordance with Poiseuille's condition for flow. Results were reported at 14.5°C. for the viscosity of glycerine and an aviation
mineral oil at a pressure difference of 1000 kg./cm. 2 , but data were not
given. It was said that the results conformed to those obtained with the
Bridgman-type viscometer, although it was acknowledged that temperature
and other impact effects may have been so complicated as to have prohibited accurate measurement of viscosity.
c. Study with a Crossed-Cylinder Bearing
Bearing pressures up to 14,000 kg./cm. 2 have been applied by O. H.
Clark, W. W. Woods, and J. R. White69 to examine lubrication effects associated with an experimental bearing comprised of crossed cylinders.
Bearing pressure was computed approximately from the size of the residual
contact area, or "pit," under conditions said to minimize wear. Possible
correlations between viscosity, pressure, and bearing performance were
discussed, from data on pit diameter vs. bearing speed and computed film
temperature. Coefficients of friction were determined from compressionshear measurements of the type introduced by P. W. Bridgman.
III. Viscosity of Fluids
1. VISCOSITY OF GASES

a. Summary of Recent Investigations
In 1944 E. W. Comings, B. J. Mayland, and R. S. Egly38 comprehensively
summarized the status of the subject of viscosity of gases under pressure.
Collectively, over 20 gases, singly or in mixture, had been investigated over
a pressure range extending from a few to a thousand atmospheres at temperatures between —20° and 528°C. The following gases were listed:
ethylene
nitrogen
air
ammonia
ethyl ether
propane
isobutane
steam
butane
sulphur dioxide
methane
carbon dioxide
methyl chloride
ethane
68
69

M. F. Charron, Compt. rend. 224,1472 (1947); 225, 919 (1947).
O. H. Clark, W. W. Woods, and J. R. White, J. Appl. Phys. 22, 474 (1951).
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Most of the work had been on carbon dioxide (140 kg./cm. 2 , —15 to 40°),
methane (350 kg./cm. 2 , 25 to 225°), propane (350 kg./cm. 2 , 21.9 to 225°),
air (210 kg./cm. 2 , at 14°) and steam (280 kg./cm. 2 , to 528°). The maximum
pressure was about 1000 kg./cm. 2 , in nitrogen. In addition to their tabulation there were two investigations on hydrogen, at 25° up to 300 kg./cm. 2 70
and at 30, 50, and 70° over a pressure range of about 240 kg./cm.2;71 a study
of mixtures of hydrogen and nitrogen71 over the same range as the second
study on hydrogen; a lean and a rich natural gas36 up to 209 kg./cm. 2
and 93°; nitrogen40 to pressures of 69.5 kg./cm. 2 over a temperature range
from 20 to 495°; and air72 over an interval of 310 kg./cm. 2 at 0, 16, 50, and
100°. J. S. Swearingen and E. D. Redding73 reported that mixtures of
natural gases (90.7 mol% methane, 5.8% ethane, and 2.6% propane)
reduced the viscosities of mineral oils when they were saturated with the gas
at high pressure, e.g., the ratio of the viscosity at atmospheric pressure to
that at 211 kg./cm. 2 was 11.6 for a SAE 30 mineral oil at 29.4°, but decreased to 2.8 at 85.6°.
In 1947 M. G. Gonikberg and L. F. Vereshchagin52 reported measurements on the viscosity of ethylene at 24° over a range of about 1000 kg./cm. 2
by the oscillating-disk method. The dynamic viscosity increased by 3.2
times over this pressure interval, but the behavior of the kinematic viscosity was peculiar in that it increased a twofold instead of the normal behavior of decreasing with increasing pressure. It will be seen later, however, that the behavior is explainable by the theory of D. Enskog. The
viscosity data for carbon dioxide and ammonia were significantly extended
by R. Kiyama and T. Makita, 39 who also gave new data for acetylene, argon, and oxygen for a pressure range of about 100 kg./cm. 2 at temperatures
of 50, 100, 150, 200, 250, and 300°. J. Hilsenrath and Y. S. Touloukian74
have recently reviewed and tabulated the data on oxygen, nitrogen, hydrogen, steam, carbon dioxide, and argon at steps of 20.7 kg./cm. 2 over a
pressure range from atmospheric to about 100 kg./cm. 2 in the experimental
ranges of temperatures mentioned above. A more detailed summary will
appear shortly in the NBS-NACA Tables of Thermal Properties of Gases
by Joseph Hilsenrath and others (NBS Circular 1955).
The effect of temperature on the pressure coefficient of viscosity is best
observed for nitrogen,40 air,72 methane 38 and the several gases studied by H.
Kiyama and T. Makita, 39 namely, carbon dioxide, ammonia, acetylene,
70

R. O. Gibson, "The Viscosity of Gases at High Pressures." Elsevier, Amsterdam, 1933.
71
J. H. Boyd, Jr., Phys. Rev. 35, 1284 (1930).
72
1 . F. Golubev, J. Phys. (U.S.S.R.) 1, 207 (1939).
73
J. S. Swearingen and E. D. Redding, Ind. Eng. Chem. 34, 1497 (1942).
74
J. Hilsenrath and Y. S. Touloukian, Ann. Meeting Am. Soc. Mech. Engrs., New
York, Paper No. 53-A-186 (1953).
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FIG. 1. Log log μ (poise X 10~4) as a function of log T (°F) for nitrogen40 at 69.7
kg./cm. 2 and methane38 at 121 kg./cm. 2 . The upper curve is for nitrogen.

argon, and oxygen. It has been found that the most satisfactory way of
representing the change of viscosity under pressure with temperature is to
plot the double logarithm of viscosity against the logarithm of temperature, as illustrated by Fig. 1, the linearity of the curves indicating that
viscosity is an exponential function of temperature for nitrogen at 69.7
kg./cm. 2 , and for methane at 121 kg./cm. 2 . While the other gases also follow
a linear relationship if plotted to the same scale, a larger scale plot, such
as shown in Fig. 2 for oxj^gen, at an average pressure of 80 kg./cm. 2 and at
atmospheric pressure, shows the departures from linearity. Evidently,
the relationship between viscosity and temperature is complicated, although the magnitude of the change is small. It will be noticed in Fig. 2
that the effect of temperature is relatively smaller at high pressure, i.e.,
the slope is noticeably less than at atmospheric pressure at a given temperature.
b. Correlations by Principle of Corresponding States
The principle of corresponding states, 75 whereby reduced pressure, volume, and temperature are defined in terms of the values of these quantities
at the critical point to make them independent of a particular gas, has
been applied extensively in seeking correlations of viscosity with other
parameters of the gaseous state. E. W. Comings, B. J. Mayland, and R. S.
Egly expressed many of the available data in terms of relative viscosity
76

E. A. Guggenheim, J. Chem. Phys. 13, 253 (1945).
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FIG. 2. Log log μ (poise X 10~4) as a function of log T (°C) for oxygen39 at atmospheric pressure and 80 kg./cm. 2 (upper curve).

as a function of reduced pressure and temperature, as shown by Fig. 3.
A. S. Smith and G. G. Brown76 proposed to relate the coefficient of viscosity
divided by the square root of molecular weight to reduced pressure and
temperature, and applied it to several normal paraffins over a range
Pr = 10 and Tr from 0.65 to 1.50. O. A. Uyehara and K. M. Watson77
employed reduced viscosity, in addition to reduced pressure and temperature, which was further extended by the charts of L. A. Bromley and C.
R. Wilke,78 i.e., μρ/μι against reduced temperature (Tr = 0.5-10) for various isobars (Pr = 0.2-30). These curves are similar to those of E. W. Comings, B. J. Mayland, and R. S. Egly, but for a threefold increase in range of
Pr. An interesting correlation of this kind was suggested by E. A. Stolyarov,79 who writes
μΡ = Mi + ßiaTrb

(1)

where the constants a and b of a given gas are valid to Pr = 62 and Tr =
15.8. The values of a and b were tabulated for hydrogen, nitrogen, carbon monoxide, and carbon dioxide.
It is difficult to judge the accuracy of the correlation of E. W. Comings,
B. J. Mayland, and R. S. Egly, principally because the different studies on
76

A. S. Smith and G. G. Brown, Ind. Eng. Chem. 35, 705 (1943).
O. A. Uyehara and K. M. Watson, Natl. Petroleum News 36, R764 (1944).
78
L. A. Bromley and C. R. Wilke, Ind. Eng. Chem. 43, 1641 (1951).
79
E. A. Stolyarov, Zhur. Fiz. Khim. 24, 279 (1950). For N, a = 0.32 P r 1 2 0 , b = 2.5;
for C 0 2 , a = 2.75 P r 0 B 1 , b = 15.85 Pr1*0 + 2.5
77
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FIG. 3. E. W. Comings, B. J. Mayland, and R. S. Egly's correlation38 for viscosity
ratio μ versus Pr for several gases. The respective Tr is indicated on the curves.

the same gases disagreed by as much as 10%, although the dispersion of
data of any single investigation might well be within 1 %. They compared
their results on carbon dioxide \vith three other investigations. Up to 52
kg./cm. 2 , the agreement was good to within 1 or 2 % ; between 62 and 83
kg./cm. 2 there was a discrepancy of 10% in one case and 1 to 2 % in the
other; between 93 to 103 kg./cm. 2 the same differences existed as in the
immediately preceding range, but at 116 to 124 kg./cm. 2 the agreement
was better with values slightly lower than found previously. A better
estimate of accuracy should be possible by comparing more recent investigations, e.g., the data of E. W. Comings, B. J. Mayland, and R. S. Egly,38
and R. Kiyama and T. Makita 39 for carbon dioxide; and A. Michels and
R. O. Gibson's41 data against those of W. L. Sibbitt, G. A. Hawkins, and
H. L. Solberg40 for nitrogen. The results of these comparisons have been
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discussed previously (Section II-2/). Unfortunately, comparisons must be
limited to 100 kg./cm. 2 at present.
c.

μ/\/ΜCorrelation

The correlation of A. S. Smith and G. G. Brown,76 based on their data
and those of B. H. Sage and W. N. Lacey36 for ethane and propane, permitted the drawing of smooth curves except at the higher reduced temperatures, i.e., at Tr = 0.90-1.50, where at Pr = 2.0 the discrepancy was as
great as 25%. The extension to the higher hydrocarbon liquids will be discussed subsequently.
d. Equation of E. A. Stolyarov79
This equation has been applied by the writer to the data of A. Michels
and R. O. Gibson for nitrogen, and those of E. W. Comings, B. J. Mayland,
and R. S. Egly for carbon dioxide. Using the values of a and b given by
E. A. Stolyarov,79 the following results were obtained: for nitrogen at 50° C.
over a pressure range of about 1000 kg./cm. 2 , the maximum discrepancy
ivas about 5 %, e.g., at 220 kg./cm. 2 the computed value differed by + 1 . 1 %,
at 660 kg./cm. 2 by + 4 . 8 % , and at 1000 kg./cm. 2 by + 3 . 7 % . The check
with carbon dioxide was much poorer. For a pressure of 92.5 kg./cm. 2 at
40°, in the critical region, the computed value was found to be 474.3 instead
of the measured value of 375.1 X 10""4 centipoise. At a lo\ver pressure of
51.7 kg./cm. 2 , the computed value was found to be 14% below the experimental value.
e. Kinematic Viscosity—the D. Enskog

Minimum

Further confirmation of the appearance of a minimum in kinematic viscosity-density curve, as predicted by D. Enskog80 and previously verified
for carbon dioxide and nitrogen, can be established from the data of I. F.
Golubev for air and of L. B. Bicher, Jr., and D. L. Katz 81 for a methane and
propane mixture (mole ratio of 1:4). The curve of A. Michels and R. O. Gibson for nitrogen at 50° is shown in Fig. 4, which also contains a similar
curve constructed for carbon dioxide from the data of E. W. Comings,
B. J. Mayland, and R. S. Egly, and the rising kinematic viscosity-density
curve for ethylene derived from M. G. Gonikberg and L. F. Vereshchagin's52
data. The latter data for ethylene were taken at a minimum pressure of 104
kg./cm. 2 , or density of 0.324, which evidently was sufficient to take η
beyond its minimum value into the region where it subsequently increased
with increase of density. The existence of a minimum in the methane-propane mixture is evident at a temperature of 225° from Fig. 5. The minimum
80
81

D. Enskog, Kungl. Svenska Vetenskapsakad. Handl. 63, 5 (1922).
L. B. Bicher, Jr., and D. L. Katz, Ind. Eng. Chem. 35, 754 (1943).
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FIG. 4. η (stokes X 10~4) versus p for nitrogen41 at 50°, carbon dioxide38 at 40°, and ethylene62 at 24°. The upper decreasing curve is for N, the increasing
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FIG. 5. η (stokes X 10~4) versus p
for methane (20% mol.)-propane
(80% mol.) mixture 81 at 225°.
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for air was obtained by extrapolating I. F. Golubev's72 data at 16° from 300
to 450 kg./cm. 2 and converting from dynamic to kinematic viscosity by
using E. H. Amagat's 82 data for the density of air at 15°. Although an accurate value of 97min. was not determined, its existence at a density of
about 0.5 appears to be certain. A second extrapolation to 500 kg./cm. 2
82
E. H. Amagat's PV data were given in terms of the volume of his compression
chamber; hence it is necessary to compare these data with those of nitrogen, for
example, to obtain absolute density.
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produced a value substantially larger than the magnitude of the point at
450 kg./cmA
According to D. Enskog η against p must give a minimum to satisfy

* = " = oL· (-)

(A + °·800 + 0.76145/*)

p
2.545 Vp/min· \6p/c
where bpk is determined from the equation of state
P+aP2

= g

P(l

(2)

/

+ MO

(3)

His theory also leads to a formula for the diameter of the gas molecule, in
terms of Μ/ϋθ and 77min. . A. Michels and R. 0 . Gibson found an average
value of the diameter to be 2.94 X 10~8 cm. from their results on nitrogen
at 25, 50, and 75°. The theory resembles that of J. D. Van der Waals, but
it is of interest to note that the Van der Waals' pressure correction a is
omitted.
/. Theoretical Difficulties
F. G. Keyes83 discussed some of the theoretical difficulties in attempting
to formulate a theory of viscosity and heat conduction in terms of kinetic
theory. He points out that the relative importance of the attractive and
repulsive forces between atoms vary widely, depending on the nature of the
gas. When the resultant force is strongly attractive, as for nitrogen and carbon dioxide, accurate knowledge of the repulsive force may not be necessary, although in most cases the positive or repulsive component dominates.
J. L. Yntema and W. G. Schneider84 have shown that the Lennard-Jones
potential
φ(τ) = kxr-n - k2r-m

(4)

is not generally valid, because there is no unique value of n when m = 6.
R. B. Bird, J. 0 . Hirschfelder, and C. Γ. Curtiss85 have more fully applied
the Lennard-Jones potential to dense gases.
g. Correlation of Viscosity with Velocity of Sound. Borovik's Equation
There is considerable interest in possible correlations between the coefficient of viscosity and the velocity of sound in gases under pressure. E.
Borovik,86 for example, has deduced on theoretical grounds the following
83

