CHAPTER 13

THE STATISTICAL MECHANICAL THEORY OF IRREVERSIBLE
PROCESSES IN SOLUTIONS OF MACROMOLECULES
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I. Introduction
1. BROWNIAN MOTION

Whenever one deals with particles of submicroscopic size, the influence
of Brownian motion becomes important. The effects of external force fields
or fluid flow on a suspended particle must therefore always be supplemented
by the effects of its own diffusional motion. In the viscosity theory, the
disorienting influence of the Brownian motion is well known, 1 · 2 especially
insofar as the influence of rate of shear strain upon the viscosity is concerned. For spherical particles, this influence disappears since there is no
orienting effect arising from the fluid flow, nor can there be a corresponding
1
2

W. Kuhn and H. Kuhn, Helv. Chim. Ada 28, 97, 1533 (1945).
R. Simha, / . Phys. Chem. 44, 25 (1940); J. Research Natl. Bur. Standards 42, 409

(1949).
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disorienting effect by Brownian diffusion. Under the influence of an external field of force, a nonspherical particle in solution, which can interact
with this force field, will undergo regular changes in its position and orientation. Adding to and complicating these systematic motions are the irregular
motions which are characteristic of the Brownian motion.
The random motions of a particle, starting at some initial time and having at this time a certain position and velocity, can be described by a distribution function which in its most general form gives the probability that
the particle at a particular time will be located at some specified position
with a specified velocity. Under certain circumstances where the velocity
distribution is not of interest, a configurational distribution function will
suffice to describe the location of the particle. One can likewise consider an
unsymmetrical particle having rotational as well as translational degrees
of freedom. The random motions of such a particle would then also contain
orientational contributions. In this case, the configurational distribution
function would also contain information as to the orientation of the particle.
An illustration of this situation would be an electrical dipole whose orientation relative to a given direction, such as that of an external electrical field,
would be pertinent.
The dynamical behavior of a Brownian particle is given by the Langevin
equation 3
m

Tt

=

-f v

+ x + Α(ί)

(1)

where v is the velocity of the particle, and the right-hand side of the equation represents the forces acting on the particle. These consist of an external
force field X, a frictional force exerted by the surroundings — fv, and a
fluctuating force A(t) likewise exerted by the surroundings. It has been
assumed that the influence of the surroundings on the particle can be split
into two separate parts, one systematic and the other which is characteristic
of the Brownian motion of a fluctuating character. The conditions under
which the Langevin equation is valid, as well as the interpretation of the
friction constant {" in terms of intermolecular forces, have been examined
by Kirkwood.4 Equation (1) is not an ordinary differential equation in that
v is not determinable as a function of the quantities on the right-hand side
of the equation. Rather, since the right-hand side contains a fluctuating
term, v is to be regarded as a stochastic variable characterized by a distribution function. Solution of the differential equation under these circumstances yields the distribution function describing the Brownian motion of
the particle.
3
4

S. Chandrasekhar, Revs. Mod. Phys. 15, 1 (1943).
J. G. K i r k w o o d , J . Chem. Phys. 14, 180 (1946).
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The distribution functions can also be obtained from boundary-value
problems involving partial differential equations. When the distribution
function is that of the configurational space and involves no other external
forces, the resulting partial differential equation is the one from the familiar
diffusion theory \vhen events which occur in times intervals of the order of
πι/ξ can be ignored.
d

J = Dv'f

to
D = kT/ζ

(2)

D is the diffusion constant. When an external force field X is present the
partial differential equation becomes
|=V.[OT/-=/)

-v.(BV-ft)

(3)

often referred to as Smoluchowski's equation. Thus for times of the order
πι/ξ ( ~ 10~12 sec.) and for space intervals of the order (Dm/t;)m{~ 10 -8 cm.)
the partial differential equation from which the configurational distribution
function can be obtained is of the form of the continuity equation
dt

i

j = -DVf

(4)
+ X//f

It will be noted that the current density j is made up of a diffusive part
and a convective part. If the solvent in which the particle is immersed is
itself in motion, then another contribution to the convective part would be
added, namely, that part of the motion in which the particle could participate.
The discussion thus far has dealt with simple particles. This is illustrated,
in particular, by the use of a scalar diffusion constant. It is wrell known,
however, that a body such as an ellipsoid shows a resistance to motion
through a fluid which varies with the orientation of the body to the flow.
For this case three different frictional coefficients corresponding to translations parallel to the symmetry axis are needed. Correspondingly, one has
three diffusion constants. The diffusion constant, and likewise the friction
constant, have become tensors and would normally consist of nine components, which reduce to three when the principal axes are used as the
reference system. Similar considerations would apply to rotatory motions
and correspondingly to rotatory friction and diffusion constants. A nonrigid
body would add new degrees of freedom which could likewise undergo
Brownian motion. Sections or segments of the body could move subject to
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the constraints that characterize the body. This type of Brownian motion
has been referred to as internal or micro-Brownian motion. There would
again be not one but a multitude of diffusion constants describing the motions of different sections of the chain, and these would constitute the components of the internal or microdiffusion tensor. The number of such components would depend on the number of degrees of internal freedom. For
n degrees of freedom there would be n2 components and fully represented
as an (n X n) matrix. A linear flexible chain molecule would be an illustration of such a system for which the equations of Brownian motion and the
diffusion tensor will be given in a later section.
2. PERTURBATION
METHOD

IN THE HYDRODYNAMIC

FLOW

PATTERN—OSEEN'S

The presence of a polymer molecule in a flowing fluid perturbs the flow
because of the resistance offered by each monomer unit. A point in the
fluid distant from the molecule will therefore suffer a change in flow which
is the sum of the perturbations of each of the monomeric elements. Furthermore, the general effects of the perturbations are cooperative in that effects
at one monomeric element are felt at another. Even when there is no net
flow of fluid, relative motion does occur between the monomer elements
and the fluid so that frictional forces are exerted on the fluid at the point of
location of the monomeric elements. Consequently there always occurs
hydrodynamic interaction between the parts of a body suspended in a fluid.
In principle, one could solve the Navier-Stokes equation of hydrodynamics
to obtain the flow perturbations and the hydrodynamic interaction between
chain segments. The boundary conditions appropriate to this problem are
so complex, however, as to rule out such a method. There exists, however,
a method by Oseen5 by which these problems could be handled. This method
is based upon solutions of the Navier-Stokes equation possessing singularities arising from the frictional forces exerted on the solvent by the segments
of the macromolecule. It describes the velocity perturbation in the fluid
V'(p) at a point p produced by a force ¥(q) acting at a point q.
V'(P) =
T(R ) =

