
CHAPTER 16 

NON-NEWTONIAN FLOW OF LIQUIDS AND SOLIDS 

J. G. Oldroyd 

I. General 653 
II. Materials of Variable Viscosity 654 

1. Liquids 654 
2. Flow of Plastic Solids 658 
3. Anomalous Flow near a Wall 659 

III. Special Types of Flow 660 
1. Rectilinear Flow Produced by Moving Boundaries 660 
2. Flow through Pipes 662 
3. Flow between Rotating Coaxial Cylinders 666 
4. Flow between Rotating Cones 670 

IV. More General Liquids 671 
1. Classification 671 
2. Inelastic Liquids 672 
3. Liquids possessing Elasticity of Shape 674 
4. Oscillatory Motion 678 
Nomenclature 682 

I. General 

The theory of flow of liquids whose behavior in shear is describable in 
terms of a single constant viscosity coefficient, usually referred to as New-
tonian flow, is widely treated in textbooks. But the behavior of liquids which 
appear to have different viscosities when observed in different types of 
apparatus, or at different rates of flow in the same apparatus, under uniform 
temperature conditions, is not so readily amenable to theoretical analysis. 
It is our purpose in the present chapter to consider the theoretical methods 
available for treating such non-Newtonian flow. 

When the isothermal flow of a material is observed to be non-Newtonian, 
it may still be possible to explain its properties completely in terms of a 
single viscosity coefficient, if this is considered to be a function of the local 
rate of strain in the material. The theory of flow characterized by a variable 
viscosity coefficient is discussed in Sections II and III . Non-Newtonian flow 
of this kind can be thought of as arising from a change in structure of a 

* Now Professor of Applied Mathematics at the University College of Swansea, 
University of Wales. This chapter was written while the author was a member of the 
Maidenhead Research Laboratories of Courtaulds, Ltd., England. 
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material with the rate at which it is being strained, or with the applied stress. 
For example, polymer solutions are thought to be less viscous at high rates 
of shear because of a transient preferred orientation of the molecules along 
the streamlines, which is not present at smaller rates. The structure of a 
material may be so markedly dependent on the applied stress that the 
material retains its form, except for elastic deformation, at small shear 
stresses, and flows with variable viscosity when the shear stress exceeds a 
critical value. The material is then referred to as a plastic solid and the 
critical shear stress is called the yield value. The flow which occurs above 
the yield point can be treated theoretically on the same footing as non-
Newtonian flow in a liquid. There is evidence for believing that the change 
of structure produced by shearing can sometimes be different in the vicinity 
of a solid boundary from what it would be in the bulk of the material, and 
some of the consequences of this are discussed here. 

More complicated types of non-Newtonian flow behavior which cannot 
be explained in terms of a single variable viscosity coefficient, and in par-
ticular the effect of elasticity in a liquid when it is sheared, are treated in 
Section IV. 

Throughout the chapter special reference is made to simple types of flow, 
in particular to steady flow through a pipe of circular section and steady 
flow between rotating coaxial cylinders. Such motions are of interest to the 
experimentalist because they can fairly readily be achieved in practice, and 
also—with some idealization—they correspond to a set of boundary condi-
tions for which the equations governing non-Newtonian flow can be solved. 
They are therefore the most likely to provide new fundamental techniques 
for measuring non-Newtonian flow properties. One is led to consider the 
theory of similar motions in which steady flow is replaced by uniform os-
cillatory flow because of their possible use in the measurement of elastic 
properties in liquids. 

II. Materials of Variable Viscosity 

1. LIQUIDS 

The definition of the viscosity of a liquid is based on Newton's hypothe-
sis1 that if two parallel plates with liquid between them are moved steadily 
parallel to themselves, the frictional resistance offered by the liquid is pro-
portional to the relative velocity of the plates. If we imagine a system of 
rectangular Cartesian coordinates x, y, z set up in a liquid in which the 
velocity at any point is v(y) in the ^-direction, where dv/dy is a constant Z), 
we have a picture of simple shearing motion. A shearing stress, i.e., a force 
Vvx( = τ) per unit area in the x-direction acting across a plane normal to the 
^/-direction, must be applied in order to maintain the motion. According to 

1 Sir Isaac Newton, "Pr inc ip ia , " Book 2, 1685. 
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Newton's hypothesis, 

T = vD, (1) 

where the viscosity coefficient η is a constant at constant temperature. In 
many real liquids, experiment confirms that the isothermal stress, rate-of-
shear relation is adequately described by a constant frictional coefficient in 
this way. 

In other liquids, for example in colloidal suspensions and polymer solu-
tions, it is found that Newton's hypothesis holds only for rates of shear 
within a very limited range. We are therefore led to consider an idealized 
type of liquid for which Newton's hypothesis does not hold, but in which 
the rate of shear D and the shear stress r are connected by a simple func-
tional relationship; this can be written in the alternative forms 

D = / ( r ) , r = DF(D), (2) 

where F is a positive even function and / is an odd function, either of which 
describes the shear flow properties of the material completely. I t is con-
venient to define a coefficient of viscosity by equation (1), and then 

η = F(D) or η = τ/Κτ). (3) 

The viscosity is a simple function of the rate of shear or, what is a precisely 
equivalent statement, the viscosity is a simple function of the shear stress. 
A liquid whose behavior at any point where the motion is one of simple 
shearing (not necessarily steady) conforms with the above generalization 
of Newton's hypothesis will be referred to as a non-Newtonian viscous liquid. 

In order to study non-Newtonian viscous flow more generally, for example 
through pipes or between coaxial cylinders, with a view to analyzing ob-
servations made on real liquids in apparatus of different types, it is neces-
sary to generalize the stress, rate-of-strain relation [Equations (2)]. As it 
stands, this relation defines the properties of an idealized material in simple 
shearing flow only, and we require the corresponding equation for general 
flow. It is well known that at any point (x, y, z) in an arbitrary continuous 
material at a certain instant, the state of stress can be completely described 
by nine quantities Pik(i, k = x, y, z), with the significance that the force 
acting across unit surface normal to the t-direction has components p l z , 
PiV , Piz, referred to arbitrarily chosen orthogonal coordinate directions. 
The convention of sign chosen is such as to make a positive pxx a tension. 
Furthermore pik = pki follows from the equations of angular motion applied 
to a material element, and the number of independent components of stress 
pik is therefore six. The rate of strain of the material at the same point is 
also completely specified by six quantities Dik (satisfying Dik = Dki). The 
analysis familiar in Newtonian hydrodynamics, which shows that the in-
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finitesimal distance bs between two neighboring particles at (x, y, z) and 
(x + δχ, y + by, z + δζ) at time t is changing at a rate defined in terms 
of the velocity components vx , vy , vz in general motion by 

d(bs2) 
dt 

where 

Dxxbxz + Dyybij + Dszbz + 2Dyzbybz + 2Dzxbzbx + 2Dxybxby, 

Β,χ=2ψ, Dyz = p + ψ , etc., (4) 
dX 02/ dz 

is valid for any continuous material. I t is known that pa and Z)^ transform 
as tensor quantities when the Cartesian coordinates are changed, an im-
portant fact because it will enable us to recognize at once when we have 
written down a general stress, rate-of-strain equation with the right proper-
ties of invariance for possible physical significance.2 

In the case of the simple shearing motion described above, the stress 
components and rate-of-strain components are 

