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I. Introduction

In a previous chapter, the foundations of the classical theory of elasticity have been presented. It is concerned with the description and explana351
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tion in terms of a unified theory of the relations which are observed between
load and deformation for elastic solids of various shapes, sizes, and compositions. The elastic character of the materials to which the theory is applicable may be loosely described as follows: If a body of elastic material is
subjected to a load, it will be deformed and on the removal of the load will
regain its initial dimensions and shape. In the concept of the elastic solid is
also contained the assumption that the mechanical system constituted by
an elastic solid and a system of forces applied to it is a system in which
energy is conserved. The work done by the applied forces during the isothermal deformation of the body is balanced by potential energy stored in
the elastically deformed body and the kinetic energy of the various parts of
the body and the members through which the deforming forces are applied.
It is further assumed in the classical theory of elasticity that, in the deformation to which the body is subjected, the distance between any pair of
neighboring points of the body is changed by an amount which is small
compared with their initial distance. Strictly it is assumed that the ratio
(change of distance resulting from deformation)/(distance in the undeformed state) may be neglected in comparison with unity. Although all
solids exhibit behavior closely approximating that envisaged in our notion
of the elastic solid for some range of deformation, this range is limited. In
hard solids it is so small that the assumption of classical elasticity theory
that the deformation is small, is for most purposes a good approximation to
reality throughout the elastic range.
However, there are many materials, notably vulcanized rubbers, which
exhibit substantially elastic behavior throughout a range of deformation
for which this assumption is invalid. Even for hard solids, such as metals,
departures from the predictions of classical elasticity theory can be detected
which are due not to inelastic behavior of the material, but to the finite
magnitude of the deformation.
In this chapter, an account will be given of the developments which have
taken place in the mathematical theory of elasticity without making the
assumption that the ratio of the change of distance between neighboring
points of the body resulting from the deformation to their distance in the
undeformed state may be neglected in comparison with unity.
In order to keep this account to a reasonable length, it will be necessary
to be selective in the choice of material included. The history of the subject
is nearly as old as classical elasticity theory itself, but will not be discussed
in detail here, since a very complete discussion has been given recently by
Truesdell.1 It may be mentioned that much of the basic formulation of the
theory discussed in Sections II to V—the notion of the strain energy of an
1
C. Truesdell, J. Rational Mech. Anal. 1, 125 (1952); 2, 593 (1953). These papers
contain an exhaustive bibliography.
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elastic material as a function of the strain invariants, the stress-strain relations for a material undergoing finite elastic deformations, the equations of
motion and boundary conditions—were known prior to 1900.2 At that time,
however, it did not appear possible to apply the general equations that had
been derived to the solution of even simple problems.
Although it was appreciated that, in an isotropic elastic material, the
possible laws for the elastic behavior are limited to some extent by the
isotropy of the material, it seemed that in order to solve specific problems,
even of the simplest type, it would be necessary to make some explicit
assumption regarding the law actually obeyed. Many authors in this century (e.g., Seth, Signorini, Tolotti, Rivlin) assumed, from the infinitude of
laws that are possible for an isotropic elastic material, some specific law and
on the basis of such a law solved a variety of problems. This phase of the
theory of large elastic deformations will not be discussed in the present chapter—apart from the few remarks in Section VI-4—since there does not, in
general, appear to be any evidence that the laws actually chosen by these
authors are valid for any particular material. In the case of the early work
of Rivlin,3 the elastic law employed was derived by Treloar4 from the kinetic
theory of rubberlike elasticity5 and may have a particular interest for that
reason. However, the results obtained by Rivlin are, for the most part,
particular cases of more general results discussed in this chapter and therefore do not justify separate discussion.
Apart from the classical results discovered in the last century, most of
the subject matter of this chapter stems from the appreciation of two
fundamental facts.
The first of these was the realization by Murnaghan 6 that if we regard
classical elasticity theory as a first approximation to a theory in which the
deformations—although still small—are nevertheless finite, then the elastic
laws appropriate to a second approximation theory can be explicitly stated,
although they involve further physical constants than the Young's modulus
and Poisson's ratio of classical theory. The work of Murnaghan, which was
partly foreshadowed in earlier work of Finger7 and Voigt,8 has given rise
2
An account of the position of the theory at this time is given by E . and F . Cosserat, Ann. Toulouse 10, 116 (1896).
3
R. S. Rivlin, Phil. Trans. Roy. Soc. (London) A240, 459 (1948); A240, 491 (1948);
A240, 509 (1948).
4
L. R. G. Treloar, Trans. Faraday Soc. 39, 241 (1943); 42, 83 (1946).
6
A general account of this t h e o r y is given by L. R. G. Treloar, " T h e Physics of
R u b b e r E l a s t i c i t y . " Oxford Univ. Press, New York, 1949.
6
F . D . Murnaghan, Am. J. Math. 59, 235 (1937).
7
J. Finger, Sitzber. Akad. Wiss. Wien Mat.-naturw. Kl. Abt. Ila 103, 163 (1894);
103,231 (1894).
8
W . Voigt, Ann. Physik. 52, 536 (1893).
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to the second-order elasticity theory which is discussed in Sections IV and
VIII. However, no attempt has been made to review this subject comprehensively. Other aspects of the theory are discussed in a recent book by
Murnaghan. 9
Much of the remaining material in this chapter arises from the observation by Rivlin10 that if we limit our interest to incompressible isotropic
materials, it is possible to solve a variety of simple problems in the theory
of large elastic deformations without making any assumption regarding the
particular elastic law obeyed by the material. A variety of relations between
load and deformation in simple physical situations can be derived and, by
comparison of these with appropriate measurements made on test pieces of
the material under consideration, the elastic law obeyed by the material
can be determined experimentally. However, it has been found necessary
to omit discussion of many of the results that have been obtained. For
example, the work of Rivlin and Thomas11 and of Adkins and Rivlin12 on
large deformations of thin shells of incompressible isotropic materials has
not been discussed. Other notable omissions include the work of Green and
Shield13 on the second-order theory for torsion of rods in a state of large
simple extension and the work of Adkins, Green, and Shield14 on finite plane
strain.
II. Kinematics of Finite Deformation
1. PURE HOMOGENEOUS DEFORMATION OF A CUBE

The deformation of a body of elastic material may be described by specifying the displacement undergone by each point of the body. If a rectangular Cartesian coordinate system (x, y, z) be taken as a reference system,
then each material particle of the body may be labeled by its position in
this coordinate system when the body is undeformed. Suppose that at zero
time the body is undeformed and that at some subsequent time t it is deformed so that a material particle initially at (x, y, z) has moved to
(x + £, y + v> & + f)· Then £, η, and f are the components of displacement
in this coordinate system (x, y, z) undergone by the material particle. If
each of the components of displacement is a known function of x, y, and 2,
then the deformation of the body at time t will be completely described.
9

F. D. Murnaghan, "Finite Deformation of an Elastic Solid." Wiley, New York,
1951.
10
R. S. Rivlin, Phil. Trans. Roy. Soc. (London) A241, 379 (1948).
11
R. S. Rivlin and A. G. Thomas, Phil. Trans. Roy. Soc. (London) A243, 289 (1951).
12
J. E. Adkins and R. S. Rivlin, Phil. Trans. Roy. Soc. (London) A244, 505 (1952).
13
A. E. Green and R. T. Shield, Phil. Trans. Roy. Soc. (London) A244, 47 (1951).
14
J. E. Adkins, A. E. Green, and R. T. Shield, Phil. Trans. Roy. Soc. (London)
A246, 181 (1953).
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Let us consider a deformation described by
£ = ( « ! - l)s,

