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I. Introduction 

When a real fluid, originally at equilibrium, is subjected to a stress its 
response takes two forms which are superimposed. First, there is an elastic 
response in which every molecule suffers a displacement from its initial 
position to a new, deformed equilibrium position. This happens in a very 
short time after the application of the stress, the so-called relaxation time, 
during which the work exerted on the fluid as a result of the application of 
the stress is stored as recoverable free energy of deformation. If the stress 
is subsequently removed there is a tendency for the fluid to recover its 
former configuration. This recovery is incomplete as the result of the ap-
pearance of viscous flow, which is the second mode of response, and begins 
as soon as the stress is applied; if the stress is maintained, a constant rate of 
deformation is attained, a characteristic of the nonequilibrium "steady 
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state" of the fluid. The work performed by the application of the stress to 
the fluid in order to maintain the viscous flow is dissipated as heat as a 
result of the viscous resistance of the fluid. The effect of viscous flow is 
never spontaneously reversed and may even continue after the stress has 
been relieved. In this chapter we shall be concerned only with the viscous 
or irreversible response as distinct from the elastic or reversible response, 
although we must keep in mind that both processes occur to a greater or 
lesser extent in all fluids. 

From what has been said about viscous flow it is clear that the elucidation 
of the basic mechanism can be attained only on a molecular scale by study-
ing how the macroscopic deformation and flow are related to the instantane-
ous configuration and motion of the individual molecules and how, in turn, 
the viscous resistance is related to the molecular structure and intermolecu-
lar forces of the fluid. This approach through the kinetic theory of fluids to 
the viscosity of simple as well as complex fluids has recently received a 
great deal of attention and marked progress has been made." The essential 
mechanism underlying the phenomenon of viscosity in liquids according to 
Born and Green1 is twofold. First, a "kinetic" contribution, produced by 
random thermal motion, results in transfer of momentum from rapidly 
moving to more slowly moving adjacent layers. Its magnitude is roughly 
determined by the mean free path of the liquid molecules and diminishes 
with decreasing temperature. A second "potential" contribution arises 
mainly from the action of intermolecular forces. This contribution is deter-
mined not only by the depth of the interparticle potential energy minimum 
but also by the range of these forces and, in particular, by the area under 
the first maximum in the plot of the mean distribution of molecules versus 
the interparticle distance.1 This second term leads to an approximately 
exponential temperature dependence discussed, among others, by Andrade4 

for a number of liquids. In ordinary liquids in which the mean free path is 
of the order of a molecular diameter, the kinetic contribution, that is, 
transport of momentum by diffusion, can generally be neglected in contra-
distinction to gases in which it forms the main part. A crude picture of the 
"potential" contribution to liquid viscosity, as discussed by Green,1 is ob-
tained by imagining the molecules as tiny billiard balls tied together with 
elastic strings, which represent the attractive medium-range forces between 
the molecules. The relative motion of one layer of these balls relative to 

1 M. Born and H. S. Green, Proc. Roy. Soc. A188, 10 (1946); 189, 103 (1947); 190, 
455 (1947); see also H. S. Green, "Molecular Theory of Fluids." Interscience, New 
York, 1952. 

2 J. G. Kirkwood, / . Chem. Phys. 14, 180 (1946); 15, 72 (1947). 
3 J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, "Molecular Theory of Gases 

and Liquids." Wiley, New York, 1954. 
4 E. N. da C. Andrade, Phil. Mag. [7], 17, 497, 698 (1934). 
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another causes the elastic strings connecting the layers to take up the energy 
of motion and subsequently redistribute it more evenly among the assembly. 
In view of the contiguity of the molecules composing a liquid as compared 
with those of a gas, the critical importance of the "potential" contribution 
is readily manifest. In passing it should be remarked that for liquids com-
posed of two components 1 and 2, the viscosity depends on the interparticle 
potentials between molecules 1 and 1, 1 and 2, and 2 and 2. No explicit 
expressions for the viscosity of binary liquid mixtures based on either the 
theory of Born and Green1 or Kirkwood2 have as yet been presented. 

We shall find that a deeper molecular-kinetic interpretation of viscosity 
of fluid mixtures would be of particular interest in respect to clarifying the 
temperature dependence of the viscosity of colloidal suspensions, the de-
tailed effects of Brownian motion on the gross motion of anisotropic sus-
pended particles and in interpreting the effective "friction" coefficient which 
is introduced by certain phenomenological theories. Without entering into 
details it appears that certain aspects of the points mentioned above could 
be investigated by means of the thermodynamic theory of irreversible proc-
esses,5, 6 particularly the nature of a cross-effect between rotational diffusion 
(rotary Brownian motion) and viscous convective transport. Also, although 
the usual kinetic theory approximations to the viscosity of dilute gas mix-
tures are not applicable to liquids, an approach of Enskog extended to mix-
tures of very dense gases by Thorne7 appears to offer some hope of being at 
least conceptually useful. The mixture is to consist of rigid spheres which 
exchange momentum not only by "mean free path" transfer but also almost 
instantaneously by direct "collisional transfer." The last is analogous to 
the mode of momentum transfer generally encountered in liquids. Other 
transport properties calculated by Enskog's method appear to apply at 
least roughly to simple liquids.7 Furthermore, in discussing the viscosity 
behavior of suspensions only difference effects for solutions of large mole-
cules will be considered. Hence it appears worth while to present for com-
parison with hydrodynamic relations to be derived later the first approxi-
mation for the viscosity obtained by Thorne. He found that 

η = %*Γ[6_ι_ιηι,(1 + %6ιριχι + %ΜΜκχ*)% 

- 26M (1 + %hiPiXi + HMMpixn) X 

(1 + Hb2P2X2 + HMIWPIXU) X 

6nW2i(l + %b2p2X2 + HMxWpiXuf] 
6 S. R. de Groot, "Thermodynamics of Irreversible Processes." North Holland, 

Amsterdam, 1951. 
6 L. Onsager, Ann. N. Y. Acad. Sei. 46, 241 (1945). 
7 See S. Chapman and T. G. Cowling, "The Mathematical Theory of Non-Uniform 

Gases." Cambridge, New York, 1952. 
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and rii, η2 ; σι, σ2 ; mi , m2 ; pi, Ρ2, are the number densities, diameters, 
masses, and mass densities, respectively, of molecules 1 and 2 and 6n , bn , 
6_ι_ι , o_i_i are certain collections of terms dependent on the collision 
integrals of the mixture. Two things about this equation should be noted. 
First, to the degree of approximation obtained by Thorne, η is a rational 
function of the number concentration. Secondly, η is a weakly varying 
function of the molecular size of the spherical molecules as well as of their 
volume fractions. Finally one more statistical approach, namely, that of 
Roseveare et αΖ.,8 has been applied, particularly through the absolute rate 
theory of transport processes, to the discussion of the concentration and 
temperature dependence of solutions of macromolecules. We shall reserve 
our discussion of this approach to the section dealing with temperature 
dependence. 

8 W. E . Roseveare, R. E . Powell, and H. Eyring, J. Appl. Phys. 12, (1941); Ind. 
Eng. Chem. 33, 430 (1941); R. E. Powell and H. Ejnring, Advances in Colloid Sei. 1, 
183, (1942). 
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The mathematical complexity inherent in a molecular theory of flow in 
viscous fluids would have presented hitherto unsurmountable difficulties, 
were it not possible to isolate two regimes of flow which to a great extent 
are independent of a detailed molecular description of a fluid and lead to 
simple phenomenological, macroscopic equations of motion. The very low 
density Knudsen range, characterized by a small value of the Knudsen 
number, n = d/\ <<C 1, where d is a linear dimension of the apparatus and 
λ the mean free path, allows one to neglect molecular collisions to a first 
approximation9 while the relatively high density Clausius range which is 
characterized by a large value of the Knudsen number, n ^> 1, allows one to 
treat "molecular streaming" as a small perturbation.7 Viscosity determina-
tions in liquids are almost universally made in the Clausius flow range 
where to terms of 0(λ2) the results of conventional hydrodynamics of viscous 
continua apply.3, 7'10 To each small volume element is ascribed a macro-
scopic velocity vector v and density p satisfying the equations of motion: 

p ^ = pF - Vp + VV2v (1) 

Vv = 0 (2) 

where F is the external force per unit mass acting on the small volume 
element of the fluid, p is the pressure, and η the coefficient of viscosity with 
dimensions MITlT~x. Relation (1) represents the Navier-Stokes equations. 
They result from the applications of Newton's second law of motion to a 
small volume of the fluid which is subject to volume, hydrostatic pressure, 
and frictional forces. The latter are expressed by Newton's law and equa-
tion (1) is therefore valid only for the Newtonian fluid. Equation (2) is 
the equation of continuity for an incompressible fluid (a satisfactory ap-
proximation for our purposes), and expresses the two conditions of conser-
vation of matter and constancy of the density p. The specification of a 
given state of flow is completed by the statement of boundary conditions. 
These are chosen to be: (1) no relative motion of a solid and fluid in con-
tact with it and {2) at an interface separating two fluids the normal pres-
sure and viscous stress are continuous (provided surface tension is ne-
glected). Einstein11 in 1905 was the first to apply hydrodynamics to the 
calculation of the viscosity of a suspension. The solute particles are assumed 
tobe large in comparison with the solvent molecules, in order to apply con-
tinuum theory; that is, such a solute molecule behaves with respect to its 
mobility in the solvent and its influence on the viscosity of the solvent, as 

9 M. Knudsen, "Kinetic Theory of Gases." Methuen, London, 1950. 
10 For instance, H. Lamb, "Hydrodynamics." Cambridge, New York, 1932. 
11 A. Einstein, Ann. Physik [4] 17, 549 (1905); 19, 289, 371 (1906); 34, 591 (1911). 
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a macroscopic body suspended in the solvent. The applicability of this 
picture has been questioned in connection with solutions of macromolecules, 
in particular certain polyelectrolytes in which the backbone chain is almost 
wholly extended.12 In such cases, the linear dimension of the macromole-
cule along the chain is still large compared with the size of the solvent 
molecule, but the length perpendicular to the backbone chain is compar-
able in size to the molecular diameter of the solvent. This raises anew 
the question of the meaning of solvent viscosity in relation to the trans-
lational motion of a loosely coiled macromolecule.13 I t can be shown14 in 
these cases that, although the continuum picture of the solvent is merely 
a convenient fiction, the magnitude of the corrections introduced by the 
molecular structure of the solvent is very small. This is readily apparent 
from experiments on the translational diffusion of spherical molecules whose 
radius is of the order of the radius of the solvent molecules. The theory of 
Einstein and Smoluchowski of the diffusion coefficient D of a sphere of 
effective radius n in a liquid medium of viscosity ηο gives 

= kT 

67Π70Ζ) 

if the liquid medium is treated as a continuum, to which the Stokes solu-
tion of the Navier-Stokes equations applies. For example, for N2 in water 
at 18° C. one obtains from the measured D of the mixture and η0 of water 
a rh = 1.07 X 10~8 cm., which compares favorably in magnitude with the 
radius rg = 1.48 X 10~8 cm. obtained from the viscosity of the gas. Analo-
gous experiments were conducted with other molecules dissolved in water.14 

A plot of rh/rg versus the logarithm of the molecular weight, rg being taken 
here as the van der Waals radius of the molecule, gives a monotonically 
increasing curve, ranging from rh/rg = 0.4 for hydrogen, M = 2, to rh/rg 

~ 1 for glucose, M — 180. The negative deviations for various gases can 
be accounted for by the phenomenon of molecular slip. For very high mo-
lecular weights such comparisons of molecular dimensions can be made 
only if electron microscope, low angle X-ray or light scattering determina-
tions are feasible or, possibly, by means of second virial coefficients of 
osmotic pressure. An example is tobacco mosaic virus, where hydrodynamic 
(viscosity, sedimentation and diffusion) and electron microscope dimen-
sions agree well with each other.146 The smallest dimensions in these rod-
like molecules are of the order of 100 A. At this level, the applicability of 
conventional hydrodynamics might be expected. If so, the agreement ob-

12 C. Sadron, J. Polymer Sei. 3, 812 (1948); 4, 473 (1949). 
13 J. G. Kirkwood and J. Riseman, J. Chem. Phys. 16, 565 (1948); 17, 442 (1949). 
14 W. Kuhn, H. Kuhn, and P. Buchner, Ergeh, exakt. Naturwiss. 25, 1 (1951). 
14β J. H. Wang, / . Am. Chem. Soc. 76, 4755 (1954). 
14frM. A. Lauffer, / . Am. Chem. Soc. 66, 1188 (1944). 
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tained becomes then more an indication of the validity of the specific 
theory.27 We are not aware of detailed comparisons involving osmotic data. 
However, the order of magnitude is certainly correct (see also the discussion 
of equation (46)). In making comparisons for proteins in this manner, 
particularly when the hydrodynamic effects are not large, as in nearly 
spherical systems, effects due to the small ions present may come into 
play.14a The fact that the hydrodynamically derived dimensions of coiling 
macromolecules are in adequate agreement with those from light scattering, 
lends considerable support to the applicability of conventional hydrody-
namics. That is to say, before abandoning the use of continuum mechanics 
at the macromolecular level, other possible reasons for discrepancies, such 
as thermodynamic effects on particle shapes are to be considered. The great 
advantage of hydrodynamic methods, as far as theoretical treatment is con-
cerned, is obvious. Moreover, any corrections necessary can not be large. 

Experimental measurements of the viscosity of liquid suspensions and 
solutions are generally conducted under stationary conditions of flow, i.e., 
dv/dt = 0. Moreover, the Stokes approximation is used, which assumes that 
the inertial forces p(vV)v can be neglected in comparison with the frictional 
term ?yV2v. Under the customary experimental conditions the Reynolds 
number Re = pVa/η is small, where V and a are a characteristic particle 
velocity and dimension, respectively, and this provides some justification 
for the Stokes procedure. I t reduces the Navier-Stokes equations (1) in the 
absence of external forces to 

„ v2v = Vp, v = 5! (3) 
p 

A better description of the fluid motion at a distance from the suspended 
molecule or particle is provided by an equation by Oseen which takes 
account in some measure of the quadratic terms: 

7(iV)v = - Vp + vV\ (4) 

where i is the unit vector in the direction of the velocity V existing in the 
absence of the particle. In the past, the greater mathematical complexity of 
equation (4) as compared with (3) has led to hardly any use of it in the dis-
cussion of the viscosity of suspensions (see also pp. 579 and 580). 

From the point of view of hydrodynamics, the increased viscosity of a 
suspension may be looked upon as a consequence of the perturbation of 
flow of solvent around the suspended particle. This leads to an increased 
rate of heat dissipation, dW/dt. dW/dt represents that part of the flow 
energy which cannot be used to increase the kinetic energy 3^pv2 dv of a 
fluid element dv, and finally appears as heat. This quantity can be obtained 
for any flow from an appropriate solution of either equation (3) or (4) and 
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the relation 

~ = „0 I \e + 2V[(W)v]} do = voJ 

where f = V X v. The relative viscosity, ητβι. , of the suspension is then 
determined by the increase in energy dissipation11,15 because of the presence 
of the dispersed phase. 

l?rel. = — ( 5 ) 

Experimentally it has been found that the viscosity of suspensions and 
solutions is affected by the following factors: 

(1) The shape, size, and mass of the suspended particles or solute 
molecules; 

(2) the size or molecular weight distribution as a consequence of (1); 
(3) the volume actually occupied by the particles in solution; 
(4) the internal flexibility and ease of deformation of the particles; 
(5) the thermodynamic conditions in the system; 
(6) the presence of electric charges in the system; and 
(7) the concentration. 
Following Philippoff16 we shall classify the viscosity behavior of colloidal 

suspensions according to the concentration of the suspended phase. Im-
mediately we find two general types of concentration dependence. The 
"normal'' suspensions possess viscosities which continuously and mono-
tonically increase with concentration, i.e., d2^e\./dc2 > 0. The "abnormal" 
suspensions, on the other hand, exhibit inflection points, or maxima and 
minima, as functions of the concentration. In the past attention has been 
paid, almost exclusively, to the viscosities of normal suspensions. Recent 
reports that extremely dilute polymer solutions exhibit ''abnormal" be-
havior will undoubtedly supply a large incentive to the study of abnormal 
viscosities. In our discussions so far, we assumed implicitly the reproduci-
bility of a given viscosity measurement. In the case of abnormal colloidal 
suspensions, in particular of polymer solutions, this assumption may fail, 
e.g., if the abnormality itself is introduced as a result of the irreversible 
destruction of some structure composed of solute particles by the shear 
gradient. 

Quite generally we can distinguish three concentration regions of colloid 
suspensions wherein a characteristic viscosity behavior is present. These are 
(1) the extremely dilute suspension with—at least for a "normal" suspen-
sion—the lowest viscosity. This viscosity is made up additively from the 

15 E . Guth and H. Mark, Ergeh, exakt. Naturwiss. 12, 115 (1933). 
16 W. Philippoff, ' 'Viskosität der Kolloide." Steinkopff, Leipzig, 1942. 
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contribution of each suspended particle. This may be called the intrinsic 
viscosity region, since the intrinsic viscosity, cf. Equation (7), completely 
determines the concentration behavior in this range. (2) The dilute sus-
pension characterizes that range of concentrations in which departure from 
simple additivity can no longer be neglected, i.e., a nonlinear viscosity 
dependence on the particle concentration must be considered. This non-
linearity arises from the action of mutual hydrodynamic forces between 
the suspended particles and, in turn, gives rise to the existence of what 
Staudinger called a critical concentration.17 Below this critical concentra-
tion the suspended particles are kinetically independent; above this con-
centration the interparticle perturbations become increasingly stronger. 
The value of the "critical" viscosity ητβ\. is, of course, not uniquely defined. 
The "critical" concentration is quite sensitive to the size and shape of the 
particles in solution, departure from spherical shape enhancing the mutual 
interaction of the colloid particles. (3) Concentrated suspensions represent 
that concentration range wherein the mutual hydrodynamic interactions 
of the suspended particles become of paramount importance. In view of 
the complexity of the interaction forces this region has been relatively 
little explored both by theory and experiment. 

Before proceeding to the detailed consideration of these problems we 
will briefly outline their scope and our point of view. Our intention is to 
present the physical basis of various theories without a great amount of 
mathematical detail, although no monograph fulfilling this function exists. 
Stress will be placed on work done since 1941, because reviews of earlier 
work have been presented.16*17 Theories of intrinsic viscosity will be re-
viewed but detailed expositions will be presented only where these have a 
bearing on the behavior of more concentrated suspensions. This treatment 
is justified in view of the existence of many more or less detailed expositions 
on this subject.14·18_23 Finally, the lack of space prevents us from entering 
into detailed considerations of experimental results except where they have 
an immediate bearing on the theory. 

17 H. Staudinger, "Die hochmolekularen organischen Verbindungen.'' Springer, 
Berlin, 1932. 

18 F. R. Eirich, Rept. Progr. in Phys. 7, 329 (1940). 
19 J. M. Burgers, in "Second Report on Viscosity and Plasticity," Chapter 3. 

North Holland, Amsterdam, 1938. 
20 J. J. Hermans, in "Flow Properties of Disperse Systems" (Hermans, ed.). North 

Holland, Amsterdam, 1953. 
21 C. Sadron, in "Flow Properties of Disperse Systems" (Hermans, ed.). North 

Holland, Amsterdam, 1953. 
22 R. F. Boyer and R. Simha, in "Styrene," ACS Monograph. Reinhold, New York, 

1952. 
23 J. T. G. Overbeek, in "Colloid Science" (Kruyt, ed.). Elsevier, Houston, Texas, 

1952. 
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II. Theories of Intrinsic Viscosity 

Considerable theoretical effort has been devoted to the study of infinitely 
dilute suspensions of particles of various shapes and degrees of rigidity be-
ginning with Einstein's11 original hydrodynamic treatment of suspensions 
of spheres.16'23 Since the particles of such a solution are separated by an 
infinite distance, the simplification introduced by the assumption of infinite 
dilution is that the disturbance of the flow pattern of the solvent by a given 
particle does not overlap with the disturbance of flow caused by the pres-
ence of a second suspended particle. This independence of the disturbances 
caused by single particles has the consequence that the total disturbance is 
the sum of contributions of the individual particles. If we denote by cn the 

. / number of particles \ 
number concentration of particles I cn = — :— = N/V I 

\ volume of suspension / 
then 

*?rel. = — = 1 + aiCn 

Vo 

(Extremely dilute suspension) 
The coefficient ä\ has the dimensions of a volume. In particular, if the sus-
pended particles are rigid spheres of radius r, where r is sufficiently large so 
that the solvent can be assumed to be a continuum, the only volume to 
which äi can be proportional is the volume of the particle itself, ^x r 3 . 
Setting äi = %πτ*α,\, where α,χ is now a pure numeric, we can write 

?7rel. = — = 1 + Ο,ΐφ 
VO 

(Extremely dilute suspension of spheres) 

where %irrzcn = φ is the volume fraction of the suspended spheres. In this 
case the viscosity behavior is completely known in this restricted concen-
tration range once the number a\ is found; this is the problem solved by 
Einstein.11 For particles of arbitrary shape an equation like the one above 
holds, with φ the volume fraction of suspended particles. However, ai will 
now be a function of dimensionless geometric parameters characterizing the 
shape of the particle. 

77rel. = 1 + Ο,ΐφ (6) 

Even though no hydrodynamic interactions exist between two different 
particles in an infinitely dilute solution the possibility of interactions be-
tween parts of a complex particle may offer serious difficulties particularly 
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in solutions of macromolecules, branched or linear. The effect of such intra-
molecular interactions decreases markedly as the distances between the 
centers of fluid perturbation on the molecule increase. A further complica-
tion enters when we consider solutions composed of nonspherical particles 
such as ellipsoids owing to the rotation of the suspended particles relative 
to the solvent. Since the flows studied are assumed to be stationary and 
inertia forces are neglected, accelerating forces in either radial or tangential 
directions must, by assumption, not act on the particles. The orientation of 
macroscopic particles in the field of flow is determined by purely mechanical 
considerations.24"27 In the cases of interest here, however, the superimposed 
effect of rotatory Brownian motion must be considered. The problem at 
hand resembles that of the orientation of magnetic or electrical dipoles in an 
external field treated by Langevin and Debye by means of the methods 
developed by Einstein and von Smoluchowski as well as others. The rotatory 
Brownian motion counteracts the orientation of the particles by the flow, 
the stationary state being obtained when the kinetic Brownian motion 
(diffusion) forces exactly balance the hydrodynamic orientation forces. 
The orientation of the particles under these conditions is characterized by 
a probability distribution function which is obtained as a steady-state solu-
tion of an appropriate Fokker-Planck equation. The measure of the pre-
vailing rotatory Brownian motion is given by the rotary diffusion constant, 
whereas the measure of the hydrodynamic orientation is given by the rate 
of shear. I t is therefore expected that the ratio of these quantities as well 
as the ratio of the geometric dimensions (e.g., axial ratio) will enter into 
the coefficient α,χ of equation (6). 

In our previous considerations we have treated our particles as rigid 
structures which preserve their shape in the course of flow. Particularly in 
dealing with solutions of macromolecules such an assumption is an over-
simplification. Again two types of reaction can be expected. The first is 
caused by the reversible elastic deformation of the suspended particles. The 
second amounts to a viscous resistance to changes in shape. Further correc-
tions may enter in the interpretation of the right-hand side of equation (6) 
because of solvation of the suspended particle. This not only changes the 
volume fraction φ which has to be used over the value expected from the 
dry volume (or weight) of the solute but may cause changes in the coeffi-
cient ai resulting from possible distortions of the particle shape by swelling. 

Regardless of these complications the concentration dependence of the 
relative viscosity in the very dilute region is linear. If we call (η — w)Ao 

24 G. B. Jeffery, Proc. Roy. Soc. A102, 163 (1923). 
28 G. I. Taylor, Proc. Roy. Soc. A138, 41 (1932). 
26 F. Eirich and R. Simha, Monatsh. Chem. 71, 67 (1937). 
27 R. Simha, / . Phys. Chem. 44, 25 (1940); J. Chem. Phys. 13,188 (1945). 
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the specific viscosity 

_ η - ryo 
??sp. — 

and introduce the concentration c of solute in grams per unit volume, where 

c = wcn 

with w the dry weight in grams of a solute particle, then 

_ i _ ü*c 

^ s P . — 97rel. — 1 — 
W 

The viscosity of such dilute suspensions is therefore known if the single 
parameter 

[,] = fe:Ve = * (7) 
\ etc Λ+ο w 

is known; this quantity whose units may be chosen as cubic centimeters 
per gram is called the intrinsic viscosity. It is implicitly or explicitly as-
sumed that the measurements have been extrapolated to zero shear rate q 
in order to eliminate the effects just discussed. Sometimes it is more con-
venient in determining this number from experimental data of In ηΤΒ\. vs. c, 
to define it by 

w - P&h (8) 

The equivalence of the two defining equations is readily established on 
expanding In ητβι. in a power series. 

