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I. Introduction 

The terms "diffusion" and "mixing" have been used to describe a multitude 
of physical processes, some of which occur and can be studied separately and 
others which exist only as groups of simultaneous processes. Before one can 
attempt to relate any of these processes to the fluid dynamics of a system, a 
visualization, upon which a mathematical model will be based, is necessary. 
For this reason, the first section of this chapter will dwell upon a description 
of diffusion and mixing processes. Here, the terms will be defined, the proces-
ses described, and the basic relations derived. It is hoped that the reader will 
find that the required background material provided is adequate, but refer-
ences are included to facilitate further study. Once the definitions of the various 
diffusion and mixing processes have been established, criteria for mixing can 
be presented. These criteria will be the starting point for the actual theories of 
mixing. Both laminar and turbulent conditions will be considered. 
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As will be seen, some progress has been made in developing satisfactory 
theories for predicting mixing in simple geometric systems, but much work 
still remains to be done. These research needs are included in the summary at 
the end of this chapter. 

The material herein will be by no means easy to digest; however, reading 
it will help one become familar with the terms and methods necessary for an 
analytical description of mixing. A feel for the importance of the variables 
will be rewarding and may prevent pitfalls such as the scale-up problem 
described in Section V,A,2. Also an understanding of the material of this 
chapter will enable the reader to appreciate more readily new articles on the 
theories of turbulence and mixing. 

II. Description of Diffusion and Mixing Processes 

The word "diffusion" means the act of spreading out; it contains no 
connotation of the mechanism providing the spread. However, the unmodified 
word usually implies diffusion by molecular means. Since other processes can 
give rise to diffusion and, indeed, are called "diffusion processes," the term 
"molecular diffusion" will be used to signify diffusion caused by relative 
molecular motion. In turbulent flow, there is bulk motion of large groups of 
molecules. These groups are called "eddies," and give rise to the material 
transport called "eddy diffusion." Nonmolecular and noneddy diffusion 
processes will be grouped into a class, which will be called "bulk diffusion." 
In each case to be considered, there is some bulk motion giving rise to diffusion 
(usually an axial diffusion), which is superimposed on either molecular or 
eddy diffusion or both. For example, in turbulence, the problem is complicated 
by three superimposed diffusional processes. Molecular diffusion is always 
occurring and may not be always neglected. Superimposed is the gross random 
eddy motion, causing the eddy diffusion. Finally, it is possible to have other 
types of bulk diffusion occurring simultaneously. 

These diffusional processes will form a basis for a visualization of mixing in 
laminar and in turbulent flow. 

A. MOLECULAR DIFFUSION IN LAMINAR FLOW 

The dynamics of laminar fluid motion in a pipe are well established; the 
parabolic velocity distribution can be derived from first principles and has 
had considerable experimental confirmation (K7). In the analogous problem 
with other geometries, many shapes have been solved theoretically, and in 
almost all of these cases some experimental distributions have been reported 
in the literature (K7). 

Only two cases of molecular diffusion in laminar flow need be considered in 
this discussion. The first provides the basic relations, and describes molecular 
diffusion from a point source in a static field or from a point source moving 
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with no relative motion in a uniform velocity field (a fluid of infinite extent 
with no variation of the mean velocity with position). The second case de-
scribes molecular diffusion from a point source in a uniform velocity field 
where relative motion exists between the source and the field. 

If the velocity field is not uniform, a bulk diffusion phenomenon will 
exist (Taylor diffusion) which is superimposed on the molecular diffusion. 
This and the somewhat similar bulk phenomena, which can occur in packed 
and fluidized beds, will be taken up after the discussion of eddy diffusion in 
turbulent flow. 

Molecular diffusion from a source in a static field, or from a source moving 
at exactly the same velocity as the uniform field, can usually be solved when 
the source and other boundary conditions are defined. Fick's first law describes 
the steady state transfer, which for the ^-direction is 

Fick's second law describes the unsteady state problem, and is 

The restrictions are a static system (or no mean relative motion), equimolal 
counterdiffusion, and unit activity coefficients. Formally, these equations 
are identical to those of conduction of heat; in many cases, where the 
boundary conditions are the same, the solutions are identical. Many of these 
solutions can be found in Carslaw and Jaeger (C6, CI). The well-known 
Gurney and Lurie (G3) charts involve the solution of this equation for 
semi-infinite solid, infinite slab, sphere, and the infinite cylinder. The methods 
of solution are given in most advanced mathematics books, such as Wylie's 

The mean-square displacement of the diffusing material from a point 
source is given by the Einstein (E2, E3) equation 

where Y2 is the mean-square displacement in the time t. As will be seen, an 
analogous situation can exist in turbulent systems. 

The steady state diffusion in a uniform velocity field is similar to unsteady 
state diffusion in a static field, and effectively involves only a change in variable 
from time to distance in the direction of flow; i.e., 

(2) 

(W3). 

Ϋ* = 2Dmt (3) 

U = xjt 
and Eq. (2) becomes 

(4) 
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Again, certain solutions can be found in Carslaw and Jaeger (C6). For 
example, a point source of strength S, located at χ = 0, gives 

where r2 = x2 + y2 + z 2. It is, of course, possible to treat the problem of 
molecular diffusion in a nonuniform velocity field; in that case U will be a 
variable, and for pipe flow will be a function only of r. 

B . EDDY DIFFUSION IN TURBULENT FLOW 

Our understanding of turbulent mixing is hampered by our lack of know-
ledge about the dynamics of turbulent motion. It is commonly understood 
that there are two distinct modes of approach to this motion problem. 
One is the old phenomenological theory such as the Prandtl mixing-length 
theory (H5, Chapter 5). Even though this approach provides an over-all 
solution, within a modest degree of accuracy for practical problems, it is 
strictly founded on physical intuition, and is generally recognized to be 
limited in its possibilities for further development. The other approach is 
modern statistical theory, based on the random behavior of eddies in a 
turbulent field. This theory of turbulent motion has attracted many capable 
theorists and experimentalists since Taylor (T4, T5) initiated the notion of 
a statistical approach. At the present stage of development, however, this 
approach is still far from complete for use on practical design problems. 
This theory also presents many difficulties arising from the indeterminateness 
of the equation which represents the basic law of momentum transfer. Even 
so, we shall focus our attention on this method because it is more fundamental 
and shows potential for further exploitation. However, before we can hope 
to develop the newer approaches to turbulent motion and mixing, we must 
first establish a reasonable working knowledge of the terminology, definitions, 
and relations of statistical turbulence. It should be strongly emphasized that 
the description of turbulent mixing always includes the unknowns from 
turbulent motion which must be understood before one can attempt to solve 
the turbulent mixing problem. In short, there is so far no clear-cut, determinate 
equation or system of equations for turbulent mixing because there is no 
determinate system of equations for turbulent motion. 

7. Turbulent Fluid Motion 

Quite briefly, the mechanism of turbulent motion is of such a complex 
nature that at present we are unable to formulate a general physical model on 
which to base an analysis. Thus, we approach the problem from a rigorous 
statistical theory in which certain simplifying assumptions can be introduced 
that will allow us to solve for some of the variables of interest. In the discus-

(5) 
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sion which follows, one must view the material as a reasonably rigorous 
mathematical representation with some simple and limited mechanistic 
ideas injected. We simply do not know for certain the details of what is physi-
cally occurring in turbulence, and we are unable to express the picture in 
mathematical terms. 

The idea of a statistical theory of turbulence was first formulated by Taylor in 
two papers. One of these was the statistical theory of turbulent diffusion from 
the Lagrangian view (T4) ; the other was the Eulerian analysis of turbulence 
(T5). In a Lagrangian description of a turbulent transport process, some 
property of a given fluid particle or lump is observed during the motion of 
this particle or lump through the flow field. In a Eulerian description, the 
property variation is observed at a fixed point in a stationary coordinate 
system. These concepts are discussed further in the paragraphs following 
Eq.(16). 

Taylor described the point velocity of a fluid as a random, continuous 
function of both position and time. He also introduced the concepts of 
homogeneity, isotropy, correlation and spectrum, and scales. These concepts 
are essential to an analysis of turbulence based on the random behavior of 
eddies of widely differing sizes. The statistical theory has been formalized by 
many eminent theorists, but the parallel contributions by the experimentalists 
for the verification of the theory and their role in leading the theorists cannot 
be underestimated. The exhaustive treatment of the statistical theory has been 
summarized in several excellent articles and monographs (B5, B9, H5, 
L10, P I , T16). These articles will be referred to as found necessary in this 
chapter. Of course, there is recent work to which we will also refer as needed. 

a. Description of Turbulence. To begin a discussion on turbulence, it might 
be best to propose even a crude model for the system. Let us assume that 
eddies range in size from the very smallest to the largest, which might be 
pictured as being determined by the size of the bounding walls. In the most 
ideal case, the boundaries influence only these large eddies and transfer 
energy to or from them. The largest eddies transfer their energy to the smaller 
eddies, etc., until the energy is transferred to the smallest of eddies. 

Most of the theoretical work on turbulence is based on this somewhat 
intuitive model. If statistical relations are used to define the fluctuating motion 
of turbulence, then turbulent motion must be restricted to mean an irregular 
fluctuation about a mean value. Any regular motion, such as the Karman 
"vortex trail" in the wake of a cylinder (P3) would not be considered as 
turbulent motion. In other words, any motion which might have a regular 
periodicity is not considered to be turbulent. The instantaneous velocity 
( V = i £ / + jK + kW) at a point can be represented by its average value and 
a superimposed fluctuation (see Fig. 1); i.e., 

U = U + u9 V = V + v, and W = W + w 
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FIG. 1. The instantaneous velocity. 

where U9 V, W are the x, y9 ζ components of the instantaneous velocity, 
V; 17, P, Ware the average values (a bar over symbols denotes average); and 
w, υ, w are the random fluctuating components. In terms of vectors 

V = V + ν 

where V is the average vector velocity, and ν is the vector velocity fluctuation. 
The vector notation offers considerable simplification in the writing of the 
necessary equations [for further information on vectors and vector notation 
seeWylie (W6)]. 

Certain restrictions such as isotropy and homogeneity can be impressed on 
the turbulent field. These restrictions, because of their simplifying nature, 
make the rather complex problem amenable to theoretical analysis. 

The term homogeneous turbulence implies that the velocity fluctuations 
in the system are random, and that the average turbulent characteristics are 
independent of the position in the fluid, i.e., invariant to axis translation. 
The homogeneous system can be further restricted by assuming that in addi-
tion to its homogeneous nature, the velocity fluctuations are independent of 
the axis of reference, i.e., invariant to axis rotation and reflection. This re-
striction leads to isotropic turbulence, which by its definition is always homo-
geneous. To illustrate the difference between the two types of turbulence, 
consider the root-mean-squared (r.m.s.) velocity fluctuations: 

u = Λ/Ρ, v' = ^ / P , w' = Λ / Ρ 

where w', v\ and w' are used to simplify our notation. In homogeneous 
turbulence, the r.m.s. values could all be different, but each must be constant 
over the entire turbulent field. In isotropic turbulence, the spherical symmetry 
requires that the fluctuations be independent of the direction of reference, or 
that the r.m.s. values all be equal; i.e., 

Λ/Ρ = yjv* = Λ/W* or u = ν = w' 
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By the nature of isotropic homogeneous flow, there are no cross velocity 
terms (i.e., uv, uw, vw). This is a result of the random motion which would 
give, for example, uv just as many positive as negative values. Consequently, 
the average uv would be zero. 1 In flows of this nature then, there are no shear-
ing stresses (uv is called the eddy, turbulent, or Reynolds stress, and is a part 
of the contribution of turbulent motion to the total shear stress τ 0 ) and no 
gradients of the mean velocity. Both homogeneous and isotropic turbulence 
are constant space systems, and thus the statistical quantities can vary with 
time only ; i.e., theoretically, we would have to have a box of turbulence, which 
would decay with time. It is quite apparent that such a state of motion cannot 
be realized exactly in experiments. The grid experiments in a wind tunnel are 
stationary flows with decay being a function of distance from the grid rather 
than a time decaying system, as in theoretical homogeneous turbulence. In 
spite of the difference, the grid experiments can closely approximate homo-
geneous turbulence, if one considers a small segment moving at the average 
stream velocity away from the grid. The segment must be small enough so that 
it can be considered homogeneous when compared with the inhomogeneity in 
the wind tunnel, but still large enough to be compared with the scale of turbu-
lence (more will be said about scale shortly). For such an experiment, the decay 
time would be 

tD = xjU (6) 

and the segment would be nearly homogeneous. A thorough discussion of the 
problems of setting up turbulent flows for experimental study has been given 
by Corrsin (CI 5). 

The area of turbulent study of most interest in mixing is turbulent shear flow. 
This flow is the modification of completely homogeneous flow to allow for 
shear stresses; usually one or two of the Reynolds shearing stresses (to be 
discussed in more detail in Section II,B,l,g) will be zero. For example, in 
pipe flow, where u is in the direction of the pipe axis, 

uw — vw = 0 

and only uv is not zero and is important. Turbulent shear flow in turn may be 
divided into flows that are nearly homogeneous in the direction of flow, and 
those which are not homogeneous in the direction of flow. It has been found 
experimentally that the nearly homogeneous flows are those that are restricted 
as in pipe flow, while the inhomogeneous shear flows are unrestricted systems, 
such as jets. The longitudinal homogeneity (or homogeneity in the direction 
of flow) arises from the fact that in pipe flow, turbulence is generated and 

Φί(ζ)\ i-e., there is no decay. One flow of importance, which has both 
characteristics depending upon the location of study, is boundary layer flow. 

1 In contrast, u2 is always positive and thus 1? will have a value. 
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The area near the wall is nearly homogeneous in the direction of flow. The 
area near the boundary between the boundary layer and the ideal flow is 
inhomogeneous because of an intermittent nature of the flow (Section II, 

These basic definitions of the types of turbulence will allow a better under-
standing and further interpretation of the definitions of terms necessary to 
describe the phenomena of turbulence. 

b. Correlation. It was Taylor (T5) who first suggested that a statistical 
correlation could be applied to fluctuating velocity terms in turbulence. He 
pointed out that no matter what may be meant by the diameter of an eddy, a 
high degree of correlation will exist between the velocities at two points in 
space if the separation between the points is small when compared with the 
eddy diameter. Conversely, if the points are taken far apart, so that the space 
would correspond to many eddy diameters, then little correlation could be 
expected. 

Consider the velocity at two points separated by a distance r (i.e., χ and 
χ + r). A similarity or correlation may exist between the velocities, and can be 
defined as the tensor 

The bar denotes an averaging, which should be taken for many points at one 
given time; i.e., we should have a great number of equivalent systems. This is 
nearly impossible and one is generally forced to measure the fluctuations at a 
given point as the fluid moves relative to the measuring instrument. The 
Birkhoff theorem of statistical mechanics is assumed valid for turbulence. 
The equivalent theorem states that if a long enough time is considered, the 
average at one point is the same as an average over a large number of points 
at one time. Thus, it is usually assumed that a time average is valid. The basis 
of statistical turbulence is that statistical averages can be used to describe the 
system. There are three components of ν at χ ; i.e., w(x), v(x), and w(x) 
Similarily, there are three components of ν at χ 4- r; i.e., w(x-fr), t>(x + r), 
and w(x + r). Consequently, if we consider all possibilities of correlation, we 
see that there are nine possible combinations; thus, Q(r) will have nine terms 
and is a second-order tensor. Another notation (Cartesian general co-
ordinates) is used more often to describe the same terms; i.e., 

where / and j can each take on three values; i.e., ι/χ(χ) = w(x), w2(x) = v(x)9 

and w3(x) = w(x). As before, there are three components at χ 4- r. 
A somewhat more useful correlation term is called the Eulerian correlation 

function, and is 

B, l , j ) . 

Q(r) = v(x)v(x + r) (7) 

Qij(r) = wi(x)w/.(x + r) (8) 

K t ( x ) i / / x + r ) 

w/(x) w,'(x+r) 
(9) 
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Ui(x)Uj(x + T) ^ 

For isotropic homogeneous turbulence, the r.m.s. fluctuating velocities are all 
identical, so that Eq. (10) becomes 

u 1 

Further, all / φ j terms are zero, and thus the dummy index pair ii is used. 
Batcheior (B5) has shown that only one scalar function is necessary to specify 
the velocity correlation. This function is generally taken as 

/ ( , ) = " r W f V ^ + r ) ( 1 2) 

w'2 

where the subscript r denotes that the velocity fluctuation is measured in the 
same direction as the space vector r (see Fig. 2). Another correlation, which 

must be related to this, is 

, n ( x ) » ( x + r ) 

u 2 

where the subscript η denotes that the velocity fluctuation is measured in a 
direction normal to the space vector, r. As just n o t e d , / ( r ) and g(r) must be 
related, since only one scalar is needed to define the correlation in this totally 
symmetrical system. Batcheior (B5) shows, from continuity of an incompres-
sible fluid, that this relation is expressed by 

* / w \ ( 1 4) g(r) = / ( r ) + * r ( 
3r 

In Eqs. (12) and (13), the correlation functions would reduce to unity if the 
separation were reduced to zero. In a like manner, the functions would reduce 
to zero if the separation were large enough so that no correlation occurred ; 
i.e., just as many positive as negative values would be possible. 

In the foregoing discussion, the Eulerian point of view has been taken, that 
is, the correlation function Ru(r) is a correlation between the instantaneous 
velocity fluctuations separated by a distance r. In some applications, it is more 
convenient to consider the Lagrangian system of coordinates, which would 
correlate the velocity fluctuations of a fluid particle at two times along its 
path ; thus 

Κφ) = "î P, (15) 

where u\ is the three r.m.s. values u\ v\ and w', which can exist and be differ-
ent at χ and at χ + r. Considerable simplification is afforded if the flow is 
homogeneous, since the r.m.s. values will be independent of the separation. 
Thus Eq. (9) becomes 



FIG. 2. Isotropic double velocity correlation. 

where τ is some increment of time. In isotropic turbulence, the form becomes 
less complex; i.e., 

U * 

It is very important to note that u in the Lagrangian systems is the r.m.s. 
velocity fluctuation of many particles averaged along their respective fluid 
particle paths and not a time average at a point in space as for the Eulerian 
system. When the particle velocity is a stationary random function of time, 
these two variances are equal. The Eulerian and Lagrangian correlations will 
not be the same; however, with additional information it is conceivable that 
they might be related. The Eulerian view is used in isotropic turbulence 
because fixed probes are used for velocity measurement, but the Lagrangian 
system is more convenient when considering turbulent diffusion and mixing 
because diffusion is measured by the spread of a contaminant. 

The desired measurement of the Eulerian correlation is not always possible 
because of probe interference; however, one might assume that χ = tU is 
applicable and replace the space coordinate χ with an equivalent time. This in 
effect allows an equating of the Eulerian space correlation to a Eulerian time 
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correlation (autocorrelation); for example, using Eq. (12) we could say 

/ ( r ) =̂ r(*)uj^) _ ur(t) ur(t + r) 
u'2 u'2 

For isotropic turbulence, this equality has been shown to be valid experi-
mentally by Favre et al. (F4). For isotropic turbulence, the time correlation 
of Eq. (17) can be seen to be of the same form as the Lagrangian coefficient 
of Eq. (16). However, the time correlation part of Eq. (17) is an average of the 
product of the velocities taken at two times for one point, while Eq. (16) 
involves an average taken at two times along particle paths, and of course 
involves velocities along those paths. Although the autocorrelation technique 
can be very convenient, it is limited to cases where u is much less than U, and 
thus may not be valid in certain shear flows. Further discussion on this point 
has been given by Hinze (H5, p . 40). 

When the flow is not homogeneous the shear-stress values will be finite, and 
a correlation will exist between the various cross velocity terms when the 
separation is zero or finite. For zero separation, Eq. (9) will reduce to a point 
correlation which is 

Ru = ^ (18) 
U,Uj 

The functional dependence on χ is usually dropped from the notation, since 
all terms are understood to apply to a single point; however, this does not 
mean that the correlation will not vary from point to point. In the point 
correlation, if / = j \ the function is trivial and is always equal to unity. 

Other higher order velocity correlations are possible. For example, the 
triple velocity correlation appears in conjunction with the double velocity 
correlation in the Kârmân-Howarth equation (to be discussed in Section 
II,B,l,g). The form of the triple velocity correlations is analogous to Eq. (8) 

Sijk(r) = n,(x) uj(x) uk(x + r) (19) 

This correlation can have 27 terms and is a third-order tensor. Batcheior (B5) 
points out that as in the double correlation, the important velocity fluctuations 
that are measured are either in the same direction or normal to the position 
vector r. 

For isotropic turbulence (see Fig. 3) there are three different correlations 

which are expressed as 

k(r) = "Λ*) 2 " r ( x + r ) 

m - ^ i O ^ t l ) (20) 

q(r) = "Λ*) un(x) un(x + r) 
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FIG. 3. Isotropic triple velocity correlation. 

It should be added that the first of these is the easiest to measure, since it 
involves only velocity fluctuations in one direction. The other two are related 
to this one, because only one scalar is necessary to specify the triple velocity 
correlation in isotropic turbulence. 

In turbulent shear flow, there exists a triple velocity correlation at a single 
point, just as there exists a double velocity correlation at a single point 
[Eq. (18)]. These triple correlations have been measured in a few flows; 
however, the experimental errors are so large that the results have only quali-
tative value. 

c. Intensity. The intensity of turbulence is defined as the r.m.s. values of 
the fluctuating velocities; i.e., 

u' = V ? 
V = y/W (21) 

The intensity, r.m.s. value or variance is sometimes expressed as a fraction or 
percentage of the mean flow velocity; i.e., for example u'jU. 

d. Scale. The scale, which is sometimes pictured as the average size of the 
eddies, has several possible definitions depending upon the choice of the cor-
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relation function. If one first considers the Eulerian system of coordinates, a 

scale can be defined as the area under the correlation versus separation 

curve [Rij(v) vs. r], i.e., 

L = jX(r )c / r (22) 

For isotropic turbulence (Batcheior, B5) the longitudinal integral scale (r) is 
defined as 

00 
Lf = jf(r)dr (23) 

0 

and the lateral integral scale (n) is defined as 

= \g(r)dr (24) 
g 

ο 

This scale is also called the "transverse Eulerian scale," i.e., the separation 
vector is taken normal to the direction of flow. S ince / ( r ) and g(r) are related 
as shown in Eq. (14) there must be a relation between the scales; this relation 

Lg = \Lt (25) 

The notation / 2 or Ln is sometimes used for the Eulerian scale, Lg, and / 0 for Lf. 
The Lagrangian coordinate system follows the path of a particle, and the 

correlation is given by Eq. (16). Although this system of coordinates is much 
easier to use in many cases, measurement of the corresponding correlation, 
Rl(T), is complicated. Recently, Rl(T) has been estimated from turbulent 
diffusion measurements in turbulent shear flow [Baldwin (Bl)] and for a 
decaying isotropic turbulence in the wake of a grid in a wind tunnel (Uberoi 
and Corrsin, U l ) . A time scale based on the Lagrangian coordinate system 
would be 

Tr = \ = JRLij(r)dr (26) 

Several Lagrangian length scales can be defined; the transverse Lagrangian 
scale is defined as 

LL = v'TL (27) 

Another Lagrangian length scale is defined as 

AL = VTL (28) 

The ll9 is sometimes used for LL by some authors. 
The relation between the Lagrangian and Eulerian scales has not been 

established from theory; the scales will vary in many cases by some numerical 
value that will be dependent on the nature of the fluid motion and will have to 
be determined by experiments. For now, it will suffice to point out that the 
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ratio of LLjLf has been reported as varying from 2 to 6.5 for various condi-
tions. Further comments on the relation of the Eulerian and Lagrangian 
systems will be made during the discussion of turbulent diffusion, since this 
LJLf ratio is essential to obtaining values in the Lagrangian system. 

e. Spectrum. The equations descriptive of the turbulent velocity field involve 
the double and triple velocity correlations [Eq. (46)]. A considerable simpli-
fication can be made if the Fourier transform of the equation is used [Eq. 
(47)]. The Fourier transform is simply the means by which the complex 
random wave form of the turbulent motion can be broken into a sum of 
sine waves of various amplitudes and frequencies. The sum of the sine waves 
must equal the original wave form. In general, the spectrum is reported as a 
plot of the amplitude of the various sine waves against their respective 
frequencies. The analysis involves taking the transform of the various 
correlations already considered. The transformed correlations are of the form 
of an energy spectrum and can provide insight into the distribution of the 
kinetic energy of turbulence over the frequencies of the velocity fluctuations 
(frequency can be pictured roughly as an inverse eddy size). 

This important mathematical advance was made by Taylor (T6); he con-
sidered only the one-dimensional spectrum, but Heisenberg (H4) and others 
have expanded the analysis to the three-dimensional space spectrum. The 
Taylor theory showed that by an application of the theory of Fourier trans-
formation to a statistically steady field [as defined by the correlation Qyir) in 
Eq .(8)] one could arrive-at the Fourier transform of the velocity correlation 
tensor, or the energy spectrum tensor. In mathematical terms of a Fourier 
transformation, and in tensor notation, the spectrum is 

where / in the exponent is y/ — 1, and k is the wave number vector. The com-
ponents of this vector are related to the frequency (ή) by 

In effect we have broken down a complex wave (in real space x) into a number 
of sine waves (in frequency space). Generally, this frequency space is referred 
to as wave number space (k), where the wave number is related to the frequency 

(29) 

kt = InnJUi (30) 

by Eq. (30). 
For the reverse transformation, 

oo 

(31) 

The term dk is understood to mean 

dk = dkt dkj dkt 
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In other words, it is an element of volume in wave number space about the 
vector k. 

If r = 0, then this reduces to 
00 

β β ( 0 ) = / Φ ( , 0 0 Λ (32) 
- 0 0 

where Q,j(0) is the energy tensor. The energy spectrum tensor, <£,7(k) can be 
pictured as being an energy density in wave number space. By analogy to mass, 
the amount is equal to the total integral over the volume of the point densities 
times the differential volume. In the analogy, k is the volume, dk the differen-
tial volume, ^,/(k) the density, and β,7(0) the mass. 

It has already been indicated that the triple velocity correlation will appear 
in the equations of motion when they are in terms of the correlation functions. 
To solve these equations, they are reduced by Fourier transformations to 
simpler differential equations. It is therefore necessary to introduce the triple 
velocity correlation Fourier transformation; this is given by 

00 

W i J k { k) = ( 2 π ? jsijk(T)e-ik-'dr (33) 

- 0 0 

where ^ . ( r ) was given in Eq. (19). Its transformation is 

00 

SuJr) = J Wuk(ky*'dk (34) 
- 0 0 

Both the Kârmân-Howarth equation and its Fourier transform, which 
contains the various spectra terms, will be presented in Section II,B,l,g. 