77 = (a2 - l)y,

f = (a8 - l)z

(1)

where ο?ι, α 2 , and a 3 are constants. Such a deformation is described as a
pure homogeneous deformation with the directions of the axes (x, y, z) as
principal directions. The absolute magnitudes of the quantities OL\ , a2,' «3
are described as the principal extension ratios for the deformation. In classical elasticity theory it is usual to restrict the definition of a pure homogeneous deformation to the case when « i , a2, and «3 are positive, but it
will be more convenient in the discussion of finite deformations to broaden
the definition and allow a\, a2 and a3 to take either positive or negative
values. It is easily seen that if a body which is initially a cube with one
corner at the origin of the co-ordinate system (x, y, z), as shown in Fig. la,
is subjected to the deformation described by equations (1) then it will, in
the deformed state, be a cuboid with sides parallel to the axes (x, y, z) and
of length <x\, a2, and o3 times those of the cube, as shown in Fig. 16, provided that cc\, a2, and <*3 are positive. If, however, two of the quantities
« i , a2, and a 3 are negative—say, <x\ and a2—while the third is positive, the
deformation described by equations (1) will be equivalent to deformation
of the cube into a cuboid with sides parallel to the axes x, y, z and of length
— « i , —a2 and a 3 times those of the cube, followed by a rotation of the
cuboid through 180 deg. about the z-axis, as shown in Fig. lc. When one or
three of the quantities «1, a2, and a 3 are negative, the deformation described by equations (1) also involves a reflection in the plane formed by a
pair of the coordinate axes and therefore in this case equations (1) do not
represent a physically possible deformation of the cube.
2. PURE HOMOGENEOUS DEFORMATION OF A SPHERE

It is readily seen that if the body considered is a sphere of radius r0 in its
undeformed state, centered at the origin of the coordinate system, then, in
the deformation described by equations (1) with 0:1,0:2, and 0-3 positive, it
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will be deformed into an ellipsoid with semiaxes of lengths air0, a2r0, and
a 3 r 0 . The axes of this ellipsoid lie in the directions of the coordinate axes
and the diameters of the sphere, which become axes of the ellipsoid as a
result of the deformation, are those which coincide with the coordinate
axes.
Conversely, it is seen that a body, which is initially an ellipsoid with its
center at the origin and semiaxes r/αχ, r/a2, and r/az lying in the directions
of the coordinate axes, will—as a result of the deformation described by
equations (1) with a\, α 2 , and a3 positive—become a sphere of radius r.
In the deformation, the axes of the ellipsoid become the diameters of the
sphere in the directions of the coordinate axes.
3. T H E GENERAL DEFORMATION

We can now discuss a completely general type of deformation. It has
already been remarked that any deformation is completely defined if the
displacement components £, 77, and f are specified as functions of the positions (x, y, z) of the material particles of the body in the undeformed state.
Suppose we consider two neighboring particles situated at (x, y, z) and
(x + dx,y + dy, z + dz) in the undeformed state. In the deformation, they
are displaced to (x + £, y + η, z + f) and (x + dx + ξ + d£, y + dy +
η + άη, ζ + dz + f + df), respectively. If ds0 and ds are the distances between the particles before and after deformation respectively, then
(rfso)2 = (dx)2 + (dy)* + (dz)2
and

(2)

(dsY = (dx + dtf + (dy + dvy + (dz + άζΥ
Since each of the displacement components ξ, η, and f is a function of x, y,
and z, we may write

dt-^dx

+ g-dy + gdz

dx
dy
dz
with similar expressions for άη and άξ. Substituting these in the expression
(2) for (ds)2, we obtain

,

i+

+

«* -[( S)*+g* S*]
+
+

12
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This may be rewritten as
(ds)2 = gx(dx)2 + gy(dy)2 + g,(dz)2 + 2gytdydz
+ 2gzxdzdx + 2gxydxdy
where

and

-(-SMSMl)"
(! + *)*+*L(l

dy dz

(3)

(4)

+ *)

with similar expressions for gu, gz, giz, and gxv .
4. T H E RECIPROCAL STRAIN ELLIPSOID

If we take an infinitesimal spherical element of volume in the deformed
state of the body with its center at the point (x + £, y + y, z + f), it is
easily seen that in the undeformed state this has the form of an ellipsoid
with its center at (x, y, z). The surface of the spherical element consists of
points (x + dx + ξ + d£, y + dy + η + άη, ζ + dz + f + df) for which
ds is constant and equal to the radius of the spherical element.
The surface of the corresponding infinitesimal volume element of the
undeformed body is formed by the corresponding points (x + dx, y + dy,
z + dz) satisfying the relation (2), with ds given its constant value for the
elementary sphere in the deformed body. This ellipsoid is known as the
reciprocal strain ellipsoid. We define the lengths of its semiaxes as ds/λι,
ds/\2, &nd ds/\z. The values of λι, λ 2 , and λ3 are obtainable from elementary
analytical geometry as the positive values of λ which satisfy the equation
\Qx

λ,

Qxy ,

gzx,

gxy,
Qy -

gzx
2

λ ,

= 0

gyz

(5)

2

gz — λ |

gyz,
2

which is, of course, a cubic equation in λ . If we write this equation as
λ6 - /ιλ 4 + / 2 λ 2 - / 3 = 0
we readily see that
h = λ!2 + λ22 + λ32 = gx + gv + gt
h = λ22λ32 + λ32λχ2 + λι% 2 = gygz + gzgx +

gxgy

- g2yt - g\x -

g\y
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and
Iff* >
7 3 = λι 2 λ 2 2 λ 3 2 =

= QxQvQz + 2gyzgzxgxy

ff*v

Qxv 9

9v y

Qyz\

Qzx y

Qyz >

Qz

— gxgyz

(6)

> ff**|

— gyg\x

—

gzgly

The quantities I\, 7 2 , and h are called strain invariants and it will be seen
later that these occupy a central position in the theory of finite elastic deformations. For the pure homogeneous deformation described by equations
(1), they take the forms
7i = cxi2 + oc22 + a£

h = ct22oiz2 + CL^CL? + αι2<*22

h — a^a22a%2

(7)

as can readily be seen by substituting from equations (1) into equations (4)
and employing the resulting expressions for gx , gy , · · · in equations (6).
The orientations of the axes of the reciprocal strain ellipsoid may also be
determined by the methods of elementary analytical geometry in terms of
Qx , Qv , ''' > Qxy · Further, the diameters of the spherical volume element of
the deformed body, which are formed by the axes of the corre ponding
ellipsoidal element of the undeformed body, are, in general, in different
directions from these axes, but these directions can be brought into parallelism by an appropriate rigid body rotation of the volume element concerned.
It is apparent from the discussion of pure homogeneous deformation in
Section II-2 that the elementary ellipsoid centered at (x, y, z) and with semiaxes of length ds/λι, ds/\2, ds/λζ can be deformed into a sphere of diameter ds centered at (x, y, z) by means of a pure homogeneous deformation
with principal extension ratios λι, λ2, and λζ and principal directions coinciding with the axes of the ellipsoid. It is thus seen that every point of this
elementary ellipsoid in the undeformed body can be taken to the position
which it occupies in the deformed body by subjecting it to such a pure
homogeneous deformation, followed by a rigid body motion in which its
center is moved to (x + £, y + η, ζ + f), and is rotated so that its diameters, formed from the axes of the ellipsoid by the pure homogeneous deformation, are brought into the directions which they should occupy as a result
of the general deformation to which the body considered is subjected.
III. The Strain-Energy Function
1. T H E STRAIN-ENERGY FOR PURE HOMOGENEOUS DEFORMATION

It can be shown, from the concept of an ideal elastic solid, i.e., one in
which energy cannot be dissipated, that its physical properties, which are
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relevant to the determination of isothermal load-deformation characteristics for the material, may be described by means of a strain-energy function—or Helmholtz free energy of deformation, per unit volume of the
material measured in the undeformed state—which is a single-valued function of the state of deformation.
If we consider the deformation of a unit cube of isotropic elastic material
into a cuboid by means of the isothermal pure homogeneous deformation
described by equations (1), then since the deformation is completely described by the quantities « i , a2, and a 3 , the energy W stored elastically in
the body as a result of the deformation must be a function of αχ, a2, and az
only.
Now, it has already been noted that a change in sign of two of the quantities ai, a2, and <*3 superimposes on the deformation described by equations (1) a rotation of the body through 180 deg. about one of the coordinate
axes. Such a rotation does not, of course, change the energy stored elastically in the body, i.e., its free energy of deformation. Consequently, W
must be a function of a\, a2, and a3 which is unchanged by a change of
sign of any two of the quantities a\, a2, and a 3 . Thus W must be expressible as a single-valued function of <*i2, a22, <x32 and aia2az. Since equations
(1) do not describe a deformation which is physically possible for a real
material when one or three of the quantities « i , a2, and a3 are negative,
ai<x2az is inherently positive, so that a\a2az may be written as (<xi2a2W)1/2.
We thus obtain the result that W must be expressible as a single-valued
function of αι2, a22, and a32. Since the material considered is isotropic, the
energy stored elastically is not changed by interchange of .two of the
quantities a\, a2, az in equations (1). Consequently, W must be a function
of «i2, a22, and a32, which depends symmetrically on «i2, a22, and a32. It follows, from an elementary theorem in algebra, that W must be expressible
as a single-valued function of any three independent symmetric functions
of «i2, a22, and a32. Specifically, we may choose as these functions the strain
invariants Ιλ, Ι2, and Z3 given by equations (7) and we then have