1. SUSPENSIONS OF SPHERICAL PARTICLES 

This is the simplest case and it is not surprising therefore that it was the 
first to be treated. The original technique employed by Einstein has been 
extended to particles of nonspherical shape and has moreover served as a 
basis for the study of the concentration dependence of concentrated sus-
pensions. In view of this we shall give a short summary of the assumptions 
and principal steps involved. The assumptions are: 

1. The suspended particles are rigid spheres, whose radius is large com-
pared to the radius of the solvent molecules yet small in comparison with 
the characteristic length of the apparatus in which the viscosity is measured 
so that wall-effects are eliminated. 

2. The undisturbed flow in the viscosimeter is so slow that inertial effects 
can be neglected. 

3. The solvent adheres perfectly to the spheres. 
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4. The concentration of suspended particles is so small that the suspended 
particles exert no forces on each other because of the large interparticle 
distance; the action of the suspended spheres is additive. 

Assumption (1) allows us to employ the usual Navier-Stokes (N.S.) 
equations of fluid motion to describe the flow of solvent around the sus-
pended particles, while assumption {2) permits us to make the simplifying 
Stokes approximation. The principal difficulty in the hydrodynamic calcu-
lation comes about in attempting to satisfy the boundary conditions at the 
surfaces of the suspended spheres, Since one is dealing with a large volume 
of suspension, i.e., with a practically infinite number of suspended particles, 
one must satisfy an infinite number of boundary conditions according to 
assumption (3). In addition there is the boundary condition at large dis-
tances from the disturbing centers, where the flow disturbance must vanish 
and the unperturbed flow of the solvent in the absence of suspended par-
ticles must prevail. However, the stationary Navier-Stokes equations are 
of second order and admit therefore but two independent arbitrary func-
tions in a general solution. Thus, at most two independent boundary condi-
tions can be satisfied. The resolution of this difficulty is the central hy-
drodynamic problem in viscosity or sedimentation calculations. As yet no 
solution for the nonlinearized Navier-Stokes equations has been given. 
For small Reynolds numbers, Oseen's investigations10,28 have shown that 
the rigorous equations of motion can satisfactorily be replaced by Stokes' or 
the linearized Oseen equations. This, at any rate, applies to the calculation 
of the frictional resistance or the sedimentation constant of a particle, which 
is determined mainly by the flow pattern in the neighborhood of the solid. 
At large distances however, the inertial terms predominate over the fric-
tional ones28 for translatory as well as shearing motion29 in suspensions. 
This will affect to some extent the dissipation and hence viscosity, but on 
the basis of Oseen's results for the modification of Stokes' law one may ex-
pect this effect to be small, particularly in comparison with other uncertain-
ties in the interpretation of intrinsic viscosities. 

The resulting linearization of the basic equations by means of either the 
Stokes or Oseen device facilitates the problem considerably. This is due to 
the common property of linear equations that if two independent solutions 
of the equation are known, any linear combination of the two solutions is 
again a solution, i.e., the principle of linear superposition applies. In this 
way Einstein11 first finds a solution for the solvent flow perturbed by the 
presence of a single suspended particle, which must satisfy only two bound-
ary conditions, one at the surface of the suspended particle, the other at an 
infinite distance from the particle. This solution itself will consist of two 

28 C. W. Oseen, "Hydrodynamik." Akademische Verlagsges. Leipzig, 1927. 
29 See the discussion by R. Simha in ref. 91. 
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additive parts, the first being the unperturbed solvent flow in the absence 
of the sphere and the second the perturbed flow caused by the particle. The 
latter is a solution of the Stokes equation which vanishes at an infinite dis-
tance from the suspended particle. Thus let Ui°\xj), i, j = 1, 2, 3 be the 
ith component of the unperturbed flow where Xj are the coordinates meas-
ured from a fixed but arbitrary origin and u^ixj — x/l)) the ith component 
of the additional flow caused by the presence of particle 1 centered at Xj1}, 
then the total flow in the presence of the single particle is 

Ui = uf\Xj) + uPixj - x?) (9) 

The total flow in the presence of a concentration of cn particles per unit 
volume can now be written by virtue of the principle of linear superposition 

Ui = uf\x3) + Σ u?\Xj - x)k)) 
k 

where u\k) is the contribution of the fcth particle located at xf\ We note 
that this expression satisfies the Stokes equations of motion and also the 
boundary condition at infinity. In order to satisfy the boundary condition 
at the surface of, say, the fcth particle, we make use of assumption (4) 
that the effective distance between the particles is infinite. Consequently, 
Ui*\xj — XjS)) vanishes at the surface of the fcth particle for s ^ k. On the 
other hand, u\k)(xj — xjk)) can be chosen such that ulk) satisfies assumption 
(3). In more concentrated solutions for which assumption (4) no longer 
holds, the infinity of boundary conditions can no longer be satisfied by the 
linear combination given above. For consider again a small region adjacent 
to the surface of the /cth particle. The contribution to the flow there of the 
sth particle uls) no longer vanishes. This uncompensated flow can be al-
ternatively interpreted as caused by a force exerted by the sth particle on 
the kth. Conversely the /cth particle can be thought of as exerting a force 
on the sth. We shall return to the study of these hydrodynamic ''exchange" 
forces in a later section. So far we have discussed the technique introduced 
by Einstein in general terms, applicable to a suspension of rigid particles 
of arbitrary shape. It is actually used implicitly, if not explicitly, in all 
viscosity calculations. 

To treat a spherical suspension consider a single sphere of radius a sus-
pended in a solvent at a point x^\ The undisturbed fluid velocity uf\xj) 
at the point Xj near x)l) can be developed into a Taylor series in Xj — xf\ 
In a sufficiently small region about x3-1} only linear terms need be retained 
which represent a superposition of three motions: (1) a parallel displace-
ment of the solvent particles without change of their relative position, (2) 
a rotation of the solvent without change of the relative position of the par-
ticles of the solvent, and (3) a movement of dilatation in three mutually 
perpendicular directions which we identify with the principal axes of dila-
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tion. A suspended rigid sphere is merely carried along by the translation 
and rotation of the solvent without perturbing the motion of the neighbor-
ing solvent as long as we neglect the effects of inertia [assumption {2)}. 
Thus only the dilatation of the solvent is disturbed by the presence of the 
suspended sphere which in its absence can be represented by 

11% = J±.%\Xi X% ) 

Since the solvent is assumed incompressible, ^idUi0)/dXi = 0, the sum of 
the principal solvent dilatations must vanish. Einstein's original considera-
tions apply to the case that the AJs are constants, so that the U{0) are linear 
functions of the coordinates. This is realized experimentally in viscometers 
of the Couette type with a sufficiently narrow gap between the two cylin-
ders. In a capillary, however, the flow profile is parabolic. There the kine-
matics of the particle motion is different from that obtained in a Couette 
flow, even for rigid spheres, where there is no question of shear effects. In 
particular, a relative translational motion between particle and solvent is 
set up, as shown by Simha.30 However, the result for the intrinsic viscosity 
is the same as derived by Einstein. Hence our further discussion will be 
exclusively directed toward problems in simple shear flow. 

The solution of the linearized Navier-Stokes Equations (3) under the 
previously discussed boundary conditions is11 

%a\x{ - x™) [ g A((Xi - .τ!»)2] 
Ui = Ai\Xi — X{ ) — Γν ~ Λ / (1)\2Π5/2 ^ ^ ' 

2y (a?i - xl ) 

+ terms in a5 

Insertion of this expression into the equation for dW/dt the energy dissi-
pated per unit time and volume in a volume V gives 

with 

as compared with 

dw 9*2 Λ . l ^Λ 

δ2 = Σ At 
i = l 

( 
dW\ 

,. , = 2*Ί,ο (11) 
(It /solvent 

in the absence of the sphere. 
30 R. Simha, Kolloid-Z. 76, 16 (1936). 
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In the case n spheres—each of radius a—are suspended randomly in the 
effectively infinite solvent volume V we can write for U{ 

Ui = uf + Σ uy 

and find now per unit volume 

(£L-*■(' + !) 
where 

4πηα 
Φ 3V 

This allows us to calculate the effective viscosity of the suspension using 
the analogue of Equation (11) 

(dj) = 25*W (13) 
\ at /susp. 

where δ*2 = Σ*=ι A?2, Ai* being the principal dilatations of the suspension. 
Before proceeding we have to find the Afs (note that Ai* ^ At). We can 
do this since by symmetry the Afs are parallel to the At's of the solvent 
whence 

A.* = Γ tot Ί 

Following Einstein we now replace the summation over all particles in 
the suspension by an integration over all coordinates of the suspended 
spheres, assuming them to be evenly distributed, lying within an effectively 
infinite sphere in the suspension. In turn, this volume integral is converted 
into a surface integral by formally applying Gauss's theorem, viz., 

r du{v) 3 

Ai*^A{ - n / T-fc Π ώ ! ' } 

Jv OXi i==i 

= A<-n *£. dS; (rw)* = Σ (*,w)' 

yielding the desired result 

A^ = AJX - φ). 



VISCOSITY OF COLLOIDAL SUSPENSIONS 541 

Since the domain of integration used above includes a singularity31 which 
is disregarded in applying Gauss's theorem, as we did, the validity of the 
above procedure for evaluating the indeterminate improper integral repre-
senting A? has been questioned. To summarize the results of several in-
vestigators32"34 studying this matter the final result of Einstein is correct if 
we neglect the mutual volume of exclusion of the spheres which contributes 
an effect only of the order of φ2. This procedure for finding the principal 
dilatations of a suspension has been extended also to suspensions of nonspher-
ical particles and finds again application in considerations involving higher 
order concentration dependences than the first. 

Returning to the viscosity of an infinitely dilute suspension of spherical 
particles, we find that 

δ2* = δ2(1 - 2φ) + 0(φ2) 

whence [cf. equations (12) and (13)] 

( ^ r ) e u 9 P
 = 2δ*2η°"-= 2δ2(1 ~ 2φ)ν°"-= 2δ2"° (* +1) 

Solving for 77rei. = η*π./ηο we find 

Vrel. = 1 + 2.5φ + 0(φ2) (14) 

Equation (14) has the form expected from (6) and is remarkable in that 
77rei. depends only on the volume fraction of the suspended spheres and not 
on their absolute size. 

The theory has been extended to consider the effect of dropping, in turn, 
each of the four basic assumptions used to derive (14). (a) Thus (assump-
tion 1), Guth and Simha35 find that to a first approximation the wall effect 
in the case of Couette flow results in the following relation for ?7Γβι. : 

where d is the distance between the plates of the Couette apparatus. (6) 
G. I. Taylor25 showed that in the case the spheres are not rigid [see assump-
tion (1)] but consist of a fluid of viscosity 77' equation (14) is modified to 

„.._, + «(£+»£)♦ 
\ V + V / 

31 This difficulty is avoided if one places a particle into the origin and considers 
the volume integral over the spherical shell. The surface integral over the inner sur-
face then vanishes because of the boundary conditions. 

32 N . Saito, J. Phys. Soc. Japan 7, 447 (1952); M. Sugita, ibid. 7, 554 (1952). 
33 R. Simha, / . Appl. Phys. 23, 1020 (1952). 
3 4 M . Mooney, / . Appl. Phys. 25, 406 (1954). 
35 E . Guth and R. Simha, Kolloid-Z. 74, 266 (1936). 
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on the assumption that the surface tension of the spheres is sufficiently 
large so that the spherical shape of the particles is preserved throughout the 
flow, (c) Saito32 has proposed that some of the difficulties encountered in 
discussing the interaction of suspended particles in laminar flow are due to 
a great extent to the neglect of inertial terms [assumption (#)] in the Navier-
Stokes equations. He suggests that instead of the full nonlinear equations 
the inertial effect be estimated from a linear approximation to the exact 
equations in the manner introduced by Oseen for the case of uniform flow. 
This is what Simha has previously discussed.29 To date no solution of these 
equations has been presented. We shall return to this point later, (d) Ein-
stein11 has already shown that when the solvent "slips" along the suspended 
spheres equation (14) becomes 

l?rel. = 1 + Φ 

(e) Finally the effect of increase of the concentration [assumption (4)] on 
the viscosity of a suspension will be the subject matter of the later sections 
of this chapter. 

2. SUSPENSIONS OF NONSPHERICAL PARTICLES 

The actual viscosity of dilute colloidal suspensions often exceeds by an 
order of magnitude the value predicted from Einstein's relation equation 
(14).16 Formal application of (14) to the observed viscosity allows one to 
calculate an effective volume of the suspended particles which deviates 
from the "dry" volume of the particles. While this deviation may some-
times be accounted for by assuming a solvation of the particles in many 
other cases it is due to the departure of the particles from spherical shape. 
A number of geometric particle shapes have been studied in the past. Among 
the most important are: 

(1) Rigid rods, plates, and ellipsoids, the first two being limiting cases 
of the last; 

(2) flexible or deformable ellipsoids or ellipsoidal limit structures; 
(3) dumbbells or spherical rigid beads connected by either flexible or 

rigid joints, this pearl-necklace model being one of the basic representations 
of a flexible macromolecule in solution; 

(4) loose aggregates of spherical or nonspherical particles which can re-
versibly dissociate or reassociate under the influence of the hydrodynamic 
shear forces. 

In this section we shall present some details of several methods which 
have proved useful not only in calculations of [77] but also the concentration 
dependence of suspensions of nonspherical particles. We shall apply these 
methods in calculating the intrinsic viscosity of a suspension of dumbbells. 
This model is chosen for simplicity because its hydrodynamic behavior 
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resembles in the limit that of an ellipsoid of revolution or a section of the 
pearl-necklace model used in studying solutions of flexible macromolecules. 
Moreover, the concentration dependence of a suspension of dumbbells 
has been studied more extensively than that of any other nonspherical 
particle. Finally, this model serves to illustrate the hydrodynamic principles 
used. 

In view of the number of reviews of both the older and more recent litera-
ture on the intrinsic viscosity of suspensions of nonspherical particles and 
solutions of flexible and rigid macromolecules we shall content ourselves 
with merely stating the more important results for ellipsoidal suspensions 
and high polymer solutions. The relation of this theory to relaxation and 
flow-birefringence theory will be briefly sketched. 

3. T H E METHOD OF STOKES-EINSTEIN 

Simha36 has extended the technique employed by Einstein in calculating 
η for a suspension of spheres to the corresponding problem for dumbbells 
again neglecting inertial effects. Following Simha we begin by restricting 
our attention to a single dumbbell located in the manner shown in Fig. (1) 
in a solvent with a flow represented by a simple shearing motion in the X1X2 
plane, 

Ui = qX2, U2 = Uz° = 0 

with q the velocity gradient. The axis of the dumbbell, 2L, is taken to be 
much larger than the radius a so that a/L <3C 1. If the dumbbell is held in a 
given orientation relative to the fixed coordinate system, the centers P and 
Q have the coordinates Xk(P) and Xk(Q) = — Xk(P). In the absence of the 
particle, the solvent possesses by virtue of the previous equation the veloci-
ties at the points P and Q: 

u?\P) = qztiP); u?\Q) = - < ( P ) 

W V ) = uP(Q) = 0; forfc = 2 ,3 

where the Xk(P)'s are functions of the length L and the direction cosines of 
the dumbbell axis only. 

In general, if the size of the dumbbell corresponds to molecular magni-
tudes, Brownian motion of the particle must be taken into account. In the 
absence of rotatory Brownian motion, the flow of the solvent will rotate the 
particle axis into preferred directions. If one superimposes upon the motion 
equation (15) a second one resulting from the spins of the particle and con-
siders the resulting force and torques acting on the spheres P and Q one ob-

36 R. Simha, J. Research Natl. Bur. Standards 42, 409 (1949); / . Colloid Set. 5, 386 
(1950). 
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tains the results of Kuhn and Jeffery for the change of orientation of a 
thin rod. The principal case which will be studied here is that of "complete" 
Brownian motion where any orientation tendency on the part of the dumb-
bell is absent.36 

As in the case of the calculation of [η] for a suspension of spheres the 
perturbed flow resulting from a single dumbbell is given, neglecting again 
inertia terms, as an approximate solution of the Stokes modification of the 
Navier-Stokes equations and the equation of continuity. The boundary 
conditions are again that the fluid "sticks" to the particle and that at an 
infinitely large distance from the particle the flow u™ goes over smoothly 
into the unperturbed solvent flow. If we now transform to a coordinate 
system parallel to the first but centered at P, i.e., X2 = Xi{P) + #2(P), 
then, by virtue of the linearity of the equations of motion, u™ will be de-
composed into two contributions if the mutual disturbance between the 
two spheres is neglected. The first contribution is of the type found by 
Einstein11 for a suspended sphere and this satisfies the condition imposed 
by the X2 term in the unperturbed solvent flow. The second contribution 
must, on the other hand, allow us to satisfy the constant qxi{P) flow [equa-
tion (15)] and is of the type given by Stokes10 for steady translational 
streaming of a sphere. Thus, 

Ui = ^Einstein + ^Stokes 

For the calculation of the dissipated energy of the system particle plus 
solvent, it is sufficient to consider the velocity and pressure distribution at 
large distances compared with the radius a of the particle. As uEin8tein is 
0(azqL/pP

z) and ŝtokes is 0(aqL/pp) the former contribution can be neglected. 
Physically this is equivalent to concentrating the effect of each sphere at 
the points P and Q, thus forming a hydrodynamic dipole. 

Without going into details one finds from the radial stress components 
of the solvent on the spheres determined to 0(L/R) the value of 
(dW/dt)suspension for a single particle. In dilute solution the effect of other 
suspended particles is simply additive 

ui = buqX2 + Σ tti° 
i 

and 

(dW\ r? Γΐ 4- 2 7 ^ P ) J 

with φ the volume concentration of suspended particles. The corresponding 
37 W. Kuhn, Kolloid-Z. 62, 260 (1933); 68, 2 (1934); 76, 258 (1936). 
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energy dissipation per unit volume for the pure solvent is 

(*K\ = w 2 = (du^ + du^Y 
\ dt /solvent \ dX2 dX\ /Xk=0 

Proceeding as in the previously considered case of the suspended spheres11 

we now take the solution as a liquid with an effective viscosity η and 
effective velocity gradient qs 

(^K\ = 2 = (*a± + duA2 

\ dt J 

dX2 dXi Jxk=o J 

As before the sum is replaced by an integral over the effectively infinite 
volume of suspension; and, again, this integral is evaluated by conver-
sion to a surface integral by an (improper) use of Gauss's theorem. Thus 
is obtained 

7. = « ( l 
9 x2

2(P) \ 
10 Φ Φ) 

* * ■ « · = L 1 + a ^ Φ ] [l - έ ^ φ _ v _ _ Γ, Λ .
 2 7 ^ 2 ( ρ ) . 1 Γι 9 ^ 2 ( Ρ ) 

In view of the assumption of complete Brownian motion we can average 
the above over all random orientations of the dumbbell axis, i.e., (x2(P)) = 
L2/3. One obtains finally, neglecting terms 0(φ2) 

Urel. = 1 + | ^ φ (16) 

Equation (16) could have been derived in a much more straight-forward 
manner by considering directly the frictional resistance to flow offered by 
each of the two spheres. The rate of dissipation arising in this way is 
seen to be the rate of dissipation of the pure solvent plus a contribution 
given by the product of the frictional force and relative viscosity. Using 
Stokes' law10 this becomes 

lirei. = W + 67rWfe2CP) + X22(Q)l γ (17) 

which again transforms to equation (16). The preceding detailed analysis 
has shown why one can obtain the intrinsic viscosity by a simple applica-
tion of Stokes' law to the spheres of the dumbbell. 
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4. T H E METHOD OF OSEEN-BURGERS 

Burgers,19 Kirkwood and Riseman,13 Riseman and Ullman,38 and C M . 
Tchen have applied a method for accounting for inter- and intra-molecular 
hydrodynamic interactions by utilizing a formula developed by Oseen28 

to a number of viscosity calculations of suspensions of both spherical and 
nonspherical particles. The basic formulas which we require are those given 
by Oseen and Burgers for the velocity components w of an infinite viscous 
fluid at a point R resulting from the action of a force F at the origin. These 
are found from the analogue of H. A. Lorentz's solution of Stokes' equa-
tions, by Green's function methods. Let f be the scalar friction factor, equal 
to 6πη0α for a sphere of radius a, Wj the relative velocity of the fluid due 
to particle I at a distance R* from the particle under consideration with Vj 
the velocity the fluid would possess at the location of particle I were it 
absent and Mi the velocity of particle I. One has 13,38 

w* = w*° - ξ Σ TZsws 

F* = fw, (18) 

= i V - f Σ TfcFs 
SyLl 

where 
o o 

and the superscript 0 indicates unperturbed velocities. The Ti8 is a tensor 
of the second order, and 1 is the unit tensor. In view of the neglect of the 
nonlinear inertial terms the total perturbed fluid velocity can be represented 
as a linear superposition of the relative velocity contributions from each 
suspended particle, viz., 

v = vo - f Σ Ti(R,) -wz ; T,(Ä,) = Tfa(Ä,) (19) 
ι 

where v0 is the original fluid velocity of the solvent. 
The effective viscosity of the suspension is evaluated, following an al-

ternative to Einstein's procedure developed by Burgers,19 by calculating 
the shearing stress on the Avail of the viscosimeter. This quantity can be 
expressed as the product of the velocity gradient and the effective viscosity 
of the suspension in complete analogy with Newton's friction law for simple 
fluids. The viscosities calculated from either the effective shearing stress 
of the dissipation energy of the suspension must, of course, be equivalent. 

38 J. Riseman and R. Ullman, J. Chem. Phys. 19, 578 (1951). 
39 C. M. Tchen, J . Appl. Phys. 25, 463 (1954). 
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The effective viscosity η of a suspension containing N particles per milli-
liter is found to be 

= Vo 

1 + (N/qVo) Σ (Rore,)(Frex) ( 2 0 ) 

where the summation from — n to +n extends over the 2n fluid-perturbing 
centers of the particle (n = 1 for a dumbbell), Vi° = F(Ror ey)ex is the un-
disturbed velocity, R0z is the distance from the center of mass to element 
I of the suspended particle, and e* , etc., are unit vectors of a coordinate 
system located at the center of mass. 

Applying these relations to a dumbbell one finds that we can in this case 
solve exactly for the relative perturbed velocity of the fluid. Retaining 
in this solution only terms 0(1/L2), L = Rn , Riseman and Ullman38 obtain 

770 . Γ 3L2 , 9L 
- ♦ & i/o L2a2(l - 3a/8L) + 80a(l - 3a/8L)(l - 3a/4L)J ( 2 1 ) 

In deriving this result overwhelming Brownian motion is again assumed. 
The result quoted above differs from that obtained by Simha36 in account-
ing for higher dynamic coupling between the parts of the dumbbell. This is 
seen from equation (17) since to the accuracy used in deriving equation 
(21), the frictional force exerted by, say, sphere No. 1 on the fluid F i , 
is no longer given by Stokes law but by the modified Smoluchowski ex-
pression 

Fx = -6π„0α [Wl° - g - w2° - ^ L ( L - w 2
0 ) ] 

with a similar expression for the second sphere [cf. equation (18)]. This leads 
to an intrinsic viscosity 

where c is expressed in g/100 ml, No is Avogadro's number, M the mo-
lecular weight, and the terms in a/L represent the mutual interaction 
of the spheres of the dumbbell of which more will be said in a later section. 
Equation (22) is identical with (16) for a/L —> 0 and agrees with Simha's 
published results36 up to terms a/L, inclusive. 

