CHAPTER 3

The Geometric Aspects of the Celestial Sphere
in Relation to Geographic Position

JVELATIVE to the fixed circles of the horizon system at any point on the
surface of the Earth, the reference circles of the coordinate systems on the rotating celestial sphere have positions which are determined by the geographic
location of this point. The direction of the plumb line determines the local
positions of the astronomical zenith and horizon on the celestial sphere.
Therefore, the cardinal circles and points of the horizon system are displaced
on the sphere with every change in the place of the observer on the curved
surface of the Earth; their positions among the cardinal elements of the
equatorial and ecliptic systems are consequently altered, and the local
aspects of the celestial sphere and the diurnal motion are correspondingly
different.
Evidently, the relations of the aspects of the celestial sphere to geographic
position depend upon the form and dimensions of the Earth. Early in
ancient times, attention was directed to these relations, and to the form of
the Earth which is implied by them, when it was perceived that the aspect
of the sky is not the same in every geographic region.
The actual form of the Earth was recognized long before the motions of
the Earth were generally accepted, because decisive evidence for the sphericity
of the Earth is far more immediately apparent than evidence for the rotational
and orbital motions. That the surface of the Earth is curved, and at least
very nearly spherical in form, is indicated by several directly observable
phenomena that were noticed in ancient times, but it is especially evident
from the different aspects of the sky in different regions of the Earth, particularly the differences in the relation of the diurnal circles to the horizon
and the consequent lengths of day and night. From the character of the
change in the aspect of the celestial sphere from place to place in a north
and south direction over the surface of the Earth, together with other
evidence, the spherical form of the Earth was inferred by several of the early
Greek philosophers.
The dependence of the aspects of the sphere upon the position of the
observer on the curved surface of the Earth was the immediate basis in the
earliest times for specifying geographic location; the geographic position
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was commonly represented directly in terms of phenomena associated with
the aspect of the sphere characteristic of each locality. For example, along
a north and south direction, position on the Earth was represented by the
length of the longest day. For the precise representation of geographic
position, however, and the systematic formulation of the relations which
express the dependence of the local aspect of the celestial sphere on the
position of the observer, a geometric coordinate system on the surface of
the Earth is required.
The representation of position on the surface of the Earth by terrestrial
latitude and longitude was introduced by the ancient Greek geographers,
who supposed the Earth to be exactly spherical; but in the late seventeenth
and early eighteenth centuries, it was established, both from gravitational
theory and by geodetic surveys, that the actual form is an oblate spheroid.
The departure of the Earth from a sphere, though very small, is great enough
to necessitate that it be taken into account for most astronomical purposes.
Furthermore, the increasingly accurate and extended surveys that have been
carried out have shown it to be unlikely that the physical surface of the
Earth, even apart from topography, has exactly the form of any regular
mathematical surface; and the form and dimensions are continually subject
to further determinations with greater precision. A coordinate system on the
Earth must therefore be established on a somewhat different basis from that
which may be used for the celestial sphere.

Geographic Coordinate Systems
Two systems of coordinates on the surface of the Earth are in common
use : a system of astronomical coordinates, which is completely independent
of the form and dimensions of the Earth, and is determined by the astronomical vertical ; and a system of geodetic coordinates, in which the fundamental
reference basis is an arbitrary conventionally adopted mathematical surface
that approximates the physical surface of the Earth.
These coordinate systems on the surface of the Earth are known as
geographic coordinate systems; and the position of a point on the Earth
expressed in terms of its coordinates in one of these systems is called the
geographic position. These terms are most properly used as general designations, referring to the surface of the Earth, in the same way as any one of
the different coordinate systems on the celestial sphere is referred to as a
celestial coordinate system; in actual usage, the undesirable practice has
often been followed of using the term geographic position as a synonym
for geodetic position. Ordinarily, the geographic coordinates in the two
different systems do not differ by more than several seconds of arc; and the
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particular system to which the coordinates of a given point are referred
is not always explicitly stated, but it must be known when precision is
required.
Astronomical Coordinates