W = W(h , h , /·)

(8)

2. T H E STRAIN ENERGY FOR A GENERAL DEFORMATION

For a general deformation, we have seen that if we consider an infinitesimal element of volume which is a sphere in the deformed state of the body,
it is an ellipsoid in the undeformed state. Each point of this ellipsoid can be
taken to the position which it occupies in the deformed state of the body by
first subjecting it to a pure homogeneous deformation and then to a rigid
body motion consisting of a translation and a rotation. The extension ratios
λι, λ 2 , λ3 for this pure homogeneous deformation are determined in terms
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of the displacement gradients by equations (4) and (5). In the rigid body
motion, no energy is stored in the element of volume. Consequently, the
energy stored per unit volume of the elementary ellipsoid, as a result of the
deformation, is that which would be stored in it as a result of the pure
homogeneous deformation with principal extension ratios λι, λ 2 , and λ 3 .
This energy must be expressible as a single-valued function of the strain
invariants h , h , and h defined by equations (6). Thus, the strain-energy
function W, in the neighborhood of any point of a body subjected to a
general deformation, is expressible in the manner indicated by equation (8)
in which h , I2, and 73 are defined by equations (6).
If the material considered is incompressible, then the volumes of the elementary ellipsoid and the sphere into which it is deformed must be equal.
It can easily be shown that this implies that h = 1. Consequently, for an
incompressible isotropic elastic material, the strain-energy function depends on Ii and J2 only, thus
W = W(h,

It)

(9)

3. T H E STRAIN-ENERGY FUNCTION FOR ANISOTROPIC MATERIALS

If the material is anisotropic, then the energy stored per unit volume of
the elementary ellipsoid discussed in Section III-2, as a result of its deformatiQn into a sphere, must depend not only on the three principal extension
ratios for the deformation, but also on the orientation of the ellipsoid to the
structure of the material. Both of these are determined by the six quantities
Qx y Qv > * * * > Qxy > defined by equations (4), in terms of which the ellipsoid
was described. We thus conclude that for an anisotropic material the strainenergy function W is expressible as a single-valued function of gx , gy ,
'-- , Qxy thus:
W = W(g, , Qy , · · · , gxy)

(10)

If the material has specified symmetry properties in its undeformed state,
then the form of the dependence of W on gx, gy, · · · , gxy is thereby restricted.
It has already been pointed out that if the material is isotropic W must
depend on gx , gy , · · · , gxy through the strain invariants 7 i , I2, and 7 3 .
It has recently been shown by Ericksen and Rivlin15 that if the material
possesses, in the undeformed state, transverse isotropy about the z-axis
(i.e., all directions in planes perpendicular to the 2-axis are equivalent as,
for example, in a drawn fibre), then W must be a single-valued function of
the five quantities h , I2, h , ge and g\x + g2yz. In the incompressible case,
7 3 = 1, as in the case of an isotropic material, and W must then be ex16

J. L. Ericksen and R. S. Rivlin, / . Rational Mech. Anal. 3, 281 (1954).
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pressible as a single-valued function of the four quantities I\, 72 , gt, and
glx + giz.
IV. The Strain-Energy Function for Small but Finite Deformations
1. COMPRESSIBLE MATERIALS

It is noted that the strain invariants I\ , 72 , and 7 3 , defined in terms of
the displacement gradients θξ/dx, βη/dx, · · , d£/dz through equations (4)
and (6), take the values 3, 3, and 1, respectively, when the material is undeformed, i.e., when all the displacement gradients are zero. It has already
been seen that for a compressible isotropic material, the strain-energy
function W must be expressible in terms of h , 7 2 , and h . Now, it can be
shown that if the linear stress-strain relations of classical elasticity theory
are to apply for sufficiently small deformations of the material, i.e., for
sufficiently small values of the displacement gradients, W can be approximated with any desired degree of accuracy by a power series in 7i — 3,
12 — 3, and 73 — 1. Thus, we may write

w= Σ

t,/.Jfc=0

CM

- 3)U - sy\h - Dk

(ID

where <7»# = 0, since the undeformed state is considered to be that state
in which the strain energy is zero.
7 i , I2, and h are expressible in terms of the principal extension ratios
λι, λ 2 , λ3 through equations (6). If we write
λι = 1 + ei

λ2 = 1 + e2

λ3 = 1 + ez

(12)

then ei, e2, and e3 are the principal extensions at the point considered. Now,
let us assume that the deformation is such that ex, e 2 , and e3 are small
compared with unity. Substituting from equations (12) in the expressions
(6) for h, 72 and Iz, we see that, in general, h — 3, J 2 — 3, and J 3 — 1
are each of the first order of smallness in ei, e 2 , and e 3 .
We can, therefore, obtain an approximation to the expression (11) for
W which involves neglect only of terms of higher degree than the second
in the principal extension ratios e\, e 2 , and e 3 , by taking only terms of
first and second degree in 7i — 3, J 2 — 3, and 73 — 1 in the expression on
the right-hand side of equation (11). Similarly, we can obtain a closer approximation to the expression (11) for W, which involves neglect only of
terms of higher degree than the third in e\, e 2 , and e 3 , by taking only
terms of first, second, and third degree in I\ — 3, J 2 — 3, and 73 — 1 in
the expression on the right-hand side of equation (11). Such successive approximations to W involving fewer terms can, however, be obtained by
first expressing W in terms of three quantities J\, J 2 , and J 3 defined in
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terms of I\, I2, and 73 by
J i = 7i - 3

J2 = h - 27i + 3

Jz = h - h + h - 1

(13)

so that the expression (11) for W becomes

W = Σ AvJtäjf

(14)

where A0oo = 0. It will be seen later that Am , the coefficient of Ji, is also
zero.
If we substitute from (12) in the expressions (6) for 7i , 7 2 , and 73 and
introduce the resulting expressions into the formulas (13), we obtain expressions for Ji, J2, and J 3 in terms of the principal extensions e\, e 2 ,
and e 3 . It can be seen from the expressions so obtained that J\, J2, and J 3
are of first, second, and third order of smallness, respectively, in e\, e 2 ,
and e 3 .
It is therefore possible to obtain an approximation to W involving neglect
only of terms of higher degree than the second in the principal extensions,
by taking the terms in J\ 2 and J 2 in the expression (14) for W, thus:
W = AmJ2

+ A200J12

(15)

Similarly, we can obtain an approximation to W involving neglect only of
terms of higher degree than the third in the principal extensions by taking
the terms in Ji 2 , J 2 , JiJ2, Jiz and J 3 in the expression (14) for W, thus:
W = A010J2 + A200J12 + AmJiJ2

+ AmJi> + A001/3

(16)

This expression for the strain energy is equivalent to that first introduced
by Murnaghan 6 as a basis for the second-order elasticity theory.
2. INCOMPRESSIBLE MATERIALS

In the case of an incompressible isotropic elastic material, it has been
seen that the strain-energy function W must be expressible in terms of 7i
and 72 only, as indicated by (12), while 73 = 1. Again, if the linear stressstrain relations of classical elasticity theory are to apply for sufficiently small
values of the displacement gradients, W can be approximated with any
desired degree of accuracy by a power series in 7i — 3 and 72 — 3 only.
We thus have
W = Σ CMi

- 3Γ(7 2 - 3) y

(17)

where Coo = 0, since the undeformed state is considered to be that state in
which the strain energy is zero.
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Since 73 = 1, it can be seen, by substituting for λι, λ 2 , and λ3 from (12)
in the expression (6) for 7 3 , that a relation is obtained by means of which
βι + e2 + ez is expressed as the sum of terms of the second and higher degree in ei, e2, and e 3 . Using this relation in the expressions for Ix — 3 and
J 2 — 3 in terms of e\, e 2 , and e 3 , it is seen that for an incompressible material I\ — 3 and J 2 — 3 are, in general, of the second order of smallness in
ei, e2, and e 3 . Consequently, the approximation to the expression (17) for
W, which involves neglect only of terms of higher degree than the third in
the principal extensions, is given by
W = C10(/i - 3) + Coi(/t ~ 3)