5. T H E METHOD OF KRAMERS AND RELATED METHODS 

In extending some earlier results of J. J. Hermans40 on the behavior of 
macromolecules in inhomogeneous viscous flow, Kramers41 developed a 

40 J . J . Hermans, Physica 10, 777 (1943); Recueil 63, 219 (1944); / . Polymer Sei. 1, 
233 (1946). 
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theory of flow using the methods of statistical mechanics for those flows 
which may be considered to be derived from a velocity potential. The 
force which the solvent exerts on, say, the ith perturbing center of a sus-
pended particle is — f <v< where v< = — v / + v/ ' is the velocity of the particle 
with respect to the solvent and v / and v/ ' are the velocities of the solvent 
and particle, respectively. If the streaming is irrotational and stationary, 
then one has a velocity potential Ψ(τ) where v / = — V¥(r). The force the 
solvent exerts on the ith center Xi can therefore be represented as 

Xi = -rv, + x! = ~ - uxi + Xi 
dXi 

with 

u = Σ tM*) 
i 

and X/ the random force which, on a free particle, would be needed to main-
tain equipartition. Before the equations of motion written above can be used 
two factors in their derivation have to be commented on: (a) the neglect 
of pressure forces and (6) the representation of a viscous rotational flow by 
a flow derived from a velocity potential, i.e., neglect of rotation. This 
will be accomplished by indicating the magnitude of these terms for a simple 
case of solvent flow. Before doing this we note that the equations of motion 
have now the same form as those of a system of point particles in a conserv-
ative field of force with potential U. Consequently, one may adopt the 
procedures of analytical mechanics and introduce the generalized coordi-
nates qi, · · · , qs, where the q/s are in general the x/s or linear combina-
tions thereof and the conjugate momenta p\, · · · , ps (essentially the qSs). 
In terms of these an effective Hamiltonian H = U(qt) + T(qi, p») can be 
written. The potential J7(g») is, from its previous definition, a function of 
the qSs only and the kinetic energy T may as usual be represented as a 
quadratic form in the momenta 

T = Σ }4aklPkPi. 

The suspended particles behave in p, q space (phase space) as if canonically 
distributed: 

W Π dqi dpi = const. e~H/kT Π dq{ dp{ (23) 
i i 

To find the averages necessary for the viscosity computation the density 
function introduced above is used and completely determines the behavior 
of the ensemble as regards both Bro\vnian motion and hydrodynamical 
effects. 

41 H. A. Kramers , J. Chem. Phys. 14, 415 (1946). 
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To illustrate this method consider a dumbbell placed in the usual 
Couette laminar flow: 

u = QV> v = w = 0 

This flow is not irrotational and is replaced by one derivable from the 
potential 

ψ = -liqxij, 

, 1 d* 

^ Ι θ * (24) 

w= 0 

If a uniform rotation 

"dz 

u = +Hqy, v = -Mgx (25) 
is superimposed on the flow, the original flow is obtained. The effects caused 
b) this rotation can be shown to contribute only terms 0(q

2) and may there-
fore be neglected. The flow equation (24) leads to forces being exerted on 
the dumbbell derivable in part from the potential energy 

2 

t - l 

The influence of the flow on various physical variables such as the stress 
is described by the function W [equation (23)] where for small q 

e-u,tT s j _ u / k T 

The change in the effective viscosity of the solvent is calculated by finding 
the average change in the stress components caused by a single dumbbell 
per unit volume (Newton's friction law). The averages being obtained 
from equation (23), one finds a contribution resulting from both the mo-
tion and the tension in the dumbbell in agreement with calculations by Kuhn 
and Kuhn14 *42 and others. Finally, Kramers41 showed that the influence of 
pressure forces can be neglected if mq/ξ is small where m is the mass of 
liquid displaced by the suspended particle. 

Before we proceed to list the intrinsic viscosities of various shapes of 
particles calculated by the methods discussed above or a variant thereof it 
will be necessary to comment on the effect of strong or weak Brownian mo-

42 W. Kuhn and H. Kuhn, Helv. Chim. Ada 28, 97 (1945). 
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tion on such a calculation. We have already indicated that the viscosity 
contribution caused by a suspension of nonspherical particles depends 
on their orientation with respect to the direction of flow of the fluid. This 
orientation is modified by two effects, the first being the rotation of the par-
ticles toward the flow direction produced by the shear of the fluid and the 
second, acting against the first, being the rotational Brownian motion pro-
duced as a reaction of the particle to the random heat motions of the 
solvent. Restricting ourselves for illustrative purposes to two dimensions 
the orientation of a nonspherical particle is completely described by the 
inclination 0 of the principal axis of the particle to the flow direction. As 
a result of the effects mentioned above the probability that a particle 
is inclined at an angle between Θ and θ + άθ is given in terms of the density 
function p(0) as p(0) dd. The net fraction of particles which change their 
inclination out of the circular sector 0 to 0 + άθ must, as a stationary state 
is attained, be constant and the sum of two contributions. The first one 
resulting from rotatory diffusion is — DTOt. dp/θθ (Fick's law) and the second 
one resulting from the rotation of the particles with velocity ω = dd/dt 
in the field of shear is cop. Thus 

constant = — Dtotßp/de + cop (26) 

The density obtained as an appropriate solution of equation (26), must 
be used to obtain the viscosity of the suspension from the viscosity con-
tribution for a given orientation by averaging these with respect to p. 
Since ω is proportional to q it follows from equation (26) that two lim-
iting cases of viscosity behavior are to be expected, according as the 
parameter a = g/42)rot. is small or large compared with unity. For 
small rates of shear (a <3C 1) almost complete Brownian motion prevails 
and the orientation of particles is completely at random. This is the con-
dition which one attempts to attain in most viscosity measurements. At 
high rates of shear (a > 1) or large particles (DTOt. very small), the Brown-
ian motion effect is negligible and the orientation of the suspended particles 
is almost wholly determined from the appropriate solution of hydrodynami-
cal equations of motion. Jeffery24 actually calculated the rate of rotation 
co of an ellipsoid in a flow field devoid of perturbations produced by Brown-
ian motion. The viscosity through energy dissipation calculated from this 
solution of Stokes equations was found to be exceedingly sensitive to the 
initial orientation of the suspended particles.18,24 On substitution of 
co calculated from Jeffery's solution in equation (26) or its equivalent 
Boeder,42" Kuhn,426 Peterlin,42c and Kuhn and Kuhn14 determined the 

4 2 eP. Boeder, Z. Physik. 75, 258 (1932). 
426 W. Kuhn, Z. physik. Chem. A161, 1 (1932). 
42c A. Peterlin, Z. Physik 111, 232 (1938). 
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mean orientation of the particles in the presence of Brownian motion, 
both in two and three dimensions. One finds that at low shear rates there 
is a slight preferential orientation of particles at 45 deg. with respect to 
the direction of flow. At larger rates of shear the preferential angle of orien-
tation diminishes until in the limit of q —» <*> all particles are aligned 
parallel to the direction of flow. 

The interpretation of the effect of Brownian motion on the viscosity of 
nonspherical suspensions has led to some disagreement among various in-
vestigators.14' 23'42d The difficulty can be partially seen if we consider a rod 
or dumbbell suspended in a simple shear flow [equations (24) and (25)]. 
Such a particle can follow the tangential part of the flow but not the radial 
part. Assuming the particle only followed the tangential flow, then it would 
remain much longer in positions parallel to the flow rather than at right 
angles to it. This preferential orientation is to a great extent destroyed 
by Brownian motion tending to disorient the particle. Thus the Brownian 
motion increases the viscosity (energy dissipation) by bringing the particle 
into less favorable positions with respect to minimizing the amount of ki-
netic energy of the solvent dissipated into heat as a result of the suspended 
particle. This was clearly realized, among others, by Kuhn and Kuhn42 

and Kramers41. Since a number of review papers, notably Philippoff16 

and Kuhn and Kuhn,14 discuss and list the intrinsic viscosity for ellipsoids 
and their limiting shapes, we shall restrict ourselves to indicating only the 
formal results obtained by Kuhn and Kuhn,42 using the theory discussed 
above and the equivalent results deduced by Simha.27 

For ellipsoids of revolution of major axis a\, minor axis α2, axial ratio 
p = ai/a2, Kuhn and Kuhn's equations for the specific viscosity reduce to 
the following equations, each valid in the indicated region of p values, 
effects in the square of the concentration of the ellipsoids N being neg-
lected : 

(27) ^ = 2.5 + 0.4075(p - I)1508 1 < p < 15 
Φ 

T = L6 + ikW^LS) + i ^ ö j P>15 

φ in equations (27) is the volume fraction of the suspended particles 
[(Λ/'/7)4παια2

2]/3. On the other hand Simha27 obtained for large p 
A2d See e.g. discussion between H. C. Brinkman, J. J. Hermans, L. J. Oosterhoff, 

J. T. G. Overbeek, D. Polder, A. J. Staverman, and E. H. Wiebenga, in Proc. 1st In-
tern. Rheol. Congr., Scheveningen (1949). 
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Ü5L: = 11 4- £ ( l + 1 ^ (28) 
φ 15 5 \3[ln 2p - λ] In 2p - λ + 1/ 

where λ = 1.5 for an ellipsoid of rotation and λ = 1.8 for a cylindrical rod.21 

With the exception of a different constant term (which is negligible at these 
large p values) (27) and (28) are in accord with each other. The effect of 
Brownian motion on the viscosity value is not only a small change in the 
first term in the brackets as a result of the change in distribution of the 
anisotropic particles; more important is the threefold larger contribution, 
the second term in the brackets, resulting from the energy dissipation 
caused by the rotational diffusion of the particles. Kirkwood and Auer43 

have used the Oseen-Burgers procedure to calculate the intrinsic viscosity 
of rodlike particles consisting of a linear array of spheres. Their result is 
identical with that of Simha27 and Kuhn and Kuhn42 [equations (27) and 
(28)] for ellipsoids of large axis ratio. See also the article by Riseman and 
Kirkwood in this volume. The success of the above equations when applied 
to solutions of proteins and comparisons with the sedimentation and diffu-
sion results have been discussed repeatedly.44 

All viscosity relations have so far been derived on the assumption that 
the rate of shear is low and the concentration dependence of the viscosity 
can be neglected. The earliest experiments utilizing suspensions of silk or 
cut glass threads employed particles the dimensions of which were too 
large, e.g., length varied between 0.1 and 1 mm., so that the results found 
should be compared only with theoretical results derived in the limit of 
large α.43α The viscosities obtained from these experiments were larger 
than the theoretical values; the particles orienting themselves not pre-
dominantly parallel to the direction of flow but perpendicular to the plane 
of flow. One expects that in such cases mechanical stability of the spinning 
particles comes in as an additional consideration.27 On the other hand, 
various authors436·44 have compared the axial ratio p for certain proteins 
derived using equation (28) from viscosity measurements with the axial 
ratios obtained from a variety of physical measurements, among them 
sedimentation, diffusion, and electron microscope measurements, and find 
quite good agreement between theory and experiment. 

The distribution function p for the orientation of anisotropic particles 
subject to rotatory Brownian motion in the field of flow has been tabulated 
as a function of the axial ratio and the ratio between velocity gradient 
and rotatory diffusion constant (essentially the previously introduced 

43 J. G. Kirkwood and P. L. Auer, J. Chem. Phys. 19, 281 (1951). 
**» F. Eirich, M. Bunzl, and H. Margaretha, Kolloid-Z. 75, 20 (1936). 
«* J. W. Mehl, J. L. Oncley, and R. Simha, Science 92, 132 (1940). 
44 For instance, R. Simha, Proc. 1st Intern. Rheol. Congr., Scheveningen Part II , 

p.68Jf. (1949). 
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parameter a). This was achieved by numerical evaluation of Peterlin's 2c 

series solution.440 This solution has been recently combined with the 
theory of intrinsic viscosity by Scheraga446 to obtain the latter quantity 
over a wide range of axis ratios and shear rates, thus extending previous 
numerical tabulations for a = 0. 

The neglect of inertial terms has been questioned,32 but we shall postpone 
discussion of this assumption to a later section. In view of the fact that the 
intrinsic viscosity of anisotropic particles is strongly dependent on the 
relative orientation of the particles it is not surprising that it can be 
related to other physical properties, such as the intrinsic flow birefringence 
[n], which are also highly sensitive to orientation. It can be shown14 (cf. 
chapter by Peterlin) that for dumbbells or rods (pearl model) and ellipsoids 
the relation between [n] and [η] can be written 

W = (n0
2 + 2)2 4ττ γ ι - y2 (2q) 

[η] no 45 kT K J 

(rods and dumbbells) 

while 
W = (no2 + 2) 4ττ τ ι - 72 1 V - 1 
M n0 45 kT F(p) p* + 1 

= Λ h f ' W T " 2 . i (ellipsoid) 
\[η]) dumbbell F(p) V + 1 

where n0 is the refractive index of the solvent, 71 and 72 the polariza-
bilities along the major and minor axis of the particle, and the function 
(p2 — l)/(p2 + l)F(p) is tabulated in the original reference and equals 
y± for p ~ 00, % for p = 0, and 0 for p = 1. Further relations between the 
intrinsic viscosity and the sedimentation constant, orientation of bi-
refringence etc., can be found in the literature. 

6. INTRINSIC VISCOSITY OF SOLUTIONS OF FLEXIBLE MACROMOLECULES 

The viscosity behavior of high polymers in dilute solution is strongly 
dependent on the type of high polymeric substance considered. Solutions 
of the globular proteins, for example, may rather satisfactorily be ap-
proximated by a suspension of rigid compact particles discussed previously. 
On the other hand, solutions of flexible chain macromolecules are, as their 
name implies, neither rigid nor compact and, as a result, often exhibit very 
complex hydrodynamical behavior. In part this difficulty stems from 

44e H. A. Scheraga, J. T. Edsall, and J. O. Gadd, J. Chem. Phys. 19, 1101 (1951). 
446 H. A. Scheraga, «/. Chem. Phys. 23, 1526 (1955); N. Saito, J\ Polymer Sei. 14, 

212 (1954). 
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the large range of possible shapes assumed by these molecules in solution 
depending on the nature of the environment in which they find themselves, 
e.g., the nature of the solvent, the magnitude of the velocity gradient, 
and so on. Thus in a good solvent a certain—although small—fraction of 
the polymer chains may exist in an almost extended zig-zag configuration 
and in a poor solvent most molecules are tightly balled into a compact 
spherical arrangement of their segments; in intermediate situations most 
chain molecules will exhibit a random coil configuration. Such a con-
figuration can be built up by the successive random placings of contiguous 
segments restricted only by short-range correlations imposed by the 
constancy of the valence angle τ — Θ and the persistence effect resulting 
from the action of potential barriers restricting free rotation V = Ύ(φ). 
If we neglect the volume occupied by the segments themselves (excluded 
volume of the first kind) and the interaction of the previously placed 
segments with the environment so as to modify the placement of suc-
cessive segments (volume effect of the second kind), the distribution of 
end-to-end distances TT(r)47rr2 dr is given by the "random-flight" formula37 

™*s * = (JmT «Φ ( 2 w) w * (30) 

as the number of segments N in the coils becomes very large, with 

? = rj = l2N 

72 72 1 + cos Θ 1 + cos</> ( 3 1 ) 
i = i0 

1 - cos Θ 1 - cos Φ 
cos φ being the quantity averaged with respect to the potential V(0) and 
lo the segment length. 

As yet no exact result for W(r) or even its second moment is known if 
the excluded volume effect (of the first kind) is taken into account. Some of 
the difficulties inherent in such a treatment can be seen most easily by 
building up the polymer configuration on a regular space lattice. If this is 
done one notes that the probability of placing the tth segment no longer 
depends only on the placement of the (t — l)8 t segment but on the placement 
of all the previous segments, i.e., we are no longer dealing with a Markoff 
process but have long-range interference.440 Montroll45 and Frisch et al.iß 

were able to show by such considerations that on simple lattices the number 
of configurations available to a polymer of N segments is materially reduced 
(though still of exponential order in N) when overlaps between segments 
are prohibited. As might be expected, even when overlaps involving very 

" c R. Simha, J. Polymer Sei. 3, 227 (1948). 
45 E. W. Montroll, J. Chem. Phys. 18, 734 (1950). 
46 H. L. Frisch, F. C. Collins, and B. Friedman, J. Chem. Phys. 19, 1402 (1951). 
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few segments are excluded, r2 increases above the value r0
2 but remains 

proportional to N. It was found46 that in any simple lattice there exist a 
subset of configurations whose number still increases exponentially with 
N ("star paths") and which are completely extended, i.e., r2 oc ]\Γ2. The speci-
fication of upper and lower bounds on r2, developed by Rubin,47 still 
permits r2 to vary from the random flight value to proportionality with 
NV2 (three or more dimensions). 

Of importance in connection with hydrodynamic applications are two 
approximate methods of treating the excluded volume effect for con-
tinuous chains using Markoff processes, which were originated by Hermans 
et αΖ.48 and Flory,22,49 respectively. The first set of investigators treated 
the effect of the intramolecular interaction by assuming that only short-
range forces need to be considered. A segment can be successively added to 
the last of a chain with a finite probability in each direction which is 
largest when the segment points in a direction where the local density of 
previously deposited segments is low. The required end-to-end distance 
distribution satisfies no longer a simple diffusion equation but a generaliza-
tion thereof known as a Fokker-Planck equation. Its solution is non-
Gaussian [cf. equation (30)]. Hermans, Ullman, and Klamkin find that r2 

is now given by48 

? = fN(l + 1.72 v/f) 
(82) 

= r0
2 (1 + 1.72 v/f) 

where v is the volume excluded to a chain segment by the presence of 
another; showing that r2 is still proportional to N but the coefficient of 
proportionality is larger than in the absence of interaction. This result 
therefore corresponds to the lower bound found in the earlier excluded 
volume investigations and has been independently derived in a number of 
investigations.50"52 

This result does not accord with one developed by Flory,49 who assumes 
that the distribution of end-to-end distances remains Gaussian, viz., 

\ 2Wa2/ 
W{r) = constant-exp ( - j r ^ r ^ ) (33) 

* R. J. Rubin, / . Chem. Phys. 20, 1940 (1952). 
48 J. J. Hermans, Rec. trav. chim. 69, 220 (1950); J. J. Hermans, M. S. Klamkin, and 

R. Ullman, / . Chem. Phys. 20, 1360 (1952); R. Ullman and J. J. Hermans, J. Polymer 
Sei. 10, 559 (1953). 

49 P. J. Flory, J. Chem. Phys. 17, 303 (1949). 
50 H. Hadwinger, Makromol. Chem. 5, 148 (1950); T. B. Grimley, Proc. Roy. Soc. 

A212, 339 (1952). 
61 P. Debye and R. J. Rubin, Phys. Rev. 87, 214 (1952). 
" F. T. Wall, J. Chem. Phys. 21, 1914 (1953); F. T. Wall, L. A. Hiller, Jr., and D. 

J. Wheeler, J. Chem. Phys. 22, 1036 (1954). 
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where a is a dimensionless parameter which determines to what extent the 
coil is dilated by the volume effect. To estimate a Flory applies the thermo-
dynamics of polymer solutions to the equilibrium between the coil and the 
solvent. The coil is assumed to be isotropically swollen, the solvent acting 
as swelling agent, which in turn leads to the following relation between 
a and N: 

a5 - az = CNm (34) 
where C is a constant depending on the interaction between the solvent 
and the polymer. C can be shown to be proportional to 2^i(l — Θ/Τ) 
where ψι is proportional to ASjc (1/2 in the simple Flory-Huggins theory 
of polymer solutions), ASi is the molar entropy of dilution, Θ is the critical 
temperature for total miscibility in the limit as the molecular weight of the 
coil becomes infinite, and T is the absolute temperature. The mean square 
end-to-end distance is now given by 

? c* an2 (35) 
r2 being thus no longer proportional to ΛΓ but to a larger power of N. This 
result is then nearer to the upper bound on r2 previously discussed. Equa-
tions (34) and (35) are also of interest since they can—at least, in principle 
—account for the effect of the environment on the volume effect and on 
properties depending on coil dimensions. Thus, when T = Θ, equation (34) 
predicts that the volume effect will vanish and the chain will behave as a 
perfectly random coil. 

Equations (34) and (35) do not imply the existence of a Gaussian dis-
tribution (33). It has been shown52" that the same expressions result for the 
most probable value of r if the segments are regarded as individual rigid 
particles of volume v placed in a ' 'container" of volume ^ τ 3 . However, in 
this process, the Gaussian distribution is distorted by a factor which 
depends on r as exp[-const. X N2 v/rz]. A number of other investiga-
tors53, 53a~d have obtained similar results, that is, a stronger dependence 
than N for r2. In particular, the work of Zimm et al.u is of interest. These 
investigators have directly related a refinement of the above theory to the 
osmotic virial coefficients of the polymer solution, thus bringing out 
strongly the dependence of the excluded volume effect in "real" polymer 
coils on environmental factors. 

52a S. G. Weissberg, R. Simha, and S. Rothman, J. Research Natl. Bur. Standards, 
47,298 (1951). 

63 H. M. James, / . Chem. Phys. 21, 1628 (1953). 
*** F. Bueche, / . Chem. Phys. 21, 205 (1953). 
636 T. B. Grimley, «/. Chem. Phys. 21, 185 (1953). 
63c E. Teramoto, Busseiron Kenkyu 42, 24 (1951). 
53d M. Yamamoto, Busseiron Kenkyu 44, 36 (1951). 
64 B. H. Zimm, W. H. Stockmayer, and M. Fixman, / . Chem. Phys. 21, 1716 (1953). 
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Some attempts to calculate numerically the excluded volume effect (of 
the first kind) have been carried out on high-speed computing machinery 
with as yet not completely unequivocal results, although a trend away from 
constancy of the ratio r2/N appears with increasing iV.52 

I t would seem that in those investigations where the volume effect of the 
first kind turns out to be independent of the molecular weight, the necessary 
iteration of the restrictions applying to a given segment along the chain has 
been omitted or the interference has been assumed to be effectively a cor-
relation along the chain contour45 rather than in space. The result of James54a 

should be noted in this connection. His formulation of a Fokker-Planck 
equation leads, in contrast to that of ref. 48, to an increase of the volume 
effect with molecular weight. 

The principal problem in the theory of the viscosity of flexible chain 
polymers is to predict the variation of the intrinsic viscosity with the 
molecular weight of the dissolved polymer. The preceding hydrodynamic 
discussion has already indicated that the quantities which determine [η] 
are the particle dimensions. Hence we expect the average end-to-end dis-
tance or diameter of the coil to be important. The molecular weight then 
enters through its connection with the dimensions. This is the reason for our 
previous discussion of the relations between r2 and N. Staudinger17 was 
among the first to express the relationship in a quantitative manner and as 
a result of extensive researches by both himself and his collaborators he 
postulated that 

[η] = KM (36) 

where if is a constant characteristic of the given polymer-solvent pair and 
M the molecular weight. On the basis of certain theoretical considerations 
as well as further, more precise measurements of solutions of fractionated 
polymer samples Houwink,55 Kuhn,37 and Mark56 postulated that equation 
(36) represents a special case of a more general, two-parameter relation.5601 

[η] = KM* (37) 

It is to be understood that both a and K depend on the nature of the solvent, 
the polymer, and on the temperature, but are taken to be independent of 

54* H. M. J a m e s , J . Chem. Phys. 21 , 1628 (1953). 
65 R. Houwink, / . Prakt. Chem. 157, 15 (1940). 
56 H . Mark, "Der feste Körpe r . " Hirzel, Leipzig, 1938. 
56α A similar consideration based on Simha's27 intrinsic viscosity result for a rigid 

rod which can be represented by the simple power law as 
[η] = 0.233 (py·*** vsp. ; 20 ^ p ^ 100 

= 0.207 (p)1·732 vsp. ; 20 ^ p ^ 300 
indicates tha t [η] should increase as M1·7, provided the axis ratio p is proportional 
t o i l i . 
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both the concentration and molecular weight of the polymer. The most 
recent measurements indicate that the exponent a is not completely 
independent of the molecular weight, but is a slowly decreasing function of 
the molecular weight. 