In the astronomical system of terrestrial coordinates, the terrestrial poles
are defined as the two points on the surface of the Earth where the axis of
rotation of the Earth intersects the surface; these points are the geographical
poles of rotation. Equivalently, in terms of directly observed phenomena,
they may be defined as the two points on the surface of the Earth where this
surface is intersected by a line through the center of the Earth and parallel
to the apparent axis of rotation of the celestial sphere. This apparent axis
of the sphere, i.e., the direction from an observer to the elevated pole, passes
through the observer, but a parallel line through the center of the Earth
intersects the mathematically infinite sphere in the same points, the celestial
poles. The celestial poles are therefore the points where the axis of the Earth
indefinitely prolonged intersects the sphere; this prolongation of the axis
of rotation of the Earth may be considered as the axis of the celestial sphere
itself, and the center of the Earth as the center of the celestial sphere. The
rotation of the mathematically infinite sphere around this axis produces
identically the same diurnal motions as are observed to take place around a
parallel axis through the observer.
The north terrestrial pole is the pole from above which the direction of
the rotation of the Earth would appear to be counterclockwise. A plane
through the center of the Earth, perpendicular to the axis of rotation,
intersects the surface of the Earth in the geographical equator of rotation;
this plane intersects the celestial sphere in the celestial equator.
Since the Earth is not spherical, a coordinate system cannot be defined in
terms of angular distances on the surface referred directly to the geographical
poles and equator of rotation, as in the equatorial system on the celestial
sphere, but instead must be defined in terms of angles in space. For this
purpose, the most practicable quantities are angles that fix the direction of
the local astronomical vertical relative to observable cardinal directions,
since the vertical is always directly realizable in concrete form by means of
the plumb line and may readily be referred to the celestial pole by astronomical observations. At any point on the surface of the Earth, the angular
departure of the vertical from the direction to the celestial pole determines
the position of the vertical in a north and south direction, since the pole on
the mathematically infinite sphere is in the same direction in space from all
points on the Earth and therefore marks a common cardinal reference
direction. By referring the plane of the local celestial meridian to the meridian
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plane of an arbitrary standard reference point on the Earth, the position of
the vertical in an east and west direction is determined.
In formulating precise definitions of a system of coordinates on the surface
of the Earth in terms of these angles which fix the direction of the vertical,
it is of fundamental importance to take account of the fact that the direction
of gravity, which determines the astronomical vertical, is affected by local
irregularities from point to point over the surface of the Earth, and in general
does not intersect the axis of rotation of the Earth.
Since the celestial meridian is a great circle through the zenith and the
celestial pole, it is the intersection of the celestial sphere with a plane through
the observer, the zenith, and the celestial pole; i.e., the plane of the celestial
meridian passes through the local vertical, and through the direction from
the observer to the celestial pole or apparent axis of the sphere. As the local
vertical does not in general intersect the axis of rotation of the Earth, the
meridian plane does not pass through this axis; but since it passes through
the apparent axis of the sphere, it is parallel to the axis of the Earth. On the
mathematically infinite celestial sphere, the local astronomical meridian
plane passes through the celestial poles, but on the finite Earth this plane in
general intersects the surface in a curve which does not pass through the
geographical poles.
However, in the conventional geometric sense, the angle in the local
meridian plane between the vertical and any line that is parallel to the axis
of the Earth is said to be the angle between the vertical and the axis itself.
In particular, the angle between the vertical and the apparent axis of the
celestial sphere at any point on the surface of the Earth is, in this sense,
the angle that the vertical forms with the axis of the Earth; and it fixes the
position of this point on the surface, relative to the point where this angle is
zero, i.e., where the celestial pole is in the astronomical zenith. It is measured by the arc of the celestial meridian from the celestial pole to the zenith.
The complement of the acute angle between the plumb line and the axis
of rotation of the Earth, arbitrarily reckoned positive in the northern
hemisphere and negative in the southern, is called the astronomical latitude.
The locus of the points on the surface of the Earth which have an astronomical
latitude of 0° is the astronomical equator; the loci of other particular values
of the latitude are called parallels of latitude.
Because of the irregularities in the change of the direction of the plumb
line from point to point over the surface of the Earth, the equator and the
parallels of latitude are irregular curves of double curvature, although they
do not depart very far from plane curves. The irregular astronomical equator
does not coincide with the equator of rotation; but along the astronomical
equator, all verticals are perpendicular to the axis of rotation of the Earth,
hence parallel to the plane of the equator of rotation, and therefore, like
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this plane, they intersect the mathematically infinite celestial sphere in the
celestial equator. The latitudes of the extremities of the axis of the Earth,
i.e., the latitudes of the geographical poles of rotation, are not necessarily
exactly 90°, but the points at astronomical latitude 90° may be regarded as
the astronomically defined geographical poles.
The astronomical latitude of a point on the surface of the Earth fixes
the position of this point in the local astronomical meridian plane. The
position of the plane itself is specified by the dihedral angle that it makes
with the local meridian plane through an arbitrarily chosen reference point
on the Earth; this dihedral angle is known as the astronomical longitude of
the point. Each plane passes through the local astronomical vertical and is
parallel to the axis of rotation of the Earth (or, exceptionally, may pass
through this axis). The meridian plane through the Airy transit circle at
the former site of the Royal Greenwich Observatory is ordinarily adopted
as the standard reference plane; and for most purposes astronomical
longitude is reckoned eastward and westward from this initial plane, from
0° to 180°. East and west longitude are sometimes distinguished by algebraic
signs; but there has been no uniformity in the conventions used by different
writers, and to avoid ambiguity it is necessary to state explicitly the significance of the signs when this practice is followed.
The locus of points on the surface of the Earth that have the same astronomical longitude is called an astronomical meridian. The astronomical
meridian through any particular point on the Earth is a continuous line
on the surface of the Earth that extends from one terrestrial pole (or point
where the astronomical latitude is 90°) to the other. Because of the irregularities in the direction of the astronomical vertical from place to place over
the Earth, the local meridian planes at different points with the same longitude
do not in general coincide, but are only parallel ; the astronomical meridians
are therefore irregular lines on the surface of the Earth and are curves of
double curvature, not plane curves.
The local astronomical meridian plane intersects the celestial sphere in
the local celestial meridian; and the celestial meridians at different geographic
locations make an angle with each other equal to the difference of the local
astronomical longitudes. However, the intersection of the meridian plane
with the surface of the Earth is not the astronomical meridian, since the
astronomically defined geographic meridian is not a curve which can be
formed by the intersection of the surface of the Earth by a plane. At any
particular point, the intersection of the surface of the Earth with the local
plane of the celestial meridian is the local astronomical meridian line, or
local north-south line, at this point; but since this plane does not in general
pass through the axis of the Earth, it intersects the surface in a curve which
does not pass through the terrestrial poles and which in general coincides
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only at the given point with the irregular astronomical meridian of longitude
through this point. The further line through the given particular point that
extends from pole to pole always along the local north-south direction at each
point is an irregular line which at every point is tangent to the curve in which
the local meridian plane at that point intersects the surface of the Earth.
This continuous north-south line over the Earth is the intersection of the
surface with the envelope of the family of local meridian planes to which the
meridian plane at any one of its points belongs; along this irregular line,
the astronomical longitude is in general different from point to point.
These three lines—the astronomical meridian, along which the local
meridian planes are parallel; the north-south curve from pole to pole, to
which the local meridian planes are all tangent; and the local north-south
line or meridian line, which lies in the local meridian plane and at this local
point is tangent to the continuous north-south line from one geographic
pole to the other—must be carefully distinguished from one another.
Since the celestial meridians at any two points on the Earth make an
angle with each other at the celestial pole equal to the difference of the
astronomical longitudes of the two points, it is evident that when a celestial
body is on the meridian at any point, and therefore at local hour angle 0h,
its hour angle at Greenwich in arc measure is equal to the west longitude
of the point. The astronomical longitude may therefore be defined as the
angular equivalent of the amount by which the time, either solar or sidereal,
at Greenwich is later or earlier than the local time. For this reason, terrestrial
longitude is often reckoned in time measure instead of in arc measure.
The astronomical azimuth of the direction from an observer to another
point on the surface of the Earth is the angle which the local astronomical
meridian plane at the observer makes with a vertical plane through the
observer and the other point, reckoned in the horizontal plane (usually
from the south point, in a clockwise direction). Both planes pass through
the plumb line at the point of observation, one being parallel to (or passing
through) the axis of the Earth, the other passing through the other point.
Any continuous north-south line over the surface of the Earth, since it is
at every point tangent to the local meridian plane, is everywhere directed
along astronomical azimuth 0° (or 180°); in general, the astronomical
meridian is not. Similarly, the parallels of astronomical latitude do not
coincide with the curves which are everywhere directed along astronomical
azimuth 90° (or 270°). In either case, even were there no irregularities in
the direction of the plumb line, the two families of curves would still not
coincide unless the surface of the Earth were an exact surface of revolution.
The preceding definitions can also equally well be used at points above
or below the actual surface of the Earth, although in general points vertically
above or below a given point will have slightly different values of latitude
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and longitude because of differences in the direction of the plumb line with
elevation.
These definitions contain no reference to the figure of the Earth; they are
rigorously applicable, independent of what form the Earth may have. The
actual departure of the Earth from a sphere is so small, however, that
approximate relations sufficiently accurate for many practical purposes may
be derived by considering the Earth spherical, and disregarding irregularities
of the vertical. The preceding definitions may then be expressed in terms of
arcs on the surface of the Earth instead of in terms of angles between lines
and planes in space.
From these abstract geometric constructions, principles are readily derived
upon which may be based practical procedures for determining the form and
size of the Earth by actual measurement. The curvature of the surface of
the Earth along any direction over this surface, i.e., the rate of change of the
direction of the tangent to the surface in space, disregarding topographical
irregularities, is the rate of displacement of the zenith on the celestial sphere
with respect to distance over the surface of the Earth. In principle, to determine the three-dimensional geometric form of any line on the surface, it is
only necessary to be able to identify a particular fixed point on the celestial
sphere, with reference to which the displacement of the zenith may be
measured at successive points along this line at measured distances apart.
Along a north-south direction, this principle is easily applied; the celestial
pole, which may be located by observations of the diurnal motion, provides
the necessary reference point on the sphere, and all that is required is to
observe the rate at which the altitude of the pole changes with distance over
the surface of the Earth. Along an east-west direction it is more difficult
to determine a fiducial point on the sphere, because of the diurnal rotation
which must be separated from the motion of the observer over the surface.
Until modern times, no accurate measurements in this direction were possible.
However, in the north-south direction the rate of change in the direction
of the vertical is so nearly proportional to distance over the surface of the
Earth that not until the seventeenth century was the departure determined
with certainty. Hence, in this direction the curvature is nearly spherical, and
it was most reasonable to suppose that the Earth as a whole is therefore
nearly spherical. This assumption was confirmed by such evidence as could
be obtained in early times about the east-west curvature, on occasions when
approximate determinations could be made, as, e.g., when lunar eclipses
were observed at different localities.
Were the Earth exactly spherical, the angular distance between any two
points on its surface would be equal to the angular displacement of the zenith;
and the measurement of the linear distance between the points would therefore give the length of a degree of the circumference, and hence the size of
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the Earth. Several determinations on the basis of this principle were made
during ancient and medieval times. In general, these early determinations
gave reasonably good approximations to the actual diameter of the Earth,
but some were considerably in error. Not until the early eighteenth century,
after improved instruments and methods had become available for the
practical application of the principles, was the departure of the Earth from
a sphere determined and fairly accurate values for the dimensions obtained.
The departure from a sphere necessitates at least two arcs, in principle,
and preferably more, to determine the form and the dimensions; in practice,
a large number are required to obtain precise results. The accumulated
results of the geodetic surveys that have been made show that the Earth is
very closely an oblate ellipsoid of revolution, with a polar radius of about
3950.0 miles and an equatorial radius only about 13.3 miles longer.
Because of the irregularities of the astronomical vertical, and of the
meridians and parallels, the astronomical system of geographic coordinates
is not adapted to the exact representation of geometric relations on the
Earth. For this purpose, the geodetic coordinate system is used.
Geodetic Coordinates