F. G. Keyes, Trans. Am. Soc. Mech. Engrs. 73, 589 (1951).
J. L. Yntema and W. G. Schneider, J. Chem. Phys. 18, 646 (1950).
R. B. Bird, J. O. Hirschfelder, and C. E. Curtiss, Ann. Meeting Am. Soc. Mech.
Engrs., New York Paper No. 53-A-47 (1953).
86
E. Borovik, / . Exptl. Theoret. Phys. (U.S.S.R.) 18, 48 (1948).
84
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relationship, namely,
μ = kvM/r2

(5)

which is said to be compatible with the data for nitrogen. If it can be assumed that the effect of pressure on the molecular radius r can be neglected
for the smaller magnitudes, it is then evident that a linear relationship
should exist between viscosity and the velocity of sound. A limited amount
of experimental data is available to investigate this correlation.
μ — v8 curves for nitrogen at 30°, over a pressure range of 1000 kg./cm. 2 ,
and carbon dioxide at 27°, over 62 kg./cm. 2 , are shown to be linear in Figs.
6 and 7. The data for nitrogen are those of A. Michels and R. O. Gibson
at 25°, the viscosities being interpolated to 30° to compare with the computed velocities of sound derived by M. Benedict87 from his P-V-T data.
For carbon dioxide the interpolated data of P. Phillips 88 · 89 at 27° were
correlated with the velocity of sound data of A. H. Hodge,90 which are
the most extensive (5 gases) in this field. C M . Herget91 extended the pressure range for carbon dioxide in order to determine the velocity through
the critical region. It is possible, therefore, to compare these data at 38°
with those of E. W. Comings, B. J. Mayland, and R. S. Egly at 40° over a
pressure limit of 104 kg./cm. 2 . The curve is shown in Fig. 8.
I. F. Golubev's viscosities of air at 16 and 50° were interpolated to 27°
to compare with the velocity of sound found by A. H. Hodge over a range
of 100 kg./cm. 2 at that temperature. The velocity increased with increase
87

M. Benedict, J. Am. Chem. Soc. 59, 2233 (1937).
P. Phillips, Proc. Roy. Soc. (London) A87, 48 (1912).
89
The data at 40° agree well with those of ref. 38.
9
° A. H. Hodge, J. Chem. Phys. 5, 974 (1937).
91
C. M. Herget, J. Chem. Phys. 8, 537 (1940).
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FIG. 7. μ88 (poise X 10~4) versus
Vs90 (m./sec.) for carbon dioxide at
27° (1-62 kg./cm. 2 ).
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versus vs91 (m./sec.) at 38° for carbon dioxide through the critical point
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of viscosity but the relationship did not appear to be linear, the departure
becoming evident at 30 kg./cm. 2 , i.e., at about one-third of the pressure
range.
In view of the fragmentary experimental data and the relatively large
possible error in the determination of the velocity of sound under pressure,
the theoretical significance of the correlation cannot be fully realized. Most
of the experimental data on velocity of sound showed no evidence of dispersion, except in the case of carbon dioxide at the lowest pressures, but
A. H. Hodge mentioned that no precautions were taken to avoid water
vapor and impurities in his gases. Some of the theoretical difficulties have
been discussed by L. Tisza92 who suggests that a second coefficient of viscosity, in addition to the ordinary coefficient, may be required to satisfactorily account for absorption and dispersion of sound. In effect his coefficient gives the second-order correction to the hydrodynamic pressure,
arising as a consequence of a compression or dilation.
9

* L. Tisza, Phys. Rev. 61, 531 (1942).
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h. Thermal Diffusion
An effect of pressure on thermal diffusion in gases, a characteristic property generally considered to be closely related to viscosity and thermal
conduction, has been found by E. W. Becker93 for mixtures of carbon
dioxide—hydrogen, nitrogen or argon; nitrogen-hydrogen; and nitrogenmethane over a range of 3.1 to 83 kg./cm. 2 . While the coefficient increased
by a factor of from 3 to 8 for the carbon dioxide mixtures, it decreased with
increase of pressure for the nitrogen-methane mixture, and in the case of
the nitrogen-hydrogen mixture no appreciable pressure effect was found.
The pressure dependence is not in accordance with the Enskog-Chapman
theory94 of quasi-ideal gases.
2. VISCOSITY OF PURE LIQUIDS

a. Summary of Viscosity-Pressure Data
Of the 43 liquids investigated by P. W. Bridgman29 at 30 and 75° over a
pressure range of 12,000 kg./cm. 2 , relatively few30 remain fluid over a range
of 30,000 kg./cm. 2 at room temperature, e.g., methyl, propyl, isopropyl;
and normal amyl alcohols, and isobutyl bromide. Typical data are summarized in Table I I I ; the values of the viscosities at atmospheric pressure
have been taken in some cases from handbooks.98 The viscosity of pentane
at lower pressures from 25 to 250°, to about 700 kg./cm. 2 , has been determined by R. M. Hubbard and G. G. Brown.37
The general features of the viscosity-pressure relations are well known
and it is not necessary to go into details with respect to the measurements.
The new feature of the higher pressure investigations is that the reversal
of curvature of the log fi vs. P curve, which had been found earlier for a
number of liquids within the pressure interval of 10,000 kg./cm. 2 , occurred
for all the liquids within the range of 30,000 kg./cm. 2 . This change of the
pressure coefficient of viscosity is of considerable theoretical importance,
inasmuch as current theory has been incapable of accounting for the effect.
There are very few data on viscosity of mixtures of pure liquids at high
pressure. R. B. Dow95 studied mixtures of hexane-carbon disulphide, hexane-diethyl ether, hexane-chlorobenzene, pentane-benzene, hexane-decane
and eugenol-carbon disulphide over the complete range of concentration,
at 30 and 75° and pressures to 12,000 kg./cm. 2 . The viscosity isobars were
found to be quite complex in behavior, except for the hexane-carbon
93

E. W. Becker, J. Chem. Phys. 19, 131 (1951).
S. Chapman and T. G. Cowling, "The Mathematical Theory of Non-Uniform
Gases." Cambridge Univ. Press, New York, 1939.
98
For example, "Handbook of Chemistry and Physics." 33rd. ed. Chemical Rubber Co., Cleveland (1951-52).
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disulphide and hexane-decane mixtures. Here also none of the existing
theories of viscosity has yielded a satisfactory explanation of the observed
irregularities, which appear to indicate the presence of complicated structural effects or rearrangements35 within groups or chains of molecules when
they are subjected to shear displacement under pressure.
b. Correlation with Physical Parameters
Generally speaking, the search for correlations of viscosity with other
physical parameters under pressure has not been rewarding. P. W. Bridgman29 pointed out the inadequacies of the earlier theories in this respect,
and in particular the failure of free volume, heat of vaporization, and
absolute viscosity at atmospheric pressure. He did find a degree of correlation between viscosity and complexity number of the molecule, i.e., the product of the number of atoms in the molecule by the number of all the extranuclear electrons of the molecule, but concluded that other correlations
were even less satisfactory. He showed, however, that if considerations are
limited to homologous series, e.g., the normal paraffin hydrocarbons, normal alcohols, etc., some correlation existed between the pressure effect
and molecular weight. Figure 9 shows this relationship for the two series
of liquids at 30 and 75°.
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c. Pi-Scale Function
E. P. Irany" introduced an empirical correlation which would relate all
viscosity-pressure functions of liquids by a general law, namely a 7r-function
or -scale which is denned in terms of a viscosity isotherm at 30° as a standard. The viscosity-pressure relationship was then considered to be linear,
with all curves of liquids converging to a common pole. It wras shown in
the paper that a number of the simpler hydrocarbons investigated by
P. W. Bridgman give linear curves100 which tend to converge on a common
internal pressure of about 1200 kg./cm. 2 . Consequently, knowing the pole
pressure and the viscosity at atmospheric pressure it should be possible to
construct viscosity isotherms for higher pressures by simply drawing
straight lines through these two points. However, the correlation is believed to be of limited applicability because of the assumption that the data
for pentane, or any other arbitrarily chosen liquid, can be considered to
be a standard, or that an unique viscosity-pressure function can be so
written. The available evidence points to the contrary.
d. Reduced Pressure and Temperature
A. S. Smith and G. G. Brown76 employed the concept of corresponding
states, which has been referred to previously in the case of gases, as a
means for correlating fluid viscosity. Their results are most complete for
hydrocarbons, which were investigated over a reduced pressure range of 10.
Pentane and decane were the liquids of interest. Using the data of R. M.
Hubbard and G. G. Brown37 for pentane, a virtually linear relationship
resulted between μ/\/Μ and Pr over a range of Pr = 2. The data appear
to lie on parallel isobars which terminate with the points for pentane and
decane at Pr = 10 (315 to 330 kg./cm. 2 ), for reduced temperatures of 0.65,
0.70, 0.75, and 0.80. No data were given for liquids over the reduced pressure interval between 2 and 10, which would be necessary to substantiate
the linear relationship. The pressure data for pentane and decane were
interpolated between 1 and 500 kg./cm.2, the region of greatest uncertainty
for the measurements. To further verify this correlation similar data are
given in Fig. 10 for pentane, octane, and decane, at two reduced temperatures for each liquid, over a range of Pr = 175. It is evident that although
smooth curves result, there is no tendency for them to coincide at approximately the same reduced temperatures. It appears, therefore, that this
correlation is not one of general validity for hydrocarbon liquids.
e. Velocity of Sound
Possible correlation of viscosity with velocity of sound under pressure
has not been given extensive consideration, although there are implied
99

E. P. Irany, / . Am. Chem. Soc. 60, 2106 (1938).
Non-linearity would be found in "associated" liquids.
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F I G . 10. μ/y/M (centipoises) versus P r a s a function of Tr for pentane, 2 9 octane, 2 9
and decane. 9 5 Tr = 0.426, 0.533, 0.490, 0.644, 0.612, and 0.740, reading from the top
down.

relationships101·102 which have been known for some time. The uncertainty
of ultrasonic measurements has undoubtedly been the principal deterrent.
At atmospheric pressure the viscosities of the normal paraffins and normal
alcohols can be shown to bear a linear relationship to the velocity of sound,103
within the error of measurement and the uncertainty of interpolation for
temperature. Furthermore, the linear correlation with velocity at atmospheric pressure continues to remain good when compared against viscosity
at substantial increases of pressure, e.g., at pressures of 500 and 6000
kg./cm. 2 . Turning to measurements of the velocity of sound in liquids
under pressure, very few measurements are to be found. J. C. Swanson and
J. C. Hubbard104 measured the velocity of sound in pentane over a range
of 300 kg./cm. 2 , but the only values available at higher pressures appear to
be the data of G. Holton105 for water at 30 and 50° over a pressure interval
of 6000 kg./cm. 2 . These data can be compared with data for the viscosity
of pentane37 and of water,29 respectively. The relationship for pentane
(Fig. 11) is linear when the coefficient is plotted as inverse function of
velocity at 25° up to 70 kg./cm. 2 . The results for water at 30° were more
101

For example, by L. Brillouin, who has frequently used velocity of sound as a
parameter in structural theories.
102
C. E . Waring and P . Becher, J. Chem. Phys. 15, 488 (1947).
103
S. P a r t h a s a r a t h y , Proc. Indian Acad. Sei. A2, 497 (1935); A3, 285, 482, 519
(1936).
104
J . C. Swanson and J . C. H u b b a r d , Phys. Rev. 45, 291 (1934).
105
G. Holton, J. Appl. Phys. 22, 1407 (1951).
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complicated, the μ vs. l/vs curve appearing to consist of two linear regions
which intersect at a pressure of about 2500 kg./cm. 2 , as shown by Fig. 12.
The effect is similar at 50°. The abrupt change of slope at approximately
2500 kg./cm. 2 , indicating that viscosity increases more rapidly with increase of velocity, is interesting but its generality should be investigated
for other liquids which have less complicated structures.
/. Equations of Macleod and Panchenkov
Most of the advances in theory have sought to further relate the viscosity of liquids with theories of state or reaction rates.
D. B. Macleod106 and G. M. Panchenkov107 have reviewed and modified
to some extent their earlier equations which evaluated the coefficient of
viscosity in terms of internal energy and related parameters. From his
106
107

D. B. Macleod, Trans. Faraday Soc. 61, 771 (1945).
G. M. Panchenkov, Compt. rend. acad. sei. U.R.S.S. 51, 365 (1946).
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equation of state (of the J. D. Van der WaaPs type) D. B. Macleod arrived
at an expression for viscosity in terms of the ratio of free volume to total
volume, and the common exponential or Arrhenius relationship, i.e., exponential work of compression over thermal energy. He was able to reproduce P. W. Bridgman's data for pentane at 30° over a range of 10,000
kg./cm. 2 to within 2%. G. M. Panchenkov reported a similar agreement
with P. W. Bridgman's data for ethyl alcohol and ethyl bromide at 30°,
which were computed from an equation much like D. B. Macleod's but
somewhat more complicated. His band energy is essentially an activation
energy which is computed as a fraction of the heat of compression, the
fraction or "coordinational number" of a liquid being similar in concept
to the fraction of energy of vaporization utilized by H. Eyring and associates to measure the activation energy for viscous flow.
g. J. FrenkeVs Theory of the Liquid State
J. Frenkel108 has developed a kinetic theory of liquids of considerable
interest, wherein he considers that viscous forces in liquids should be
associated not only with volume deformations but also with shearing
strains. Consequently the forces should correspond to elastic stresses in
solid amorphous bodies, liquids being characterized by small values of relaxation time, i.e., time for the elastic shearing stresses to disappear.
He discards the notions of crystalline sites and vacant holes in favor of gaps
of indefinite shapes and sizes between molecules. Under pressure a liquid
loses its porosity or "slack" by the dwindling down of the gaps and their
irregular displacement, which proceed much in the same abrupt fashion as
in crystals, until eventually they disappear. This concept of the fluid state
is similar in some respects to the theory of J. C. Maxwell, associating the
mean life of an atom in its equilibrium position with J. C. Maxwell's relaxation time. While J. Frenkel eventually arrived at the same relationships for
free volume and activation energy of viscous flow, his picture differs from
the current reaction rate mechanism inasmuch as he postulates two mechanisms for self-diffusion in a liquid. First the atom evaporates from one
position to an intermediate one, requiring the usual activation energy, and
then condenses from the intermediate position of maximum potential energy
into a new position of equilibrium. The resulting extra kinetic energy is
shaken off or distributed to the new environment.
h. Modification of Batschinski's Equation
The A. Batschinski relationship between fluidity and free volume was
modified by E. C. Bingham, H. E. Adams, and G. R. McCauslin109 to con108

1946.