T(Rpg)-F(q)
< 1 + —^—— >

SmjoRpq \

R2pq

J

Tpq is the Oseen tensor, expressed here in dyadic form. Rpq is the vector
from p to q with magnitude Rpq, and 1 is the unit tensor. The monomeric
elements of a polymer molecule exert frictional forces upon the fluid depending on the relative velocity of the element, such that the force exerted
5

J. M. Burgers, 2nd Report on Viscosity and Plasticity, Amsterdam Acad. Sei.,
Chapter 3. Nordemann, Amsterdam, 1938. ,
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by the element I on the fluid is given by
F* = - f w i
wz = Vi - uz

(6)

V, = Vz° - V/
Vi is the fluid velocity at the point of location of element Z, Uz the velocity
of that element, Vz° is the unperturbed fluid velocity at I. f is a friction
constant, assumed to be the same for all of the monomeric elements of the
chain whose value depends both on the fluid and the structure of the
monomer unit. Equations (5) and (6) describe the flow perturbations
produced by a frictional force acting at a point in the fluid. Hydrodynamic
interaction is then obtained by considering the point p to be the location
of a particular monomer element and summing over all points q which are
the locations of the other elements of the chain.

v, = V - r Σ

all
q except p

(7)

TM.W,

The distances Rpq that occur in the Oseen tensor are those pertaining to a
particular internal configuration of the chain. With the use of equation (6)
and a knowledge of the monomer velocities Uz a set of linear equations is
obtained which serves to determine the forces — Έι exerted by the chain
elements on the fluid.
Fz = -r(V,° - u,) - f

Σ
Tze-Fe
·— n&

- n g Z g +n

(8)

In the summation, the macromolecule has been assumed to contain 2n + 1
monomeric elements labeled from —n to + n . Combined with the equations
describing the Brownian motion the above equations describe the behavior
of the macromolecule in solution and form the basis of the theories of viscosity and diffusion.
3. MACROMOLECULAR CHAIN SPACE—RIEMANNIAN GEOMETRY

The macromolecule is regarded as made up of 2n + 1 identical structural
elements attached to a rigid or flexible framework and numbered from — n
to + n . Each number represents a particular element of the chain. Connecting the elements are 2n bond vectors bi of magnitude b directed from
element I — 1 to I for I ^ 1 and from elements I to I + 1 for I g — 1.
Along with the restraint of fixed bond distance, there is also a restraint of
fixed bond angle. A complete description of this pearl-necklace model of
the macromolecule would involve a specification of the positions of each
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of the 2n + 1 chain elements, and would involve 6n + 3 coordinates. Because of the above mentioned constraints, the number of degrees of freedom
will be considerably less than Qn + 3. Three degrees of freedom are translational and can be given by coordinates specifying its center of mass, three
are rotational and can be associated with coordinates (Euler's angles, for
example) describing its orientation relative to an external ccordinate system, and the remainder are internal degrees of freedom associated
with coordinates specifying the configuration of the 2n + 1 units relative
to each other, and one might say describing the "shape" of the macromolecule. A rigid macromolecule, with no internal degrees of freedom, would
be completely described by the three translational and rotational coordinates. A flexible molecule can have its additional internal degrees of freedom
specified by the angles between the planes formed by successive pairs of
bonds of the skeletal chain. These will amount to 2n — 2 bond angles.
Actually there are also vibrational degrees of freedom, but the small amplitude of these motions are such as to be negligible in considering the hydrodynamic behavior of the molecule and are consequently ignored.
This total of 2n + 4 coordinates can be said to form a space of In + 4
dimensions, such that a one-to-one correspondence exists between a point
in this space given by the generalized coordinates (q1, q2, · · · g2n+4) and the
configuration, external and internal, of the macromolecule. This space will
be referred to as the molecular configuration space or m-space. It represents
a subspace of the 6n + 3 dimensional e-space, onto which the 2n + 1 chain
elements are projected because of the restraints of constant bond angle and
constant bond distances. Vector quantities in the 6n + 3 space formed by
summation over the 2n + 1 spaces of the individual chain elements can be
transcribed to m-space by a similar projection. The vector R in e-space
describing the configuration of the chain is given by
R = Σ

R*

(9)

l—— n

where R* is the position of element I of the chain in its three-dimensional
subspace of the e-space. It should be noticed that both the (6n + 3) e-space
and the (2n + 4) m-space are analogous to the configurational phase space
of statistical mechanics, with the sole difference arising from the large
number of constraints which leads to the m-space. A set of covariant vectors
to span m-space may be obtained by the usual methods of Riemannian
geometry.6

a* = Σ ^
6

1 . S. Sokolnikoff, "Tensor Analysis." Wiley, New York, 1951.

(10)
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The a« are a set of basic vectors, similar to the common unit vectors of
vector analysis, except that their magnitude need not be unity and the
members of the set need not be orthogonal to each other. The covariancy
of the basic vectors, and the contravariancy of the coordinates represented
by subscripts and superscripts, respectively, represent the rules of transformation necessary to transform these quantities from one coordinate
system to another. The properties of a space are defined by its metric tensor
gaß which for m-space is
9<*ß

a."
9"ß

£A dRl dRl
i = » dq" dq»

=Σ Λ
_ 19U.

9 =

'

9

(ID

Σ Λτ = « ;
a =

Sy" = 1

= 0

a 9^ 7

where several transformations from covariant to contravariant quantities
are shown. | g \aß is the cofactor of gap and a a is the contravariant vector
reciprocal to a a . The "volume" element in m-space is given by \/g dq1- · ·
dq2n+*. Vectors in the 6n + 3 dimensional e-space are formed from the usual
three-dimensional vectors by addition in the same way as the vector R was
formed. Thus if Vi is a vector at the point of location of element Z, then

V= Σν'
I

(12)

n

where the superscript I has no contravariant significance, but denotes the
subspace I of the 6^ + 3 dimensional space.
Using the above considerations the hydrodynamic equations given earlier
can likewise be generalized to e-space.
V = Vo -

T-F

-t-n

T = . .Σ£ . T"

(13)

s, Z=— n

rpl8

_

1

87T77oR^ L

*ls

_j_ R t s R z s

R]s J

V, F, and V0 are 6n + 3 dimensional vectors formed from the fluid velocity
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Vi, the force F*, and the initial fluid velocity V0z, respectively, located at
element I of the chain.
It is frequently necessary to obtain contravariant or covariant components of an e-space vector, or to transform from the components of an
ra-space vector to the common three-space vector. For this purpose we include here a set of transformations indicating the manner in which such
quantities are obtained.
V* = V - a a = Σ ί Λ ν - α ^ )

(14a)

Va = Σ ΰαβΫ

(146)

ß

ß

Σ Qaß9ßy = δ7α = 1
ß
= 0

a = y

(14c)

a 9* 7

V« = V-a„ = Σ Vr Ψ*

z—n
dqa
If u is a vector having no components outside of m-space, then

U= Iu

!