For the purposes of geodesy and geography, an exact ellipsoid of revolution
which approximates the form and size of the surface of the Earth, but which
is otherwise arbitrary, is conventionally adopted as a standard reference
surface to which the actual irregular physical surface of the Earth is referred.
Relative to this standard spheroid, any point is located by its normal distance
from the surface of the spheroid and the position of the foot of the normal
on the spheroid.
The geodetic poles are the intersections of the mathematical axis of revolution of the spheroid with the surface of the spheroid; and the plane of the
geodetic equator is the plane described by the major axis of the generating
ellipse. The geodetic vertical at any point is the line through this point
normal to the standard spheroid; the geodetic zenith is the point on the
celestial sphere toward which the geodetic vertical is directed. The geodetic
meridians are the ellipses in which planes through the geometric axis of the
spheroid intersect the surface of the spheroid, and the geodetic parallels are
the circles in which planes perpendicular to the axis intersect the surface.
The geodetic vertical at any point lies in the plane of the geodetic meridian,
and therefore intersects the geometric axis of the spheroid, but does not pass
through the center of the spheroid.
The geodetic latitude is the angle between the geodetic vertical and the
plane of the geodetic equator. The geodetic longitude is the angle between
the plane of the geodetic meridian and the plane of a conventionally adopted
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initial meridian; it is measured either by the angle between the two meridians
at the pole, or by the arc of the geodetic equator intercepted between the
two meridians.
The geodetic azimuth of a line through a point of observation to another
point is the angle between the geodetic meridian plane at the observer and
the plane that passes through the geodetic vertical at the observer and through
the other point.
Geodetic coordinates are related to the geodetic vertical in exactly the
same way as astronomical coordinates are related to the astronomical vertical;
but unlike the astronomical vertical, the geodetic vertical is not directly
observable. The coordinates in the geodetic system cannot be directly
measured; and furthermore, since the reference spheroid is conventional,
they are unique only upon a particular reference spheroid. The geodetic
coordinates are determined indirectly, by mathematical computation from
measurements of distances and angles on the surface of the Earth in geodetic
surveys.
For this purpose, the ellipsoid that is adopted as a reference surface is
mathematically defined by the length of the semimajor axis of the generating
ellipse and the value of a parameter that characterizes the departure from
a sphere. The position of this standard reference spheroid relative to the
Earth is fixed by further adopting values for the geodetic latitude and
longitude of a selected station at which the astronomical coordinates have
been determined, and adopting a value for the azimuth of a selected line
through this station. This system of adopted parameters is known as the
geodetic datum, and the station for which values of the geodetic coordinates
are adopted is called the initial station. A network of further stations is
selected, distributed over a comparatively narrow band extending away from
the initial station to any desired distance, usually along the general direction
of a meridian or parallel, but not necessarily. These stations form a chain
of triangles, and measurements of sufficient angles and distances in this
chain enable the geodetic coordinates of the stations to be computed from
the coordinates of the initial station by means of the geometry and trigonometry of an ellipsoidal surface.
The departure of any spheroid of revolution from an exact sphere is
usually measured by the flattening

f=(a-c)/a,
where c denotes the polar radius and a the equatorial radius; but sometimes
it is more convenient to use the second flattening
f = (a - c)/c.
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In the special case of an ellipsoid of revolution, the eccentricity is also
frequently used,
e = (a2 - c2)1'2/*,
or sometimes the second eccentricity
e' = (a2 -

c2)lf2lc

The flattening is often called the ellipticity; but this term, which is
suggestive of an ellipse, is preferably avoided, especially since it may lead
to ambiguity because some writers have specifically applied it t o / ' to distinguish/' from/ Likewise, the common usage of the general term spheroid
in the restricted sense of an ellipsoid often causes ambiguity; it is now firmly
established in the phrase standard spheroid in geodesy, but otherwise should
be avoided whenever there is possibility of confusion. The flattening is also
sometimes called the compression. The eccentricity and the flattening are
connected with each other by the relation
e2 = 2 / - / 2 .
S i n c e / < 1, the applicable solution of this quadratic is

= \e2 + le* + · · ·.
The form and size of an ellipsoid of revolution are completely determined
by any two independent parameters. To avoid inconsistencies, therefore,
values can be adopted for only two parameters; this defines the ellipsoid,
and the values of all other parameters must be obtained by calculating them
from these two.
An ellipsoid with any form and dimensions that approximate the actual
physical surface of the Earth reasonably closely may be adopted as a standard
reference spheroid; several different spheroids have been extensively used
for this purpose at different times and in different countries. As additional
geodetic surveys are completed, ellipsoids that represent the figure and size
of the Earth more accurately can be determined; but for geodetic purposes,
it is not essential to change the spheroid of reference that has been in established use. However, when geodetic surveys of different regions are not
referred to the same geodetic datum, the maps of these areas do not join
on to each other, because they represent the positions of the points in the
areas relative to different reference systems.
Relations of Astronomical to Geodetic Coordinates

The astronomical and the geodetic systems of geographic coordinates are
independent of each other. The coordinates of the same point in the two
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systems are in general somewhat different, but the differences can be determined only by observation. These differences are due principally to the
irregular variations in the direction of local gravity from point to point on
the Earth; in addition, the axis of the reference ellipsoid may not exactly
coincide with the axis of rotation of the Earth, nor does the center of the
ellipsoid necessarily coincide with the center of mass of the Earth. For these
reasons, the astronomical vertical does not in general coincide with the
normal to the ellipsoid. The angle which the astronomical vertical makes
with the geodetic vertical is known as the deflection of the vertical. It may

FIG. 5. Deflection of the vertical. TP = 90° - (φ„ + ξ); ZaP = 90° -

φα.