J. Frenkel, "Kinetic Theory of Liquids." Oxford Univ. Press, New York,

109
E. C. Bingham, H. E. Adams, and G. R. McCauslin, J. Am. Chem. Soc. 63, 466
(1941).
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tain two additional constants, which permitted them to find interrelationships between fluidity, i.e., the reciprocal of viscosity, and volume, pressure,
and temperature. Utilizing P. W. Bridgman's data on the change of volume
of several liquids under pressure, and the change of volume with temperature,
they were able to show that viscosity could be computed from the modified
Batschinski equation or, given the fluidity, the volume could likewise be
computed for a given pressure. The agreement between computation and
measurement is not of particular theoretical significance since the constants
of the modified equation were determined empirically from known data.
i. Theory of Reaction Rates
The reaction-rate theory of viscous flow, as developed by H. Eyring and
R. H. Ewell110· m has been further examined by several investigators, and
interpreted from the standpoint of possible relationships between the
liquid and solid states, rather than between the liquid- and gaseous-state
correlation originally incorporated in the theory.
j . Effect of Temperature on Activation Energy
P. F. Van Velden112 considered that the empirical relation for the energy
of activation for viscous flow

Ev

~ -dam

(6)

is not identical with the energy of activation Uv as employed by H. Eyring
in the relationship

M=

(^)(i*) exp - + u"/m

(7)

From measurements of viscosity as a function of temperature a value of
Uv was derived which was about 10 % less than the value of Ev found by
means of equation (6). The most important difference in the use of these
energy functions is that Uv is dependent on temperature, while Ev for
many liquids is relatively independent of the temperature. R. H. Ewell
considered that Uv and Ev were approximately equal, but the difference for
most organic liquids is about 10%.
k. A. Bondi9 s Interpretation of Energy Activation
The work of A. Bondi113'114 has indicated that the nature of Uv is too
complicated to be satisfied by an equation of the form of equation (7),
110
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R. H. Ewell, / . Appl. Phys. 9, 252 (1938).
112
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which assumes that the rotational and vibrational energies are the same
for both the initial and activated states. Assuming that the structural type
in the liquid approaches that of the lattice structure of the solid in the
vicinity of the melting point, A. Bondi found some evidence to believe, by
considering the change of volume at melting, that the change of free
energy of activation with pressure, i.e., Δ7*, depends both on the nature
of the structure of the liquid and the spatial configuration of the individual
molecules. This latter point had been considered from a different point of
view by R. B. Dow.35
I. Quasi-Crystalline Theory of Waring and Becher
One of the most significant interpretations has been that of C. E. Waring
and P. Becher102 who also assumed the existence of a quasi-crystalline
structure in liquids. Because of lattice imperfections the molecules may
move to vacant lattice sites, requiring an energy of
E = 2TTWV

(8)

for jumping from one site to another, similar to the mechanism postulated
by J. Frenkel. Equation (8) is the expression for the energy of linear harmonic motion of critical amplitude qc at a frequency v. In the absence of
external shear the probability of jump is the same in all directions. While
H. Eyring assumed that the partition functions of the initial and activated
states differed only with respect to translational energy, C. E. Waring and
P. Becher considered that the difference should be in vibrational energy.
They derived an equation similar to equation (7), namely,
μ = (RO/Vv) exp + Uv/Re

(9)

where Uv is defined by equation (8). The vibrational frequencies are to be
computed according to the method employed by P. Debye to compute the
specific heat of solids, i.e.,
VD

= VS(SN/4TV)I1Z

(10)

where there are SN vibrations of N particles, where V represents the
volume, ad vs the average velocity of sound. By giving qc constant values,
e.g., 0.75 or 0.50 A., the authors found a good correlation between vD , as
determined by velocity of sound measurements, and v of equation (8)
as found from viscosity measurements. The agreement was very good for
the alcohols (qc = 0.75A.), but less so for other liquids (qc = 0.50) which
differ considerably in structure, e.g., hexane, carbon disulphide, and nitrobenzene. The discrepancy for hexane was said to be about 10 %. From equations (9) and (10) it can be seen that μ bears an inverse relationship to v8 .
The correlation between μ and l/vs, previously discussed, is of further interest from this standpoint.
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3. VISCOSITY OF PETROLEUM OILS

a. Recent Investigations
The state of the subject early in 1953 has been thoroughly reviewed and
coordinated by M. D. Hersey and R. F. Hopkins115 who revised and extended their previous efforts116' m in this direction. The experimental data
in this field have been materially augmented by the recently completed,
cooperative study53 under the auspices of the American Society of Mechanical Engineers, which will be referred to subsequently as the ASME study.
The ASME study is noteworthy, not only in extending significantly the
experimental range for hydrocarbon oils, but for the first time component
tests and analyses were made simultaneously at atmospheric pressure in a
number of independent laboratories working with the same samples. The
need for coordinated study is evident from an examination of the summary
of M. D. Hersey and R. F. Hopkins115 which indicated the difficulty experienced in coordinating many of the earlier studies concerned with trade
oils which not only varied widely in composition but frequently were incompletely identified. In a series of studies, R. B. Dow and associates118· 1 1 9 · 1 2 0 examined several well-identified oils from American, Russian,
Roumanian, and Burman sources and sought correlations with other parameters at atmospheric pressure, e.g., molecular weight, aniline point, percentage paraffins, and number of ring compounds, but the work was limited
to a pressure range of about 3500 kg./cm. 2 and temperatures between 37.78
and 98.89°. Consequently, the new ASME data fill the immediate need in
the interest of future correlations. Some of these data have already been
examined by D. Bradbury, M. Mark, and R. V. Kleinschmidt,121 and further
correlations will be discussed subsequently.
b. Summary of Data on Oils at Low Pressure
The data available on petroleum hydrocarbon oils for which possible
correlations with viscosity have been sought, over a range of 3500 kg./cm. 2
and temperatures between 37.78 and 98.89°, are summarized in Table IV.
The parameters at atmospheric pressure were obtained by conventional
11δ
M. D. Hersey and R. F. Hopkins, "Viscosity of Lubricants under Pressure."
Am. Soc. Mech. Engrs., New York, 1954.
116
M. D. Hersey and R. F. Hopkins, / . Appl. Phys. 8, 560 (1937).
117
M. D. Hersey and R. F. Hopkins, Mech. Eng. 67, 820 (1945); 68, 577 (1946).
118
R. M. Dibert, R. B. Dow, and C. E. Fink, / . Appl. Phys. 10, 113 (1939).
119
R. B. Dow, J. S. McCartney, and C. E. Fink, </. Inst. Petroleum 27, 213 (1941).
120
R. B. Dow, / . Colloid Set. 2, 81 (1947).
121
D. Bradbury, M. Mark, and R. V. Kleinschmidt, Trans. Am. Soc. Mech. Engrs.
73, 667 (1951).
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measurements, but the structural characteristics were determined by the
method of H. I. Waterman124 and his associates.
c. Temperature Effects
The temperature ranges of these studies were usually not great enough
to be unusually significant; consequently temperature data are not included
in Table IV but can be found by referring to the original papers. For example, for the first three miscellaneous samples of Table IV, an increase of
temperature of 44.4° caused Cp , averaged over 1400 kg./cm. 2 , for sample
Pennsylvania A to decrease by 18 %, while that of California C decreased by
76%. The average temperature coefficients of viscosity for the Russian and
Roumanian oils were comparable in magnitude to those found for Pennsylvania oils. Therefore, temperature, like pressure, induces the least change
of viscosity when the oil is rich in paraffinic compounds.
d. General Correlations with Parameters at Atmospheric Pressure
Although some of the viscosity effects under pressure are not illustrated
by the viscosity coefficient at 37.78° in Table IV, certain conclusions of a
general nature can be drawn nevertheless. The low pressure coefficient of
viscosity of Pennsylvania oils is characteristic of oils rich in paraffinic
chains, but not necessarily unique to them, since it will be noted that
Pennsylvania oil No. 6 has the same coefficient as Burma sample No. 2. It
will be seen, on the other hand, that the latter has no characteristics typical
of Pennsylvania oils. For this type of oil the percentage paraffins factor
probably is as good a correlation factor as can be found at present. The
relative importance of naphthenic and aromatic content is not evident,
principally because of the relatively high paraffinic content common to all
petroleum oils. Nevertheless, the higher pressure coefficients are associated
with the higher content of aromatic and naphthenic compounds. A low
viscosity index does not always imply a low Cp , as shown by several
examples. H. Blok125 has suggested that comparisons of physical properties
are only valid when limited to particular families or homologous series of
oils, but even this limitation has little practical significance other than for
oils of high paraffinic content.
e. Aniline Point
Although the paraffinic content is a useful parameter of some applicability
to oils from Pennsylvania crudes, in general it is not of particular signifi124

J. C. Vlugter, H. I. Waterman, and H. A. Van Westen, J. Inst. Petroleum 22,
661 (1935).
125
H. Blok, Proc. 3rd World Petroleum Congr. Scheveningen (1951).
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TABLE V
COMPARISON OF MEASURED ANILINE POINTS FROM VISCOSITY DATA AT 37.78°C.

v

Oil

(centistokes)

V.l.

Mol Wgt.

cv 22 x io- 5

Φ

Φ

24G
31G
32G
33G
35G
36G
37G
38G
39G

33.1
55.3
165.3
586.1
155.0
55.1
143.1
514.3
146.9

125
96
99
91
95
23
8
-42
2

394
450
576
700
546
349
383
400
364

3.32
3.63
3.12
2.72
2.88
4.52
4.30
4.45
4.47

107.4
100.9
110.5
119.3
116.2
80.6
85.9
82.3
81.8

103.8
101.6
119.8
120.0
110.6
79.0
81.5
82.0
76.4

cance when considering oils of other groups. The same conclusion can be
drawn for many of the other data represented in Table IV, e.g., density,
H/C ratio, index of refraction, and molecular weight. The most useful
parameter, measured under normal conditions, appears to be the aniline
point, proposed by R. B. Dow120 in 1947 as a means for predicting the pressure coefficient of viscosity. While the theoretical significance of the aniline
reaction126 is not fully known, it is evidently related to, or a characteristic
associated with, an initial structural change in the liquid which is viscosity"sensitive", e.g., the realigning or repacking of molecular groups during the
early stages of viscous flow under pressure may be somewhat similar to the
gross molecular rearrangement which occurs during the aniline reaction.
It would not be expected that the correlation would remain good at the
higher pressures when the slack or free space between lightly interlocked
molecular groups has been considerably reduced. The predicted usefulness
of the aniline point to estimate low-pressure viscosity characteristics of
petroleum oils is further substantiated by application of several of the new
data of the ASME study, the results of which are shown in Table V. The
aniline point φ was computed from the equation120
φ = 161.0 - 11.6 X 105<7Ρ - 1.37 X W°CP2

(11)

The sixth column contains the computed values of coefficient Cv , assuming
that a linear relationship127 was valid over a pressure range of 1760 kg./cm A
The conventional aniline point ψ was determined53 according to standard
procedure utilizing miscibility techniques. It is evident from Table V, that
122
Cp = 1/p (logioMp.r/logioMi.r - 1)
The numerical values in Table IV have the unit square inch/pound.
126
J. S. Ball, U. S. Bureau Mines Repts. Invest. No. 3721 (1943).
127
For sample 36G, CT was linear only to 1060 kg./cm. 2 ; for 37G the linearity was
approximate (large viscosity increase); and for 39G data were taken at 1400 kg./cm. 2
because of indication of partial solidification at 1760 kg./cm.2.
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T A B L E VI
D E N S I T Y CONSTANTS 1 2 8 a AND b AS F U N C T I O N S O F T E M P E R A T U R E

°c.
-6.67
-1.11
4.44
10.00
15.56
21.11
26.67
32.22
37.78
43.33
48.89

a
3.96 X 10~6
4.02
4.08
4.14
4.19
4.24
4.29
4.34
4.38
4.42
4.46

b

°C.

a

b

7.3 X 10"11
7.0
6.8
6.6
6.4
6.2
6.0
5.8
5.7
5.5
5.4

54.44
60.00
65.56
71.11
76.67
82.22
87.78
93.33
98.89
104.44

4.50 X 10~6
4.53
4.56
4.59
4.61
4.63
4.64
4.66
4.67
4.68

5.3 X 10-11
5.1
5.0
4.9
4.8
4.7
4.6
4.5
4.4
4.4

1

Cp can be computed from a known aniline point to better than 10 %, the
limit formerly assumed. Since φ can be readily determined, it appears at
present that equation (11) is as useful as could be expected for predicting
the viscosity over a low pressure range of an unknown oil at 37.78°, without
resorting to actual pressure measurements.
/. Dow and Fink's Equation for Density
In order to convert dynamic to kinematic viscosity R. B. Dow and C. E.
Fink128 employed the density equation
p = po(l + ap - btf)T

(12)

where the constants a and b were determined from —6.67 to 104.44°, as
given in Table VI. From this relationship it is evident that p/p0 is a maximum when p = a/26, which at 104.44° is about 3750 kg./cm. 2 . Inasmuch
as this equation has also been applied by other investigators it is desirable
to check its validity in the light of more recently measured data. The measured values of the densities of ASME oils 32G and 37G have been compared
with the densities at 1, 704, 1760, and 3520 kg./cm. 2 at temperatures of
0, 25, 37.78, and 98.89°, as computed from equation (12), with the results
shown in Table VII. The agreement is seen to be well within the accuracy
of the equation, and further substantiates the conclusion that the density
of petroleum oils is independent of the composition130 over this experimental
range.
D. Bradbury, M. Mark, and R. V. Kleinschmidt121 have proposed a
128

R. B . Dow and C. E . Fink, J. Appl. Phys. 11, 353 (1940).
I t follows also t h a t the method of conventional refining has no inherent effect
on density.
130
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TABLE VII
COMPARISON OF COMPUTED AND M E A S U R E D D E N S I T I E S OF A S M E O I L S UNDER
PRESSURE

Oil 82G

P

0° C.