(18)

16

This expression for W was first advanced by Mooney who suggested that
it should have validity for rubber vulcanizates, even for large deformations,
for which our assumption that the principal extensions are small compared
with unity is inapplicable.
Now, we should expect that the expression (17) for the strain-energy
function for an incompressible material should arise as a special case of the
expression (17) for the strain-energy function for a compressible material,
by taking 73 = 1 and assigning appropriate values to certain of the constants Cijk involved in the expression (11). It has been shown by Rivlin17
that this is indeed the case.
3. ANISOTROPIC MATERIALS

In the case of an anisotropic material, we have seen that W must be exr
pressible as a single-valued function of the six quantities gx , gy , · · · , g^ ,
defined in terms of the displacement gradients by equations (4). We note
that in the undeformed state gx = gy = gt = 1 and gyz = gzx = g^ = 0.
It can be shown that if the linear stress-strain relations of the classical
elasticity theory for anisotropic materials are to apply for sufficiently small
deformations, then W must be expressible as a polynomial in the quantities gx — l,gy — 1, Qz — Ι,ΰνζ,ΰχζ, and g^ . If the displacement gradients
are small compared with unity, then gx — 1, gy — 1, · · · , g^ are, in general,
each of first order of smallness in the displacement gradients. It follows that
if the displacement gradients are small enough, we can approximate to W
with the neglect only of terms of higher degree than the third in the displacement gradients by neglecting all terms in the polynomial expression
for W of higher degree than the third in the six quantities gx — 1, gy — 1,
• · · , gxy · If the material has specified symmetry properties in its undeformed state, than certain relations must be satisfied by the coefficients in
i«M. Mooney, J. Appl. Phys. 11, 582 (1940).
17
R. S. Rivlin, / . Rational Mech. Anal. 2, 53 (1953).
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this expression for W. These relations have been derived for the case of cubic
symmetry by Birch.18
V. Fundamental Mechanical Considerations
1. T H E DEFINITION OF STRESS

If the form of the dependence of the strain-energy function on h, h ,
and h is known in the case of an isotropic material and on gx , gy , · · · , g^
in the case of an anisotropic material, then expressions for the stress components can be determined in terms of the displacement gradients or quantities defined in terms of these. Before describing how this can be done, we
must make explicit the definition of stress which is most commonly used in
the theory of finite elastic deformations.
The normal stress component in the ^-direction, px , is defined as the force
per unit area in the x-direction acting across an element of area in the deformed body which is normal to the z-direction. The normal stress components pv and pz in the y- and ^-directions are defined in an analogous
manner. The tangential stress component, pxy, is defined as the force per unit
area in the ^-direction acting across an element of area in the deformed
body which is normal to the ^/-direction. Again, the remaining tangential
components of the stress are defined in an analogous manner. It is seen that
the components of stress are defined entirely in relation to the deformed
state of the material. In classical elasticity theory, the differences which are
introduced by defining the stress in relation to the undeformed state of the
material are, for the most part, negligible.
In classical elasticity theory19 it is shown that
Pyz

==

Pzy

Pzx

==

Pxz

Pxy

==

Pyx

The proof of this result is independent of the rheological character of the
material and it is therefore valid for materials in which the stress results
from a large elastic deformation.
2. T H E STRESS FOR PURE HOMOGENEOUS DEFORMATION OF AN ISOTROPIC
MATERIAL

a. The Compressible Case
It has been seen that if a unit cube of isotropic elastic material is subjected to a pure homogeneous deformation with extension ratios ai, a2,
and a3 and principal directions parallel to the edges of the cube, it is deformed into a cuboid, the sides of which are equal in length to the positive
18

F. Birch, Phys. Rev. [2] 71, 809 (1947).
See, for example, A. E. H. Love, "A Treatise on the Mathematical Theory of
Elasticity/' sec. 47. Dover Publications, New York, 1944.
19
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values of ax, a2, and a 3 . The energy stored elastically in the cuboid is
expressible as a function of the quantities h, h, and h given by equations
(7). The forces necessary to support the deformation may be readily calculated. In doing this we shall, to avoid confusion, take a\, a2, and a3 positive. From the symmetry of the problem it is readily seen that the forces
supporting the deformation consist of surface tractions applied normally to
the faces of the cuboid and uniformly distributed over them, as shown in
Fig. 2. Let px, py , and p2 be the forces per unit area acting on the faces
perpendicular to the x-, y-, and 2-axes, respectively. From the definition of
stress it is seen that these are the normal components of stress associated
with the pure homogeneous deformation. The tangential components are,
of course, zero. The resultant forces on these faces are pxa2az, pya%a\, and
ρζαιθί2, respectively. We now consider a virtual pure homogeneous deformation in which the extension ratios are changed from «1,0:2, «3 to αχ + δαι,
dl + δα 2 , OLZ + δαζ. The work done by the external forces in this virtual
deformation is
ρχα2αζδθίι + ρυα^αιδα2

+

ρζαχα2δαζ

This must be equal to the change δΨ of the elastically stored energy associated with the deformation. We thus have
δΨ

= ρχ(χ2οίζδθίι + ρυαζαχδα2

+ ρζαια2δαζ

(19)

Now, since W is a function of 7 i , I2, and Iz and hence of αι, α2, and α 3 ,
dW

dW

dW

ο<χι

οα2

σαζ

8W = ^L δα, + ψ- δα2 + ^ - δαζ

(20)

Comparing equations (19) and (20) and bearing in mind that δαι, δα2,
and δαζ are arbitrary infinitesimal quantities which may be chosen quite
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independently, we have
1 dW
—

Vx =

py =

1 dW
j -

P, =

dW __ dW dh
d<x\ dh dcL\

dW dh
dh dai

, dW dh
dh dct\

, 01 v
(21)

1 dW
T—

Employing relations such as

and noting, from (7), that
dh

p

*

=

o

dh

0

— = 2αι
σαι
we obtain

/ 2 ,

2\

—- = 2αι(α2 + 0 : 3 )
öoti

2 /

, dT7

h dW
2

Τ Ρ Γ Jh " ^ a72

r

+ /2

dh

0

22

τ— = 2αια!2 α3
οα\

dW

eS

+ /3

dW\

air;

(

(22)

.

The corresponding expressions for py and p z are obtainable from (22) by
replacing αχ by a2 and α 3 , respectively.
6. Γ/ie Incompressible Case
If the material is incompressible,
αι«2«3 = is

=1

(23)

and the energy stored elastically is a function of h and 12 only, as indicated
by equation (9). Equations (19) and (20) must, of course, still apply, but
now δ«ι, δα2, and δα3 cannot be chosen independently, and must satisfy the
condition for incompressibility. They are therefore related by
δ(αια2θίζ)

=

0

which means that
OLl

«2

«3

Equations (19) and (20) are now valid for all values of δαι, δα2, and δα3
satisfying this condition. Employing the method of undetermined multipliers to take account of this restriction, equations (19), (20) and (24) yield
dW
p
pxa2az = _ - - - £ -

, 0 _.
(2ö)

where p is an arbitrary constant, with similar expressions for py and pz .
In view of the incompressibility condition (23) and the fact that W depends
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on αι,α2,

and a3 through Ji and 1% only, these relations yield

P

„/

2dW

1 dW\

n(

2dW

1 dW\

'"2\atWl-^äTj-p

(26)

and
„ / idW
1 dW\
p m,2 at
- \ erl-^är,)-p
where p is an arbitrarily chosen constant. I t is seen that if the principal
extension ratios are specified in the case of an incompressible material, the
normal stress components are undetermined to the extent of an arbitrary
hydrostatic pressure.
3. T H E STRESS FOR AN ARBITRARY DEFORMATION

Expressions for the stress components at a point of a body which is deformed in an arbitrary manner may be found by a method which is similar
in principal to the one described in the previous section for determining the
components of stress associated with pure homogeneous deformation of an
isotropic material. Thus, to find the components of stress at a point which
is at (x + ξ, y + 77, z + f) in the deformed state of the body and at (x, y, z)
in the undeformed state, we consider an infinitesimal cube of the deformed
body located at (x + £, y + 77, z + f) with sides of length I parallel to the
coordinate axes, as shown in Fig. 3. The sides of this cube are, of course,
acted upon by forces produced by the surrounding material. For example,
the sides perpendicular to the z-axis are acted upon by forces pxl2, pxyl2 and
lzxl2 parallel to the x-, y-, and 2-axes, respectively. By equating the work
done by these forces in a small virtual deformation of the infinitesimal cube
to the change in energy stored elastically in the cube, we find that

„

1

lYi 1 θ Λ

dW

71/2 W T dxJ β^ξ/θχ)
and

» = Ji'
JL2 Idx
Γ^

Pyz

dW
d(dV/dx)

+ a * dW +θ*
dy d(d£/dy)

1

dz d(d£/dz) J

4- ddyl d(ddW
4- (\ 4- dA
/dy) ^ \ ^ dz)
V

dW

(27)
dW
Ί
d(dV/dz)j

while py and pz are obtained from the expression for px and pzx and p^ from
the expression for pxy by cyclically rotating the symbols £, 77, ξ and x, y, z.
These equations are valid for either isotropic or anisotropic materials. In
the case of isotropic materials we make use of the fact that the strain-energy
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\ Pxy1!

pJi

Pxl2

PJ2~
ΡζχΙ2
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(*+f,y+ij,«+f)

FIG.