be represented either by the angular distance on the celestial sphere between
the astronomical zenith and the geodetic zenith, and the azimuth of the arc
joining these two points, or by the components along the meridian and the
prime vertical.
The deflections of the vertical associated with the geodetic coordinate
system defined by a particular geodetic datum represent the relation of this
system to the astronomical system of geographic coordinates. These deflections referred to a particular datum may be determined by a comparison of
geodetic latitudes and longitudes with astronomical latitudes and longitudes
obtained by direct observations at the stations of a triangulation net.
The deflection of the vertical Θ may be resolved into a meridional component ξ reckoned positive from the geodetic zenith Zg toward the north
celestial pole P and a prime vertical component η reckoned positive from the
geodetic zenith toward the east point. Reckoning longitude positive toward
the east, and the azimuth of any direction OR clockwise, we have from the
spherical right triangle PZaT (Fig. 5)
cos(Aa - Xg) == tan φα cot(<pg + ξ),
sin η = sin(Aa — Xg) cos <pa.
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The actual value of 0 is always so small that these relations connecting the
deflection of the vertical with the differences between astronomical and
geodetic latitudes and longitudes may, with sufficient accuracy, be written
<Pa (λα -

<Pg = £>

λ„) COS φα =

η.

Strictly speaking, the astronomical azimuth αα and the geodetic azimuth
0Lg lie in different planes. However, the error from measuring both in the
plane of the astronomical horizon is in general less than one part in 108;
in the right triangle SgSaP the side SaP may therefore be taken as 180° — φα9
and to the same order of accuracy as the preceding expressions
α

α - *g = (K - Xg) sin <pa

= η tan φα.
This relation is known in geodesy as Laplace's equation.*
At triangulation stations where, in addition to an astronomical azimuth,
the astronomical longitude has been observed, the geodetic azimuth may
be calculated from Laplace's equation. These stations are called Laplace
stations. The discrepancy between this value of the geodetic azimuth and
the value obtained from the computation of the triangulation net is largely
due to the cumulative effects of systematic errors of observation in the
geodetic measurements. The inclusion of Laplace points at intervals throughout a triangulation system provides a control on the accuracy of the survey.
Similarly, at the initial station the geodetic longitude and the azimuth cannot
be determined independently; a value is adopted for one, and the value that
is taken for the other is obtained by Laplace's equation from astronomical
observations.
Differences of 5" between the astronomical and the geodetic coordinates
are commonplace; differences of 10" are frequent, and values as large as
20" are not rare. The deflection of the vertical may amount to as much as
30" or 40" in exceptional cases, and affect the latitude by nearly a mile. A
deflection of 1" in longitude at latitude 45° corresponds to 72 feet on the
surface of the Earth, measured perpendicularly to the meridian. On the
north shore of the island of Puerto Rico, which rises out of very deep water,
the plumb line is deflected southward, and on the south shore it is deflected
northward. The island is only 33 miles wide; and the distance between
San Juan, on the north coast, and Ponce, on the south coast, is about a mile
less than the distance which the difference between the astronomical latitudes
would give.
* For a development to a higher order of accuracy, see F. A. Vening Meinesz, Bull.
Géod. No. 15, 33-42 (1950).
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Accurate geometric distances and bearings on the surface of the Earth
evidently must be obtained from geodetic, not astronomical, coordinates.
Likewise, in astronomical problems where the finite size of the Earth and
the relative geometric positions of its different points are involved, geodetic
coordinates are sometimes necessary to obtain the required accuracy—as in
exceptionally accurate calculations of eclipses and occultations, or in precise
determinations of the dependence of the observed place of a very nearby
body, such as the Moon, upon the geographic location and elevation oif the
observer; but otherwise the deflection of the vertical does not explicitly
enter into astronomical relations—ordinarily, the actual geometric positions
of different points of the Earth relative to one another are not required to
this degree of accuracy.
It was realized at a comparatively early date that accurate surveys and
maps of large areas could not depend upon astronomical latitudes and longitudes alone; but in many cases no other method was available, and consequently much confusion has resulted. Notable examples are found in
the location of many state boundaries in the United States, which are
frequently defined by law as being along a particular meridian or parallel.
When laid down astronomically, not only may the boundary depart by as
much as half a mile from the geodetic meridian or parallel, but moreover
it follows a zigzag course. The eastern boundary of Montana, e.g., is at
one place more than one-half mile east of the position it would have if
referred to the spheroid, and the state of Kansas along the 98th meridian is
one-fourth mile wider than the north and south distance between its designated
boundary parallels on the spheroid.
Before different areas can be mapped on the same reference system, the
geodetic surveys must be referred not only to the same spheroid but also
to the same position of this spheroid in space relative to the Earth. The
adopted geodetic coordinates of the initial stations in different surveys may
be expected to place the spheroid in somewhat different positions; in order
to refer the surveys to the same geodetic datum, the initial stations must
be directly connected by either a continuous geodetic triangulation or some
equivalent method.
Geocentric Coordinates
In addition to the coordinate systems on the surface of the Earth, a system
for representing the position of points of the surface relative to the center
of the Earth is often needed. The coordinates that are usually the most
convenient for this purpose are the distance p from the center of the reference
ellipsoid—known as the radius vector—the geocentric latitude φ'—defined
as the angle between the radius vector p and the plane of the geodetic
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equator—and the geocentric longitude, which is the same as the geodetic
longitude. The geocentric zenith is the point on the celestial sphere toward
which p is directed. The angle <p — φ' between the radius p and the normal
to the spheroid is called the angle of the vertical or the reduction of the
latitude; it vanishes at the equator and the poles, while elsewhere <p > φ'
numerically. In astronomy, the geocentric latitude is sometimes called the

FIG. 6. Geocentric coordinates. PQ = 5; PR = C.
reduced latitude, but this same term is used with another meaning in geodesy
and cartography and is better avoided.
The relations connecting the geocentric and the geodetic coordinates may
be obtained from the geometric properties of a meridian section of the
ellipsoid (see Fig. 6). The equation of the generating ellipse may be written
2

a2

2

+

(19)

c2

At any point P(x, y) of the ellipse, the radius p = (x2 + y2)112 to the origin
makes an angle φ' = tan-10>/x) with the semimajor axis; and x = p cos <p\
y = p sin <p'. The slope of the ellipse is dyjdx = —c2x\a2y, hence the normal
at P has an inclination
♦

- l

<p = tan
that is*
y

a

y

— ;
ex

c

- = — tan φ
= tan φ'\

(20)
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in which
c2/a2 = 1 - e2

= d-/) 2 ;
where e is the eccentricity and/the flattening.
Squaring Eq. (20) and solving simultaneously with Eq. (19) for x and y
gives
P c o s V' = n
? 2 M/2 c o s Ψ
(1 — e sin φ) '
= C cos <p,
psm<p

= 7(1; —
· 2 \ i 1/ 2 s i n y
- 2e2 sinV)

(21)

= S sin φ
= (1 — e2)Csin φ;
the factors C and 5 depend upon the figure and size of the reference ellipsoid.
From these two relations we obtain for the radius vector and the angle of
the vertical
p = C[l - e\2 - e2) sin>] 1/2 ,

(22)