1.04 0.895129
704
0.920
1760
0.962
3520
—

37.78°

25o

—

0.925
0.946

—

0.880129
0.908
0.951
0.982

0.912
0.941
0.934

98.89°

—

0.834129
0.870
0.922
0.960

0.869
0.908
0.937

—

0.878
0.916
0.962
1.000

0.915
0.956
0.986

0.872129
0.903
0.946
0.978

0.905
0.936
0.939

0.914
0.945
0.990

0.949
0.993

—

Oil 87G
1.04 0.938
704
0.962
1760
—
3520
—

—

0.969

—
—

0.925
0.950
0.993

—

—

0.959
0.989

—

—

—

—

more complicated empirical equation, which requires five constants in order
to evaluate the density of some of the oils of the ASME study over the
entire experimental range. The details of this equation have not been given.
g. Solidification under Static Pressure
The nature of solidification of liquid lubricants under pressure is of
considerable practical interest. Most of the data have been determined by
indirect means at a given temperature, e.g., as measured by the pressure at
which the rolling ball of a rolling-ball viscometer moves very slowly, or does
not roll at all. This method gives no information on change of volume which
accompanies true freezing. R. B. Dow131 made direct volume measurements
on a Pennsylvania Bright Stock at 0 and 37.78°, lard oil at 22.78 and 37.78°,
and sperm oil at 37.78° over a pressure range of about 10,000 kg./cm. 2 , but
found no volume discontinuities within 0.1 %. Mercury, as a reference,
underwent a change of approximately 6% at its freezing point. It was
concluded, therefore, that the solidification under these conditions was not
like ordinary freezing, but resulted in the formation of a labile, vaselinelike
substance which would offer considerable resistance to relative motion but
would otherwise not be evident under a static test. This effect was confirmed by the appearance of the sample of lard oil when pressure was
suddenly released, the white, vaselinelike substance remaining for several
minutes before dissolving. However, viscosity measurements under pressure
did not reveal any non-Newtonian behavior of these particular oils.
129
131

Measured values.
R. B . Dow, Rheol. Bull. 13, 9 (1942).
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h. Ruppert's Concept of KiesskalVs Law
There have been several attempts in recent years to find empirical relationships which might be adequate to reproduce viscosity change with
pressure and temperature for practical purposes. W. Ruppert132 has recently
extended the concept of the S. Kiesskalt law by showing that it is a particular case of a characteristic differential law of which there are several
examples in nature, namely, the laws of exponential decay of radioactivity,
change of density of air with altitude, and the optical absorption (Lambert
law), which can be represented as
dy = dlny
y

= Const, dx

(13)

When integrated over appropriate intervals
In V- = const, fe - Xi)
(14)
2/1
The ratio 2/2/2/1 was considered as a residual or net number (Restzahl) r.
Thus,
logn
i\

=

log ^2
ii

=

logr 3
iz

, ^

If equation (15) is valid for lubricants, when r is taken equal to a viscosity
ratio and i is the corresponding pressure interval, the ratios should remain
constant at a given temperature. This relationship has been computed for a
series of pressure intervals for a Russian-type oil (No. R-l, Table IV),
ASME oil 31G at 37.78°, and ASME oil 32G at 218.3°. In no case has the
ratio been found to remain constant, either when successive equal increments of pressure were employed or with successive, unequal increments of
pressure, but rather the ratios consistently decreased in magnitude at the
higher pressures. For example, oil 31G had a ratio of 1.13 X 10~3 for a pressure increment of 352 between 352 and 704 kg./cm. 2 , which decreased by
about 49 %, or to 0.58 X 10~3, for the same increment between 1408 and
1760 kg./cm. 2 . Consequently, the S. Kiesskalt law does not appear to be a
satisfactory relationship for even an approximate computation of viscosity
over a pressure range extending as high as 1,000 kg./cm. 2 .
i. Cragoe's Viscosity Function
C. S. Cragoe133 in 1933 introduced a simple function, the L function,
to represent changes of viscosity of lubricating oils with change of pressure,
temperature, and composition. From an examination of the pressure data
132
133

W. Ruppert, Brennstoff-Chem. 33, 273 (1952).
C. S. Cragoe, Proc. 2nd World Petroleum Congr., London 529 (1933).
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available at that time, he found that the pressure coefficient of L, designated as ß, was approximately constant for a given oil at a fixed temperature, but varied slightly with temperature over a range between 20 and
80°. These relationships are
μ = A exp. -

(16)

L·

where the empirically chosen constants A and B have the values 5 X 10~4
and 1000 In 20, respectively. The pressure coefficient of L is

'-W^j--*£*

(17)

and the temperature coefficient of Li becomes

- - ^"L°)
L 0 (Ti -

To)

=dJ±dT
U

(18)

From these equations the pressure and temperature coefficients of viscosity
can be written as

\d± = zAdJ^ = A
μ dp

μάΤ~

Up dp

Ττ* dT

(19)

Liß

L7~

l

J

C. S. Cragoe concluded that the L function was linearly related to temperature and its reciprocal linearly related to pressure. The magnitude of ß was
found to range between 2.7 and 4.0 X 10"4 for about 12 petroleum oils
over the given temperature range. R. B. Dow134 examined these relations
later for 12 different oils and found that while the temperature coefficient
a did not differ materially from that reported by C. S. Cragoe, or vary
greatly with pressure, the pressure coefficient β, on the other hand, did
decrease materially with increase of pressure for all the oils over a pressure
range of 4200 kg./cm. 2 . Moreover, the magnitude of change was found to be
the greatest for oils of paraffinic base, being a decrease of 38 % over a pressure increase of 1970 kg./cm. 2 for that type of oil at 37.78°. Therefore, equation (16) cannot be considered adequate for the practical purposes of computation.
j . ASTM

Viscosity-Temperature Chart

The practical utility of the ASTM viscosity-temperature chart D341-39
for representing the viscosity isobars of oils under pressure was demon134

R. B. Dow, J. Colloid Set. 3, 99 (1948).
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ASME oil 32-G
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FIG. 13. η (centistokes) versus T for ASME 5 3 oil 32G at three pressures.

450

strated by R. B. Dow, 120 · 135 who showed that for the data available in 1947
the isobars were linear. With the newer data now available it is possible to
verify the general applicability of the chart over wider experimental limits.
Figure 13 represents the isobars for ASME oil 32G53 at atmospheric pressure, 1820 kg./cm. 2 , and 3640 kg./cm. 2 , which are typical. Further study136
has shown that similar linear isobars result when the data on the 13 American oils of paraffinic and naphthenic bases, tabulated in Table IV, and 10
similar-base ASME oils53 (31G-35G, 36G-40G) are plotted at pressures up
to 7000 kg./cm. 2 over a temperature range from 0 to 218°. The parameters
A and B of the MacCoull-Walther equation
log log (η - 0.6) = A - B log T

(21)

η being here expressed in centistokes and T in °R or °K, were also tabulated
for the 23 oils over the experimental ranges. I t is to be noted with respect
to the use of the chart and equation (21) that for many practical purposes
μ may be used instead of η, because under change of pressure viscosity
changes much more than density. For example, at 37.78° the difference
135

R. B. Dow, Rheol Bull. 13, 8 (1942).
R. B. Dow, 1st Ann. ASME ASLE hub. Conf., Baltimore, Paper N o . 54-LUB-l
(1954).
136
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between coefficients amounts to 12 % at atmospheric pressure and decreases
to 4% at~3500 kg./cm. 2 .
k. Sanderson and Clark's Equivalence of Pressure and Temperature
R. T. Sanderson137·138 has further sought to generalize the ASTM chart
by determining the equivalent temperature for given pressures, obtained
by reading across the chart horizontally at a constant kinematic viscosity.
In this way he was able to deduce a relationship between pressure and
temperature, using data on four pure hydrocarbons at 37.78 and 98.89°
which were available to him. He consequently deduced the following extension of the Walther equation
log log (77 + 0.6) = fclPl/2 + k2

(22)

R. T. Sanderson pointed out, however, that the relationship did not give the
correct temperature when extrapolated to 37.78°, and that below 350
kg./cm. 2 there was a uniform divergence of other oils from the standard
curve. 0 . H. Clark139 employed a similar correlation, but found that errors
of 100% may occur at the high pressures. This correlation, in principle, is
similar to that adopted by E. P. Irany" for pure liquids. The basic difficulty
here, also, lies in the assumption of a standard liquid, to provide a scale or
reference curve,140 which must be chosen arbitrarily to be applicable to
other liquids. Another way of stating the difficulty is that a given family
of parallel isobars for a particular oil have a slope which is not necessarily
the same for other oils, e.g., as shown by Fig. 3 of ref. 120.
I. Viscosity-Density Correlation
Possible correlations between viscosity and density continue to be a
subject of considerable interest, although there is relatively less interest
than for pure liquids because density or volume under pressure is unique
for the usual lubricating oils, i.e., insensitive to composition. It is worth
while, nevertheless, to examine pressure-density relations over a wider
temperature and pressure range than has been possible hitherto. An earlier
report141 concluded that viscosity could not be a function of volume alone,
137

R. T. Sanderson, Lubrication Eng. 5, 283 (1949).
R. T. Sanderson, Ind. Eng. Chem. 41, 2059 (1949).
139
O. H. Clark, Semi-Ann. Meeting Am. Soc. Mech. Engrs., Pittsburgh Paper No.
54-SA-39 (1954).
140
R. B. Dow and C. E. Fink constructed a x-scale from n-pentane at 30° and two
naphthenic oils at 54.44°, for use with petroleum oils. It was found that the internal
pressures for paraffinic and naphthenic types were 2375 and 1478 kg./cm. 2 , respectively, but the deviations from straight-line viscosity-pressure curves exceeded 10%.
D. Bradbury, M. Mark, and R. V. Kleinschmidt121 also found evidence that their
log μ vs. p curves tended to converge to a common negative or internal pressure.
141
R. B. Dow, Physics 6, 270 (1935).
138
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FIG. 14. Log μ (centipoises) versus p
for ASME53 oil 32G. In descending order
T = 25.0, 37.89, 98.89, and 218.3°.
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FIG. 15. Log log μ (10~3 poise) versus log ι
(m./sec.) for diesel oil142 at approximately 30(

as postulated by A. Batschinski in 1913, but must also be a function of
temperature, although density measurements were not made on the same
oils for which the viscosity data were given. Figure 14 now extends and
substantiates the earlier conclusions, the data being for oil 32G of the ASME
study. It will be noticed that the curves converge toward a pole, at log
μ = 1, which corresponds to density of 0.75.
m. Viscosity-Velocity of Sound Relationships
I t has been suggested previously that correlations between viscosity and
the velocity of sound in fluids may provide significant information, with
respect to intermolecular transfer of energy and momentum, which has
theoretical implications. Some data are available for a preliminary examination of lubricants in this respect, namely, those of A. C. Talbott,142 who
measured the velocity of waves and the viscosity of a diesel oil over a temperature range from 15.56 to 98.89° at pressures up to 420 kg./cm. 2 , and
R. Matteson143 who derived means for computing adiabatic compressibility
and velocity of pressure waves in petroleum oils.
While A. C. Talbott's chief interest was to study the velocity of waves in
142
143

A. C. Talbott, Phil. Mag. [7] 19, 1126 (1935).
R. Matteson, / . Appl. Phys. 9, 44 (1938).
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pipes of small diameters, his basic data permit computation of the velocity
in a tube of infinite radius. For the purpose of the present discussion his
data at 30.56° will be correlated by Fig. 15, which is a plot of log log μ
against log v8. This correlation appears to be better than log log μ vs. vs,
although the difference is not great. There is some question concerning the
adiabatic compressibility, which was measured by compression to maximum pressure in 10 sec. and then allowed to drop over a period of 14 min.,
because the speed was considerably less than experienced during successive
rarefactions in the wave.
R. Matteson expressed his data for adiabatic compressibility in terms of
the C. S. Cragoe modulus of an oil, i.e.,
pCloglOOOr?)1/2

v

'

where p = specific gravity at 60° F. (15.56° C.) and atmospheric pressure,
and η is the kinematic viscosity in stokes at 37.78°. Data were given for 19
petroleum oils, in terms of a standard pressure of 50 kg./cm. 2 . By means of
suitable charts, it is possible to compute the adiabatic compressibility of an
oil of known density at any temperature and pressure within the given
experimental range. Utilizing this method the compressibility and subsequently the velocity of waves in an infinite medium were computed for two
of the oils tabulated in Table IV, Pennsylvania oil No. 6 at 37.78 and
98.89°, and Russian oil R-2 at 37.78°, these samples having a value of C >
0.6, which is the lower limit for accurate use of the C vs. P chart. The
μ vs. v8 curves for these oils are given in Fig. 16. Here, also, the best correlation seems to be log log μ vs. log v8. In the light of the previous discussion
of this subject it is felt that hardly enough data are available to permit
theoretical speculation, but it does appear worth investigating the correlation more fully for other oils over a wider experimental range. The present
results indicate that the relationship between μ vs. v8 for hydrocarbon oils
may be considerably different from what was found earlier in the case of
pure liquids [Section III-2(e)].
n. Reaction-Rate Theory
This theory of viscosity of H. Eyring and associates was first applied to
oils by R. H. Ewell111 who showed, on the basis of incomplete data for a
parafBnic oil at 57.5°, that at pressures of 375 and 1500 kg./cm. 2 the viscosity ratio showed excellent agreement between theory and measurement.
More extensive study revealed that in general viscosity cannot be adequately computed in this manner, and in view of the theoretical difficulties
previously discussed with respect to pure liquids [Section III-2(i)], it is not
to be expected that reaction-rate theory will be more applicable to lubri-
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cants. A. J. Cameron144 has sought to combine the reaction-rate equation of
H. Eyring with the equation of H. Vogel,145 obtaining
μ

= kexpb + ^ -

c

(24)

where

a = f(T + c)
While over a limited range a mean value of c = 73 often suffices, in general
it differs for pressure and temperature changes, e.g., cT = 95 and cp = 52
for the mineral oils which were studied. The constants fc, &, and a were
empirically determined, in terms of molecular weight. The theory does not
seem to offer any new possibilities for correlating the pressure and temperature effects associated with the viscosity of lubricants.
4. VISCOSITY OF MISCELLANEOUS LIQUIDS

a. Viscosity of Boric Anhydride Glass (B203)
Viscosity measurements of B 2 0 3 glass by the capillary method of M. D.
Hersey and G. H. S. Snyder44 were carried out by E. B. Dane, Jr., and F.
144
146

A. J. Cameron, J. Inst. Petroleum Technol. 31, 401 (1945).
μ = fcexp. b/T + c
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Birch47 at temperatures of 359 and 516° over a pressure range of 2000
kg./cm. 2 . They expressed their results by means of the general equation
μ = μ0 exp a p

(25)

where a = 15 X 10"4 cm. 2 /kg. at 359° and 4.6 X 10~4 cm. 2 /kg. at 516°.
It can be concluded that under these circumstances B 2 0 3 behaves as a
Newtonian liquid.
b. Viscosity of Dimethyl Siloxane Polymers
Four dimethyl siloxane polymers, comprising from 2 to 8 silicon atoms
in the chain, and four mixtures, known as Dow-Corning fluids, were measured at 23.5° by P. W. Bridgman30 for pressures to about 10,000 kg./cm. 2 .
The viscosities were determined in his modified falling-weight viscometer,
which had been used with pure liquids up to 30,000 kg./cm. 2 . The log
μ vs. p curves exhibited similar characteristics as found earlier for pure
liquids except that the rate of pressure increase was much greater, the
reversal of direction of the slope occurring at about 5,000 kg./cm. 2 .
c. Viscosity of Chlorinated Diphenyls
R. B. Dow, M. R. Fenske, and H. E. Morgan146 determined the viscosity
of two Aroclors, Nos. 1248 and 1254 (Monsanto Chemical Co.) by means of
a rolling-ball viscometer at temperatures of 30 and 75° over a pressure range
of 2250 kg./cm. 2 . These fluids also exhibited a relatively great increase of
viscosity with pressure. For example, at 250 kg./cm. 2 and 30°, a fifteenfold
increase in the viscosity of Aroclor No. 1254 was observed.
d. Viscosity of Mineral Oil with Paratone
R. B. Dow, M. R. Fenske, and H. E. Morgan146 added paratone to a
sample of naphthenic base oil to obtain a desired viscosity of 42 c.p. at
54.4° (10 c.p. at 99.0°) and a viscosity index of 100, in order to compare the
viscosity under pressure with that of a paraffmic-type oil of the same initial
viscosity at 54.4° and the same viscosity index. It was found that under
pressure, up to 3200 kg./cm. 2 , the viscosity of the paratone blend was always greater than that of the original naphthenic-type oil, but less than the
viscosity of the paraffinic base sample at both temperatures. The addition
of more paraffinic substances to the naphthenic-base oil reduced the pressure coefficient of viscosity in the direction that would be expected.
146