3

function W depends on the nine displacement gradients d£/d#, d£/dy, · · ·
through the strain invariants h , h, and 73 defined in terms of these by
the relations (6) and (4). Equations (27) then become
Vx =

2 Γ , dW

W2 \gx W ~~

, , ,
vg

,t, dW .

τ

dW .

T

* " 9y dh
~ + /2 ~dh + /a

and

dW
dh
(28)

2 Γ / dW _ , , ,

Vvz — Jif2

Qvz T r ~

/ , , dWl

QxQyz) Ty—

\QxyQzx

where

and

(29)
fo

' ~ TxTx+ V1 + ä ^

+

äil, 1 + dz)

and again the remaining components of stress are obtained by cyclic permutation of £, 77, f and x, y, z. The expressions for the stress components were
first given in substantially this form by Finger.20
20

J. Finger, Sitzber. Akad. Wiss. Wien Mat.-naturw. Kl. Abt. Ha, 103, 1073 (1894).
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In the case of anisotropic materials, the strain-energy function depends
on the nine displacement gradients through the six quantities gx , gy , · · · ,
Qxy , so that we may write
2

+

\

-£3

dx) dgx + W

dgy + W

+ dz \
and
Pvz

_ 1 / dv di dw
~ I\ll\

dx dx dgx

+

+

dx/ dgzx

d^d^dW
dy dz dgyz

θ<72
\

dx) dy dgxyJ

(

dv\ ar &w

äv (

V

die) dy dfv

dz \

at\ dw (3°)
l +

dz) dgl

[SS + 0 + S)( I+ S)]S + [£( 1+ S)
+ dz dxj

dgzx

W

dy) dx

dx dyj dgxy)

and again the remaining components of stress are obtained by cyclic permutation of £, 77, f and x, y, z.
For incompressible materials, the constancy of volume of each element
of the material which is preserved during any deformation implies the relation 73 = 1, in which h is defined in terms of the displacement gradients by
equations (6) and (4). It has been shown that in this case
Λ
Vx

\

, d{\
+

df

dW

dx) d(d£/dx)

+

a|

dw

dy d(Pl/dy)

+

dw

dz d(dH/dz)

+

Py

and

(31)
Vvz

=

df
dW
dl
dW
dx d(dV/dx) ^ dy d(dV/dy)

+

(
V

dj \
dW
dz) d(dV/dz) '

where p is an arbitrary quantity.
For incompressible isotropic materials W depends on the displacement
gradients through 7i and J 2 only, since h = 1, and hence the expressions
(31) for the stress components take the forms10
Γ , dW
, / /
,2s dWl ,
Vx = 20 I gxjj- - (gygz - gyz) ^ j - J + p, etc.
and

(32)

oΓ '

dW

(> '

' ' \ dW~\ *

Pyz = 2\ gyz - j - - (0^0** - ^χ^ z) ^ j - , etc.

370

R. S. RIVLIN

4. T H E BOUNDARY CONDITIONS

Expressions for the surface tractions and body forces which must be
exerted in order to support a specified deformation, whether static or
changing with time in a prescribed manner, can be calculated if the components of stress are known in terms of the displacement gradients. The
surface traction, defined as the force per unit area of the deformed surface,
has components Xv, Yv, and Zv, say, parallel to the axes x, y, 2, respectively. Then, as in classical elasticity theory, they are given in terms of the
stress components at the surface by
Xv = px cos (x, v) + pxy cos (y, v) + pzx cos (2, v)
Yv

= Pxy COS (x,

v) +

py

COS (y,

v) +

pyz

COS (zy v)

(33)

and
Zv = pzx cos (x, v) + pyz cos (y, v) + pz cos (2, v)
where (x, v), (?/, v), (z, v) are the angles between the normal v to the deformed surface and the axes x, y, z, respectively.
5. T H E EQUATIONS OF MOTION

The body force, defined as the force per unit mass, which must be
applied at each point of the body to support the specified deformation, has
components X, F, and Z, say, parallel to the axes x, y, and 2, respectively.
The expressions for X, Y} and Z are obtained by applying Newton's second
law to the motion of an elementary cube of the material in the deformed
body. This is analogous to the manner in which the body forces are calculated in classical elasticity theory, but there no distinction need be made
between the dimensions and shape of the element considered in the deformed and undeformed state. Using the notation x', y', z' for the position
in the deformed state of a point which is at x, y, 2 in the undeformed state,
so that
x' = x + £

ζ' = 2 + f

y' = y + η

X, Y, and Z are given by the equations
dpx , dpxy . dpzx
dx
dy
dz

v

_

dξ
dt2

dPxy , dPv , dpv* ,

γ

__

d2y

dx' "*" dy' "*" dz' ^

P

P

dt>

and
dpzx

dpyz ,dpz

„

d2f

(34)
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where p is the density of the material at the point considered in the deformed state.
Both the equations of motion (34) and boundary conditions (33) are
valid for any elastic material, isotropic or anisotropic, compressible or incompressible. By introducing into these relations the particular expressions
for the stress components which are relevant for the material under consideration, we can obtain equations of motion and boundary conditions
applicable to such a material. By mathematical manipulation these equations of motion and boundary conditions can be expressed in a variety of
forms, each of which is adapted to the consideration of certain Types of
problem.
VI. The Solution of Problems Involving Large Elastic Deformations
1. SIMPLE E X T E N S I O N

The equations of motion and boundary conditions provide formulas for
the calculation of the body forces and surface tractions if the displacement
of each point of the body is known. Consequently, in problems in which the
displacements of each point of the body are specified and it is required to
calculate the body forces and surface tractions, these may be obtained without making any assumptions regarding the manner in which the strainenergy W depends on the invariants i\ , I2, and 73 in the case of isotropic
materials or on gxx , gyy , · · · , gxy in the case of anisotropic materials. The
number of such problems which are physically significant is much greater
in the case of incompressible materials than it is in the case of compressible
materials. The reason for this can be seen by examining the results of the
calculation, given in Section V-2, of the stress associated with the pure
homogeneous deformation of compressible and incompressible isotropic
materials.
It was shown that if a unit cube of isotropic material, with its edges
parallel to the coordinate axes x, y, z, is deformed into a cuboid with sides
of lengths <*ι, α 2 , and α 3 , the forces which must be applied perpendicular
to the faces of the cuboid in order to support the deformation are given by
Ρχθί2αζ, pyOizon , and pza.\a2, respectively, where px , py , and pz are given by
equation (22) and two similar equations in the compressible case and by
equations (26) in the incompressible case. Now, suppose we wish to find the
force necessary to produce a simple extension of extension ratio ai in the
direction parallel to the z-axis, while no forces are applied to the faces of the
cube perpendicular to the x2- and #3-axes. We must then have
py = Pz = 0
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In the compressible case this implies that
2dW

hdW
a<? dli

j . dW
dli

j dW _
dlz

2dW

013

dL
h dW , j dW .