Q

Likewise,

sin(ç> — φ') = | — e2 sin 2<p
/>
g2 sin 2φ
2
[1 + (e4 - le2) sin2ç>]1/2

cos(ç? ·— ç?') = — (1 — e2 sin2ç?)
P
which with Eq. (22) gives
,
tan(ç> ·
" ^

e2 sin 2φ
2(1 - e2 s i n »
g sin 2φ
1 + q cos 2ç? '

where
q = e2/(2 - e2).
Similarly, in terms of φ
,
tanfœ — œ x) =

0 sin 2o/
£
:
1 — q cos 2ç/

(23)
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both this and the preceding expression in terms of φ may be derived directly
from Eq. (20) by means of the trigonometric formula
„
tan φ — tan φ'
z
tan(<p - φ) =
— .
1 + tan φ tan φ'
•
The maximum angle of the vertical is arctan e2/[2(l — e 2 ) 1/2 ], at the
latitude where sin φ = (2 — e2)~1/2; since e is small, this is close to latitude
45°.
Expressing Eq. (19) in terms of p and φ' by means of Eqs. (21) and (20)
gives
p2 cos 2 ç/{l + tan φ tan φ') = a2,
and
(
sec2 φ'
^1/2
I
p = al
Il + tan φ tan φ'
=

ί

cosy

p

Icos ç?' cos(ç? — φ'))
At a point which has geodetic coordinates (λ, φ, Η), where i / is the height
above the surface of the ellipsoid, measured along a normal to the surface,
and λ, φ are the geodetic longitude and latitude of the point on the surface
at the foot of the normal, the geocentric coordinates are the length r of the
radius vector to the center of the Earth, the angle 0 between the radius
vector and the equatorial plane, and the angle λ; and
r cos Θ = p cos φ' + H cos φ
= (C + H) cos φ,

r sin θ = p sin ψ' + H sin φ
= (5 + H) sin φ,

in which C, S, H must all be expressed in the same unit of length. Ordinarily,
the same symbols p, y are used for r and Θ as for a point on the ellipsoid,
where H = 0.
The quantities S and C defined analytically by Eqs. (21) represent geometric quantities. In the triangle, Fig. 6, formed by the center O of the
ellipsoid, a point P on the surface, and the point R on the axis where the
geodetic vertical at P intersects the axis, we have from the law of sines
p cos φ' = PR cos <p; and therefore C is the length PR of the segment of
the geodetic vertical from the surface to its intersection with the axis.
Similarly, in the triangle formed by 0 , P and the point Q where the geodetic
vertical intersects the plane of the geodetic equator, p sin <p' = PQ sin φ,
and therefore S is the length of PQ. The segment OR of the minor axis is
ae2 sin <p\ [(1 — e2 sin2^)172].
For the purpose of numerical computation, it is advantageous to develop
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the expressions in series, since φ — φ' is small and p differs but little from
unity. In terms of complex exponentials, Eq. (23) is
rw
/v,
1 + g exp(2i»
exp[2i(<p - ? > ) ] = —
r ^ - 1 + 4 exp(-2i<p)
Taking logarithms of both members, expanding the logarithms on the right
in powers of the exponentials, and expressing the result in trigonometric
φ — φ' = q sin 2φ — \q2 sin 4φ + \qz sin 6φ — · · ·

'

(25)

which expresses φ in terms of φ. Similarly, in terms of φ\
r^·/
^
1 — g exp(—2iV)
exp[2i(ç> - Ψ)\ =
„ . ;, ,
1 — q exp(2i<p )
ç? — φ' = q sin 2<p' + \q2 sin 4c?' + %q3 sin 69?' + · · · .
For calculating q, its expression in terms of e may be expanded by the
binomial theorem, and a series in powers of / obtained by the relation

* = 2f-p-

«-f(i-i)"'

A further parameter which is often useful is
n = (a — c)l(a + c).
Since c = a(l -f)

= α(1 -

εψ\

n=fl(2-f)
1 + (1 _ ff* '
whence

η=

έ / +

(^

2

+

α/)3

+

...

4

= ie + le + · · ·.
In terms of«,

/ = 2 n / ( 1 + n )

= 2n2
2
and, since e = (a — c2)ja2,

In* + 2«3 - 2«4 + · · · ,

q = (a*- c2)l(a* + c2)
_ 2(a — c)(a + c)
~ (a + cf + (a - cf
= 2«/(l + n2).
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The expression (22) for the radius vector may be developed in series by
multiplying together the binomial expansions of the two factors; to the third
order in the flattening
£ = {1 - e\2 - e2) sinV} 1/2 {l - e2 sin2?}"172
a

= 1 - \(e2 - e4) sinV - f£ sin> + · · ·
= 1 - * / + ίβ/ 2 + hf* + (if- H/ 3 ) cos 2φ
- (A/ 2 + A/ 3 ) COS 4φ + H/ 3 COS 6φ + · · · .
Similarly, from Eqs. (21)
£=[l-(2/-/2)sinV]-1/2
a
- 1 + */ + A / 2 + hf
+ ( A / 2 + &f)

- (if + if + H/ 3 ) COS 2φ

cos 4ç> -

e\/

3

cos 6? + · · · ;

^ = ( l - 2 / + /2)^
a
a
= 1 - f / + A / 2 + sV3 - (if - i f + (A/2 -

3 V 3 ) cos 49p -

e V 3 ) cos 2?>

A / 3 cos 69p + · · · .

For any particular adopted ellipsoid, these expressions may be tabulated.
The series, especially when tables are available, give more accurate results,
with less labor, than the finite expressions.*
A further measure of latitudinal position which is often useful in astronomical problems, particularly in the calculation of eclipses, is the eccentric
latitude Φ defined by
cos Φ = x\a.
It was first introduced by Legendre, who called it the reduced latitude, a
name still often used in geodesy but preferably avoided since it has also been
applied to the geocentric latitude. The eccentric latitude is also called the
parametric latitude, and sometimes the geometric latitude; it is the eccentric
angle in the usual parametric equations of an ellipse (Fig. 7):
x = a cos Φ,

y — c sin Φ.

In terms of the geocentric latitude, therefore,
cos Φ = - cos φ',
a

sin Φ = - sin φ';
c

* For a point at height H vertically above the surface, with geocentric coordinates p, φ',
a series for φ in terms of <p\ e, p, and formulas for H, are given by J. Morrison and S. Pines,
Astr.Jour. 66,15-16(1961).
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L·SOR=Φ

x = ocos<ï>cosX
yrocos4>sinX
* = csin<ï>

FIG. 7. Parametric latitude.
and by Eq. (20),
tan Φ = (tan ç>')/(l - e 2 ) 1/2
= (1 - e 2 ) 1/2 tan <p,
in which (1 - e2)1/2 = 1 - / . Analogously to Eq. (25),
φ — Φ = n sin 2φ — Jw2 sin 4<p + J/i3 sin 6φ — ·
= w sin 2Φ + |w2 sin 4Φ + J«3 sin 6Φ +
and replacing e2 in Eq. (22) by 1 - (1 - e2)1/2,
sin(ç? — Φ) = sin 2φ

1 -

(1 -

g 2 } l/2

\l/2
2(1 — e sin22„99)
2
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At the poles and equator φ — Φ vanishes; it reaches its maximum value,
approximately 5'.8, at about <p = 45°03\
The distance from the center of the ellipsoid to the point on the axis
where the geodetic vertical intersects the axis is
ae2

psin(y-y')_
cos φ

~~ /i

2\l/2

(1 — e ) '

Π

'