R. B. Dow, M. R. Fenske, and H. E. Morgan, Ind. Eng. Chem. 29, 1078 (1937).
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e. Viscosity of Oils Charged with Natural Gas
The investigation of J. S. Swearingen and E. D. Redding73 on the viscosity of three mineral oils charged with natural gas, to as high a pressure
as 250 kg./cm. 2 , has previously been discussed with reference to the viscosity of gases [Section ΙΙΙ-Ι(α)].
IV. Plasticity
1. AREAS OF INTEREST

The subject matter will be limited for the most part to the action of
hydrostatic pressure in initiating plastic flow, and subsequently influencing
the mechanical properties of materials in the various stages of plasticity,
with only incidental reference to ultimate strength and fracture. The
treatment will be divided arbitrarily into two broad categories: partial
plasticity, which will be concerned with the early stages as the material
goes from the elastic to the semiplastic
or elastoplastic state, and the fully
plastic state, which is terminated by
mechanical failure. The first state results in small residual strain when the
load is relieved, while the second may
exhibit large permanent strain short
of rupture. Few of the experimental
studies were equally concerned with
both states; consequently there is practical justification for a separation of
the subject matter. The fundamentals
of the subject are thoroughly documented; 2, 3 ' 4 ' 5 · 6 ' 7 therefore the emFIG. 17. Cross-sectional view of a
phasis of the present summary can hollow cylinder in a state of partial
be further confined to those aspects plasticity. Width of the plastic zone
is r<i — r\ .
of particular rheological significance.
2. PARTIAL PLASTICITY UNDER PRESSURE

Most of the experimental work in recent years has been with hollow steel
cylinders under internal pressure. The principal theoretical difficulty in
determining the width of the plastic zone, i.e., r2 — n (Fig. 17) when
r\ ύ r2 ^ n , remains a major problem, although progress has been achieved
toward a better understanding of boundary conditions in the early stages of
plastic deformation. A cylinder will be considered to be in a completely
plastic state when the plastic zone represented in Fig. 17 has widened to the
outer boundary designated by radius r 3 .
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a. Sokolovskii^ Form of Hencky's Equations
V. V. Sokolovskii147 and A. A. Ilyushin148 have formulated in some detail
the mathematical relationships which they consider valid in the semiplastic
zone. For example, V. V. Sokolovskii wrote the H. Hencky equations for
the elastic state in the form
N

€i = ^ ο · +

YiG{ß\ — σ),

€ΐ2 = e23 = €31 = 0

€2 = -ff σ + 3^ο(σ 2 — σ),
Ν

. Λ/nt

σ = }/$(σι +

\

σ2 +

σ3)

(26)

1 — 2δ

-Μ

and considered that they were valid in the plastic region when each term
for the stress difference, in the equations for normal components of strain,
was multiplied by a suitable plasticity modulus φ. This theory assumes
continuity at the boundary with respect to component stresses and, as will
be seen later, is an example of the total strain concept. These two sets of
equations, together with an additional relation or criterion for yield, suffice
to give an approximate solution for the mean radius of the plastic zone.
b. The Mises and Tresca Conditions
Of the several criteria for the initiation of plastic flow those considered
to be associated with the names of R. von Mises 5 · 6 » 7 and H. Tresca 5 · 6 have
been given the most attention in recent years, i.e., with regard to experimental work with thick-walled149 steel cylinders under internal pressure.
The former, frequently written in terms of the constant octahedral stress,
is a particular application of the strain-energy principle, while the latter has
been long known as the maximum shearing stress hypothesis.
The R. von Mises criterion, subject to the condition that the principal
stresses alone suffice, may be written as
(σι -

σ2)2 +

(σ2 -

σ3)2 +

(σ3 -

σ χ ) 2 = Κ>

(27)

when the critical or yield stress is exceeded. Thereafter, the functional relationship on the left-hand side of equation (27) is considered to remain con147
V. V. Sokolovskii, "The Theory of Plasticity." Moscow and Leningrad, 1946
(Transl. Chapter 3 is report No. 6 (Catholic Univ. Amer.), under contract N6-ONR255 Math. Sei. Div., Office of Naval Research, Washington, D. C ) .
148
A. A. Ilyushin, "The Deformation of a Visco-Plastic Solid." Moscow, 1940
(transl. by Grad. Div. Appl. Math. Brown Univ., under contract NObs-34166 with
D. W. Taylor Model Basin, U.S.N.).
149
A thick-walled cylinder is usually considered to have a wall ratio r%lr\ ^ 1.5.
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stant in the plastic region. In terms of constant octahedral stress,150 the
functional relationship = 9τ*2. It should be noted that there has been no
provision for strain-hardening,151 and to summarize the conditions for the
criterion to be valid: the strains remain small, to a first approximation the
change of volume152 is zero (incompressible), and the plastic material is
isotropic.
c. A. Nadai1 s Formulation of Shear-Energy Theorem
A. Nadai153 has expressed the strain-energy theorem in terms of octahedral
strain, obtaining
(6i - e2)2 + (e, - €3)2 + (63 -

€1)

2

= %7o2

(28)

Under hydrostatic pressure σι = σ2 = σ3 = — p and equation (27) becomes equal to zero, an extremely significant result because it implies that
plastic distortion, i.e., slip along the octahedral plane, cannot be caused by
pressure alone, and it also follows that the rate of change of isotropic plastic
deformation should be independent of pressure. If the flow is not isotropic,
it is to be expected that hydrostatic pressure would affect plastic distortion,
whether or not the yield stress is a function of pressure.
d.

Strain-Hardening

V. V. Sokolovskii made provision for the effect of a strain-hardening by
replacing K2 of equation (27) by 6 Κψ{ψ) where φ is the empirical R.
Schmidt modulus of plasticity employed in equation (26) when written for
the plastic state. By assuming an exponential law of strain-hardening he
was able to predict approximately the inception of plasticity.
The H. Tresca, or maximum-shearing-stress, criterion for plastic flow,
expressed in terms of a constant, maximum shearing stress σ8 is

σ. - σι - £

(29)

160
The octahedral plane makes the same angle with respect to the three principal
directions of stress. Eight such planes can be constructed to form an octahedron, the
direction cosine of each being equal to \/j<j.
151
The rising natural stress-strain curve of a material in the plastic state is called
the strain- or work-hardening curve, the slope of which is a measure of strain-hardening. See also footnotes 152 and 174.
162
It will be shown subsequently Section IV 3. c. that it is often convenient for some
purposes to express the deformation in terms of natural strain i,163 defined with respect to the instantaneous rather than the original dimension. The condition for
incompressibility, AV = 0, can also be satisfied by natural strain although the strain
may be finite. Velocity of deformation can then be computed directly from equations
such as (26).
»» A. Nadai, / . Appl. Phys. 8, 205 (1937).
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subject to σι > σ2 > σ 3 , and σ2 = σι + σ 3 /2. This theory also assumes no
strain-hardening, incompressibility, and isotropy. The yield stress under
uniaxial tension or compression should be the same as for the theory of
R. von Mises, but not the same for yield under simple shear.
While there is some evidence that the first yielding of mild-steel cylinders
under internal pressure is in accordance with the maximum-shearing-stress
criterion, and under certain conditions the R. von Mises' criterion may
approximate the H. Tresca relation, 6 ' 154 most of the results of current
investigations with thick-walled cylinders appear to support the theory of
R. von Mises or an equivalent form of the strain-energy theorem.
e. Axial Stress
The presence of axial stress complicates the mathematical determination
of the stress distribution within a partly plastic cylinder under internal pressure. R. Hill, E. N. Lee, and S. J. Tupper155 derived the first complete solutions for cylinders of wall ratio greater than 2 and δ = 0.3, expanded under
conditions of plane strain, i.e., no axial strain. Their resultant axial stress
distribution156 for the larger dilations agreed well with A. Nadai's solution
which assumed a constant value of δ = 0.5 in both the elastic and plastic
regions, thus avoiding the necessity of δ increasing gradually from 0.3 to
0.5.
/. Incremental and Total Theories
The difficulty in arriving at a solution for axial stress is one aspect of a
broader problem which involves the direction of the stress and strain tensors
as deformed material goes from the elastic to the plastic states. If the
material remains isotropic and deforms in such a manner that the tensors
continue to coincide in direction, strain can be considered as a homogeneous
function of stress, independent of stress-strain history. Equations of the
H. Hencky type, e.g., equation (26), and those of K. H. Swainger,157 which
establish equivalency between total strain and instantaneous stress, are
commonly referred to as total strain theories. However, the available experimental data on prestraining and irreversibility (stress-strain hysteresis),
which will be discussed subsequently, definitely preclude the validity of
plastic homogeneity, and it becomes necessary to recognize the incremental
plastic strain at each step of the strain path, an idea originating with B.
154

E . A. Davis [J. Appl. Mechanics 15, 216 (1948)] found t h a t mild steel cylinders,
plastically deformed by low internal pressure, fractured along planes a t 45 deg. with
respect to the major and minor principal stresses, in accordance with the H . Tresca
criterion.
155
R. Hill, E . N . Lee, and S. J. Tupper, Proc. Roy. Soc. (London) A188, 273 (1947).
156 Neglecting compressibility in the plastic region.
167
K. H. Swainger, Proc. 7th Intern. Congr. Appl. Mech., London (1948).
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St. Venant in 1870, who postulated that it was the principal axis of the
strain increment, not the total strain, that coincided with the axes of the
principal stress. A. Reuss158 has established generalized equations conforming to the incremental strain hypothesis, which have been applied by R. Hill
to obtain the distribution of axial stress in closed-end cylinders of r 2 /ri = 2
under internal pressure. W. Prager159 concluded more recently that a finite
increment of strain is a function of the initial plastic state and the entire
stress path.
g. Dilation of Cylinders by Bands of Pressure
F. A. Biberstein, J. M. Krafft and M. H. Slud,63 in studying partial
plasticity in a thick-walled, untreated cylinder of SAE 1025 steel, employed
a technique of applying narrow bands of radial pressure against the interior
wall. Single bands high enough to produce bulblike dilation, two or more
equal bands variously displaced along the longitudinal axis, a single band
whose width increased with pressure at constant total energy, and a single
narrow band which could be displaced at constant pressure along the bore
were among the ways of applying internal pressure. The wall ratios were
from 1.25 to 1.50 for cylinders unloaded at the ends, subjected to a pressure
change of about 4200 kg./cm.2 in band widths from 0.75 to 1.75 in. One of
the objectives of this investigation was to detect the elastoplastic boundary.
The pressure generator (band) was essentially an obturated monobloc
cylinder, wherein hydrostatic pressure was developed and transmitted to
four circumferentially and equally spaced outlets, the axes of which were
perpendicular to the internal wall of the cylinder. The outlets were covered
with a rubber band which under pressure exerted force against the wall of
the cylinder. A valve retained the pressure against the membrane, thus
permitting release of pump pressure and removal of the cylinder for further
examination while still under pressure.
h. K. F. Herzfeld's Theorem
The relation between integrated band pressure of width dx and integrated radial deflection r160 for a thin-walled elastic cylinder was deduced by
K. F. Herzfeld to be

fpdx = IM^zJlf3rdx

(so)

integrated along the length of the cylinder.
168

A. Reuss, Z. Angew. Math. Mech. 10, 266 (1930).
W. Prager, / . Appl. Phys. 20, 235 (1949).
160
The factor 3 appears because three measurements or the equivalent, spaced
120 deg. apart on a meridian plane, were recorded.
169

296

R. B.

DOW

30

\

/

20

x

\

c
g
iS
O

X

10

/ /
0

xZx^Zl

1.0

;
I

w

2.0
3.0
4.0
Distance
FIG. 18. Dilation (three times radial deflection in 10~3 in.) of thick-walled cylinder63 as a function of axial distance (in.) for hydrostatic pressure bandwidth of 1.75
in. Reading from the top curve down the pressures are 2,610, 2,270, and 710 kg./cm. 2 .

Typical dilation curves as functions of axial spread are illustrated in Fig.
18, for pressures of 710, 2270, and 2610 kg./cm. 2 applied in a band width
of 1.75 in. The rupture pressure for this particular cylinder was 3500
kg./cm. 2 . A plot of fpdx against $3rdx resembles a conventional stress-strain
curve, and it is evident that the slope of the elastic line is Y.[(r2/ri)2 —
l]/6r 2 . The authors reported that the computed slope agreed with the
measured slope within 5%. The observed pressure at yield agreed within
2 % of the pressure predicted by the R. von Mises criterion.
The usefulness of the band-pressure technique arises from the independency of the relative radial dilation, r/rmax., with respect to pressure,
although absolute dilation in the elastic region of a thin-walled cylinder is
proportional to pressure. The relative dilation, consequently, depends only
on band-width and the wall ratio of the cylinder. The validity of these
deductions for thick-walled cylinders was not conclusively proven by direct
measurement of r/rmax. for a cylinder of wall ratio = 1.527, but by employment of data of R. Beeuwkes, Jr.,161 for thick-walled cylinders under semiinfinite, elastic loading, it was found that the r/r m a x . versus axial-distance
curves for the 1.527 cylinder-wall ratio exhibited parallel behavior with
those for the 1.050 wall ratio, for each of two band-pressure widths. It was
considered that the K. F. Herzfeld theorem was equally applicable in the
intermediate zone as in the purely elastic state, but this point was not
definitely established.
R. Beeuwkes, Jr., Watertown Arsenal Lab. Expt. Rept. No. WAL 730/419 (1946).
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i. Theory of Yield under Combination of Stresses
In 1948 C. W. MacGregor, L. F. Coffin, Jr., and J. C. Fisher 162 · 163 described a series of tests on thick-walled, open-end steel tubes and closed-end
aluminum tubes subjected to internal hydrostatic pressure of sufficient
magnitude to induce partial plasticity in the walls. Their results \vere incorporated in a new theory which was compared with existing theories, the
mathematical formulation of which is developed in the first paper.
The theory provides for partial plastic yielding under any combination of
stresses resulting from internal and external pressure and end loading. The
solution combines the strain-energy law of yielding, either in the R. von
Mises' equation (27) or A. Nadai's formulation, equation (28), with the
effects of compressibility of the plastic material. The resulting stresses and
strains can be computed in all directions, and no discontinuities occur at
the elastoplastic boundary. The theory is also capable of deriving the axial
stress or strain, which by earlier theories was either zero or indeterminate.
Typical steel tubes were studied under internal pressure alone for various
wall ratios and depths of yielding. The radial and tangential stresses at a
given depth of flow were computed to be significantly higher than the results arrived at by the maximum-shearing-stress theory, but about midway
between the curves for shear with friction164 and the strain-energy hypothesis. The authors considered that their theory, in terms of stress formulation
of the shear-energy law, agreed well with the similar theory of A. Nadai,153
founded on the principal strain concept, except for axial strain and its distribution. Since compressibility is assumed, the sum of the total strains in
the plastic region is not zero but a finite value depending on the magnitude
of the component strains, Poisson's ratio, and the modulus of elasticity.
The tests with aluminum were made on a closed-end tube of outside
diameter of 5 in. and a wall ratio of 2.0. Internal strains up to 25% and
external strains up to 8% were induced by bore pressures up to 1700
kg./cm A A plot of bore pressure against strain was compared against similar
curves computed from infinitesimal-strain theory and finite-strain theory.
The experimental points fell below the theoretical curves, the more so for
the infinitesimal theory, i.e., when the deformation is referred to the
original dimensions.
162