The spectrum tensor is the transformation of the correlation tensor from 
Eulerian space to wave number space, and it can be pictured as a tensor that 
describes how the energy, associated with each velocity component, is distrib-
uted over various wave numbers of frequencies. In essence, a Fourier 
analysis of the complex turbulent fluctuations will give a spectrum of the 
turbulent energy associated with a given wave number or frequency. The wave 
number is often considered to be a measure of the reciprocal of the eddy 
sizes; however, this should not be taken literally and interpreted as specific 
eddies of a given size actually rotating in the fluid. 

The spectrum tensor is quite complicated and cannot be measured 
completely. The one-dimensional spectrum function proposed by Taylor can 
be measured by an electronic harmonic analyzer operating on the output of 
a turbulence detector, such as a hot-wire unit. This one-dimensional spectrum 
function is defined as the integration of the energy spectrum tensor over all 
possible lateral values of k : 

00 00 

M*,) = j J0u(k)dkjk„ (35) 
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The subscripts Imn are used to denote components just as are ijk, but the two 
sets may operate separately. As shown in Fig. 4, the one-dimensional spectrum 
is a summation of ^ / 7(k) over a plane (mn), which is located at a distance kl 

from the origin (k). Thus this spectrum, Φ^ι), must depend on kl. The 
actual measurements, for example, for pipe flow, might be the one-dimensional 
spectra associated with the three intensities of Eq. (21) and the one possible 
shear term discussed in Section II,B,l ,a. To make the analysis, these various 
instantaneous signals would be fed into a spectrum analyzing apparatus. 

FIG. 4. The one-dimensional spectrum function. 

A modified tensor can be obtained by integrating the energy-spectrum 
tensor over wave number space, k. The integration is performed over a spheri-
cal surface of radius, k = | k | ; the resulting term is called the integrated 
energy spectrum tensor: 

Eu{k) = J0o(k)dS(k) (36) 

In this equation, dS(k) is an element on the surface of the sphere of radius, k. 
Since E^k) is a product of a density and an area term in wave number space, 
it can be pictured as the energy contribution per wave number. Thus El}(k)dk 
would be the contribution to the energy tensor, £?/,(()), from wave numbers in 
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u K ' w/(x) Uj(x + r) 

(3) Eulerian correlation function for isotropic turbulence: 

/ ( r ) = Mr ( x ) " r ( * + r) ( 1 2) 

g ( r) =. «„(*) «,,(* + •·) ( Β ) 

(4) Lagrangian correlation function : 

RL.{r) = ^UJ!±U (15) 

the range of k to k 4- dk, which is the space between spheres of radii k and 
A: + dk in wave number space. 

Another term associated with spectrum is the three-dimensional energy 
spectrum function, which is defined as 

E(k) = *£„(*) (37) 

This term is the kinetic energy density per wave number. The total kinetic 
energy is the integration of this over all wave numbers; this, then, is 

00 

ÏQM = \7f = i ( I? + P + P ) = JE(k)dk (38) 
0 

The foregoing spectral equations are greatly simplified by the assumption 
of isotropic homogeneous turbulence, for, as has been seen, the correlation 
tensor could be represented by a single scalar, and so it must be with the 
spectrum tensor. In addition, a number of interrelations can be derived for 
the terms so far defined. All of these are covered in detail in Chapter III of 
Batchelor's book (B5). 

For isotropic turbulence and for a sphere of radius k in wave number space 
(area = 4 t t / c 2) , Eq. (36) can be integrated directly to give 

E(k) = \Etffc) = 4 ^ ( i ) 0 , ( k ) (39) 

Identical subscripts are used since the ij terms do not exist in isotropic 
turbulence. Generally, E(k) is used as the single scalar function describing the 
energy spectrum tensor. 

/. Summary of Terms. In the preceding sections the following terms have 
been discussed. 

(1) Eulerian correlation tensor: 

Ô,y(r) = M (. (x) W,(x + r) (8) 

(2) Eulerian correlation function : 

file:///Etffc
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(5) Lagrangian correlation function for isotropic turbulence: 

R = u(t)u(t + r) 
L u'2 

(6) Eulerian triple correlation function for isotropic turbulence : 

h(r) = Κ π ( χ) 8 " γ ( Χ + Γ ) 

= ur(x)un(x)un(x + r) 

(7) Intensity: 

u' = Vw2 , v' = \/v2 , w' = \Jw2 

(8) Eulerian scales: 

oo 

Lf = jf(r)dr 

Lg = jg(r)dr 
0 

( 9 ) Lagrangian scales: 

oo 

TL = JRLifr)dr 
0 

LL = v'TL 

( 10) Energy spectrum tensor : 

00 

- 0 0 

(11) Energy tensor: 
00 

Q,i(0) = J*<W<*k 

( 1 6 ) 

( 2 0 ) 

( 2 1 ) 

( 2 2 ) 

( 2 3 ) 

( 2 4 ) 

( 2 5 ) 

( 2 6 ) 

( 2 7 ) 

( 2 9 ) 

( 3 2 ) 
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(12) One-dimensional spectrum function : 

OO 00 

<£,#;) = j faiVdkJK (35) 
- 0 0 - 00 

(13) Integrated spectrum function : 

E,j(k) = j 0u(k)dS(k) (36) 

(14) Energy spectrum function : 

E(k) = \Eu{k) (37) 

g. The Equations of Turbulent Motion. In the following paragraphs, it is 
shown how the fluctuations which occur in turbulent flow result in added 
terms in the basic equations of laminar motion. If an exact representation of 
these fluctuations were known, a general solution might be obtained to 
account for turbulence. The nature of the additional terms was first investi-
gated by Reynolds (R4). He assumed that the point velocities in the laminar 
flow equations could be replaced by the instantaneous point velocities in 
turbulent motion, and that the equations would still be completely valid. 
Thus, he combined the Navier-Stokes equations for laminar motion with the 
concept of an average velocity and a superimposed fluctuating component. 
He then averaged the resulting equation and used certain rules of approxima-
tion, which he formulated, to allow calculation of mean values. These rules are 
not rigorous, but are good approximations when the fluctuations are 
sufficiently numerous and are distributed at random. 

Reynolds found that for incompressible flow, the equation of continuity 
was identical, except that the instantaneous velocity was now replaced by the 
average value at that point; i.e., 

_ + _ + _ = 0 or -τ - 1 = Ο (40) 
οχ oy cz ύΧι 

οχ dy οζ οχ{ 

The equations on the right use the general Cartesian notation, in which a 
repeated index implies summation over its three values. This is sometimes 
written 

For the Navier-Stokes equations, he found that again average properties 
appeared in place of point properties and that an additional term was added, 
which is associated with the fluctuations. For comparison, the two equations 
are : 
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Navier-Stokes 

[ dt JdXjJ dx; dxfix: 

Reynolds 

p\dt
 J8xjJ dx, ^dxjBxj ' eXi

 v ' 

For the benefit of the reader not familar with the notation, Eq. (43) for 

ι = 1 is 

pi— + Ό— + F — 4- W—\ = - ^ + μ(— + — + 
^z2 / 

- & + ί? + Ψ) (44) 

the repeated index in any one term is j 9 and summation is made over its three 
values. There are two additional equations possible; i = 2 and / = 3. The 
notation of Eq. (43) saves considerable writing, since only one general equa-
tion need be used. 

The additional term has nine components, three of which are shown for 
the x-equation [Eq. (44)]. The term pujUj is called the eddy, Reynolds, or 
turbulent stress. The tensor in Cartesian coordinates is 

(w^ uv uw\ 
vu ν2 vw\ (45) 

wu wv w2/ 
The tensor is symmetrical, since uv = vu, uw = wu, and vw = wv. Thus there 
are only six independent terms. 

The Reynolds equations for incompressible turbulent motion cannot be 
solved, for there are ten unknowns and only four equations available: the 
three motion equations and one continuity equation. The unknowns are the 
mean pressure, three average velocity components, and six Reynolds stresses. 

Karman and Howarth (K4) investigated the incompressible Navier-Stokes 
equations at two points, separated by a distance r in a homogeneous turbulent 
field. This study at two different points introduces the concepts of correlation. 
They obtained an equation which involves double and triple correlations and 
correlations between the pressure and velocity fluctuations. The entire 
equation can be transformed into terms of the spectrum tensors. Considerable 
simplification can be effected if isotropic turbulence is assumed. For example, 
the velocity field is uniform, so that the lateral (//) pressure terms must be 
zero. In isotropic turbulence, the only concern is with the inertial terms, which 
provide the transfer of energy between the different eddy sizes or wave 
numbers. Since the various tensors can be reduced to scalar functions, the 
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tensor equation reduces to a scalar equation under the restriction of isotropic 
turbulence. In terms of correlation, 

This is the Karma n-Howarth equation for isotropic turbulence, in which all 
the terms can be obtained experimentally; Stewart (SI2) has found that the 
equation is correct within the experimental error of his measurements. 

The isotropic equation in terms of spectrum is 

8I^} = T(k) - 2vk*E(k) (47) 

where E{k) is defined in Eq. (37), and T(k) is the corresponding transform of 
a triple velocity correlation. The scalar T(k) is associated with the transfer of 
energy between wave numbers or eddy sizes. Townsend defines a transfer 
function 

k 

S(k) = - JT(k)dk (48) 
ο 

which is the total energy transferred from eddies in the range of 0 to k, to 
those in the range greater than k. Using this modification, Eq. (47) becomes 

i E { k) = - 8 ψ - 2,-k*W) (49) 
dt ok 

Equations (47) and (49) show that the viscous dissipation reduces the energy 
from components of any one wave number, but has no effect on the transfer 
between wave numbers. Further, this energy dissipation is selective toward 
the high wave numbers or small eddies, because of the strong effect of the k2 

factor. If continuous decay is assumed, so that dE(k)jdt is always negative, 
then S(k) must always be positive and displaced toward the low wave numbers 
or large eddies, for the energy must be transferred from these large eddies to 
the smaller ones where it will be dissipated by viscous forces. A picture of these 
scalar functions is given in Fig. 5. The transfer function T(k), is of the form 
suggested by Proudman and Reid (P6) and Kraichnan (K17). By using Eq. 
(48), S(k) was obtained by integration. 

Actually, Eqs. (46) and (47) cannot be solved since in each case there are 
two unknowns and only one equation. A new equation for the triple velocity 
correlation can be constructed in a manner analogous to that just done for 
the double velocity correlation. However, due to the nonlinearity, in this new 
equation, inertial terms of the fourth order appear, and if one were to write 
the fourth-order equation, the terms for the fifth order appear. This constitutes 
one of the major problems of turbulence, for although any number of 
equations can be generated, there is always one more unknown than equations. 
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FIG. 5. The scalar functions for isotropic turbulence. 

This infinite hierarchy of dynamical equations gives rise to what is called 
"the closure problem of turbulence theory." The problem is: by what means 
can we replace the indeterminate infinite set by a plausible determinate finite 
set, and thus gain some useful information about turbulence? 

A considerable segment of the work on turbulence has consisted of attempts 
to obtain solutions or approximations to these equations. The form and time 
dependence oÎE(k), the energy spectrum function, has been diligently sought. 
Some of these efforts will be indicated here; however, no details will be given. 
It should be strongly emphasized once again that the description of turbulent 
mixing in a turbulent field always includes the unknowns from turbulent 
motion, which must be understood before one can successfully solve the 
turbulent mixing problem. 

h. Solutions of the Equations of Turbulent Motion. In order to obtain a 
solution to Eq. (47), some assumption or development must be made to obtain 
a relation between E(k) and T(k). One possible method is to assume that the 
decay process is independent of T(k); thus, the inertial effects can be assumed 
to be negligible. Batcheior has analyzed the problem of very low wave numbers 
or the very large eddies; in essence, his argument can be seen from Fig. 5. 
The inertial or transfer term, S(k), and the viscous term, k2E(k), fall off more 
rapidly than does the spectrum function, E(k), as k 0. From this one can 
conclude that the big eddies have little interaction with the remainder of the 

ENERGY 

t l /L 
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turbulence, and thus change very little during the process of decay. In other 
words, in the vicinity of k = 0, the spectrum function does not change. Near 
the end of the decay period, the energy in the smaller eddies will have been 
dissipated, and at some point in time the controlling factor will be the supply 
of energy from the very large persistent eddies to viscous dissipation. When 
only the large eddies remain, the energy is concentrated toward the low wave 
numbers and the inertial term is negligible. Thus, by setting the inertial term 
to zero, the final period of decay is considered. This assumption leads to the 
result that near k = 0, E(k) varies as A;4, and that E(k,t) decays as follows: 

E(k,t) = E(k9t0)e-2vk2{tto) (50) 

Combining this with Eq. (38) gives the decay in intensity: 

Û2 = 2A[v(t-t0)Y
5A (51) 

The agreement with the experimental data is excellent. For example, Fig. 6 

shows a curve computed from Eq. (51) and the experimental data of Batcheior 

240 

200 

160 

Ν 

fo 120 

60 

40 

0 

- 4 0 0 -200 0 200 400 600 800 1000 
x/M 

FIG. 6. The final period of decay [by permission from Deissler, R . G. , Phys. Fluids 1, 
111 ( 1 9 5 8 ) ] . 
and Townsend (B8) for flow in a pipe downstream of a grid or screen. In Fig. 
6, M is the grid or screen opening, χ is distance downstream from this screen, 
T? is the mean-square velocity fluctuation and U2 is the average fluid velocity 
squared. Distance, x, in Fig. 6 is related to time, t, in Eqs. (50) and (51) by 
the relation, χ = Dt. This figure is from a recent article by Deissler (D5), in 
which he derived an equation for the triple correlation. In his final equation 
to be solved, he neglected the inertial terms of the fourth order, which are 
analogous to T(k) in the two-point equations ; this has been called the higher-
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order moment, discard approximation for closure. The equation, when solved, 
was 

? = 2 Λ Κ ί - ί α ) ] - Κ + 2(B/v) Κ^ίο)]"7
 (52) 

The constants A and Β are determined from the initial conditions. As can be 
seen from Fig. 6, Eq. (52) represents the decay for times considerably before, 
as well as during, the final period of decay. Deissler (D6) carried this approach 
to the fourth-order equation, and neglected the inertial terms of the fifth 
order. He obtained improved agreement ; however, he pointed out that mathe-
matical complexity would prevent this procedure from being carried out ad 
infinitum. 

Another approach is to find a nonzero relation between E(k) and T(k) and 
not to restrict oneself to the final period by neglecting the higher order 
inertial terms. This approach has involved some kind of heuristic argument 
to establish the desired relation. In effect, this is a limited model approach, 
where a mechanism is suggested for the energy transfer; this method is 
generally called the phenomenological approximation for closure. Karman 
(K19) has suggested the form 

oo k 

S(k) = c\k'y[E(k')Y dk' Jk^^EnM^dk" (53) 
k 0 

where C is greater than zero, and β and γ are constants. This form includes the 
Heisenberg (H4) suggestion, where C = 2α, β = 1/2 and γ = - 3 / 2 . Equation 
(53) can be thought of as a mathematical representation of the hypothesis 
that energy transfer between eddies occurs by a stress-strain mechanism, 
where the strain is provided by the large eddies, and the resistance to strain or 
the stress by the small eddies. Tanenbaum and Mintzer (Tl) have used the 
data of Stewart and Townsend (SI3) and Stewart (SI2) to establish empirically 
the best values of α, β, and γ, They suggest 0.60, 1/4, and —5/2 respectively; 
however, good results were obtained for 1 /2 > β > 0, and — 3/2 > γ > — 7/2. 
A more recent argument has been put forward by Batcheior et al. (B7). In the 
discussion on turbulent mixing, we will have occasion to refer back to Eq. 
(53). For the details of the many ramifications of Eq. (53), the reader is 
referred to the book by Hinze (H5). 

The next logical step from the mathematical standpoint is to relate the 
highest order moment to lower order moments present in the system of 
equations; in other words, to postulate some statistical assumption for the 
joint probability distribution of the turbulent field. Millionschtchikov (M6) 
was the first to introduce the quasi-normal joint probability distribution 
between the second- and fourth-order moments. The potential simplicity of 
the method lead Proudman and Reid (P6) and Tatsumi (T2, T3) to use the 
approximation for studying the dynamical behavior of turbulent motion. 
Their results are valid only for short periods of time after the initial specifica-
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tion of the turbulence spectrum. Ogura ( 0 3 , 0 4 , 0 5 ) has shown that for long 
times the approximation leads to unreal results; i.e., a part of the spectrum 
decays so fast that it becomes negative, a physical impossibility. O'Brien and 
Francis (02) and Kraichnan (K15) have shown that a similar phenomenon 
occurs when a scalar field in turbulent motion (mixing) is considered. 
Unfortunately, most of our interest is in flows where the Reynolds number is 
high and the approximation fails. 

From a theoretical standpoint, the previously discussed closure methods 
leave much to be desired. More complex approximations have been suggested, 
but for the most part they are so complex that actual solution seems unlikely. 
One exception to this is the stochastic model approximation presented by 
Kraichnan (K12-K17). The first approximation for isotropic turbulence is 
called the "direct-interaction model" and treats the third order transfer term 
in an equation similar to Eq. (49). This term involves the distribution of 
energy across k, but involves no net change. The major advantage of the 
approach is that the resulting equations describe a model which replaces the 
real problem. This model is described without approximation, and as a result 
unreal effects such as a negative spectrum should be avoided. The degree of 
approximation to the real problem must be established by asking how closely 
the model represents true turbulence measured by experiments. The solution 
is by no means easy and has only recently been accomplished by a direct-
numerical integration method. At moderate Reynolds numbers, a reasonable 
description, free of inconsistencies, was obtained (K17). At high Reynolds 
numbers the general numerical accuracy was poor. As an example of the 
reasonableness of the computation, Fig. 7 compares the experimental data for 
the one-dimensional dissipation spectrum k2<f>rr(k9t), with calculated results. 
For higher Reynolds numbers, a higher order approximation may be needed. 
Finally, it should be noted that the direct-interaction model can be generalized 
so that it is not restricted to isotropic turbulence (K16). However, even in its 
simplest form, it may find application to those shear flows for which the actual 
turbulence level is not too great (K17). 

Much of the work in statistical turbulence has investigated the system, 
Eq. (47) and higher order equations, under certain limiting conditions. The 
study of the final period of decay, already discussed, is representative of these 
studies. Another well-known approximation is that of local isotropic turbu-
lence, in which an intuitive model is introduced. 

Consider flow in a pipe at some relatively high Reynolds number. Through-
out the pipe, the viscous forces along the wall provide the conditions necessary 
for turbulence formation; very large vortices, or large eddies, arise from the 
interaction of the mean flow with the boundary. The scale of these large eddies 
would be comparable to the size of the system or, rather, to the distance over 
which the mean flow velocity changes. In pipe flow, this size would be of the 
order of the pipe diameter. 
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FIG. 7. The one-dimensional dissipation spectrum [by permission from Kraichnan, R. H. 
Phys. Fluids 7, 1030 (1964)]. 

The inertial forces in the system give rise to the transfer term S(k), which is 
a measure of the transfer of energy from the larger eddies to the smaller ones. 
In other words, the motion of the large eddies is unstable and will give rise to 
smaller eddies of an order of magnitude smaller. These smaller eddies in turn 
are unstable and give rise to still smaller eddies; this process continues until 
eddies of the smallest size are formed. The mechanism of the transfer is not 
stated, and in fact is not needed at this point; however, it might be a breakup 
of the large eddies or a creation of new smaller eddies by some inertial stress-
strain interaction. For all but the smallest eddies, the Reynolds number 
(based on the eddy size) is large, and dissipation by viscous forces is unimpor-
tant. As the eddy size decreases (wave number increasing), the Reynolds number 
becomes smaller and smaller, and at some critical point viscous forces become 
important. The suggested model is a cascade of energy from the large to pro-
gressively smaller eddies, until it is lost to heat by the dissipation action 
associated with the smallest of eddies. Viscosity is associated with the two 
extreme ends of the process ; it is both the creator and destroyer of the turbu-
lence, but does not have any net effect in the middle range of energy exchange. 
One may imagine that as a consequence of this mechanism, the boundary 
affects the largest eddies the most strongly (creates them) and loses its effect as 
the process moves down the chain of eddies. At the very high wave numbers or 
small eddies, the effect of the boundaries is completely lost or is negligible. 
Thus the small eddies can be visualized as being independent of the boundaries 
or mean flow. 

In the nonhomogeneous system, pressure forces are expected to exist and 
would act in the direction to make the flow isotropic. One can now assume that 
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the motion for the small eddies is isotropic because of the tendency created 
by the pressure forces and the independence of the small eddy motion from 
the boundaries and mean flow. This assumption leads to the conclusion that 
there is a range of wave numbers associated with the small eddies which is 
stationary or statistically steady, responsible for the viscous dissipation, 
and not directly dependent on the energy-containing eddies; that is, the very 
smallest eddies must be in a state of equilibrium. The only terms upon which 
this equilibrium state can depend are the rate of energy input and the dissipa-
tion of energy. Further, if these eddies are in balance, then the rate of energy 
input must equal the dissipation rate. This theory, first postulated by 
Kolmogoroff (K8-K10), states that the eddies in this equilibrium state will 
depend only on the rate of energy dissipation or input, ε, and on the kinematic 
viscosity, v. The kinematic viscosity will determine the rate at which kinetic 
energy can be dissipated into heat. This theory is known by several names: 
local isotropic turbulence, local similarity, and universal equilibrium. 

The system of turbulence of this hypothesis can be pictured in terms of the 
energy spectrum of Fig. 5. The term E(k), the energy-containing eddies, is 
distributed toward the large eddy sizes; this energy is transferred by the term 
S(k) toward the smaller eddies where the dissipation k2E(k), takes place. If the 
small eddies are considered to be in equilibrium, then the controlling factors 
are ε and v. Dimensional analysis can be used to find the necessary form for 
a length and velocity parameter to characterize the equilibrium area. The 
dimensions of ε and ν are 

The length η can be considered as an internal scale of local turbulence for the 
equilibrium range, as contrasted with an external or integral scale, L, of 
Eq. (22), which would be descriptive of the over-all turbulent motion. The 
scale, L, is a measure of the velocity fluctuations which can cause a hot-wire 
unit to react, and thus is a measure of the eddies which contain the turbulent 
energy. To an order of magnitude approximation, L can be taken as the point 
of the maximum in E(k), the energy-containing group. In a like manner, η is 
associated with the viscous dissipation group, and can be taken as the point 
at which the maximum in k2E(k) occurs (see Fig. 5). 

For the equilibrium range to exist, the energy input by transfer, S(k) = ε, 
must equal the energy dissipated by kinematic viscosity; this balance can be 
shown as 

e(L2T~*) viL2^1) 

The combinations for a length and velocity parameter are 

(54) 

00 

(55) 

0 
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Comparison with Eq. (49) shows that the term dE(k)jdt must be negligible. 
The equilibrium range of eddies can depend to some extent on the structure 
of the large energy-containing eddies, but must be independent of the time 
rate of decay of the turbulence. It is hard to see how this would be possible 
unless η <^L9 that is, the energy-containing eddies are separated in size from 
the equilibrium dissipation range of eddies. If the separation is large, that is, 
if the viscous dissipation eddies are entirely in the equilibrium area, Townsend 
(T16) has determined from his experimental work that the centroid of the 
equilibrium range (balance point) is near Ο.5/77. From Fig. 5 , one can see that 
η is also a good measure of the smallest energy-containing eddy. Thus the 
smallest detectable energy-containing eddy or turbulent fluctuation will be 
of the order of η ; i.e., 

smallest turbulent eddy = νΛεν* (56) 

From dimensional analysis, the form of the spectrum E(k) over an equilibrium 
range must be 

E(k9t) = ν2
ηΨψη) (57) 

where Ψ$η) is a universal function. Combining Eqs. (53) and (57) gives 

E(k,t) = v5/*eiAW(kv) (58) 

If the Reynolds number were high, so that it would be possible for some of 
the larger eddies in the equilibrium range to be independent of viscous dis-
sipation, then for these eddies, the inertial term S(k) will be most important. 
This state is called the "inertial subrange." The eddies in this range are still 
small enough to be independent of the boundaries and to remain in the equi-
librium range. However, they would be too large to dissipate energy directly 
by viscous forces. Thus, these eddies receive energy from the larger ones and 
then transmit this energy to the small dissipative eddies. Batcheior has shown 
that the required Reynolds number for the inertial subrange is about twice 
that required for the equilibrium range to exist. However, if such a range 
could be realized, then Ψ$η) must be of such a form as to make Eq. (57) or 
Eq. (58) independent of the kinematic viscosity. The form would be (£77)"^, 
and Eq. (58) would become 

E(k9i) = νΑεΧΛΑ\νΛ\ελΛγΛ^Λ = ΑεΛ^Λ (59) 

where A is a constant. 
In contrast to Eq. (59), Kraichnan obtains 

E(k9t) = constant (ew')HAr^ 

which is small in terms of the difference in k(ky«)9 but important in the addi-
tional term u'9 the r.m.s. velocity. The implication is that the inertial range is 
strongly dependent on the energy-containing range of eddies. However, 
Kraichnan (K22) has shown that the —3/2 range is a result of inadequacies 
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of the approximation, and that the - 5/3 range of Eq. (59) can be obtained by 
a further assumption to remove the convective effect of the low wave numbers 
on the high. The relation of the Kraichnan work to others [Heisenberg (H4), 
Proudman and Reid (P6), and Tatsumi (T2)] is covered by Kraichnan (K14). 

The equilibrium range has been studied by Heisenberg; for large values of 
k, he suggested 

where C is a constant of the same value as in Eq. (53). In experimental work 
[Liepmann et al. (LU)] this range is hard to study; however, the indications 
are that the function varies faster than shown by Eq. (60). Further, there is 
considerable question about the basic assumptions in the analysis [Hinze 

For the most part, the equations, solutions, and analyses of this section 
have been restricted to homogeneous and isotropic turbulence. The non-
isotropic cases involve the added complexity of the turbulent shear terms. It is 
not difficult to obtain expressions for these additional terms; however, the 
new equations merely introduce more unknowns than the equations. In 
particular, the added terms, such as the velocity-pressure gradient correla-
tion, are very cumbersome. Efforts along this line have been made by Chou 
(C8) and Rotta (R6, R7); some of the latter work has been discussed in part 
by Hinze (H5). Actually, expressions for the added terms can be approximated 
and if enough approximations are made, a final solution can be obtained; 
however, these contain enough adjustable constants, so that conclusive proof 
of the theories cannot be made. 

Once again, let us note that the description of turbulent mixing always 
includes the unknowns from turbulent motion just discussed. These must be 
understood before a successful solution to the turbulent mixing problem can 
be obtained. 