(14d)

dRl

= ^ Ua2ia = Σ Σ U*

l=—n

a

Ä4 adRl
iA dq«

2

Z=»— n

a

ÖQ*

(14e)

4. ROTATORY DIFFUSION TORQUES

Referring back to equation (4) where X/f is the velocity caused by the
action of the external force (or forces), we find that this equation can be
interpreted such that the total current density is made up of two parts.
One is that resulting from the external forces, and the other one from
diffusional motion. In the same way the velocity can be so divided. If the
first term of equation (4), —DVf, is regarded as similar to the second
term, Xf/ξ, one can think of the Brownian motion as exerting an additional
force of magnitude — ktV In /, 7 leading to a velocity contribution. The
total velocity of the particle should therefore include such a term. In
its most general form — ktV In / is a torque and can be regarded as the
torque associated with rotatory diffusional motion.
These considerations have been advanced by Kirkwood8 who pointed
out that previous theories of viscosity had not adequately taken into account the influence of Brownian motion. In the absence of external forces
7
8

G. K. Fraenkel, J. Chem. Phys. 20, 642 (1952).
J. G. Kirkwood, Rec. trav. Mm. 68, 649, (1949); / . Polymer Sei. 12, 1 (1954).
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and with neglect of inertial terms, the hydrodynamic torques should be
equated not to zero but to the rotatory diffusional torques. Similar considerations have also been proposed by Frankel 7 and Saito. 9 The latter
suggests that for the generalized particle velocity u the expression
u = uo - Z > V l n / + -

(15)

where Uo is the particle velocity (angular velocity) resulting from the fluid
flow and calculated in the absence of Brownian motion.
The effect of the inclusion of such irregular motions is to introduce relaxation effects; it imparts a dispersion in the viscosity as well as a rigidity.
Experimentally, such rigid behavior of dilute high polymer solutions has
been found.10
II. The Generalized Diffusion Equation
1. T H E GENERALIZED DIFFUSION EQUATION IN CHAIN SPACE

Utilizing the methods of tensor analysis the equation of Brownian motion
(4) can be generalized to m-space by interpreting the operations of divergence (V.) and gradient (V) appropriate to a generalized Riemmanian space.
Furthermore the friction constant f, or better still the mobility (1/f), would
likewise be generalized to an m-space tensor. I t is more instructive, however, to proceed in the manner of Kirkwood.8 Since a generalized force term
arises from the Brownian motion, the condition whereby, if inertial terms
are neglected, the sum of the generalized forces is equal to zero is given by

(r-+x--w)f-kT^-°

(16)

/ i s the probability density such that/(g, t) dql- · -dq2n+A dt is the probability
that at time between t and t + dt the macromolecule will have a configuration g1, q2, · · · , q2n+i in an interval dq1 · · · dq2n+i. Fa and Xa are covariant
components in m-space of the hydrodynamic force and external force,
respectively. Vo is the potential of mean internal hindering torques including, for example, Van der Waals interaction between nonneighboring chain
elements which prevent overlapping configurations. Covariant components
are used since the equation must balance as to its covariant or contravariant
dimensions, in the same way as ordinary dimensions of any equation must
be the same. In terms of the frictional force, one can define a friction tensor
of m-space faß such that
9

N. Saito, J. Phys. Soc. Japan 6, 297, 302 (1951).
W. P. Mason, W. O. Baker, H. J. McSkimin, and J. H. Heiss, Phys. Rev. 73,
1074 (1948).
10
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ß

2* = Σ

(17)

U

' = Σ ««^

where ga is the ath component of the motion of the chain elements in m-space.
Consequently the generalized vector u has no components outside of
m-space. The contravariant component of the current density f can therefore be written a s / = fqß, which satisfies the equation of continuity

1

Σ*_ΜΟ +

! =ο

(18)

in which the first term is simply the divergence operator generalized to
Riemannian space. Combining equations (16), (17), and (18), using the
methods of tensor analysis, one obtains the partial differential equation of
diffusion appropriate to a Riemannian space.

y2f lav?(
a ß=i
h. s/g
Vg d(dq»
f \\

a0

af_ D^dVo \

ddq<* kT
dq<*)J)
<f kT d<t

df
dt
(19)
on

■\<*ß

παρ

\

+ Σ ärf-^/)
σ=2η+δ Κ>±

/

Dffß and fασ are elements of the diffusion and friction tensors between chain
space and its orthogonal complementary space. Because of the coupling
resulting from hydrodynamic interaction, these, unlike gaa and gaa , need
not vanish. The last term of the above equation which contains these quantities represents the effect of hydrodynamic interaction between chain space
and its orthogonal complementary space. Daß is a contravariant component
of the generalized m-space diffusion tensor and va° is a covariant flow
velocity component.
This is to be supplemented by the boundary condition that / be singlevalued in the internal coordinates qa, specifying the internal and external
orientation of the macromolecule. In general, the three coordinates specifying the center of mass may be omitted, since / may be considered independent of them. Where the motion of the center of mass is of importance,
as in sedimentation and diffusion, these three coordinates must be included.
Average values of functions <t>(q) of the chain coordinates are given by

ψ = f ... f vfa(i)/(«, 0 dql ■■■ dq2n+i

(20)
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2. T H E ROTATORY DIFFUSION TENSOR

The components Daß of the rotatory diffusion tensor can be evaluated in
terms of the properties of the space given by the metrical coefficients gaß ,
and the effects of hydrodynamic interaction. From equations (5), (6), and
(17), appropriate to m-space, the identity
Σ (Voß - if) (fa,. - fr- - Σ ttßTJ}

= 0

(21)

is readily obtained, for which the quantity in parentheses must be zero.
From this quantity, utilizing the methods of tensor analysis the contravariant components of the mobility tensor (f -1 )"^ and consequently those
of the diffusion tensor are obtained.