( Pxx Pxy Pxz \ /0 r 0\ 

Vvx Vvv Vvz\ = \ T 0 0 J 
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Hence, a generalized form of (1) which could possibly be used as a basis for 
a theory of non-Newtonian viscous flow is 

pik = vDik, 

where η depends only on the rate of strain at the point (z, y, z) under con-
sideration. However, this is not quite suitable as it stands for all types of 
stress that may be applied to a substance which resists volume changes. To 
fix ideas, we can confine our attention here to materials which are incom-
pressible, i.e., materials which will not be appreciably affected in any way 
if an isotropic pressure p, corresponding to 
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is superposed on the existing stresses, whatever values these have. An 
2 J. G. Oldroyd, Proc. Roy. Soc. (London) A200, 523 (1950). 
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appropriate generalization of (1) for all types of applied stress in our 
idealized non-Newtonian liquid is then 

Pik = vDik - pöik, (5) 

where p is an undetermined pressure at (x, y, z)—related to the pressure at 
other points through the laws of motion—and δ^ is the Kronecker delta 
(6ik = 1 if i = k, 5ik = 0 if i y^ k). In incompressible materials we have 
also, as the equation of continuity, 

Dxx + Dyy + Dzz = 0. (6) 

A completely general theory should be based on the viscosity in equation 
(5) being an arbitrary scalar function of the rate of strain, and therefore an 
arbitrary function of the two nonvanishing invariants of the rate-of-strain 
tensor.3 In rectilinear flow and in two-dimensional flow, the third invariant, 
i.e., the determinant of the Diks, is identically zero; for many purposes, 
therefore, it suffices to consider the class of materials with a viscosity ex-
pressible as a function of the second invariant only. Then η can be written 
in the first form (3), as before, if D is defined in general motion by 

D2 = y2Dl + y2Dly + y2D\z + DI, + D\X + Dl. (7) 

In simple shearing, D is the usual velocity gradient. If we denote by p\k 
that part of the stress which is associated with internal friction in the liquid 
(i.e., p'ik = rjDik = Pik + p&ik), and write 

T
2 ss lip'l + V2p'\y + y2p

f2
z3 + p'l + p>\x + p'\y, (8) 

we have 

τ = φ = DF(D); D = / ( r ) , η = r/f(r). (9) 

Hence D and η can equally be regarded as simple functions of the stress 
invariant r. In simple shearing r is the usual shear stress. The rate of dissi-
pation of energy per unit volume caused by internal friction is, in any mo-
tion, 

Φ = }4VxxDxx + XAVvy£>VV + \ίΡζζΐ>ζζ + PyzDyz + p'zxDzx + pxyDxy . ( 1 0 ) 

(The proofs given for particular materials in the literature, e.g., for a Bing-
ham solid,4 apply to all materials of the class to be considered in Sections 
II and III.) This can be written in terms of the invariants D and r in the 
alternative forms 

φ = φ2 = TD = τ2/η, (11) 
3 Equation 6 expresses the vanishing of the first invariant. 
4 J. G. Oldroyd, Proc. Cambridge Phil. Soc. 43, 100, 383, 396, 521 (1947); 44, 200, 214 

(1948). 
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, 

formulas which are familiar in the particular case when D and r have their 
restricted meanings in simple shearing. 

In most real non-Newtonian fluids, the viscosity in simple shearing is 
observed to decrease with increasing rate of shear, or with increasing shear 
stress. One is therefore especially interested in cases where 77 is a monotonic 
decreasing function of D or of r. 

2. FLOW OP PLASTIC SOLIDS 

A class of materials which, when subjected to a shearing stress, deform 
elastically but do not flow if the stress is numerically less than a certain 
yield value rf, and for higher stresses flow like a viscous liquid, can be 
treated theoretically by the same analysis. In a simple shearing motion the 
stress, rate-of-strain relation will in general be of the form 

D = 0 (| r I < τ/ : elastic state),] 

r = 7/D (| r I ^ τ/ : plastic state), 

where η is again of the form of equation (3) and | r | denotes the numerical 
value of r without regard to sign. I t is simplest to regard 77 as a positive, 
even function of the shear stress r which is infinitely large for | r | ^ 77 
and which decreases to finite values as | r | increases beyond 77 . The same 
generalization to more complicated types of motion is possible as for a vis-
cous liquid, and we are led to consider plastic flow governed by equations 
(3), (5), and (6), in which D has the more general meaning defined by (7), 
as a useful idealization for detailed study. 

An example will perhaps make this clearer. Bingham,5 basing his ideas 
on experiments with paints, clays, and other suspensions, envisaged a 
plastic solid which flows, when the yield value has been exceeded in simple 
shear, with a rate of shear proportional to the difference between the shear 
stress and the yield value. This means that 

T = Tf + ηιΌ 

T = —T/+ ηιΌ 

in simple shearing flow, where r?i is a constant; I/771 is often called the mo-
bility of the plastic solid, just as I/77 is often called the fluidity of a liquid. 
This material has, therefore, in a simple shearing motion, a viscosity η 
which can be regarded either as a decreasing function of the rate of shear 
or as a decreasing function of the shear stress: 

v = vi+m m « - ι - Γ , / ΐ τ Γ (14) 

5 E. C. Bingham, "Fluidity and Plasticity," p. 215. McGraw-Hill, New York, 1922; 
/ . Phys. Chem. 29, 1201 (1925). 

(13) 
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The natural generalization4 is a type of three-dimensional flow in which the 
stress, rate-of-strain relation is given by (5), with (14) as the equation re-
lating the viscosity η with the general D defined by (7), or r defined by (8). 
Such flow will be referred to as Bingham plastic flow, and other types of 
plastic flow which do not involve any dependence of properties on the past 
history of the material are usefully designated non-Bingham plastic flow.6 

Throughout Section III it is intended that any discussion of non-New-
tonian flow applies equally to viscous and to plastic flow, unless otherwise 
indicated. Although there is a close parallel between the theoretical treat-
ment of viscous and plastic flow in the manner outlined above, it must be 
emphasized that there will be marked qualitative differences in the flow 
patterns in viscous liquids and plastic solids. For example, in the simple 
case when the velocity v is everywhere in the x-direction and a function of 
y only, it is not possible for v to pass through a maximum or minimum value 
within a region of plastic flow as often happens in viscous flow. For, if the 
velocity gradient changed from just above zero to just below zero, the shear 
stress would have to change from just above 77 to just below — 77 , involving 
an impossible discontinuity of stress. Hence there must always be an elastic 
region, in which the solid moves as a rigid body, between any two regions of 
plastic flow with velocity gradients of opposite sign. In more general types 
of plastic flow the 'plugs' of elastic material moving as rigid bodies may take 
on complicated shapes, changing continually with time. 

3. ANOMALOUS FLOW NEAR A WALL 

Near a rigid boundary, such as the wall of a pipe through which liquid or 
plastic solid is flowing, the rate of shear may not be a function of shear stress 
alone because of the fact that the wall introduces a preferred direction in an 
otherwise isotropic material. For example, in a solution of a high polymeric 
material, the permitted distribution of molecular orientations very near 
the wall is restricted by the presence of the wall itself. If the shear stress 
near the wall y = 0 is r, the rate of shear will differ from the value D = / (r) 
which it would have remote from a boundary by an amount which depends 
on 2/, the normal distance from the wall, within a range 0 < y < e ; e i s a 
small distance, of molecular dimensions. Hence 

where 

g(r, y) = 0 (y > €). 

The velocity v relative to the wall at points just outside the region of anom-
6 J . G. Oldroyd, Proc. Cambridge Phil. Soc. 45, 595 (1949); 47, 410 (1951). 
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alous flow is then 

v = f(r)y + I flf(r, y) dy. 

Jo 

In other words 

v - e(r) = Dy, (15) 
where 

s(r) = / g(r, 2/) dy, 
Jo 

and there is an effective velocity of slip at the wall, of an amount s, which 
depends on the local shear stress r. 