α^ d i 2

oi2

T

dW

Λ

»i3

and we cannot determine from these equations the values of a2 and a3 and
hence obtain a complete description of the deformation without knowing
the manner in which the strain-energy function W depends on the strain
invariants Ii, I2, and 7 3 .
However, in the incompressible case, if the extension ratio in the ^-direction is ai, we can determine the remaining extension ratios a2 and <x3—and
hence obtain a complete description of the deformation—from the incompressibility condition (23) and the consideration that the symmetry of the
situation implies that a2 = az. We thus have
ai — οίζ = αι

(35)

Introducing this result into the expressions (26) for py and pz, we obtain an
expression for p, which can then be introduced into the expression (26) for
px yielding

-<«--£)(i^f)

From this relation we obtain the force F( = pxa2az) necessary to produce a
simple extension of extension ratio on in an isotropic incompressible rod of
uniform cross section, having unit area in the undeformed state, as10

'-»(-έ)(£^£)

Since dW/dli and dW/dI2 are, in general, functions of 7i and I2, we must
also specify that, for the simple extension envisaged, Λ and I2 are given by
introducing the relations (23) into the expressions (7) for Λ and I2, so that
/ i = «i2 + -

h = - 2 + 2*!

(38)

2. PURE SHEAR

Other simple problems in wThich an incompressible isotropic elastic material is subjected to a pure homogeneous deformation have been solved in
a manner similar to that adopted in the case of simple extension. For example, let us consider a rectangular strip cut from a sheet of isotropic material and held in wide rigid clamps as shown in Fig. 4. If forces are exerted
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Test piece "*"

W//////////////////A
V//////////////////M

Clamps

FIG. 4

on the clamps in the directions shown by the arrows, the test piece will be
prevented from contracting laterally by the clamps, so that the extension
ratio («2, say) in this direction will be unity. If «i and a3 are the extension
ratios in the direction of application of the load and in the thickness direction, respectively, we then have for an incompressible material
«2=1

(39)

&\OLl = 1

Introducing these results into the expressions (26) for px and py and using
the relation pz = 0 (which results from the fact that no forces are applied
to the major surfaces of the test piece), we find that the force F which must
be applied to the test piece in order to produce the assumed pure shear is
given by10
m

01.Ύ

l\(dW

. dW\

(40)

where h and t are the width and thickness of the test piece in the undeformed
state. From the relations (39) and (7), we see that for the pure shear

/i = h = αΐ + —„ + 1

(41)

3. SIMPLE SHEAR IN AN INCOMPRESSIBLE MATERIAL

In both of the previous examples—simple extension and pure shear—the
deformation is pure homogeneous. Simple shear provides an example of a
deformation which is homogeneous but not pure. We may define a simple
shear as a deformation in which each point of the body is displaced parallel
to a given direction by an amount proportional to its distance from a fixed
plane which is also parallel to this direction. Thus, if we have a cube of
material with its edges parallel to the coordinate axes x, y, z and each point
of the cube is displaced parallel to the ^-direction by an amount proportional to its distance from the xz-plane, the displacement components £, 77,
ξ of each point of the body are given by
ξ = ky

η

= f = 0

(42)
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where k is a constant of proportionality defining the amount of shear. By
substituting the relations (42) in the expressions (29) and the resulting
expressions in (32), we obtain10
Px =

W

~

V

Vv =

df

~

V

Vz =

~V
(43)

n
A . = P« = 0

dW
o/ dW i
\
p , = 2/c ( _ - + — j

where
. . (dW

dW\

Again, we see by substituting from (42) in (6), that for this deformation
I, = / 2 = 3 + k2
We see that the stress components are undetermined to the extent of an
arbitrary hydrostatic pressure p'. In order to determine this, we must specify one of the normal components of stress. For example, if pz = 0 (which
implies that no forces are applied to the faces of the cube normal to the
z-axis), we have p' = 0 and thus

(44)

pyz = P« = 0

Vxv

= 2k ^— + — J

It is noted that in addition to the tangential components of stress txy,
normal components of stress are associated with simple shear. For finite
simple shear of an incompressible material, these are not equivalent to a
hydrostatic pressure, as they are for infinitesimal simple shear. This fact
makes itself strikingly apparent in some of the inhomogeneous deformations
discussed below.
4. INHOMOGENEOUS DEFORMATION OF AN INCOMPRESSIBLE MATERIAL

For inhomogeneous deformations of bodies of incompressible material
in which the deformation is completely known, i.e., the displacement components are given functions of the initial position of the various material
particles of the body, the forces necessary to maintain the deformation can
be calculated. By substituting the expressions for the displacement components in the expressions (32) for the stress components, the latter are
completely determined throughout the body apart from an arbitrary hydrostatic pressure p which may vary from point to point of the body.
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These expressions for the stress components are then introduced into the
equations of motion (34) and boundary conditions (33). From the equations of motion is obtained a set of differential equations for the determination of the hydrostatic pressure p. The stress components are then completely determined. Hence from the boundary conditions (33) the surface tractions, which must be
applied to the body in order to maintain the
specified deformation, can be calculated.
a. Torsion of a Right Circular Cylinder
The first problem to be solved by this method10 · 21
was the determination of the forces which must be
applied to a right-circular cylinder in order to
maintain in it a simple torsion. We define the deformation as one in which each circular cross section
of the cylinder is rotated in its own plane, about
the axis of the cylinder, through an angle ψζ which
is proportional to the distance z of the cross section
from one end of the cylinder, ψ (measured in radians per unit length) is called the amount of torsion. If the radius of the cylinder is a, it is found
that the simple torsion can be maintained by a
system of surface tractions distributed over the
plane ends of the cylinder which have components
FIG. 5
Z per unit area normal to the ends and Θ per unit
area tangential to the ends and directed in an azimuthal direction, as shown
in Fig. 5. Θ and Z are given by
Θ = 2<M

\dh

+

W

l

dlj

and

(45)
rj

0/2/ Γ

2dW\

at a distance r from the axis of the cylinder. Ix and 72 are given by
Ix = J2 = 3 + φψ

(46)

The azimuthal forces Θ distributed over a plane end of the cylinder have
as their resultant a torsional couple M, given by

"-«f-(S+Sf)*
» R. S. Rivlin, Proc. Cambridge Phil. Soc. 46, 485 (1949).

(47)
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and the forces Z have as their resultant a force N, acting along the axis of
the cylinder, given by

It has been seen in Section IV-2 that, for sufficiently small deformations,
we should expect that W may be expressed in terms of h and I2 by equation
(18). In this case, we can introduce dW/dli = do and dW/dI2 = d i into
equations (35), (47), and (48) to obtain
θ = 2ιΜΟο + d i )

Z = - ^ 2 [ ( d o - 2di)(a 2 - r2) + 2a 2 di]

(49)

and
M = 7nAa4(do + d i )

N = - ± 7^ 2 a 4 (do + 2 d i )

(50)

From equations (49) it is seen that, for sufficiently small deformations, the
tangential forces Θ applied to the plane ends of the cylinder increase linearly from zero on the axis of the cylinder
to a maximum when r = a and, at any
\ z
\f^a2Cio
point, are proportional to the amount of
^ i c ^ ^
torsion. This is in accordance with the
y \
\^\
predictions of classical elasticity theory.
/\
|\
The forces Z, perpendicular to the plane
/
\ 2^a2c e n d s , which must also be applied are
not predicted by classical elasticity theT T T T T T T
ory. It is seen from equations (49) that
they are proportional to the square of
the amount of torsion, for sufficiently
r=0
r=a
FIG. 6
small torsions. If do and d i are both
positive, then Z is negative and so
represents a thrust, distributed over the plane ends in a parabolic fashion
with a maximum on the axis of the cylinder, as shown in Fig. 6.
Using a cylinder of vulcanized rubber it has been shown 22 ' 23 that the
forces Z must indeed be applied, in addition to the tangential forces, in
order to produce simple torsion and that, for sufficiently small torsions,
they are distributed over the ends of the cylinder in accordance with the
law (49). If the forces Z are not applied, i.e., if only a torsional couple is
applied to the cylinder then, apart from the simple torsion produced in the
cylinder, it will elongate.
22

R. S. Rivlin, J. Appl. Phys. 18, 444 (1947).
R. S. Rivlin and D. W. Saunders, Phil Trans. Roy. Soc. (London) A243, 251
(1951).
23
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b. Torsion of a Cylindrical Tube
In a similar manner to that adopted for finding the forces which are
necessary to support a simple torsion in a right circular cylinder, the forces
necessary to support a simple torsion of amount ψ in a right circular cylindrical tube can be obtained. It is found that again azimuthal forces Θ and
perpendicular forces Z must be applied to the plane ends of the tube and
these are again, in general, given by equations (45), if a is the external radius
of the tube. However, it is found that in addition to these forces it is also
necessary to apply to the inner curved surface of the tube a uniform distribution of thrusts of magnitude P per unit area, as shown in Fig. 7, where
P is given by the formula24
P = 2*