Daß = kT(rTß = kT l·— + τΑ

Σ />-1\«0..
I f ) Sßy
ß

_

«α _

0

— Oy — 1

( 22 )

a^y
α

=γ

It is interesting that the expression for the diffusion tensor is made up of
two parts, the first of which is essentially spatial and the other containing
the hydrodynamic interaction components. The spatial part contains in gaß
the properties of the space formed from the coordinates necessary to specify
the configuration of the macromolecule. The influence of the fluid and that
of the structure of the chain element does appear in this spatial part, but in
a very simple and direct manner. The above equation for Daß is also marked
by its generality and represents a complete prescription for the computation of the components of the diffusion tensor. Expressions for the diffusion
constant by methods other than that mentioned above have been obtained
by Fuoss and Kirkwood,11 who obtained the first term kTgaß/t;, and by Riseman and Kirkwood,12 who took hydrodynamic interaction into account.
Kirkwood and Auer13 have used the above method to obtain rotatory diffusion constants for a rigid rod-shaped macromolecule, the results of which
will be discussed in the following section.
3. APPLICATIONS OF THE THEORY

a. The Mean Translational Diffusion Constant of a Rodlike Molecule
The determination of the diffusion constant in this case is quite easy,
especially in comparison with the other methods that have been used. 12 · 14
11

R. M. Fuoss and J. G. Kirkwood, / . Chem. Phys. 9, 329 (1941).
J. Riseman and J. G. Kirkwood, J. Chem. Phys. 17, 442 (1949).
13
J. G. Kirkwood and P . L. Auer, / . Chem. Phys. 19, 281 (1951).

12
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The coordinates ql, q2, and qz locate the center of mass of the molecule
relative to an external rectangular coordinate sj^stem, and the quantities
dRl/dqa are the unit vectors ex, ey, e z . Consequently gaß is given by
gaß =

2ηδαβ

α
9η ϊ -

^ st
baß

(23)
«, ß = 1, 2, 3

~Yn

The first term of the diffusion constant is therefore given by kt/2n£5aß .
The second term is the aß component of the Oseen tensor and is given by

T* = a a Ta* = Σ Τϊζ
1,8

T ap
Is

1

—

\^ naV fßV
9 9
OTTTJoKis σ,ν

dRj dRs

\Jüf~dq:;

Σ

i

(»-g'X»-fy

(24)

Mis

να
9 <*>»

which upon substituting the above-mentioned values becomes
_

T

δπτ/ι

Z? s is the component of the distance between element I and s along the
rectangular axis a of the coordinate system to which the center of mass is
referred. The mean translation diffusional constant is equal to
3^(D n + D22 + Z)33) (the trace of the matrix Daß), averaged over the internal coordinates, so that
D

kT

I 2nf

+

6τηο(2η)2 £η

For the rigid rod Ru = b\l — s\ and (1/Ru)

D = kT Γ— 4-

*

\RJ\

= 1/(6 | Z — s |) so that

T —1—Ί

2nf ^ 6wVo(2n)2b i~n\l

kT

D = ^
λ =

(26)

[1 + 2X(log z - 1)]

-

z

s\\

2n

(27)

67Γ?7ο&

identical to that previously obtained by a less rigorous method.14 The spatial
14

J. Riseman and J. G. Kirkwood, J. Chem. Phys. 18, 512 (1950).
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term gives the result associated with 2n noninteracting elements, whereas
the logarithmic term characteristic of rigid particles arises from the hydrodynamic interactions between the particles of the chain.
Equation (26) is also used for the randomly coiled macromolecule since
the metrical coefficients are still given by equation (23). The term (l/Ru)
is evaluated using a Gaussian distribution so that
kT
"

"

'(i+!x,»)

*

·

-

'

(28)

λ =

° νέϊο

which is a result previously obtained12 using a less rigorous method and involving the solution of an integral equation.
b. The Rotatory Diffusion Tensor for a Rodlike Macromolecule11
Two angles Θ and φ suffice to describe the orientation of this body. These
are the usual coordinates of a spherical coordinate system for which the
third coordinate is r and the metrical coefficients gn = l(rr), 022 = r2 (ΘΘ),
and 033 = r2 sin20 (φφ). All the others are zero, so that the contravariant
components are just the reciprocals. The term r in the m-space becomes
Ri so that in this space the metrical coefficients are
g11 =

i7ii = l
+ n
τ2 Ϋ ^

022 = 0

72

22

2-J I

9

l
1

X

=

+T"

ί>2 Σ t
(29)

l—n

72

· 2

Λ

+n
\^

72

033 = o sin Θ 2L, I
l n

~

9

33

=

1
±

+^

b2 sin2 θ Σ I2

With these the components of the diffusion tensor become

D" = f 2 (l
T\<P<P

__

+ T)

kT (1 + 7)

f σ62

g

sin 2 Θ

f =

n(n + l)(2n + 1)

I

2λ0
σ *<i | I — s |

87Π70&

(30)
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DeB and Όφφ are the components of the rotatory diffusion tensor associated
with the spherical coordinates Θ and φ. Comparing these with results previously obtained12 it is found that the asymptotic forms for long macromolecules differ by a factor %. The above theory gives
3kT log L/b
where L is the length of the rod. The corresponding expression for the diffusion constant of a cylinder about a transverse axis is given by5
3kT log (L/b - 0.80)
πηοΖ/3
where b is the semiminor axis. Agreement between these results is remarkably close considering the difference in the two models.
4. SOLUTION OF THE GENERALIZED DIFFUSION EQUATION BY THE METHODS
OF PERTURBATION THEORY

In a two-dimensional space, appropriate to describe the orientation of a
rigid rod, a solution of the diffusion equation as a power series in the ratio
of the velocity gradient and the diffusion constant has been obtained by
Peterlin and Stuart. 15 Neglecting translational motion the solution of the
generalized diffusion equation (19) is that for 2n + 1 dimensions. In the
canonical ensemble corresponding to the system in thermodynamic equlibrium the distribution function f(q, t) describing the statistical mechanical
behavior of the system reduces to

1
β

(3D

= Έτ

with A0 the configurational free energy of the molecule and Wo the potential
of average force associated with its internal degrees of freedom. Systems not
in thermodynamic equilibrium are described by the probability density
f(q, t) which is determined by solution of the generalized diffusion equation (19).
Such solutions can be obtained by the methods of perturbation theory.
Equation (19) can be rewritten as follows:
15

A. Peterlin and H. A. Stuart, Z. Physik 112, 1 (1939).
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t)

at

«.» Vg W \
J _ y J _ dVg (Daß dWo\
2kT7#y/g

dq» \

dq°)

*«"/
1 y
(2kT)*tt

(32)
D«ß

9W0 dWa
df

W

«(,,«) - -«—-'- 5 ^ [ ( £ * . + Λ . · ) Α , " ]
It is obtained from equation (19) by the above substitution for/(g, t). The
differential operator L is self-adjoint, and therefore satisfies an eigenvalue
equation.
Lyh + λ^λ = 0

(33)

with eigenvalues — λ and a complete orthonormal set of eigenfunctions
\p\ , subject to the conditions of single-valueness and integrability in
m-space. The operator Q(q, t) essentially represents the conditions that
remove a system from the state of thermodynamic equilibrium. The extent
of the deviation is therefore dependent on the effect of the operator.
Q(q, t) is assumed capable of expansion in powers of a parameter γ where y
is related to the effect tending to remove or keep the system from the state
of thermodynamic equilibrium. When y vanishes the system is in, or reverts to, a state of thermodynamic equilibrium. The parameter y may be
the strength of an externally applied field or the rate of shear strain of the
velocity field v° in the solvent.
Q = TQ ( 1 ) + 72Q(2) + · · ·