The earliest theoretical considerations were devoted to deriving Stau-
dinger's law [equation (36)] by assuming that the hydrodynamic behavior 
of a coil-like polymer could be approximated by that of a compact sphere, 
i.e., as if produced by a single perturbing center in the solvent flow. Treating 
the coil as a sphere of radius R, measured from the center of mass of the seg-
ments, where63 

R2 = Vi^ = y18Nf (38) 

if equation (30) holds, one finds37 on substitution in Einstein's relation 
equation (14) 

[η] = 0.025 X partial specific volume in dl-g~l 

or 

[η] = 0 . 0 2 5 · ^ Rz-l/M 
ό 

=kFKMm 
(39) 

where F = (Hs?/m,)w depends, as we see, on the flexibility of the chain. 
m8 is the mass of one segment, [η] has been decomposed into three factors 
by the above consideration by Kuhn: (1) a hydrodynamic friction factor, 
(2) a factor containing a volume characteristic of the dispersed phase, and 
(8) a factor inversely proportional to M.56a Equation (39) does not reproduce 
correctly the typical behavior of macromolecular solutions in two respects. 
First, the coefficient of M112 is too small and, more important, the experi-
mentally observed exponent of M varies from 0.5 to 1.4, although it is 
found in the majority of cases to lie below unity. This cannot be inter-
preted by equation (39). 

The next attempts by Huggins,57 Hermans,58 Kuhn and Kuhn,14 Kram-
ers,41 and Debye59 treat the viscosity behavior of linear macromolecules by 
representing the polymer hydrodynamically as a connected sequence of 
independent hydrodynamic perturbation centers on the solvent flow. Each 
of the centers of perturbation is identified with a polymer segment, the total 
effect being the sum of the individual effects in such a "free-draining coil." 
The form of the resulting expression can be readily seen in the following 

57 M. L. Huggins, / . Phys. Chem. 43, 439 (1939). 
58 J . J . Hermans, in "Colloid Science" (Kruyt , ed.) , Vol. 2. Elsevier, Amsterdam, 

1949. 
69 P . Debye, J. Chem. Phys. 14, 636 (1946). 
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manner. The energy dissipated because of a particular segment is given, 
as we saw in the treatment of dumbbells, by the friction factor f times the 
square of the product of velocity gradient q and distance of the perturbing 
center from the center of gravity. Summing over all independent centers 
we find that the intrinsic viscosity is proportional to the product60 

£R2-N/M oc R*/m8 and thus proportional to M f or N —» <», provided equa-
tion (30) is assumed to hold. The Staudinger constant K is then propor-
tional to a characteristic volume of the segment per unit mass. For a sys-
tem heterogeneous in respect to molecular weight, M in equation (36) is 
replaced by Mw , the weight average molecular weight. 

The neglect of hydrodynamic interaction of the monomer units in the 
viscosity of freely draining coils is clearly an approximation holding in 
the limit for structures which have a low density within an individual 
entity. This may arise either when the D.P. is not large enough, and/or 
when the chains are unable to coil sufficiently strongly in a good solvent 
or because of steric reasons. Such, for example, is apparently the case 
with certain cellulose derivatives in a fairly extensive range of molecular 
weights.61 I t should be noted that hydrodynamic interaction within a solute 
molecule is not the only cause for the breakdown of Staudinger's rule, the 
other being intramolecular interaction. The excluded volume effects can 
lead to a deviation in changing the proportionality between R2 and N 
[see equations (34) and (35)]. Thus, both aspects must be investigated. 

A number of different estimates of the hydrodynamic effect have been 
presented. Among these we shall particularly interest ourselves in the 
approaches by Brinkman62 and Debye and Bueche63 on the one hand, and 
that due to Kirkwood and Riseman13 on the other. The first approach is to 
replace the actual polymer coil by a loose spherical swarm of segments. 
One identifies the effective radius of this porous spherical swarm Re to a 
first approximation with the radius of the coil. The density of segments in 
the swarm is actually given by a bell-shaped distribution (a superposition 
of Gaussians), being large at the center of the swarm and thinning out as 
one approaches the edges of the porous sphere. To simplify the computa-
tions this density is replaced by the uniform density 

δ* = 7 - n i for r ^ \Re\ 

= 0 for r > | Re \ 
60 In this section we reserve the symbol N for the D .P . of a chain and n for the 

number of solute molecules per unit volume. 
61 E. H. Immergut , J . Schurz, and H. Mark, Monatsh. Chem. 84, 219 (1953). 
62 H. C. Brinkman, Proc. Acad. Amsterdam 50, 618 (1947); Physica 13, 447 (1947); 

Appl. Sei. Research A l , 27 (1947). 
63 P . Debye and A. M. Bueche, J. Chem. Phys. 16, 573 (1948). 
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The effective porosity of the sphere to solvent penetration can be meas-
ured by a parameter having the unit of length, the "shielding radius'' L 
which represents the depth in the swarm to which the solvent can almost 
freely penetrate. This length is, of course, modified to account for the easier 
solvent penetration near the surface of the swarm where the segment den-
sity is small to the more difficult penetration in the center of the swarm. 
It is shown that L is related to <5S and the solvent viscosity η0 as follows 

I = δΑ 
U rye 

The nature of the solvent flow depends on whether it is occurring outside 
or inside the porous sphere. Outside, the solvent flow satisfies the usual 
Stokes equations for incompressible viscous fluids. In the interior, on 
the other hand, one has to take into account an additional force on a 
volume element of solvent resulting from the presence of the swarm of 
polymer segments. If the swarm were fixed in position by an external force, 
then we should expect that the additional damping force on the velocity 
of flow of the solvent, v, would itself be proportional to v. Such a conclusion 
is actually warranted on the basis of experiments on flow of fluids through 
porous fixed beds where for high particle densities the friction force re-
sulting from the solvent viscosity can be neglected in comparison with 
the frictional force arising from the action of the bed on the fluid. This 
leads to a proportionality between velocity of flow v and grad p, the pressure 
drop across the bed which is called Darcy's law 

v = constant · grad p (40) 

In the case of the mobile swarm we need to replace the absolute velocity, 
in the expression for the additional force exerted on the solvent by the 
segments, by the relative velocity of the solvent with respect to the seg-
ments v r . Thus the force density is 

Fs = -ösfvr 

Inserting this relation into the ordinary Stokes equation one finds 

-r;oV2v + <5efvr + grad p = 0, div v = 0 (41) 

The solvent velocity v must be a solution of equation (41) inside the porous 
sphere and satisfy the Stokes equations of motion outside, while at the sur-
face of the sphere both the velocities and stresses must be continuous. At 
large distances from the sphere the flow is given by the ordinary shear 
flow v = (qy, 0, 0). Thus in this approach the second term in (41) is to 
account for the interaction. Solving these equations Brinkman, Debye, and 
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Bueche obtain the result 

ι']-*Μ'ψ-Ή (42) 

where Φ(σ), a function of the shielding parameter σ = Re/L, represents the 
hydrodynamical friction factor which in the Einstein case is given by 0.025 
[compare equation (39)]. It is intuitively clear that the interaction between 
the segments must depend on σ. For, by definition, σ2 ~ ξΝ/η^β. That is, 
σ2 is essentially the ratio between the frictional resistance of N independent 
units to that of a compact sphere of radius Re. The function Φ(σ) is found 
to be 

. , v 5 1 + 3/σ2 - (3/σ) coth σ 
Φ{σ) = 

2 1 + 10/σ2 + 30/σ4(3/σ) coth σ 

which reduces for small σ, i.e., large L or almost free draining, to 

* <■ »>-£(ι-Βν+-) 
This leads to Staudinger's rule for [η] if substituted in equation (42). In 
order that the [η] thus found be numerically equal to that previously 
found for the Staudinger case, we have to set 

Re = 1ψ (ji)" 

which is reasonable. On the other hand, for strong interaction inside the 
coil, i.e., very large σ, Φ(σ) reduces to 

Φ(σ) = y2(l - 3 / σ + · · · ) 

which, when substituted into equation (43) yields the modified "Einstein" 
result developed by Kuhn [equation (39)] 

In this way the Brinkman-Debye-Bueche theory accounts for variations in 
a of equation (37) from 0.5 to 1.0 (when r2 ~ M), depending on the degree 
of coiling of the polymer as well as the extent of hydrodynamic interaction 
exhibited by the individual segments on each other. 

Kirkwood and Riseman13 use the completely different method of Oseen 
and Burgers (which was previously discussed in connection with rodlike 
molecules) to calculate the viscosity of a macromolecule taking into 
account intramolecular interactions, but obtain results almost equivalent 
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to those stated above. Without entering into mathematical details,63"2 

Kirkwood and Riseman's result is 

" -«as» <*·""> <43) 

The function G(x) is given by the infinite sum 

W π2 έ ί fc21 + z/fc1/2 

and 

λο — 

When x = \0N
112 tends to zero one obtains Staudinger's rule, since 

(j(0) = l .For strong interaction equation (43) reduces to Einstein's result 
only if one attributes a radius of 0.38 (r2)1/2 to the molecule. Riseman and 
Kirkwood have shown that the f and I values derived from viscosity 
measurements led to sedimentation velocities and diffusion coefficients of 
polymers which agreed well with experiment. Similar comparisons 
with polystyrene fractions have been carried out by Newman et a?.65 and 
Kunst.66 

A few remarks on the relative merits of the two different approaches are 
in order. The Kirkwood-Riseman treatment is more satisfying, although 
more involved, since it is based on the fundamental equations of motion 
(in the Stokes approximation) rather than an, at best, semiempirical law. 
Moreover, the model chosen for the solute molecule is more realistic. On 
the other hand, the closeness of the two results indicates the usefulness of 
the porous sphere model. Furthermore, equation (42) remains valid as long 
as the segment distribution can be approximated by an average sphere, 
regardless of whether the coil obeys Gaussian statistics. Equation (43), on 
the other hand, is based on the Gaussian distribution (30). The averaging 
of the Oseen interaction tensor over all relative configurations of the in-
teracting centers requires explicit use of the distribution function prior to 
arriving at the final expression. This result can therefore not be immedi-
ately transferred to the case of a different distribution such as may result 

63a Recently Zimm64 has pointed out that the solution of the integral equation 
given by Kirkwood and Riseman in connection with certain averages over the Oseen 
tensor requires a numerical modification, although the nature of the result obtained 
by Kirkwood and Riseman for fa] is not perceptibly changed.640 

64 B. H. Zimm, unpublished. 
64e J. G. Kirkwood and J. Riseman, J. Chem. Phys. 22,1626 (1954); J. G. Kirkwood, 

R. W. Zwanzig, and R. G. Plock, ibid. 23, 213 (1955); P. L. Auer and C. S. Gardner, 
bid. 23, 1546 (1955). 

65 S. Newman, J. Riseman, and F. Eirich, Proc. Intern. Colloq. Macromol., Amster-
dam (1950). 

66 E. D. Kunst, Thesis, Groningen, 1950. 
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from the volume effect, except by means of dimensional considerations, 
that is, apart from—at best—numerical factors. Saito66a has recently pre-
sented a theory of the intramolecular segment interaction. The analysis 
contains approximations similar to those of other authors.53, 53a_d'54 How-
ever, general expressions for the moments of the distribution are obtained 
so far. Thus it becomes possible, in principle, to derive the distribution it-
self and to reexamine the hydrodynamic segment interaction. (See52a, p. 556) 

A theory which unlike those discussed above takes into account the 
viscosity contribution of short chains has been worked out by Peterlin.67 

As would be expected from earlier results on rods, [η] becomes for smaller 
N roughly proportional to M2. Peterlin68 has also presented a less rigorous 
theory of [η] of chain polymer solutions which has much in common with 
the approach of Kirkwood and Riseman13 and leads to the relation 

M = ^ l t* (44) 
m 4M 1 + ß(a/l)N112 K } 

where a is the hydrodynamical radius of any one of the N statistical chain 
elements composing a polymer molecule such that the resistance of such an 

element is given by Stokes* law and β = (—- ) / π. The properties of 

expression (44) resemble very closely those of equation (43). Also, (44) may 
be compared with (22) for a dumbbell. 

An interesting and novel approach to the viscosity of very dilute sus-
pensions of anisotropic particles—in particular, macromolecules—was 
found by Kuhn and Kuhn.14, 69 These investigators have applied hydrody-
namical similarity theory to experiments performed on the relative motion 
of suitable large-scale models (of stiff wire in the case of chain polymers) in 
highly viscous liquids. From measurements of, essentially, the resistance 
factor Kuhn and Kuhn found for the intrinsic viscosity of a polymer 
chain 

ω " ΪΤ&* (45) 

where an and 6rot. are constants for a polymer homologous series, 

an = 
Amb2N0 0.6 

,= φ/; 
ms - 1 . 3 + 3.2 log™ (Am/dh) 

V 1 
Am - 1 . 3 + 3.2 logio (Am/dh) 

660 N. Saito, Proc. Phys. Soc. Japan 9, 780 (1954). 
67 A. Peterlin, / . chim. phys. 47, 669 (1950); 48,13 (1951). 
68 A. Peterlin, J. Polymer Set. 5, 473 (1950). For a modification of (44) due to a 

non-Gaussian distribution see a paper presented at the Research Conference on 
HighlPolymers, Univ. of Michigan, July 24,1955. 

69 H. Kuhn and W. Kuhn, J . Polymer Sei. 6, 519 (1950). 
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where Am is the length of a statistical segment, b is the length along the 
chain axis of a monomer segment, and dh is the thickness of the chain. Equa-
tion (45) again has the form previously found [cf; equations (43) and (44)]. 
The logarithmic terms arise from the hydrodynamic resistance of the indi-
vidual rods used to represent the segment. 

As the molecular weight of the chain increases for densely coiled macro-
molecules the effect of hydrodynamic interactions between the monomeric 
groups is to hamper the flow of solvent through the coil. We have seen that 
in the limit the coil behaves as an impenetrable sphere (at low rates of 
shear). Sadron70 has suggested that the viscosity behavior of polymer mole-
cules could be interpreted satisfactorily if the molecule is replaced by an 
equivalent solvent-impenetrable particle whose dimensions are to be de-
rived from chain statistics. Kuhn and Kühn14 have shown that the sedi-
mentation velocity of an ellipsoidal equivalent particle is almost identical 
with that derived from a sphere with a radius taken equal to 0.46 times the 
root-mean-square end-to-end distance, provided Brownian motion is as-
sumed to be so intense that all orientations of the ellipsoid in space are equi-
probable. 

In the previous viscosity theories the solvent was treated as an "inert," 
continuous hydrodynamic medium. Its only influence on [η] could come 
about through physical parameters such as the frictional constant. Also 
Boyer and Simha22 indicated that the K constant in equation (37) should 
decrease with increasing ms, as has actually been observed by Scott et al.n 

for solutions of synthetic rubbers. The phenomenological hydrodynamic 
theories can also not be expected to bring out exactly how such parameters 
could be influenced by the nature of the solvent, in particular the strength 
of polymer-solvent contacts, in solution. Staudinger,17 among others, had 
already suggested and found experimentally that the viscosity of a poly-
mer is strongly dependent on the nature of the solvent. At low molecu-
lar weights the "goodness" of the solvent is relatively unimportant for [η] 
since the molecules are, in any case, relatively uncoiled (rodlike). As the 
molecular weight rises, the intrinsic viscosity of a polymer sample in a good 
solvent differs from that in a bad one. In the latter the polymer is more 
tightly coiled and hence more effectively shielded, both factors tending to 
reduce [η]. Gavoret and Magat,72 on GRS, and Breitenbach and Frank73 

on polystyrene, have shown, among others, that the exponent a of equation 
(37) decreases progressively with the solvent power. 

A quantitative correlation of [η] with the thermodynamic properties of 
70 C. Sadron, J. Polymer Sei. 3, 812 (1948). 
71 R. L. Scott, W. C. Carter, and M. Magat, J. Am. Chem. Soc. 71, 220 (1949). 
72 G. Gavoret and M. Magat, / . chim. phys. 44, 90 (1947). 
73 J. W. Breitenbach and H. P. Frank, Monatsch. Chem. 77, 206 (1946). 
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the solution would require, in general, a full molecular statistical theory. 
Since this is not available, Simha74 reasoned that in view of the fact that 
the second osmotic virial coefficient B is determined by the covolume of the 
solute molecule and since [η] also depends on this volume, one may combine 
certain hydrodynamic relations previously derived and theoretical formulas 
for B to yield 

rW = ^ = (1 - 2 M K P . f; (46) 

Here μ is the solvent-polymer interaction constant, r is a numerical hydro" 
dynamical friction factor of the order of unity which decreases with in-
creasing asymmetry, and Vi, V2 are molar volumes of polymer and sol-
vent, respectively. An equation like the one given above can actually be 
derived from a modified application of the absolute-reaction-rate theory to 
the viscosity of mixtures.8 We shall discuss this aspect further in relation 
to the temperature dependence of the viscosity of suspensions. 

We have already indicated that, besides incomplete drainage of the 
polymer coil resulting from intramolecular interactions, deviations from 
Staudinger's rule could be explained by the dilation of the polymer coil 
resulting from the effects of excluded volume. Flory and Fox75 postulated 
that to a first approximation polymer coils behave hydrodynamically as 
"Einstein" spheres [cf. equations (39) and (42) (Φ ~ const.)], with radii 
corrected for the volume effect, viz., 

[,] = Φ ' . Ι ^ Ι - α 3 · 1 = KMmct (47) 

where aRe is the expanded effective radius, a being given by equations (33) 
and (34). Since a is proportional to (1 — Θ/Τ) [cf. equation (34)] we see that 
this formulation again introduces a correlation between the frictional and 
thermodynamic properties of the polymer solution. Since as M —> <*>, 
r2/r0

2 —» a2 one finds75 that 

K = Φ V / i l f ) 3 / 2 (48) 

where φ' is a numerical constant. According to the Kirkwood-Riseman result, 
it should equal 3.61 X 1021 or 2.86 X 1021 according to latest corrections.640 

These results are in good agreement with viscosity measurements on a 
number of polymers in various solvents at different temperatures. However, 
Φ' found experimentally is ~2 .0 — 2.5 X 1021. In good solvents equation 
(47) predicts that a in the Mark-Houwink-Kuhn relation [equation (37)] 

74 R. Simha, in "High Polymer Physics" (Robinson, ed.). Chem. Publ. Co., New 
York, 1948. 

75 P. J. Flory and T. G. Fox, Jr., / . Am. Chem. Soc. 73, 1904, 1915 (1951). 
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should be of the order of 0.8 and that this value should be reduced to 0.5 
in a poor solvent. 

We have previously commented in comparing the Debye-Bueche and 
Kirkwood-Riseman treatments on the necessity of repeating the hydro-
dynamic calculations in the latter theory when the distribution is no longer 
Gaussian. This may be the case, as we indicated in discussing the volume 
effect, and vary Φ' with solvent. Moreover, there is a question about the 
velocity and hence dissipation contribution because of rotational diffusion, 
as was discussed in connection with asymmetric, rigid particles. There it 
makes a considerable contribution to the intrinsic viscosity. In a coil this 
may, at vanishing rate of shear, average out to zero, but this is not obvious. 
Finally it is somewhat surprising that the coil should act hydrodynamically 
as almost compact and independent of M, considering the low density 
within the volume pervaded by the coil. However, equations (47) and (48) 
are supported as said before, by experimental results on intrinsic viscosities 
and by combination of viscosity with sedimentation and diffusion measure-
ments. 

Two other factors influence the intrinsic viscosity of polymer solutions. 
The first is the effect of the heterogeneity of a polymer sample on [η]. Re-
cently Frank and Breitenbach76 have presented both theoretical and 
experimental evidence to show that K in equation (37) depends on the het-
erogeneity of the sample and, contrary to earlier expectations, that a is 
independent of the molecular weight spread of the polymer. Assuming a 
Schulz two-parameter (a, b) molecular weight distribution, these authors 
derive (compare ref. 22) for Kn and Kw the relations 

Kn T(b + a + 2) 
K T(b + 2) 

Kw T(b + a + 2) 

(b + iy 
(49) 

•(b + 2)a 

K T(b + 2) 

where K is the Staudinger constant for an infinitely sharp fraction. Kn 

and Kw are defined by 

[v] = KM: = KwMw
a 

where Mn and Mw are the number and weight average molecular weights, 
respectively, and the Schulz distribution (weight fraction) of D.P.'s is 
given by 

W(N) dN = l,_ , * ' ΛΓ&+1</ dN 
(b + 1)! 

with a and b being constants characteristic of a given polymer sample. 
76 H. P. Frank and J. W. Breitenbach, J. Polymer Sei. 6, 609 (1951). 
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The second factor, dependent on the structure of the polymer molecule 
itself, which can influence its dilute solution viscosity is the degree of 
branching. Branching occurs in natural as well as synthetic polymers and, 
in general, produces a less extended and more compact coil than would be 
expected for the same molecular weight of a linear molecule. Hence one 
might expect that the molecular weight dependence of [η] will be reduced 
for a branched molecule. This effect is due both to the decrease of [η] with 
the covolume of the branched coil and the smaller hydrodynamic (Einstein) 
friction factor of a compact spherical structure. Spencer (see ref. 22) has 
calculated for a certain model developed by Bueche that the coefficient a 
satisfies 

^branched = M ( 4 a i i n e a r ~~ 2 ) 

in agreement with our expectations. An earlier calculation of Kramers41 

on a specialized model of a branched polymer coil which was freely draining 
also agrees with this conclusion. On the basis of hydrodynamic experiments 
with macroscopic models carried out by Kuhn and Kuhn,14, 69 these in-
vestigators find that their relation valid for unbranched coils is applicable 
also to branched coils if the quantity Am is replaced throughout equation 
(45) by the quantity Am' given below: 

Am' = Am ι0-°·024<λ-1)2 /3 

where λ, the average number of branches, is defined as λ = N/NB with NB 

the average D.P. of a branch. 
The expression for the mean square radius of a branched molecule has 

been worked out by Zimm and Stockmayer,77 who found that as a result 
of branching R2 is diminished by a factor g which depends on the number 
of branch units and their distribution in the molecule. Thurmond and 
Zimm78 prepared copolymers of styrene and divinyl benzene and found 
qualitative agreement between experiment and the relation 

Ityjbranched __ 3/2 / r rv \ 

linear 

For simple cruciform molecules g is given by 

„ _ ( 3 / - 2) 
9-—JT-

where / is the number of branches. Stockmayer and Fixman,78 following 
Kirkwood and Riseman, applied the method of Oseen-Burgers to the 
problem of the friction constant and found for the viscosity by analogy in-

w B. H. Zimm and W. H. Stockmayer, J. Chem. Phys. 17, 1301 (1949). 
7* "Branched Molecules," Ann. N. Y. Acad. Sei. 57, 325 (1953). 
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stead of equation (50) 

where h is given by 
h 

The results derived above assume free-flight statistics of the main polymer 
chain. Since h > g112, [η] would appear to be less sensitive to branching than 
(r2)3/2. So-called critical concentration effects in polymer solutions will be 
discussed in a later section, as will also effects produced by high rates of 
shear. Before proceeding further we will merely note that a number of 
investigators have recently criticized the application of the Oseen-Burgers 
method in conjunction with complete Brownian motion as used particularly 
in discussing solutions of macromolecules.39 ·79 The criticisms embrace both 
the neglected effect of an extra torque acting on the polymer chain because 
of rotatory Brownian motion previously noted and the fact that in the pres-
ence of Brownian motion Oseen's formula itself must be modified. As yet 
both conceptual and mathematical difficulties have prevented further 
progress. 

The viscosity of infinitely dilute colloidal suspensions or solutions of 
macromolecules is increased if the particles in solution are electrically 
charged and the medium is devoid of other electrolytes. The explanation of 
the electroviscous effect for suspensions of spherical compact colloidal 
particles80"82 differs from that accounting for the behavior of polyelectro-
lytes.83,84 Both of these explanations depend on a thorough understanding 
of the theory of the ionic double layer. In view of natural space restrictions 
for this chapter and the existence of several up-to-date reviews20,85 of these 
effects we shall not pursue this topic further-

Ill. The Viscosity of Dilute Suspensions; Theories of the 
Concentration Dependence 

The theories of intrinsic viscosity discussed in the previous sections were 
based on the explicit assumption that in extremely dilute suspensions the 

79 J. G. Kirkwood and P. L. Auer, / . Chem. Phys. 19, 281 (1951). 
80 M. von Smoluchowski, Kolloid-Z. 18, 194 (1916). 
81 W. Krasny-Ergen, Kolloid-Z. 74, 172 (1936). 
82 F. Booth, Nature 161, 83 (1948); Proc. Roy. Soc. A203, 533 (1950). 
83 W. Kuhn, O. Kuenzle, and A. Katchalsky, Bull. soc. chim. Beiges 57, 421 (1948); 

Helv. Chim. Ada 31, 1994 (1948); also R. M. Fuoss and U. P. Strauss, / . Polymer Sei. 
3, 246 (1948). 