/. Energy. Because of the difficulty of even an approximate solution of the 
turbulent motion problem, considerable work has been done toward obtaining 
a basic understanding of the underlying mechanism. A knowledge of the 
transfer of energy in a turbulent system has helped considerably. The details 
of the various energy balances will not be given here; the reader is referred to 
the original works by Laufer (L3) and Klebanoff (K5), and the summary work 
by Townsend (T16) and Hinze (H5). Briefly, two energy balances are involved ; 
first, a balance of the loss of mean flow energy to the turbulence and to viscous 
dissipation, and second, a balance on the turbulent energy itself. The first 
balance leads to the important observations that in pipe and boundary layer 
flow 40% of the mean flow energy is dissipated directly as heat; the rest goes 
to turbulence production, and then ultimately to heat. One-half of the tur-
bulence production occurs for values of y+ < 60, where y+ = U*yjv. Here y is 

(60) 

(H5)]. 
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the distance from the wall, U* = \Jrwjp and is called the friction velocity, and 
TW is the shear stress at the wall. The viscous dissipation occurs within a y+ of 
30, and at the maximum rate of dissipation (y+ = 11) the rate of viscous 
dissipation is just equal to the rate of turbulence production. This point is 
located at approximately where one would expect to find the edge of the 
laminar sublayer. Another observation is that the bulk of the energy converted 
into turbulence occurs in this same vicinity of the wall. One can now see why 
the wall and wall conditions are quite important in understanding turbulent 
shear flow. 

The second balance indicates that the local production of turbulent energy 
is balanced by (a) diffusion by kinetic and pressure energies, (b) transfer of 
energy by convection, and (c) dissipation of energy to heat. Experimental 
evaluation of the various terms indicates that through most of the pipe the 
energy production is equal to the viscous dissipation, except at the pipe 
center, where the production is balanced by the kinetic energy diffusion term. 
Outside of the viscous sublayer, the production and dissipation are nearly 
equal and opposite; however, in the sublayer region all terms are of import-
ance. The viscous transfer term becomes an important factor close to the wall. 

Assuming that these results are correct, one can conclude, for pipe and 
boundary layer flow : 

1. A diffusion of kinetic energy exists from the wall toward the center. 
This results in a gain in kinetic energy beyond a y+ of about 40, and a loss 
of kinetic energy from this point toward the wall. It is this diffusion that 
balances the imbalance between production and dissipation. 

2. A diffusion of pressure energy appears to exist opposite to the kinetic 
energy diffusion. However, it should be noted that this term has been 
obtained by difference, and thus is subject to considerable error. 

3. The diffusion of kinetic and pressure energies tend to balance one 
another and give a small net result; however, neither one separately can 
be considered small. 

Considerable confusion still exists as to the exact meaning of the results of the 
turbulent energy balance and its implications about a model of turbulent 
shear flow. Additional information and more accurate methods of measure-
ment near the wall would be desirable. However, until more is known, the 
turbulent process as shown schematically in Fig. 8 will have to suffice. 

j . Intermittency. The outer edge of a shear flow having a free boundary 
(see Fig. 9) appears to be intermittent to a probe. The actual turbulent field 
at times extends beyond the average boundary layer thickness and causes what 
appears to be an induced intensity beyond the outer edge. This phenomenon 
was first observed by Corrsin and Kistler (CI7) and Townsend (T14), and has 
received much additional attention [Corrsin and Kistler (CI7), Klebanoff and 
Diehl (K6), and Townsend, (T16)]. Experimental methods have been developed 
for its accurate determination. The intermittency is usually represented as 



2. Fluid Motion and Mixing 37 

PRODUCTION NEGLIGIBLE 

TURBULENT DIFFUSION 

FIG. 8. Energy transfer in turbulent flow [by permission from Hinze, J. O. , "Turbulence." 
McGraw-Hill, New York, 1959] . 

a factor giving the fraction of time that the flow is truly turbulent. It has been 
found that this factor, y, follows a Gaussian integral curve with a mean 
value at yjh = 0.78 and a standard deviation of 0.14δ. This means that inter-
mittency is found within the range of 0.4 to 1.2^/δ. 

FIG. 9 . Intermittency [by permission from Schubauer, G . B. , / . Appl. Phys. 25, 188 

Klebanoff (K5) accurately measured the corresponding values of γ for his 
intensity data. Schubauer (S2) used these values and the intensity data to make 
a comparison with Laufer's pipe data (L3). The form plotted was 

rather than w'2/c7*2 versus the radial position, and the agreement was quite 
good. 

The basic implications of intermittency are not firmly established. Why it 
occurs and why it is Gaussian is still unknown. One suggestion, made by 
Townsend (T16), is that free turbulent flows have a double structure. The large 
eddy motions determine the intermittent nature, and the small-scale motions, 
within the large eddies, determine the turbulent properties. Corrsin and Kistler 
(CI7) have commented on this and other ideas, and have brought together 
their data and the data of others. As they indicate, future work on turbulent 
shear flows with free-stream boundaries will have to recognize the existence 
of the intermittency phenomenon, and will have to be directed toward its 
explanation and role in shear flows. 

BOUNDARY BETWEEN LAYER 

WALL 

( 1 9 5 4 ) ] . 

w'2/yc7*2 (61) 
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Even with the aid of energy balances and intermittency, knowledge of 
turbulent shear flows is still rudimentary. One-dimensional spectra measure-
ments have been made and have been helpful ; however, the interpretation is 
not easy and is, at best, somewhat questionable. Measured correlations contri-
bute additional information, but again, much more is needed before any of 
the mechanisms suggested in the literature can be qualitatively established as 
being correct. 

k. Analogies. The transport of mass, momentum, and heat from the 
molecular-transport viewpoint (laminar processes) are analogous, although 
the various coefficients, and thus the rates, might not be. In turbulent flow, 
where eddies can contribute to the transport, the validity of the analogies is 
not immediately apparent. If transport by eddy diffusion only is considered, 
each transport can be expressed in terms of an eddy diffusion and a gradient 
of the property being transported. As in the molecular case, the eddy coeffi-
cients will usually not be equal, and the different properties will diffuse at 
different rates. Even so, the analogies are valid for this limited case. 

There are many objections to complete analogy in turbulent flow. Hinze 
(H5) has shown that general application cannot be valid if sources and sinks 
are considered, i.e., dissipation. An even stronger objection has been made in 
regard to the limited analogy of eddy diffusion mentioned above. This objec-
tion is based on Towsend's work (T16) on the turbulent wake behind a 
cylinder which has shown that there might be a small region where the turbu-
lent energy is transported against the gradient in turbulent intensity. This 
would imply a negative eddy transfer coefficient. The double structure 
suggested by Townsend and mentioned in the previous section can be used 
to explain the negative coefficient observation. The property is pictured 
as being transported by a gradient diffusion (the fine structure) and, in 
addition, by convection (the large structure). From Townsend's work, 
it appears that momentum is transferred by the fine structure, energy by 
the larger convection structure, and heat by a combination of the two. Thus, 
no true analogies exist, since different mechanisms cause the various trans-
ports of properties. 

/. Experimental Methods and Results. In an effort to confirm some of the 
theoretical work, a considerable amount of data has been obtained in near-
iostropic turbulence. The work will not be summarized here, since for the 
most part, the reference text by Hinze (H5) has covered the subject in detail. 
It will suffice to point out that the approximation of isotropic turbulence in 
the wake of a wind-tunnel grid is quite good, and has been discussed by 
Batcheior (B5) and by Townsend (T16) in some detail. Passing the flow 
through a fine gauze to cause attenuation of axial relative to radial components 
has shown that recovery to isotropic conditions is quite slow. Experiments 
show that flow downstream from a wind-tunnel grid is nearly isotropic, but 
this is not due to the tendency of an anisotropic system to approach isotropy; 
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rather, it must be associated with the coalescence of individual cylinder wakes 
and thorough mixing. 

The theories of shear flow are very limited, and consequently, most of our 
knowledge about these systems has come from the experimental work of 
Townsend (T14, T16), Fage and Falkner (F2), Corrsin (C9), Corrsin and 
Uberoi (CI8), Corrsin and Kistler (CI7), Laufer (L3), Klebanoff (K5), and 
others. Again Hinze (H5) has brought all of this material on cylinder wakes, 
jets, boundary layers, and pipes together into one convenient source; con-
sequently, it will not be discussed further here. 

Nearly all of the work reported in the literature is on gas systems, since, 
until very recently, satisfactory anemometers for liquids have not been avail-
able. However, this lack of equipment has been rectified, and it is expected 
that in the next few years many of the measurements of the kind made on gas 
systems will become available for liquids. 

The measurement of the rapidly varying quantities of turbulence has 
required the development of unique experimental methods. A number of 
recent publications have covered the material in some detail ; consequently, 
it is not necessary to repeat the finer points here. The material which follows 
is only a brief outline, with some of the references which contain more detailed 
accounts. 

I. General [Corrsin (CI 5, CI 6) Hinze (H5)] 

II. Hot-wire or hot-film anemometer 
1. Probes 

a. Commercial [(F9, H7, H8), Ling and Hubbard (LI8), (LI9)] 
b. Special [(F9), Lawrence and Landes (L4), (LI9)] 

2. Electronics 
a. Control 

i. Constant current [(F7, H7), Kovasznay (Kl 1, K20)] 
ii. Constant temperature [(H7), Lawrence and Landes (L4), (LI9), Uberoi and 

Kovasznay (U3)] 
b. Measurement 

i. Intensity by r.m.s. meters (F8, H7, LI9) 
ii. Correlation [Favre et al. (F4, F8), Lawrence and Landes (L4), Skinner (S3), 

Tucker (Tl 8)] 
iii. Microscale [Laufer (L3), Liepmann and Robinson (LI2), Townsend (T13, 

T15)] 
iv. Scale [Townsend (Τ 13)] 
v. Spectrum [(F8), Townsend (Tl 5)] 

vi. Other [Townsend (Tl 5)] 
3. Theory, analysis, and limitations [Corrsin (CI5), (F8), Hinze (H5)] 

III. Other methods for velocity fluctuations 
1. Electric discharge anemometer [Hinze (H5), Fucks (F10), Townsend (T15)] 
2. Electromagnetic induction [Grossman and Charwatt (G2), Hinze (H5), Lienard 

(L9)] 
3. Light scattering [Stine and Winovich (S14)] 
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4. Visual [Fage (Fl), Hinze (H5), Lindgren (L14-L17), Stalder and Slack (Sl l ) , 
Townsend (T12), Uberoi and Kovasznay (U2)] 

5. Fiber anemometer [Tritton (T19)] 

IV. Temperature fluctuations 

1. Hot wire [Corrsin (Cll) , (F8), Hinze (H5), Mills et ai (M7)] 

2. Resistance thermometer [Wilson and Danckwerts (W9)] 

V. Concentration fluctuations 
1. Hot wire [Corrsin (Cl 1), Hinze (H5)] 
2. Resistance thermometer [Wilson and Danckwerts (W9)] 
3. Conductivity [Manning (M2), Prausnitz and Wilhelm (P4, P5), Lamb et al. (LI)] 
4. Light attenuation [Lee and Brodkey (L21)] 
5. Light scattering [Rosensweig et al. (R5), Wilhelm et al (W7)] 

VI. Pressure fluctuations 
1. Manometers in general [Lienard (L9)] 
2. Ultrasonics [Lienard (L9), Willmarth et al (W1-W5)] 

The list and references are by no means complete; in many cases, only the 
most recent works have been noted, since these contain references to earlier 
work. Some of the references will be discussed again after problems of mix-
ing have been considered. At that time, we will consider what new approaches 
are being tried or have been suggested in order to solve the mixing problem. 

2. Eddy Diffusion in a Homogeneous Field 

The dispersion of a contaminant by turbulent motion is of fundamental 
importance in many problems. To illustrate, the oceanographer would like 
to be able to determine beforehand the dispersion of radioactive wastes 
discharged into the sea; (II , J l ) ; the degree of air pollution and the proper 
design of stacks depend on the ability of the turbulent wind to disperse smoke 
(C23, 12, K21) and the time necessary for blending will depend on one's 
ability to disperse the material to be mixed. Such dispersions are often called 
"turbulent diffusion" ; the analysis will for the most part be concerned with the 
case of no superimposed molecular diffusion, and in effect will consider the 
motion of marked fluid particles or elements. 

A Lagrangian view can be used to gain some insight into the mechanism. 
Consider individual elements that leave a fixed point in space; first, for the 
case of no mean motion, the various elements will be carried from the source 
by the turbulent eddies. Those caught in a large eddy (with generally large 
motion) would be expected to be carried further than those initially a part of 
a small eddy. Thus, at any instant in time, there will be a distribution of 
elements about the point source. This may be easier to visualize by super-
imposing a uniform mean velocity on the turbulent field. Each element or 
particle leaving the point source would be expected to deviate from the linear 
path in a random manner depending on the local nature of the turbulence. 
The r.m.s. deviation for the particles would be observed as a continued 
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divergence, spread, or dispersion as the particles are carried downstream from 
the point source by the uniform mean velocity. This is an eddy motion, and 
can occur in the absence of molecular diffusion. In this discussion, the distance 
from the point source divided by the uniform mean velocity has been used to 
replace time in the first illustration. 

Taylor (T4) considered the diffusion of infinitesimal fluid particles from a 
point source in a homogeneous isotropic field with no superimposed molecular 
diffusion. For the spreading away in the j-direction from a centerline, or the 
normal diffusion, he gives 

t 
-J~ =2v'> JRL(r)dT (62) 

0 

where RL(r) is the isotropic Lagrangian correlation coefficient as given by 
Eq. (16). It should be emphasized that the study is based upon the particle 
path, and thus v' is the average of a large number of particle velocities 
measured along their respective paths. For a stationary random field this 
Lagrangian variance is the same as the Eulerian, which is a time average at a 
point in space. In a decaying isotropic field, such an assumption would not 
be valid [Batcheior and Townsend (B9)]. 

For small values of r , Rl(T) approaches unity; thus Eq. (62) can be 
integrated to give 

Τ2 = v'2t2 (63) 

which shows that the spread of marked particles is proportional to time for 
small times. 

A modification of Eq. (62), attributed to Kampé de Fériet (K3), is a partial 
integration to 

/ / t 
Γ 2 = 2v,2[tJRL(r)dr - jrRL(r)drj = 2v'2 j(t-r)RL{r)dr (64) 

0 0 0 

For long periods of time, r , the value of RJj) approaches zero exponentially; 
thus 

T2 = 2v'\tTL-constant) (65) 

where TL is the Lagrangian time scale given by Eq. (26), and the spread is 
proportional to the square root of time. For intermediate values of time, the 
dependency of RL(r) must be known as a function of time. Thus, if the form of 
the correlation coefficient can be assumed to be 

RL(T) = ^ I TL (66) 
then Eq. (65) becomes 

y 2 = 2v'*(tTL-T't) (67) 

A general form of the equation can be obtained by combining Eq. (66), the 
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definition of TL, and Eq. (62). The integrated form, as given by Hanratty et al. 
(HI) , is 

y 2 = 2v'*Tl[(tlTL) - (1 - e-tiTL)} (68) 

In a manner analogous to molecular diffusion, Eq. (3), an eddy diffusion 
coefficient can be defined : 

γι 
ε = i - (69) 

It v ' 

and for very long periods of time (/ > 10 jT l) , this can be combined with Eq. 
(65) and Eq. (27) to give 

e = v'*TL = O'LL (70) 

If one allows ε to be a function of time, then Eq. (68) can be combined with 
Eq. (69) to give 

which becomes approximately constant when t > 10TL. 
There is excellent agreement between experimental work and theory for 

Taylor turbulent diffusion [Hinze (H5)]. In addition, agreement has been 
found in fluidization [Hanratty et al. (HI)]. At this point, it should be empha-
sized that the diffusion is caused by turbulent motion only and includes no 
molecular effects. Diffusion in a turbulent system provides the experimental 
means for the measurement of the Lagrangian scales. Relations between the 
Lagrangian and Eulerian systems would be most helpful, because of the diffi-
culty of measuring the Lagrangian values and the relative ease of obtaining 
Eulerian measurements. The values thus obtained could ultimately be used to 
relate the turbulence of a system to diffusion and mixing problems. Some 
comments on the problems involved have been given by Corrsin (CI3). 

Some workers (Bl , B2, B3, M4) approached the problem by using the 
hypothesis that the Eulerian and Lagrangian correlation coefficients are of the 
same form. They obtained the spreading of mass and heat (partially corrected 
for molecular diffusion), and by an incremental trial and error procedure, 
obtained the Lagrangian correlation coefficient whose double integral by 
Eq. (62) gives the observed spread. The procedure used was convenient, since, 
as a first estimate, they used the Eulerian correlation, and thus also empirically 
related the two systems. Figure 10 is the empirical relation for the transforma-
tion of an Eulerian into a Lagrangian correlation. The value of / ( r ) becomes 
Rl(T) at a transformed time given by 

τ = Κφ' 

where r is the direction of flow. The velocity variance v\ is that of the particle; 
it was established as the best value from the diffusion experiments, and is 
essentially equivalent to the lateral Eulerian variance. Values of U and v' 
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FIG. 10. Empirical factor relating Eulerian and Lagrangian correlation coefficients 
[by permission from Baldwin, L. V., and Mickelsen, W. R., / . Eng. Mech. Div. Am. Soc. 
Civil Engrs. 88, 3 7 , 151 ( 1 9 6 2 ) ] . 

are noted in Fig. 10 with v' in parentheses adjacent to each curve. The differ-
ence between the K-values in Fig. 10 using helium and those using heat is 
disturbing. If corrections for molecular diffusion and other effects have all 
been accounted for, then under a given set of flow and boundary conditions 
the results should be the same. The differences for small separation distances 
are quite apparent. The same value of Κΐοτ any one velocity, U, would imply 
that the correlations are of the same form; this is clearly not so. 

If the turbulent spread is desired, a double integration [Eq. (62)] of the 
transformed Eulerian anemometer data is necessary. This could also be done 
by calculating a double integral of the Eulerian correlation with respect to 
(Ar)-space, and transforming the axis by \jv'. 

Less empirical approaches to an Eulerian-Lagrangian relation are quite 
limited. An interesting method, suggested by Burgers (B13) and considered in 
some detail by Baldwin et al. (B1-B3), involves the use of a Eulerian space-
time correlation. This correlation for isotropic turbulence is given by 

u(x,t) a ( x + r , 7 + 7 ) 
*(r , r ) = ^ 

This correlation might approximate the Lagrangian correlation when r = UT. 
The suggestion is that the Eulerian correlation, convected (coordinates 
moved) with the flow, can be used for the Lagrangian correlation. By this 
method any particle displacement effect is neglected, which might be critical, 
but which should depend on the spread relative to the convected distance. 
In other words, the approximation might be good for short times when the 
spread is small and become increasingly poorer for longer times. Figure 11 
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shows an experimental comparison. Values of R(r,r) are given for various 
values of r. The locus of maxima occurs within 10% of rjU. The dashed line 
estimates Rl(T), and the experimental data at this velocity is given by the dotted 
line. The two curves show a definite resemblance. Calculation of the spread 
from the estimated correlation was in fair agreement for short times and 
became increasingly poorer for longer times, as one would expect from the 
foregoing discussion. The predicted eddy diifusivities, Eq. (69), were as much 
as 2-3 times the observed. Considering the lack of alternate methods, this is 
a helpful engineering result, since it is the only one that directly deals with the 
correlations. 
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FIG. 11. General Eulerian correlation coefficient as a function of space and time [by per-
mission from Baldwin, L. V., and Walsh, T. J., A.I.Ch.E. Journal!, 53 (1961)]. 

The estimates from Eulerian data for the various scales associated with tur-
bulent dispersion are somewhat less ambitious but still useful. Such estimates 
could find use in Eqs. (66) through (70). For example, Corrsin (C24) has 
derived a number of relations for extremely high Reynolds numbers by assum-
ing that the entire spectrum is in the inertial subrange. He found that the 
integral Eulerian scale, Lf, was approximately related to the Lagrangian 
length scale, LL [Eq. (27)], by 

Lf Β 

where A is the same as in Eq. (59), and from the data of Grant et al. (G8) is 
about 1.5. Corrsin (C25) has estimated Β to be about unity. Thus the ratio 
would be approximately 2, which can be compared to reported experimental 
values ranging from 2 to 6.5. Therefore, his result is certainly reasonable. 

Uberoi and Corrsin (Ul ) have considered the problem by assuming 
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isotropic turbulence and using the Heisenberg form of Eq. (53). For large 

values of a Reynolds number, 

AT" _
 XUi i VRe ,A 7ψ- (71) 

where w//>/3 would equal u' if flow was isotropic and where λ is the micro-
scale of turbulence, and is defined by the second derivative as 

λ 2 = - (72) 
/ " (Ο) g"(0) 

The correlation function f(r), can be expressed by a Maclaurin series 

f(r) = / ( 0 ) + r / ' ( 0 ) + i r » / " ( 0 ) + ^f"'(0) + . . . 

The odd power terms are zero, s ince / ( r ) is symmetric; i.e., it is the same for r 
plus or minus. In terms of λ, this is 

/ < r ) - l - £ a + . - - (73) 

One of the methods of obtaining λ is based on this equation, in which a 
parabola is fitted to the curve of the correlation function / ( r ) vs. r/λ, Figure 
12, from the work of Stewart and Townsend (SI3), illustrates this for various 
stages of decay. 
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FIG. 12. λ from the correlation function f{r) [by permission from Stewart, R. W . , and 
Townsend, Α . Α . , Phil. Trans. Roy. Soc. London Ser. A. 243, 3 5 9 ( 1 9 5 1 ) ] . 

Returning to the Uberoi and Corrsin approach, they obtained [based on 
Heisenberg (H4)] 

;.75 
U'T} ( OL + 4 , 4 6 a) ( / V R e >j 

(74) 
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where R L is the Lagrangian time microseale defined analogously to other 
microscales as 

* - - w>> ( 7 5) 

[compare Eq. (72)]. The double prime denotes the second derivative. The 
constant α is set by the experiments. Heisenberg suggested a value of 0.8. 
Proudman found α = 0.45, and Reid found that ex varies between 0.20 and 
0.62. Beek and Miller (B10) have obtained a value of 0.7 for pipe flow from 
the data of Laufer (L3). For low values of i V R e j A, Uberoi and Corrsin obtained 

A ^ V5 
U'Tl ~ NRetA 

Using α as 0.7, rL from Eq. (74), varied from 5.1 to 6.3 times the experi-
mental value. In this check, the Reynolds number, Eq. (71), was 84% of the 
isotropic value; the remaining required values are given by Baldwin (Bl). 
For example, λ was calculated from the Eulerian spectral density data and 
TL was obtained from the diffusion data by the same method as described by 
Uberoi and Corrsin ( U l ) ; extrapolation to zero time is required of a poorly 
defined curve. Considering the assumptions in the theory and the difficulty 
in estimating TL from diffusion data, this approximation must be considered 
a good check. 

The theory presented so far in this section is actually restricted to eddy 
diffusion from a source in a static field or from a source moving with a uniform 
velocity field. The steady state system of eddy diffusion from a fixed source 
in a uniform velocity field is simply a problem of coordinate transformation 
as implied in the discussion of molecular diffusion. The work of Fleishman and 
Frenkiel (F5) has been reviewed by Hinze (H5), and illustrates the occurrence 
of back-diffusion in a flowing system. The limit of this effect is the case of 
zero mean velocity, in which the back-diffusion ( — ) is exactly the same in 
magnitude as the forward-diffusion ( + ). The equations for short or long time 
are the same as Eqs. (63) and (69), except for the transformation 

t =xlU 

It is clear that a plot of Y2 vs. χ (see Fig. 13) would first increase with x2 

[Eq. (63)] and then, finally, would increase with χ [Eq. (65)]. For intermediate 
distances, a transformation of Eq. (68) would give the spread. The data of 
Kalinske and Pien (K2) checks with the approximation. 

As previously noted, molecular diffusion can have an important effect on 
mixing in turbulent flow. Unfortunately, it appears that molecular diffusion 
is not always simply additive to eddy diffusion. Saffman (SI) has modified the 
work of Townsend (T17) and Batcheior and Townsend (B9) to illustrate the 
effect of molecular diffusion for small times : 

(76) 
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FIG. 13. Lateral diffusion in the turbulent flow of water [by permission from Kalinske, 
Α . Α . , and Pien, C . L., Ind. Eng. Chem. 36, 2 2 2 ( 1 9 4 4 ) ] . 

where Y * is the mean-square spread of the scalar quantity, Z)m,is the diifusivity, 
and ω is the mean-square vorticity of the turbulent motion. If there is no 
molecular diffusion, then the spread is identical to the infinitesimal, fluid-
particle spread. The interaction term decreases the effect that molecular 
diffusion would have if the molecular and turbulent diffusions were indepen-
dent and additive. The decrease in total diffusion occurs because the scalar 
quantity is transported away from the source at a lower speed than the 
infinitesimal fluid particles. In effect, if one considers a small spot of scalar 
quantity, an interaction term causes an increase in the dispersion relative to 
its centroid, but the centroid lags behind the infinitesimal fluid particles just 
enough to give a net negative effect as given by Eq. (76). This effect of molec-
ular diffusion is very much akin to the turbulent mixing problem to be 
discussed. The eddy motion increases the region in which the contaminant will 
be found by its dispersive action. It does this by distortion and drawing out 
of the original contaminant volume, but in the absence of molecular diffusion, 
the original volume will remain the same, although it will cover a greater 
area. Molecular diffusion will cause the volume to increase relative to its 
position. The turbulence does enhance this increase by providing increased 
concentration gradients through the distortion and pulling action. Thus there 
is an enhancement or increase in the dispersion caused by the interaction of the 
turbulence and molecular diffusion, but this is relative to the centroid of the 
region as it is convected downstream. For much longer times, Saffman used 
an intuitive argument to establish that the interaction term is inversely 
proportional to a Reynolds number and a Prandtl or Schmidt number 
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(depending on whether heat or mass is being diffused). In most experimental 
work only the first correction term has been used. 

An additional aspect which has caused some disagreement in experimental 
work is the system for injection of the scalar contaminant. Any finite source 
will in some way disrupt the velocity field. This problem has been briefly 
discussed by Flint et al. (F6), who investigated turbulent diffusion in the 
central core of a pipe. Under these conditions, the data were treated as a 
uniform velocity flow rather than a shear flow. Kada and Hanratty (Kl ) have 
shown that the presence of solids in the flow systems does not appreciably 
affect the turbulent diffusion, if the particles move with the fluid stream; 
i.e., if the slip or relative velocity between solids and fluids is small. For large 
slip velocities, the effect is large, and will be discussed further when bulk 
diffusion in fluidized beds is considered. 