(34)

Similarly, the distribution function p(q, t) will also depend on the parameter
7. It is also assumed capable of being expanded in powers of 7.
P(q,

t) = /[A"-W"]I2

+ £ P(V

(35)

Deviations from equilibrium are described by the term p ( s ) which results
from the perturbation Q. Substituting these equations into the second of
equations (32) and equating coefficients of 7* results in the following set of
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inhomogeneous equations for the functions p (4> :
ot

T

(«)

(36)

n(i)

σρ

( e _i)

n(2)

( s -2)

,

The functions p(s) can be expanded in terms of the eigenfunctions yp\(q),
with coefficients which are functions of t. These are expanded in fourier
integral form to give the following results for the first-order expansion

p%, t) = f 0 % , <o)e<ut do
J—ao

λ

λ +

Βί^ο,) = l £ ( Q < V
(Qif0l'\

1ω

x,2

(37)

)xe-'"'di

= / · · · / V^x*(?)Q ( 1 ) /° 1 , ! Π dq°

Average values of functions <f>(q, t) are likewise obtainable in power series
form so that

(38)

*(1) = / ' * 7 VW^-^V"^ 0 Π dq°
with ψ0 corresponding to thermodynamic equilibrium.
The eigenvalue equation (33) will be recognized to be similar to the
Schrodinger equation of quantum mechanics. The same methods as used
there may be applied here to obtain the eigenfunctions and eigenvalues of
the operator L. The relaxation time spectra are given by the reciprocals of
the λ-spectrum, which are themselves determined by the diffusion tensor
Daß. Knowledge of these requires detailed information as to the molecular
structure of the macromolecule.
III. Viscoelastic Behavior

A macromolecule suspended in a fluid undergoing stationary flow undergoes rotation as a result of the component of flow perpendicular to the
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particle, with a resulting tendency toward orientation along the lines of
fluid flow. Contribution to the energy dissipation, and therefore viscosity,
arises from the fluid velocity relative to the macromolecule. Brownian
motion of the particle, however, introduces another particle motion away
from orientation, thus another source of energy dissipation, and consequently another contribution to the viscosity. This latter contribution
would be dependent on the velocity gradient and give rise to non-Newtonian
effects. However, a term linear in the velocity gradient and therefore Newtonian also appears because the effect of the Brownian motion has also
given rise to a new set of boundary conditions at the surface of the particle.
Therefore the disturbance of the original field of flow resulting from suspending a macromolecule will differ depending on whether or not the
Brownian movement of the macromolecule has been taken into account.
Neglecting inertial effects, the hydrodynamical torques acting on a particle
are set equal to the rotatory diffusional torques in order to take proper
account of Brownian motion.
In a nonstationary field of flow, the term involving the gradient of the
distribution function, responsible for the diffusional motions, contains a
term -—■—— . It therefore exhibits a lag in phase relative to the rate of
λ + ζω

shear, imparting a rigidity to the solution. This has been observed by
Mason et al.10 in the propagation of shear waves through solutions of macromolecules.
The intrinsic viscosity is related to the hydrodynamic forces — Fi which
the chain elements exert on the fluid [equation (16)]
U
m

N
&
100MVo

( ? = 4 Σ
i*

Vi

Z—

(Fre x )(R 0 z-e y )

(39)

n

=*(Rr*)e,
e = e0 eiu% t

M is the molecular weight of the macromolecule and N is Avogadro's number. The above formula is based on a method developed by Burgers,6 in
which the reduction in velocity gradient because of macromolecules contained between two planes is calculated, at constant shearing stress. The
function G, it should be noted, is simply related to an energy dissipation
function such that

Φ-.*σ- - 1 £ (F^v?)
i

I—n
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A simple method of derivation of equation (39) can be obtained by considering the additional energy dissipation due to the presence of n macromolecules per unit volume in the solution. This additional dissipation can
be described as though a "new" medium with viscosity η had replaced the
original which had viscosity 770. The energy dissipation due to the presence
of macromolecules can thus be written as (r? — 770)e2. On the other hand, the
presence of macromolecules has essentially introduced a system of frictional
forces which act on the solvent and are localized at the point of location of
the monomeric elements which make up the chain. These forces, described
by — Fz, result in an energy dissipation given by — ( F r Vz°). For the entire
macromolecule the energy dissipation becomes the summed average over
all configurations of the macromolecule, — ]T)Fz-Vz°. Since each macromolecule contributes a similar term, the energy dissipation due to n molecules per unit volume is n times the above expression. Equating to (77 — 77o)e2
and using the definition of intrinsic viscosity we obtain equation (39).
From what has been said above, the function G and therefore the [77] are
complex with

W = W] - ibiV
G = G' - iG"

W) =
W'] =
[μ] =

NjG'
IOOM770

(40)

NtG"
IOOMTJO
lim - =
c-0 C

coTjoh"]

The real part [77 ] is the intrinsic viscosity and the imaginary part determines
the intrinsic rigidity [μ]. G is determined by considering equation (8) for the
hydrodynamic force
Fz = -f(Vi° - Uz) - f Σ

Tz s -F,

(8)

where the velocities Ui are to be determined. These were obtained by Kirkwood and Riseman16 by equating the hydrodynamic force to zero. The more
exact method, as discussed above, is to equate these torques to those arising
from Brownian motion. This is done by using equation (16), setting the
external forces Xa and the internal torques — dW0/dqa to zero. One obtains

u° = «Λ· - Σ D"ß ^ S K

(41)
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where the defining equation Fa = Σ/s f aß(Voß — uß) was used. Transforming back to the common three-dimensional space of all elements, the
above equation can be written
ui = Σβί ***«
a
dqa

_

Σ|)**£|/**!
TTß
dqß
dqa

(42)

with Re? the position vector of element I relative to the center of mass of
the macromolecule. Equation (18) for the hydrodynamic forces then appears as
Fl+f

+n

Σ TVF.

