
CHAPTER 8 

The Dynamical Basis of the Astronomical 
Coordinate Systems 

1 HE locations of the reference circles of the celestial coordinate systems 
among the stars must be determined empirically by observations of the 
apparent motions that define them; but since these apparent motions reflect 
actual motions of the Earth and the other celestial bodies, the reference 
systems of position and time can be constructed on a dynamical foundation 
by means of the gravitational theories of the motions in the solar system. 
To establish the coordinate systems by observation on the basis of their 
empirical geometrical definitions to the high degree of precision now required, 
the dynamical theory of the reference systems is an indispensable accessory, 
particularly for determining the motions of the fundamental circles due to the 
variations in the positions of the axis of rotation and orbital plane of the 
Earth. 

The variations of the coordinates of a celestial body that are caused by 
parallax, aberration, and refraction represent displacements of the observed 
position on the celestial sphere depending on geographic location and other 
circumstances of observation. They must be carefully distinguished from the 
further variations of the coordinates that are caused, not by any differences of 
position on the celestial sphere, but by the motions of the reference circles of 
the equatorial and ecliptic systems. Furthermore, in representing the local 
aspects of the sphere in terms of the celestial coordinates of the bodies and 
the geographic coordinates of the observer, the small variations which occur 
in the astronomical system of geographic coordinates at a fixed point on 
the surface of the Earth must likewise be recognized. Dynamically, the 
astronomical coordinate systems both on the celestial sphere and on the 
surface of the Earth are determined by the rotational and orbital motions of 
the Earth which define the fundamental circles, and by the geographical 
distribution of gravity, which defines the astronomical vertical. The dynamical 
theory of the motions of the Earth enables theoretical expressions to be 
derived for the motions of the coordinate systems in terms of observable 
parameters. 

Kinematically, the motion of the Earth as a whole is the resultant of a 
translation with the velocity of the center of mass and a rotation around an 
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axis that passes through the center of mass. These two component motions 
are dynamically independent of each other. The center of mass moves as 
though it were a particle with a mass equal to the total mass of the Earth 
upon which all the forces that are acting were exerted; the motion relative 
to the center of mass takes place as though the center of mass were at rest, 
and is determined by the moments of the impressed forces about the center 
of mass. 

The motion of the center of mass is determined principally by the action of 
the central gravitational force exerted by the Sun and is therefore very nearly 
in an elliptic orbit with the Sun at one focus; but this motion is continually 
disturbed by the gravitational attractions of the other bodies in the solar 
system, and the actual orbit of the center of mass is consequently an irregular 
and ever-varying curve in space. The resulting apparent motion of the Sun 
among the stars is correspondingly irregular and variable; but since the 
irregularities were not appreciable to observation in ancient times, the 
ecliptic was originally conceived as the actual annual path of the Sun among 
the stars, and in being made the basis of a geometric coordinate system on the 
celestial sphere it was empirically considered as a great circle. However, when 
the apparent annual motion of the Sun is interpreted as the reflection of an 
orbital motion of the Earth, and the ecliptic is dynamically defined by the 
gravitational theory of planetary motion, a more exact empirical definition, 
precisely related to the dynamical definition, is necessary. In order that the 
ecliptic may be taken as the fundamental reference circle of a coordinate 
system on the sphere it must be a great circle; and a definition is therefore 
required which defines a great circle that is determined by the actual irregular 
apparent motion of the Sun on the celestial sphere. 

Accordingly, the ecliptic is defined as the great circle in which the celestial 
sphere is intersected by the mean orbital plane of the Earth. This plane slowly 
changes its position in space in a regular progressive manner, always passing 
through the center of the Sun, while the instantaneous orbital plane, 
determined at every instant by the radius vector and the velocity vector, 
oscillates about the mean plane with an irregularly periodic motion; the 
consequent slow secular motion of the ecliptic on the celestial sphere, and the 
irregular departure of the apparent path of the Sun from the progressively 
moving ecliptic, may be determined from the gravitational theory of the 
orbital motion of the Earth. 

The motion of the Earth relative to its center of mass is determined 
principally by the gravitational actions of the Moon and the Sun, which 
continually disturb the rotational motion; but it is further complicated 
because the axis of rotation does not coincide exactly with the axis of figure, 
and because deformations of the Earth, and transfers of mass upon and 
within the Earth from the operation of geophysical processes, are continually 
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occurring. At every instant, the motion is a rotation around an axis which 
constantly passes through the center of mass, but from instant to instant this 
axis is both in a different position within the Earth and also in a different 
direction in space. Moreover, variations occur in the angular rate of rotation 
around the instantaneous axis. 