3. Eddy Diffusion in Shear Flow 

In shear flow, where a gradient in the mean velocity will exist, the radial 
distribution of a scalar contaminant, such as temperature or mass, may no 
longer be symmetrical, but rather may be skewed in some manner. An excel-
lent discussion of this problem is given by Hinze (H5) and by Batcheior and 
Townsend (B9). Hinze has derived equations to describe the diffusion under 
certain restricted assumptions. The skewness obtained when the source is not 
located at the axis of a plane free jet was in the correct direction but somewhat 
more skewed than the data. When the source was located on the axis, and 
consequently symmetrical (not skewed), the theoretical curve checks with the 
data better than the Gaussian error curve. The problem is very difficult from 
a mathematical standpoint. 

A related diffusion phenomenon will be discussed in the next section; this 
is the axial or Taylor diffusion, which is caused by gradients in velocity. This 
bulk diffusion is effectively a back-mixing, as contrasted to the radial diffusion 
discussed in this and the preceding sections. The topic could have been 
considered here and in the laminar flow section; however, since the same 
mechanism occurs in laminar flow (velocity gradient and molecular diffusion) 
and in turbulent flow (velocity gradient and eddy diffusion), it is advantageous 
to combine the treatment and present it in the next section. 

C . BULK DIFFUSION 

The term "bulk diffusion" is being used here as a catchall term to include 
those forms of diffusion other than molecular and turbulent. Each of the 
mechanisms to be considered here is a composite of a number of effects. 
For example, the Taylor axial diffusion (longitudinal diffusion) is caused by 
th£ bulk effect of the variation of mean velocity. The amount of this diffusion 
depends on a balance between the axial effect and the radial diffusion dis-
cussed in the preceding sections. Other bulk phenomena are the radial and 
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1. Axial Diffusion in Pipes 

Axial diffusion can occur in any flowing system, and is caused by molecular 
and turbulent (eddy) diffusions and by the relative motion of fluid particles 
under the influence of mean velocity gradients. Of these three, the most 
important contribution is from the gradient in the mean velocity profile. The 
extent of the axial diffusion depends on the velocity gradient and the radial 
or lateral diffusion. Axial diffusion has several names in the literature; it is 
called "axial mixing," "longitudinal diffusion or mixing," and "back-
mixing." The effect can be visualized with the aid of Fig. 14 for the case of no 

t =0 

x=0 x=0 
t = t 2> t , 

x = 0 

DYE PULSE 

' MEAN CONCENTRATION 

FIG. 14. Taylor axial diffusion in a pipe (no molecular diffusion). 

molecular diffusion. Assume a pulse of a dye is injected across a pipe at / = 0. 
The mean concentration at this instant is designated as C 0, and X is the pulse 
length. Some time later, say at tl9 the dye in the center will be carried farther 
downstream than that at the wall, and the distribution will be as shown in the 
figure. As time increases, the dye will be spread over an increasing length of 
pipe. The mean concentration will appear to decrease continuously and will 
be equal to (CQXjVm2iXt). As can be seen from the preceding discussion, axial 
diffusion would be most pronounced in laminar flow systems, which have a 
low rate of radial diffusion. Taylor (T7, T9) showed that for laminar flow with 
molecular diffusion 

A* = dV\Dm = JVpe 

dV 192 192 K } 

where Da is the effective axial diffusivity, Dm is the molecular diffusivity, 
d the pipe diameter, and V the mean velocity over the pipe cross section. 

axial diffusions in packed and fluidized beds. Since mixing in these systems can 
be of extreme importance in kinetics, etc., they will be briefly considered in 
this section. 
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The effective axial diffusivity is governed by the equation 

dt " adx~* 
(78) 

o r 

(79) 

where Γ is the concentration of the diffusing property and φ is the flux of that 
property. For the basic assumptions to be true, Taylor showed that 

fv> m , <80> 

where A'is the contaminated length, and X/lVis of the same order as the time 
necessary for the velocity gradient to make an appreciable change in the 
concentration. This restriction ensures that molecular diffusion is great enough 
to eliminate the effect of radial variation. Radial molecular diffusion reduces 
the amount of axial Taylor diffusion as can be seen by Eq. (77). This can be 
visualized by reference to Fig. 14 and consideration of the two extremes 
(black). For the foremost element, radial diffusion will move dye from the 
element to regions of lower velocity, and will then fall behind. No dye can 
diffuse into this foremost element. Thus this element will eventually disappear, 
which will result in a shorter length of dye. The process repeats for the element 
next in line. Exactly the reverse situation exists at the trailing end, and also 
results in a reduction of dye length. The result is a reduction in Da. 

The Taylor (T8) analysis for axial diffusion in turbulent flow can be obtained 
from the Taylor turbulent diffusion analysis [Eq. (64)]. Batcheior and Towns-
end (B9) have shown that the average velocity of a given particle must be the 
same as the mean velocity over the pipe cross section, since, given a long 
enough length, any particle will have wandered over the entire pipe cross 
section, and cannot be distinguished from its neighbor. In effect, we are 
considering a mean velocity, V, with deviations or fluctuations about this 
mean. For a large Reynolds number, Taylor suggested that v'2TL [Eq. (65)] 
would depend only on the friction velocity, U* = VTw/p> and the pipe diam-
eter, d. This gives, by dimensional analysis, 

Combining Eq. (70) with ε replaced by Da and Eq. (81), and the relation 
between the friction velocity and friction factor (U*/V = v{/72), gives 

From experimental work, Taylor (T8) suggested that c is approximately equal 
to 5, which gives his final relation 

v'2TL = cdU* (81) 

DJdV = c V//2 (82) 

DJdV = 3-57 V/ (83) 
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Levenspiel (L8) has brought together much of the data in the literature, and 
has compared it to the Taylor analysis. As expected, the check is quite good at 
the higher Reynolds numbers ( > 20,000). 

Tichacek et al. (T10) have extended Taylor's work to allow for molecular 
diffusion effects and the use of experimental velocity profiles; consequently, 
their work can be used for Reynolds numbers less than 20,000. Once again, 
the check with the available data is quite good for these lower Reynolds 
numbers. In this case, there are two curves, one for gases and one for liquids. 
The liquid case of a high Schmidt number (v/Dm) corresponds to no effect of 
molecular diffusion. In the same paper (T10), an analysis of the effect of an 
axial eddy diffusion was shown to be, in all cases, less then 4 % . Yabonskii 
et al. (Yl ) used local isotropic turbulence to justify a correlation equation of 
the form : 

DJv = A{NKtfA 

Equation (83) can be rearranged to the same general form : 

The final correlating equation for their data was 

DJv = 3000 + 60 .7 (W R e) 0- 5 45 

which, over the Reynolds number range of 104 to 105, was at the upper limit 
of other literature data. Over this same range Eq. (83) can be considered a 
lower limit. 

Recently, Hawthorn (H2) analyzed the effect of a radial temperature varia-
tion in the pipe. For laminar flow the shape of the temperature profile is 
unimportant; however, the heat generated by a reaction (cooling of pipe) 
could cause as much as a 2-6 factor increase in the value of DJdV. Conversely, 
heating could reduce the axial diffusion to zero. In turbulent flow (NRe 

> 10,000) the effect of radial temperature gradients can be neglected if the 
viscosity is evaluated at the wall temperature. Van Andel et al. (V2) have 
commented on axial dispersion during laminar flow in curved tubes. 

2. Diffusion in a Packed Bed 

As mentioned above, mixing can be pictured as a composite of several 
superimposed diffusional operations. In packed bed systems, the radial and 
axial bulk diffusion will dictate, to a large extent, the spread of a contaminant. 
In such a system, one pictures the diffusion as being caused by the rather large, 
low frequency fluctuations of fluid motion around the particles in the bed, 
rather than the higher frequency fluctuations of normal pipe turbulence. The 
spread radially is believed to be due to random displacement of fluid particles 
as they encounter solid particles in the bed. The axial spread is pictured as a 
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holdup of the fluid particles behind solid particles which causes distribution in 
residence times of the various fluid elements. 

a. Radial Diffusion. In a packed bed this could be approached as an extension 
of Taylor's analysis for the eddy diffusion (radial) caused by turbulence in a 
homogeneous field. In the former case, the lateral displacements would be 
determined by the dimensions of the spaces between particles, while in the 
latter case, the eddy diffusion is caused by the small-scale fluctuations in the 
turbulent field. In the packed bed, it is assumed that in a void complete mixing 
occurs, so that there will be an equal chance of the fluid leaving by any one of 
several possible paths. Of course, enough displacements must occur so that 
the statistical basis of Taylor's approach is valid. In addition, such effects as 
changes in void volume, small-scale velocity fluctuations, velocity changes, 
and wall effects are neglected. Under these conditions, one could hypothesize 
that v'2TL [Eq. (65)] would depend only on the interstitial velocity in the bed 
and the particle diameter. This gives, by dimensional analysis, [similar to 
Eq. (81)] 

v'2TL = CdpV' (84) 

where dp is the particle diameter, and V the mean interstitial velocity. 

Combining Eqs. (70) and (84) gives 

* W = = \ = instant (85) 

Baron (B4) has shown by a theoretical random-walk analysis that 5 < 7VPe r 

< 13. Latinen (L2) found theoretically a value of 11.3 for body-centered 
cubic packing, and Ranz (R l ) found 11.2 for spheres centered at the corners 
of tetrahedrons. 

For high Reynolds numbers C/VRe' = dpVp^> 200, where V= V'e, ε being 
the void fraction), the check with experimental data is excellent, with 7VPe r 

values (constant with Reynolds number) falling between 7 and 11 (see Fig. 15). 
Experimental results are reported by Bernard and Wilhelm (Bl l ) , Latinen 
(L2), Fahien and Smith (F3), Plautz and Johnstone (P2), and Prausnitz and 
Wilhelm (P5). 

As the laminar flow region is approached, the picture is complicated by 
several possible alternate contributions. However, in no case should the Peclet 
number be greater than the value determined for molecular diffusion (radial 
bulk diffusivity cannot be less than molecular diffusivity). For gases, the 
molecular diffusivity is large, and begins to be an important fraction of the 
total radial diffusivity at a Reynolds number of about 10. Above this value, the 
increase in radial spread is caused by eddy effects, and apparently increases in 
proportion to the increase in velocity, resulting in a constant value for the 
Peclet number {dpV'jDr). In contrast, in liquid systems, the molecular effects 
are so small that one would expect the radial Peclet number to rise rapidly 



(decrease in diffusivity) as the Reynolds number is decreased. When the eddy 
effects are gone ( A R ^ < 1), the value should be nearly equal to the molecular 
diffusion, which corresponds to a Peclet number of 1000 for a Reynolds 
number of one. Latinen (L2) found the beginning of such a rise for his data on 
the spread of salt solution in water (Peclet number was 50 for a Reynolds 
number of 10). 

b. Axial Diffusion. In packed beds this has been recently investigated by many 
authors. If one would apply the same analysis as was used to obtain (Eq. 85), 
one can conclude that the modified axial Peclet number, NPet£l = dpV'\Da, 
should be a constant if the Reynolds number is high enough. McHenry and 
Wilhelm (Ml) , and Aris and Amundson (Al) have obtained a theoretical 
value of 2 for this number; they assumed that the void volumes formed a 
series of perfect mixers. If the Reynolds number is not high enough to assure 
that each stage is a perfect mixer, excessive holdup or bypassing will occur, 
giving higher axial diffusivity, and thus a lower axial Peclet number. 

In the limit of laminar flow, several possible controlling factors can be 
suggested. For example, one can visualize the flow as being a series of parallel 
paths in which Taylor axial diffusion is controlling. Equation (77) would 
become 

d2V'2 

a l92Dm 

where d0 is some average void diameter and V is the mean interstitial 
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velocity. The particle diameter and superfical velocities are assumed to be 
related to the void diameter and interstitial velocity respectively by 

where ε is the void fraction. The diameter relation was obtained by assuming 
that the total wall area of the equivalent void cylinders is equal to the total 
surface area of all the spherical particles. Combining these equations and the 
following definitions 

NRe, = and iV Sc -

gives 

or 

T V , = 432[(1 - efle]N¥e = 4 3 f — / / ε ] (86) 

As in the case for radial dispersion previously discussed, one final limitation 
exists on the axial Peclet number: This number cannot be greater than the 
value determined from molecular diffusion for a given Reynolds number. 
Therefore, the axial diffusivity cannot fall below the value of the molecular 
diffusivity. In addition Eq. (80) must be satisfied for Eq. (77) to be valid. 
Substitution of the above into Eq. (80) gives 

Equation (86) will give a lower value of NFea, the greater the value of ε; 
however, for packed beds of spheres the upper limit is between 0.4 and 0.5. 
Using ε = 0.5, for gases Eq. (86) is unimportant, since in the range of its 
proposed validity (NRe> < 1) it gives a Peclet number greater than the permis-
sible maximum (molecular diffusion line). The combination of molecular and 
eddy effects keeps the voids perfectly mixed, and the axial Peclet number 
remains constant at 2. As the eddy effect dies out with decreasing Reynolds 
number, molecular diffusion takes over, and, as can be seen from Fig. 15, the 
molecular Peclet number is two at a Reynolds number of two. The work of 
McHenry and Wilhelm ( M l ) tends to confirm this analysis, since they found 
a value of 1.88 ± 0.15 over a Reynolds number range of 10.4 to 379. 

In liquids (NSc = 103), the Taylor axial effect of Eq. (86) could be important. 
Using ε = 0.5, one finds that Xjdp > 30Λ^, . The low values of NRe, (0.01-1.0) 
are associated with small particles, and thus the criterion will be met. In Fig. 
15, the curve suggests that the axial Peclet number should increase with de-
creasing Reynolds number until the molecular effect in liquids takes over. 
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N o data are presently available to check this suggestion. At higher Reynolds 
numbers, since molecular diffusion is so very small, one could hardly expect 
the voids to be completely mixed unless the flow was highly turbulent, and 
thus the axial Peclet number should be less than the ideal value of 2. This has 
been clearly shown by Liles and Geankoplis (LI3), who found values between 
0.3 and 0.7 for a range of Reynolds numbers from 0.8 to 187 (see Fig. 15). 
In this same article, there is an excellent summary of earlier work by Strang 
and Geankoplis (SI5), Ebach and White (El) , and Carberry and Bretton (Cl) . 
Stahl and Geankoplis (SI6) have extended the analysis to porous media, and 
have made extensive comparisons to the earlier packed bed data. 

The data of Carberry and Bretton (Cl) and of Liles and Geankoplis (LI3) 
show a definite increase in Peclet number with increasing Reynolds number. 
As pointed out by the latter authors, more data at higher Reynolds numbers 
are needed. This would establish whether the axial Peclet number approaches 
the value of two; this would be expected, since the increased turbulence would 
cause more mixing. 

Deans and Lapidus (D4) suggest that each mixing stage be treated as two 
perfectly mixed parts. One part acts as a normal perfect mixer in series with 
others, and the other part has no inlet or outlet (called a capacitance volume). 
This analysis leads to two parameters, one a volume fraction and the other 
dependent only on the molecular diffusion coefficient (for given flow condi-
tions). Apparently the gross differences between gases and liquids can be 
explained; however, it is not clear whether the variation in axial Peclet 
number with Reynolds number can be treated. Much of the discussion in this 
section has been speculation, and future research is needed to clarify the ideas. 

All of the previous discussion involved average Peclet numbers over the bed. 
Fahien and Smith (F3) computed the radial variation of the Peclet number, 
dpVjDn in which Κ is the local superficial velocity. The number was constant 
at the center, and increased rapidly as the wall was approached. The implica-
tion was that the rate of radial transfer decreased at the wall; i.e., more mixing 
occurred along the center than at the wall. The Peclet number correlated well 
with the radial variation in void fraction. Very close to the wall a different 
correlation was necessary, because of the added wall effect. The radial effect 
disappeared when the tube was 25 particle diameters large (dp/d = 0.04). There 
are no equivalent measurements of a radial effect on axial diffusion ; however, 
such an effect probably exists. The literature data, already discussed, had 
tube-to-particle ratios varying from 10 to 100. In the next section on fluidized 
beds, variations of this nature are quite important, because of the solids 
circulation and large variations in the void fractions that occur. 

3. Diffusion in a Fluidized Bed 

The work on fluidized systems is much less extensive than that on packed 
beds, and has been almost completely restricted to solid-liquid systems. The 
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radial diffusion has been treated by Hanratty et al. (HI) , Cairns and Prausnitz 
(C4), and Kada and Hanrat ty (Kl ) . It has been found that Taylor's eddy 
diffusion theory is adequate to explain the results. A marked dependence on 
the void fraction exists, and is shown in Fig. 16. As shown by Miller et al. 
(M5) considerable scatter is to be expected between runs of various materials, 
since the Peclet number is a function of velocity, which can be varied at a given 
void fraction. They showed as much as a four fold variation at a given void 
fraction. 

The minimum Peclet number or maximum radial mixing has been found at 
a void fraction of about 0.7 (solids fraction 0.3). Cairns and Prausnitz (C4) 
have made detailed visual observations of their fluidized bed, and concluded 
that, at this void fraction, there was a rather drastic change in the flow pattern. 
The bed characteristics depended mainly on the tube-to-particle diameter ratio 
and the particle-to-fluid density ratio. Better radial diffusion was obtained with 
the heavier density particles (see Fig. 16); it was also observed that the heavier 
particles (lead) always gave more violent motion than obtained with the lighter 
particles (glass). 

Kada and Hanratty (K l ) studied the radial diffusion in slurry flows, and 
found no effect of solids unless there was an appreciable average slip velocity 
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FIG. 16. Radial Peclet number for a fluidized bed [by permission from Cairns, E. J., 
and Prausnitz, J. M., A.I.Ch.E. Journal 6, 558 (I960)]. 
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and relatively high solids concentration. N o final correlation of the effects 
was obtained; however, several comparisons clearly show the interdependence 
of concentration, slip velocity, and Reynolds number. It appears that the 
point at which the radial diffusion is affected is somehow associated with 
agglomerate action and the associated large fluctuations in solid-particles 
concentration. 

Axial diffusion data in liquid-solid systems have been reported by Cairns 
and Prausnitz (C3, C5). A local axial Peclet number was obtained; conse-
quently, radial variations could be investigated. For this number, the velocity 
was an average along a line from the injector to the sample point. At any given 
flow condition (one average void fraction), the local Peclet number was greater 
near the wall than at the center, which is in agreement with the work of Fahien 
and Smith (F3) on packed beds. In general, this implied less axial diffusion in 
the wall area. Flat profiles were obtained for lead spheres with a tube-to-
particle diameter ratio of 78. A value of the ratio of 39 showed considerable 
radial variation. This contrasts with the value of 25 required to eliminate the 
radial effect in a packed bed. This is probably a result of the less flat velocity 
profiles in a fluidized bed [Cairns and Prausnitz (C2)]. 

Variations in solids loading and Reynolds number will result in a change in 
the fraction of solids. The results for axial diffusion agree well with the results 
for radial diffusion. The plots of Peclet number versus fraction solids are 
similar to Fig. 16, and each, when plotted on the same basis, shows a minimum 
Peclet number at a void fraction of 0.7. Comparisons of several of these 
graphs show that the Peclet number (inverse to the axial diffusivity) was less 
for higher density materials and decreased with the tube-to-particle ratio. 

The diffusivities for mixing in gas-solid systems are several orders of magni-
tude greater than in liquid-solid systems. May (M3) measured the solids 
mixing rate by using tagged solids. The diffusivity was 5 ft.2/sec. in a 5-ft. 
diam. bed with a 40-80-μ, cracking catalyst. This corresponds to a Peclet 
number (dpVjDs) of about 3 χ 10~5. The magnitude of this mixing is enor-
mous, as illustrated by May's comment that 50 gm. of tagged solids would be 
nearly completely mixed into 15 tons of catalyst in less than one minute. 

Axial mixing of the gas stream has been reported by May (M3), Gilliland 
et al. (Gl ) , and Danckwerts et al. (D2). The axial Peclet numbers were about 
1 χ 10~3. In models of gas fluidized beds, the use of an over-all Peclet number 
is not convenient, since the model involves two main phases (solid-gas emul-
sion and solid free bubbles). A more descriptive term is a cross-flow ratio 
(cross flow/bubble flow) which is a measure of the exchange between bubble 
and emulsion phase. The bubble phase is assumed to be unmixed, while the 
emulsion phase is characterized by the solids mixing mentioned above. 

D. MIXING 

A visualization or model of mixing will, to a great extent, depend on one's 
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definition of the term "mixture." We will use mixing to mean any blending 
into one mass, and mixture to mean "a complex of two or more ingredients 
which do not bear a fixed proportion to one another and which, however 
thoroughly commingled, are conceived as retaining a separate existence." In 
this section, we will consider, and attempt to visualize, many mixing processes 
based on the diffusional operations already discussed. Hughes (H9) and Mohr 
et al. (M9) have discussed several of these problems, and our discussion will 
draw heavily from their work. 

Molecular diffusion is a product of relative molecular motion. In any system 
where there are two kinds of molecules, if we wait long enough, the molecules 
will intermingle and form a uniform mixture on a submicroscopic scale (by 
submicroscopic, we mean larger than molecular, but less than visual by the 
best microscope). This view is consistent with the definition of a mixture, for 
we know that if we were to use a molecular scale, we would still observe 
individual molecules of the two kinds, and these would always retain their 
separate identities. The ultimate in any mixing process would be this sub-
microscopic homogeneity, where molecules are uniformly distributed over the 
field; however, the molecular diffusion process alone is generally not fast 
enough for present-day processing needs. In some systems, molecular diffu-
sion is so slow as to be completely negligible in any reasonable finite t ime; 
high molecular weight polymer processing is a good example of this state. 

If turbulence can be generated, then eddy-diffusion effects can be used to aid 
the mixing process. For some materials, the generation of turbulence would 
be too expensive because of high viscosity, and in others, it might be impossible 
because of product deterioration under the high energy inputs required. 

Danckwerts (D l ) formulated a set of criteria to provide a measure of the 
level of mixing ("goodness of mixing"). In the next section, these criteria will 
be treated mathematically; however, for now, we need only give qualitative 
definition to the terms. The "scale of segregation" is a measure of the size of 
the unmixed clumps of the pure components. As these clumps are reduced in 
size, the scale of mixing is reduced; this is represented by the drawings on the 
top line in Fig. 17. The second criterion is the "intensity of segregation" which 
describes the effect of molecular diffusion on the mixing process. It is a measure 
of the difference in concentration between the neighboring clumps of fluid. 
The intensity, for each value of the scale, is illustrated by the columns of 
Fig. 17. With the aid of these terms, we can now discuss the model of turbulent 
mixing. 

The turbulent process can be used to break up fluid elements to some limit-
ing point; however, because of the macroscopic nature of turbulence, one 
would not expect the ultimate level of breakup (scale) to be anywhere near 
molecular size. Since energy is required for this reduction in scale, the limiting 
scale should be associated with the smallest of the energy containing eddies. 
This might be considered as the eddy size, η [Eq. (54)], which characterizes the 
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FIG. 17. A visualization of the scale and intensity of mixing. 

dissipation range, but which also is an approximate measure of the tail of the 
energy curve, E(k), shown in Fig. 5. One might also use as a measure, the 
microscale, which is defined by Eq. (72). In any case, this size will be large when 
compared with molecular dimensions. This reduction of scale, without 
consideration of molecular diffusion, is shown as the top row of Fig. 17. No 
matter how far we reduce the scale, we still have pure components. Depending 
on the size observed, any one of these levels in scale might be considered 
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mixed; however, from a view of submicroscopic homogeneity, where 
molecules are uniformly distributed over the field, none is mixed. Without 
molecular diffusion, this ultimate mixing cannot be obtained. 

Molecular diffusion allows the movement of the different molecules across 
the boundaries of the liquid elements, thus reducing the difference between 
elements. This reduction in intensity will occur with or without turbulence; 
however, turbulence can help speed the process by breaking the fluid into 
many small clumps, and thus allowing more area for molecular diffusion. 
When diffusion has reduced the intensity of segregation to zero, the system is 
mixed. The molecules are distributed uniformly over the field. Various degrees 
of this combined process are shown in Fig. 17. In systems where reaction is to 
occur, the need for submicroscopic mixing is apparent, for without it, the 
only chemical reaction that could occur would be on the surface of the fluid 
clumps. Danckwerts (D8) has discussed the importance of this degree of mix-
ing of two reactants; the intensity of segregation must be reduced rapidly so as 
to avoid local spots of concentrated reactant and the usually associated 
undesirable side reactions. In jet mixing, the scale of segregation is reduced by 
eddy motion, while the molecular diffusion reduces the intensity. In a jet, if 
a solid product occurs, its particle size will be a function of the rate of reduc-
tion of segregation. The same would be true in the quenching of a jet of a hot 
gas reaction mixture; the freezing of the reaction products will depend on the 
reduction of segregation. Another example used by Danckwerts is the jet 
flame, where the oxygen is obtained from the surrounding air. The flame will 
depend on the segregation of the two gases. In laminar flames, the mixing is 
poor because the scale of segregation is high. The flame occurs along a surface 
and is controlled by the molecular diffusion across that surface. In a turbulent 
flame, eddy diffusion will reduce the scale and provide more area for molecular 
diffusion and thus more contacts for burning. 

Each of the bulk-diffusion phenomena tends to reduce the scale of segrega-
tion by spreading a contaminant over a wider area. The molecular diffusion is 
enhanced because of the larger area. It is important to note that if the molecu-
lar diffusion is rapid enough, the system may be almost submicroscopically 
mixed by the time the bulk diffusion has spread the contaminant over the 
field. With low rates of molecular diffusion, this will not be true. An interesting 
special case of mixing is the blending of polymers or introducing a dye into 
a polymer melt. The high viscosity of the system dictates laminar-flow 
conditions, and thus there is no eddy-diffusion contribution. In addition, the 
molecular diffusion is so very low that in any reasonable length of time it will 
contribute essentially nothing to the mixing. The only recourse is to bulk 
diffusion methods. Mohr et al. (M9, M10) have treated this subject, about 
which more will be said in Section IV. Briefly, however, the mixing is accom-
plished by shear action (a Taylor-type axial diffusion), which tends to draw 
the contaminant into long thin striations. When these become thin enough so 
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that differences in composition cannot be detected, the system can be consid-
ered mixed. This will usually be on a microscopic scale. 

Imagine the mixing process as a breakdown of the larger eddies to smaller, 
and finally to the smallest eddies, at which point the mixing scale becomes 
small enough for turbulence no longer to act. Eddies become so small that 
viscous shear forces prevent turbulent motion, and molecular diffusion 
becomes the controlling factor. Molecular diffusion is essential to provide the 
final mixing between two liquids. In reality, the two processes of breakdown 
and diffusion must occur at the same time. However, the simple step-by-step 
process will aid in the discussion to follow. If the fluids to be mixed are gases, 
the molecular diffusion is very high and the diffusion time extremely small. 
But if the fluids are liquids, the molecular diffusion is slow, and the diffusion 
part of the process becomes very important. The slow diffusion time, in the 
case of liquids, requires a knowledge of the turbulence, so that an estimate of 
the size of the smallest eddy and the time for molecular diffusion can be made. 