84 J. J. Hermans and J. T. G. Overbeek, Bull. soc. chim. Beiges 57, 154 (1948); Rec. 
trav. chim. 67, 761 (1948). 

86 F. Booth, Progr. in Biophys. 3, 131 (1953). 

iVl b ranched 

L^Junbranched 

/1/2[2 - / + 21/2(/ - I)]"1 

= h* (51) 
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total viscosity effect is the sum of the effects caused by each of the individual 
suspended particles. As their concentration is increased the perturbations 
of solvent flow produced by the suspended particles are no longer inde-
pendent as was assumed in the infinitely dilute suspension. For dilute solu-
tions we can classify the interaction of the perturbations of the solvent flow 
into those caused by two, three, etc., suspended particles, the strength of 
these effects on the effective viscosity of the suspension being seen to be 
directly proportional to the second, third, etc., power of the concentration 
of particles, respectively, provided the nature of their arrangement in the 
suspension is not altered. This suggests that the specific viscosity can be 
represented as a polynomial in the concentration of the suspended particles, 
beginning with a linear term the coefficient of which is, the intrinsic vis-
cosity. As the concentration of the suspension increases, the degree of the 
polynomial must increase, to obtain a sufficient description of the experi-
mental concentration behavior. 

The physical effects which give rise to these higher order concentration 
terms can be investigated most easily by considering the immediate environ-
ment of a suspended particle as another one gradually approaches. Prior 
to actual contact the flow patterns around the two particles begin to 
overlap, that is, hydrodynamic interaction is a long-range effect. This, in 
turn, causes the flow patterns to be modified, the solvent velocity being 
increased at some points and decreased at others. This modification of the 
flow pattern around each particle as a result of overlap can alternatively be 
interpreted as resulting from the existence of long-range hydrodynamic 
forces, the so-called exchange forces. The strength and direction of action 
of such forces can be seen to be dependent quite strongly on the shape 
of the suspended particles as well as their relative orientation. To date all 
estimates of this effect for nonspherical particles have been based on the 
simplifying assumption of complete Brownian motion. Besides the long-
range, purely hydrodynamic effect discussed above, aggregation of the 
particles may occur depending on the interparticle short-range forces (e.g., 
van der Waals') as well as the magnitude of the velocity gradient, etc. This 
aggregation can be either permanent or short-lived; in general, there exists 
an equilibrium between double and single particles. At higher concentra-
tions these considerations must be extended to include triplet particles, 
etc. As a result of this aggregation the viscosity is changed even to terms 
in the square of the concentration since the intrinsic viscosity of these 
aggregates is different from the intrinsic viscosity of the simple particles 
because of both volume and shape differences. 

If the particles are solvated a further effect may appear since the size 
and shape of the solvation shell around a particle will change with increas-
ing concentration.18 Since the relative solvent concentration is decreasing 
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one would expect from the law of mass action that the degree of solvation 
decreases. Hence except for shape effects the viscosity contributions pro-
duced by solvation should become less pronounced. 

As the concentration of the suspension is increased, more and more 
aggregation and solvent immobilization occurs until at high concentrations 
one is dealing with solvent flow through a swollen network. The super-
position of individual flow patterns—even accounting for mutual inter-
actions—is then no longer a suitable starting point for investigating the 
flow behavior of the suspension as a whole. For normal colloid suspen-
sions this transition from dilute to concentrated suspension behavior would 
be heralded by the divergence of the infinite concentration series repre-
senting the specific viscosity. However, for practical purposes this hardly 
forms a suitable criterion since few terms of the series are known, as will 
be seen later. 

1. T H E EFFECT OF SHAPE ON THE CONCENTRATION DEPENDENCE 

The effect of shape on the concentration dependence of suspensions has 
been studied for only a few relatively simple shapes, among which we will 
consider in some detail only spheres and dumbbells, with some remarks 
about coils. Long-range hydrodynamic exchange forces are clearly not the 
only place where the shape of the particle may play a decisive role. Thus 
before two particles can aggregate they have first to approach. The rate 
with which two particles come together in such a suspension is governed 
by their relative rates of diffusion and for binary contacts should be pro-
portional to the diffusion flux of particles to one another's surface times the 
concentration of the suspended particles neglecting the action of forces 
between them and surface effects. For spherical particles Smoluchowski86 

was able to show that this rate was directly proportional to Da where D 
is the translational diffusion constant and a the radius of the sphere. For 
nonspherical particles this rate, besides being proportional to the product 
of the effective translational diffusion coefficient and a distance of closest 
approach, is also a function of the relative orientation and shape of the two 
particles. In connection with the theory of coagulation of anisotropic 
suspensions, Müller87 showed that the rate of approach of such particles, 
particularly if they are rodlike, is always larger than that of equivalent 
spheres. 

The purely long-range hydrodynamical interaction between two sus-
pended spheres was first treated quantitatively by Guth and Simha,35 who 
essentially extended the Einstein-Stokes solution of the viscosity problem. 
To do this they used in principle a method suggested by Smoluchowski, 

86 M. von Smoluchowski, Z. physik. Chem. 92, 129 (1917). 
87 H. Müller, Kolloidchem. Beihefte 27, 223 (1928); F. Booth, Discussions Faraday 

Soc. 18, 104 (1954). 
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whereby one attempts to fulfill the hydrodynamic boundary conditions on 
the surfaces of all suspended particles by successive "reflections." That is, 
additional flow distributions are superimposed on the previous flow, to com-
pensate for the additional disturbance at the boundary between particle 
and fluid induced by the neighbors of the former. (See also the discussion 
on p. 538 ff.) Thus the boundary conditions may be fulfilled to successively 
higher degrees of approximation. In the first approximation, used by Guth 
and Simha, the boundary conditions (no slip of solvent) are not satisfied at 
each point of the surface but only, on the average, on the whole surface in 
the sense that the velocity distribution, if averaged over the surface of the 
sphere gives no relative motion between the sphere and the solvent (at the 
boundary). 

The calculation is based on Einstein.11 A sphere of radius a is placed at the 
origin of a coordinate system (x/) with respect to which the unperturbed 
dilatational solvent flow satisfies 

uf = Af'x! with Σ Af = 0 (52) 
i 

The Einstein solution (10) is such that on the surface the condition of 
complete solvent adherence at the sphere surface is satisfied and at infinity 
the flow reduces to η\0). This fluid velocity may be written as 

Ui (Einstein) = uf + u\l) 

where «?> is the perturbation velocity caused by the presence of the sphere 
at the origin. The flow t41} in the neighborhood of another sphere, also of 
radius a, located at P(xi, x2, Xz) is obtained from the first terms of the 
Taylor's series 

«i» = u?(P) + Σ & (%ζ) ; €, = */ - *< 
k \OXk JP 

In the neighborhood of the second sphere the solvent flow must be given 
by a linear superposition u[2) + Ui where w*2) takes on the value - « { " on 
the surface of the sphere centered at P and vanishes at an infinite distance 
from P, while Ui is the ordinary Einstein flow referred to P as origin of the 
coordinate system used, i.e., Ui = u .-(Einstein) fe) = u?\&) + t^f t*)-
Thus u[2) represents the extra flow of solvent about the sphere at P pro-
duced by the sphere centered at x/ = 0. As such it is a solution of the 
Stokes equations appropriate to the boundary conditions given above. It 
may be found in terms of Lamb's or Kirchhofes general solution of the 
Stokes equations. Guth and Simha then proceed to calculate first the dissi-
pation energy from the formula given in the introduction and second the 
"effective" viscosity of the suspension following the method used earlier by 
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Einstein. Assuming n spheres in a total volume V of suspension, distributed 
homogeneously and randomly throughout V, they write for the fluid ve-
locity at an arbitrary point 

«,· = AfXi + Σ u?·* + Σ «?'" (53) 
„=1 „=i 

ul1' ?) represents the modified Einstein flow produced by the j t h sphere re-
ferred to a point P3 as origin of the coordinate system and uf' ]) is the extra 
flow induced by the j t h sphere, resulting from the hydrodynamic interaction 
Instead of equation (12) one finds 

idW\ 
\ ul / s u s p . 

- *{s u,-r (i + *) +1 έ t ^ r } + o [(ig»)'] 
where 

i ( l , i ) _ OWi 

A uniform distribution of spheres, as previously shown, is assumed and 
the sum over j" replaced by appropriate volume integrations. These, in turn, 
are converted by an improper application of Gauss's theorem (see p. 541) to 
surface integrals. On evaluation of the latter one finds 

(£)-.-*·[δΗ0+Ι-!*) 
As before, the effective viscosity follows by analogy with a simple liquid: 

0 Ctt / s u s p . i—l 

where A{S) are the principal dilatational flow components for the suspension 
defined by 

I («) 

\dXi/zk=Q 

In evaluating these entities Guth and Simha omitted certain terms (see 
footnote 4 in ref. 33) which, taken into account in a succeeding calculation 
by Gold,88 give 

I M . = - = 1 + 2.5φ + 14.1φ2 + · · · (54) 

88 O. Gold, Dissertation, Vienna, 1937. 
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In deriving this formula several factors influencing the value of the rela-
tive viscosity were ignored. We have already mentioned the possibility of 
aggregation and direct collision of particles; the effect of such processes will 
be discussed shortly. Also the mutual volume of exclusion of the spheres has 
not been considered in evaluating the appropriate integrals in the Guth-
Simha-Gold theory. This has been carried out by Burgers89 and Saito.90 

When their result is combined with the long-range interactions just dis-
cussed, equation (54) is modified to33 

TM. = 1 + 2.5φ + 12.6φ2 + · · · (55) 

The change from equation (54) to (55) shows the effect of the mutual 
distribution of the particles on the quadratic coefficient. However, the dis-
tribution assumed in (55) corresponds to rigid spheres subject to no other 
forces. This may not be sufficient, because forces of hydrodynamic as well 
as thermodynamic origin are operating in the solution at finite concentra-
tions and therefore the distribution will depart from uniformity. The former 
forces are of long-range character, since the interaction coefficients A?'3) 

are of the order az/r)k where 7> is the distance between particles j and k. 
Compared with these the thermodynamic (van der Waals') forces are of 
short range, giving rise in molecular solutions to quadratic and higher 
concentration terms in the osmotic pressure, essentially an excluded volume 
effect. I t is well known that beyond a distance of 1 to 2 diameters any 
correlation between the configurations of a pair of molecules has practically 
decayed to zero. The effects of the long-range hydrodynamic forces will be 
more pronounced in a capillary viscometer than in the Couette. The result-
ing effects are anticipated to be of higher order than φ2. In colloidal solutions 
of large particles one has to reckon also with long-range (1/r ) forces arising 
from the van der Waals attraction. Thus, two improvements of the hydro-
dynamic treatment appear to be primarily necessary. First, a revised con-
sideration of the contribution of the adjacent shells of particles around a 
given one is needed. This would require either an integration using some 
reasonable form for the radial distribution function or a summation over at 
least nearest and next nearest neighbors. If this is done, and particles in 
the neighborhood of a central one are accounted for, the series expansion 
for UiO on p. 571 must consistently also be extended for these. A technique 
indicated by Simha33 which avoids the integration difficulty discussed on 
p. 541, is useful in dealing with interactions between nonuniformly arranged 
particles. 

The validity of equation (54) was examined experimentally by Eirich and 
Goldschmid91 in suspensions of glass spheres (a = 50 — 150 μ) up to con-

89 J. M. Burgers, unpublished. 
90 N. Saito, J. Phys. Soc. Japan 5, 4 (1950). 
91 F. Eirich and O. Goldschmid, Kolloid-Z. 81, 7 (1937). 
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centrations φ = 0.06 for Couette flow. More recently H. F. Smith92 has veri-
fied this equation in measurements on latex emulsions. 

De Bruijn93 has attempted several calculations of the long-range hydro-
dynamic interaction among spheres. The first of these is semiempirical; the 
physically important variable is taken to be the relative fluidity equal to 
l/^rei., which is at least a quadratic function in the volume fraction of 
suspended spheres. Further he assumes l/^rei. to be given by exactly a 
quadratic in φ with coefficients adjusted so that as φ approaches zero, 
??rei. approaches the Einstein value [equation (35)] and as φ approaches 0.74, 
the value corresponding to a cubic close packing of spheres, the fluidity 
vanishes, viz., 

— = 1 - 2.5φ + 1.55φ2 (56) 
*7rel. 

or 

*ei. = 1 + 2.5Φ + 4.70φ2 + 0(φ3) 

This semiempirical approach is difficult to justify even if we assume the 
fluidity can be expanded in powers of φ as there appears no justification for 
terminating the series with the φ2 term. De Bruijn and Burgers89*93 in a 
subsequent calculation which considered volume exclusion only obtained 

J_ = (1 - Φ ) 
Ifrel. (1 + 1·5φ) (57) 

rjrei. = 1 + 2.5φ + 2.5φ2 + · · · 

which has also been derived by Saito90 [see also p. 573 and equation (55)]. 
The coefficient 2.5 of the quadratic term is certainly too low. The problem 
was also considered by Vand,94 who first obtained what amounts to an esti-
mate of the viscosity contribution caused by the addition of a volume 
fraction άφ of spheres to a dilute suspension, neglecting the interaction of 
particles in any way with those already present. Based on Einstein's result, 
he writes 

άητ<Λ. = 2Μφ (58) 

or 
*7rel. 

(2.5)2
 j2 )2 

I M . = exp 2.5φ = 1 + 2.5φ + ^ - φΔ + 
92 H. F. Smith, Rubber Chem. and Technol. 15, 301 (1942). 
93 H. de Bruijn, Rec. trav. chim. 61, 863 (1942); Proc. 1st Intern. Congr. Rheol., 

Scheveningen Part I I , p. 95 (1949). 
94 V. Vand, / . Phys. & Colloid Chem. 52, 277, 300, 314 (1948). 
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This assumes that the suspension of concentration φ may be treated as a 
solvent of small molecules to which one big sphere is added. Thus it can be 
numerically adequate only when the original solute particles are small in 
comparison to those added. Any further interaction between the particles 
can only increase this result since such interaction causes only further 
energy dissipation. 

Vand94 has carried out a calculation of the concentration dependence of 
spherical suspensions in Couette streaming [equation (52)], using also suc-
cessive reflections of the hydrodynamic disturbances from two spheres to 
satisfy the boundary conditions on the surface of the spheres. In general 
approach the calculation resembles the one by Guth and Simha,35 except 
that Vand claims to account also for the further effect flows such as u[2) and 
others [cf. equation (53)] have on the neighboring particle. In this way a 
series of additional flow terms is obtained; its odd members will not con-
tribute to the effective viscosity by virtue of their symmetry properties. 
The extra principal dilatations of the suspension (velocities of deformation) 
are obtained recursively for each order of approximation from the preceding 
order of approximation. The detailed calculation yields the result 

l n " r e l - = l - ( W 6 4 ) * ( 5 9 ) 

or 

ilrei. = 1 + 2.5φ + 4.65Φ2 + · · · 
The In ητβι> shown above is seen to be composed of a factor which would 
have been obtained at higher concentrations on neglect of hydrodynamic 
interaction between pairs of particles [equation (58)] divided by a factor 
1 — (39/64)φ accounting for these. What we consider more justified and 
important, is Vand's computation of the effect of direct binary encounters 
on Tjrei., which will be discussed in the section devoted to the effect of 
aggregation. He obtains for 77rei. in this manner 

77rei. = 1 + 2.5φ + 7.35Φ2 + - · · (60) 
Experimental tests have not been able to support unequivocally one 

formula above another. Thus the results of Eilers95 on monodispersed emul-
sions of asphalt in water appear to be in accord with the equation proposed 
by de Bruijn [equation (56)]. On the other hand, Vand94 measured the 
viscosity of glass spheres suspended in a solution of Znl2 in water-glycerol 
mixtures and his results satisfy the empirical equation 

i7rei. = 1 + 2.5φ + 7.17φ2 + 16.2φ3 + · · · 
95 H. Eilers, Kolloid-Z. 97, 313 (1941). 
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in excellent agreement with his theoretical equation [equation (60)]. Thus 
we have shown a number of different results which have been obtained. A 
unique decision by experiment is difficult because of the familiar difficulties 
in fitting polynomials to data.52a Extreme accuracy is required to determine 
higher derivatives of the curves. 

All the theoretical treatments of the concentration dependence, at least 
to terms 0(φζ), of spherical suspensions are consistent with an expansion of 
the specific viscosity usually given in terms of c 

^ = W + α2φ + αζφ
2 + · · · 

Φ (61) 

= M + ΠνΪΦ + fehl V + · ■ ■ 
where [η] is the intrinsic viscosity, equal to 2.5 for spheres, and fci, k2, etc., 
are—for compact spheres at least—pure numbers independent of the di-
mensions or molecular weight of the suspended particle which may depend, 
however, on the nature of the solvent-solute system. A number of investi-
gators have suggested that equation (61) applies as well to suspensions of 
nonspherical particles and polymer solutions.950'b What equation (61) 
means physically is that at finite concentrations each molecule is moving 
effectively in a homogeneous medium. This is true only as far as the order 
of magnitude is concerned, hence the inclusion of factors ki, to indicate 
that the effective viscosity will in general not be identical with the actual 
one. Simha36 was one of the first to examine this contention critically by 
choosing a suspension of dumbbells, the opposite extreme of a compact 
sphere, for his study. 

We shall first show by intuitive considerations the nature of the result to 
be expected. The energy dissipation for a dumbbell suspended in a Couette 
flow at very small concentrations (intrinsic viscosity region) could be 
written (cf. Fig. 1) as 

(dW\ 
\dt)i 

force on sphere P X velocity of P + force on sphere Q ,_0, 
(bZ) 

X velocity of Q 

The forces on the respective spheres were given by Stokes' law, as long as 
a/L <£ 1, i.e., Qw^aqL, where qL was the effective velocity of the suspended 
sphere in the solvent flow. Thus, (dW/dt)N , the energy dissipation of N 
independent, infinitely far removed suspended dumbbells must be pro-

980 G. V. Schulz and F. Blaschke, J. prakt. Chem. 158, 130 (1941). 
966 M. L. Huggins, Riseman, J., / . Phys. Chem. 42, 911 (1938); 43, 439 (1939); / . 

Am. Chem. Soc. 64, 2716 (1942). 
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portional to ^qaL2N or, introducing the volume fraction, to 

TtoqaL2<t>/az °c 1?/αφ. 

This is in accord with the calculated intrinsic viscosity assuming (1) random 
orientation of particle axes in flow (complete Brownian motion, small shear 
rates), (β) uniform distribution of the particles, and (3) neglect in first 
approximation of interaction between the spheres of the same dumbbell. 
This result, obtained on the basis of Stokes' law of resistance, must be modi-
fied when, with increasing concentration, two dumbbells begin to approach 
each other. I t has been shown by Smoluchowski28 that for two single 
spheres moving with a velocity U and a distance Ri2 apart (a/Ri2 <3C 1), 
the resistance to this motion of each is modified by an interaction term in-
versely proportional to Ru, viz., 

Force oc QVoaU (l + ·£- + · · Λ (63) 

where the a/Rn term as given here is only dimensionally correct. This equa-
tion is derived from a solution of the Stokes equation obtained as a linear 
superposition of the unperturbed Stokes flow resulting from the first and 
second spheres, with the appropriate boundary conditions on the surface 
of the spheres satisfied on the average as we have previously explained. 

FIG. 1. Dumbbell model and reference axes used. 
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Oseen28 lists further expressions generalizing the above result to cases where 
the velocities of the spheres are different, where the spheres possess different 
radii, and where higher terms of the expansion are needed. 

We return now to the approaching dumbbells whose four centers P, Q, M, 
N are geometrically disposed as shown in Fig. 2. Taking into account the 
signs of the velocities on the four centers (opposite in pairs) and the 
I/R12 interaction term in the Smoluchowski force law one notes that the 
effective force on each dumbbell, say PQ, contains terms proportional to 
1/PPM — 1/PPN , etc., and thus the calculation becomes analogous to the 
calculation of the potential between two electric dipoles of moment μ. If 
(as we shall assume) L/p <C 1, the terms like l/pPM , etc., can be expanded 
in powers of l/p, and neglecting terms 0(L /p ) one obtains for the interac-
tion on PQ the analogue of the electrical potential, viz., μ2/ρ3, namely, 
~η0(αϋϋ/ρζ). By means of equation (62) one finds on substitution of qL 
for U and summing over all particles acting on a primary one 

(fL"'«'« i'[ i+-"st?(^)]* <e« 
a wqaL2(\ + const. aL2N)N <* 773p. q 

The evaluation of the sum (i extending from 1 to N) assumes the particles 
to be uniformly distributed. The actual derivation of the result shown above 
involves again use of the principle of linear superposition of solutions of 
Stokes equations in a manner already illustrated for the intrinsic viscosity 

M 

«* 

+> X2 

FIG. 2. Geometric relations in interaction between two dumbells. 
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calculations. The exact analysis under the assumptions indicated and using 
techniques described for the spherical case leads to 

~ · - Ι + Ϊ ? * + Ι ? ' (65) 

The proportionality of the φ2 term to Uja follows directly from the form of 
the interaction term in equation (64). Equation (65) can also be rewritten 
in the form of equation (61) leading to k\ = 58/75 = 0.77. If hydrodynamic 
interaction between the particles had been neglected, then fci = 0.36, the 
φ2 dependence arising only from the modification of the deformation veloci-
ties (principal dilatations) because of the presence of the suspended dumb-
bells. Thus to the order of approximation indicated by the three assump-
tions made in these calculations k\ for a dumbbell is also a pure number 
probably larger than 0.4 and less than 0.8. In solutions of linear polymers 
in good solvents, to which the model of a dumbbell or an expanded coil 
most nearly applies, k\ is usually found to be roughly half the theoretical 
value.22 

In arriving at the above results two factors among others had been neg-
lected which deserve further attention. The first concerns itself with the 
method by which equation (64) is derived, use being made of an expansion 
in powers of 1/p the center-to-center distance between the suspended dumb-
bells together with Smoluchowski's linear approximation in a/Rn , equation 
(63). Even at fairly low concentrations this may not be valid because of 
the proximity of two such suspended particles (see the discussion on p. 573). 
contribute to the (large) value k\ = 0.77. Another approximation which 
should be commented on here is the omission of the inertial terms in the 
equations of motion. Consider for the moment that the solution is suffi-
ciently dilute so that hydrodynamic interaction between suspended par-
ticles can be neglected. To account in first approximation for the inertial 
terms of the Navier-Stokes equation Oseen's28 linearized version of these 
equations will be used. Their form for pure dilatational flow [equation (52)] 
has been explicitly presented by Simha29 and Saito.32 Two dimensionless 
parameters determine the character of the flow for a suspension of spherical 
or dumbbell particles composed of spheres of radius a. The first is the instru-
mental constant, already referred to in the introduction. Besides this 
constant there exists the local Reynolds number, equal to p | U | α/η0 = 
2ασ where | U | is the magnitude of the local relative fluid velocity about the 
sphere, p and ηο are the density and viscosity of the solvent, respectively. 
This number itself must be small compared with unity in order that the 
Oseen approximation may be applicable. From a simple dimensional argu-
ment it follows that the energy dissipation of an infinitely dilute suspen-
sion of dumbbells, satisfying ασ « 1 with a/L sufficiently small, should satisfy 
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an analogue of equation (62), namely, 

dW 
—p- oc iV(Oseen force on sphere P X velocity of P 
at 

+ Oseen force on sphere Q X velocity of Q) 

where the Oseen (force) resistance experienced by the spheres of the dumb-
bell is the analogue of Stokes resistance calculated from the Oseen rather 
than the Stokes equations of motion. Oseen finds28 for these forces 

F = 67Γ770αί/(1 + %μσ) (66) 

where U = qL is the effective magnitude of the velocity of P or Q. On sub-
stitution one finds in analogy with the previous results that the intrinsic 
viscosity must satisfy the proportionality 

w ζ - ( ΐ + const. aqL?-) (67) 
a2 \ W 

If the viscosity measurements are carried out at the usual velocity gradients 
g, the effect of the inertial terms on [η] becomes negligible. The quadratic 
concentration terms a% are, of course, affected because a2 °c [η]2 but also be-
cause the hydrodynamic interaction between two spheres of different dumb-
bells is now modified. Instead of equation (63) a resistance law depending 
also on the absolute position of the two spheres x7

(1), x i/2)s found to hold.28 

Ff = -tonoUa [ l + const. ±- e-«»+>iM-*il»>'] 

F? = -QwUa [ l + const. ^ - «-<« W ' - / 1 » ! 
(68) 

This force law is a direct consequence of the oppositely acting effect of the 
wake of sphere 1 on sphere 2 and vice versa; it should be noted that no 
such asymmetrical interactions are possible in the Stokes approximation. It 
turns out that the contribution to k\ depends on the factor (qLp/y^Ru. and 
can be neglected except at very large shear gradients and for very large 
particles. Here Ru is the average distance between two particle centers 
and this shows that the interaction is more sensitive to inertia effects than 
the intrinsic viscosity, as anticipated since these are long range effects. 