2

/\^dr

(51)

in which a and b are the external and internal radii of the tube, respectively,
and r denotes the radial distance of a point from the axis of the tube, h and
12 are again given by equations (46) at each point of the tube.
If W is expressed in terms of Λ and 7 2 , as it may be for sufficiently small
torsions, then Θ and Z are given by equations (49), while P is given by
P = Ψ2Ο10(α? - ¥)

(52)

Again, experiments with tubes of vulcanized rubber have verified quantitatively25 the necessity for applying this thrust to the inner curved surface
of a tube of incompressible, isotropic, highly elastic material, in addition to
the torsional couple applied to its ends, if the tube is to be maintained in a
state of simple torsion.
c. Further Special Solutions
It will be noted that in the problems of the torsion of a right circular
cylinder and of a cylindrical tube just discussed, the forces necessary to
support the deformation are obtained explicitly without any particular
assumption regarding the manner in which W depends on 7i and h . A num24
25

R. S. Rivlin, Phil. Trans. Roy. Soc. (London) A242, 173 (1949).
A. N. Gent and R. S. Rivlin, Proc. Phys. Soc. (London) B65, 487 (1952).
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ber of other problems have been solved with this degree of generality. These
include (i) the forces necessary to maintain a simultaneous simple extension
and torsion in a circular tube and a circular cylinder;24 (ii) the forces necessary to produce a uniform inflation of a thick spherical shell ;26 and (Hi) the
forces necessary to produce cylindrical flexure in a rectangular block. 27 · 24
For the detailed solutions of these problems, reference should be made to
the original papers.
5. T H E SOLUTION OF PROBLEMS WITH PARTICULAR FORMS FOR THE STRAINENERGY FUNCTION

It has been seen in the preceding sections that if the displacement undergone by each point of the body in the deformation is known, we can calculate the forces necessary to support the deformation, without making any
explicit assumption regarding the form of the functional dependence of the
strain-energy function W on the strain invariants. Many other problems
have been solved with particular assumptions regarding the form of this
dependence. Generally the expression for W has been chosen on the basis
of simplicity, without any evidence that it is a valid one for any existing
material. Moreover, judging from the variety of allegedly simplest forms
for W that have been employed, one must conclude that subjective considerations have sometimes entered into the choices.
Recently, it has appeared that the expression (18) for Wy advanced by
Mooney16 for the incompressible case, has a particular interest. This arises
partly because it provides an approximation to the experimentally determined form for W for vulcanized pure gum rubbers, over a range of deformation sufficiently large to be of some interest (it has been seen in Section
IV-2 that, for a sufficiently small range of deformation, its applicability is
more or less mandatory) and, secondly, because it is considerably simpler
than most of the forms for W chosen by other workers. Moreover, the expression for W predicted by the kinetic theory of rubberlike elasticity4 is a
special case of Mooney's expression obtained by taking Coi = 0 in equation
(18).
A simple example of a problem which cannot be solved on the basis of a
completely general dependence of W on 7Ί and 72 but can be readily solved
when the Mooney form for W is assumed, is the determination of the forces
necessary to produce simple shears in a long annular ring of incompressible,
isotropic, highly elastic material held between two rigid coaxial circular
cylinders.24 The outer cylinder is considered fixed while the inner cylinder is
displaced along its axis, or is rotated about its axis, or is subjected to a
combination of these motions. In the case when the inner cylinder is dis26
27

A. E. Green and R. T. Shield, Proc. Roy. Soc. (London) A202, 407 (1950).
R. S. Rivlin, Proc. Roy. Soc. (London) A195, 463 (1949).
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placed along its axis, it is found that if W is assumed to be an arbitrary
function of Λ and 7 2 , then the displacement, f, parallel to the axis, of a
point at a distance r from it, is determined by the differential equation
(dW , dW\dt
\dT1+dh)cTr

=

k
r

.
(53)

where k is a constant proportional to the displacement of the inner cylinder
and

In general, (dW/dli) + (dW/dI2) is a function of 7i and 72 and, therefore,
of άζ/dr. Thus equation (53) is a nonlinear differential equation for the
determination of the dependence of the displacement ξ on r. In the particular case when the Mdbney expression (18) for W is satisfied, this differential
equation is linear and takes the form
(CM

+ CM) J = -

dr
r
This can then be readily integrated, yielding the result
log-

r = ro—I
log
ä

(54)

(55)

where b and a are the radii of the inner and outer cylinders, respectively,
and f0 is the displacement of the inner cylinder.
VII. The Superposition of Small Deformations on Large Deformations

The equations of motion and boundary conditions governing the deformation of a body subjected to specified applied forces are given in Sections
V-4 and V-5. For a compressible isotropic elastic material the components
of stress are given by equations (28) and for an incompressible isotropic
elastic material, they are given by (32). I t will be borne in mind that if the
expression for W in terms of the strain invariants is regarded as known, then
equations (28) or (32) may be regarded as expressions for the stress components in terms of the displacement gradients. If we introduce these expressions for the stress components into the equations of motion (34), we
obtain differential equations which must be satisfied by the displacement
throughout the body, while if we introduce them into the boundary conditions (33), we obtain the boundary conditions which must be satisfied by the
displacements.
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Now, one of the main complications of finite elasticity theory is that the
differential equations and boundary conditions so obtained are nonlinear in
the displacement components and consequently can be solved only in very
special cases. In classical elasticity theory they are rendered linear by the
neglect of all nonlinear terms.
There is, however, a class of problems28 in which the governing differential
equations and boundary conditions are linear although the bodies considered are subjected to finite elastic deformations. It has already been seen
that if the displacement undergone by each point of the body in the deformation is known, we can always calculate the forces which must be applied
in order to support the deformation. If we now apply an additional system
of forces, sufficiently small so that the additional displacements resulting
from their application may be treated as infinitesimal, then the differential
equations and boundary conditions which must be satisfied by these additional displacements are linear and can be solved in many cases.
The results which have been obtained by Green and Shield13 for the
application of a small torsional couple to a uniform rod of arbitrary cross
section, which is maintained in a state of finite simple extension, are of
particular interest.
Green and Shield found that if λ is the extension ratio for the simple extension on which the torsion is superposed, λ' is the extension ratio in directions at right angles to the direction of extension, and ψ is the amount of
torsion (defined as angle of twist per unit length of rod measured in the unextended state), then the torsional couple M required to maintain the torsion is

In this formula / is the moment of inertia of the cross section of the undeformed rod (i.e., square of radius of gyration X area) about the axis of
torsion and B is a shape factor which is defined in the following way: If we
consider the undeformed rod to be subjected to an infinitesimal torsion,
then the torsional modulus for this torsion is given by μΒΑ, where μ is the
rigidity modulus for the material, A is the cross-sectional area of the rod,
and B is a factor depending on the form of the cross section of the rod. This
shape factor B has, of course, been calculated on the basis of classical elasticity theory for a wide variety of cross-sectional forms of the rod.
Equation (56) is valid for both compressible and incompressible elastic
materials. In the former case dW/dli and dW/dI2 are, in general, functions
28

A. E. Green, R. S. Rivlin, and R. T. Shield, Proc. Roy. Soc. (London) A211, 128
(1952).
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of h , h , and 7 3 , given in terms of the extension ratios λ and λ' by
h = λ2 + 2λ'2

h = 2λ2λ'2 + λ'4

Ρ = λ2λ'4

(57)

In the case of the incompressible material, the constancy of volume of the
material implies that
/ 3 = λλ'2 = 1

i.e.,

λ' = —F-

(58)

Introducing this result in equation (56) we obtain, for an incompressible
material,

«-»■*(£+χ£)[Λ-ί"-»]

«>

where dW/dli and dW/dI2 are functions of Ix and I2 only. Introducing the
relation (58) and (57), we see that I\ and I2 are now given by

h = λ2 + I
λ

U = 2λ + \
Λ2

(60)

We see that in equation (56) the torsional couple M is proportional to
the amount of torsion ψ, but the constant of proportionality depends on the
relation between the strain-energy function W for the material and the
strain invariants i\ , I2, and 7 3 . It is, however, possible to obtain from these
results a relation between Μ/ψ, the extension ratios λ and λ', and the force
necessary to hold the rod in its state of simple extension, which is independent of the particular strain-energy function W that is valid for the
material. The force F necessary to hold the rod in the state of simple extension considered is given by