In order to approach this problem, it is necessary to have some measure-
ment of the degree of mixing of the system under study. In addition, it must be 
recognized that two processes are occurring, the breakup of the eddies and 
diffusion. Danckwerts (D l ) has defined the scale and the intensity of segrega-
tion. These parameters describe the mixing process and can be estimated from 
measurable statistical values. The only major restriction on the parameters 
is that they cannot be applied to cases where gross segregation occurs, i.e., 
where the liquids are in two nearly equal parts. This restriction implies that 
the parameters are approximately uniform over the mixing field, thus eliminat-
ing consideration of the first part of the mixing process, where the two liquids 
are initially brought together. 

A . SCALE OF SEGREGATION 

The scale of segregation is analogous to the scale of turbulence [Eq. (22)]; 
however, since the concentration term is a scalar, there is one term instead of 
nine: 

where C(r) is the Eulerian concentration correlation, a is the fluctuation 
A-Â (A is concentration fraction of liquid A, À the average), and a is the 
r.m.s. fluctuation y/a2. A linear scale, Ls, is defined 

III. Criteria for Mixing 

C(r) = 
a(x)a(x + r) 

V2 (87) 

(88) 
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A volume scale, Vs9 is defined as 

Vs = J2nr2C(r)dr (89) 

Either scale can be used, depending on the exact application. Danckwerts 
has considered methods of measurement of the two scales. For example: 

(1) By obtaining C(r) vs. r and integrating. 
(2) By measuring the statistical variation of component A along a line of 

distance r (possibly photoelectric measurement) and using the derived 
relation 

Ls = ax'
2\2xa'2 (90) 

where a / 2 is the mean square of the concentration fraction over the 
distance, r. One necessary restriction in this method is that r :> Ls; 
however, if r is too large, it will be difficult to obtain a'2. 

(3) A procedure analogous to (2), using the variation in a volume K, and 

Vs = a'v
2\2Va'2 (91) 

where ay2 is the mean-square fluctuation (fraction) in the volume, V. 
(4) Several other methods and limitations are given by Danckwerts (Dl ) . 
The scale of segregation is an average over relatively wide values of r, and 

thus is a good measure of the large-scale process (breakup of the eddies) but 
not of the small-scale diffusional process. In the liquid system with slow 
molecular diffusion, the scale would decrease rapidly to some small value 
(smallest eddy size) and then increase slowly as molecular diffusion completed 
the mixing (see Fig. 18, case I). The increase in scale is due to an apparent 
increase in eddy size because of outward diffusion. The value would increase 
indefinitely with r, since C(r) is unity everywhere in the uniform medium. 
In a gas, where the molecular diffusion is very rapid, the scale may not be 
reduced appreciably before diffusional effects become controlling (case II). 
For the rapid diffusion gas system, and in the latter part of the liquid mixing 
process when the scale is small, the intensity of segregation gives a better 
description of the degree of mixing. 

B. INTENSITY OF SEGREGATION 

The intensity of segregation (also called the degree of segregation) is defined 

as 
Is = af2/ÂB = a'2\a'2 (92) 

and is measured at a point for enough time to obtain a true average. The 
subscript zero refers to the initial value. The intensity of segregation is unity 
for initial time and for complete segregation ; i.e.,2 

2Since (Â + B) — 1, and A0 = 1 for A fraction of the total volume and 0 for Β frac-
tion {B = 1 - A). 
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FIG. 18. The intensity and scale of segregation during mixing. 

a2 = (A0-Â)2 = B(0-A)2 + Â{\-Âf = BÂ2 + ÂB2 = ÂB(Â + Β) 
= ÂB (93) 

and a'2 = ÂB by the same reasoning as long as A and Β are completely 
segregated. The intensity of segregation drops to zero when the mixture is 
uniform (a'2 = 0). If there were no diffusion, and only the smallest possible 
eddies were present, the value of Is would still be one; thus, the intensity 
of segregation is a good measure of the degree of completion of the diffu-
sional process (see Fig. 18). Equation (92) gives the simplest form of the 
intensity of segregation and is defined as a function of time-averaged 
variables at a point. This of course assumes that such an average can be 
obtained; i.e., the system is at steady state or is changing slowly when 
compared to the time necessary to obtain the average. For a complete 
définition of a given system, one would have to specifiy the variation of 
I5 over the entire volume. As a simple example, let us consider a plug flow 
in which two fluids are to be mixed. It will be assumed that each fluid is 
initially uniformly distributed across the pipe cross section on a macroscopic 
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scale under the condition of complete segregation (Is is unity). As the fluid 
moves down the tube in plug flow, mixing will occur as a result of the turbu-
lent field and diffusion, and the value of Is will decrease to zero in the limit of 
molecular uniformity. Actually Is must be measured over some small but 
finite volume. If this volume is too small, submicroscopic variations will be 
detected (statistical fluctuations in the number of molecules present), and if 
the volume is too large, the measurement would become insensitive and 
approach the average value of the system. For many problems (such as non-
ideal mixers used for reactors), a detailed study of the variation in Is over the 
entire reactor is not desirable, and some space average of the entire system is 
used. This will be considered briefly in a later section. 

The measurement of the intensity of segregation is necessary when sub-
microscopic mixing is important. A number of methods have been suggested 
for measurement and calculation of this parameter; among these are several 
based on known kinetics of a reaction [Danckwerts ( D l , D7, D8)]. Hawthorne 
et al. (H3) used a fast combustion reaction to calculate the intensity ; however, 
it was necessary to assume a normal probability distribution for the deviations. 
Several methods attempt to measure a' directly. Prausnitz and Wilhelm 
(P4, P5), Lamb et al.(L\), and Cairns and Prausnitz (C2, C3, C4) have described 
a conductivity probe. Rosensweig et al. (R5) developed an optical method 
using a smoke tracer. Two additional methods are currently under test by the 
author. One is a potentiometric probe based on the principle of electromotive 
force of a metal immersed in its ionic solution. The other is a light probe 
which is capable of transmitting a light beam in and out to the sample point 
via very thin Fiberglas lines (L21). A different approach using light absorption 
has been suggested by Schwartz (SI7). 

Recently, experimental results have been reported by Kristmanson and 
Danckwerts (K18) using the kinetic methods suggested by Danckwerts. The 
technique of using a fast reaction (acid base with indicator) is similar to the 
fast combustion reaction method used by Hawthorne et al. (H3). There is the 
interesting possibility of combining the fiber-optic probe, mentioned above, 
with a system using the acid-base reaction. As indicated by Danckwerts (D7), 
the kinetic method will allow measurement of the distribution of deviations 
from the mean, and thus the intensity of segregation. However, in the photo-
graphic method selected by Kristmanson and Danckwerts, the data were not 
accurate enough to allow this calculation. 

The conductivity probe has gone through several stages of improvement to 
provide a response up to 8 kc./sec. A carrier frequency of 15 to 20 kc./sec. is 
necessary to prevent polarization effects. By using two electrodes of widely 
differing sizes, Lamb et al. (LI) estimated a volume of measurement of the 
order of 3 χ 10~5cm.3. The sample volume can be reduced somewhat (G6, 
G7) ; however, the 8-kc./sec. response (3 to 1 noise ratio) is probably near the 
top limit because of the problems associated with a carrier frequency system 
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(usually restricted to about one-quarter of the carrier frequency level). 
Unfortunately, important information lies beyond this range and probably 
should be obtained as far out as 50 kc./sec. or more. 

Rosensweig et al. (R5) use a smoke tracer in a gas stream; however, 
because of the very low diffusion of the smoke particles, the results would 
probably be more applicable to the liquid mixing problem. The method uses a 
narrow high intensity light beam and measures the light output at right angles 
(scattering or Tyndall effect) over a short length of the beam. This work is 
primarily the development of this novel technique; consequently, considerable 
detail is given to the estimation of errors in intensity and spectrum that would 
be caused by the finite volume of measurement. These are the errors common 
to all of the concentration measuring devices. The volume of measurement of 
Rosensweig's system was given as 3 χ 1 0 3 c m . 3 . The frequency response is 
limited only by the phototube used, and, with proper selection, could easily 
be as high as 1 Mc. Becker et al. (Β 15) have extended the work and concluded 
that the technique was excellent for relatively low frequencies or wave 
numbers, but that there was little hope that the method would ever be useful 
at very high frequencies, where molecular dissipation is controlling. 

The potentiometric probe is based on the electromotive force (e.m.f.) of 
a metal immersed in its ionic solution. A reversible cell, the silver-silver chlor-
ide electrode in a chloride solution has been investigated. This method has a 
very attractive feature in that it requires only one tiny wire to be placed in the 
region to be probed with reference to another electrode elsewhere in the system 
(the test volume is expected to be very small). This technique has some difficul-
ties associated with its use under the dynamic flowing systems of interest. One 
is the so-called "motor e.m.f. effect," i.e., the e.m.f. being induced by the 
flow velocity, which was found to constitute less than 2 % of total e.m.f. 
variation due to the concentration change alone. Other problems are the rate 
of response of the electrode to the concentration and the immunity of the 
electrode to the presence of impurities in water. Tests for the response to an 
approximate step change in concentration showed that the potential rises very 
rapidly at the initial stages but approaches gradually to the final level. The 
initial rapid rise was equivalent to the step change, but the over-all response 
was two orders of magnitude less. It is not known whether the slow over-all 
response is inherently characteristic of the silver-silver chloride system due to 
surface reaction kinetics or if it is an inherent characteristic of mass transfer 
due to the chosen mode of changing the concentration. Polarization problems 
do not exist with this probe, even though it operates as a d.c. system. This is 
because the actual current drain is restricted by using a 101 6-ohm input 
impedence amplifier.3 

3Recently completed tests showed that mass transfer at the electrode is probably con-
trolling and that no matter what the couple, this system will be limited to relatively low 
frequencies. 
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The light probe is based on the modern development of fiber-optics. A light 
probe consists of two, very fine, Fiberglas lines \ mm. o.d. whose ends can be 
bent 90° inward, so as to face each other. Alternatively, at the very end of the 
probe tip (the actual probe used in the work to be described), small prisms 
can be connected to the Fiberglas lines so that the optical paths are bent 
inward 90° to meet each other. The resulting small-volume element probed due 
to the optical path is 5.6 χ 10~4 cm. 3, which is in effect a small cylinder of 
I mm. diam. and 1 mm. long. This probe tip can be placed in the region to be 
studied. The other end, extending to the outside of the system, is attached to a 
light source and photomultiplier tube for conventional optical analysis. This 
technique, though the construction of a probe is not easy, has the advantage 
of producing measurements which have been widely used for various optical 
analyses. The probe volume can be reduced to as low as 3 χ 10~6 cm.3. 
The details of the entire probe system and possible improvements are described 
by Lee and Brodkey (L21). It is worth noting that the physical laws governing 
the above two kinds of scalar detecting probes, as well as a hot-wire or film 
probe, are nonlinear in nature. Therefore, the inherent error, when one mea-
sures a wide range of fluctuation, must be taken into consideration. 

When possible, mixing in the laminar flow regime should be avoided because 
of the relatively poor mixing which will be obtained. For gases, laminar 
mixing will depend mainly on spreading by various bulk diffusion processes, 
since molecular diffusion will probably ensure submicroscopic mixing by the 
time the contaminant is distributed over the volume. For liquids, consider-
ably more time will be required because of the low rate of molecular diffusion. 
For the limit, where the molecular diffusion is negligible and an increase in 
area by bulk diffusion does not result in any appreciable contribution from 
molecular effects, all mixing must come from distribution of the contaminant 
by bulk methods. In this class of materials are molten plastics and other 
highly viscous compounds. 

The subject of shear mixing has been treated by Spencer and Wiley (S7), 
Mohr et al. (M9, M10), and Mohr (M8). Spencer and Wiley developed equa-
tions to describe the increase in interfacial area in a system under shear. 
Mohr et al. expressed this area increase as a striation thickness, which can be 
pictured as a scale of segregation (note that the intensity of segregation is 
always unity in this idealized system). The smaller the striation thickness, the 
lower the scale, and the better the mixing. The thickness is related to the 
original surface, amount of shear, and system properties in the following 
manner : 

IV. Laminar Mixing 

(94) 



2. Fluid Motion and Mixing 67 

where L's is the striation thickness, lb the original side length (assumed a 
cube), Ms the net amount of shear supplied or product of shear rate and time, 
Yb volume fraction of B, and μω /χ6 respective viscosity of main material A 
and contaminant B. Application of Eq. (94) may be difficult because the deter-
mination of Ms for the given geometry may be quite complicated. Mohr et al. 
(M 10) illustrate the calculation for the single-screw extruder. This so-called 
"simple blending" process is anything but simple; however, it is outside of the 
main interest of the present chapter and the reader is referred to the excellent 
review by McKelvey (M14). 

V. Turbulent Mixing 

Because of the nature of the turbulent mixing problem, little is known about 
the actual mechanism. Consequently, an approach similar to statistical turbu-
lence is used; i.e., the problem is formulated rigorously in terms of statistical 
averages without references to any specific model. There are two important 
aspects of the problem. First, experimental information interpreted in terms 
of the theory may provide some insight into the actual mechanistic contribu-
tion of turbulence and of molecular diffusion to mixing, and second, with 
reasonable approximations for the mixing spectrum and boundary conditions, 
the theory can be used to predict the time of mixing under specific mixing 
conditions. Admittedly, we have not progressed in either direction as far as 
we would like; however, as will be seen, some progress for the estimation of 
pipeline mixing has been made. 

The statistical theory of turbulent mixing has been developed parallel to the 
turbulent motion problem. The basic linear equation for turbulent mixing is 
that of mass (or heat) conservation, which is the counterpart of the nonlinear 
Navier-Stokes equation for turbulent motion. It is obvious that the treatment 
of mass (or heat), which we shall call "scalar quantity," is much simpler than 
that of turbulent velocity, which is a vector quantity. However, the problem 
of turbulent mixing of a scalar quantity enjoys all the difficulties that turbulent 
motion does because-of the nonlinearity of the governing physical equations 
when expressed in terms of averages. Moreover, the velocity fluctuations are 
always introduced as a part of the unknown functions in the course of describ-
ing turbulent mixing in a turbulent field. Therefore, the evaluation of the 
various functions for turbulent motion, such as correlation and spectrum 
functions, must be available before one attempts to solve the turbulent mixing 
problem. The closure of the infinite set of moment equations in mixing is 
analogous to that of the motion problem, but for a different reason. In turbu-
lent motion, the closure problem is a direct consequence of the nonlinearity of 
the original equation of motion. However, in mixing it is caused by the 
nonlinearity in the stochastic variables even though the scalar conservation 
equation is essentially linear. The problem is a consequence of choosing 
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a statistical approach and by using averages ; for this a substantial penalty must 
be paid. 

In Section V,A, the analysis of turbulent mixing in an isotropic homoge-
neous turbulent field (the most idealized physical reality) is presented. If one 
assumes that this analysis can be applied to real shear problems, one can 
arrive at some sort of approximation to the mixing problem. If local isotropic 
turbulent conditions exist, then the approximation may be good; however, 
few experiments to indicate the degree of approach have been reported. 
In Section V,B is presented a discussion of the effect of turbulence on chemical 
reactions. Very little theoretical or experimental work has been done on 
turbulent mixing of two initially separated feed streams entering a reactor. 
Back-mixing (or self-mixing) of fluid elements that have been in a reactor for 
different lengths of time has been extensively studied. In Section V,C the anal-
ysis of turbulent mixing of a nonisotropic, inhomogeneous turbulent field (for 
both the scalar quantity and the velocity fluctuations) between two parallel 
walls is formulated. This is expected to be the actual physical situation under 
which turbulent mixing in a channel can be realized. The rigorous solution for 
the system of equations cannot be readily obtained by an approximation 
method and was not undertaken because of its extreme complexity. Another 
possibility will be briefly discussed ; this is a semiempirical approach, using the 
Broszko type of relation (Broszko, Β12), recently studied by Squire (S9, S10). 
In the final Section V,D, some recent experimental results will be presented 
and compared with theory. 

A. ISOTROPIC HOMOGENEOUS FIELD 

Consider turbulent mixing of a scalar quantity in an isotropic, homogeneous 
turbulent field for both the scalar and velocity fluctuations, in which neither 
mean velocity nor mean scalar quantity is present (i.e., only fluctuations of 
velocity and scalar quantity about zero exist). This is the simplest type of field 
and is known to be approximately realized in the center of a flow channel. 
The usual method of obtaining a dynamic equation of spectrum at two points 
in the field is as follows: Take two equations of mass conservation at two 
different points, multiply each equation by the scalar quantity fluctuations at 
the other point, add the two together, and average. To obtain the spectral 
form, the equation is transformed into wave number space. The equation in 
physical space shown below is analogous to the Kârmân-Howarth equation 
(46) for the velocity, and can be compared with that equation. 

dt [ if T r 
(95) 

In terms of spectrum, 

BEJik) 
« Ts(k) - 2Dmk*Es(k) (96) 

8t 
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where the subscript s in both equations refers to scalar concentration as 
contrasted to velocity. The latter equation is exactly analogous to the velocity 
spectrum equation (47). A scalar transfer function Ss(k) can be defined, as was 
done for velocity [(Eq. (48)] : 

k 

Ss(k) = - \Ts{k)dk (97) 
0 

and Eq. (96) becomes 

The methods used for solving Eq. (49) can be used to solve this equation. 
Among those to be briefly discussed are the phenomenological approximation 
(Section II,B,l ,h) which involves relating Ss(k) to Es(k) by an equation 
analogous to Heisenberg's form of Eq. (53). Brief mention will be made of 
some of the other closure procedures, which parallel those already discussed 
in conjunction with the velocity closure problem. However, before this, it 
will be well to first discuss the mixing mechanism further. 

Figure 19 is a composite of the intuitive and phenomenological results 
obtained previously on the velocity spectrum and from somewhat similar 

INERTIAL-CONVECTIVE VISCOUS-CONVECTIVE 

LOG k 

FIG. 19. Comparison of the scalar and velocity power spectra {D is molecular diffusivity). 
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analyses for the scalar field (B6-B7, C26-C27, 06 ) . For example, in the 
viscous-convective subrange, owing to the huge difference in ν and Dm (y\Dm 

^> 1), the spectrum of concentration fluctuations extends much further into 
the high wave number range than that of the velocity fluctuations. One would 
expect a range of Es(k) (concn.2-cm.) which would depend on (concn.2/ 
sec) , the pulling effect of the large velocity eddies which would stretch out the 
scalar blob [a strain rate parameter y(sec. - 1)] , and of course ^(cm.- 1) , but not 
on the diffusivity ,Dm, which would be important beyond the high wave number 
end of this subrange. Dimensionally, one must have 

£,(*) ~ fyk-1 

which is the form derived by Batcheior (B6) by both dimensional and analyt-
ical arguments. The high Schmidt number range is of major importance in 
liquid mixing systems, since the mass diffusivity is low. The qualitative effects 
of the velocity eddies on the scalar blobs have been shown in Fig. 17. In the 
top right drawing, the blob marked A is of the general shape one would 
expect from the action of eddies smaller than the blob (i.e., a situation that 
might exist in the inertial-convective subrange). The blob marked Β is of the 
shape one would expect from a pulling action of large velocity eddies on a 
smaller blob (i.e., a situation that might exist in the viscous-convective 
subrange). 

1. Consideration in Physical Space 

The limit of Eq. (95) as r -> 0 can be obtained if note is made that gs(0) 
is unity and k's(0) is zero : 

da^dt = 2Dma'>[g'M + 2^(0)] = 2 Z ) m a ' 2 [ | + i ] 

= - \2Dma'*lX*s (99) 

where, analogous to Eq. (72), 

A? = - 2 / f t ( 0 ) (100) 

Equation (99) can be rearranged : 

( Ι / α ' 2 ) (da'*/dt) = (1 / / , ) (dljdt) = - 12 (Z> m/AJ) (101) 

The analogous equation for velocity is found in the same manner, using Eqs. 
(46) and (72): 

du'*ldt = - l ( M w ' 2 M 2 ) (102) 

Equation (101) has a very simple form; the solution of such first-order 
equations can be obtained readily by quadrature, provided the time depen-
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dence of is specified explicitly. Corrsin (CIO) suggested a roundabout path 
to impose some restrictions of the turbulent field in order to justify the 
assumption that \ s has a very weak time dependence. He has further suggested 
that for a low Schmidt number 

λ?/λ* = 2DJv (103) 

With the use of this, Eq. (101) can be integrated to give an exponential decay 
law 

Is = e«* (104) 
where τ is 

r = A?/12Z)m= λ ψ ν (105) 

Using a different approach Corrsin (C20) has used the spectrum analysis of 
Batcheior (B6) to extend these results to the high Schmidt number range. He 
used an equation, based on the spectrum Es9 to establish Xs and thus the time 
constant from Eq. (105). First, for the low Schmidt number case (NSc < 1), 
Corrsin integrated the spectrum curve from kQs to kv, assessed the order of 
magnitude of the various terms after integration, and obtained the final 
result, which is 

= _ λ | 2__ 1 
T l2Dm- (3-N$c)(ekls)* 

where L S is the scalar macroscale defined by Eq. (88), ε is the velocity energy 
dissipation per unit mass given by Eq. (55), and k0s is the wave number 
representative of the large scalar blobs, which would be analogous to k0, 
associated with the energy-containing eddies. F rom the last part of Eq. (106) 
k0s has been eliminated by the approximate relation 

k0tS = (TT/5)L? (107) 

Finally, Corrsin has shown that Eq. (106) can be expressed in a form analo-
gous to (and more general) than Eq. (105); i.e., 

do J (^) \2Dm \\0vj \k0J (3-7Vs
2

c) 
(108) 

For this same case, Rosensweig (R9) has used for the spectrum the 
asymptotic form of the Karman interpolation formula (H5) at high Reynolds 
numbers. He obtained a result which is equivalent to 

IVY* 
" 1.44(e*g>s 

For a Schmidt number of unity, the difference between this and Eq. (106) is 

file:////0vj
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This latter form removes a criticism (L6) of the earlier work that it lacked 
dependence on the Schmidt number. As can be seen from Eq. (110), the 
requirement of no mixing in the limit of infinite Schmidt number is now 
satisfied (r = oo, which gives Is = 1 for all time). 

Corrsin (CIO, C20) has related the results of mixing without reaction to the 
more commonly measured variables of turbulence and mixing. Equation 
(106) suggests that the time constant should be proportional to-L 2/e. This is 
also the most important term in Eq. (110). Thus, one would want 

W = l ; / S ( in) 

where the prime denotes the scaled-up system. The velocity energy dissipation 
per unit mass is related to the power by 

Β=ηΡΙΜ (112) 

where η is the efficiency of turbulent production and M is the fluid mass. 
The combination of Eq. ( I l l ) with (112) gives 

JP'IM'L? = ηΡ/ML2 

where M is proportional to length cubed (Kz) and Ls is proportional to some 
length Ks. If the efficiency varies with equipment size then the result for the 
power is 

Ρ' = ΚηΚ*Κ*Ρ (113) 

If the efficiency is constant, 

P'=K*K2
SP (114) 

This specific result was presented by Corrsin (C20) and is a little different from 
that presented in reference (CIO), which was 

P'=K5P (115) 

While Κ depends on geometry, Ks would be expected to depend more on the 
nature of the injection of the material to be mixed. The fifth power can be 

a factor of 1.44. For zero Schmidt number, the difference is reduced to a 
factor of 1.44/1.5. 

For the high Schmidt number case, the time constant can be obtained by 
integration of the spectrum curve (a composite of the — 5/3 and — 1 subranges) 
from k0t5 to kB to give 
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derived also from pure blending relations (i.e., the number of tank turnovers 
held constant on scale-up); however, the empirical value is nearer to the 
fourth than the fifth power. From Eq. (114), one would expect between a third 
and fifth power dependency. 

Corrsin (C20) has considered scale-up for the high Schmidt number case in 
more detail. As a second approximation, he obtained from Eq. (110) 

Here, the scale-up relationship depends on actual physical properties. If the 
scalar injection were somehow maintained the same, the power would scale 
as Adjust as before. However, if Ks ^ K, the scaling would be less than K5, 
which is in good accord with experimental observations. 

Without reference to the moment equations, Hughes (H9) approached the 
problem by assuming local isotropic turbulence to be valid. The time necessary 
for the final diffusion was assumed to be similar to that given by Einstein's 
diffusion equation [see Eq. (3)] ; i.e., 

where η has been used to replace the mean displacement of a particle and is the 
characteristic length of a small-scale velocity energy eddy as defined by Eq. 

Hughes has used these equations to compute the minimum diffusion time for 
C 0 2 in several gases and liquids. Some of his representative values are 
tabulated in Table I. For most mixing problems in air, diffusion times are 
nil (exception maybe combustion processes). For liquids, the diffusion time 
may well be controlling. The equation 

and the empirical relation above can be combined to provide an estimate for 
λ2 in Eq. (105). Solving the combination of the two equations gives 

Assuming the same typical values of Lf and u' one can estimate a time 

(116) 

(54) 

λ 2 = 15ν«' 2/ε 

t = - {Lf\n Is)l0.66u' (117) 
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Time (sec.) 

Figs. 20 and 21 
Eq. Eq. 

Lf u' v (116) (117) One Sixteen 
(ft.) (ft./sec.) (mm.) nozzle nozzles 

In air 
0.2 4 0.09 0.0002 0.35 0.4 0.13 
2 4 0.16 0.0008 3.5 4 1.3 
2 10 0.08 0.0002 1.4 1.6 0.53 

In water 
0.1 0.1 0.16 7.67 7.0 19 17.3 
0.2 0.1 0.19 10.85 14.0 37 34 
0.2 0.4 0.07 1.4 3.5 9.3 8.6 

2 . Consideration in Wave Number Space 

The Heisenberg form of Eq. (53) can be used as a model for the transfer 
function for a scalar quantity, if the assumption is made that the mechanism 
of transfer is the same for the quantity as it is for momentum. The spectrum 
equation is 

Μ = _ _ (98) 
dt dk 

Equation (53) becomes 
oo k 

Ss{k) = 2jS J yjEik'W* dk' jk"2Es(k")dk" (118) 

k 0 

Combining these two equations gives 

dEX 
k 

k 

+ 2β jWkW* j k"2Es(k")dk" 

(Π9) 

Beek and Miller (B10) integrated Eq. (119) numerically for Es(k), and sub-
sequently integrated this term over all attainable values of k to obtain the 
scalar quantity intensity. A number of assumptions had to be introduced; for 

independent of v and Dm (thus not universally applicable). For a 99% decay, 
a comparison is given in Table I. 

Table I 

Minimum Diffusion Times for C 0 2 
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example, they adopted a physical model of isotropic turbulence, which is 
fictitiously enclosed in a pipe and conveyed by a uniform mean velocity. 
Turbulent shear flow does provide such a stationary turbulent velocity field 
but it is certainly not isotropic. Nevertheless, this is one of the few solutions 
to turbulent mixing available and thus should be considered further. 