C. W. MacGregor, L. F. Coffin, Jr., and J. C. Fisher, J. Franklin Inst. 245, 135
(1948).
163
C. W. MacGregor, L. F. Coffin, Jr., and J. C. Fisher, J. Appl. Phys. 19, 291
(1948).
164
This criterion of yield is due to C. Duguet (1885) who postulated that yield
occurs when the shearing stress becomes equal to the frictional stress across the
same plane of slip. Frictional stress is equal to normal stress multiplied by the coefficient of internal friction.
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j . Internal and External Measurement of Strain by Steele and Young
Significant data on the yielding of annealed mild-steel cylinders, thickwalled (r2/ri = 2) and with open ends, under internal pressure have been
found by M. C. Steele and J. Young58 who made simultaneous measurements of strain both internally and externally by placing electrical strain
gages circumferentially about the cylinders. They arrived at the interesting
conclusion that in the fully plastic state only a relatively small amount of
material was in an overstrained condition, most of the material of the
cylinders remaining in the elastic state.
The pressure range was about 1550 kg./cm. 2 , the pressure being applied
according to program, e.g., one cylinder was taken to a fully plastic state in
one loading, while another was loaded, unloaded, and then reloaded three
times at an increasingly higher pressure each time. The cylinders were
polished on the ends, in one case also on the outside surface, to reveal the
behavior of the Luder's lines, or strain pattern. Nondimensional ratios were
adopted to express some of the results, namely, internal pressure per unit
shear stress at yield as one coordinate (ordinate) and Young's modulus per
unit shear stress at yield as the second (abscissa) coordinate.
The circumferential strain at the bore varied in an irregular manner with
considerable hysteresis, as contrasted with the external deformation which
appeared to be quite uniform but still with pronounced hysteresis. It appeared that yield occurred at the Aveakest point in the bore, which resulted
in an asymmetrical strain distribution at the ends and presumably also
through the length of the cylinders. Figure 19 shows two typical strain
patterns (wedges) observed at the ends of partly plastic (a), and fully plastic
cylinders (6). It will be noticed that the tangents to the Luder's line make an
angle of about 45 deg. with the radius at a given point, and are similar both
at the top and bottom faces. Consequently, the wedges tend to form logarithmic spirals, and progress along the planes of maximum shear stress.

(a)

(b)

FIG. 19. Lüders lines at end faces of a thick-walled cylinder dilated by hydrostatic
pressure; (a) cylinder in a partially plastic state, (b) cylinder in the fully plastic
state.
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TABLE VIII
PRESSURE-STRESS RATIO AT Y I E L D FOR THICK-WALLED CYLINDERS 5 8 UNDER
INTERNAL PRESSURE

Cylinder No.

Bore

Outside Surface

1
2
3
4

0.87
0.87
0.98

0.92
0.95
1.05
0.98

—■

Once the propagation of wedges ceased, it was necessary to increase the
pressure to cause further extension.
The authors considered that the complex nature of the yielding mechanism precluded accurate determination of yield, but that in general their
results favored the H. Tresca, or maximum-shear-stress, prediction. An
inspection of Fig. 8 of their paper, on the other hand, appears to give considerable support to the R. von Mises condition for yield, as shown in Table
VIII.
The H. Tresca and R. von Mises criteria predict that the pressure vs.
stress ratio at yield should be 0.75 and 0.85, respectively, both internally
and externally. It is shown in the paper that the stress-strain curve predicted by the theory of C. W. MacGregor, L. F. Coffin, Jr., and J. C.
Fisher162 was considerably above the curve derived from the experimental
data, but at the upper limit of pressure the agreement was good with the
maximum-shear-stress theory of D. G. Sopwith.165 Although the magnitude
of axial strain was small, it did not agree well with the theoretical value.
Time effects were observed in one case after the propagation of the
strain wedges had reached the outer surface of the cylinder. Under these
circumstances strain continued to increase over comparatively long intervals of time, e.g., 100 min., but was not linear with time at either surface
and the rate diminished as time increased.
The concept that plasticity originates by the formation of a few unsymmetrical fine strain patterns or wedges is probably due to J. Muir and D.
Binnie,166 who advanced this mechanism to explain the overstrain in
steel specimens subjected to bending. The present results support and extend this theory, which is novel in that it ascribes to chance the position of
the weakest point internally where yield begins, with the generation of a
wedge pattern very limited in extent. The fully plastic state is then conceived to exist when these localized wedges (slip lines) of fully plastic material, propagated by increasing pressure, extend to the outer surface of the
165
166

D . G. Sopwith, Proc. 7th Intern. Congr. Appl. Mech., London (1948).
J. Muir and D . Binnie, Engineering 122, 743 (1926).
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cylinder. From Fig. 19 it is evident the volume of the wedges, if the surface
behavior extends to three dimensions,167 is considerably less than that of
unstrained material. In view of the theoretical implications, further study
should be made to ascertain the generality of these observations. The usefulness of the majority of data from earlier studies is limited in this regard
because measurements were made only of the external surfaces of cylinders.
k. Auto-Frettage
Autofrettage, 10 · 60 · 62 as a practical means of increasing the strength of
pressure chambers, has been responsible for many of the past and current
investigations on plastic flow in steel, particularly those which have been
concerned with the effect of temperature in relieving strain. A. G. Warren59
summarized some of the discrepancies between practice and theory: the
excessively low yield pressure predicted by the maximum-shear-stress
criterion, the difficulty of predicting the yield point, and the complications
of structure in specimens supposedly identical in state before a test. Because
of the troubles experienced in autofrettage, e.g., resulting in residual bore
strains of the order of 2.5 per cent,168 he considered a yield criterion to be an
illusive concept, but of these the R. von Mises' criterion appeared to be the
most suitable.
I. Overstrain and the J. Bauschinger Effect
Because of the complications of studying overstrain in long cylinders
under triaxial stresses, efforts have been directed for some time toward the
simulation of overstrain by imposing in steps or cycles the effect of simple
overstrain in small samples by conventional tensile and compression tests
at atmospheric pressure. Although an artificial expedient, with respect to
the behavior of a cylinder under triaxial stress, tests of this kind have been
valuable in learning much about the general characteristics of overstrain
and cold-working, e.g., the J. Bauschinger effect.169 Because release of pressure leaves a partly plastic cylinder in a state of residual compression at the
bore and in a state of residual tension in the outer elastic zone, the steps of
the process can be simulated by stretching and compressing test specimens
cut from the material of the cylinder. Figure 20a and b illustrate two possible processes,170 the latter being the reverse of the first. Considering Fig.
167

Three Luder's lines were observed on the cylindrical surface of the cylinder
represented by Fig. 196.
168
The process as considered here results in residual bore strains of the order of
2.5%.
169
Reversal of the direction of loading after the initiation of plasticity results in
a lower yield stress in the new direction of strain.
170
The figures are idealized by smooth curves which represent averages of dispersed experimental points.
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FIG. 20. Prestraining in tension (a) and in compression (6) followed by reverse
straining. Upward direction on the stress axis represents tension.

20a in detail, the curve OA is recognized as the conventional stress-strain
behavior under tension. The recovery line AB, on relieving the load, is
virtually parallel to the original elastic strain line, terminating with a
residual strain represented by OB. Now if the specimen is compressed, while
in the state represented by point B, the path BC shows that the compressive yield stress is appreciably lower than the corresponding yield point in
tension. Relaxing the compression, the path CD still exhibits the earlier
parallelism and ends with the smaller residual strain in extension, OD. The
similar but reversed steps shown in Fig. 206 display the same characteristics
in regard to prestraining, but in this case the subsequent yield stress in
tension is lower than the initial yield point for compression. Similar tests
have been performed on copper by E. A. Davis, B. A. Rose, and A. Nadai, 5
who first strained specimens by tension and then by compression. W.
Bader3 in 1927 showed for a specimen subjected to direct and then reversed
shear that the results were in accord with the prediction of J. Bauschinger,
e.g., the initial yield stress for mild steel was 3240 kg./cm. 2 at a strain of
0.08, but on reversing to the same magnitude of strain the yield stress was
reduced to 2040 kg./cm. 2 . Therefore, this law of compensation can be considered to be well established in the early stages of plasticity.
m. Hysteresis between Stress and Strain
To consider the effect of hysteresis when a cylinder is subjected to cycles
of internal pressure of varying magnitudes, the broken curve ABC of Fig.
21 represents normal behavior when a cylinder is first expanded to a point
A-, the pressure gradually released to zero at point B, and then gradually
increased to a new yield point C which represents a stress greater than at A.
When the cylinder was at state B, if it were heated-treated or seasoned at a
temperature of 200 to 300° for a period of several hours, subsequent expansion would tend to follow the solid line from B to A more closely. This
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FIG. 21. Hysteresis between stress
and strain for a hollow cylinder subjected to internal hydrostatic pressure.

O

B
Strain

would indicate that the temperature had a stabilizing effect on the strain
to the extent that the hysteresis was materially decreased or even eliminated if the residual strain OB was not too large. Temperature seems to
have another beneficial effect,171 in that it defines the proportional limit
more sharply, tending to raise it to the original value A on the mean stressstrain line. The effect of increase of temperature in decreasing strain hardening in general has been discussed by A. Nadai, 3 who referred to experiments on single metal crystals. Hysteresis effects become increasingly more
apparent as plasticity progresses at increased pressures, as will be evident
later when the studies of P. W. Bridgman are discussed. It should be
emphasized, moreover, that hysteresis is a general property of a material
in the plastic state and can be equally well demonstrated172 by indentation
and collision tests.
n. Effect of Pressure on Modulus of Elasticity
There is no evidence that the modulus of elasticity is influenced by pressure within the experimental range sufficient to carry the material into a
state of partial plasticity.
3. T H E FULLY PLASTIC STATE TERMINATING IN RUPTURE

a. Types of Stress-Strain Curves
When a thick-walled steel cylinder already in a state of partial plasticity
is subjected to further increase of hydrostatic pressure, either internally or
171

H. C. Mann (discussion) Trans. Am. Soc. Metals 25, 225 (1937).
F. P. Bowden and D. Tabor, "The Friction and Lubrication of Solids." Oxford
Univ. Press, New York, 1950.
172
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FIG. 23. Stress-strain
curves
for
punching of steel at atmospheric pressure (lower curve) and at high pressure
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externally applied, the broad aspects of stress-strain behavior up to the
pressure of rupture or collapse173 are not unlike that found at lower pressures. The curve of Fig. 21, for example, can be considerably extended by
successive cycles of increasing pressure until a yield stress is attained that
coincides with the stress at failure. Hysteresis between the stress-strain
paths for decreasing and increasing pressure is a characteristic behavior.
Experimental activity of this kind has been limited in recent years, presumably because of the difficulty of dilating thick-walled cylinders by
internal liquid pressure over an extreme range, and the complexities associated with measurements when the material is subjected to triaxial stresses.
b. P. W. Bridgman's Experiments
P. W. Bridgman has made noteworthy progress in experimental procedure
by devising means for studying uniaxial and biaxial stress-strain relationships in specimens of various materials subjected to extremely high hydrostatic pressures at room temperature. Practically all of the current data
available at pressures of 30,000 kg./cm. 2 , or greater, have been contributed
by him over a period of the last 40 years.
Figures 22 and 23 depict in a general way the broad features of stressstrain behavior at extremely high pressure, the effects of which have been
studied principally in steel. The curves for a solid, cylindrical specimen
under tensile test are shown in Fig. 22. The lower curve OA illustrates the
stress-strain characteristics at atmospheric pressure, fracture occurring at
a stress and strain represented by the point A. The upper curve OBC
beyond the proportional limit represents the behavior when the test is conducted under a confining pressure of the order of 30,000 kg./cm. 2 . The
173

Filling up of the central cavity of the cylinder to a great degree.
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net elongation before fracture at point C has been increased by as much
as fiftyfold. Similar results are found if a material is subjected to simple
compression under hydrostatic pressure, except that the stress-strain curve
follows the line BD at the higher stresses. The deformation is relatively
smaller also for the same load and, consequently, is more difficult to
measure. At higher loading pressures bulging or barreling of the specimen
becomes pronounced. Shear relationships are depicted in Fig. 23. These
experiments are not easily carried out in conventional high-pressure apparatus but P. W. Bridgman resorted to two types of measurement which
give considerable information on shear, although the methods introduce
approximations. One type of experiment involves the forcing of a steel
punch at conventional rates through a disk of material surrounded by
hydrostatic pressure, the second a means of shearing a thin disk of material
under normal compression [Section II-l(c)]. The lower curve of Fig. 23
represents the behavior by punching at atmospheric pressure, the broken
part of the line indicating incipient fracture which usually occurs as the
steel is penetrated. Qualitatively, the stress-strain paths under pressure are
generally similar, for both types of shearing experiment, until the deformations become large, e.g., in the neighborhood of point A on the upper curve.
If incipient failure occurs during punching the stress falls off according to
the terminal curve A C, but if the cracks are healed spontaneously by plastic
flow the curve AB may be followed more or less over a considerable range
of deformation. Results obtained wTith the compression-shear apparatus
usually followed the path OA if no discontinuities of structure occurred, i.e.,
no phase change. If structural changes occurred the path AB would be
typical, although the curves varied considerably for different materials
and were unique in a particular case. For this particular method of test the
initial portion of the curve OA of Fig. 23 is usually linear, because of frictional slippage at the interfaces of the specimen and the compressing bosses.
Initiation of plastic flow in the material is recognized by a decrease or
departure of the slope of the friction line from linearity. The shear strain at
failure for both types of test is about the same, whether or not the specimen
is under hydrostatic pressure. Further specific details associated with these
stress-strain curves will be examined.
P. W. Bridgman7 has made many similar tests on a wide variety of materials other than steel, i.e., chemical substances, crystalline materials, and
rocks. These are of secondary interest for the purposes of this review, but
there are many results of rheological interest to be found in the original
publications.
c. Tension in Steel Rods under Pressure
Stress-strain diagrams illustrated in Figs. 22 and 23 are of limited applicability when large deformations are incurred. Simple strain, which is
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essentially infinitesimial in concept, is inadequate to express deformation
effects and it is necessary to consider finite strains, as discussed previously
(Section IV-2/, and reference 152). P. W. Bridgman has found it suitable for
his analysis to express the tensile stress-strain relationship in terms of
flow stress174 against natural strain, In (A0/A).
He related176 natural strain directly to r/R, ratio of radius of the neck to the radius
of curvature at the neck, which is the desired parameter of theoretical significance.
By a suitable correction factor in terms of r/R it is possible to subtract the components of stress produced by hydrostatic pressure and arrive at a single component
flow stress which is independent of the radial coordinate and constant across the neck
of the specimen. The true or flow stress-natural strain curve differs in one important
respect from the conventional stress-strain curve, in that it continues to rise to the
ultimate stress for failure while the normal curve becomes parallel to the strain axis.