I t is easily shown that if s is detectably different from zero it must, on 
theoretical grounds, have the sign that v has near the wall. To fix ideas, we 
suppose this is positive, i.e., r is positive. The extreme possibilities are 
infinite rigidity and infinite mobility in the wall layer, so that the limits are 

-f(r) < g{r, y) < oo ; _ / ( T ) € < s(r) < 

As e is very small, s(r) is effectively restricted to be positive. 

III. Special Types of Flow 
1. RECTILINEAR FLOW PRODUCED BY MOVING BOUNDARIES 

The general problem of solving the rheological equations of state (5), 
together with the associated equation of continuity (6), the equations of 
motion, and appropriate boundary conditions, has not received a great 
deal of attention in the case of a variable viscosity η. This author4, 6 found 
it possible to analyze in general terms the type of flow which would result 
from the movement of cylindrical boundaries parallel to their generators in 
an infinite mass of liquid or plastic solid, i.e., rectilinear flow in the absence 
of a pressure gradient. But the practically important extension to flow 
produced by a pressure gradient, which would include flow through pipes 
of noncircular cross sections, has not so far been made. 

Figures 1 and 2 illustrate how Newtonian and non-Newtonian rectilinear 
flow patterns can be spectacularly different. In each diagram velocity con-
tours are drawn in a section normal to the steady flow produced by moving 
two confocal elliptic cylindrical boundaries axially. The velocity w of the 
inner cylinder is zero, that of the outer cylinder is V, and the broken lines 
are the velocity contours in steps of 0.2 V. In a Newtonian fluid (Fig. 1) 
these contours form a set of ellipses confocal with the boundaries. In 
Fig. 2 are drawn the corresponding contours for the case of a plastic solid 
of the Bingham type with yield value r/ and reciprocal mobility ηι, calcu-



FIG. 1. Contours of equal velocity in steps of 0.2F in a Newtonian liquid between 
elliptic cylinders moved longitudinally. (Reproduced by courtesy of the Cambridge 
Philosophical Society.) 

FIG. 2. Contours of equal velocity in steps of 0.2F in a Bingham plastic solid be-
tween elliptic cylinders moved longitudinally (S = 18.8). The shaded area represents 
material in an elastic condition moving with constant velocity V, and the dotted 
curve indicates the yield surface. (Reproduced by courtesy of the Cambridge Philosophi-
cal Society.) 

661 
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lated when rfd/(mV) = 18.8, d being the distance between the common 
foci of the elliptic boundary sections.4 The contours are crowded around the 
inner boundary and the shaded outer region moves as a rigid bod}r attached 
to the outer cylinder. 

Other examples are worked out in the papers cited; the calculations in-
volved are somewhat tedious and the reader is referred to the original 
papers for details. The steady flow pattern is always highly dependent on 
the dimensionless parameter S = T/d/faV), where d is a typical distance 
and V a typical velocity for the motion considered. For very small values 
of S, a plastic solid flows almost exactly like a Newtonian liquid. For very 
large values most of the material is in the elastic state and moves as a rigid 
body, often with flow confined to a thin layer of material near the boundary 
on which the shear stress is greatest. 

2. FLOW THROUGH PIPES 

It is not usually possible to observe directly the shear stress and rate of 
shear in a single small element of flowing material, and one has to infer the 
stress, rate-of-shear relation from observations on types of motion of the 
material in bulk which are easy to attain and control, and reasonably easy 
to analyze theoretically. Most familiar among these is steady flow through a 
straight pipe of circular section, where the measurable quantities are the 
pressure gradient down the pipe dp/dz and the volume rate of flow Q. 
I t is easy to show that any anomalous flow at the wall can be detected and 
eliminated by comparing observations on the same liquid flowing through 
pipes of different diameter, and the relationship between viscosity and rate 
of shear (or shear stress) can be deduced from the observed values of Q 
and dp/dz. 

We take cylindrical polar coordinates r, 0, z, such that r = 0 is the axis 
of the pipe and z is measured upstream, and assume an axially symmetrical, 
steady rectilinear flow with velocity components 0, 0, — v(r) in the coor-
dinate directions. The rate-of-strain components at any point (r, 0, z) are 
then 

and the corresponding stresses are 

( Prr Ρτθ Prz\ 

Per Pee Pez 
Pzr Pze Pzzj \ T υ — pi 

where these quantities are independent of 0. We suppose there is an un-



NON-NEWTONIAN FLOW OF LIQUIDS AND SOLIDS 663 

known simple functional relationship 

- % = * ) ( 1 6 ) 

between the shear stress and radial velocity gradient. It is noted that, by 
measuring z upstream, we have Drz and prz positive everywhere: v, — dv/dr, 
r, and dp/dz are all positive. The laws of motion require that, in a steady 
state, the isotropic pressure p is a function of z only, dp/dz is a constant, 
and also 

T-Hrg-r/-, (17) 

where ra = }4adp/dz, the shearing stress at the tube wall r = a. [Equation 
(17) follows immediately from the requirement that the total force on a 
right circular cylinder of fluid bounded by an arbitrary surface r = con-
stant must vanish in unaccelerated flow.] In the general case, allowing for 
an effective slip s at the pipe wall, v is determined by (16) and (17) and the 
boundary condition 

υ = β(τ«) (r = a). (18) 

The observable volume rate of flow is given by 

Q = / 2irrv(r) dr, 
Jo 

where, from (16), (17), and (18), 

v(r) = s(ra) + f i t - ) dr = s(ra) + - Γ f(r) dr. (19) 
Jr \ a / Ta Jrar/a 

After one integration by parts we have 

Q __ e(r.) 
7ra° 

— + - i Γ ^/(r) dr. (20) 
a ra

3 Jo 
In the case of a Newtonian liquid of viscosity η', / (r) = τ/η' and s van-
ishes, so that the velocity distribution is given by 

and (20) reduces to Poiseuille's formula 

/ _ TraVa _ ira dp , , 
η -^Q-SQTZ' ( 2 2 ) 

The same formula (22) can be used to define an apparent viscosity for a non-
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Newtonian liquid in a single experiment. This is a readily measurable quan-
tity, but without any fundamental significance for the material, depending 
as it does on the rate of flow and on the pipe diameter. From (20), we have 
in general7 

! / „ ' = 4 £ W + ψ(Τα)) (23) 
a 

where 

f(r.) ^ S(ra)/ra (24) 

and 

φ(τ.) = i Γ r2/(r) dr; (25) 
7 a Jo 

f (ra) has been called the effective slip coefficient,* being the effective velocity 
of slip per unit shear stress at a wall. 

If observations are made at different rates of flow and in pipes of different 
diameters, it is possible in principle to deduce the two unknown functions f 
and / characterizing the rheological properties of the material. I t is simplest 
to calculate 77' and τα from each pair of observed values of Q and dp/dz, and 
to plot the apparent fluidity 1/V against the stress at the Avail τα , or some 
function of ra , for each pipe diameter 2a. Several authors9,7'10? n have dis-
cussed this problem and pointed out that in the absence of any wall 
anomaly, the curves for different pipe diameters should coincide and give a 
direct plot of 

1/V = Φ(τα). 

Rabinowitch9 and Mooney11 give a formula for the function / in terms of φ, 
which is equivalent to 

IdJrVW^ (26) 
4r2 dr 

In practice a sharply defined, smooth curve for φ(τα) is required before the 
differentiation involved in (26) can be carried out numerically. 