The largest velocity eddy was taken as one-quarter of the pipe diameter: 

i · i (120) 

Multi-injection of the material to be mixed was introduced by using, as one 
parameter, a reduced wave number of the largest concentration eddy : 

Xo = >Jn (121) 

where η is the number of nozzles. Another parameter is 

U 

which can be combined with Eq. (120) and definitions to give 

" - a) Gy U) 
where 

(u'lU) = 0 . 5 6 / * * * 

can be used for the intensity in pipe flow. In this equation, / is the Fanning 
friction factor, and gs is a function given in Fig. 20 as a function of xs. Here xs 

is the reduced wave number (kslk0), characteristic of the smallest eddies ; this 
is given by 

ΗέΜΙϊΓ*0·164^* (123) 

where β, the constant in Eq. (118), was taken as 0.7; and ε, the power dis-
sipated per unit mass by turbulence, has been suggested as about half the 
total dissipation by Laufer (L3) : 

ε = / mid 
In order to obtain a unique solution of Eq. (119), one has to specify at least 
two boundary conditions. One is the initial scalar spectrum, which would 
depend on the injection system for the scalar contaminant. A Dirac (impulse) 
initial spectrum seems reasonable, which would mean that blobs of exactly 
uniform size are initially released. This can be visualized as uniform injectors 
in a pipeline system or injectors at the wall of a mixing vessel. If the initial 
spectrum is defined by a Gaussian distribution, it can be pictured as a wide 
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initial distribution with some average scale of segregation, but still an inten-
sity of segregation of unity. This might be visualized as the mixing occurring in 
a pipe beyond a mixing tee or injection directly into the impeller area in a 
mixing vessel. As is apparent there is a degree of arbitrariness involved in 
deciding on the relation between the initial eddy distribution and the physical 
dimension characterizing the injection system. By using Eq. (121), Beek and 
Miller have proposed to fix the initial wave number as yjnk0. There is little 
information available to evaluate this particular assumption. 

Figures 21 and 22 give the final results of the work for a ' = 1.6 χ 10~3 and 
8 χ 10~7, respectively. The Schmidt number was 1 and 2300, respectively, and 
the Reynolds number is 2.6 χ 10 4 for both figures. A dimensionless time of 
mixing, σ, is given by 

σ = kQu't (124) 

The difference between gases and liquids for an increasing initial wave 
number, which can be obtained by multiple injection, is striking. The effect 
on gases is quite large and on liquids small. 

Figure 23 gives the 99% decay time of the concentration intensity in liquids 
and gases as a function of the Reynolds number. For the specific case of one 
nozzle, the liquid mixing appears to be greatly influenced by the Reynolds 
number, while for gases there is little effect. However, this is misleading since 
σ is dependent ôn the Reynolds number through u'. If one computes an actual 
mixing time for a representative case by using Fig. 23 and estimated values of 
kQ and w', one finds that the time of mixing for both the liquid and gas systems 
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X s« k s/ k 0 

FIG. 20. The function gs as a function of the reduced wave number [by permission from 
Beek and Miller (BIO)]. 
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FIG. 22. The decay of the intensity of segregation for a high Schmidt number [by per-
mission from Beek, J., Jr., and Miller, R. S., Chem. Eng. Progr. Symp. Ser. No. 25, 55, 23 
(1959)]. 
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FIG. 21. The decay of the intensity of segregation for a low Schmidt number [by permis-
sion from Beek, J., Jr., and Miller, R. S., Chem. Eng. Progr. Symp. Ser. No. 25, 55, 23 
(1959)]. 

^ ^ ^ ' N ^ α ' = 8 x i o " 7 

S*. N R e= 2 . 6 x l 0 4 

N S c = 2 3 0 0 

N * 2 5 6 \ . 

o.oi I 1 1 1 ' 1 — ^ — 

0 2 4 6 8 1 0 1 2 
σ 



78 Robert S. Brodkey 

2 4 

2 0 
Xo-i 

N = l 
α' =0.01 

16 

12 

θ 

2 45x ΙΟ 3 2.5 χ ΙΟ4 2 . 5 χ Ι 0 5 2 .5χΙΟ β 

FIG. 2 3 . Ninety-nine per cent decay time as a function of Reynolds number [by per-
mission from Beek, J., Jr., and Miller, R. S., Chem. Eng. Progr. Symp. Ser. No. 25, 55, 2 3 
(1959)]. 

is highly dependent on the Reynolds number. Actually, σ can be better visual-
ized as a measure of the pipe length needed to obtain the mixing. The decrease 
in mixing time for the gas just compensates for the increase in velocity, and 
thus σ or the mixing length remains relatively constant. For liquids, the effect 
of the increase in turbulence more than offsets the increase in velocity and thus 
results in a net decreasing of the required length of pipe. 

In the solution of Eq. (119), values of Es(k) are obtained as a function of k 
and t. Figure 24 shows typical spectrum curves in dimensionless form. 
Here Es(x) is plotted against χ = k/k0, with σ of Eq. (124) as a parameter. 
The general shape of the Es(x) curves are considerably different for low and 
high Schmidt numbers. For the low Schmidt number case, the various 
equilibrium subranges for Es(k) essentially overlap those for E(k). Thus one 
might expect that Es(k) and E(k) are similar in shape. On the other hand, for 
the high Schmidt number range, Es(k) extends far beyond the cut off wave 
number for E(k). The convective subrange of the scalar field overlaps the 
dissipation subrange of the velocity field, thus apparently creating a state 
of imbalance between the convective and dissipative subranges for the scalar 
field. This was indicated by a hump in the higher wave number range for the 
scalar field; this hump seems to mark the separation between the two 
subranges. 

It has been suggested that the Reynolds number be used for scale-up of 
pipeline mixers. Some question as to the validity of this is suggested by 
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FIG. 2 4 . The scalar spectrum in dimensionless form [by permission from Beek and Miller 
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the previous analysis. For constant Reynolds number, xs is constant 
[Eq. (123)], gs is constant (Fig. 19), and u'jO is constant. Since Ό must be 
decreased to offset the increase in d for the same Reynolds number, u' must 
also decrease. Furthermore if d increases, k0 must decrease by Eq. (120). 
From Eq. (124), one sees that t must increase considerably for a given σ (the 
same as for a given Reynolds number) with an increase in d (actually with 
d2). However, since the time can be taken as L/Ό, t only increases with d; 
therefore, to obtain the same degree of mixing, one must also increase the 
length in proportion to the increase in d. Even scale-up on the same velocity 
will not be sufficient since the increase in Reynolds number causing an 
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increase in gs (from xs) will not offset the decrease in / enough to change 
u'jU appreciably, which must in turn offset the decrease in k 0 by Eq. (120). 
Thus in all scale-up cases, to obtain the same mixing one must also design 
for a greater length than in the smaller test section. 

A comparison of the theories can be made ; L r c a n be associated with the 
energy-containing eddies. F rom Hinze (H5), 

/, = l / * e - %Lf (125) 

where le and k0 are the scale and wave number associated with the energy-
containing eddies. This estimate of k0 enables calculation of time from Figs. 
21 and 22, Eq. (124), and the data in Table I. The comparison is made in the 
table. As can be seen, the estimated times are much longer, but probably more 
accurate, since neither Einstein's equation is assumed nor is a constant value 
of λ, used. 

A more refined approach to the homogeneous, isotropic turbulent mixing 
problem can be made by using the first two equations of the infinite set and 
closing these by making some reasonable assumption to relate the second-
and fourth-order moments. This is the cumulant discard approximation 
already used for the velocity field (Section II ,B,l ,h). The approach used here 
is analogous to that used by Tatsumi, in that the fourth-order moment is 
expressed as a bilinear combination of the second-order moments. Reid (R2) 
used the quasi-normality hypothesis for the velocity and scalar field; however, 
in his work he neglected all the terms proportional to molecular diffusivities. 
The solution is mathematically complex, and as already indicated for long 
times, the approximation leads to unreal results: i.e., a part of the spectrum 
decays so fast that it becomes negative, a physical impossibility (02) . 
Consequently, the derivation and results (L6, O l , 0 2 ) will not be discussed 
further here. 

Although not as much progress has been made as one would like to see, 
the calculations based on the idealized, homogeneous, isotropic turbulence 
are valuable, because they might represent an upper limit to the time of mixing 
required. From the velocity-spectrum data in pipes (L3), the eddy size appears 
smaller and the turbulent intensity greater near the wall than at the center-
line where approximate isotropic conditions have the best chance of existing. 
Thus, the mixing at the wall should be more rapid than at the centerline. As a 
result of this, the time of decay along the centerline may be a good measure of 
the total time required. 

B. CHEMICAL REACTION AND REACTORS 

An important subject area of mixing is the prediction of the effect of 
turbulence on chemical reactions. There are two main classes into which 
reactor problems can be placed. First, the mixing may be between two or more 
streams entering the reactor. This class of problems may be further sub-



2. Fluid Motion and Mixing 81 

divided into systems in which mixing is between initially separated compon-
ents of a reaction, or into systems in which mixing is between a diluent and 
initially together components of a reaction. In the limit of zero diffusivity for 
the first case (mixing between reactants), the only reaction that can occur is on 
the hypothetical surface between the reactants. The only effect of mixing is to 
increase the contact area. Clearly, this is close to the case when a reaction 
takes place between components in two immiscible streams. In the second case 
the mixing is a simple blending of a reaction mixture with a diluent. The 
reaction mixture itself, which is introduced as a uniform stream, may consist 
of one or more components. Here the reaction will occur no matter what the 
diffusivity; however, in some cases the diffusion can have a marked effect. The 
second main class of reactor problems is the mixing of a homogeneous fluid 
entering the reactor. A better description of this is self-mixing (LI); however, 
the use of this term is not widespread in the literature. In slowly reacting 
systems that are reasonably well mixed, the mixing is essentially completed 
before an appreciable amount of reaction has occurred; and such systems 
can be treated in this manner. 

Very little work has been done on the problem of reaction between initially 
separated components. On the theoretical side, Toor ( T i l ) has considered the 
enhancement of mixing caused by a rapid irreversible reaction between dilute 
materials with equal diffusivities. He showed that if the mixture was stoichio-
metric, the fractional conversion would be equal to the degree of mixing; i.e., 
1 — y/l5. The equivalence can easily be seen if it is remembered that the final 
mixing to a completely homogeneous system involves diffusion. For simple 
mixing each molecule that diffuses from the high to low concentration area has 
a double effect on the driving force by both reducing the high concentration 
and increasing the low. Of course, the diffusion is equimolal, and the solvent 
is also transferred. Now consider the rapid irreversible reaction in stoichio-
metric balance; the scalar material diffuses into the other material and reacts, 
and by equimolal counterdiffusion, the reverse occurs and also reacts. The net 
double effect is still present; however, the double reduction now occurs in the 
scalar field. On the average, one quantity of scalar material has moved out 
and reacted, and one has been removed by reaction within the field. Thus, for 
this special case, the reduction in diffusional driving force is the same, and the 
conversion is equivalent to the degree of mixing. For nonstoichiometric 
mixtures, Toor obtained an estimate for the increase in conversion as a 
function of the square root of the intensity of segregation by assuming a 
normal distribution of the concentration fluctuations about its mean. The 
results are shown in Fig. 25 where β is the ratio aCa0lbCb0 from the reaction 
aCa + bCb = products, and the subscript zero refers to initial values. Toor 
concluded that "increasing the concentration of one species . . . is most effective 
when a high conversion is required and the mixture is initially close to stoichio-
metric." These results can be used as an extension to any theory of mixing of 
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FIG. 25. Fractional conversion as a function of accomplished mixing [by permission from 
Toor, H. L., A.I.Ch.E. Journals, 70 (1962)]. 

nonreacting materials. Some verification of this theory is available: Keeler 
et al. (K24) measured the turbulent field behind a grid and were able to predict 
the conversion for an ammonium hydroxide, acetic acid reaction. Vassilatos 
and Toor (V3) obtained similar results for four different neutralization 
reactions (ionic) in a specially designed jet reactor; in this case the actual 
turbulent field was unknown, so that 1 — y]ls was established from the kinetic 
experiments at β = 1 and the 45° line on Fig. 25. Some of these results are 
shown in the figure. Similar experiments have been reported by Saidel and 
Hoelscher (S8) for a rapid irreversible second order reaction in the wake of a 
cylinder; however, a direct comparison was not possible because of the differ-
ent geometries. 

Isotropic theory as previously presented could be applied to mixing vessel 
problems with some degree of approximation. However, in this case, the 
turbulent field will decay also in certain regions of the mixer. Probably the 
only area which would approximate a constant turbulent field is that in the 
region in the immediate vicinity of the stirrer. 

The local mixing problem is simplified if one can assume a well-stirred 
system. Rosensweig (R9) has used this assumption to obtain a conservation 
statement for the concentration fluctuations in the vessel. This is 

Λ = 1 -
ÀB 

where τ ' is the mean residence time, and es is the scalar energy dissipation, 
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analogous to ε for the velocity energy. An alternate form is possible, since 

da'2 

dt 

which is given by Eq. (99). These two equations can be combined to give 

From Eqs. (105) through (110) τ can be estimated depending on the system. 
The conservation statement is as yet unproven, since no data for comparison 
are available. 

Experimental work has also been limited. Some turbulence measurements have 
been reported by Cutter (C19) and by Kim and Manning (K23); Manning and 
Wilhelm (M2) have surveyed the concentration field with a conductivity 
probe. Rice et al. (R8) considered the scale of mixing in a stirred vessel by 
following an acid-base reaction with an indicator. The system is pictured as 
the breakdown of the injected stream, by the turbulence, into small fixed-
geometry fluid elements, and the subsequent reaction of these as controlled by 
the rate of molecular diffusion. The data of Manning and Wilhelm were found 
to be consistent with the model. This is a simple phenomenological view of the 
process, and bypasses the details of the turbulent motion of the fluid, and in this 
respect is limited. 

Corrsin (C12) considered the simplest case of the blending of a single 
component undergoing reaction (the initially together problem). For a first-
order system, the equations are linear and it is easy to determine the effects of 
diffusion and reaction. In the derivation of Eq. (95), the added reaction term 
is — 2A:1a'2, which carries through the analysis, and Eq. (101) becomes 

where kx is the first-order reaction velocity constant. Under the same assump-
tions made previously, the equations through (105) follow directly; i.e., for 
Eq. (105) the modification gives 

which can be used in Eq. (104). As before, the diffusivity contributes to the 
decay of the fluctuation intensity but will have no effect on the mean con-
centration. The reaction, even in the absence of diffusion, will contribute to 
the decay of the fluctuation intensity [Eqs. (104) and (127)], but does so at 
exactly the same rate as it causes the decay in the mean concentration ; i.e., 

1 1 
(126) 

1 + (UDJXiy 1 + ( T ' / T ) 
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which can be compared to 

(ÂIÂ0f = e-2k>< 

as obtained directly from the rate equation dÂjdt = — k±Â. An important 
conclusion from this equation is that mixing and consequently molecular 
diffusion has no effect on the conversion of a first-order reaction. The system 
can be best pictured as a reacting mixture being mixed with a solvent stream. 
As before, the diffusivity reduces the concentration fluctuations ; superimposed 
on this is the reduction of the r.m.s. intensity and mean concentration at a 
fixed rate by the reaction. A second-order reaction is far more complicated, 
and has been considered only for certain limiting conditions such as extremely 
low turbulence and very slow or very fast reactions (C12). Even if more than 
one component is involved, if they are initially together, the reaction can occur 
in the absence of molecular diffusion. However, for other than first-order, if 
the diffusion does exist it will affect the degree of conversion. This can be 
illustrated by the second-order reaction rate equation : 

dÂjdt = - k2(Â
2 + a'2) 

where the diffusivity will influence a'2 and thus the rate. 
In a series of articles, Corrsin has considered the effect of a first-order 

reaction on the shape of the spectra shown in Fig. 19. The spectra of the 
reactants under various conditions (C14) of the products (C28) and of a 
slightly exothermic reaction (C29) have all been considered. Further exten-
sions have been given by Pao (P7). 

For many systems the definition of Is as a time average at a point is 
adequate for following the mixing problem, and is the ideal definition to use 
if its variation over the system being studied is meaningful and not too 
complicated. This is the case for the pipe mixer already cited, which was 
macroscopically uniform in the radial direction and for which the variation 
of Is occurred in the axial direction only. Another good example is the mis-
named ideal mixer (to be called the well-stirred mixer here), in which the 
contents are the same at every point and equal to the exit conditions. It is 
easy to imagine that this system might not be mixed at all or partially mixed in 
terms of the true local mixing Is. For example, if the molecular diffusion is 
zero, complete segregation will exist locally regardless of the homogeneity on 
the average; thus, Is will be unity. For finite diffusion, the value of Is will 
depend on the rate of mixing by turbulence. Perfect mixing (well-stirred) can 
be approached if the mixing time to local homogeneity is much less than the 
average residence time ( τ ' = VjQ, where F i s the mixer volume and Q is the 
volumetric flow rate through the system). In any case, Is has one value which 
is constant over the entire well-stirred mixer. 

Under many conditions a time average of terms at a point will not be 
adequate. To illustrate, let us consider a nonideal mixer, in which there is a 
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region of long holdup of one of the materials to be mixed. If we measure Is 

locally, its value may be nearly zero within and outside the holdup region, and 
yet since there are gross concentration variations, one cannot assume that the 
system is mixed. Thus the use of Is as defined is not meaningful and must be 
restricted to systems that are initially (and remain so) uniformly dispersed on 
a macroscopic scale. For systems in which gross variations occur, a space 
average at one time would be better (D8). This would be of the same form as 
Eq. (92) and would give a single value of the intensity for the entire system. 
The new intensity of segregation, which will be called Is>, would have the same 
properties as Is. For the continuous nonideai mixer, the contents are not the 
same at every point in the system, and thus, Is> cannot be zero. 

The second main class of mixing problems (self-mixing) has been more 
extensively studied and a good discussion of this can be found in the text by 
Levenspiel (L7). The use of the same general terminology for the very 
different physical process of mixing and self-mixing has led to some confu-
sion. Mixing has already been considered in some detail, and to provide the 
proper perspective a short discussion of self-mixing is in order. Self-mixing is 
also called "back-mixing" and is associated with the mixing of fluid elements 
that have been in the reactor or mixer for different lengths of time. By the 
very nature of involving a homogeneous fluid and not the mixing of two differ-
ent streams, molecular diffusion plays no part in the problem. Thus, an alter-
nate definition of the intensity of segregation is necessary. 

An intensity of segregation, 7a, is based on using the "age of a fluid at a 
point" rather than the previously used "concentration at a point" (D8). 
If α represents the mean age of the molecules in the system at some given time, 
a r.m.s. deviation of all the molecules in the system from this average can be 
determined : 

α' = \](<x — a ) 2 

A similar r.m.s. deviation can be determined for all points within the system; 
i.e., 

OLp = \J(0Lp-a)2 

where ocP is the mean age at a point. The intensity of segregation is defined as : 

4 = «;2K2 (128) 
If the system is segregated, each molecule is surrounded by other molecules of 
the same age. Thus, the mean age at a point (ocP) must be the same as the age of 
the molecules (a) in that point; since this is true everywhere, the deviation of 
all points and molecules must be the same, and 7a is unity. If the system is 
uniform, the mean age of the molecules at any point is the same and is equal to 
the mean age of all molecules in the system, so that ocP = α everywhere 
(ocp2 = 0), and 7 a is zero. In a nonideai system there will be a lower limit for 
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7 a; this lower limit can be estimated from residence time distribution data by 
the method proposed by Zwietering (Zl ) . 

The classical limiting cases of a plug-flow pipeline (no radial variation) and 
the well-stirred mixer are of interest. Along the axial direction of the pipe, 7a 

must be unity, since, within any point, molecules of the same age as the point 
are contained (plug-flow assumption); thus the mean-squared point deviation 
is the same as the mean-square molecule deviation. For the well-stirred mixer, 
there is complete self-mixing of the various elements and the mean age of the 
molecules at any point is the same and is equal to the mean age of all molecules 
in the system; thus, 7 a is zero. The plug-flow pipe or reactor and the well-
stirred mixer clearly represent the extremes of 7a. 

Depending on the mixing by the turbulence and the geometry of the system, 
the nonideai mixer will have a value of 7 a that will range from unity down to 
some minimum value. The minimum 7a corresponds to the state of maximum 
mixedness and can be determined for any given residence time distribution 
(Zl) . This lower limit assumes perfect local mixing (Is =•• 0), and requires two 
conditions to be met : 

(a) The molecules at each point will leave at the same moment. 
(b) Points that have equal life expectations are mixed, or at least have 

identical age distribution. 
The assumption and conditions state that all molecules which leave at the 
same moment are mixed (Is = 0) and have been mixed throughout their stay 
in the system. This means that the mixing prescribed by the residence time 
distribution occurs as early as possible, and thus a state of maximum mixed-
ness exists. The assumption of local mixing is important for if ls were unity, 
each point would contain molecules of the same age and 7a would be unity; 
this would be a state of complete segregation and not maximum mixedness. 

Possibly a clearer picture can be obtained from the work of Curl (C30) and 
Miller et al. (M 13) who have shown that a similar situation can exist in 
dispersed phase systems in which the reaction takes place in the dispersed 
phase only. The effect, a back-mixing, is caused by coalescence and re-
dispersion of the drops. When this is zero, the reaction occurs under complete 
segregation conditions. At very high rates of coalescence and redispersion, the 
reactor would approach well-mixed conditions. 

The effect of 7a on conversion of a chemical reaction depends on the order 
of the reaction (D8). With complete segregation, a gradient in concentration 
will exist because of the reaction ; the average reaction rate in the entire reactor 
would depend on the average of the local rates, i.e., on A n . For complete 
mixing (7a = 0), the rate would depend on Ân. For a first-order reaction, the 
two averages are equal (A1 = Â1) and there is no effect on a first-order reaction. 
For η > 1, A n > Â", and the reaction is faster in the completely segregated 
case. Just the opposite is true for η < 1. 

Zwietering (Zl ) has presented results for two specific residence time distri-
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butions, which correspond to two and three well-stirred mixers of equal 
volume in series. Four cases are considered for each: First, one can assume 
that the distribution is for a reactor for which the geometry is not specified, 
and can calculate the extremes of complete segregation and maximum 
mixedness. Second, one can assume that the geometry (two or three reactors 
in series) is known, and can calculate the extremes of complete segregation and 
molecular homogeneity for each mixer. The resulting values for Ia were as 
given in the accompanying tabulation. 

L for L for 
2 vessels 3 vessels 

Complete segregation 1.0000 1.0000 
Real segregated vessels 0.7143 0.6250 
Real ideally mixed vessels 0.1429 0.2500 
Maximum mixedness 0.0275 0.0831 

In addition to the intensities of segregation, Zwietering obtained the conver-
sions for a second-order reaction; he considered the reaction in one incoming 
stream, so that reaction would occur in the case of complete segregation. 

From the foregoing discussion, it is clear that the residence-time distribution 
is also an important characteristic of mixing systems. The distributions are 
known for most of the limiting cases; however, for the nonideai mixer some 
model for the fluid motion and back-mixing in the vessel is necessary. The 
degree of nonideality will depend on the particular geometry and operating 
characteristics selected, and thus one would expect a great number of possible 
models, depending on such variables as type of stirrer, number and placement 
of baffles, and location of injectors. To consider this in detail is beyond the 
scope of this section, and the reader is referred to the references (A2, A3, C21, 
D9, G4, G5, L7, L22, L23, M12, VI , W8), which treat models designed to rep-
resent the fluid residence-time distribution, the effect of the distribution on 
conversion for segregation and maximum mixedness, and some comparison 
with experimental data. The various models generally involve the use of 
short-circuiting (bypassing or channeling), stagnant zones (dead space), or a 
transfer between a piston flow and the bulk of the fluid. 

C. NONISOTROPIC INHOMOGENEOUS FIELD 

Scalar mixing in a nondecaying turbulent velocity field can be formulated 
from the viewpoint of a Eulerian shear flow type of analysis. Starting frpm 
a nonisotropic inhomogeneous turbulent field for both the scalar quantity and 
the velocity fluctuations between two parallel walls, the equations for the mean 
value and other moment values at one point in the field can be readily 
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da'2 ^ rjda'2 ^ T_dÂ d — d2a'2 . n (da\ /da\ n im 

Here, again, we are confronted with the stumbling block in the turbulent 
problem; i.e., the system of equations for the mean value and other moment 
values is not determinate by itself. 

The system of Eqs. (129) and (130) can be closed with an additional 
dynamic equation obtained at two points in a nonisotropic inhomogeneous 
turbulent field. The rigorous dynamic equation for scalar mixing in such a 
field is so complicated and mathematically intractable as to be of no practical 
use. Therefore, some plausible simplifying assumptions have to be intro-
duced. The conditions of " local" homogeneity were applied toward the mean 
flow direction inasmuch as the correlation and spectrum functions are evalu-
ated. Also, it was assumed that the mean velocity gradient and mean scalar 
quantity gradient were constant for the derivation ; however, this restriction 
was removed for the later use of the dynamic equation. With the above 
simplifications, the desired dynamic equation is 

- - 20-'!£·« ( ,31> 

where 

For scalar mixing in a channel, the system of Eqs. (129), (130), and (131) is 
simplified considerably because of geometrical symmetry. It is simplified 
further, if one neglects the axial gradient compared with that of the radial. 
This simplification is generally accepted at high flow rates, and gives 

(133) 

(134) 

obtained from the equation of mass conservation and the Navier-Stokes 
equation. The equation for mean value can be written as 

dA , ΓτθΑ d _ ^ d2Â 

dt dxi dxt dxidxi 

and the equation for the scalar quantity intensity takes the following form: 



2. Fluid Motion and Mixing 89 

and 

'2 

0 

(I) ο=lk*m)dk (i37) 

Further, approximating the one extra term by [Emmons (E4) and Rotta 
( R 6 . R 7 ) ] 

- Φ'Έ] <138> 
where β is a dimensionless constant, and ls is a characteristic length scale for 
the scalar defined by 

2 i (139) 

Equations (133), (134), and (135), together with the relations given as Eqs. 
(136) to (139), give a series of equations which will allow determination of 
Â, να, a', and Es(k). It is necessary to use an estimation of the transfer 
function Ts(k) from either Eq. (53), Batchelor et al. (B7), or from isotropic 
theory. A semiempirical equation [such as Pai's (PI)] can be used for the mean 
velocity profile. It is obvious that the solution is complex, and no attempt has 
yet been made to solve the series of equations. The problem is essentially a 
two-dimensional one, because mixing occurs strongly in the radial as well 
as in the axial direction. This makes it considerably more difficult than 
stationary, fully developed, turbulent shear flow in a channel, which reduces 
nicely to a one-dimensional problem, previously studied by Rotta (R6, R7), 
Chou (C8,) Emmons (E4), and Davidov (D3). 