The Aspects of the Circles of the Sphere
By means of the geographic coordinate systems, the relations of the
reference circles on the rotating celestial sphere to the circles of the horizon
system at any place on the surface of the Earth may be expressed mathematically in terms of the geographic coordinates of the observer. These
relations are the basis for the determination of the aspect of the celestial
sphere at a given geographic locality at any time; and conversely, the basis
for the practical methods of determining geographic positions from the
observed aspect of the sphere.
In representing the local aspect of the celestial sphere, the geographic
position is most naturally referred to the astronomical system of geographic
coordinates; these coordinates are immediately related to the directly
observed aspects of the sphere and may be directly determined by observation.
The astronomical system of geographic coordinates is the essential complement of the horizon system of celestial coordinates, and these two systems
together constitute the local reference system of immediate observation.
The relations connecting the astronomical system of geographic coordinates
with the celestial reference systems are directly determined by the fundamental dependence of both in common upon the rotational motion of the
Earth, which determines both the geographic and the celestial poles and
equator, and upon local gravity, which determines the astronomical vertical
and zenith. At every instant, the positions of the celestial poles and equator
on the sphere are determined by the direction of the axis of rotation of the
Earth in space at the instant; and the locations of the ecliptic and the equinoxes by the position of the orbital plane in space at the time. The positions
of the circles of the horizon system among the circles of the equatorial and
ecliptic systems are determined by the location of the observer and the
direction of the vertical in space relative to the axis of rotation, which are
represented by the local geographic coordinates.
Like the celestial coordinate systems, the astronomical system of geographic
coordinates is a moving system, because of small variations of the position
of the axis of rotation within the Earth which accompany the variation of
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its direction in space, and because of slight variations of the direction of the
vertical due to the gravitational attractions of the Sun and the Moon. The
astronomical latitude and longitude of any fixed point on the surface of
the Earth are therefore slightly different at different times. At every instant
the geometric aspects of the rotating celestial sphere relative to the local
horizon system are represented by the mathematical relations among the
celestial and the geographic reference systems that are determined by the
direction of the axis of rotation in space and its position within the Earth
at the instant, and by the instantaneous position of the orbital plane in
space.
It follows immediately from the definition of astronomical latitude that
the altitude of the elevated celestial pole above the astronomical horizon as
seen by an observer on the surface of the Earth is numerically equal to the
astronomical latitude of the observer, because each is the complement of
the angle between the astronomical zenith and the celestial pole. This
principle, one of the most important in spherical astronomy, is independent
of the form of the Earth, depending only on the condition that altitude be
reckoned from a plane perpendicular to the vertical. In many textbooks,
this basic relation is explicitly proved only for a spherical Earth.
The altitude of the elevated pole is equal to the depression of the other
pole; therefore, in both hemispheres of the Earth the latitude is algebraically
equal to the altitude of the north celestial pole. As a corollary, the zenith
distance of the intersection of the celestial equator with the arc of the celestial
meridian above the horizon is numerically equal to the astronomical latitude;
consequently, in both hemispheres the astronomical latitude is algebraically
equal to the declination of the zenith.
The difference in the hour angles of the same point on the celestial sphere
as simultaneously observed from two points on the surface of the Earth
is the difference between the astronomical longitudes of the points of observation. The curvature of the surface of the Earth in an east-west direction
displaces the horizon and the meridian on the celestial sphere and alters
the hour angle; this is reflected in a difference of the local times at points
in different longitudes, as measured by the hour angle of a celestial body
in its diurnal circuit.
The Principal Aspects of the Sphere and the Geographic Zones

The relations of the circles of the celestial sphere to the position of the
observer on the surface of the Earth, and the resultant effects of the sphericity
of the Earth on the aspects of the celestial sphere and the diurnal motion
at different latitudes, have led to the familiar classification of the aspects
of the sphere into the Right Sphere, the Oblique Sphere, and the Parallel
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Sphere, according to the relation of the diurnal circles to the horizon. The
Right Sphere is the aspect of the celestial sphere as seen from a point on the
terrestrial equator; the celestial poles are on the horizon, and the diurnal
circles are perpendicular to the horizon. The Parallel Sphere is the aspect
of the celestial sphere at the terrestrial poles; one celestial pole is in the
zenith, the other in the nadir, the celestial equator coincides with the horizon,
and the diurnal circles are parallel to the horizon. The Oblique Sphere is
the aspect at any intermediate point on the Earth; the diurnal circles are
inclined to the horizon. At any terrestrial latitude φ the diurnal circle of a
celestial body which is not farther from the elevated pole than \φ\ lies
entirely above the horizon; and the diurnal circle of a body not farther
from the other pole than \φ\ lies entirely below the horizon. The limiting
circles are known, respectively, as the circle of perpetual apparition and the
circle of perpetual occultation. In the Parallel Sphere, they coincide in the
celestial equator, and in the Right Sphere they both shrink to points at
the celestial poles.
A particularly noticeable and practically important consequence of the
dependence of the aspect of the sphere upon location on the Earth is
the difference in the diurnal circles of the Sun at different latitudes, and the
effect of this difference upon the seasonal variation in the length of day
and night as the Sun, during the course of its annual circuit of the ecliptic,
reaches an angular distance of approximately 23£° alternately north and
south of the celestial equator.
The seasonal variation in the length of day and night, and its difference
in different geographic regions, attracted attention early in ancient times;
and their relation to the spherical form of the Earth was realized by the Greek
astronomers, who perceived that the sphericity must have important effects
on prevailing temperature conditions at different distances from the equator.
The earliest distinction between different zones seems to have been on a
somewhat indefinite basis of temperature and supposed habitability rather
than according to any astronomical relations that would set definite boundaries; but the geographic zones always were more or less closely associated
with corresponding divisions of the celestial sphere.
The celestial sphere is divided naturally into zones by the circles of perpetual
apparition and perpetual occultation of the stars and the circles that mark
the extreme northern and southern deviations of the Sun from the equator
during its annual circuit of the sphere. The northernmost and southernmost
parallels of declination reached by the Sun in its annual circuit were distinguished by the special designations Tropic of Cancer for the northern, and
Tropic of Capricorn for the southern; the corresponding parallels of latitude
on the Earth are the most northern and most southern latitudes at which
the Sun can ever reach the zenith, and in the earliest times the region lying
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between them was supposed to be too hot to be inhabited. Likewise, the
polar regions were supposed to be too cold to be habitable; and in early
Greek astronomy, these zones apparently were determined by the circles
of perpetual apparition and perpetual occultation, which were known as
the Arctic and Antarctic circles.
These circles on the celestial sphere were therefore also transferred to the
surface of the Earth, and used in general for the purpose of marking off
zones of latitude distinguished by supposed characteristics of temperature
and habitability that were consequences of the nature of the diurnal circles
of the Sun within these zones. However, the circles of perpetual apparition
and occultation obviously are very inappropriate for this purpose; and
later, the geographic zones were characterized on an entirely astronomical
basis in terms of the behavior of the shadow of the gnomon, without reference
to conditions of habitability : the Arctic and Antarctic Zones were defined
as the periscian regions, within which the shadow sometimes moves completely around the gnomon; the Tropic Zone was defined as the amphiscian
region, where the noonday shadow of the gnomon may fall either to the
north or to the south, depending on the season of the year; and the Temperate Zones were the heteroscian regions, where the noonday shadow
points either always north or always south.
These traditional zones have been retained ever since by geographers, but
are commonly designated by the names indicative of the temperature conditions within them. The two tropics, together with the parallels of latitude
that limit the region around either geographic pole within which the Sun
remains continuously above the horizon on at least one day of the year,
and continuously below on one or more days, divide the surface of the
Earth into five zones: the Torrid Zone, lying between the tropics; the
two Temperate Zones, north and south, extending from the tropic circles
to the polar circles; and the two Frigid Zones, Arctic and Antarctic, within
the Arctic and Antarctic circles. Actually, however, because of the irregular
distribution of continental and oceanic areas, and the influences of topography, the temperature distribution over the Earth conforms in only a very
rough way to these astronomically defined zones.
Relations of the Equatorial Coordinate System to the Horizon System