I t must be emphasized that if the experimental (Ι/η', τα) curves for dif-
ferent pipe diameters are distinct, especially at larger values of τα , one 
cannot immediately conclude that there is anomalous flow at the wall. For, 

7 M. Reiner, J. Rheol 1, 250 (1930); 2, 337 (1931). 
8 J . G. Oldroyd, / . Colloid Sei. 4, 333 (1949). 
9 B . Rabinowitch, Z. physik. Chem. A145, 1 (1929). 
10 R. K. Schofield and G. W. Scott Blair, / . Phys. Chem. 34, 248 (1930); 35, 1212 

(1931). 
11 M. Mooney, J. Rheol. 2, 210 (1931). 
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if the flow has been observed at rates where it may have ceased to be purely 
laminar, the observed values of 1/V may on that account fall below the 
theoretical values φ(τα), and the points for wide pipes should then fall 
below those for narrow pipes.8 Such an arrangement of plotted points might 
be misinterpreted as evidence of a Avail effect, and one must be particularly 
careful in using any method of analysis which relies entirely on the obser-
vations at large r0 , such as that of Schofield and Scott Blair.10 

If the possibility of nonlaminar flow can be ruled out, a separation of the 
smoothed curves for different tube diameters can be interpreted as evi-
dence of a wall effect, and can be analyzed on the basis of the theoretical 
relation (23). Using the smoothed (1/V, ra) curves for the different values 
of a, 1/V can be plotted against 1/a for selected constant values of ra; the 
points so obtained should lie on a straight line, with slope 4f (ra) and inter-
cept φ(τα) on the \/η' axis. In this way one can assess the magnitude of a 
wall effect and, by making use of (26), obtain the stress, rate-of-strain rela-
tion for the material remote from boundaries. The reader will best appre-
ciate the practical difficulties of applying the above method of analysis by 
referring to the work of Toms12 on the estimation of wall effects in certain 
polymer solutions. 

In the case of a Bingham plastic solid, 

Sir) - 0 (0 ^ r < τ,), | 
(27) 

/(r) ΞΞ (r - τ/)/ηι (τ ^ r/), J 

and there is no anomaly at the wall. If the stress at the wall is less than the 
yield value, i.e., if the applied pressure gradient does not excees 2τ//α, no 
flow occurs. The apparent fluidity is therefore zero if ra < 77 and, from (25), 

W = Φ(Τ«) = (1 - VsTf/Ta + Ητ//τα*)/ηΐ ( 2 8 ) 

if τα ^ Tf . From (19), with s 
case is given by 

v(r) = a(ra - Tff/{2mria) 

v(r) = [(a2 - r2)ra - 2a(a 

The solid within a distance rf = ατ//τα from the axis remains elastic without 
flowing, and moves as a rigid body. In the region of plastic flow it is noted 
that the rate of shear —dv/dr tends to zero as the yield surface r = rf is 
approached. The velocity distribution was first calculated by Buckingham.13 

Plastic flow is, in a sense, an extreme case of non-Newtonian viscous flow 
in which the viscosity is infinite at small stresses. One can often deduce 

12 B. A. Toms, J. Colloid Set. 4, 511 (1949). 
13 E. Buckingham, Proc. Am. Soc. Testing Materials 21, 1154 (1921). 

= 0, the velocity distribution in the latter 

(0 S , S « , , / r . ) , | 

- r)T,]/(2ain) (ατ,/τα g r g o ) . 
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the general character of the flow of a non-Newtonian liquid from a knowl-
edge of the behavior of a plastic solid and that of a Newtonian liquid, 
another limiting case. For example, we can deduce from the above calcula-
tion that a liquid which has a very high viscosity at low rates of strain 
compared with that at high rates will flow in a pipe with a velocity profile 
very much flatter than the parabola of the familiar Poiseuille flow. 

3. FLOW BETWEEN ROTATING COAXIAL CYLINDERS 

It is evident that the calculation of the viscosity of a non-Newtonian 
liquid or plastic solid, as a function of the rate of shear, from the results of 
experiments on flow through pipes is a very indirect one. In each experiment 
of that kind, material is subjected simultaneously to all rates of shear 
from zero on the axis of the pipe to a maximum at the wall. There are other 
types of flow, however, which can be achieved in practice with somewhat 
more elaborate apparatus than a simple pipe, in which the material under 
test can be subjected to a rate of shear which is almost constant through-
out, and which are more suitable for obtaining accurately a stress, rate-of-
shear relation. 

If the material is confined between long vertical coaxial cylinders, one of 
which can be rotated at various known constant speeds while the torque 
on the other is measured, the variation of rate of shear from point to point 
in each simple experiment can be made small by making the annular gap 
as narrow as is practicable, and the variation of torque with speed can be 
interpreted to give the variation of shear stress with rate of shear. I t can 
always be arranged that the upper free surface of the material under test 
is below the tops of both inner and outer cylinders, but there must be some 
change in the type of flow toward the bottom of the apparatus, whatever 
devices are adopted to minimize or control its effect. We shall assume that 
any end effect has been eliminated by carrying out two experiments with 
the same material at the same speed, in which the heights of filling are dif-
ferent. By subtracting the measured torques on the inner cylinder and 
dividing by the difference in height of filling, a couple G per unit height in 
the region of uniform flow is obtained for different angular velocities 
Ω imposed on the outer cylinder. 

It is convenient to refer the motion to cylindrical polar coordinates 
r, 0, z such that r = 0 is the common axis of the cylinders and z is measured 
vertically upward. The boundary surfaces between which the fluid is con-
fined are taken to be r = n and r = r2(>ri). Under steady flow conditions 
the velocity has, from symmetry, the components 0, v(r), 0 in the coordinate 
directions; the rate-of-strain components are 
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and the corresponding stresses are 

where 

dv 
dr 

- - 0 

dv 
dr 

0 

0 

dv v 
dr r 

fir). (30) 

The laws of motion require that dp/dr = pv2/r and dp/dz = —pg, where g 
is the acceleration produced by gravity and p is the material density; also, 
in the absence of any angular acceleration, the shear stress r is determined 

r(r) = (?/(2ΤΓΓ2). (31) 

(The latter equation follows from the vanishing of the total couple on the 
material bounded by r = constant, r = n , z = z\, z = z2.) If there is any 
anomaly at the walls, the effective velocities of slip will in general be dif-
ferent at the inner and outer boundaries, namely s(n) and sfa), where n 
= r(ri) and r2 = τ(η). The boundary conditions with slippage are 

v = θ(η) (r = ri), v = r£l - s(r2) (r = r2). 

From (30) and (31), we obtain the differential equation 

(32) 

dr 

for the velocity distribution. Hence 

v(r) S(TI) 

*©-'(&) 

+ /VG)i',fW+ /·'/«£'. (33) 
Jri \27ΓΓ2/ r rX Jr(r) 2r 

By substituting r — r2 we obtain the relationship between Ω and G (which 
is an experimentally observable one), in terms of the function/; thus11 

Ω = s(ri) , S(T2) 

n + r2 + Jri
 J \2wi*J r ' 
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or 

W+ΓΜ*. (34) 
r2 JT2 2 T 

Ω = «W + β(τ,) L p / W d r 

In the case of a Newtonian liquid of viscosity 77', / (r) = τ/η' and s vanishes. 
From (33) the velocity distribution is then given by 

G (r 1\ Q(r - nVr) , . 

and (34) reduces to the familiar result 

/ T\ — Τϋ (r2 — n )G 
2Ω 4ΤΓΓΙ2Γ2

2Ω 
(36) 

The same formula (36) can be used to define an apparent viscosity η' 
in a single experiment with any non-Newtonian liquid or plastic solid. If 
there is either slippage at the walls or an annular gap comparable with 
7*1 there is no fundamental significance to be attached to η'. But if there is 
no slippage and r2 and n differ by no more than 5 % (say), so that the varia-
tion of stress from r2 to n across the annulus is of the order of 10 %, η' can 
be used directly as a measure of the viscosity at these stresses. Oldroyd, 
Strawbridge, and Toms14 have proposed using the formula (36) together 
with 

0 D--P*-. (37) 
27ΓΤ*ΙΓ2 ' r2

2 — n 2 

as a convenient parametric representation of the stress, rate of shear, vis-
cosity relationship in terms of the measurable quantities G and Ω in such 
cases. (This merely involves taking r = (rir2)1/2 as a convenient mean 
measure of the shear stress.) 