There is a possibility of using the Broszko relation (B12), which is not 
widely known among fluid dynamicists. The Broszko relations, relating mean 
value to a statistical quantity in a simple form, are expected to supplement the 
Reynolds averaged equations of motion, thus reducing them to a determinate 
system of equations in a rational manner. Recently, Squire (S9, S10) re-
formulated this approach in terms of the modern concept of the double 
structure of turbulent motion and applied it to the various flow problems of 
practical interest. 

In addition, the following are valid : 

00 

jm)dk (136) 
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Even though the proposed Broszko relation for pipe or channel flow does 
not seem convincing, it is not obvious how to criticize it rationally. However, 
it has recently been shown [Lee and Brodkey (L5)] that the system of equations 
supplemented by an additional Broszko relation, for pipe or channel flow, 
suffers an internal inconsistency. Certainly, the proof removes the rationality 
of the proposed Broszko relations, yet the possibility of applying a similar 
concept in a modified form to scalar mixing cannot be considered exhausted 
in toto. If the basic assumption used by Broszko is valid for a scalar field, the 
resulting conclusion is that 

û~v 
αν = (Â-Âw) ç (140) 

where Âw is a concentration at the wall. This equation, when combined 
with Eq. (133) and the Pai (PI) solution for U and uv, would determine av 
and Â. Equation (134) and Eqs. (136) to (139) could then be used to obtain 
a' and Es(k)9 without the use of Eq. (135). The value of this greatly simplified 
approach for shear flow will depend on the validity of Eqs. (136) to (140). 
Equation (140) must be verified from known experimental results. 

In order to test the functional relation suggested by Eq. (140), it is necessary 
to have simultaneous measurements for the four quantities independently 
appearing in the equation. At present, unfortunately, no such information 
is available; therefore, it is necessary to make an indirect and inaccurate 
confirmation using the measurements for mean velocity and scalar quantity 
profiles in a pipe. 

For pipe flow, the eddy diffusivity is defined as 

_ 3Â 
v a = - e— (141) 

and the similar expression for the Reynolds shear stress becomes 

dU 
u v = - e w (142) 

where ε is an eddy viscosity. 
Equations (141) and (142) can be combined to yield 

uv 1 dU/dr J 

where OLT = eje. The prediction of proper values for the ratio ocT for different 
flow problems has been the topic for many researchers; however, it is reason-
able to call this ratio a measure of our ignorance of turbulent shear flow. 

Comparing Eq. (143) with the relation (140), one immediately finds that 

Â - 4> _ a àAjàr_ 
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Since Âw does not depend on r and if one chooses the following normalized 
variables (t/)„ = O\Om and (A)n = (A - Aw)/(Am - Àw), Eq. (144) can 
be rewritten as 

a T = (145) 

where the subscript m refers to the maximum value. 
Equations (144) and (145) are identical with the relations from similarity 

considerations found by Hinze and van der Hegge Zijnen (H6) for the jet. 
Recently Sparks (S5) and Sparks and Hoelscher (S6) used the same relation in 
connection with the turbulent mixing problem behind a cylinder in a water 
tunnel. 

Unfortunately, the above arguments cannot be taken as a confirmation for 
the suggested relation (140) because it is known that there is a fundamental 
difference in the turbulent structures between jet and pipe flows. However, the 
work of Sleicher (S4) does provide accurate measurements of the temperature 
distribution in turbulent pipe flow and can be used in an attempt to test the 
relation. Sleicher calculated e s from the temperature distribution by numerical 
differentiation, and ε from the differentiation of an average velocity profile. 
His results for a Reynolds number of 39,000 are shown in Fig. 26 in terms of 
ocT vs. y + . A recalculation of ε by graphical differentiation of his measured 
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FIG. 26. Comparison of Eq. (140) with literature data. 
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velocity distribution can be combined with the reported es; the results are 
shown in the figure. Finally, the values of OLT computed from Eq. (145) 
using Sleicher's distributions are also shown in the figure for comparison. 
Similar results using the measurements taken at a Reynolds number of 14,000 
were obtained. 

The agreement is not excellent, but the relation is at least approximately 
correct, considering the inaccuracy involved in the graphical numerical 
methods. At this stage one cannot expound the validity of the relation ; that 
must wait until direct measurements are made for all terms appearing in Eq. 
(140). 

D . EXPERIMENTAL RESULTS 

In the past, most of the experimental effort has dealt with wind tunnel and 
pipe flow, in which temperature was the scalar quantity contaminant in a 
relatively isotropic turbulent field of air. Lee and Brodkey (L6, L20) studied 
the mixing of a secondary dye stream in a nondecaying turbulent field of water 
(a 3-in. pipe system), while Gibson and Schwarz (G6, G7) studied the mixing 
of salt solution in a decaying turbulent field behind a grid (a 6-in. water tunnel 
system). In all of these experiments, the authors made extensive measurements 
of the concentration and velocity fields (mean values, fluctuation intensities, 
and spectrum of fluctuations). The important difference between these and 
earlier experiments is the use of mass as the scalar quantity in a water system. 
This gives a high Schmidt number and thus makes the molecular mixing 
process an important contributor to the mixing time. 

The equipment is described in detail in the references cited. Both investiga-
tors used a hot-film probe (see Section ΙΙ,Β,Ι,/) to measure the velocity field, 
but differed in their means of measuring the concentration field. Lee and 
Brodkey used the light probe described in Section ΙΙΙ ,Β. The 3-db. drop point 
of the frequency response of the detecting system was 10,000 c.p.s. For 
spectrum measurements, corrections were made out to the maximum 
frequency considered (18,000 c.p.s.) (L21). Gibson and Schwarz used a 
modified version of the conductivity probe described in Section ΙΙΙ,Β. The 
3-db. point was a little less than 6000 c.p.s., and the probe volume was 
probably less than 10~ 5cc. 

Lee (L6) made mean and fluctuating velocity measurements in the direction 
of flow. Cohen (C22) has made extensive measurements of all of the Reynolds 
stresses at two Reynolds numbers. 

In contrast to the pipe flow, Gibson and Schwarz had a decaying turbulent 
field which was very constant radially over the central half of the tunnel. 
The velocity decay over the first 80 mesh diameters (length to grid mesh 
spacing) agreed well with the linear decay of air data. Beyond this point, the 
core velocity intensity fell off and may have been becoming more characteristic 
of channel flow than of the decay behind the grid. 
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The measurements for turbulent mixing in the pipe by Lee and Brodkey 
were made at separation distances of 1, 3, 6, 9, and 12 in. and at 6 in. intervals 
from there on, to a total distance of 90 in. from the injection point. The mean 
concentration profiles had a bell shape which spread progressively toward the 
wall with decreasing height, as in a jet. Since the pipe wall was impermeable, 
the profiles become flattened as the mean concentration profile approaches the 
final uniform concentration at the downstream end (see Fig. 27, for example). 
The mean concentration profiles obey the conservation law, which states that 
the flow rate of the dye must remain unchanged downstream in the absence of 
a sink and/or a source in the flow system. The mean velocity and concentration 
profiles allow computation of the ratio of eddy diffusivity and eddy viscosity 
ocT, by a numerical method. The result indicates that <xT is around 0.8 for 
separation distances up to 24 in. but increases rapidly to almost 160 at a 
separation distance of 84 in. due to the flattening of the mean concentration 
profiles. The nonuniformity in the values of a T limits the usefulness of this 
phenomenological approach. A review of much of the data of this type can be 
found in the article by Sparks and Hoelscher (S6). 

The intensity of the concentration fluctuations in the pipe was measured 
simultaneously with the mean concentration profile. The intensity decays 
rapidly with distance, as does the mean concentration profile (see Fig. 28, for 
example). Generally speaking, the fluctuations of concentration persist for 
a long t ime 4, however, from visual observation alone, one might conclude that 
the mixing of the injected dye into the water flow is extremely fast. This is 
misleading because the mean concentration profile spreads over the cross 
section of a pipe so that at a separation distance of 30 in. from the injection 
point, neither the human eye nor photographic devices will have sufficient 
resolving power to detect the persisting small-scale fluctuations. Since the 
intensity of concentration fluctuations remains highest along the centerline, 
this area can be used as an upper bound for the decay of intensity in the whole 
region of a pipe. This, in turn, permits introduction of the assumption of 
isotropy. By this it was not meant to imply that the flow was isotropic, but 
rather that isotropic theory could provide a crude estimate to the mixing at 
the centerline even though the flow was of a shear type. If the prediction was 
reasonable, then it would also serve as an estimate for the total mixing time 
required. This would constitute a use of isotropic theory, not a proof. 

First let us consider the equation for the decay of normalized intensity 
obtained by Corrsin. For use in Eq. (108), λ, was obtained from the spectrum 
measurements as follows: The relative spectrum is adjusted uniformly so 
that the relation 

4 In what follows it will be assumed that time and distance from the injection point can 
be related by the uniform translational mean velocity, and thus will be used interchangeably. 

o o 

(146) 
0 
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is satisfied. The velocity energy dissipation can then be determined from 

00 

ε = 15 ν fk2</>(k)dk (147) 
ο 

and λ in turn from 

λ 2 = I5v i<'*/e (148) 

For the specific case under consideration, the mean velocity squared was 
5.41 cm.2/sec. 2, and the calculated energy dissipation was 14.9 cm.2/sec. 3. 
For a kinematic viscosity of 0.01 cm. 2/ sec , Eq. (148) and the above values 
give 0.233 cm. for the microscale. The actual elapsed time in Eq. (104) can be 
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FIG. 2 8 . Root-mean-square concentration fluctuation. 
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replaced by the length traveled by a blob of fluid moving at the central 
maximum mean velocity Um ; that is, 

(149) 

where L denotes the length from the injection point. The maximum mean 
velocity was 55.7 cm/sec , and with this, the right side of Eq. (104), using 
Eq. (108) becomes exp {-i/0.362} = exp {-1.52L} for NSc = 0, or exp 
{ — i/0.544} = exp{ — 1.00L} for NSc = 1, where t is in seconds and L is in feet. 
For this calculation it was assumed that k0 ^ k0>J9 since the measurements were 
made after the dye was dispersed across the pipe cross section. The curves for 
low NSc fall considerably below the data ; this is to be expected (see Fig. 29), 
since under these conditions, g a G e o u s systems would mix more rapidly than 
liquids. 

The low Schmidt number case can be extended to the high Schmidt number 
range, since the scalar macroscale should depend on the manner of injection 
and not upon the Schmidt number level. Equations (106) and (108) can be 
combined to give 
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which together with the value of the microscale and the assumption that 

ko = ko,s g i y e s a value for the term 

This in turn can be used in Eq. (110), with ε from velocity spectrum measure-
ments, to give the time constant for the decay. Two main assumptions have 
been made in this analysis. First, k0 = k0s was assumed valid since the 
measurements were made after the dye was dispersed across the pipe cross 
section. Second, the term S of Eq. (151) was estimated from the equation for 
the low Schmidt number case, since the scalar macroscale should depend on 
the manner of injection and not upon the Schmidt number level. The Schmidt 
number is 7760, corresponding to a molecular diffusivity of 1.288 χ 10~6 

cm.2/sec. Thus, From Eq. (110), the time constant is 

τ = £[3(0.544) + (0.01/14.9)* In 7760] = 0.932 sec. 

The coefficient for the decay in terms of feet drops to 0.587, which is also 
shown in Fig. 29. The analysis is not an exact solution to the isotropic mixing 
problem and is even more approximate for the shear flow; thus, the coeffi-
cients are not expected to be exactly correct. The test of the equations is very 
stringent in that ratios of low to high Schmidt number experiments are not 
used so that the absolute values of the constants fall out. Thus one must 
consider the curve to be a very good estimate of mixing. 

For general use in mixing calculations the estimation of the microscale from 
the velocity spectrum is not desirable, since this measurement may not always 
be available. Thus the following semiempirical method is a possible alternative. 
The microscale can be obtained from the empirical relation 

where A is a numerical constant of about 1.1. The macroscale can be approxi-
mated by (H5) 

Unlike the small eddies the average size of the energy-containing eddies is 
influenced by the linear dimension of the pipe from which it received the energy 
directly. The following relation can then be written on a dimensional basis 

(151) 

λ2 = lOvLf/Au' (152) 

(153) 

(154) 

where C 2 is dimensionless and which Beek and Miller (B10) suggested as 
having a value of one-half. Combining Eqs. (152), (153), and (154) into Eqs. 
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(150) and (151), one can obtain an estimate for the term S for the low Schmidt 
number case 

where k0 has been assumed to be equal to k0tS. This estimate of S would be 
used in Eq. (110) to estimate the time constant. For the one case available, the 
term S from the estimate was less than 3 % higher than that from using the 
experimental value of λ. 

The result of Beek and Miller can also be compared with the experimental 
points. To do this the time σ must be expressed in terms of the pipe length. 
Their curve estimated for a value of C 2 of one-fourth is also shown in Fig. 29. 
The value of C 2 is lower than expected, but the actual shape of the decay curve 
is closer to that observed than the straight line of Eq. (104). 

The simplified theory of Hughes (Section V,A,1) does not do well; one can 
estimate a mixing length requirement of 98 ft. It is not clear just what this 
length means; however, it appears to represent some sort of an upper limit. 
The extreme length is caused by the inverse dependency on the molecular 
diffusion. This does not exist to such a marked degree in the other theories. 

It is clear that the decay of normalized concentration fluctuation intensity 
roughly follows the exponential law and the scalar contaminant has decayed 
at nearly 99% of the initial value at 90 in. downstream from the injection 
point. In retrospect, for the prediction of the decay of concentration fluctuation 
intensity, the results of Corrsin and of Beek and Miller (with C 2 as one-fourth 
rather than one-half) seem to provide the necessary information, and can be 
considered useful for practical problems. There is a suspicion that the decay 
of concentration fluctuations is insensitive to the mode of closure approxi-
mation, and does not reflect the details of the turbulent mixing dynamics. 
This is because the decay of concentration fluctuation intensity is obtained 
from the concentration spectrum by integration over wave number space, 
which is undoubtedly a smoothing process. 

The spectra for the concentration fluctuations measured at 1, 3, 5, and 6 ft. 
from the injection point in the pipe are presented in Fig. 30. The spectrum for 
the velocity fluctuations at the centerline is included on the same ordinate 
scale for easy comparison. N o corrections were made for the finite size of the 
probes. The velocity spectrum does not show a wave number range of —5/3 
power as local isotropic turbulent theory predicts. The concentration spectra 
at various separation distances are presented on the same normalized ordinate 
scale for better comparison; they would otherwise decay according to the 
concentration intensity fluctuation. The spectra of 1 and 3 ft. differ not only 
from each other but also from those taken at 5 and 6 ft. At 1 ft. the spectrum 
drops with a — 5/3 power for high k, and it is suspected that the breakup of the 
large concentration eddies to smaller ones is by a local cascade process. The 

(155) 



appearance of the —5/3 power wave number range should not be associated 
with the consequence of local isotropy, since this does not exist in the velocity 
field. Owing to the huge difference in ν and Dm in water, the concentration 
spectrum extends to higher wave numbers than that of the velocity ; therefore, 
the dissipation subrange for the velocity fluctuations corresponds roughly to 
the convective subrange of the concentration fluctuations and thus enhances 
the cascade process. 

As time progresses, the smaller eddies cannot be diffused as fast as they are 
supplied from the convective subrange, due to the small value of Dm. A state of 
imbalance results between the supply and diffusional dissipation. This was 
clearly demonstrated by the spectra at 3, 5, and 6 ft., which not only have a 
flattened spectrum for the convective subrange and a steeper spectrum for the 
dissipation subrange but also show a small hump. The location of the hump 
on the concentration spectra shifts gradually to smaller k as the separation 
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distance increases. This is not in accord with the theoretical predictions of 
Beek and Miller; furthermore, the imbalance in the form of the hump appears 
to be less dramatic than suggested by their computations. Nevertheless the 
theory predicts the hump and in approximately the correct position. 

In certain respects the water tunnel data of Gibson and Schwarz are quite 
different from those obtained for pipe flow by Lee and Brodkey. Mention has 
already been made of the difference in the velocity field. The spectra were 
similar when presented on the same universal co-ordinates ; however, at the 
Reynolds number considered in the pipe flow, there was no — 5/3 power range. 
The decay of the scalar quantity is very different. The pipe-flow intensity 
decayed exponentially as expected in a stationary (nondecaying) velocity 
field, while the water tunnel intensity decayed with a —3/2 power relation as 
expected in a decaying velocity field in the initial period of decay. This period 
behind a grid is quite different from stationary pipe turbulence, and the 
observed differences in the scalar decay are expected. 

The spectrum results were also different. Gibson and Schwarz showed a 
— 5/3 range and a flattening toward a — 1 region. They did not observe the 
dip and hump as did Lee and Brodkey ; however, this is to be expected. For the 
initial part of the decay Lee and Brodkey also did not observe the dip and 
hump but rather an extended —5/3 region. The dip and hump appeared at 
points farther removed from the injection point; the time delay presumably 
allowed for the formation of the imbalance between the removal of the small 
concentration eddies by the small velocity eddies, and the transfer to higher 
values of k. The time of transit to this point was greater than the corresponding 
time used in the experiments of Gibson and Schwarz; thus, one might not 
have expected to see the dip and hump since not enough time had transpired. 

VI. Summary and Prospectus 

This summary points out the progress in the field of mixing research and 
indicates some of the areas in need of future research. Mixing is a combination 
of one or more of the many possible diffusional operations. When only one is 
involved, our present state of knowledge is usually sufficient to allow the 
calculation of the rate of the expected spread and degree of homogeneity 
obtained. Our major problem exists in combined operations, especially where 
the combination may be nonlinear, as in turbulence. However, a beginning 
has been made. Even so, our discussion has been restricted to relatively 
simple systems, such as conduits, packed beds, fluidized beds, single jets, and 
cylinder wakes. In the more complicated geometric systems (such as propellers, 
turbines, and paddles in tanks, two phase systems, and opposed jets), the 
basic equations are still valid ; however, we may find that the more complex 
boundary conditions preclude simple solutions. 

In the very important area of homogeneous reaction kinetics, the need for 
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a fundamental knowledge of mixing is self-evident. In general, several diffu-
sional operations are involved, one always being the molecular diffusion 
necessary to bring individual molecules together. In turbulent mixing, 
theoretical advances are as noteworthy as the lack of experimental results 
because of the extreme difficulty of measuring concentration fluctuations. 
There is considerable effort being directed toward obtaining the required 
data, and it is hoped that more will be seen in the literature on this subject 
within the next few years. The difficulty stems from the need to use concentra-
tion measurements in a liquid system. The status of the work in the field as 
known to the author has been reviewed in the preceeding section. Further 
attempts are needed in solving the integral equation resulting from the first 
random model approximation. Verification of the relation (140) by direct 
measurement would be most helpful. Above all, considerable additional 
experimental information is needed on the details of the mixing as measured 
by probes studying extremely small volumes. 

At the other extreme, laminar mixing without molecular diffusion is in need 
of a quantitative measurement of the scale of segregation, so that comparisons 
can be made with the theoretical estimates of striation thickness obtained from 
shear calculations or measurements. 

Axial bulk diffusion in a liquid flowing in a packed bed has not been satis-
factorily treated theoretically. A good model is not available. Further experi-
mental work is needed to aid in explaining the large differences in diffusion 
coefficients reported in the literature ; data are especially needed at lower and 
higher modified Reynolds numbers. This latter information may help to 
establish a model for the flow. 

Axial and radial bulk diffusion of gases and radial bulk diffusion of liquids 
in packed beds appears to have been satisfactorily determined by both theory 
and experiment although the data are limited (in one case, one particle size 
only). Bulk diffusion in pipes has also been treated by theory and confirmed 
by experiments. Of course, improvements in these areas can be made; the 
confirmation of theories by experiments are, in all cases, close but not exact. 

Axial bulk diffusion in a gas fluidized bed is not adequately described by a 
constant axial diffusion coefficient. Although it has been shown to be satis-
factory for a small diameter bed (15 in.), it is very poor for a large bed (5 ft.). 
A new description of the solids circulation is needed that does not depend on 
a gradient type of analysis (Fick's second law). No theories have been present-
ed to allow estimation of either the axial or radial diffusion coefficients in 
liquid or gas-fluidized systems. It should be noted, however, that the radial 
bulk diffusion in a liquid fluidized system does follow Taylor's eddy diffusion 
laws. The necessary Lagrangian correlation (or some equivalent information) 
must still be obtained from experimental measurements. 
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List of Symbols 
A constant 
A area, ft2 

À average concentration fraction of A in a mixture 
a instantaneous concentration fraction of a scalar quantity 

a' r.m.s. value of the concentration fraction fluctuation of a scalar quantity 
aT r.m.s. value of the concentration fraction fluctuation of a scalar quantity over a 

distance r 
dy r.m.s. value of the concentration fraction fluctuation of a scalar quantity over 

a volume V 
oui scalar-velocity double correlation 

a2Ui scalar-velocity triple correlation 
Β constant 
Β average concentration of Β in a mixture 

C, c constants 
COr) concentration correlation function defined by Eq. (87) 

Ca concentration of component a, lb.-moles./ft.3 

d diameter, ft. 
dk dk = dkidkjdkk 
dr differential length along r 
Dr radial bulk diffusivity, ft.2/sec. 
Da axial bulk diffusivity, ft.2/sec. 
Dm mass diffusivity, ft.2/sec. 
Ds solids mixing bulk diffusion for a fluidized bed, ft.2/sec. 

Eij(k) integrated spectrum function defined by Eq. (36) 
E{k) energy spectrum function defined by Eq. (37) 

e natural base, 2.71828. . . 
F force, external 
/ Fanning friction factor 

f (x) function of χ 
f (r) isotropic correlation function defined by Eq. (12) 
g(r) isotropic correlation function defined by Eq. (13) 

gs function given in Fig. 19 
h(r) isotropic triple correlation function defined by Eq. (20) 

ls intensity of segregation defined by Eq. (92) 

i, j , k unit vectors in the x, y, z, directions, respectively 
k wave number vector 
k |k| 
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k(r) isotropic triple correlation function defined by Eq. (20) 
k0 wave number of largest velocity eddy 
L Eulerian scale, ft. 

Lf, Lg isotropic Eulerian scales in the longitudinal [Eq. (23)] and lateral [Eq. (24)] 
directions, respectively, ft. 

LL Lagrangian length scale defined by Eq. (27), ft. 
L5 linear scale defined by Eq. (88), ft. 
L's striation thickness (like a linear scale), ft. 

/ scale of eddies, ft. 
lb length, ft. 
lg characteristic length scale defined by Eq. (139), ft. 

M fluid mass, lb. 
Ms amount of shear 

η number of nozzles, frequency 
Na mass transfer rate of component a, lb.-moles./sec. 

NPc Peclet number, dV\Dm 

NRe Reynolds number, d Vpjμ 
NSc Schmidt number, vjDm 

Νκυ,λ Reynolds number based on the microscale λ [Eq. (71 )] 
Ρ power 
ρ pressure, lb^/ft.2 

Q(r) vector correlation defined by Eq. (7) 
Q//(r) vector correlation defined by Eq. (8) 
Qij(0) energy tensor defined by Eq. (32) 

q(r) isotropic triple correlation function defined by Eq. (20) 
r vector distance, ft. 

Rijix) correlation function defined by Eq. (9) 
Rlu(t) Lagrangian correlation function defined by Eq. (15) 

RL(T) Lagrangian isotropic correlation function defined by Eq. (16) 
R(r, τ ) Eulerian space-time correlation function 

r r = |r| = y/x* + y2 + z2 

S point source of strength S (amount per unit time) 
Sijk(r) triple correlation vector defined by Eq. ( 19) 

S(k) transfer function defined by Eq. (48) 
TL Lagrangian time scale defined by Eq. (26) 

T(k) transfer term (transform of the triple velocity correlation) 
t time, sec. 

tD decay time, sec. 
U, V, W components of the instantaneous velocity V, in the x, y, z-directions, respectively 

ft/sec. 
w, v, w components of the fluctuating parts of the instantaneous velocity V, in the 

x, y, z-directions, respectively, ft./sec. 
U, V, W components of the mean velocity in the x, y, z-directions, respectively, ft./sec. 

u', v', w' r.m.s. value of u, v, w, respectively, ft./sec. 
vu, mi, vw components of the eddy, turbulent, or Reynolds stress 

U* friction velocity, = \ / T J P , ft./sec. 
Ui,p derivative of velocity in ρ direction, defined by Eq. (132) 

V mean velocity (averaged over the cross section) ; volume 
V instantaneous velocity vector, ft./sec. 
V average velocity vector, ft./sec. 
V mean interstitial velocity, ft./sec. 
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ν 
r max 

maximum velocity at the centerline, ft./sec. 
vs volume scale defined by Eq. (89), ft.3 

V velocity fluctuation vector, ft./sec. 
triple velocity correlation Fourier transform [Eq. (33)] 

X location in space 
x, y, ζ components of the distance vector r, ft. 

Y2 mean-squared displacement, ft.2 

yb volume fraction of component Β 
y+ U*y/v 

«, β> y constants 
a defined by Eq. (122) 
y intermittency 
Γ concentration of the property diffusing 
δ boundary layer thickness or distance from the wall, ft. 
ε energy dissipation, power/mass 
ε eddy diffusion coefficient, ft.2/sec. 
ε void fraction 

V length defined by Eq. (54), ft. 

V efficiency 
Lagrangian length scale defined by Eq. (28), ft. 

λ microscale of turbulence 

μ viscosity, lb./ft.-sec. 
ν kinematic viscosity, ft.2/sec. 
π 3.1416. . . 

Ρ density, lb./ft.3 

τ total shear stress, lb./ft.-sec.2 or lb^/ft.2 

τ time parameter, sec. [see Eq. (15)] 
energy spectrum tensor defined by Eq. (29) 

Φιβύ one-dimensional spectrum function 

Χο = y/n, where η is the number of nozzles 

Xs reduced wave number, ks/k0 

Φ flux of diffusing property 
a function of k-ï] defined in Eq. (57) 

OTHER SYMBOLS 

11 the absolute value of 
', ", "' first, second, and third derivative, respectively 

', " denoting two different points in space 

SUBSCRIPTS 

0 initial value of the subscripted term 
ρ of a particle in the system 
ν of a void in the system 
a in an axial direction 
r in a radial direction 

ijk vector notation subscripts denoting components 
e pertaining to the energy-containing group 

w pertaining to the wall 
s pertaining to scalar concentration 



2. Fluid Motion and Mixing 105 

References 

(Al) Aris, R., and Amundson, N. R., A.I.Ch.E. Journals, 280 (1957). 
(A2) Aris, R., Can. J. Chem. Eng. 40, 87 (1962). 
(A3) Aris, R., "The Optimal Design of Chemical Reactors.*' Academic Press, New York, 

1961. 
(Bl) Baldwin, L. V., Ph.D. Thesis, Chemical Engineering, Case Inst, of Technology, 

Cleveland, Ohio (1958). 
(B2) Baldwin, L. V., and Walsh, T. J., A.I.Ch.E. Journal!, 53 (1961). 
(B3) Baldwin, L. V., and Mickelsen, W. R., / . Eng. Mech. 88, 37, 151 (1962). 
(B4) Baron, T., Chem. Eng. Progr. 48,118 (1952). 
(B5) Batcheior, G. K., "The Theory of Homogeneous Turbulence." Cambridge Univ. 