- -» { «·<*·«·*·>- I . § *- * £ <*.·*> («.· $=)} (43)
_ _

y ^
£ß
f

d l o g / dRoi
dqß dqa

where the defining equation for Vi° = e(R0i'ey)ex as well as equation (42)
were used. Terms of the type dR0i/dqa are used to transform from m-space
to the common space of all elements. The pertinent features of this equaion as compared to that used by Kirkwood and Riseman16 are in the righthand side of the equation, the inhomogeneous part. The first term differs
from theirs by a term 3^, but the two other terms in this equation are new.
That containing the distribution function, in particular, will contribute a
frequency-dependent term to the intrinsic viscosity and also a term leading
to solution rigidity.
1. APPLICATION TO RODLIKE MACROMOLECULES4

The molecule is considered to be made of 2n + 1 hydrodynamically
effective groups, each with friction constant f separated by the distance b
and whose entire length is L. Two coordinates, a polar angle Θ and an
azimuthal angle φ specifying the orientation of the rod relative to an external system of coordinates, are sufficient to describe the internal coordinates. The equation of diffusion becomes
sin θ dd \ S m

dB/

ft _ 6τ 9f

sin2 θ θφ2

"' dt

6r€ ( - | sin2 Θ sin 2φ/ + \ sin 20 sin 2φ %^
\
2
4
du
1
6ΌΘΘ
16

— sin φ ~- 1

J. G. Kirkwood and J. Riseman, J. Chem. Phys. 16, 565 (1948).

(44)
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where Όθθ and Όφφ are given in equation (30). By expanding in powers of
the amplitude of the shear rate (39) the distribution function

M M ) = ^ + ^ΜΘ>Φ) +

0

^

e(t) = w " '

(45)
sin2 0 sin 2φ

/ι(0, Φ) = I , Λ

is obtained.
Averages are computed using the zero-order distribution function since
only Newtonian terms are desired. The use of the first-order term would
introduce a second rate-of-strain term to the quantity (Fre x )(R 0 re 1 / )
which is already linear in the rate of strain. The first-order term /i(g, t) is
necessary to obtain an accurate expression for the segmental motion caused
by the diffusional torques. The expression for the forces F z corresponding to
equation (43) and which are the fundamental equations of viscosity theory
are
Fz + λο 2L/ ~n
s»_n

=

_

m

r-'F*

\l — S\

*l
f sin2 0 sin 2φ ^

^

+

abg/

ΘΘ

^

+

^

^

Ω

6 log /
ΘΦ

(46)
Ä

87Γ7?0?>

e«, βφ , e r are the usual unit vectors associated with a spherical coordinate
system, with e r being measured along the axis of the rod. This equation
can be used without the approximation
<(e y -Rr) (ex-Tl8-F8))Av

= <(ey-RiO

(ex-(Tls)Av'F8))Av

14

made in a previous paper by working with the 3 components of F* along
r, 0, and φ. Three equations are consequently obtained, each of which can
be cast into the form
Φι = I - λο Σ
5

ΤΓ^-Γ
n \i — S\

- η^Ι^

+ n

(47)

which for large n's are asymptotically approximated by the integral equation of Kirkwood and Riseman,16 and solved using their method. Mention
should be made, at this point, of a recent correspondence to us by B. Zimm
calling attention to the incompleteness of the solution of a differential
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equation upon which the solution of this integral equation and also that
pertaining to flexible molecules was based.17 Correcting for this makes an
analytical solution of the integral equation impractical, and numerical
solution of the integral equation becomes necessary. It is anticipated that
the major effect of this will be to change the numerical constant, possibly
helping to improve agreement with experiment. The results for the translational diffusion constants of the flexible molecule and rigid rod remain exact
and require no correction. For large degrees of polymerization corresponding to large axial ratios the analytical solutions obtained for rigid rodlike
molecules13,14 become asymptotically correct.
Kirkwood and Auer obtain the following results

M

mmfoTTiÄiF0*'L)

=

1

FM-ίΣ
ir ί=ί fc
2

Ci(x) = f

2

l

(48)

1 - 2λ Ci(2Tkb/L)

cos u
du
u

Asymptotically these become for large degrees of polymerization
rl =
m

τΝΙ%

(\ +
3
\
9000Mo log (L/b) \
1 + coV/
ίμ]

- iöööF \ΓΓ^?)

(49)

TTTJoL

lSkT log (L/b)
For stationary flow, the rigidity vanishes and the term in the parentheses
becomes 4. This value differs from that obtained when Brownian motion
is neglected14 by a factor of % 5 , and agrees well with the asymptotic form
of Simha's equation2 for the prolate ellipsoid with very large semimajor
axis.
As the frequency of the rate of shear increases from zero to very large
values, the intrinsic viscosity decreases a fourfold amount from [η]0 to
h k . The intrinsic rigidity increases from zero to a value 6RT/1000M. It
is pertinent to comment that the influence of the Brownian motion on the
17

J. G. Kirkwood and J. Riseman, / . Chem. Phys. to be published.
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intrinsic viscosity is of the same order of magnitude as the first term of
equation (49), which was usually the only term given.
Although satisfactory theoretical interpretations of the non-Newtonian
viscosity of solutions of macromolecules have been obtained, the numerical
computation of the results of these theories involves considerable labor.
Such a computation has been made by Scheraga17a in the case of ellipsoidal
particles using a computing machine. Saito's9 theory which makes use of
the hydrodynamic treatments of Jeffery m and the distribution function
of Peterlin17c was used. The intrinsic viscosity is defined by
7?J = lim
c-o

—- = —- — v
voC
100 M

where Ve is an equivalent hydrodynamic volume, M is the molecular
weight, and N is Avagodro's number. Extensive data has been obtained
relating the shape factor v to the axial ratio and the ratio of velocity gradient
G to rotatory diffusion constant.
2. T H E LINEAR FLEXIBLE MOLECULE 8

Explicit formulation of the intrinsic viscosity and rigidity of the flexible
molecule has not, as yet, been obtained. In this instance, detailed information as to the geometry of the molecule is necessary. The general form, and
the nature of the terms contributing to both the intrinsic viscosity and the
rigidity can be set down. To obtain results involving only Newtonian terms
averages are again calculated using the equilibrium distribution function.
The Brownian motion effects are obtained from the first order distribution
function retaining only terms linear in the rate of strain.
Referring back to equation (43), the inhomogeneous part of the equation
defining the forces is seen to be made up of two parts, the diffusional motion
of the element and the hydrodynamic terms. At infinite frequencies the
diffusional part will vanish since the particle will be unable to follow at all
the rate of shear strain of the fluid. The gradient of the distribution function
becomes zero. Equation (43) can therefore be considered solvable in two
equations, that for infinite frequency, and that for the case where the hydrodynamic velocity contributions are zero. In the latter case the inhomogeneous part becomes

- * [·■<*·'·*> " £n Σ if*d-^ (*-aJ (e.·^)]
170
H. A. Scheraga, unpublished work brought to the authors' attention by F. R.
Eirich.
17&
G. B. Jeffery, Proc. Roy. Soc. A102, 161 (1922).
"« A. Peterlin, Z. Physik 111, 232 (1938).
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and in the former
* tß

dg*

dq«

Using the transformations of Kirkwood and Riseman16 the following results are obtained