Any anomaly at the walls can be detected in the following way: From 
experiments over a range of angular velocities with different annular gaps, 
i.e., in which r2 is fixed but n is given several different values, it is possible 
to plot Ω against n for different selected values of r2 (by using a smoothed 
(Ω, G) curve for each modification of the apparatus). In the absence of a 
wall effect, Ω should tend to zero as n tends to r2 ; otherwise, half the ex-
trapolated value of Ω corresponding to π = r2 is a measure of sfa)/^ . 
When there is no anomaly at the wall the curves for constant r2 repre-
sent the functional relationship 

0/ Λ fTlf(r)dr , A , 
Ω(τι) = / J - ^ — + a constant, 

14 J. G. Oldroyd, D. J. Strawbridge, and B. A. Toms, Proc. Phys. Soc. {London) 
B64, 44 (1951). 
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from which /(r) can be obtained by differentiation, as 

/(r) = 2rda(r)/dr\ (38) 

this procedure is necessary only when the D-τ relationship cannot be ob-
tained from (36) and (37) because the annular gap is too wide for the shear 
stress to be assumed approximately constant throughout the system. 

The main features of the flow pattern when a plastic solid is confined be-
tween rotating cylinders can be deduced from general considerations. If the 
torque applied to the cylinders is small, so that n < 77 , no flow will occur. 
On the other hand if 7-2 Ξ> Tf, plastic flow will occur everywhere. When 
ri ^ τ/ > r2 , so that the yield value is attained on a surface r = 77 within 
the annular gap, flow will take place in part of the material (i.e., in 77 ^ r 
^ 77, where n ^ r ^ 77), but the material in the region 77 < r g r2 re-
mains an elastic solid and moves as a rigid body attached to the outer 
cylinder. 

The velocity distribution in the case of a Bingham solid was first cal-
culated by Reiner and Riwlin.15 In this case/(r) is defined by equations (27), 
and s vanishes. Provided n ^ 77 , we have from (33) 

v(r) = J L (I- - I) - TE l o g . ! (n£r£ 77), (39) 
4ΤΓΤ7Ι \ r i 2 r) 771 n 

where 77 is defined by 

and 

vM = ?0v) (r ^ ); (41) 
r 77 

the latter equation corresponds to a rigid-body rotation in an outer elastic 
region, with continuity of velocity at the yield surface r = 77 . The rela-
tionship between Ω and G depends on whether (i) r2 > 77(^7*1), in which case 
Ω = v(rf)/rf and therefore from (39) and (40) 

Ω = - ^ - 2 - £- (1 + log* - ^ - ) ( W r , ύ G < W r , ) ; (42) 
47Π7ι772 2τ;ι \ 2ΤΓΤΙ2Τ// 

or (ii) r2 ^ 77 , so that the velocity distribution is defined by equation (39) 
everywhere and 

0 = 7^- ( A - A ) - - los« - <G ̂  w r , ) . <43) 
4ΤΓ77Ι \ r i 2 r2

2 / 771 η 
16 M. Reiner and R. Riwlin, Kolloid-Z. 43, 1 (1927). 
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With these Jesuits we must associate for completeness 

Ω = 0 (G < 2*Ti2r/). (44) 

It is observed that equations (42) to (44) define Ω as a continuous function 
of G. 

Having discussed a special case in detail, one can visualize more clearly 
the general effect of non-Newtonian properties on the flow pattern in a co-
axial cylinder viscometer. The shear stress always varies inversely as the 
square of the distance from the cylinder axis, and in cases of interest the 
viscosity decreases with increasing shear stress. The rate of shear can there-
fore vary from a slow rate near the outer cylinder to a rapid one near the 
inner cylinder, and the effect is most marked when the ratio of cylinder 
diameters is large. 

4. FLOW BETWEEN ROTATING CONES 

A second type of flow in which the rate of shear is practically constant, 
whatever the rheological properties of the material under test, is flow in 
the narrow gap between two conical surfaces with the same vertex and 
slightly different apical angles, in relative rotation about a common vertical 
axis. The linear speed on each bounding surface is directly proportional to 
the distance from the vertex, and the normal gap is likewise proportional 
to this distance. The velocity gradient across the gap is the ratio of these 
and is therefore constant. If the speed of one of the cones and the torque 
on the other when stationary are measured, and a standard height of filling 
is used, the rate of shear and shear stress are obtained by multiplying by 
simple numerical factors, easily calculated from the geometry of the appara-
tus. The advantages of this type of apparatus are entirely lost if a wall 
effect is present, for the rate of shear can no longer be assumed uniform 
throughout the material. 

A particular case of this type of flow is that between a cone of almost 
180 deg. apical angle and a plane normal to the axis of the cone through its 
vertex. An apparatus making use of the principle that flow between boun-
daries of this type is one of uniform shear rate was designed by Piper and 
Scott,16 for the purpose of measuring the plastic properties of rubber. Pre-
viously Mooney and Ewart17 had used the same principle in designing the 
bottom of the cylinders in a coaxial cylinder apparatus; the end correction 
could then be calculated directly. A more recent application by Roberts18 to 
the study of elasticity in liquids is referred to in a later section; the use of 

16 G. H. Piper and J. R. Scott, J. Sei. Instr. 22, 206 (1945). 
17 M. Mooney and R. H. Ewart, Physics 5, 350 (1934). 
18 J. E. Roberts, British Ministry of Supply Report ADE 13/52 (1952); Proc. 2nd 

Intern. Rheol. Congr., Oxford p. 91 (1953). 
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both double-cone and cone-and-plate apparatus has been perfected by 
Roberts, working in collaboration with Weissenberg. 

IV. More General Liquids 
1. CLASSIFICATION 

We have seen that, so long as it can be assumed that the flow properties 
of a material are completely characterized by a single variable viscosity 
coefficient, the mode of flow under different conditions can be worked out 
without any great difficulty in principle, and we have followed the logical 
development of a theory of this type of flow in some detail. But there are 
several rheological phenomena observable in liquids which cannot be ex-
plained in terms of this simple theory. For example, when certain liquids 
are contained between coaxial cylinders in relative rotation, they are ob-
served to "climb up" the inner cylinder, i.e., the free surface rises spec-
tacularly near the inner boundary; common sense would suggest that cen-
trifugal forces would always cause it to rise higher near the outer boundary. 
This phenomenon has been reported by many authors, notably in moder-
ately concentrated polymer solutions, and has become known as the Weis-
senberg effect. Another effect, even more easily demonstrated with polymer 
solutions, is the oscillatory motion of suspended air bubbles when a bottle 
containing liquid is suddenly rotated and quickly brought to rest again. 
With a view to explaining observations such as these, it is necessary to make 
a theoretical study of more complicated prototype materials than those so 
far discussed in this chapter. 