The triangle formed on the celestial sphere by the zenith, the elevated
celestial pole, and any other point on the sphere is known as the astronomical
triangle. The corresponding geographical triangle on the surface of the Earth
is formed by the observer, the geographical pole, and the substellar point.
The trigonometric relations among the parts of these triangles, representing
the relation of the aspect of the celestial sphere to the location of the observer,
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are among the most frequently used formulas in spherical astronomy and
its practical applications.
It is desirable that, as nearly as possible, these relations be expressed by
general formulas which apply in both the northern and the southern hemispheres of the Earth and to any point on the celestial sphere, in order to
NORTHERN HEMISPHERE : φ >Q°

SOUTHERN HEMISPHERE :

φ<0°

FIG. 8. The astronomical triangle.

avoid the necessity for distinguishing different cases requiring different
formulas. However, with the conventions that have become established in
practice, it is hardly possible to satisfy this condition completely. Generalized
formulas have been constructed in several different ways from time to time,
but have not replaced traditional practices.
The sides of the astronomical triangle for any point S on the celestial
sphere are (see Fig. 8) :
(1) The arc of the meridian between the zenith and the elevated pole,
equal in length to the colatitude of the observer, Θ = 90° =F ψ according to
whether the observer is in the northern or the southern hemisphere.
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(2) The arc of the vertical circle between the zenith and the point S, of
length z, the zenith distance of S.
(3) The arc of the hour circle from the elevated pole to S, which is the
polar distance p = 90° =F à according to whether the observer is in the
northern or the southern hemisphere.
The angle at 5, between the hour circle and the vertical circle, is called
the parallactic angle q. The angles at the pole and the zenith are related
to the hour angle and the azimuth, but the relations depend upon how the
hour angle and the azimuth are reckoned. There is no uniformity in the
reckoning of the azimuth A ; but for the hour angle A the established convention is to reckon it positively westward from the arc of the meridian opposite
the elevated pole, continuously from 0h to 24h, or, equivalently, positive
westward and negative eastward from 0 h to ±12 h .
With azimuth measured from north through east in both hemispheres of
the Earth, 0° < A <, 360°, and the hour angle westward from the arc of
the meridian opposite the elevated pole, 0 h < A <, 24h, the fundamental
relations between the equatorial system and the horizon system at any
latitude — 90° < <p <; +90° for any point on the celestial sphere are:
cos z = +sin φ sin δ + cos φ cos δ cos A,
sin z cos A = +cos <p sin δ — sin φ cos <5 cos A,

(26)

sin z sin A = —cos δ sin A;
±sin z cos q = +sin φ cos δ — cos φ sin δ cos A
sin z sin q = ±cos φ sin A ( +
[-

f+ if

φ>0°

[— if

φ < 0°

if

0h<A<12h

if

12h<A<24h'

;

(27)

sin δ = +sin φ cos z + cos φ sin z cos A,
cos δ cos A = +cos <p cos z — sin φ sin z cos A,
cos δ sin A = —sin z sin A ;
±cos δ cos q = +sin w sin z — cos w cos z cos yl
cos δ sinq = =Fcos <p sin A

(28)

(+

if

φ>0°

1-

if

9?<0°

f-

if

0 h < A < 12h

+

if

12h < A < 24h '

;

(29)

In the formulas given in many writings, the azimuth is reckoned in various
other ways. Likewise, the position in hour angle is sometimes represented
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differently; e.g., by the meridian angle reckoned east and west from the
meridian, 0h to +12 h in both directions.*
By means of these formulas, the coordinates in the equatorial system may
be transformed to the horizon system, and conversely, when the latitude is
given, through the intermediary of the hour angle h = τ — a; because of
the diurnal motion, the coordinates cannot be immediately transformed
from one system to the other without this intermediary.
The formulas for these transformations, together with the formulas for
determining the parallactic angle from the coordinates in either system, are
two examples of complete solutions of the astronomical triangle for three of
its parts in terms of three given parts. Other solutions are also frequently
required, especially in surveying and navigation. The determination of
altitude and azimuth from hour angle and declination by Eqs. (26), and the
converse by Eqs. (28), are direct transformations from one coordinate system
to another; but in some applications one of the coordinates in each system
must be determined from the other coordinates in the two systems. One of
the most important cases is the determination of azimuth and hour angle from
altitude and declination, at a known latitude. From the formula (4) for the
solution of a spherical triangle when three sides are given,

tan2p=sin(s-y)sin(s-0),
cos s cos(s — z)

(30)

where s = \(<p + z + δ), and
. 2iA
cos s sin(s - δ)
tan \A = —'
,
(31)
sin(s — ψ) cos(s — z)
in either hemisphere of the Earth; to determine the quadrants, it must be
known whether the object is east or west of the meridian.
Only a small number of the twenty mathematically possible cases occur
in practice. Moreover, three unknown parts are not usually all needed, and
the most convenient formulas often depend upon the particular one or two
parts that are required. For practical calculation, the fundamental general
formulas may be transformed into the form most advantageous for the
particular problem and the means of calculation available. For the cases
which occur most frequently, many different tables and graphs have been
published to facilitate the calculations, especially in navigation. Numerical
procedures may sometimes be used to advantage; e.g., hour angle may be
* For examples of general formulas in which double signs are avoided by sometimes
using an exterior angle of the triangle, see L. P. Lee, Conventions and generalized formulae
for the astronomical triangle. Jour. Brit. Astr. Assoc. 65,114-117 (1955). W. Mare, Notes
on the astronomical triangle. Empire Survey Rev. 14, 35-39 (1957).
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found from azimuth and declination by inverse interpolation of the values
of A calculated from ô for a series of different values of A, by the second and
third of Eqs. (26).
For some purposes it is more convenient to measure the position angles of
points on or near the disk of a celestial body from the vertex of the disk (i.e.,
the point where a vertical circle through the center intersects the limb)
instead of from the north point of the disk. The position angle from the
vertex is

V=

P-q,

where P is the position angle from the north point and q the parallactic angle.
The variations of any of the coordinates that are concomitant with small
variations in other coordinates may be determined from the differential
relations in the astronomical triangle, obtained either by applying Eq. (8) or
by direct differentiation of Eqs. (26)-(29):
dz = Tcos q do — cos φ sin Adh — cos A άφ,
sin z dA = +cos φ sin A cosec z dô ± cos q cos à dh + cos z sin A dcp,
±sin zdq =

[+sin q cos z do — cos φ cos Adh + sin A άφ9 A < 12h
(+sin q cos z do + cos φ cos A dh — sin A άφ, h > 12h

do = Tcos q dz + cos φ sin hdA + cos h d(p,
cos b dh— +cos φ sin h cosec z dz ± cos # sin z Λ4 + sin <5 sin A άφ,