Simha's36 considerations apply also to linear arrays of spheres (rods) 
provided the interactions between the individual disturbing centers are neg-
lected. These, of course, contribute terms of the order a/L to the [η] in 
the dumbbell case and analogous terms for rods. Moreover, the results de-
scribed were anticipated to provide an approximate description also for 
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coiling molecules in the Staudinger range, that is, neglecting intramolecular 
interactions. The detailed calculations of Riseman and Ullman38 are in 
accord with this. Using the method of Oseen-Burgers previously described, 
they calculate the concentration dependence of suspensions of dumbbells, 
rigid rods, and centrosymmetric flexible molecules (random coils). In their 
calculation the disturbance of flow about one perturbing center due to 
another of the same particle has been taken into account to a higher ap-
proximation than by Simha.36 For the dumbbell they obtained as a result an 
equation which, for a/L <<C 1, agrees closely with Simha's36 

/3L2 27L \ 
\2a2 40a / Urei. = 1 + ΠΓΤ + 7 ί Ρ + · · · ψ + 

This can be written as 

200α3 Ψ 

(69) 

Below is a short table of the fcrvalues obtained by various investigators. 
The dependence of k\ on molecular dimensions in the case of the rigid rod 

and centrosymmetric flexible molecule calculated by Riseman and Ullman38 

may be masked here by the method used to average over the pertinent 
Oseen tensor to obtain i7rei. . It is clear also that k\, even in a linear chain 
molecule, will vary with molecular weight. The result shown in Table I 
does not take into account the intramolecular hydrodynamic interactions 
which tend to increase R\. 

TABLE I 
E F F E C T OF S H A P E ON THE CONCENTRATION D E P E N D E N C E OF D I L U T E SUSPENSIONS 

Particle Shape 

Sphere 
Sphere 

Sphere 

Dumbbell , Ri gid rod 

fci 

2.26 
2.01 

0.745, 1.17 

0.77 

Remarks 

Guth-Simha-Gold 
Corrected for volume of mu-

tual exclusion G.-S.-G. and 
Burgers, Saito. 

With and without effect of 
collisions, Vand. 

Simha 

Dumbbell 0.73 

Rigid rod 
Centrosymmetric flexible 

molecule 

/ 311α \ 
\1 + ™L) 
0.73 
0.60 

Riseman and Ullman 

Riseman and Ullman 
Riseman and Ullman 
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For compact particles we have results for rods and spheres, the latter 
giving higher values for fci. Clearly a transition must take place be-
tween these extremes which will depend on the axis ratio, and this is the 
equivalent of a molecular weight dependence of k\ for flexible macromole-
cules. The problem, as we have shown, is complex enough and requires 
further attention. The sensitivity of long-range interactions to some of the 
approximations reviewed, such as the replacement of summations by inte-
grations is well known from analogous interaction problems in other fields. 
Moreover, it should be pointed out that so far we have introduced no ad-
justable parameter. Nevertheless, the hydrodynamic results obtained yield 
more than the correct order of magnitude. 

In an older investigation Eirich and Simha26 examined the concentration 
dependence of very long ellipsoids oriented parallel to the direction of 
deformation and spinning undisturbed by each other in the absence of 
Brownian motion. They estimated the result 

^ = 1 + fe(2W^3+2)^ + fc[21n2/-3)^2 ( ? 0 ) 

where h and k are near unity in magnitude, h being a constant and k a 
function of the rate of shear. 

2. EFFECT OF AGGREGATION ON THE CONCENTRATION DEPENDENCE OF 
DILUTE COLLOIDAL SUSPENSIONS 

Besides the long-range hydrodynamic interactions of the suspended par-
ticles of dilute colloidal suspensions just discussed, there exist short-range 
forces between the particles variously interpreted as arising from direct 
collisions, aggregation, or, in the case of polymers, of entanglements of the 
suspended species. The choice of name given to these interactions depends 
to some extent on the estimated duration of the interaction. We shall refer 
to all these for brevity as aggregation effects, without necessarily implying 
thermodynamically stable structures. The contribution of such aggregation 
effects to the over-all viscosity depends on both the frequency of formation 
and the geometry of these aggregates. A number of treatments, both the-
oretical and semiempirical, of this effect have been recently published. 

Vand94 has presented an extensive treatment of a collision effect for a 
suspension of spheres, neglecting in first approximation the effect of Brown-
ian motion on this process. The picture of the collision process which Vand 
develops depends on the shearing motion of the liquid imparting different 
velocities to the suspended spheres, thus changing their mutual distances. 
The resulting collisions are highly inelastic as compared to those occurring 
between molecules in gases. After the encounter the particles roll around 
each other till they reach positions where they can be disengaged by 
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shear of the solvent, such a position being the portion of the surface of 
the stationary sphere tangent to the direction of flow. At small rates of 
shear the kinetic energy transformed to heat during such collisions can be 
neglected. From the geometry of the collision the velocity of rotation (roll-
ing) of the first sphere on the second, άω/dt, is obtained for Couette flow as 

ά,ω 2 — = q cos ω sm φ 
at 

with ω the angle along the great circle followed by the rolling sphere meas-
ured from the point of disengagement of the two spheres and φ the latitude. 
This, in turn, allows one to calculate the time Ζ(ω0, φ) spent in collision if 
the initial encounter occurred at ω0, φ. 

ί(ω0ιΨ) = f dt = f . f 2 = - ^ 
JUQ J « 0 Q s i n φ c o s 2 co qsm φ 

The total time T spent per unit time by one sphere in collision with other 
spheres is obtained, after transforming the origin of the coordinates to its 
center, from 

T = 4φ 

The effect of Browniaii motion, the existence of specific forces between the 
particles, etc., may modify the result obtained above but the direct propor-
tionality of T on φ is maintained according to Vand, who writes 

T = ν2φ1 r2 = 4 in the simplest case (71) 

The number of doublets present at any time is ψ2 = Τφι = τ^φι where φ\ 
is the concentration of single particles. More generally Vand writes 

Φ — Φ\ + 02 + Φζ + · · ' 

φι = τ^φι 

ι = 7V20i, etc. 

neglecting the formation of particles by breakdown of larger aggregates. 
Inverting the series one obtains 

Φι = Φ — Τ2φ2 - (r2r3 — 2Γ2
2)Φ3 — · · 

Φι = Τιφ — 2r2 Φ — 

Φζ = τ2νζφ — · · · 

etc. 

(72) 

for the concentrations of monomers, dimers, etc. 
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These aggregates have all different intrinsic viscosities which can be 
denoted by [77], [r?]2, [η]ζ etc., for the monomer, dimer, etc., particles. The 
calculation of these intrinsic viscosities is accomplished by assuming to a 
first approximation that the ratios, [r?]2/h] for example, are in proportion 
to the volume of the spheres plus immobilized solvent to the original volume 
of the spheres corrected by a very small factor to account for the nonsphe-
ricity of the particle. This assumption is based on an earlier suggestion due 
to Eirich et a/.96 The volume of the particles plus immobilized solvent is 
taken to be the volume of the spherocylinder formed from two spheres. 
Vand thus obtains the value of 3.175 for [η]2. The effective intrinsic vis-
cosity [fj] can be taken to be the mean of the intrinsic viscosity contribu-
tions caused by all species in suspension, i.e., 

[fj\ = ΜΦΙ + Μ2Φ2 + · · · (73) 
Φ 

This quantity replaces the number 2.5 obtained if one neglects aggregation 
in equation (59). The final result for the relative viscosity is [cf. (59)] 

M / r 1 , ^ Λ , _ ,r 1 r n \ ,2 iM. = 1 + [η]φ + <ψ (M + 2Q) + r2(fo]2 - fo])j φ2
 ( ? 4 ) 

= 1 + 2.5φ + 7.349Φ2 + 0(φ3) 

if [77] = 2.5, [η]2 = 3.175, r2 = 4, and the hydrodynamic interaction constant 
Q = 0.609. Besides the assumptions indicated in the text, some of which 
need further justification, that the existence of aggregation modifies also 
the long-range hydrodynamic interaction and thus cubic and higher terms. 
Thus for two spheres of radii a\ and a2 the resistance encountered by the first 
in the presence of the second is modified by terms 0[(αια2 — a\2)/Ru] in equa-
tion (63) where Ru is the distance between the centers of the spheres. This 
neglect is common to almost all theoretical treatments of aggregation as a 
factor in the concentration dependence of colloidal suspensions. Mason 
et αΖ.96α have carried out further theoretical and experimental researches on 
particle motions in sheared suspensions (in the absence of Brownian mo-
tion). These studies on uniform spheres and consequent doublet formation 
lead to an increased value of 10.05 for the coefficient of the quadratic term 
in Eq. (3.18') rather than Vand's value of 7.35. Collisions between spheres 
with ratio of diameters larger than 2 lead interestingly enough to configura-
tions of the interacting spheres which remain separated at all times. The 

96 F. Eirich, H. Mark, and T. Huber, Papierfabrikant 35, 251 (1937). 
960 B. J. Trevelyan and S. G. Mason, J. Colloid Sei. 6, 354 (1951); R. St. J. 

Manley and S. G. Mason, ibid. 7, 354 (1952); R. St. J. Manley and S. G. Mason, Can. 
J. Chem. 32, 763 (1954); ibid. 33, 763 (1955). 
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question whether true contact in collision is maintained for more nearly 
equally sized spheres of materials such as glass is still unresolved. 

A formal treatment of aggregation applicable to nonspherical particles— 
in particular flexible macromolecules—has been presented by Simha36 and 
Weissberg et al.b2a These authors proceed by assuming an equilibrium be-
tween "quasi aggregates" represented schematically by 

2P1: 

P2 + P1 

P2 

Pz 

Pz etc. 

The relative molar concentrations of the three species considered above are 

ni 

n2 

= 1 - 2Kin + (8K1 - 2tfiK2 - 3Kz)n 

- = M i - (4id - KM 
n 

^ = K3n> 
n 

(75) 

n = ni + 2n2 + 3n3 

The Ki are functions of the rates for the six process shown above. One may 
now write 

r;sp. = A0
(1)

Cl + A i V + A£W + i i i »* + A?Ac& 

+ A^cs + 0(cA) 

where the CiS are the weight concentrations. The ΑοΌ, Αο2\ etc., are in-
trinsic viscosities, ^ ί 1 ' 2 ) is the first interaction coefficient between a singlet 
and doublet, and Αίλ\ A™ represent the long-range hydrodynamic inter-
actions among pairs and triplets of single molecules. Since n = c/M where 
M is the molecular weight, one finds (compare with Vand) 

c AF + 

4 
Uf o] 

A? - ^ (m KM» - A?) (77) 

+ w{Al 1 »h _i_ 3^3 ^ 2Ai°) + f - A*»)] c2 + 0(c3) 

The authors have evaluated the constants Ki, [equation (77)] from their 
measurements of polystyrene fractions in toluene. This requires a combina-
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tion of the hydrodynamic results previously discussed with some assump-
tions about the structure of the effectively branched units formed by two 
polymer molecules in contact. For details the reader is referred to the orig-
inal paper.52a I t is estimated roughly that 5 to 6 % of all molecules are, for 
hydrodynamic purposes, combined into doublets, when the polymer 
concentration is about V{§ of that corresponding to contact of the average 
spherical coils representing a chain molecule. This doublet concentration is 
reduced by \^ when the over-all concentration is reduced further so that 
two molecular spheres could be placed on the average space between two 
polymer molecules. In addition to the approximations used in computing 
the Ki it must be kept in mind that the values just quoted do not represent 
thermodynamic aggregates of the type which influence, e.g., the osmotic 
pressure. In part, at least, they are a formal device for representing the 
hydrodynamic interactions for particles in closer-than-average proximity 
by reasons of shape or other fluctuations and cover up some of the hydro-
dynamic approximations in the interaction theories previously discussed. 

Equation (77) and the physical model on which it is based should become 
untenable as c approaches c0, the concentration at which, on the average,. 
the molecular spheres come into contact. In this region a marked increase 
of vSp./c is expected with further increase of c. While such an increase is 
actually found in the case of solutions of rigid particles or molecules such as 
phenolic resins and proteins, only a moderate upswing in the reduced spe-
cific viscosity (ηΒρ./ο) is observed for solutions of flexible macromolecules. 
These concentrations c0 are actually quite low, even in good solvents. For 
instance, for polystyrene in toluene c0 ~ 0.45 and 1.28 g./dl. for molecular 
weights of 600,000 and 146,000, respectively. The explanation offered of 
this behavior is based in part on a change in shape of flexible molecules 
with increasing concentration.52*1 On close approach of two or more such 
molecules in a good solvent, each of these will assume configurations cor-
responding to a smaller average radius than at infinite dilution; this shrink-
age of the coils, it is suggested, will tend to counteract the viscosity incre-
ment produced by interaction effects. 

To describe quantitatively the above effects, Weissberg, Simha, and 
Rothman introduce an effective intrinsic viscosity [77] c at finite concentra-
tions 

r Ί 1 άητβι. 1 άη 
Vrei. de η de 

which is a measure of the relative increment in viscosity produced on adding 
a solute molecule to a solution of concentration c. This quantity will depend 
on the volume encompassed by the flexible macromolecule and on its inter-
actions with other molecules. To at least a first approximation these investi-
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gators equate Mc/h] to V/Vo, the ratio of the pervaded volumes of a coil 
at a concentration c to the most probable volume V0 occupied by the coil 
at infinite dilution. This implies that the addition of a solute molecule to a 
mixture of large and small molecules is hydrodynamically equivalent to 
adding a solute molecule to pure solvent. Hence if the particles are incom-
pressible, the so-called Arrhenius exponential concentration dependence 
would result. This assumption gives only an estimate and was chosen for 
lack of adequate theory and experimental results near precipitation. In 
the calculation to be described, all deviations from the exponential rela-
tionship are ascribed to changes in the volume permeated by the coil. This 
change will obviously be greatest in a good solvent. A theory of the config-
uration of a polymer chain subject to segment interactions within the 
chain as well as between chains is required. An approximate analysis is 
presented by the authors.52" The intramolecular effect is taken into 
account in the manner indicated on p. 560, that is, a uniform distribution 
of segments in an enclosure formed by the pervaded volume V is con-
sidered. This volume, however, is now surrounded by other coils. A better 
approximation to the problem at hand would consist in analyzing the 
configurations of the central molecule as well as the adjacent ones per-
missible for segments enclosed in the cage. Instead, the effect of the cage 
is replaced by a pressure acting on the central molecule. This pressure, in 
turn, is identified with the nonideal part of the osmotic pressure. In the 
neighborhood of c = c0 one obtains from this picture 

L = l - ^L.B2M
2 2 M 0 ' + o G - J (re> 8 VoN 3 %a2 

where B2 represents the second virial coefficient of the osmotic pressure, 
a is the dimensionless "extension factor" which may be constant or increase 
with M according to equation (34). Combining these equations one finally 
obtains the expansion 

JpLc = 1 - const. (£\ + const/ (jj-Y + · · ■ (79) 

Evaluation of a from experimental values of 1 — [T?]C/[??] shows a for a 
series of polystyrene fractions investigated to be increasing with molecular 
weight. The values estimated vary from 1.95 to 1.59 in toluene between 
M = 6 and 0.58 X 105 and are somewhat higher than has been obtained 
from intrinsic viscosity data. However, it will be realized by inspection of 
the equation (78) that apart from the approximate nature of the theory966, 
we require accurate data for the molecular dimensions and mass, that is, 

»<* S. G. Weissberg et al. and J. W. McElwain, ACS Fall Meeting, 1955 modify (78), 
requiring higher terms, converging satisfactorily only in poor solvents—otherwise 
numerical methods are required. Also polydispersity is treated. 
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FIG. 3. (folc/fo]) calculated from polynomials and plotted versus concentration. 
Circles indicate values for c = c0 (From S.G. Weissberg et al. J. Research N.B.S. 47, 
312 (1951)). 

osmotic and light-scattering determinations, in addition to viscosity data, 
which appear as slopes fo]c. Another confirmation of these results comes 
from examining the molecular-weight dependence of the compression 
V/Vo. At c = Co, this dependence should be very slight according to equa-
tion (78). This is borne out by experiment.520 Figure 3 shows plots of h]c/fo] 
vs. c, computed from least square polynomials, representing the data. 

An early attempt to take into account the effect of the decrease of the 
rheologically effective radius of a flexible macromolecule with increasing 
concentration was carried out semiempirically by de Bruijn.93 He modifies 
his equation (56) by a factor ß which is to account for the compression of 
the coil. He finds that 

1 + *·>· ~r^ju (80) 

where the βφ term can be considered as a "negative van der Waals" correc-
tion. 

Both the experimental investigations of de Bruijn93 and those of Weiss-
berg, Simha, and Rothman52a'966 on a number of polymers in various solvents 
have revealed no marked deviation in the viscosity behavior as the concen-
tration c0 is approached. Spencer, Boyer, and Streeter97,98 have reviewed the 
types of effects on various physical properties which may be expected to 
arise as a result of the existence of a "critical concentration'' and concluded 
that sedimentation velocities and streaming double refraction, rather than 
viscosities, would be most affected. In this connection it is something of a 
surprise to have simultaneous reports of an effect at extremely high dilu-

97 R. F. Boyer and R. S. Spencer, / . Polymer Sei. 5, 375 (1950). 
98 D. J. Streeter and R. F. Boyer, Ind. Eng. Chem. 43, 1790 (1951). 
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tions, c < 10"3 g/ml, by Streeter and Boyer," Takeda and Tsuruta,100 

and Umstätter.101 The first investigators worked with polystyrene fractions 
in toluene and methyl ethyl ketone, the second with polyvinyl chloride 
in cyclohexanone, and the third with polyisobutylene. In all instances 
the effect consists of an abrupt rise in the η^./c vs. c curves. Closer ex-
amination of this behavior by Streeter and Boyer" revealed that this 
rise in the 7?sp./c curve does not continue indefinitely but comes to a max-
imum at a concentration considerably less than the calculated critical 
concentration. The height of the maximum thus obtained and other details 
of the Vsp./c curve are time-dependent. These investigators explain their 
results by the slow disentangling of polymer chains at concentrations beloAv 
the critical; even then this disentangling may require very vigorous agita-
tion of the solutions. The sharp increase in viscosity can be explained partly 
as the result of the expected slight expansion of the individual polymer 
coils at large dilution; the remainder of the increase must be caused by the 
final untangling of chains and the consequent increase in effective concen-
tration of polymer. The eventual turning down of the T?SP./C curve is to 
represent the increasing adsorption on the walls of the viscosimeter. From 
this picture follows the time-dependence of the phenomenon. The result, if 
fully substantiated, will naturally raise the question of the significance of 
the intrinsic viscosity obtained by linear extrapolation of η^./c vs. c data 
on polymer solutions where c is usually greater than 0.1%. Öhrn101a has 
discussed this in terms of the thickness of the adsorbed polymer layer and 
reduction of radius, a suggestion earlier made by Simha." 

3. SUMMARY OF THE CONCENTRATION DEPENDENCE OF COLLOIDAL SUS" 
PENSIONS—THE CONCENTRATION POWER SERIES 

As we have pointed out in the previous sections, the concentration de-
pendence of suspensions of colloidal particles above the "critical" concen-
tration (not c0!) can be thought to be produced by the long-range hy-
drodynamic interactions of the particles and a short-range interaction 
stemming from highly inelastic collisions between the particles, as a result 
of which aggregation of the singlet particles to doublets, triplets, etc., occurs. 
General considerations have suggested that the concentration dependence 
of "normal" colloid suspensions can be represented by a concentration 
power series such as equation (61) for T;SP. 

*£: = fo]{l + h[v]c + k2[vfc + HvYc + · · ·} (61a) 
c 

99 D. J. Streeter and R. F. Boyer, J. Polymer Sei. 14, 5 (1954); 17, 154 (1955). 
100 M. Takeda and E. Tsuruta, Bull Chem. Soc. Japan 25, 80, (1952). 
101 H. Umstätter, Makromol. Chem. 12, 94 (1954). 
!οΐα D. E. Öhrn, J. Polymer Set. 17, 137 (1955). 
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The coefficients k\, k2, etc., are themselves composite quantities which, 
in general, must depend on the rate of shear and the dimensions of the 
particle in suspension. This complexity is immediately apparent from the 
theories of Vand, Simha, and Weissberg, Simha and Rothman,52a which 
take into account aggregation of particles in more concentrated solutions 
[cf. equations (74) and (77)]. Thus from equation (77) we would find for a 
suspension of spherical particles that k\ is given by 

fe.2.26+i* ( ( * _ , ) 2Ki 

where Ki = K\/M is the association constant to dimer particles and [η]2 

the intrinsic viscosity of such dimers. For nonspherical particles the factor 
2.26 would have to be changed depending on the shape of the particle (cf. 
Table I), becoming the smaller the larger the deviation from sphericity of 
the suspended particle. Thus one would expect that in general 

where (ki)0 is, at most, a slowly varying function. I t is the (ki)0 term which 
measures the magnitude of the long-range hydrodynamic exchange forces 
between the suspended particles. In turn, the terms proportional to Ki 
measure the importance of the short-range forces between the particles in-
volved in their actual or effective hydrodynamic aggregation. If one applies 
the above equation to high polymers, the aggregate may form a branched 
molecule with [η]2 proportional to [τ?].52α Hence fci may be written as 

j A , B(M) ,Q 1. 
hi = A + —r-p- (81) 

with A = (fci)o and B(M) proportional to 2Ki. If the aggregate is assumed 
to be a cruciform molecule, one may write52a 

B{M) = 2K1(gl-a2a - 1) 

where g2 is the ratio between the mean square radii of cruciform and linear 
chains of the same molecular weight.77 The estimates of the aggregates 
previously given show that K\ itself is an increasing function of molecular 
weight,52" such that Β(Μ)/[η] may slowly increase or decrease with increas-
ing M. For a given fraction, however, equation (81) predicts an increase of 
k\ with decreasing [η], that is, in a poor solvent, since K\ would at least not 
be expected to decrease. These considerations obviously still require a firmer 
quantitative footing. Writing kifaf = b, Eirich and Riseman,102 and Streeter 

102 F. Eirich and J. Riseman, / . Polymer Sei. 4, 417 (1949). 
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and Boyer found empirically a linear relation between b and [η] 

Μ=Ύ + *b (82) 

with 7, σ constants, implying the existence of a common point of intersec-
tion for the series of lines represented by the equation for η8Ό./ο. Recently 
this common point of intersection has been suggested as a basis for defining 
an ' 'intrinsic configurational" characteristic of a polymer chain which will 
be independent of the solvent. Cleverdon and Smith103 have chosen the 
ordinate of this point, [η]τ, as the desired characteristic. They show that 
[η]τ can be obtained for a given polymer from measurements in a single 
solvent by means of the relation 

The success of this representation depends on the validity of equation (82). 
Besides [η] τ two other intrinsic viscosity parameters have been introduced, 
which were to be independent of the nature of the solvent. Flory and Fox73 

have shown in their viscosity theory that when the polymer in solution is 
at the critical miscibility temperature T = Θ, a, the chain extension factor 
is unity and [η]β should be independent of the solvent. Bawn, Grimley, and 
Wajid104 have introduced another solvent independent viscosity parame-
ter, [η]Ρ , which is the value of [η] at the precipitation point. Preliminary 
calculations indicate that [η]β and [η]Ρ are somewhat greater than [η]τ , 
the differences found in these parameters being partly experimental. 