* = frV-X^+V-f)

(M)

where A is the cross-sectional area of the rod in its unextended state and
dW/dh and dW/dI2 are functions of I\,I2, and Iz given by equations (57).
Eliminating (dW/dli) + X'2(dW/dI2) from equations (56) and (61), we
obtain
(Μ/ψ)
F

λ,2[λ2/ - λ ,2 (7 - B)]
Α(λ 2 - λ'2)

(f.2)
Κ }

In the case of the incompressible material, we again use the relation (58)
to obtain
(Μ/φ)
- ψ -

X3I - (I - B)
Αλ(λ» - 1)

ffios
(63)
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If the cross section of the rod is circular and of radius a, then
I = l ττα4

J5 = i ττα4

(64)

and from equation (63) we obtain the earlier result of Rivlin24
2 ( M

^ (λ - * ) _ .
αΨ

(65)

This result was verified experimentally by Rivlin and Saunders,23 who
subjected a circular rod of vulcanized pure gum rubber to simple extensions
of various amounts and measured the relation between M and ψ for small
torsions superposed on these states of simple extension. From their measurements, they calculated the expression on the left-hand side of equation
(65) for various values of λ and in each case found it to be unity within
about 2 %. A similar experimental verification of equation (62), for the case
of noncircular rods, was carried out by Gent and Rivlin29 using rods of
vulcanized pure gum rubber of rectangular cross section with various ratios
of sides.
VIII. The Solution of Problems in Second-Order Elasticity Theory

It has been seen in Section IV-1 that, if the principal extensions involved
in the deformation of a body of incompressible isotropic elastic material are
small, then we can approximate to the strain-energy function for the material, with the neglect only of terms of higher degree than the third in the
principal extensions, by an expression of the form (16). Bearing in mind
that Ji, Ji, and J% in this expression are defined in terms of I\, h , and Iz
by equations (13), we can employ the expressions (16) for the strain energy
W in the general expressions (28) for the stress components in an isotropic
elastic material to obtain the stress components of second-order elasticity
theory.
Employing the expressions for the stress components so obtained as a
description of the elastic properties of the material considered, various
problems have been solved. Such solutions, obtained on the basis of the
second-order elasticity theory, are, of course, valid only for sufficiently small
deformations. However, they provide a degree of approximation to the true
solution of the problem of an order higher than that given by classical
elasticity theory.
For example, Murnaghan 9 has solved, on the basis of the second-order
elasticity theory, the problem of the elongation of a right circular cylinder
of compressible isotropic elastic material as a result of the application to the
cylinder of a torsional couple. According to classical elasticity theory this is,
29

A. N. Gent and R. S. Rivlin, Proc. Phys. Soc. (London) B65, 645 (1952).
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of course, zero. However, according to second-order elasticity theory, the
fractional elongation e is given by
= I ώ2α2 q s( a i +
8

2fl

2) — αχ(2α2 — a*)

CL\(Q>\ +

, ββ ν

3a 2 )

where ψ is the amount of torsion and a is the radius of the cylinder, ψ is
still related to the applied torsional couple in the same way as in classical
elasticity theory. Since in the classical elasticity solution of the problem all
terms containing ψ of higher degree than the first are automatically neglected, we could not expect to obtain even an approximation to the result
(66) on the basis of classical elasticity theory.
Many years ago, Poynting30 measured the elongation of steel piano wires
as a result of the application to them of torsional couples. He found an elongation proportional to the square of the amount of torsion and to the square
of the wire diameter, as predicted by equation (66). He also obtained a
similar elongation using rods of vulcanized rubber. While realizing that this
elongation was not in accord with the predictions of classical elasticity
theory but resulted from the finite nature of the deformation, his calculations do not provide an adequate theory.
Rivlin17 has recently shown that the displacements produced by a given
set of forces applied to a body of isotropic elastic material may be calculated according to the second-order theory in the following manner:
(i) The displacements produced in the body by the specified force system according to classical elasticity theory are calculated.
(ii) The forces which must be applied to the body, in addition to the
specified force system, in order to produce these displacements, are
calculated from second-order elasticity theory.
(iii) The displacements produced in the body, according to classical
elasticity theory, by the additional force system calculated in step
(ii) are then calculated. By subtracting the displacements calculated
in step (iii) from those calculated in step (i), we obtain displacements
which satisfy the equations of second-order elasticity theory for the
specified force system applied to the body.
Using this method, the elongation of a uniform rod of arbitrary cross section as the result of the application to it of a torsional couple has been calculated. The fractional elongation e is found to be
,2

4Aai(ai + 3a2)

(67)
- 2(1 - B)ax{ai + Sch)}

80
J. H. Poynting, Proc. Roy. Soc. (London) A82, 546 (1909); 86, 534 (1912); see
also note in India-Rubber J. p. 6, Oct. 4 (1913).

384

R. S. RIVLIN

where I is the square of the moment of inertia of the cross section of the
rod about its axis of torsion (as in Section VII), A is the cross-sectional
area of the rod, and B is a shape factor defined in the manner described in
Section VII.
IX. Experimental Verification of the Theory

An extensive series of experiments23 has been carried out to verify the
conclusions of the theory of finite elastic deformations for the incompressible case, using a pure gum vulcanizate of natural rubber as the experimental material. The verification of some of the formulas obtained in the
theory has already been mentioned. No attempt will be made here to discuss
the experimental work in detail, nor to give an exhaustive account of all
the points at which the theory has been checked. Rather, the broad conclusions that have been reached will be described.
Most of the formulas that arise in the theory of finite elastic deformations
of an incompressible isotropic material take the form of expressions for the
forces which must be applied to a body of specified size and shape in order
to produce specified deformations. In these formulas the forces are expressed
in terms of variables describing the deformation, the dimensions of the
body, and the detailed elastic properties of the material. The latter are
introduced through terms in dW/dh and dW/dI2, in which Λ and I2 are
defined in terms of parameters describing the amount of deformation.
Before we can obtain a detailed experimental check on any of these formulas, we must know the manner in which dW/dh and dW/dI2 depend on
11 and 72 for the material used. Such information was obtained by Rivlin
and Saunders for a particular pure gum rubber vulcanizate by experiments
involving pure homogeneous deformation. These experiments consisted of
measurements of the forces necessary to maintain test pieces cut from a thin
sheet of the material in a state of simple extension, pure shear, or more
general biaxial deformation. It was found that, for the particular vulcanizate used, dW/dli was substantially constant and had the value 1.7
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kg./cm. 2 , over a wide range of values of h and h ; dW/dI2 was a function
of h only, which decreased as 72 increased, as shown in Fig. 8.
With these values of dW/dli and dW/dh it was possible to predict,
from the appropriate formulas of the theory, the results of other experiments in which the deformation is not necessarily homogeneous. Comparison of these predictions with experiment were made in a wide variety of
cases23 · 2 5 ' 3 1 · n and good agreement within the limitations of experimental
error were obtained in each case.
It seems very probable, from the experiments of Gumbrell, Mullins, and
Rivlin,32 that the particular type of dependence of W on Ix and h , found in
the experiments of Rivlin and Saunders discussed above, is widely applicable (with only quantitative differences) to vulcanizates of both natural and
synthetic rubbers. The scope of this chapter does not permit a discussion
of the possible significance of this form of the strain-energy function in relation to the structure of rubber vulcanizates.
31
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Nomenclature
Shape factor for torsion
Strain invariants
Moment of inertia
Torsional couple
Strain-energy function
Components of body force
Components of surface t r a c tion
Principal extensions
ei , e2 , 63
P»,} py , Pz Normal components of
stress
Vv* , Pzx , Pxy Tangential components of
stress
Radial distance
r
Time
t

B
A , I2 , Iz
/
M
W
X, Y, Z
Xv , Yv , Zy

*, y, z
Oil , « 2

t,v, f
λ
λ'

λι , λ2

Μ
V

Ρ

Φ

Coordinates of point in undeformed state
Principal extension ratios
Components of displacement
Extension ratio for simple
extension
Extension ratio at right angles to the direction of
simple extension
Absolute values of principal
extension ratios
Rigidity modulus
Normal to deformed surface
Density
Amount of torsion