(

—sin gr sin ô dz + cos <p cos hdA — sin A */<p, A < 12h
—sin ^ sin ô dz — cos 9? cos hdA + sin A <fy, A > 12h

the upper signs are for northern latitudes, the lower signs for southern
latitudes.
Relations of the Ecliptic System to the Horizon System

The relations of ecliptic coordinates to altitude and azimuth, although
comparatively unimportant in modern astronomy, are of some interest, and
are occasionally required in special problems.
The relation between any two systems of spherical coordinates depends
upon the mutual inclination of their fundamental circles and the positions of
the intersections of these circles relative to the cardinal points upon them.
As exemplified in Figs. 2 and 8, the relation may be derived from the triangle
formed by the poles of the fundamental circles and any point of the sphere;
the side joining the poles is equal to the inclination, while the other sides and
the angles are functions of the coordinates in the two systems. In these two
examples, the fundamental circles intersect at fixed points: the equinoxes in
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one case, the east and west points of the horizon in the other case; right
ascension and longitude are both measured from one equinox, hour angle
and azimuth from fixed points of the horizon. In contrast, the ecliptic
intersects the horizon at continually different points and a varying inclination
because of the diurnal motion, and the equinox likewise is constantly changing
position relative to the horizon system; these circumstances complicate the
relations between the two coordinate systems (see Fig. 9).

FIG. 9. Relation of the ecliptic system to the horizon system: Z, zenith; P, celestial
pole; E, pole of ecliptic; N, nonagesimal; τ, sidereal time; and T, equinox.

The point of the ecliptic which at any particular instant is 90° from its
intersections with the horizon, and therefore at the greatest altitude above
the horizon, is called the nonagesimal point. The vertical circle that is
perpendicular to the ecliptic at the instant meets the ecliptic in this point, and
is the great circle that passes through the zenith and the pole of the ecliptic;
i.e., it is the circle of latitude through the zenith. The celestial latitude B
of the zenith is numerically equal to the zenith distance of the nonagesimal,
which lies to the northward of the zenith when B is negative; and the
celestial longitude L of the zenith is the longitude of the nonagesimal.
The zenith distance of the north pole of the ecliptic is 90° — B, which
therefore is the inclination of the ecliptic to the horizon. The intersections of
the ecliptic with the horizon are at points 90° from the point where the vertical
circle through the nonagesimal meets the horizon. Let s denote the arc of
the horizon intercepted between this vertical circle and the quadrant of the
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meridian on the opposite side of the zenith from the elevated celestial pole;
then the intersections of the ecliptic with the horizon are at angular distances
90° ± s from this quadrant of the meridian, where the upper sign applies to
the intersection that lies on the side of the meridian opposite the pole of the
ecliptic. The arc of the horizon intercepted between the ecliptic and the
equator is also equal to s.
At sidereal time τ, from the triangle formed by the zenith, the north
celestial pole, and the north pole of the ecliptic,
sin B = sin <p cos e — cos φ sin € sin r,
cos B sin L = sin w sin e + cos w cos e sin r,
Ψ
ψ
^
cos B cos L = cos φ cos r ;
cos T cot s = cos <p cot € + sin <p sin τ.

(32)

The hour angle of the north pole of the ecliptic is τ + 6 h ; it is on the
meridian below the north celestial pole at sidereal time 6h, and on the meridian
above the pole at 18h.
At a place within the Arctic or the Antarctic circle, the intersections of the
ecliptic with the horizon make a complete circuit of the horizon during a
sidereal day; but outside these regions they oscillate about the east and west
points.
The inclination of the ecliptic to the horizon is a maximum or a minimum
when the equinoxes are on the horizon. The ecliptic coincides with the
horizon at <p = 90° — e at the instants when, during each diurnal circuit,
the equinoxes are on the horizon and the ecliptic is south of the equator, i.e.,
at the times when the vernal equinox is rising, and therefore at local sidereal
time 18 h ; similarly at latitude — 90° + e when the vernal equinox is setting
and the local sidereal time is therefore 6h. The ecliptic is perpendicular to
the horizon at latitude + € at sidereal time 6h, and at latitude — € at 18h.
The ecliptic intersects the meridian at a zenith distance z given by tan z =
tan B sec s, and at an angle η given by cos η = cos B sin s. When, e.g., the
Moon transits the meridian, the line of cusps, which is very nearly perpendicular to the ecliptic, is in general more or less inclined to the vertical.
Representation of the Positions of Celestial Bodies
The immediately observed position of a celestial object is the projection
of this object onto the celestial sphere by the line of sight in the direction of
the observed position; but this apparent direction is the direction from which
the light is coming at the instant of reaching the observer, and does not
coincide with the direction to the geometric position of the object in space
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at that instant. The apparent direction departs from the actual direction
partly because the direction of the light during its passage through the
atmosphere of the Earth is continuously altered by refraction, and partly
because the direction of the light relative to the observer, who is moving with
the Earth, is not its geometric direction in space; moreover, at the instant of
observation the body is no longer in the same geometric direction from the
observer, in general, as when the light left it. The observed position on
the celestial sphere is therefore displaced from the geometric projection; the
displacement of the observed position from the geometric place by refraction
in the atmosphere is known as astronomical refraction, and the further
displacements by the effects of the finite velocity of light are known
collectively as aberration.
Consequently, the directly observed position on the celestial sphere depends
upon the circumstances of observation. The geometric projection depends
upon the geographic location of the observer, since from different positions
on the surface of the Earth the body is located in different directions, and may
be observed in appreciably different positions on the celestial sphere if near
enough to the Earth; and the actually observed position departs from this
geometric projection by a variable amount depending upon the motion of
the observer in common with the Earth at the time, and upon the physical
conditions in the environment which determine the path of the light.
The positions of the reference circles on the rotating celestial sphere are
independent of these circumstances; but since these circles are not perfectly
fixed on the sphere, the positions of celestial bodies which are observed at
different times are in general referred to different coordinate systems—the
coordinates of any particular point on the sphere depend upon the locations
of the reference circles on the sphere at the time of observation. Likewise, the
geographic coordinates of a fixed point on the Earth, in terms of which the
relations to the local horizon system are expressed, are slightly variable.
Before different observations can be compared with one another, or an
observed position compared with a position calculated from theory, they
must be referred to the same reference system, and also must be reduced to
the positions that would have been observed under like circumstances. By
removing from the directly observed position the effects which depend upon
the location of the observer on the surface of the Earth—refraction, the part
of the aberration that is due to the rotation of the Earth, and the difference
between the geometric directions of the object from the observer and from
the center of the Earth, which is known as geocentric parallax—the position
is obtained in which the body would be seen if it were observed from the
center of the moving Earth; this is the position to which, in technical
astronomical usage, the term apparent position is ordinarily applied. When
apparent positions have been reduced to geometric positions by further
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removing the aberration due to the orbital motion of the Earth, and have
been referred to a common coordinate system, they are completely comparable
with one another.
To determine the reductions for the circumstances of observation, a
development of expressions for the effects of parallax, refraction, and
aberration on the coordinates of a celestial body is required ; and to determine
reductions for referring the positions to a common coordinate system,
expressions must likewise be developed for the variations which occur in the
coordinates of a point on the celestial sphere because of the motions of the
reference circles on the sphere. The theory of these reductions is the subject
of the next several chapters.