W = W. + W- = 36ö4w

[*+Σ^]

2 2

~ 3600r?0M„2 ~

M

(50)

1 + «V

The sum is taken over all relaxation times which correspond to the reciprocals of the eigenvalues of the operator L [equation (32)]. H0 pertaining
to the intrinsic viscosity for infinite frequencies is obtained by the use of
the hydrodynamic part of the inhomogeneous equation (43).
i

+n

Ho = - Z^i Φιι
Φιι = Tr(<t>u>)
σ +η
φΐΊ = hi>i — —t/22 22 Τι8:φι>,

σ
T*s =

(M\

\üj

1/2

/ \ 1/2

(-J

n

(5i)

r
(12τ») ^ ο

βτη/οΤζβ

n e ± r n Zß

L

\d<F / J \

<V /

φιι represents the results of averaging with the equilibrium distribution
function. Compared t o t h e previous work of Kirkwood and Riseman 16 the
inhomogeneous part of t h e integral equation contains new terms because
of t h e more accurate determination of the particle velocity obtained by
balancing the hydrodynamic torques with those of diffusion. Solution of the
approximating integral equation is obtained from the above sum by assuming t h a t t h e average of (ΤΪ8:φι>8) is approximated by (ΤΪ8'·Φι>*). T h e
relaxation function determining [η]ω and [μ] is obtained from t h e gradient
of t h e distribution function term in wThich case the first-order distribution
function is used. T h e perturbation function
n<i>

1

v —

d

^S. [η*η>

* ϊ (*

dRol

\

f°1/21
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and the distribution

f(q, 0 = f(q, t) + */<»(?, t).
The zero-order average of the diffusion gradient term is equal to the firstorder average of

in which the force equation has already been transformed similarly to that
for [77b . Consequently the transformed force equation for the determination
of
(RoreyXFre,)
becomes

+n
7£

'52'

β=—η

and the term H\{r) determining the relaxation function

κΐ» = ίη Σ
WM)*
ι—
η

Κ?> = -

+ η

Σ

(XiV)x

(53)

The terms (Ä"iV)x and (K(u)\ arise in the first-order average of the inhomogeneous term of equation (53) and are the expansion coefficients in the
eigenfunctions ψ\ of the corresponding functions. Κ(ϊϊ arises, as can be seen,
from the perturbation function and its expansion coefficient during the
averaging of the inhomogeneous term. Since the first-order average of a
quantity will contain their expansion coefficients the approximation of
Kirkwood and Riseman16 in forming the integral equation from the sum
becomes
(Τι8:Κι»8)\

=

(Tis)\*(Ki>s)\

where the asterisk signifies the complex conjugate.
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Numerical calculations utilizing the above theory have not as yet been
made. Such calculations would probably require severe simplifying approximations.
It will be noticed that i/o contains terms involving the internal rotatory
motions of the chain. These are motions brought about by the flow of fluid
through the chain, and represent allowed internal motions induced by the
velocity field of the fluid. Thus these motions represent a tendency of the
parts of the macromolecule, and therefore the macromolecule as a whole, to
adjust to the environmental velocity field. In so doing the resistance which
they offer to the flow of the fluid is reduced. Correspondingly, [77]«, would
be considerably reduced. Previous theory probably resembled the situation
encountered in Kuhn's model experiments,18 in which a randomly shaped
but rigid wire model of a macromolecule was used. The rigidity of this model
prevented adjustment of the motion of the "segments" to the local velocity
field, so that its viscosity results would be higher than those for a less
"obstructing" model, which would be closer to the situation encountered
with a flexible molecule.
There have been several other theories, recently proposed, to explain the
viscoelastic behavior of dilute solutions of the flexible molecule. Bueche19
has considered the flexible molecule as subdivided into segments joined to
each other by "molecular springs." Treating these like a set of discrete
particles on a string results in a frequency spectrum characteristic of the
latter problem. The damping of the various modes is then associated with
the relaxation time distribution. There is no relation between relaxation
effects and Brownian motion. Justification for the replacement of the
rotatory motion by the oscillatory motion proceeds through the definition
of the "molecular spring" constant. Cerf20 replaces the flexible molecule by
an elastic sphere with an internal viscosity and shear elasticity coefficient.
Using the results of Taylor21 on the viscosity of a nonrigid sphere, and
replacing the internal viscosity of that sphere by a complex viscosity,
viscoelastic behavior is obtained. Rouse,22 also using a normal modes
analysis, obtains a result such that in the limit of very high frequency the
viscosity is that of the solvent.
The motions of the chain elements in the theories of Bueche and Rouse
arise from different effects. In the former one has hydrodynamical forces
acting on a set of coupled particles on a string. In the latter a diffusional
motion is introduced with the ends of submolecules coupled to nearest
neighbors. The over-all effect in both cases is to introduce what is essen" H. Kuhn and W. Kuhn, J. Polymer Set. 5, 519 (1950).
F. Bueche, / . Chem. Phys. 22, 603 (1954).
2
° R. Cerf, J. Chem. Phys. 20, 395 (1952).
21
G. I. Taylor, Proc. Roy. Soc. (London) A146, 501 (1934).
22
P. E. Rouse, J. Chem. Phys. 21, 1272 (1953).
19
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tially a nearest neighbor effect. This similarity shows up by considering the
two equations of motion. In matrix form, both theories demonstrate the
same matrix which characterizes the motion. Consequently, since the
relaxation time distribution is derived from the eigenvalues of this matrix,
both theories have relaxation times which differ only by a constant. The
characteristic frequencies of Bueche, ωρ can thus be given in terms of the
eigenvalues λρ of the above mentioned matrix
2 _

C0p

—

a

—

m

Λρ

λρ is given by Rouse as 4 sin2 ρπ/2(Ν + 1) which by a trigonometrical
transformation is equal to 2 (1 — cos pw/N + 1 ) , identical to the result of
Bueche except for the N + 1 replacing N in the denominator of the cosine
term. In terms of the loaded string this amounts to defining the string length
as N or N + 1. The terms a and m are the spring constant and mass of the
chain element, respectively. The relaxation times rp of Rouse are given by
a^BkTXp)-1
and those of Bueche by //rao>p2 = f(a\p)-\
with / ~ 1/B.
Thus the relaxation times differ by a2/6kT replacing 1/a, which are dimensionally similar and are constants, σ is the submolecule length. In both
theories the influence of the suspended particle on the motion of the fluid is
neglected. Rouse obtains the motions of the elements of chains by considering the generalized gradient of the chemical potential of the macromolecule. In terms of this quantity and the unperturbed fluid velocity the
rate of input of free energy is obtained, which leads to the complex viscosity.
Bueche uses a model of a set of particles coupled by springs, moving in a
viscous medium and acted upon by external forces to derive the segmental
motions. A frictional dissipation function calculated in terms of the frictional forces and fluid velocity is then used to compute a complex viscosity.
IV. Other Applications of the General Theory
1. DIELECTRIC LOSS AND DISPERSION 8