Typical data176 for two hardened tool steels, differing only in hardness,
and a stainless steel177 are shown in Figs. 24 and 25. While the curves of
Fig. 24 represent conditions leading to fracture, they are also practically
the strain-hardening curves for these materials. Figure 25 is a plot of
hydrostatic pressure at rupture vs. natural strain for the same steels, which
P. W. Bridgman identified as ductility curves. A third linear relationship
can be found between maximum flow stress and pressure, by elimination
174
Flow stress is defined in terms of true stress, i.e., F/A = (F/Ao)(A0/A), multiplied by a correction factor176 which is a function of natural strain, e.g., correction
factor = 1.000 when natural strain = 0.1.
175
P. W. Bridgman, Trans. Am. Soc. Metals 32, 553 (1944).
176
P. W. Bridgman, / . Appl. Phys. 17, 201 (1946).
177
Composition: Cr (12.26), Ni (0.46), Mo (0.50), Si (0.35), Mn (0.36).
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of the natural strain term from the strain-hardening and ductility relationships.
The linear relation between flow stress and natural strain implies that
the curve is independent of pressure. This appears to be true to a first approximation only, because it was later demonstrated 7 by more precise
measurement (with tempered pearlite and martensite) that deviations in
linearity did occur at natural strains above 1.0. The direction of the pressure
efifect was toward a decreasing rate of strain-hardening with increase of
pressure. Thus, while the ductility of steel under tension is greatly enhanced
by confining hydrostatic pressure, permitting strains greater than 5.0 before
fracture (Figs. 24 and 25), the efifect of pressure on the elastic or proportional limit is quite small, e.g., from 5 to 10% increase at 10,000 kg./cm. 2 .
d. Compression of Steel under Hydrostatic Pressure
Relatively few detailed data have been published by P. W. Bridgman7,
and these have been mainly for tool steel and armor plate. The results for
tool steel178 at flow stresses up to 14,000 kg./cm. 2 are shown in Fig. 26,
which is typical for steels in general. The elastic limit in compression under
pressure is also raised by hydrostatic pressure, comparable in magnitude to
the efifect of pressure on tension.
e. Shearing of Materials under Pressure
The increase of true shearing stress by hydrostatic pressure in an annealed
carbon (0.90)—manganese (0.47)—silicon (0.11) steel179 during a punching
test is evident from Fig. 27. The incipient fracturing (dashed lines) at lower
pressures seem to be absent at the higher pressures. The complexity of the
stress-strain relationship during an experiment of this kind makes it difficult
178
179

P. W. Bridgman, Revs. Mod. Phys. 17, 3 (1945).
P. W. Bridgman, J. Appl. Phys. 17, 692 (1946).
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F I G . 26. Typical (F/A)
(10 k g . /
cm. 2 ) versus compressive strain curve
for steel by P . W. Bridgman. 1 7 8

F I G . 27. True shearing stress (102 k g . /
cm. 2 ) versus penetration (10~2 in.) relationships of P . W. Bridgman 1 7 9 for punching of
steel under hydrostatic pressure. Reading
up the pressure is atmospheric; 7,600,
17,500, and 25,000 kg./cm. 2 .

to compute the numerical values of parameters, but it is clear that strainhardening in shear is quite different from that in tension, because the stress
for the former ultimately decreases before fracture, but under tension the
stress has been shown to increase up to the point of failure.
/. Shearing under Normal Compression
Typical compression-shear data are illustrated by the shearing stresspressure curves of Fig. 28, taken from the results of P. W. Bridgman.180·
i8i, 182 j ^ j s apparent under these conditions that the shearing stresses at a
normal compression of 30,000 kg./cm. 2 are the same for paraffin and
aluminum. The breaks and hysteresis in the curve for bismuth illustrate
behavior in the presence of polymorphic transitions. There seems to be no
doubt that body flow (plastic) occurred under these conditions. For example, the structural X-ray pattern of copper could not be recognized at
the completion of a shearing experiment, and in the case of nickel the metal
appeared to be firmly welded to the bearing surfaces. P. W. Bridgman also
observed that the increase of stress could be as high as 36 % for a thousandfold increase in speed of shearing. The soft metals showed the greatest
180
181
182

P . W. Bridgman, Proc. Am. Acad. Arts Sei 71, 387 (1937).
P . W. Bridgman, J. Appl. Phys. 8, 328 (1937).
P . W. Bridgman, Phys. Rev. 48, 825 (1935).
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FIG. 28. σβ (103 kg./cm.2) versus P (104 kg./cm.2) for nickel, copper, aluminum, and
bismuth,180· 181» 182 reading from the top curve down at P = 5.0. A curve for paraffin
crosses the Al curve at P = 3.0.

variation of stress with speed; for tin, the increase of stress with velocity
was less at the higher pressures. J. Boyd and B. P. Robertson183 employed
a similar apparatus to measure the friction between oily surfaces and the
stresses in some solids, but their results cannot be compared with those obtained by P. W. Bridgman because the magnitudes differed appreciably in
both studies on solid materials.
g. Deformation of Steel Cylinders by External Pressure
The essential features of plastic flow in thick-walled Bessemer steel cylinders with closed ends were disclosed by P. W. Bridgman184 in 1912. At pressures of the order of 12,000 kg./cm. 2 it was suspected at that time that the
closing of the central cavity indicated the phenomenon of strain-softening.
More recent tests,185 however, showed that the cavities were never fully
closed at pressures up to 32,000 kg./cm. 2 , and that normal strain-hardening
occurred. The earlier tests did indicate that the slope of the stress-strain
curve decreased with increase of pressure, which now would be interpreted
as evidence that the rate of strain-hardening decreased at the higher pressures.
The essential features of the tests on hardened SAE 1045 steel and soft
SAE 1020 steel can be summarized by the fact that the collapsing pressure
183

J. Bo3'd and B. P. Robertson, Trans. Am. Soc. Mech. Engrs. 67, 51 (1945).
P. W. Bridgman, Phys. Rev. 34, 1 (1912).
185
P. W. Bridgman, / . Appl. Phys. 19, 302 (1948).
184
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P
FIG. 29. P. W. Bridgman's185 data for collapse of hollow steel cylinders by external
pressure. P/ln (n/n) (103 kg./cm.2) versus P (103 kg./cm.2) for collapse. The upper
three curves are for heat-treated 1045 steel of Rockwell hardness C 40.3, C 21.0, and
B 85.5, reading from the top curve down. The bottom curve is for 1020 mild steel.

was found to be linear against natural strain, which means that the central
hole was not closed at any pressure. Linearity continued, apparently, until
geometrical uniformity was lost and granular changes in the structure
began to dominate. The ratio of collapsing pressure to natural strain definitely increased with pressure, as shown by Fig. 29. If the R. von Mises
criterion for plastic flow were correct under these conditions, the ratio
should be independent of pressure.
P. W. Bridgman found that cylinders subjected to high external pressures
in this manner will subsequently burst at internal pressures lower than
normal. This characteristic result of prestrain agrees with the conclusions
derived earlier for partial plasticity, i.e., the J. Bauschinger effect.
Other measurements on the cylinders indicated small changes in external
length, and a small permanent decrease (0.2 %) of density, although these
quantities could not be determined accurately.
h. Volume Changes Resulting from Plastic Flow
The apparatus devised by P. W. Bridgman64 for this purpose has been
described in Section II-3d. Possible volume changes can be more readily
observed in cylinders under simple compression than when subjected to internal or external hydrostatic pressure. A variety of metals, minerals, and
rocks has been examined with this technique to obtain an equal variety of
results, leading to permanent increase or decrease of density, little or no
hysteresis, or large hysteresis. Materials like 1035 steel, soapstone, and
marble exhibited large hysteresis effects both in length and volume. Quartz,
iron, stainless steel, and copper, on the other hand, showed little or no
hysteresis. Permanent increase of volume was found for soapstone, marble,
diabase, mild steel, Norway iron, and cast iron. Materials showing permanent decrease were high-carbon steel, 18-8 stainless steel, copper, and
hard-drawn brass.
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Complexities of this nature preclude generalization or correlation with
other parameters, e.g., Poisson's ratio. Evidently the possible structural
changes can be manifold, perhaps the most significant of which is the fact
that the permanent changes of volume were either positive or negative.
i. Materials Exhibiting Limited Plasticity
Pressure greatly increases the yield stress, even without the presence of
appreciable plastic flow, e.g., the increase in strength of hollow glass cylinders under external pressure.186
Pyrex glass, carboloy, synthetic sapphire (A1203), and pipestone fractured
without evidence of plastic flow.187 The second and third of these materials
will support plastic shortening to some extent, the mechanism in sapphire
apparently due to internal slip across crystal planes.
D. Griggs188 observed that Solenhofen limestone shortened by 50% under
compression without fracture when surrounded by a hydrostatic pressure of
10,000 kg./cm. 2 . Incipient fracture was noticed at about 2,000 kg./cm. 2 , but
was healed by further compression. In Yule marble at 150° C. a shortening
of 30 % produced definite evidence of twinning. The rate of creep of limestone under 10,000 kg./cm. 2 was also observed by D. Griggs, the steadystate velocity bearing a linear relationship to compressive stress.
j . Effects of Prestrain on Subsequent Straining
Most of P. W. Bridgman's 7 work on stress-strain relationship for prestrained specimens of steel fall into two broad categories: measurement of
tensile, compressive, and shear strains at atmospheric pressure in specimens
cut from material which had been prestrained by tension under confining
hydrostatic pressure, and similar tension and compression tests of material
which had been prestrained by mechanical compression at atmospheric
pressure. Prestraining by tension was accomplished by pulling the specimens
of steel, under constant hydrostatic pressure of magnitude from 7,000 to
28,000 kg./cm. 2 , to natural strains of 0.4 to 2.2. Prestraining by simple
compression was carried to natural strains up to about 1.25.
Considering briefly the results found by prestraining in tension under
pressure and then subsequently straining in tension, compression, and
shear, the first result was that on repulling at atmospheric pressure the
ensuing flow stress was considerably less than during the prestraining, but
the slope of the strain-hardening curve under pressure was greater than
that of the curve for prestraining at atmospheric pressure. The value of the
natural strain at fracture, on the other hand, was always greater than the
186

Plastic flow can be induced in glass by sufficiently high compression.66
P. W. Bridgman, J. Appl. Phys. 18, 246 (1947).
188
D. Griggs, Bull. GeoL Soc. Amer. 51, 1001 (1940).
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value during prestraining, although the latter was considerably beyond the
normal strain for fracture of virgin metal. This effect of pressure in definitely raising flow stress has previously been referred to, i.e., Section
IV-2Z. Secondly, on compressing samples which had been prestrained,
it was found that the slope of the strain-hardening curves in compression
was less than during prestraining, the greater the strain-hardening in tension, the smaller the amount retained for strain-hardening by compression.
At the same value of natural strain, above 1.0, the flow stress in prestrain
always exceeded th subsequentflowstress in compression. This seems to be a
normal manifestation of the J. Bauschinger effect. Finally, with respect to
subsequent torsion tests, the torque at yield, found by extrapolating the
torque-angle (straight) line to 0 deg. angle, depended only on the amount
of prestrain, i.e., the greater the natural strain during prestraining, the
greater the torque at the yield point for shear. The slope of the torque-angle
curve also increased with greater prestrain, and as the pressure of prestraining was raised.
Turning to the effects of prestraining by compression without hydrostatic
pressure on the subsequent stress-strain behavior in tension and simple
compression, there appears to be some evidence for both the normal J.
Bauschinger effect and its reverse. The normal effect was found in the
tension tests, namely, at the large natural strains when the slope of the
strain-hardening curves was much less than for the slope of the prestrain
curve. Moreover, the slope of a specimen pulled in the direction opposite to
the direction of prestrain was less than the slope of the specimen pulled in
a direction transverse to that of the prestrain. The maximum values of
natural strain were also considerably larger in the prestraining stage. With
respect to subsequent compression, after prestraining, the reverse or opposite J. Bauschinger effect appeared to prevail, in that the prestrain raised
the stress for subsequent compression in a direction transverse to that of
the original strain.189 Not only were the subsequent stresses greater for the
same strain, but greater strains were possible than during the prestrain.
k. Hysteresis, Temperature Effects, and Anisotrophy
The hysteresis effects in subjecting thick-walled cylinders to internal and
external hydrostatic pressure were observed by P. W. Bridgman at room
temperature, as were the similar complications in the irreversible and permanent changes induced by simple compression. Consequently, it is not
possible to draw conclusions as to the effect of temperature increase in
stabilizing and reducing the anisotrophy of plasticity which prevails at
large strains. P. W. Bridgman generally stabilized by repeated cycles or
189
The new direction of shortening corresponded to the previous (transverse)
direction of lengthening.
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programs of pressure, but in some cases found pronounced hysteresis effects
remaining even after 14 or more pressure cycles. Under these circumstances it would be expected that much higher temperatures would be
required to achieve stabilization than those known to be beneficial to partial
plasticity.
Research on plasticity at extreme hydrostatic pressure has yielded further
information on anisotropic plastic effects, which have long been recognized
in studies of cold-rolling.6 These effects, associated with the phenomenon of
strain-hardening, which manifest themselves in unpredictable ways and
appear to be accompanied by complicated time effects, depend on the
material, the type of strain, the path of the strain, and the rate of strain,
and perhaps most critically, in some respects, on the state of the metal
lattice, e.g., impurities, heat-treatment, and degree of thermal equilibrium.
At the greatest deformations, the obvious presence of rotational effects
(twinning) preclude the assumption of constant volume in strain. At the
lower end of the scale, when the material is in a state of partial plasticity,
anisotropic effects may also be pronounced as shown by the work of M. C.
Steele and J. Young.58 P. W. Bridgman7 recognized the possible effect of
singularities or discontinuities, which may be responsible for the initiation
of flow and some of the later anisotropic behavior, by postulating a mechanism of dislocation in a crystal lattice under load.
I. Conditions for Fracture
Considering the phenomenon of fracture briefly, there appears to be no
unique relationship with plasticity. Fracture may occur suddenly, whether
or not the material is in a totally plastic state, incipient fractures may be
spontaneously healed by further plastic deformation, or, practically, it may
be impossible to stop the propagation once it is initiated. P. W. Bridgman
considered that under these circumstances the condition that energy must
be released during the process of fracture was the only generality applicable
to fracture.
4. EXTREMELY HIGH AND RAPID DYNAMIC STRESSES