I t has been known for some time that while a poor solvent leads to a 
lower intrinsic viscosity, it leads to a higher fa value than does a good solv-
ent.22 This behavior is in accord with expectations since in a poor solvent the 
polymer molecule is tightly coiled and acts hydrodynamically like a com-
pact, almost spherical structure (cf. Table I). Moreover, this is in accord 
with equation (81). Boyer and Spencer,97 and Trementozzi105 have adduced 
experimental evidence that fa depends on the molecular weight hetero-
geneity of the polymer sample. Such a conclusion has also been reached 
by Cleverdon et al.106 and Bawn et al.;m the polymer having a larger fa than 
any fraction obtained from that polymer. 

Finally, fa for a polymer of given molecular weight in a given solvent de-
pends on the structure of the polymer. Alfrey et al.m showed that the fa 

103 D. Cleverdon and P. G. Smith, J. Polymer Sei. 14, 375 (1954). 
104 C. E. H. Bawn, T. B. Grimley, and M. A. Wajid, Trans. Faraday Soc. 46, 1112 

(1950). 
105 Q. A. Trementozzi, / . Phys. & Colloid Chem. 54, 1227 (1950). 
108 D. Cleverdon, D. Laker, and P. G. Smith, Trans. Faraday Soc. 47, 908 (1951). 
107 T. Alfrey, A. Bartovics, and H. Mark, / . Am. Chem. Soc. 64, 1557 (1942). 
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value of polystyrene fractions depended on the polymerization tempera-
tures of the samples. Manson and Cragg108 showed in careful experiments 
that k\ can be influenced by the degree of branching, crosslinking, and 
amounts of polar contamination in the polymer sample. A slight increase of 
k\ with increasing molecular weight at very high molecular weight was also 
noted by these authors. This may be connected with the solvent becoming 
poorer for high degrees of polymerization. 

From what has been said above about the variation of k\ with [77], the 
structure and dimensions as well as the environment of a suspended chain 
polymer, one can infer that for other types of suspended particles the 
composite and variable nature of k\ should make itself manifest. For non-
polymer solutes ki may tend to be less variable, especially as the solutes 
approach sphericity in shape. The higher coefficients k2, kz, etc., in equa-
tion (61) behave similarly to k\ in the sense that they, too, depend on a 
great variety of factors. 

Nonetheless there have been many attempts made to represent the con-
centration dependence of suspensions by empirical series of the form given 
by equation (61), in which the coefficients ki, k2, etc., are treated as purely 
numerical constants with values independent to a large extent of the de-
tailed description of the colloidal system. A summary of these can be found 
in Philippoff's16 book. Before we list the coefficients k\, k2, etc., found from 
some of these empirical relations, we would like to present two empirical 
viscosity concentration formulas which have been used to describe the 
viscosity behavior of a number of dilute polymer solutions. These are 
Martin's equation,22 which is a modified form of the exponential relation-
ship first proposed by Arrhenius, 

log«, (if) = log» [η] + k"[v]c (83) 

where k" = Α.Ί/2.3 is taken to be an adjustable constant and the Baker equa-
,· 109 

tion 

„rc]. = (1 + M.c)" (84) 

with n a constant. The constant n of the Baker equation is related to k\ 
and ki by the relation 

, _ n - 1 _ (n - l)(n - 2) 
Α > 1 " " ^ Γ ' *2 6^ 

108 J . A. Manson and L. H. Cragg, Can. J. Chem. 30, 482 (1952); L. H. Cragg and 
J . A. Manson, J. Polymer Sei. 9, 265 (1952). 

»o» F . Baker, / . Chem. Soc. (London) 103, 1653 (1913). 
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FIG. 4. Reduced Baker network. The indices, n, are shown at the termini of the 
dashed lines. (From S. G. Weissberg et al. / . Research, N.B.S. 47, 312 (1951)). 

Hence, as n goes to infinity, the Baker equation approaches the exponential 
Arrhenius relation. The Martin equation has been shown by several au-
thors a ' ' to be obeyed reasonably λνβΐΐ in good solvents above con-
centrations of about 1%. In poor solvents the fit extends to lower con-
centrations. The unmodified Baker equation does not yield fits that are as 
satisfactory, but has the advantage that the parameter n varies strongly 
with the nature of the solvent as has been shown for polystyrene520·98 and 
dextran solutions.966 Figure 4 and Table II in reference 98 illustrate this 
point and show, moreover, that the dependence of n on temperature is 
stronger in a poor solvent. The same holds for the dependence of n on 
molecular weight, see Fig. 5. This behavior is in qualitative accord with our 
previous discussion of the quantity fo]c since, from (84), 

Me W 
1 + (Mc/n) 

Thus the large value of n in a poor solvent means less difference between 
[η]0 and [η]. I t follows from equation (78) that n will be most sensitive to 
changes in conditions near the precipitation point. 

Below is a part of the table from Philippoffs book, comparing h and k2 

for a number of empirical equations to which we have appended some 
110 R. S. Spencer and J. L. Williams, J. Colloid Sei. 2, 117 (1947). 
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TABLE I I 
INTERACTION COEFFICIENTS ACCORDING TO SEVERAL FORMULAS FOR THE VISCOSITY 

OF COLLOIDAL SUSPENSIONS1 6 

Formula 

Baker (n = 3-8) 
Bredoe and De Booys 
Hess and Philippoff 
Bredoe and Bergen 
Arrhenius 
Kunitz 
Eirich et al. 
Guth-Simha-Gold (spheres) 
Simha (dumbbell, rod) 
Riseman-Ullman (centrosymmetric 

flexible molecule) 
Brinkman (spheres) 
Eilers 

Mooney (spheres) 

Simha (spheres) 

* 1 

0.33-0.44 
0.417 
0.438 
0.465 
0.500 
0.593 
1.25 
2.26 
0.77 
0.60 

0.70 
0.76 

0.5 + /b/2.5 

2.5//» 

&2 

0.037-0.109 
0.0925 
0.109 
0 
0.166 
0.265 
2.56 

— 
— 
— 

0.42 
0.64 

7 / 7 \ 

0 1 6 7 + 2 - 5 ( i + 2 - y 
\ / 

theoretical results from Table I and presented the results of semi-empirical 
to theoretical equations recently derived by Brinkman,111 Eilers,95 Mooney,112 

and Simha,33 which will be more fully discussed in the next section. 
From Table II we see that, remarkably enough, even though the empirical 

relations come from extremely varied sources and for different systems, the 
smallest /br value differs by only a factor of about 4 from the largest if we 
disregard the theoretical result of Guth, Simha, and Gold. The agreement 
in the k2 column is not as good as might be expected but is still indicative 
of the order of magnitude of possible effects produced by k2. 

IV. The Viscosity of Concentrated Suspensions and 

Polymer Solutions 

As the particle concentration of a colloidal suspension increases it is to 
be expected that the viscosity of the suspension as a whole will cease to 
behave as if given by the sum of the mutually perturbed viscosity contribu-
tions of each particle. The power series in the concentration of the suspended 
particles which proved so useful in discussing the concentration dependence 
of dilute suspensions should begin to diverge at sufficiently high concentra-
tion. A strict definition, therefore, of a concentrated solution could be 

111 H . C. Brinkman, J. Chem. Phys. 20, 571 (1952). 
112 M. Mooney, J. Colloid Sei. 6, 162 (1951). 
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based on the above observation. Unfortunately, the exact range of converg-
ence of the concentration series is unknown, although presumably such a 
radius extends up to almost the concentration of some suitable close pack-
ing for compact, spherical particles exerting neither strong attractive or 
repulsive forces on each other. At the concentration at which close packing 
sets in we would expect a strong and abrupt increase in the viscosity of the 
suspension, the process resembling in its critical nature superficially a first-
order phase transition such as a condensation of a vapor to liquid. In prac-
tice the behavior of real suspensions is not as simple as that, for recent 
experiments show (Maron et al.m) that before this critical concentration is 
reached the suspension may deviate markedly from simple Newtonian vis-
cosity behavior even at low rates of shear. Hence in studying the viscosity 
of relatively concentrated colloidal systems, an attempt should be made to 
study at least roughly the shear dependence of the system. We have seen 
that at even relatively low concentrations the suspended particles can 
form simple aggregates which act as compact, larger single particles. 
At higher concentrations these form structures such as nets or even three-
dimensional networks with flow-immobilizing powers far exceeding those 
of the compound particles. Such an effect would, of course, be greatly 
enhanced in suspensions of very anisotropic particles. In view of these 
considerations we shall consider a suspension as already concentrated, even 
when far removed from close packing of the suspended phase, if the first 
few terms of a concentration series such as equation (61) cease to describe 
adequately its viscosity behavior. 

The difficulty of theoretically predicting the viscosity behavior of con-
centrated suspensions is due, as we have shown, to a great extent to our 
ignorance of (a) the detailed structure of such a suspension and (b) the 
nature of the forces, hydrodynamic and otherwise, exerted by the particles 
on each other. The two effects are clearly interdependent. In general the 
assumption is still made and is probably justifiable as a first approximation 
that the particles, if not too anisotropic, are uniformly and homogeneously 
distributed throughout the available volume. The volume now occupied 
by the particles themselves is no longer an insignificant fraction of the total 
volume, but represents an important correction to the dilute suspension 
viscosity formulas. In the following discussions of the problem the one or 
other of the two effects, configuration and hydrodynamic interaction, are 
stressed. 

Robinson114 has pointed out that the volume of "free liquid" through 
1 1 3 1 . M. Krieger and S. H. Maron, / . Colloid Set. 6, 528 (1951); I. M. Krieger, S. 

H. Maron, and B. P. Madow, ibid. 6, 584 (1951); S. H. Maron and B. P. Madow, ibid. 
8, 130 (1953). 

114 J. V. Robinson, / . Phys. & Colloid Chem. 53, 1042 (1949). 
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which the suspended particles can move past each other is not necessarily 
to be identified with the difference of the geometrical volume of the sus-
pension as a whole and the volume occupied by the suspended particles. 
The "free" volume is generally less due to immobilization of the solvent 
between the suspended particles. This is not only possible by physical 
trapping of the solvent in voids and pores formed in a close packed array 
of the suspended particles but also resulting from long-range hydrodynamic 
forces between the particles, although Robinson appears to favor only the 
first-stated mechanism. Accordingly the "free" volume of a particle is given 
as proportional to 1 — $'φ, with φ the volume fraction of solute and S' the 
relative sediment volume defined as the volume which a sediment will 
occupy when the particles themselves occupy unit volume. The viscosity 
of a suspension must now vary inversely with the "free" volume. This is 
reminiscent of semiempirical relations for the dependence of the viscosity 
coefficient on the molar volume of a liquid. Robinson, for simplicity, chooses 
a first-power dependence on the free volume. Noting that for small φ, η&ρ. 
becomes proportional to φ he writes 

The coefficient k is not specified exactly but should be taken to be a fric-
tional coefficient and thus depend on the shape, surface roughness, etc., of 
the particle. In order to fit his own data on the viscosity of glass spheres in 
various solvents Robinson had to assume a value of k in equation (85) 
which is inconsistent with Einstein's ηΒρ, value for low concentrations. 

This van der Waals analogy approach to the calculation of the viscosity 
of concentrated suspension of spheres is not new. It was further extended 
and elaborated by Mooney.112 Both Mooney112 and Brinkman111 formulated 
their calculations as an appropriate solution of a functional equation. 
This technique appears to be a natural one for these problems. Assum-
ing the suspended spheres are all monodisperse, say, of radius αι, Mooney 
considers the suspension containing a volume fraction φ = φ\ + φ2 of spheres 
to be built up by two successive additions, first of ψι to pure solvent and 
of φ2 to the resulting suspension. The first addition of solute increases 
the viscosity of the system from η0 to 771, given by an as yet unknown 
factor Η(φι) = 171/170 · If the second fraction φ2 is now added a further 
increase will be obtained in the viscosity which is due to (a) an increase 
in the viscosity because of an increase Φ2 in the concentration of the re-
maining liquid not occupied by φ\ and (b) a second increase which results 
from the effect of the fraction φ\ on the liquid not accessible to Φ2 ; both 
these effects must occur since the suspension cannot distinguish in what 
order the fractions of solute are mixed with solvent. Both the mutual crowd-
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ing effect and possible hydrodynamic interaction effect produced by (a) 
and (6) are assumed to be accounted for by the individual increases Hfai) 
and H(\f/u) corresponding, respectively, to (a) and (b) where ψι2 and ψη are 
the effective volume fractions 

# Φ2 
Ψ12 = 

φ21 = 

1 - k<j>i 

Φ2 
1 — kφ2 

with k T£ 1 the constant crowding factor. The viscosity of the suspension 
of volume fraction φχ + φ2 is now given by 

- = ( - ) ■(-) =Η(Φι + φ2) = Η(φ12)Η(*2ύ 
VO V7o/with4>2 to v / l / w i t h ^ x already 

be added added 

The solution Η(φ) of this functional equation is the conventional relative 
viscosity, yielding Einstein's relation in the limit as φ —> 0 and so satisfies 

! = „,,,.*« =exp(J^L) W 

as is easily verified by direct substi tution. 
Mooney has also shown tha t for a continuous or discrete distribution of 

diameters of the suspended spheres equation (86) has to be modified since 
the crowding factor for spheres of various sizes is different and depends on 
whether the larger spheres crowd the smaller ones or vice versa. He obtains 

v-> Φί 
In TJrel. = 2.5 2 ^ =1 1 - Σ λ/ίφ, (87) 

2=1 

(discrete distribution of spheres) 

or 

lnrjrei. = 2.5 / 
Jo 

άφί 

— I \ji άφ] 
Jo 

where the crowding factor Xy» is a function of the radius ratio p»-y = di/dj. 
Mooney's considerations indicate that X»y should roughly behave as a con-
tinuous function of p»y, which vanishes as p,-y —> 0 and approaches unity as 
pt·· —> oo. \{j should have a maximum when pty —» 1, λ« = k being evaluated 
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to lie between 1.35 < k < 1.91. This is seen by noting that 7/rei. —» <* as φ 
approaches the concentration corresponding to a face-centered cubic close 
packing and by taking a simple cubic packing as the densest packing of the 
suspended spheres which will permit continuous movement. Mooney is able 
to fit both Vand's experimental data on suspensions of glass spheres and 
Eiler's data on bitumen suspensions using an empirical form of equation 
(86) with k = 1.43 and 0.75, respectively. Although it is not obvious that 
the product relation equation (85) can be strictly valid, there does appear 
some justification of this type of relation forthcoming from the absolute 
reaction-rate theory of viscosity. We shall return to this in a later section 
dealing with the temperature dependence of the viscosity of suspensions. 

Brinkmann111 approach to the viscosity of concentrated suspensions of 
spherical particles is to consider the effect of adding one extra particle of 
definite volume. To account for this, the suspension is represented by a pure 
solvent of the same viscosity as the suspension. This assumption would be 
exact if the, say, n particles already present were much smaller than the 
one added or, more generally, if the volume fraction of solute of the original 
suspension were small, i.e., it is dilute. For such solutions the viscosity in-
crease would be given by Einstein's relation, which now reads 

where V is the volume of solution containing the original n spherical par-
ticles each of volume v0. Solving this difference equation Brinkman finds 

* · > · = (1 - φ)5/2 ( 8 9 ) 

where φ is the volume fraction of suspended spheres nv0/V. Equation (89) 
was derived independently by Roscoe.115 For spheres of equal size, Roscoe 
attempts to include an immobilization factor along the lines of Vand94 and 
Robinson114 and proposes to multiply φ in (89) by a factor which increases 
with increasing φ from 1 to 1.35 such that even at φ = 0.05 the factor is 1.2. 
Equation (89) agrees fairly well with Eiler's95 empirical equation, fitting his 
data on bitumen suspensions to terms in the square of the concentration. 
The modified equation (89) is successfully used to represent data by Ward 
and Whitmore,115a who found that at high concentrations the viscosity of 
a polydisperse spherical suspension increases less rapidly than for a uniform 
system, in accord with Roscoe's results. The data on aqueous sucrose solu-
tions116, 11T can be similarly fitted by equation (89) with a coefficient F^I . 

115 R. Roscoe, Brit. J. Appl. Phys. 3, 267 (1952). 
1150 S. G. Ward and R. L. Whitmore, Brit. J. Appl. Phys. 1, 286 (1952). 
116 C. W. R. Powell, / . Chem. Soc. 106, 1 (1914). 
117 E. C. Bingham and R. F. Jackson, Bull. Bureau Standards Wash. 14, 59 (1918). 
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The two approaches which have been presented above are interesting in 
themselves. However, they suffer from the conceptual difficulty of not being 
easily related to the purely hydrodynamic approaches employed in discuss-
ing dilute solutions which base themselves in the last analysis on the clas-
sical Navier-Stokes equations of motion of a viscous fluid. In this connection, 
therefore, a treatment by Simha33 of the viscosity of concentrated suspen-
sions is to be noted. 

His approach attempts primarily to account for the influence of the finite 
size of the compact (spherical) particles in suspension on the hydrodynamic 
exchange forces they exert on each other. In all previous hydrodynamic 
theories the particle has been treated as a point center of force with a long-
range "potential" which decays as a/rz where a is the radius of the particle. 
The finite size of the particles introduces a shielding effect which becomes 
increasingly important as the concentration is increased and reduces the 
mutual interaction as calculated by the point approximation. This effective 
shielding from hydrodynamic interaction of a central particle with particles 
other than nearest neighbors is described by a length L analogous to the 
shielding length of intrinsic viscosity theory of chain macromolecules. The 
critical ratio, Rn/L, where Rn represents the average intermolecular dis-
tance, must vanish at high dilution and become of the order of unity in very 
concentrated solution; at intermediate concentrations one would expect 
from analogy to the intrinsic viscosity theory that this ratio varies as φ1/6. 

To treat this screening effect in first approximation, Simha adopts a 
cage model for the suspension where the cage is a concentric spherical 
enclosure about a representative sphere, outside of which perturbations of 
the flow caused by the other particles cannot influence the flow around the 
central sphere. Denoting the radius of the spherical shell (cage) by b the 
effect of the other particles on the relative flow of solvent about the central 
sphere is such as to cause the flow to vanish at the surface of the shell. Such 
a simplified model stresses most the interaction between the central particle 
and its nearest neighbors. Inside the cage (a < r < b) the solvent satisfies 
the usual Stokes equations. The hydrodynamics of the simplified model can 
be solved exactly and one finds [cf. equation (14)] 

*·ι. = 1 + ΜΠν)Φ (90) 
where y = a/b and X(y) is a steeply, increasing function of y measuring the 
interaction between the central particle and its surroundings, viz., 

w 4(1 + 2/10) - 25*/3(l + 2/4) + 42i/5 

The concentration dependence of the suspension arises from the fact that 
the position of the cell wall r = b will vary with concentration in such a 
way that b will be proportional to Ä12 or preferably at higher concentrations 
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to R12 — a. Corresponding to the above proportionalities one may assume 

3 _ Φ 
P y « 

or 
3 Φ 

y = /3(i - φ^/fy 
respectively with / a constant given by φιη0χ. ~ f/S. Inserting these ex-

pressions in equation (90) and expanding, one finds in turn that to 0 ί -ζγ ) 
these lead, 
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for low concentrations and for high concentrations to the limiting law 

H m 77rel. = -TT-o jz - 7 7 Γ7 (91) 

For hexagonal or simple cubic close packing / h a s the values of 1.81 or 1.61 
and as φ goes from zero to 0max., / will at most change from around unity 
at low concentrations to less than 2. Equation (91) compares well with 
Eiler's95 empirical expression which reduces for high relative viscosity to 

25 φ2 

7?rel. = 16 [(1 - φ)/φ™*.]2 

112 Simha has compared his equations with those of Mooney [cf. equation 
(86)] and Eiler's expressions f o r / = 1.81 fama*. = 0.74). His values are 
intermediate; smaller than Mooney's but larger than Eiler's. 

One may compare Simha's results with those of Roscoe for spheres of 
equal size derived from quite different premises. It turns out that the two 
expressions are quite close in the concentration range above φ = 0.22. Cheng 
and Schachman118 have studied the viscosity and sedimentation behavior 
of Dow polystyrene latex particles. These are of uniform and known size, 
and serve as standards in electron microscopy. Besides confirming the 
validity of Stokes* resistance and Einstein's viscosity formula, these authors 
examined ητβι. at higher concentrations. They were able to fit their data by 
the expression of Guth, Simha, and Gold, assuming that no cubic terms were 

118 P. V. Cheng and H. K. Schachman, J. Polymer Sei. 16, 19 (1955). 
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to enter or; alternatively, by Simha's theory, equation (90), provided a 
value of 1.05 was assigned to the parameter / . This means a value of 13.5 
for the coefficient of the quadratic term, although in the concentration range 
used by these authors the higher terms are not negligible. The effective 
cage around the central particle would accordingly be at b ~ 0.6 ß 1 2 . 

The extension of the theories presented above to nonspherical aggregates 
would present considerable difficulties. I t is clear that the departure of the 
solute particles from spherical shape will decrease the concentration at 
which close packing of the particles can occur and as a result increase the 
steepness with which the viscosity of such suspensions increases. In view of 
the rotatory Brownian motion of the particles volume exclusion of a given 
volume fraction of ellipsoidal particles should be much larger than that cor-
responding to the same volume fraction of spheres; i.e., k in equation (86) 
and S" in equation (85) should be much larger. The hydrodynamic inter-
action for nonspherical particles is larger, but so is also the mutual shield-
ing effect. In solutions of very asymmetric particles the mutual repulsion 
actually results in a pronounced ordering effect in the solution, as shown 
by Onsager.119 An immediate extension of Simha's approach to the cal-
culation of the viscosity of concentrated solutions of macromolecules is 
not adequate, except perhaps at the precipitation point. That is, the 
coils cannot be regarded, as far as their interaction goes, as compact 
spheres, something that can be done in respect to intrinsic viscosity. 
A glance at equation (91) confirms this. The effective intrinsic viscosity 
[η]0 = d i n η/dc would be larger than [η], even allowing for compressions, 
whereas experiment usually shows the reverse; that is, for polymer so-
lutions, where the exponent n in the Baker equation (84), is positive. 
As has already been mentioned, at higher concentrations even spherical 
suspensions may show deviations from Newtonian flow even when the 
shearing stresses are low. This was found by Maron, Krieger, and Madow113 

for a number of synthetic GRS lattices consisting of semirigid spheres, 
above a solids concentration of 0.25 by volume, both in capillary and 
concentric cylinder viscosimeters. These investigators find that a modi-
fied form of Mooney's equation, equation (86), represents well their data in 
the Newtonian range. Above φ = 0.40 the constants in the equation are 
strongly dependent on the rate of shear. The experimental conditions sug-
gest that the non-Newtonian flow in these systems is partly due to the de-
struction of aggregates. Part of the effect may be caused even for spherical 
particles by the disturbance of the relative arrangement of the suspended 
particles by the applied shear. This has already been suggested by Simha,33 

for concentrated suspensions. This effect is analogous to the distortion of 
the pair distribution function by the applied shear, which is the major 

119 L. Onsager, Ann. N. Y. Acad. Sei. 51, 627 (1949). 
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contribution to the viscosity of a dense fluid and leads to deviations from 
Newton's law at higher rates of shear.1,2 

Turning again to recent investigations of polymer solutions, we have al-
ready mentioned some measurements in the higher concentration range98, n0 

in connection with the application of some empirical viscosity-concentration 
functions in closed form. One of the aims of viscosity determinations is to 
establish corresponding states or reduced variables, at least as a rough 
approximation. Our previous discussion of the moderate concentration 
range has suggested adoption of the ratio c/c0, where c0 is the concentra-
tion of incipient overlap of the average molecular spheres as determined at 
infinite dilution. Thus assuming a geometric factor corresponding to hex-
agonal packing we write 

Co = 
SNGRZ 

Hence the scale c/c0 is closely related to the reduced variable S = [η]ο. 
Both express the average mass of polymer per unit volume relative to the 
same quantity within the molecular coil. In Fig. 5 experimental data of 
Weissberg, Simha, and Rothman52a are plotted on the S-scale. It is seen 
that, indeed, the differences in viscosity due to molecular weight in a given 
solvent are largely eliminated. Or, if we want to represent the results by 

4.0 5.0 6.0 
S( = Ao0 

9.0 10.0 

FIG. 5. Reduced Baker network. The indices, n, are shown at the termini of the 
dashed lines.82" 
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a Baker expression, n depends only slightly on chain length. In poor sol-
vents, the /S-scale does not work as well. These results are in qualitative 
accord with equation (78). 