Macromolecules containing polar monomeric elements are known to
exhibit anomalous dispersion and dielectric loss at frequencies many decades lower than do simple polar molecules.23 Analysis24 of their loss curves
requires a broad distribution in relaxation times, which is qualitatively
explained in terms of the many internal rotatory degrees of freedom. The
variety of configurations associated with the internal Brownian motions
results in a varying dipole movement and a set of relaxation times corresponding to the different possible types of internal diffusional motion.
Under the combined effects of an alternating electric field and Brownian
23
24

R. M. Fuoss, / . Am. Chem. Soc. 61, 2334 (1939).
R. M. Fuoss and J. G. Kirkwood, / . Am. Chem. Soc. 63, 385 (1941).
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motion the macromolecule assumes a statistical distribution and a corresponding resultant dielectric polarization. A phase lag between this resultant polarization and the applied fields results in a displacement current
component in phase with the field and a resulting loss of energy from the
field. The central problem then is the calculation of the total dipole movement of the macromolecule in the direction of the applied field. This
problem has been treated by Fuoss and Kirkwood,11 whose results are
shown to be a consequence of the general theory of irreversible processes.
A dilute mixture of C\ solvent and C% polar macromolecules will have,
under the assumption of additivity, a dielectric constant
6

"" l = l[CW
X 1 + C2K(az2 + p)] ~
4ττ
' '
' '" E

(54)

where d and C2 are number concentrations, ai and a2 optical polarizabilities, E'/E the ratio of the local to applied field, and p the average electric
moment per unit field, of the macromolecule as a result of dipole orientation. The external field will be approximated by the Lorentz field (e + 2)/3E
for nonpolar solvents and by the simple Onsager field Se/(2e + 2) E in the
case of polar solvents.25 The complex dielectric constant increment, Δ, per
molecule is defined by
dE
Λ = Lim
τ·
A
—
c-o dc
.■

.

,

.
)

e = e — le
A = Δ' - iA"
For an externally applied field in the ex direction, E = exEQetut and ignoring
the optical contribution as well as that resulting from the polarizability of
the displaced solvent, the dielectric constant increment is related to the
average component of the macromolecule dipole moment in the direction
of the applied field.
Δ = σ{ί)μχ1)
^

= μν

i = 1,2

Εο'β^ + 0{E'o2)

v = Σ vl
l n

~

2
~Σ * )

-*C4- )

σ\ = 4τ (
σ
28

t0

2 = o **T Λ
2e02 + 1

(56)
Lorentz field
Onsager field

H. Fröhlich, "Theory of Dielectrics." Oxford, New York, 1949.
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μ ( Ρ is the first-order average value of the macromolecular moment in the
field direction and is obtained from equations (37) and (38), with a perturbation function using the amplitude 2?</ of the internal field as expansion
parameter.
Q = QwEo'
v

Αα

=

θ(μ·6χ) π ι ίωΐ
- a
Üoe

\

/

!

= - ^ y L[f

Λ

r r

Λ

i

(57)

(v-e,)Je

The first-order averages can then be written
(l) _

1 ν^

kT

(ν·β Ι ) λ *(μ·β Ι )λ

x

= JL v

λ + ίω

tf*&

3fcT V 1 + icon
v = y/ 0 " 2
1

Σ»Χ*·&Χ=

(58)

/ · · · f VdSf(q)Ildq° = l?

where in the last equation use is made of the orthonormality of the characteristic functions ψ\ . μ2° is therefore the mean square electric moment of
the macromolecule in the absence of the electric field.
The dielectric constant increments are therefore given by
•»χ
Σ 1Vx*
+ 0>W

Δ'

λ

A"

f(t)

SkT

Σ1

ωτχ#>

λ

+

(59)

ω2τχ2

and represent the generalization of the earlier treatment by Fuoss and
Kirkwood,11 and are a part of the general theory of irreversible processes in
solution.
V. Conclusion

In the theory presented here, developed mainly by Kirkwood, detailed
account has been taken of the influence of external force fields, the velocity
field of the fluid, and the "flexibility" and motion of the elements of the
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chain. The net result is a rigorous theory which is rather formidable from a
mathematical point of view. For flexible macromolecules results suitable
for comparison with experiments will probably necessitate some drastic
approximations. As an example of such an approximation one could consider a macromolecule, the elements of which have Gaussian distribution.
Considerable simplification would then occur if average values are used
for the metrical coefficients and for the components of the diffusion tensor.
I t has been common practice to make much more drastic approximations
in which the details of the macromolecule and the motions of its parts have
been deliberately sacrificed. Thus descriptions of viscoelastic behavior have
proceeded in terms of springs and dashpots, or in terms of equivalent
elastic spheres, or again by describing the motions of the polymer molecule
as equivalent to the normal modes of motion of a set of particles on a string.
Nomenclature
Ci , C%
D
D
D«ß

E
F
Ki , Κ.2

L
M
Mo
N
Q
R
T
1 pq

V
Vo
V'{P)
Vi

Vt°
Wo
X
a
b
&x > &y

/
9

Number concentrations
Diffusion constant (Scalar)
Average diffusion constant
Diffusion tensor
Electric field
Hydrodynamic force
Coefficients
Length
Polymer molecular weight
Monomer molecular weight
Avogadro's number
Operator-perturbation function
Vector (intrachain distance)
Absolute temperature
Oseen tensor
Equivalent hydrodynamic volume
Potential of mean internal
hindering torques
Velocity perturbation
Fluid velocity
Unperturbed fluid velocity
Potential
External force field

Basic vectors
Semiminor axis of molecular
rod
» ez Unit vectors
Probability Density
Metrical coefficients, characterizing a space
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V
t
u
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V
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V
V2
V
e
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t
V

V
Θ
(M)
V

p(q, t)
T

Φ

Φ
Φ
ω

Current density
Boltzmann constant
Average electric moment per
unit field
Time
Particle velocity
Velocity of element I
Velocity vector
Parameters
Gradient
Laplacian operator
Divergence operator
Real part of the dielectric
constant
Imaginary part of the dielectric constant
Friction constant
Solvent viscosity
Real part of solution viscosity
Imaginary part of solution
viscosity
Polar angle
Intrinsic rigidity
Shape factor in intrinsic viscosity
Distribution function
Relaxation time
Dissipation function
Azimuthal angle
Eigenfunctions
Frequencies