Press, London and New York, 1953. 
(B6) Batcheior, G. K., / . Fluid Mech. 5,113 (1959). 
(B7) Batcheior, G. K., Howells, I. D., and Townsend, Α. Α., / . Fluid Mech. 5, 134 (1959). 
(B8) Batcheior, G. K., and Townsend, Α. Α., Proc. Roy. Soc. 194A, 527 (1948). 
(B9) Batcheior, G. K., and Townsend, Α. Α., In "Surveys in Mechanics" (G. K. Batcheior 

and R. M. Daries, eds.), p. 352. Cambridge Univ. Press, London and New York, 
1956. 

(BIO) Beek, J., Jr., and Miller, R. S., Chem. Eng. Progr. Symp. Ser. No. 25 55, 23 (1959); 
private communication. 

(Bl l ) Bernard, R. Α., and Wilhelm, R. H., Chem. Eng. Progr. 46, 233 (1950). 
(B12) Broszko, M. Ann. Acad. Polon. Sci. Tech. 7, 75 (1946). 
(B13) Burgers, J. M., Rept. E-34.1, California Inst, of Technol., Pasadena (1951). 
(B14) Baron, T., Paper presented A.I.Ch.E. meeting, Philadelphia, Pennsylvania, June, 

1958. 
(B15) Becker, Η. Α., Hottel, H. C , Williams, G. C , Paper presented A.I.Ch.E. meeting, 

Houston, Texas, December, 1963. 
(CI) Carberry, J. J., and Bretton, R. H., A.I.Ch.E. Journal4, 367 (1958). 
(C2) Cairns, E. J., and Prausnitz, J. M., Ind. Eng. Chem. 51, 1441 (1959). 
(C3) Cairns, E. J., and Prausnitz, J. M., A.I.Ch.E. Journal 6, 400 (1960). 
(C4) Cairns, E. J., and Prausnitz, J. M., A.I.Ch.E. Journal 6, 554 (1960). 
(C5) Cairns, E. J., and Prausnitz, J. M., Chem. Eng. Sci. 12, 20 (1960). 
(C6) Carslaw, H. S., and Jaeger, J. C , "Conduction of Heat in Solids," p. 223. Oxford 

Univ. Press (Clarendon), London and New York, 1947. 
(C7) Carslaw, H. S., and Jaeger, J. C , "Conduction of Heat in Solids." Oxford Univ. 

Press, London and New York, 1959. 
(C8) Chou, P. Y„ Quart. Appl. Math. 3, 38 (1945). 
(C9) Corrsin, S., Natl. Advisory Comm. Aeronau. Washington, Wartime Rept. No. ACR 

3L23 (1943). 
(C10) Corrsin, S., A.I.Ch.E. Journal3, 329 (1957). 
(Cl l ) Corrsin, S., Natl. Advisory Comm. Areonau. Washington, Tech. Note No. 1864 

(1949). 
(C12) Corrsin, S„ Phys. Fluids 1,42 (1958). 
(C13) Corrsin, S., Advances in Geophys. 6,161,441 (1959). 
(C14) Corrsin, S.,J. Fluid Mech. 11, 407 (1961). 
(CI5) Corrsin, S., Turbulence: experimental methods. In "Handbuch der Physik" 

(S. Flugge and C. Truesdell, eds.), 2nd. ed., Vol. 8, Part 2. Springer, Berlin, 1963. 
(CI 6) Corrsin, S., Measurement of turbulence. In "Encyclopaedic Dictionary of Physics." 

Macmillan (Pergamon), New York (in press). 
(C17) Corrsin, S., and Kistler, A. L., Natl. Advisory. Comm. Aeronau. Washington, Rept. 

No. 1244 (1955), supersedes Tech. Note No. 3133. 



106 Robert S. Brodkey 

(Cl8) Corrsin, S., and Uberoi, M. S., Natl. Advisory Comm. Aeronau. Washington, Tech. 
Note No. 1865(1949). 

(C19) Cutter, L. Α., A.LCh.E. Journal 12, 35 (1966). 
(C20) Corrsin, S., A.LCh.E. Journal 10, 870 (1964). 
(C21) Cholette, Α., and Cloutier, L., Can. J. Chem. Eng. 37, 105, 112 (1959). 
(C22) Cohen, M. F., M.S. Thesis, Ohio State University, Columbus, 1962. 
(C23) Corrsin, S., Am. Scientist 49,300 (1961). 
(C24) Corrsin, S., Atmospheric Sci. 20,115 (1963). 
(C25) Corrsin, S., In "Mécanique de la turbulence," p. 27. C.N.R.S., Paris, 1962. 
(C26) Corrsin, S., / . Aeronaut. Sci. 18,417 (1951). 
(C27) Corrsin, S., In "Proceedings of the First Iowa Thermodynamics Symposium," 

Iowa State University, Ames, 1953. 
(C28) Corrsin, S., In "Proceedings Symposium on Fluid Dynamics and Applied Mathe-

matics," pp. 105-124. Univ. of Maryland. Gordon and Breach, New York, 
9161. 

(C29) Corrsin, S., Chemical Reaction in Homogeneous Turbulent Fields. Private commu-
nication, 1964. 

(C30) Curl, R. L., A.I.Ch.E. Journal9,175 (1963). 
(Dl) Danckwerts, P. V., Appl. Sci. Research A3,279 (1953). 
(D2) Danckwerts, P. V., Jenkins, J. W., and Place, G., Chem. Eng. Sci. 3, 26 (1954). 
(D3) Davidov, Β. I., Doklady USSR 127,768 (1959). 
(D4) Deans, Η. Α., and Lapidus, L. A.I.Ch.E. Journal 6, 656 (1950). 
(D5) Deissler, R. G., Phys. Fluids, 1,111 (1958). 
(D6) Deissler, R. G., Phys. Fluids 3,176 (1960). 
(D7) Danckwerts, P. V., Chem. Eng. Sci. 7, 116 (1957). 
(D8) Danckwerts, P. V., Chem. Eng. Sci. 8,93 (1958). 
(D9) Douglas, J. M., Chem. Eng. Progr. Symp. Ser. No. 48 60,1 (1964). 
(El) Ebach, Ε. Α., and White, R. R., A.I.Ch.E. Journal*, 161 (1958). 
(E2) Einstein, Α., Ann. Physik [4] 17, 549 (1905). 
(E3) Einstein, Α., Ann. Physik [4] 19, 371 (1906). 
(E4) Emmons, H. W., ASMEProc. 2nd U.S. Congr. Appl. Mech. p. 1 (1954). 
(Fl) Fage, Α., Phil. Mag. [7] 21, 80 (1936). 
(F2) Fage, Α., and Falkner, V. M., Proc. Roy. Soc. A135,702 (1932). 
(F3) Fahien, R. W., and Smith, J. M., A.I.Ch.E. Journal 1, 28 (1955). 
(F4) Favre, Α., Gaviglio, J., and Dumas, R., Re ch. Aeron. 32, 21 (1953). 
(F5) Fleishman, Β. Α., and Frenkiel, F. N., / . Meteorol. 12, 141 (1955). 
(F6) Flint, D. L., Kada, H., and Hanratty, T. J., A.I.Ch.E. Journal 6, 325 (1960). 
(F7) Flow Corporation, Arlington, Massachusetts. 
(F8) Flow Corporation, "Selected Topics in Hot Wire Anemometer Theory," Bull. 

No. 25. Arlington, Massachusetts. 
(F9) Flow Corporation, "Probes," Bull. No. 15B, Arlington, Massachusetts. 
(F10) Fucks, W., Z. Physik 137,49 (1954). 
(Gl) Gilliland, E. R., Mason, Ε. Α., and Oliver, R. C , Ind. Eng. Chem. 45, 1177 

(1953). 
(G2) Grossman, L. M., and Charwatt, A. F., Rev. Sci. Instr. 23, 741 (1952). 
(G3) Gurney, H. P., and Lurie, J., Ind. Eng. Chem. 15, 1170 (1932). 
(G4) Greenhalgh, R. E., Johnson, R. L., and Nott, H. D., Chem. Eng. Progr. 55 (2), 44, 

48 (1959). 
(G5) Gutoff, Ε. B., A.I.Ch.E. Journal 6, 347 (1960). 
(G6) Gibson, C. H., Ph.D. Thesis in Chemical Engineering, Stanford University, Stanford, 

California, 1962. 



2. Fluid Motion and Mixing 107 

(G7) Gibson, C. H., and Schwarz, W. H., Paper presented at A.I.Ch.E. annual meeting, 
Chicago, Illinois, December 1962; / . Fluid Mech. 16, 357, 365 (1963). 

(G8) Grant, H. L., Stewart, R. W., and Moilliet, Α., / . Fluid Mech. 12, 241 (1962). 
(HI) Hanratty, T. J., Latimen, G., and Wilhelm, R. H., A.I.Ch.E. Journal 2, 372 (1956). 
(H2) Hawthorn, R. D., A.I.Ch.E. Journal 6, 443 (1960). 
(H3) Hawthorne, W. R., Weddell, D. S., and Hottel, H. C , "Third Symposium on 

Combustion, Flame and Explosion," p. 266. Williams & Wilkins, Baltimore, 
Maryland, 1949. 

(H4) Heisenberg, W., Z. Physik 124, 628 (1948). Translation NACA TM 1431 (1948). 
(H5) Hinze, J. O., "Turbulence," McGraw-Hill, New York, 1959. 
(H6) Hinze, J. O., and van der Hegge Zijnen, B. G., Proc. 7th Intern. Congr. Appl. Mech. 

Vol. 2, p. 286 (1948). 
(H7) Hubbard, P. G., Studies in Engineering, Bull. No. 37, State University of Iowa, 

Iowa City. 
(H8) Hubbard Instrument Co., Iowa City, Iowa. 
(H9) Hughes, R. R., Ind. Eng. Chem. 49,947 (1957). 
(11) Inoue, Eiichi, Proc. 10th Japan Natl. Congr. Appl. Mech. p. 217 (1960). 
(12) Inoue, Eiichi, Metol. Res. Notes 11, 332 (1960). 
(Jl) Joseph, J., and Sender, H., J. Geophys. Res. 67, 3201 (1962). 
(Kl) Kada, H., and Hanratty, T. J., A.I.Ch.E. Journal6,624 (1960). 
(K2) Kalinske, Α. Α., and Pien, C. L., Ind. Eng. Chem. 36, 220 (1944). 
(K3) Kampé de Fériet, J., Ann. Soc. Sci. Bruxelles Ser. I, 59, 145 (1939). 
(K4) Karman, T. von, and Howarth, L., Proc. Roy. Soc. A164, 192 (1938). 
(K5) Klebanoff, P. S., Natl. Advisory Comm. Aeronau. Washington. Rept. No. 1247 

(1955); supersedes Tech. Note No. 3178. 
(K6) Klebanoff, P. S., and Diehl, Z. W., Natl. Advisory Comm. Aeronau. Washington, 

Rept. No. 1110 (1952), supersedes Tech. Note No. 2475. 
(K7) Knudsen, J. G., and Katz, D., "Fluid Dynamics and Heat Transfer." McGraw-Hill, 

New York, 1958. 
(K8) Kolmogoroff, A. N., Compt. rend. acad. sci. U.R.S.S. 30, 301 (1941). 
(K9) Kolmogoroff, A. N., Compt. rend. acad. sci. U.R.S.S. 31, 538 (1941). 
(K10) Kolmogoroff, A. N., Compt. rend. acad. sci. U.R.S.S. 32, 16 (1941). 
(Kl l ) Kovasznay, L. G., Natl. Advisory Comm. Aeronau. Washington, Rept. No. 1209 

(1954). 
(K12) Kraichnan, R. H., Phys. Rev. 109, 1407 (1958). 
(K13) Kraichnan, R. H., Phys. Fluids 1,358 (1958). 
(K14) Kraichnan, R. H., / . Fluid Mech. 5, 497 (1959). 
(K15) Kraichnan, R. H., Proc. 13th Symposium Appl. Math. Am. Math. Soc. p. 199 (1962). 
(K16) Kraichnan, R. H., / . Math. Phys. 2, 124 (1961); 3, 205 (1962). 
(K17) Kraichnan, R. H., Phys. Fluids 7,1030 (1964). 
(K18) Kristmanson, D., and Danckwerts, P. V., Chem. Eng. Sci. 16, 267 (1961). 
(K19) Karman, T. von, Proc. Natl. Acad. Sci. U.S. 34, 530 (1948). 
(K20) Kovasznay, L. S. G., Appl. Mechanics Revs. 12, 375 (1959). 
(K21) Kofoed-Hansen, O., / . Geophys. Research 67, 3217 (1962). 
(K22) Kraichnan, R. H., Phys. Fluids 7, 1723 (1964). 
(K23) Kim, W. J., and Manning, F. S., A.I.Ch.E. Journal 10, 747 (1964). 
(K24) Keller, R. N., Petersen, Ε. E., and Prausnitz, J. M., A.I.Ch.E. Journal II, 221 

(1965). 
(LI) Lamb, D. E., Manning, F. S., and Wilhelm, R. H., A.I.Ch.E. Journal 6, 682 (1960). 
(L2) Latinen, G. Α., Ph.D. Thesis, Chemical Engineering, Princeton University, 

Princeton, New Jersey, 1951. 



108 Robert S. Brodkey 

(L3) Laufer, J., Natl. Advisory Comm. Aeronau. Washington, Tech. Note No. 2123 (1950). 
Rept. No. 1174 (1954), supersedes Tech. Note No. 2954. 

(L4) Lawrence, J. C , and Landes, L. G., Natl. Advisory Comm. Aeronau. Washington, 
Tech. Note No. 2843(1952). 

(L5) Lee, Jon, and Brodkey, R. S., Appl. Sci. Research A l l , 109 (1962). 
(L6) Lee, Jon, Ph.D. Thesis in Chemical Engineering, Ohio State University, Columbus, 

1962. 
(L7) Levenspiel O., "Chemical Reaction Engineering." Wiley, New York, 1962. 
(L8) Levenspiel, O., Ind. Eng. Chem. 50, 343 (1958). 
(L9) Lienard, P., Groupe Consultatif pour la Recherche et le Réalisation Aéronautiques, 

Rept. 170, Paris, (1958). 
(L10) Liepmann, H. W., / . Appl. Math. andPhys. 3, 321 (1952). 
(LU) Liepmann, H. W., Laufer, J., and Liepmann, Kate, Natl. Advisory Comm. Aeronau. 

Washington, Tech. Note. No. 2373 (1951). 
(LI2) Liepmann, H. W.,and Robinson, M. S., Natl. Advisory Comm. Aeronau. Washington, 

Tech. Note No. 3037 (1953). 
(L13) Liles, A. W., and Geankoplis, C. J., A.I.Ch.E. Journal 6, 591 (1960). 
(L14) Lindgren, E. R. Arkiv Fysik 7,293 (1953). 
(L15) Lindgren, E. R., Arkiv Fysik 15, 97 (1959). 
(L16) Lindgren, E. R., Arkiv Fysik 15, 503 (1959). 
(L17) Lindgren, E. R., Arkiv Fysik 16, 101 (1959). 
(L18) Ling, S. C , and Hubbard, P. G., / . Aeronaut. Sci. 23, 890 (1956). 
(L19) Lintronic Laboratories, Silver Springs, Maryland. 
(L20) Lee, Jon, and Brodkey, R. S., Paper presented A.I.Ch.E. annual meeting, Chicago, 

Illinois, 1962; A.I.Ch.E. Journal10,187(1964). 
(L21) Lee, Jon, and Brodkey, R. S., Rev. Sci. Instr. 34, 1086 (1963). 
(L22) Levenspiel, O., Can. J. Chem. Eng. 40, 135 (1962). 
(L23) La Rosa, P., and Manning, F. S., Can. J. Chem. Eng. 42, 65, 282 (1964). 
(Ml) McHenry, K. W., Jr., and Wilhelm, R. H., A.I.Ch.E. Journal 3, 83 (1957). 
(M2) Manning, F. S., and Wilhelm, R. H., A.I.Ch.E. Journal, 9, 12, (1963). 

Princeton, New Jersey, 1959. 
(M3) May, W. G., Chem. Eng. Progr. 55,49. (1959) 
(M4) Mickelsen, W. R., Natl. Advisory Comm. Aeronau. Washington, Tech Note No. 3570 

(1955). 
(M5) Miller, Ε. N., Wen, C.-Y., and Fan, L.-Ts. private communication (1961). 
(M6) Millionschtchikov, M., Compt. rend. acad. sci. U.R.S.S. 32, 615 (1941). 
(M7) Mills, R. R., Kistler, A. L., O'Brien, V., and Corrsin, S., Natl. Advisory Comm. 

Aeronau. Washington, Tech. Note No. 4288 (1958). 
(M8) Mohr, W. D., In "Processing of Thermoplastic Materials" (Bernhardt, ed. ), p.l 17. 

Reinhold, New York (1959). 
(M9) Mohr, W. D., Saxton, R. L., and Jepson, C. H., Ind. Eng. Chem. 49, 1855 (1957). 
(M10) Mohr, W. D., Saxton, R. L., and Jepson, C. H., Ind. Eng. Chem. 49, 1857 (1947). 
(Mi l ) Manning, F. S., and Wilhelm, R. H., A.I.Ch.E. Journal. 9, 12 (1963). 
(Ml2) Marr, G. R., and Johnson, E. F., Chem. Eng. Progr. Symp. Ser. No. 3655,109 (1961). 
(M13) Miller, R. S., Ralph, J. L., Curl, R. L., and Towell, G. D., A.I.Ch.E. Journal 9, 196 

(1963). 
(M14) McKelvey, J. M., "Polymer Processing," Wiley, New York, 1962. 
(01) O'Brien, Ε. E., Ph.D. Thesis, Mech. Engr., Johns Hopkins University, Baltimore, 

Maryland, 1960. 
(02) O'Brien, Ε. E., and Francis, G. C , / . Fluid Mech. 13, 369 (1962). 
(03) Ogura, Y., Phys. Fluids 5, 395 (1962). 



2. Fluid Motion and Mixing 109 

(04) Ogura, Y., / . Geophys. Research 67, 3143 (1962). 
(05) Ogura, Y.,J. Fluid Mech. 16, 33 (1963). 
(06) Obukhov, A. M., Izvest. Akad. Nauk. S.S.S.R. Ser. Geol. i. Geofiz. 13, 58 (1949). 
(PI) Pai, S. I., "Viscous Flow Theory," Vol. II : Turbulent Flow. Van Nostrand, Princeton, 

New Jersey, 1957. 
(P2) Plautz, D. Α., and Johnstone, H. F., A.I.Ch.E. Journal 1, 193 (1955). 
(P3) Prandtl, L., and Teitjens, O. G., "Applied Hydro- and Aeromechanics," p. 130. 

Dover, New York, 1934. 
(P4) Prausnitz, J. M., and Wilhelm, R. H., Rev. Sci. Instr. 27, 941 (1956). 
(P5) Prausnitz, J. M., and Wilhelm, R. H., Ind. Eng. Chem. 49, 978 (1957). 
(P6) Proudman, I., and Reid, W. H., Phil. Trans. Roy. Soc. London Ser. Α24Π, 163 (1954). 
(P7) Pao, Y. H., A.I. A. A. Journal!, 1550(1964). 
(RI) Ranz, W. E., Chem. Eng. Progr. 48,247 (1952). 
(R2) Reid, W. H., Proc. Cambridge Phil. Soc. 51, 350 (1955). 
(R3) Reid, W. H., private communication (1961). 
(R4) Reynolds, O., Trans. Roy. Soc. A186,123 (1895). 
(R5) Rosensweig, R. E., Hottel, H. C , and Williams, G. C , Chem. Eng. Sci. 15, 111 

(1961). Rosensweig, R. E., Ph.D. Thesis, M.I.T. 1959. Cambridge, Massachusetts. 
(R6) Rotta, J., Z. Physik. 129, 547 (1951). 
(R7) Rotta, J., Z. Physik. 131, 51 (1951). 
(R8) Rice, A. W., Toor, H. L., and Manning, F. S., A.LCh.E. Journal 10, 125 (1964). 
(R9) Rosensweig, R. E., A.LCh.E. Journal 10,91 (1964). 
(51) Saffman, P. G., / . Fluid Mech. 8, 273 (1960). 
(52) Schubauer, G. B., / . Appl. Phys. 25,188 (1954). 
(53) Skinner, T., Natl. Advisory Comm. Aeronau. Washington, Tech. Note No. 3682 (1956). 
(54) Sleicher, C. Α., Jr., Ph.D. Thesis in Chemical Engineering. Univ. of Michigan, 

1955. 
(55) Sparks, R. E., Ph.D. Thesis in Chemical Engineering, Johns Hopkins University, 

Baltimore, Maryland, 1960. 
(56) Sparks, R. E., and Hoelscher, Η. E., A.LCh.E. Journal 8, 103, 108 (1962). 
(57) Spencer, R. S., and Wiley, R. M., J. Colloid Sci. 6, 133 (1957). 
(58) Saidel, G. M., and Hoelscher, Η. E., A.LCh.E. Journal 11, 1058 (1965). 
(59) Squire, W., Appl. Sci. Research A8,158 (1949). 
(S10) Squire, W., Appl. Sci. Research A10,23 (1961). 
(SI 1) Stalder, J. R., and Slack, E. G., Natl. Advisory Comm. Aeronau. Washington, Tech. 

Note No. 2263(1951). 
(512) Stewart, R. W., Proc. Cambridge Phil. Soc. 47,146 (1951). 
(513) Stewart, R. W., and Townsend, Α. Α., Phil. Trans. Roy. Soc. London Ser. A243, 

359(1951). 
(514) Stine, Η. Α., and Winovich, W., Natl. Advisory Comm. Aeronau. Washington, 

Tech. Note No. 3719(1956). 
(515) Strang, D. Α., and Geankoplis, C. J., Ind. Eng. Chem. 50, 1305 (1958). 
(516) Stahl, E. P., and Geankoplis, C. J., A.I.Ch.E. Journal 10, 174 (1964). 
(517) Schwartz, L. M., Chem. Eng. Sci. 18,223 (1963). 
(Tl) Tanenbaum, B. S., and Mintzer, D., Phys. Fluids 3, 529 (1960). 
(T2) Tatsumi, T., Proc. Roy. Soc. A239 16 (1957). 
(T3) Tatsumi, T., Compt. Rend. 9e Congr. Intern. Mécanique Appl., Univ. Bruxelles, 

Vol. 3, p. 396(1957). 
(T4) Taylor, G. I., Proc. London Math. Soc. 20, 196 (1921). 
(T5) Taylor, G. I., Proc. Roy. Soc. A151,421 (1935). 
(T6) Taylor, G. I., Proc. Roy. Soc. A164,15 (1938). 



110 Robert S. Brodkey 

(T7) Taylor, G. I., Proc. Roy. Soc. A219,186 (1953). 
(T8) Taylor, G. I., Proc. Roy. Soc. A223,446 (1954). 
(T9) Taylor, G. I., Proc. Roy. Soc. A225,473 (1954) 
(T10) Tichacek, L. J., Barkelew, C. H., and Baron, T., A.I.Ch.E. Journal 3, 439 (1957). 
(Ti l ) Toor, H. L., A.I.Ch.E. Journals, 70(1962). 
(T12) Townend, H. C. H., Proc. Roy. Soc. A145,180 (1934). 
(T13) Townsend, Α. Α., Proc. Cambridge Phil. Soc. 43, 560 (1947). 
(T14) Townsend, Α. Α., Australian J. Sci. Research Al , 161 (1948). 
(T15) Townsend, Α. Α., Rept. Progr. Phys. 15,135 (1952). 
(T16) Townsend, Α. Α., "The Structure of Turbulent Shear Flow." Cambridge Univ. 

Press, London and New York, 1956. 
(T17) Townsend, Α. Α., Proc. Roy. Soc. A224,487 (1954). 
(T18) Tucker, M., J. Sci. Instr. 29, 327 (1952). 
(T19) Tritton, D. J.,/ . Fluid Mech. 16, 269 (1963). 
(Ul) Uberoi, M. S., and Corrsin, S., Natl. Advisory Comm. Aeronau. Washington, Rept. 

No. 1142 (1953) supersedes Tech. Note No. 2710. 
(U2) Uberoi, M. S., and Kovansznay, L. S. G., / . Appl. Phys. 26,19 (1955). 
(U3) Uberoi, M. S., and Kovansznay, L. S. G., Quart. Appl. Math. 10, 375 (1953). 
(VI) Van De Vusse, J. G., Chem. Eng. Sci. 17, 507 (1962). 
(V2) van Andel, E., Kramers, H., and de Voogd, Α., Chem. Eng. Sci. 19, 77 (1964). 
(V3) Vassilatos, G., and Toor, H. L., A.I.Ch.E. Journal 11, 666 (1965). 
(Wl) Willmarth, W. W.,7. Aeronaut. Sci. 25, 335 (1958). 
(W2) Willmarth, W. W., NACA TN 4139 (1958). 
(W3) Willmarth, W. W., Rev. Sci. Instr. 29,218 (1958). 
(W4) Willmarth, W. W., NASA Mem. 3-17-59W (1959). 
(W5) Willmarth, W. W., and Wooldridge, C. E., / . Fluid Mech., 14, 187 (1962). 
(W6) Wylie, C. R., Jr., "Advanced Engineering Mathematics." McGraw-Hill, New 

York, 1960. 
(W7) Wilhelm, R. H., Kim, Y. G., and demons, D. B., Paper presented at A.I.Ch.E. 

meeting, Houston, Texas, December, 1963. 
(W8) Worrell, G. R., and Eagleton, L. C , Can. J. Chem. Eng. 42, 254 (1964). 
(W9) Wilson, R. A. M., and Danckwerts, P. V., Chem. Eng. Sci. 19, 885 (1964). 
(Yl) Yablonskii, V. S., Asaturyan, A. Sh., and Khizgilov, I. Kh., Inzhenerno-Fiz. Zhur. 

3,117. Translated in Intern. Chem. Engr. 2, 3 (1962). 
(Zl) Zwietering, Th. N., Chem. Eng. Sci. 11,1 (1959). 