I t is of interest to consider the recent measurements up to concentrations 
of the order of 40 % in several polymer-solvent systems by Ferry and several 
of his colleagues.1190 They find a reduced scale proportional to the product 
cM°'G8, which is close to S. These results are used to develop empirical 
t\r-c-M relations. They are roughly equivalent to a Baker equation with 
n = 4-5 for polyvinylacetate in some good and intermediate solvents. At 
the high concentrations ( ^ 10 %) in question 

yielding a dependence as Mpcq with p — 3 to 3.5, q = 4 to 5 whereas for 
polystyrene in good solvents, n ~ 3. 

As remarked by these authors, it is peculiar that the viscosity at such 
high concentration should continue to depend on the intrinsic viscosity in 
the manner indicated. If this is more than just an empirical representation 
it may have something to do with the fact that the coil compression previ-
ously considered cannot go on indefinitely. There follows a stage of ex-
pansion which ultimately, in the bulk polymer, leads to random Gaussian 
configurations. Thus taken over the whole concentration range the change 
in chain configurations is not very extensive, and, therefore, the indicated 
dependence on [η] is approximately valid. 

V. The Effect of Other Factors on the Viscosity of Suspensions 

The previous sections of this chapter have been concerned primarily with 
the effect of the concentration on the viscosity and the manner in which 
various physical factors affect the concentration dependence of suspensions. 
In discussing the concentration effect we restricted ourselves to those test 
flows for which (1) the rate of shear could be assumed to be vanishingly 
small and {2) the Reynolds number of the flow in the testing instrument 
nowhere exceeded a critical value above which the flow of the suspension 
changes its character from laminar to turbulent. Besides these effects, solu-
tions of macromolecules especially show a significant departure from simple 
Newtonian liquid behavior and do exhibit viscoelastic phenomena, which 
are considered in other chapters. In addition to hydrodynamic factors affect-
ing the viscosity there are also thermodynamic ones. We have seen that 
the intrinsic viscosity as well as η5ρ. at finite concentrations are solvent 
dependent. This affects also the temperature dependence, discussed below. 

119a J. D. Ferry, E. L. Foster, G. V. Browning, and W. M. Sawyer, J. Colloid Sei. 
6, 377 (1951); M. F. Johnson, W. W. Evans, J. Jordan, and J. D. Ferry, ibid. 7, 498 
(1952); J. D. Ferry, L. D. Grandine, Jr., and D. C. Udy, ibid. 8, 529 (1953). 
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1. HYDRODYNAMIC FACTORS 

a. The Effect of Rate of Shear 

Suspensions of anisotropic or isotropic but deformable particles show 
non-Newtonian behavior. The shearing stress in such systems is not propor-
tional to the rate of shear q. The ratio between shearing stress and the rate 
of shear (velocity gradient) represents our apparent viscosity. This quantity 
will then be a function of the rate of shear. The problem of the shear 
dependence of flexible polymer solutions has received a considerable amount 
of attention recently. Since the shear-dependence effects are particularly 
enhanced for nonspherical, flexible particles, i.e., those with complex hydro-
dynamic behavior even in the limit of q —> 0, it is advisable to consider 
first the shear dependence of the intrinsic viscosity, in which the effect is 
localized on the individual particle in suspension. We have discussed in 
qualitative terms on page 550 the shear dependence of the intrinsic viscosity 
which arises from the competition between the orienting tendency of the 
shear as measured by the gradient q and the rotatory Brownian motion 
characterized by a rotatory diffusion constant Drot. . The latter may be 
regarded as defined by the relation φ2 = 2Drot. t, where φ2 represents a mean 
square angular displacement in time t. Hence Drot. has the dimension of a 
reciprocal time. The ratio q/Drot. therefore represents a ratio of two time 
scales. The resulting solution of the steady state Fokker-Planck equation is 
discussed elsewhere in the monograph. The resulting intrinsic viscosity of a 
rod or ellipsoid can be expanded into a series in q/DTOt., with coefficients 
which are functions of the axis ratio.42c This series has been evaluated nu-
merically,446 as discussed elsewhere. The significant feature is that the first 
term is quadratic in q, i.e., the [?j]-g curve starts out with zero slope. 

In addition to the shear dependence which rigid anisotropic particles can 
exhibit as a result of their orientation with respect to the direction of solvent 
flow there exists another type exhibited even by spherical particles as long 
as these are able to deform under the influence of the shearing forces. This 
type of response is the one which is important in discussing solutions of 
flexible macromolecules. The deformation of a particle by a velocity gradient 
is not instantaneous because it may involve an internal resistance to shape 
deformation equivalent to an internal viscosity. In the case of flexible 
macromolecules the internal resistance involves the rotation of polymer 
segments about atomic bonds and is thus expected to be a function of the 
molecular weight of the polymer. Kuhn and Kuhn have shown that the 
internal viscosity Bk of a polymer homologous series decreases with in-
creasing molecular weight. The time of response for configurational changes 
in flexible macromolecules is given by the relaxation time r 

_ viscosity _ Bk _ Bkr0
2 

T modulus 3kT/Nl2 3kT 
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and depends on the strength of the barriers preventing free rotation through 
I in r0 , (see equation 31). If Bk is very small, the particle can ad-
just its shape immediately to the demands imposed by the shearing 
stresses and a detailed hydrodynamical computation shows that the in-
trinsic viscosity becomes independent of the rate of shear. On the other 
hand, as Bk —» <*> the molecule reacts hydrodynamically like a rigid particle; 
changes in shape are very much slower than the changes in orientation of 
the particle resulting from the shear rate. For intermediate values of Bk the 
viscosity is intermediate between the two limiting cases. Kuhn and 
Kuhn14·42 Simha,74 and Kirkwood and Riseman13 find, for effectively rigid 
macromolecules, including flexible coils 

( M ) 1 - constant [ ^ M([r,])5=0J + · · · (92) 

with the constant roughly of the order of unity. These results hold for free-
draining polymer coils. They show the anticipated and observed strong 
dependence of shear effects on M. The factor in the bracket merely repre-
sents the ratio q/DTOt. . Bueche1196 has considered the problem in greater 
detail. The coil is considered as an array of N elastically coupled (Hookean) 
segments, each subject to the shearing (or any other external) force and 
viscous resistance, depending on its surroundings. For a freely draining coil 
at infinite dilution this latter reduces to a constant frictional resistance 
due to the solvent. A normal coordinate analysis yields the modes or 
"spectrum" of motion and the viscosity as a function of the product of q 
and the longest relaxation time of the spectrum which is equivalent to a 
reciprocal Drot. referring to the molecule as a whole. Indeed when q is so 
small that all "overtones" except the first have sufficiently high frequencies, 
Bueche's expression reduces to (92). His general expression may be written 
as a series: 

with 

7Γ2 ί=ί z2(i4 + x>) \ i* + W 

12 MnrnoMg /Qo>, 

Bueche also a t t empts to include the effect of hydrodynamic segment 
interaction by replacement of q by an effective q. This leads to a result which 
for small q reduces to 

W = ! _ ( ji/. + 0 ( j 

1196 F. Bueche, J. Chem. Phys. 20, 1959 (1952); 22, 603, 1570 (1954). 
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with 

Ma=o7?o(M-m5)1/2 

ro RT 
(94) 

and ma the molecular weight of a segment. Thus the fo]-q curve should start 
out with infinite slope. This, of course, is very difficult to decide. At any 
rate, for polystyrene solutions ranging in molecular weight from about 9 to 
0.3 X 106, Bueche finds agreement with the experimental results of Shar-
man, Jones, and Cragg,120 down to g-values of several hundred sec.-1. 
Other authors have found either an initial quadratic120*1 or an initial linear 
dependence on q to account for their results. We have gone into some 
detail to show the physical basis of the shear dependence in dilute solutions. 
The same effects are operative at low but finite concentrations. Superim-
posed, however, are again the hydrodynamic interactions between chains 
which have to be added to the forces considered in the theory of intrinsic 
viscosity. These interactions, one may argue, will be less important than the 
intramolecular ones, when the molecular weight is large. This is true, but 
the mutual orientations of two chains are no longer random at finite q and 
this affects the magnitude of the "dipole" forces, to use the analogy previ-
ously described. In addition, of course, the shear changes the picture in 
regard to particles in close proximity, that is, our previous aggregates. Thus 
we anticipate a greater non-Newtonian effect even at moderate concentra-
tions than at infinite dilution. Unfortunately, that is as far as we can go 
with theory at present. At still higher concentrations, when networks are 
formed, one may again be able to formulate an elastic spring model, char-
acterized by at least two spring constants. 

Consistent with the theories in the limit as q —» 0, the effect of inertial 
contributions to a shear dependence of the viscosity has been neglected. 
Equations 67 and 68 indicate that such an effect is not significant except at 
very high rates of shear. 

b. The Effect of Turbulence 

So far the tacit assumption was made that the flow of the test sys-
tem is laminar. If the volume rate of flow of a fluid is Q under the nega-
tive pressure gradient dP/dz in a (viscosimeter) tube of radius a then the 
flow of the fluid is laminar below a critical value Re(crit.) of the Reynolds 
number 

Re = ^ (95) 
παη 

120 L. J. Sharman, R. H. Sones, and L. H. Cragg, J. Appl. Phys. 24, 703 (1953). 
1200 E. Wada, / . Sei. Inst. Tokyo 47, 149, 159, 168 (1953). 
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For normal fluids this number is around 2300. It has been shown that the 
shape and size of particles suspended in a liquid can affect the hydrodynamic 
nature of the flow. In particular, elongated particles and even elongated 
molecules (macromolecules) can be shown to form the nuclei of turbulence 
in a liquid flow corresponding to much lower Reynolds numbers provided 
the rate of shear reaches a sufficiently large value. The earlier work in this 
field of s t ructural turbulence" has been thoroughly reviewed in Philip-
poff's16 treatise. Schnurmann121 has found using a jet viscosimeter of his 
design that the onset of turbulence (at mean rates of shear of the order of 
4.6 X 105 sec.-1) of solutions of polyisobutylene and other macromolecules 
occurs for Re (crit.) ^ 10. The critical Reynolds number appears to 
decrease both with increasing size and concentration of the macromolecules. 

The measurements of Toms122 on the flow of polymethyl methacrylate 
solutions indicates that the critical Reynolds number in his measurement 
(^2000) is in better accord with the values found for normal liquids. This 
investigator also found that the rate of flow at constant pressure gradient 
could be increased by the addition of polymer to the nonlaminarly flowing 
fluid. This behavior had been predicted by Oldroyd123 who identifies it with 
a wall effect in the turbulent flow. He introduces the effect into the usual 
Nikuradse124 relation, assuming a fully turbulent mainstream, by including 
an extra term of magnitude determined by an effective slip coefficient ξ 

y = 4 log10 x - (4 logio η + 1) + \ *- (96) 
4 a 

where 

x = 2a(-apdi) 
= Q_(_adP\-in 

πα2 \ p dzj 

and f is some positive function of x/a. 

2. T H E TEMPERATURE DEPENDENCE OF THE VISCOSITY OF COLLOIDAL 
SUSPENSIONS 

In discussing the temperature dependence of the viscosity of suspensions 
we will always refer to the relative viscosity since the absolute viscosities of 
both the suspension and the solvent are known to vary in first approxima-

121 R. Schnurmann, Proc. 1st Intern. Rheol. Congr.} Scheveningen Part I I , p. 142 
(1949). 

122 B. A. Toms, Proc. 1st Intern. Rheol. Congr., Scheveningen Part II, p. 135 (1949). 
123 J. G. Oldroyd, Proc. 1st Intern. Rheol. Congr., Scheveningen Part II , p. 130 (1949). 
124 J. Nikuradse, Forschungsarbeiten V. D. I. Heft 356 (1932). 
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tion according to the Guzman-Andrade relation. In what follows we will 
first consider colloid suspensions in general and then review some recent 
research dealing with flexible chain molecules. The effect of temperature 
on the relative viscosity of suspensions can be broadly divided into four pos-
sible effects19: 

(1) Influence of temperature on the Brownian motion of anisotropic 
particles in suspension; 

(2) Effect on the state of aggregation of the particles; 
(3) A modification of the solvation shell around the suspended particles; 

and 
(4) Smaller miscellaneous effects such as the temperature variation of 

the Reynolds number which affects the magnitude of inertial effects, etc. 
The first two variations listed above are the most important. Brownian 

motion does not affect the viscosity of spherical suspensions and hence the 
temperature dependence of rotatory Brownian motion does not enter. For 
nonspherical particles the parameter a = q/Dvot. is important. For small 
rates of shear and hence small a, i.e., complete Brownian motion, the 
particles are completely disoriented and changes in the temperature, 
unless exceedingly large, do not affect the orientation; hence the relative 
viscosity will, under these conditions, be independent of the temperature. 
In the other limiting case where the flow is completely controlled by the 
large rate of shear, a —> <*>, the particles are completely oriented and no 
relative viscosity change is to be expected with a change in temperature. 
For intermediate values of a one finds that the viscosity decreases with 
increasing a and a decreases with increasing temperature. As a result of 
this effect alone one would expect a positive temperature coefficient of the 
relative viscosity. 

The effect of a changing state of aggregation with the temperature on the 
relative viscosity contributes a fairly strong action on suspensions of both 
spherical and nonspherical particles. The effect could in general be either 
positive or negative, depending on the mode of aggregation [cf. equation 
(77)]. At any rate, in general one would expect an increasing dissociation 
of aggregates with increasing temperature. This in turn can imply a nega-
tive temperature coefficient for the relative viscosity if these were the only 
effects operative. The effect of temperature on the degree of solvation is 
generally to decrease the same; hence for highly solvated particles one would 
expect a negative temperature coefficient for the relative viscosity. 

The temperature effects of the fourth and last category are generally 
negligible. The Reynolds number of the flow is a temperature-dependent 
quantity since it is inversely proportional to the ratio v = η/ρ. The actual 
thermal expansion of the particles in solution is also generally negligible. 
For a review of these concepts the reader is referred to Philippoff's treatise. 
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In general the considerations brought up above apply equally well to 
polymer solutions, yet the technical importance of these has recently led to 
a number of further investigations. Foremost among these must be classed 
that of Powell and Eyring.8 In complete generality the viscosity of any fluid 
according to the absolute rate theory is given by 

* = -y ^ (97) 

where N0 is Avogadro's number, V the volume of the fluid, h Planck's con-
stant, with Fo the partition function of the normal state and F* that of 
activated state (with respect to ability to flow). For long molecules in con-
centrated solution, some sections of the polymer chain will be surrounded 
by other long molecules and some sections will be surrounded by solvent 
molecules. The parts of the chain surrounded by other polymer segments 
will behave as if they were in the molten polymer and the parts completely 
in contact with the solvent will behave as if in dilute solution. The system 
as a whole can then be thought of as consisting of two components which 
in first approximation are independent of one another. This means in turn 
that the various degrees of freedom corresponding to the two components 
separate, and the partition function can then be written as a product of 
two contributions which have to be weighted over the volume fraction φ 
of polymer existing in a quasi-melt to polymer existing in dilute solution 
1 - φ, i.e., 

= iWFoY-* /FoV (9g) 
' Vav V F V d i l u t e \F*J polymer 

Now the ratio of (Fo/F*) «mute should be proportional to the viscosity of a 
dilute solution ηΏ and (Fo/F*) polymer to the melt viscosity ηΡ . Since the 
meltlike parts of the concentrated solution are not quite independent of the 
dilute solution regions an activity coefficient 7 is introduced into the above 
equation and one finds 

η = const. (vDy-y*(vPy* (99) 

which in turn leads to the temperature coefficient 

1 d 
irriVrel. 

*?rel. dl 

where ΑΗΡ
Χ and ΔΗ0

Χ are the flow enthalpies of activation for the polymer 
and solvent, respectively. For good solvents each polymer molecule is sur-
rounded by more solvent molecules than would be expected from random 
mixing, 7 < 1; an increase in T tends to bring about more randomness 
dy/dT > 0. Hence for low molecular weight fractions άητ^./άΤ < 0 while 
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for high ones in a good solvent the first term in equation (100) predomi-
nates and driXQ\./dt > 0. 

Simha74 found from considerations similar in some respects to the ones 
above and leading to equation (46) that 

1 *?] = 2_dV2 __ l_dVi _ 2 άμ_ ( , 
[η] dT V2 dT Vi dt 1 - 2μ dT K } 

The first two terms in equation (101) represent the thermal expansion of 
solute and solvent, respectively, and the last gives the contribution result-
ing from the heat of mixing. All three terms are of the same order of magni-
tude and give results which in view of the uncertainties in άμ/dT agree 
reasonably well with experimental data on the temperature coefficients of 
the viscosity. The effect of temperature on the shear dependence of solutions 
of macromolecules has been discussed by Bueche.119& 

The temperature dependence of the intrinsic viscosity of macromolecules 
as developed by Flory and Fox75 occurs through variations in both the 
parameters K and a of equations (34) and (48). The sign of the tempera-
ture coefficient depends of course strongly on the polymer-solvent system. 
Except for cellulose derivatives which appear to exhibit an unusually rapid 
alteration in average configuration with temperature, it is the az term in 
equation (47) which determines the sign of the temperature coefficient. 
Thus three possible types of behavior are possible depending on whether 
the polymer is dissolved in a good, athermal, or bad solvent: (a) For a 
good solvent, Θ is negative; hence a should decrease with an increase in tem-
perature. (b) For an athermal solvent, Θ = 0; hence a is independent of 
temperature, (c) For a poor solvent, Θ is positive; hence a should increase 
with T. This change of coil configurations with temperature has been 
qualitatively postulated before and the resulting viscosity changes have 
been observed. 

VI. Conclusions 

We have discussed current quantitative theories, semi-empirical ap-
proaches and qualitative speculations regarding the viscosity at finite 
concentrations. Clearly, important progress has been achieved since 1940, 
the period principally covered. Pursuit of the problems in question has 
been catalyzed to a considerable extent by intensive polymer research 
during this period. 

We conclude with a recapitulation of the important aspects requiring 
further attention. According to the point of view taken in this chapter, the 
fundamental problem is of a dual nature, namely hydrodynamic and con-
figurational. The intrinsic viscosity range is, of course, most thoroughly 
explored for both coiling and rigid macromolecules. In the dilute concen-
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tration range, where the hydrodynamic domains of action start to overlap, 
the hydrodynamic basis has been provided. Some approximations require 
further investigation, particularly for flexible chain molecules. In principle, 
one can see a way of extending the hydrodynamic theory by means of 
machine computations to moderate concentrations where the actual solute 
molecules are in close proximity or start to overlap. However, the configura-
tional aspect requires further analysis for the flexible species, especially in 
good solvents. For rod-like solutes, the problem of mutual orientation has 
been solved, at least in the limit of vanishing shearing stress. The concen-
trated range in polymer solutions is least explored theoretically. There, the 
configurational problem offers no particular difficulty, rigid spheres or rods 
packing in almost geometrical patterns and flexible chains assuming the 
configurations characteristic of amorphous polymer solids. For suspensions 
of rigid solutes, the simple geometry results in some success in the calcula-
tion of flow patterns and viscosities. In the other case, hydrodynamics 
does not seem to carry us very far. A molecular theory of viscosity in mix-
tures would appear to be the more pertinent approach. 

What has been said applies to the limit of vanishing and to finite velocity 
gradients. Once the basic mechanism has been quantitatively formulated, 
the additional considerations present analytical rather than fundamental 
problems. 

The general problem in rheology is the formulation of a rheological equa-
tion of state 

r = Φ(Τ, 7, t, 7 , Γ, a) 

that is, a relation between shearing stress r, deformation γ and rate of 
deformation 7, time and the thermodynamic variables of state, including 
the composition variables c» . In this context, it will be seen, we have been 
concerned with functions which are independent of 7 and t. We have touched 
on specific mechanisms, i.e., deformation and orientation of solute mole-
cules which make Φ deviate from linearity in 7. The dependence on volume 
has been omitted. In solutions, it would be primarily determined by the 
variation of the solvent viscosity with V, at least at moderate concentra-
tions and pressures. A study of the effects due to macromolecular solutes 
at elevated pressures is indeed of interest. I t should be preceded or ac-
companied by corresponding investigations of equilibrium in such solutions. 
The dependence on temperature is also primarily determined by the be-
havior of the pure solvent. Here however, solute effects have been ex-
amined. Our main problem has been the composition factor for two-com-
ponent systems. In the strict sense of the word the treatment has been 
phenomenological. However, molecular factors affecting the incremental 
values of the viscosity are considered. In the hydrodynamic framework, 
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they are taken into account through their influence on the shape of the 
solute particles. 

The position of this chapter's subjects may be gauged by considering the 
other principal currents in rheological research. They are essentially two: 
the non-linear dependence on 7 or on 7, and visco-elastic behavior, that is, 
simultaneous dependence on 7 and 7 (in a steady state). This includes, for 
example, rubber-like elasticity, the flow curves of concentrated suspen-
sions, stress relaxation, creep and dynamic properties of solids and solu-
tions. 

Nomenclature 

Ai" 

A-m 

ΑίΌ, A$\ etc. 

Ail\ Af> 

B2 

Bk 

D 
Drot. 

F 

F0 

Ft 

AHPt, AHot 

J 

K 
K 

L 
2L 
M 

Principal di latat ional 
flow components for 
the suspension 

Length of stat ist ical seg-
ment 

, Intrinsic viscosities of 
singlets and doublets 

Long-range hydrody-
namic interactions 
among pairs and t r ip-
lets of single molecules 

Second virial coefficient 
of osmotic pressure 

Internal viscosity 
Diffusion coefficient 
Rota tory diffusion 

coefficient 
External force per uni t 

mass 
Part i t ion function of the 

normal s ta te 
Part i t ion function of the 

activated s ta te 
Flow entholpy of activa-

tion for the polymer 
and solvent 

Function of dissipation 
rate 

Staudinger constant 
Constant in intrinsic vis-

cosity—mol. wt. rela-
tion 

Shielding length 
Axis of the dumbbell 
Molecular weight 

Mw 

No 
N 

N 
R 
R, 

Re 
S' 

T 
T(qi)Pi) 
Tls 

U 
U(qt) 
v 
V 
W 
ΧΪ 

«1 

at 

a 

ai 

c 
Cn 

d 

dh 

Weight average molecu-
lar weight 

Avogadro's number 
Number of particles in 

solution 
Number of segments 
Radius , distance 
Radius of porous spheri-

cal swarm 
Reynolds number 
Relative sediment vol-

ume 
Absolute temperature 
Kinetic energy 
Tensor of the second or-

der 
Velocity 
Potent ial 
Characteristic velocity 
Volume 
Work 
Random force 

Major axis 
Minor axis 
Characteristic particle 

dimension 
Coefficient 
Concentration 
Number concentration of 

particles 
Linear dimension of ap-

paratus 
Thickness of the chain 

segment 



VISCOSITY OP COLLOIDAL SUSPENSIONS 613 

Number of branches 
Planck's constant 
Constant 
Unit vector in the direc-

tion of the velocity 
Constant 
Segment length 
Mass 
Number densities 
Conjugate momenta 
Pressure 
Velocity gradient, co-

ordinate in phase space 
Radii 
Distances 
Time 
Particle velocities (with 

suffixes) 
Velocity 
Particle volume 
Dry weight of solute par-

ticle 
Velocity components, re-

lative velocity 

Activity coefficient 

r 
M 

VP 

Θ 

Θ 

λ 

μ 

V 

ΙΓ,Θ 

Ρ 
σ\ , <Γ2 

τ 

Φ(σ) 

Φ 

ω 

Scalar friction factor 
Intrinsic viscosity 
Coefficient of viscosity 
Relative viscosity 
Specific viscosity (num-

ber) 
Melt viscosity 
Critical temperature for 

total miscibility 
Inclination of principal 

axis of particle to flow 
direction 

Mean free path 
Dipole moment 
Solvent-polymer interac-

tion constant 
Kinematic viscosity 
Valence angle 
Density 
Diameters 
Relaxation time 
Shielding function 
Volume concentration 
Velocity potential 
Angle of contact between 

spheres 