In order to explain the observed movement of suspended bubbles in a 
liquid, it is necessary to think of liquids which possess some kind of elasticity 
of shape. Definite proposals regarding the actual type of elasticity possessed 
by some polymer solutions showing bubble recoil have been made by Old-
royd, Strawbridge, and Toms,14 and it has been shown by this author2 

that the same type of elasticity could give rise to the Weissenberg effect. 
Weissenberg19 and Reiner20 have also attributed the latter effect to elastic-
ity, using quite different arguments, while Rivlin21 has given an interesting 
demonstration that the effect could be explained without invoking elasticity 
of shape at all. 

We shall in the sequel confine attention to liquids, excluding all materials 
with a nonzero yield value, and, furthermore, to incompressible liquids in 
which the equation of continuity (6) is satisfied. All real liquids possess 

19 K. Weissenberg, Nature 159, 310 (1947); Proc. InternRheol. Congr., Scheveningen 
1, 29 (1949). 

20 M. Reiner, "Deformation and Flow," pp. 321-5. Lewis, London, 1949. 
21 R. S. Rivlin, Proc. Roy. Soc. (London) A193, 260 (1948); Proc. Cambridge Phil. 

Soc. 45, 88 (1949). 
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elasticity of volume, i.e., they recover their initial volume when external 
forces are applied and removed, and therefore have the power to transmit 
longitudinal elastic waves (sound waves); these properties are not of interest 
here and the assumption of ideal incompressibility permits us to ignore them 
completely. It is necessary to distinguish from others those liquids which 
possess also elasticity of shape, i.e., liquids with which an elastic strain-
energy can be associated during flow at constant volume, so that, when 
external stresses are removed, each liquid element shows a tendency to re-
cover partially the shape it had a short time earlier. Such liquids will be 
distinguishable experimentally by a power to transmit, to a limited degree, 
transverse elastic waves, and their elasticity can be measured by making use 
of this property.14 These liquids have properties at any instant which depend 
on their recent rheological history in this sense: that the stress is not entirely 
determined by the instantaneous rate of strain. There remains the comple-
mentary class of liquids whose properties at any instant are independent of 
previous history. In these the stress tensor and rate-of-strain tensor at any 
point must be connected by a simple functional relationship (involving no 
time integrals or time derivatives). It is easiest to discuss such inelastic 
liquids first. 

It will be realized that the mathematical arguments involved in the de-
velopment of more general theories of liquid flow are somewhat more com-
plex than those of Sections II and III. They will not therefore be given so 
fully in the present section, and the reader is referred to original papers for 
further details. 

2. INELASTIC LIQUIDS 

We must now consider liquids whose stress, rate-of-strain relations do not 
reduce to the form (5), which has already been discussed, but are yet of the 
form 

Vik = Vik — V^ik, (45) 

where the set of components Vik is related to the set of rate-of-strain 
components Dik at the same instant in such a way that either set determines 
the other. (In order that the equations shall have a physical meaning inde-
pendent of the coordinate system, the pas must be the components of a 
tensor.) As before, v is an undetermined pressure, introduced to conform 
with the incompressibility hypothesis, according to which any isotropic 
pressure (p»·* = — ρδ»*) superposed on the material in any state of motion 
can have no effect on the rate of strain. 

Rivlin21 has made a study of liquids of this type on the assumption that 
the stresses can be expanded as power series in the rates of strain. He has 
shown that, with this assumption alone, considerations of invariance under 
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transformation of axes and the lack of any inherent anisotropy (such as is 
associated with crystalline structure) in a liquid lead to the conclusion that 
the most general possible equation of the type (45) is 

Pik = vDik + γ2φ Σ DijDjk - pbik ; (46) 

X) denotes summation over the values xyy,z for the repeated suffix j , and 
η and ψ are scalar functions of the rate of strain. In general η and ψ can be 
arbitrary functions of the two non-vanishing invariants of the rate-of-strain 
tensor, i.e., of D as defined by (7) and the determinant of the D^s (c/. 
the remarks about the viscosity coefficient in Section II . l ) . 

The significance of η and ψ is seen immediately by considering a simple 
shearing motion in which the velocity v(y) is in the x-direction and dv/dy 
= D, so that 

On substituting these values in (46) it is found that 
(V*x Vxv Ρχζ\ /%*D2 - P Φ 0\ 

φ }/firD2 - p 0 I. 
0 0 -pj 

The shear stress pyx is ηΌ, so that η is naturally called the viscosity of a liquid 
of this type. The normal stresses in the plane of the shearing (pxx and pyy) 
are always equal, but they differ from that normal to this plane (pzz) to the 
extent of %ψΏ2; for this reason ψ has been called the normal stress coeffi-
cient. Rivlin, in the papers referred to, has discussed the flow of a liquid of 
this type in a pipe, and also flow in the annular space between rotating co-
axial cylinders. He has shown that in the latter case an external vertical 
pressure varying with radial distance would be needed to keep the upper sur-
face of the liquid level, and a liquid with a free surface would exhibit the 
Weissenberg effect, in the sense actually observed if ψ were positive. (If ψ 
were negative, the theory predicts that the liquid near the inner cylinder 
would be depressed more than could be explained by centrifugal forces.) 
So far as the relationship between the relative angular velocity of, and the 
torque on, the cylinders is concerned, these liquids would be indistinguish-
able from an ordinary non-Newtonian viscous liquid of viscosity η. On the 
other hand, they would show a radial variation of normal pressure in the 
direction of flow, directly proportional to ψ, when flowing steadily in a pipe 
of circular section. 

The full consequences of a set of rheological equations of state of the type 
(46), even with η and ψ representing material constants independent of the 
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rate of strain, are by no means fully explored. It has not yet been established 
that any real liquids behave approximately in this way, with a nonvanishing 
normal stress coefficient and without appreciable elasticity. 

3. LIQUIDS POSSESSING ELASTICITY OF SHAPE 

In the case of a very viscous "liquid"—so stiff that flow under moderate 
stresses is scarcely perceptible—it is easy to imagine an elastic response to 
sudden changes of stress which is similar to that of a metal. For example, 
sealing wrax at room temperature has no observable yield value and it is 
therefore to be classed as a liquid. If, at any stage in the slow process of flow 
under its own weight, additional stresses are applied, the material is de-
formed almost instantaneously, but recovers its former shape (approxi-
mately) if the new stresses are removed after a short time. In the simplest 
case, assuming Newton's viscosity law for the flow and Hooke's law for the 
deformation, it is possible to write down an equation relating shear stress r 
and rate of shear D for such a material in the following way. In a steady 
state of flow under a shear stress r, the rate of shear will be τ/η0, where 770 is 
a constant viscosity coefficient. If the stress is changed quickly by an 
amount δτ (of either sign) the material will be sheared through an addi-
tional angle λιδτ/770, where 770/λι is a modulus of rigidity. There is, there-
fore, an additional rate of shear proportional to the rate of application of 
stress at any instant, and the total flow is given by 

VoD = r + λιτ, (47) 

where the dot denotes differentiation with regard to the time t. Such an 
equation was proposed by Maxwell.22 

The concept of elasticity of shape in a mobile liquid in a state of flow is 
less easy to comprehend. A difficulty in accepting equation (47) as a 
suitable idealized equation on which to build up a theory of elasticity is 
that this equation implies a rate of shear tending to infinity if an application 
of stress is made more and more rapidly so as to approach a stress discon-
tinuity. It is reasonable to suppose that there exist liquids which possess 
elasticity and yet in which the rate of shear is always finite at finite stresses, 
even at a discontinuous change of stress. That this is so was established by 
Fröhlich and Sack.23 

These authors considered a dilute suspension of elastic solid spheres in a 
viscous liquid, and calculated the macroscopic rheological behavior of the 
system in terms of the properties of the continuous and disperse phases. 
In this model it is clear how the elastic strain-energy is stored, in the sus-
pended spheres, because these elastic particles are distorted by the flow 