Preliminary investigations of the deformation and fracturing of steel
cylinders, and impact effects on steel plates under extremely rapid and high
detonation pressures190 were reported recently by J. S. Rinehart.
a. Experiments of Pearson and Rinehart
The most recent paper by J. Pearson and J. S. Rinehart191 was concerned
with the fracturing of annealed SAE 1020 steel cylinders by pressure result190
Detonation is characterized by very high reaction rates, of the order of 103
times greater than the propellant rate of burning described in Section II 1. d.
191
J. Pearson and J. S. Rinehart, J. AppL Phys. 23, 434 (1952).
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FIG. 30. Cross section of 4in. wall cylinder of steel showing effects of internal explosive loading, by J. Pearson and
J. S. Rinehart. 191

ing from explosions within the cylinders. The cylinders were open at the
ends, of wall thickness from % to 4 in. and an internal diameter of 1 in. for
all the specimens. At wall thicknesses of 2%g in. or less the cylinders fractured with many fragments, up to 95 % (by weight) being recovered. The
next cylinder of greater thickness, i.e., of 4-in. wall, did not fracture.
The cylinders were fired in the vertical position, the explosive charge
being introduced at the top and the base resting on a platform of Celotex
in a shallow pit of earth. No pressure measurement was possible, consequently the residual strains in the cylinders and fragments were the only
sources of data. Under the very rapidly applied pressure the cylinders expanded radially until rupture occurred, in the majority of cases by a combination of shear and cleavage-type192 fractures. In the case of cylinders of
identical size and under the same conditions of loading, the number of major
fragments was observed to be about the same after each test, which indicated good reproducibility of the test conditions.
b. Propagation of Fracture
The small-scale localized fractures observed within the wall of the 4-in.
cylinder, which did not rupture under pressure, are particularly interesting
and undoubtedly quite significant with respect to plastic flow under these
circumstances. Figure 30 is a sketch which reproduces the essential features
of these incipient fractures shown by Fig. 5 of the authors. If the crosssectional area is considered to be divided into four principal zones, it can
be seen that the fracture distribution is confined practically to zones A and
192

Cleavage is usually associated with granular or fibrous fracture wherein several
crystalline planes, more or less irregularly oriented (i.e., polycrystalline material),
contribute surfaces of separation rather than separation or slippage along a definite
plane, e.g., 45 deg., which is characteristic of failure by simple shear. A classification
of types of fracture has been given by C. F. Tipper, Metallurgia 39, 133 (1949).
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C, of widths about x/± and % in., respectively, while unfractured material
comprises zones B and D of widths } ^ and 1 in., respectively. Incipient
fracture at the bore appears to be a shear failure, but in zone C the radial
fracture is of the cleavage type, which is not unexpected. A Nadai 5 remarked
that the type of fracture depends on the speed with which a crack is forced
to spread, e.g., cracks which first start as shear fractures may develop into
cleavage fractures as the speed of propagation slows down. M. Greenfield
and G. Hudson193 in their measurements of velocity of propagation of
cleavage fractures in polycrystalline steel found that a cleavage fracture
advanced in steel with a velocity of about 1000 m./sec, about % the velocity of an elastic shear wave. Direct visual observation confirmed the fact
that shear fractures required comparatively longer times to form.
c. Nature of Plastic Flow
The authors called attention to the significant fact that fracture appeared to be initiated at the bore and advanced outward until the cylinders
ruptured at the outer surface, an observation contrary to the rupture of steel
cylinders under internal hydrostatic pressure. They associated this behavior
with the presence of considerable plastic flow, but this interpretation does
not seem to be in accord with their results. Examination of the microstructure after rupture, e.g., Fig. 10 of this paper,191 indicates limited plastic
behavior although grain distortion and twinning are evident. It would seem
more likely that their results may be interpreted as the consequence of a
very rapid transmission of stress differences terminating in rupture without
benefit of appreciable flow, other than in the region at the bore where the
pressure and temperature conditions were conducive to flow. Rupture under
slow or repeated applications of internal pressure finally occurs with the
fracture apparently being initiated from the outside, but if pressure were
very suddenly applied, with no time for successive stages of cold-working,
it would be expected that cylinders would rupture by a fracture propagating
outward from the bore to the external surface. The fact that shear fractures
were restricted to the bore, with outer cleavage fractures, lends further
support to the hypothesis of limited plastic flow. Thus rupture under rapid
pressure may approach the brittle fracture discussed by P. W. Bridgman7
and A. Nadai. 3 H. M. Westergaard194 cited examples of plastic flow in normally brittle materials when long intervals of time were involved, e.g., hot
basalt behaves as an elastic solid under stresses of short duration such as
earthquake waves, but over longer periods the cooler material is capable of
plastic flow.
»· M. Greenfield and G. Hudson, Proc. Natl. Acad. Sei. U. S. 31, 150 (1945).
H. M. Westergaard, "Theory of Elasticity and Plasticity." McGraw-Hill, New
York, 1952.
194
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d. Explosive Attack on Steel Plates
The other papers of J. S. Rinehart 195 · 196 are primarily on the effects of
explosive attacks on steel plate. When the charge was exploded on one side
a crater was formed with some plastic flow in its vicinity, and many small
fractures parallel to the direction of the loading but relatively independent
of the direction of rolling texture. Here, also, there was evidence that the
plate behaved as (partly) brittle material. Spalling, i.e., flying off of metal
on the opposite face, was observed in these tests; this phenomenon also
occurred when the charge was exploded off, but near, the surface. Generally,
the stress pattern resulting from explosive attack resembled the pattern
produced by static loading, although some distortion and severe twinning
were attributed to shock effects in the metal.
5. THEORETICAL IMPLICATIONS AND PHYSICAL THEORIES

a. Theory of Frenkel and Kontorova
An interesting theory of plastic deformation and twinning, which has
received relatively little attention, was proposed by J. Frenkel and T.
Kontorova197 in 1939, as an extension to the dislocation theory of G. I.
Taylor.198 They considered two possible types of wavelike motion: propaga
tion of small vibrations about the equilibrium positions of atoms, and
propagation of a slipwave, i.e., the gradual shifting of each atom to a position held by the next or preceding atom in the lattice. In the latter case, as
the energy increases the velocity may approach that of sound, or become
zero when the energy falls below a critical value. If the atoms underlying
the movable chain are allowed to vibrate about fixed positions, the energy
of the slip wave is gradually dissipated, the rate being largest for relatively
small energies and steadily decreasing with increase of energy.
For the total energy W (potential plus kinetic) there is a constant value
of the velocity of slip propagation, for an infinitely long chain of elastically
bound atoms moving over a similar chain of fixed atoms at equilibrium positions in a hypothetical, ideal lattice, given by
v = v0\/l

- W02/W2

(31)

where the condition for slipping is that W must exceed the minimum
energy Wo. The minimum energy is determined by
_ 16 mvp2
T2X
195

J. S. Rinehart, / . Appl. Phys. 22, 555 (1951).
J. S. Rinehart, / . Appl. Phys. 22, 1178 (1951).
197
J. Frenkel and T. Kontorova, J. Phys. (U.S.S.R.) 1, 137 (1939).
198
G. I. Taylor, Proc. Roy. Soc. (London) A145, 362, 388 (1934).
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TABLE IX

CORRELATION 1 9 7 BETWEEN MINIMUM ENERGY FOR SLIPPING AND RIGIDITY MODULUS
FOR M E T A L S

Metal

Wo X 1011 ergs

Fe
Ni
Pt
Cu
Ag
Pb

2.425
2.392
2.348
1.329
1.279
0.596

G(dynes/cm.2)
8300
7300
6200
4700
2700
780

where x is the amplitude of the tangential force exerted on a single atom of
mass m by all the atoms of the underlying fixed chain. Since x is a function
of the crystallographic direction which is associated with plastic flow,
generalization to a three-dimensional lattice involves a complicated solution.
The authors found a correlation between W0 and the rigidity modulus for
several metals, some of which are tabulated in Table IX.
It was also shown that the maximum rate of damping of slip propagation
was of the order of Wo. Because the curve of AW against W was similar to
the potential energy barrier experienced by an impinging α-particle in the
well-known case of ionization by radioactive substances, J. Frenkel and
T. Kontorova postulated that the rate of extinction must be small when the
energy of the system is either very small or very large, but in the latter
case energy cannot be effectively transferred to neighboring atomic layers
because of the relatively great velocity of slip propagation. This interpretation, while qualitative, is an extremely suggestive attempt in this direction.
The length of the layer participating in the slipping process, λ, can be found
from
λ =

„ / 2 Μ / ^
(32)
/
V A
when A ^ πι/4π%2 and λ0 is the minimum length of the chain.
According to this theory the slipping or shearing across a crystallographic
plane is a special case of twinning. In ordinary slipping atoms are transferred
symmetrically to equivalent equilibrium positions, but in twinning an unsymmetrical transfer occurs. This particular physical theory, in effect,
considers that change of plasticity involves a collective diffusion of atoms.
λ

b. Physical Theories
The oldest physical theory of plasticity undoubtedly arose from the early
speculations of James Thomson, J. Willard Gibbs, and J. H. Poynting who
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sought the effect of pressure on the melting point when a solid is subjected
to strain. In 1916 P. W. Bridgman199 generalized the thermodynamic relations which apply to this situation, and further considered plastic flow as a
manifestation—within certain limitations—of local melting which takes
place when any grain of the material is subjected to more than its share of
the nonhydrostatic stress. R. W. Goranson 200 · 201 further extended the
development by advancing the hypothesis that permanent deformation of a
solid under sufficiently high, confining hydrostatic pressure could only take
place by a change of phase mechanism, wherein the stored energy of deformation was released in the crystal lattice. He further deduced relationships
for steady rate of straining, correlating temperature with rate of straining
(metals) by means of the absolute temperature ratio 0/0w .202 By this hypothesis, lowering the melting temperature has the same effect as raising
the test temperature. E. Saibel203 has suggested that the strain energy per
unit volume at fracture be directly related to the latent heat of melting.
Although his equation is not correct dimensionally, he was able to show a
correlation between latent heat and several experimental data from plastic
measurements. However, it is difficult to understand by these theories how
slight variations in composition or heat-treatment—which are known to
have little effect on latent heat—should so profoundly affect plastic flow and
strength to the extent demonstrated by experiment. It is pertinent, also,
to recall in this circumstance that only about 15% of the deformation
energy204 would be expected to be available for the change of state at constant temperature.
There is undoubtedly some relationship between stress and the absolute
temperature of melting when the material is in the plastic state. P. W.
Bridgman180 remarked that there was a correlation between shear stress
(compression-shear test) at 50,000 kg./cm. 2 and temperature of melting,
and that a similar relationship held at atmospheric pressure.
c. Bridgman's Application of Thermodynamics to Plasticity
P. W. Bridgman205 has recently extended the physical theory of plasticity
by formally setting up the thermodynamics of plastic deformation and
generalized entropy. He postulated a point of view which he earlier applied
to thermoelectric processes and related phenomena in metals, namely, that
essentially irreversible processes are always associated with a characteristic
199

P . W. Bridgman, Phys. Rev. 7, 215 (1916).
R. W. Goranson, J. Chem. Phys. 8, 323 (1940).
201
R. W. Goranson, Bull. Geol. Soc. Amer. 51, 1023 (1940).
202
Also known as the homologous temperature 8 after P . Ludwik (1915).
aM
E . Saibel, Metals Technol. 14, 2131 (1947).
204
G. I . Taylor and H . Quinney, Proc. Roy. Soc. (London) A143, 307 (1933-34).
208
P . W. Bridgman, Revs. Mod. Phys. 22, 56 (1950).
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rate of entropy increase, whether or not other processes are occurring simultaneously. He extended the treatment to metals exhibiting hysteresis between stress and strain, and treated entropy as the seat of the irreversibility.
He emphasizes the lack of available experimental data, e.g., no known attempt has been made to find a possible relationship between stress hysteresis
and temperature hysteresis. The details of the analysis were discussed in the
original paper. The conclusion was that it is possible to generalize the entropy concept and apply it to intrinsically irreversible processes by means
of the macroscopic methods of thermodynamics, provided the process is
simple enough to be describable in terms of a small number of macroscopic
measurements.
6. SUMMARY

In summary, probably the most significant advance experimentally has
been the accumulation of more evidence to substantiate the point of view
that even in the fully plastic state metals retain considerable elasticity. It
appears that plastic flow, in the sense of localized melting, may not be significant in regard to fracture but rather an associated effect which, in some
respects, may tend to be independent of the propagation of fracture. Plastic
flow is clearly a function of time, for behavior under a given stress or program of stress. Under very rapid stresses plastic flow may not have time to
materialize, whether or not the body is characterized by plastic behavior
under normal conditions, or under circumstances where pressure is slowly
applied. Recent measurements definitely show that the extent of plasticity
may not be as complete as often assumed. It is also important in this regard
that at the highest pressures, when material is in a fully plastic state, the
stress-strain recovery line still remains essentially parallel to the initial
stress-strain line of the elastic state (virgin material), although a hysteresis
loop may be described about this mean line. Moreover, the fact that the
true pressure effect, e.g., increase of slope of the strain-hardening line by
pressure, is generally small with the magnitude of a second-order effect
would lead to the belief that the fully plastic state cannot be characterized
as a fully viscous material or a viscoplastic body containing a major portion
of viscous material. If this were the case it is doubtful that the effect of
pressure on viscosity could be so thoroughly suppressed. Further experimental data are obviously needed. First, more information with respect to
very rapid loading (e.g., during a time interval from a few milliseconds to
several microseconds) would be useful; secondly, it is essential that, in the
case of cylinders, bore measurement be made simultaneously with external
measurement of strain; and lastly, the effect of greater temperature ranges
on bodies under stress should be explored more thoroughly.

Nomenclature
v
Original area
vs
Area; Angstrom unit
x, y, z
Cragoe modulus (oils)
Pressure coefficient of viscosity, (cm2/kg)
7c
Activation energy (kcal./mole) δ
Force or total pressure (kg.)
e
Partition function
Flow stress (kg./cm.2)
i
Shear modulus (kg./cm.2)
Cragoe viscosity function
η
Molecular weight
Θ
Pressure (kg./cm.2)
0m
Reduced pressure
μ
Radius of curvature; gas con- μ
stant
Mr
Temperature (°C.)
v
Reduced temperature
p
Activation energy (kcal./mole) σ
Total energy (ergs)
Young's modulus (kg./cm.2)
σβ
k General or material constants
φ
Mass
r
φ
r3 Radii (r3 > r2 > n)
Time
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Velocity (cm./sec.)
Velocity of sound (m./sec.)
Cartesian coordinates (displacements)
Octahedral shearing strain
Poisson's ratio
Infinitesimal principal strain
(ei , €2 , €3—components)
Natural strain, e.g., In (1 + £),
In A0/A
Kinematic viscosity
Absolute temperature (°K)
Absolute melting temperature
Dynamic viscosity (poises)
Relative viscosity
Reduced viscosity
Frequency (c.p.s.)
Density (gm./cm.3)
Principal stress (σι, σ 2 , σ3 components
Shearing stress
Aniline point
Octahedral shearing stress
Modulus of plasticity
(kg./cm.2)