22 J . C. Maxwell, Phil. Trans. Roy. Soc. (London) 157, 49 (1867). 
23 H. Fröhlich and R. Sack, Proc. Roy. Soc. (London) A185, 415 (1946). 
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of the surrounding liquid. The differential equation relating an applied shear 
stress r and the rate of shear D (when these are small) was found to be of the 
form 

r + λιτ = ηο(Ώ + X»D), (48) 

where the constants η0, λι , and λ2 are determined in terms of the viscosity 
of the continuous phase, the rigidity modulus of the suspended particles and 
the volume concentration of the disperse phase. The viscosity η0 can be 
identified with the viscosity at low rates of shear in a steady state (in which 
r and D are constant); the relaxation time λι has the physical significance 
that, if the motion is stopped, stresses will decay as exp( — £/λι); and the 
retardation time λ2 has the significance that, if all stresses are removed, rates 
of shear will decay as exp( — £/λ2). The same form of equation was later ob-
tained by this author24 in the analogous case of a dilute emulsion, where the 
suspended particles are liquid droplets; the interfacial tension provides the 
restoring force which makes the individual drops resist changes of shape, 
giving the system the property that elastic strain-energy is stored during 
flow. 

With equation (48), in these calculations, is associated the condition 
that λιτ — η^ΚιΏ is continuous at any discontinuity in shear stress r. A 
sudden increase of stress δτ therefore results in a finite increase λιδτ/(τ70λ2) 
in the rate of shear (necessarily greater than the increase δτ/η0 which would 
occur if the change were made under quasi-steady conditions), but not in a 
sudden change in the total amount of shear. I t follows that, for any physi-
cal significance to be attached to an equation of the type (48), it is neces-
sary that 

λι > λ2 ^ 0, (49) 

an inequality which was in fact satisfied in the two cases where the values 
of the constants were calculated. 

It is seen that (48) formally includes (47), as a special case in which λ2 
vanishes. There is experimental evidence that some real liquids (dilute 
polymer solutions14) do behave approximately in accordance with an equa-
tion (48) but are not adequately characterized by the Maxwell stress, rate-
of-shear relation (47). It is appropriate, therefore, that equation (48) 
should be used to define a prototype elastico-viscous liquid for detailed theo-
retical study. The chief merit of this equation is its simplicity. It is not 
known at the present time whether it provides an adequate representation 
of the behavior of any extensive class of real liquids. There are many ways 
in which it could be generalized, e.g., by including second and higher 
time derivatives and allowing that the coefficients might depend on the 

24 J. G. Oldroyd, Proc. Roy. Soc. (London) A218, 122 (1953). 
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rate of strain, etc.; such generalizations need not be considered at the 
present early stage in the development of a theory of liquids with both 
viscous and elastic properties.25 

In order to examine the flow properties of our model elastico-viscous 
liquid under different conditions it is necessary to construct, from (48), 
equations defining the behavior when the motion is not necessarily one of 
simple shearing: this operation corresponds to the process of generalization 
involved in going from equation (1) to equation (5) in the case of a purely 
viscous liquid. It is evident that the universally applicable equations can 
be written in the form (45), where the stresses p[k are now related to the 
rates of strain Dik by a set of differential equations, involving time deriva-
tives, of such a form that equation (48) follows in a simple shearing motion. 
The principle on which the form of the general equations must be decided 
is that they should have a significance for the liquid independent of the 
coordinate system and independent of the motion of the liquid as a whole. 
The general mathematical implications of this principle are too compli-
cated to be discussed here;2 applied to the present problem they lead to the 
following type of differential equations of rheological state, to be associated 
with (45): 

* + >■($.-»{a-+ *(").}· (5W 

By (dp'/di)ik is meant the ik component of a tensor, obtained from the 
tensor whose components are pik by a process of total differentiation follow-
ing the material in motion which gives equation (50) the right invariance 
properties. There is not a unique process of differentiation of this kind, but 
several equally obvious ones with very little to choose between them;2,26 

even the simplest admissible total derivatives involve the local vorticity 
components. In short, there are several possible generalized forms of (48), 
none of them very simple, and it is not yet known which of them are useful 
representations of the properties of real liquids; the ambiguity disappears 
when we deal with small rates of strain. (All of this may seem unnecessarily 
complicated, since one might argue that simpler tensor equations which re-
duce to (48) for shearing flow can be written immediately. But it is im-
portant to realize that equations which are mathematically simple can be 
physically meaningless: if inadmissible time derivatives such as the usual 
partial derivative d/dt are included in the equations of state, these equations 
are in fact describing different physical properties in different parts of the 
material, in all but the very simplest flow patterns.) 

26 They may be necessary later, just as the need for a theory of non-Newtonian 
viscous flow arose after the properties of the first simple prototype—the Newtonian 
liquid—had been investigated in some detail. 

26 J. G. Oldroyd, Quart. J. Mech. Appl. Math. 4, 271 (1951). 
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Even in a steady simple shearing motion (in which D = dv/dy is the only 
nonvanishing velocity gradient), the set of relations (45) and (50) comprises 
nontrivial equations for the normal stresses pxx, pyy , pzz in addition to 
equation (48) for the shearing stress r ( = pyx). In contrast to the state of 
affairs in a purely viscous liquid it is not possible to have rapid shearing flow 
maintained by a shear stress alone; there are necessarily nonzero differences 
between the normal stresses. The stress system may involve a tension 
pxx along the streamlines, a normal pressure across the streamlines — pyy , 
or both, superposed on an isotropic pressure p, according to the precise in-
terpretation put on d/dt in the equations. The normal stresses pxx and pyy are 
always unequal in these liquids. 

Weissenberg19 has developed a descriptive theory of elasticity in liquids in 
which a tension along the streamlines is associated with shearing flow, 
and has shown how this will give rise to the Weissenberg effect. It has been 
verified by this author2 that equations (45) and (50), when solved with the 
appropriate boundary conditions for steady flow between rotating coaxial 
cylinders, would give rise to this effect, in the sense observed, when a ten-
sion along the streamlines is involved; an effect in the opposite sense can 
result when pxx is not greater than pyy and pzz. The relationship between the 
relative angular velocity of the cylinders and the torque on them is in all 
cases identical with that for a non-Newtonian viscous liquid with a variable 
viscosity26 

η = F(D) ES „o(l + σ2Ζ)2)/(1 + σιΖ)2), (51) 

where σι and σ2 are constants of the order of \i. The differences in the nor-
mal stresses are of the order of η0\ιΌ

2 in this theory, and the shear stress is 
of the order of η0Ό. 

Comparing the above predicted behavior of an elastic liquid and of an in-
elastic liquid of the type studied by Rivlin, one is faced with the general 
question which until recently has been regarded as controversial: whether 
it is ever possible to recognize elasticity in a liquid with certainty from 
steady-state experiments alone. In principle it is possible: for, the simplest 
equations representing elastic behavior contain time derivatives which do 
not vanish identically (and which do not reduce to algebraic combina-
tions of the stresses and rates of strain alone) when steady-state conditions 
are assumed. So an elastic liquid will in general behave differently from 
any inelastic liquid, even in steady-state experiments; it is only in the 
simple symmetric types of flow, most often used in experimental techniques, 
that the distinction may be masked. 

The experimental methods at present being used by Roberts18 are capable 
of distinguishing elastic liquids and inelastic liquids of different kinds in 
steady-state experiments at moderate rates of shear. Flow between two 
cones, or between a cone and plate (cf. Section III.4) is used to ensure a 
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uniform rate of shear throughout the specimen, and special techniques have 
been developed to measure the normal stresses along the streamlines, 
perpendicular to the streamlines in the plane of shear, and normal to the 
plane of shear. Different theories of inelastic behavior (including purely 
viscous flow and variants of RivlnVs theory with different values of the nor-
mal stress coefficient) and of elastic behavior (including variants of the 
above theory obtained by interpreting d/dt in different admissible ways) all 
differ in the relative magnitudes predicted for the normal stresses. Roberta 
technique promises to be an extremely valuable one in classifying some real 
liquids, and thereby drawing attention to the particular theoretical ap-
proaches which could most usefully be explored further. (See Ch. 7, Vol II). 

4. OSCILLATORY MOTION 

It is possible to distinguish elastic and inelastic liquids by means of ex-
periments in which the rate of strain is very small, provided that it can be 
arranged to have the rate of change of rate of strain large enough to make 
any D terms in the equation of state comparable with the D terms [e.g., 
in an equation of type (48)]. These conditions can readily be satisfied by 
subjecting the liquid to an oscillatory shearing motion of small amplitude 
and making stress measurements on it at different frequencies. It can be 
verified experimentally that the amplitude has been chosen small enough 
to allow the assumption that the equations of state are linear in the stresses 
and rates of strain, by repeating the stress measurements at, say, half the 
chosen amplitude for the motion and checking that all stresses are then 
reduced in the same ratio. 

For sufficiently small rates of shear, second-order terms in the D^s in 
equations such as (5) and (46) can be neglected. Each of these equations 
then reduces to 

p i k = ηοΌα - pbik , (52) 

where the constant η0 is the limiting viscosity at small rates of strain; non-
Newtonian inelastic liquids are indistinguishable from Newtonian viscous 
liquids. Normal stress differences are negligible under these conditions, and 
it suffices to consider simple shearing flow with a rate of shear D and a 
shearing stress 

r = VoD. (53) 

In the same way, there is no distinction at small rates of shear between 
elastico-viscous liquids characterized by (50) and those characterized by 
a similar set of equations with η0, λ ι , and λ2 replaced by scalar func-
tions of the rate of shear: any such functions are sufficiently represented 
by constants—their limiting values at small rates. Furthermore, all normal 
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stress differences are again of the second order in the rates of shear, so that 
the different possible interpretations of (50) are indistinguishable and, in 
shearing flow, the only nontrivial equation of the set is equation (48). 
Similar remarks apply if higher time derivatives than the first are present 
in the equations, there being then need to consider only equations of the 
type 

r + λιτ + νιτ + & ? + · · · = Vo(D + \2D + νώ + &D + · · ·), (54) 

where v\, ν2, £i, £2, · · · , are additional constants. Equation (54) must 
in fact represent the behavior of a very wide class of elastico-viscous liquids 
in shearing flow when the rate of shear is sufficiently small. If the motion 
were steady and slow, equations (48) and (54) would be indistinguishable 
from (53) and it would be impossible to distinguish elastic and inelastic 
liquids by observing motion of this kind. When the motion is oscillatory 
and of small amplitude, however, the behavior of elastic and inelastic liquids 
is very different. 

In practice it is simplest to subject a liquid to periodic shearing between 
coaxial cylinders, maintaining the outer cylinder in forced harmonic angular 
oscillation and recording the periodic torque on the inner one, or its motion 
when constrained by a suitable torsion wire. An apparatus for this purpose 
is described by Oldroyd, Strawbridge, and Toms14; the experimental results, 
leading to the conclusion that some dilute polymer solutions are character-
ized by a set of equations of the type (48), are described by Toms and Straw-
bridge;27 and the theory of this type of motion, on which the analysis of 
results is based, is given elsewhere by this author.26 The velocity and stress 
distributions in a uniform state of oscillation of the system are expressible 
in terms of Bessel functions of complex argument; the reader is referred to 
the original paper for details. An experimental check showed that the cyl-
inders in the apparatus of Oldroyd, Strawbridge, and Toms were suffi-
ciently long (25.4 cm.), and the annular gaps sufficiently narrow (0.05, 0.1, 
and 0.2 cm.), for end corrections to be negligible; no account was therefore 
taken of them in the theory. In the following summary of the theoretical 
results the apparatus constants used in the numerical calculations are 
relevant to the experimental arrangements used by Toms and Strawbridge. 

The quantity most easily measurable in oscillatory flow between coaxial 
cylinders is the ratio # of the angular amplitude of the motion of the inner 
cylinder, when constrained by a torsion wire, to the imposed angular ampli-
tude of the outer cylinder, at different frequencies n of oscillation of the 
system. Some theoretical (#, n) curves for liquids characterized by (48), 
calculated for an annular gap of 0.1 cm., a moment of inertia of the inner 

27 B. A. Toms and D . J. Strawbridge, Proc. 2nd Intern Rheol. Congr., Oxford p . 99 
(1953); Trans. Faraday Soc. 49, 1225 (1953). 
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F I G . 3. The variat ion of the function &(n) with XL and λ2 when p = 1, r/0 = 8. (Re-
produced by courtesy of the Quarterly Journal of Mechanics and Applied Mathematics.) 

cylinder of 2468 gm. cm.2, and a restoring constant of the torsion wire 2.79 
X 106 dyne cm./radian, are given in Figs. 3, 4, and 5; all numbers on the 
diagrams are in c.g.s. units. It is seen that, in the case of inelastic liquids 
(λι = 0, λ2 = 0) the curve has a peak not exceeding unity at a frequency 
almost exactly equal to the frequency n0 of free oscillation of the inner 
cylinder and torsion wire; the peak height is & = 1.00 if η0 > 0.5. As λι 
increases from zero, the peak of the curve rises and occurs at a frequency 
greater than n0. The effect of a positive λ2 is to reduce the height of the peak 
and to alter the shape of the curve; the curve tends to that of an inelastic 
liquid as λ2 approaches λι . This is to be expected since, when λι = λ2, 
equation (48) has a general solution given by (53). The variation of the 
shape of the curve with λι and λ2 can be used to allot values of these con-
stants to real liquids, by comparing each observed (#, n) curve with a 
family of curves calculated for the same values of η0 and the material density 
p, and various λι and λ2. In theory, the slope of a (#, n) curve at the origin 
is directly proportional to η0 and independent of λι and λ2, so that T?C could 
be deduced from the initial slope of an observed curve; in practice, however, 
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an independent measure of η0 from steady-state experiments is more ac-
curate. 

I t has been established that the three constants η0, λ ι , and λ2 are suffi-
cient to specify the behavior of certain dilute polymer solutions, in a series 
of experiments in which the mechanical parts of the apparatus were varied. 
The behavior of these solutions is adequately described by equation (48) 
in shearing flow at very small rates of shear, and hence by a set of equations 
of the type (50), at least for sufficiently small rates of strain. Equations 
(50) have not, however, so far been found to represent all the isothermal 
rheological properties of any of the liquids with accuracy: the observed 
variation of apparent viscosity in steady-state experiments between rotat-
ing cylinders is more complicated than is represented by the associated 
equation (51) at large rates of shear. 

The two methods18,14 which have been referred to for distinguishing 
elastic and inelastic liquids and deciding the kind of equations of Theologi-
cal state which best represent their general behavior—one relying on the 
measurement of normal stresses as well as shear stresses in steady flow at 
moderate rates of shear, and the other on determining first the constants 
needed to describe the behavior at small rates of strain—are to be regarded 
as complementary. If both methods were applied to the same elastic liquid, 
they could provide a great deal of information about its rheological 
properties and might go far towards a complete description of its behavior 
under all conditions of motion and stress. 
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