The variation of the direction of the axis of rotation in space changes the 
positions of the celestial poles and equator on the celestial sphere ; and the 
variation of its position within the Earth causes a continual motion of the 
geographic poles over the surface of the Earth, confined within a small area 
about 100 feet in diameter. The celestial equator is empirically defined at 
every instant by the apparent diurnal rotation of the celestial sphere due to 
the rotation of the Earth around the instantaneous axis. This dynamical 
interpretation, unlike the definition of the ecliptic, does not essentially affect 
the original empirical concept based on interpreting the observed apparent 
diurnal motions of the stars as due to an actual rotation of a sphere upon 
which the stars were fixed, and at the center of which the Earth was 
motionless. 

The motion of the geographic poles is the principal cause of the small 
variations which occur in astronomical latitudes and longitudes on the 
surface of the Earth, with consequent effects on the horizon coordinate 
system; but further slight variations of the geographic reference system and 
the local horizon system also occur because of variations in the direction of 
local gravity. The direction and intensity of gravity are determined principally 
by the gravitational attraction of the Earth and the centripetal acceleration of 
rotation but they also depend to a slight extent upon the gravitational forces 
of the Sun and the Moon. The continual variations of the lunisolar forces 
produce variations in the direction of the astronomical vertical, altering the 
geographic coordinates and displacing the astronomical zenith and celestial 
meridian. 

The motion of the plane of the equator, like that of the instantaneous 
orbital plane, may be represented as a variable periodic oscillation about a 
progressively moving mean plane. The mean plane determines a great circle 
on the celestial sphere which, like the ecliptic, has only a secular variation in 
position ; this circle is known as the mean equator, and its regular progressive 
motion constitutes the lunisolar precession. The variable periodic component 
of the motion of the equator is known as the nutation. For many purposes, 
the mean equator is a more convenient reference circle for a coordinate 
system than the actual equator. The ascending node of the ecliptic on the 
mean equator is called the mean equinox, and the inclination of the ecliptic 
to the mean equator is the mean obliquity. 

From the theoretical dynamical expressions for the motions of these 
fundamental reference circles, the positions of the circles on the celestial 
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sphere at any instant may be determined relative to their positions at an 
arbitrary initial instant of time. This initial time adopted as the instant of 
reference is called the epoch. The positions of the circles at the epoch, which 
are represented in the theory of the motions of the Earth by constants of 
integration in the solutions of the differential equations of motion, must be 
empirically established by observation. 

For purposes for which a stationary coordinate system on the celestial 
sphere is needed, the system defined by the ecliptic and the equator at an 
adopted epoch of time is used. The fundamental circles are fixed on the 
sphere, in the positions which the ecliptic and the equator occupy at this 
epoch, and are referred to as the fixed ecliptic and fixed equator of the epoch; 
and their intersection at the ascending node of the ecliptic is the fixed 
equinox of the epoch. The actual circles at any instant are referred to as the 
ecliptic and equator of date. 

The Secular Motion of the Ecliptic 

The motion of the plane of the ecliptic in space is due to the disturbing 
attractions of the other planets on the Earth. Since the plane constantly 
passes through the center of the Sun, the motion at every instant is necessarily 
a rotation around an axis that lies in the plane and passes through the Sun. 
This axis around which the plane of the ecliptic rotates is slowly retrograding 
within the moving plane. 

The motion of the plane in space, and the consequent secular variation of 
the ecliptic on the celestial sphere, are represented by the instantaneous 
position of the moving axis of rotation and the angular rate of rotation κ 
around this axis. The position of the axis is represented by the longitude of 
the extremity which is at the ascending node of the instantaneous position of 
the ecliptic on the immediately preceding position. 

The position of the moving plane of the ecliptic at time t, relative to a fixed 
reference system in space, is represented by its inclination πλ to the plane of 
the fixed ecliptic of an adopted epoch t0, and the position of its line of 
intersection with this fixed plane, which may be specified by the longitude 
of the ascending node of the moving ecliptic on the fixed ecliptic. 

Theoretical expressions for the values of κ and the longitude of the axis of 
rotation in terms of the masses and orbital elements of the planets may be 
obtained from the dynamical theory of the motion of the center of mass of the 
Earth under the gravitational attractions of the other bodies in the solar 
system; and by integration, expressions are determined for the inclination πλ 

and the longitude of the node on the fixed ecliptic. 
The intersections of the axis with the celestial sphere at any instant are the 
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poles of a great circle along which the pole of the ecliptic E (Fig. 32), is 
instantaneously moving; the intersection R which is at the ascending node of 
the moving ecliptic on the position at the immediately preceding instant is 90° 
east of the point on the ecliptic toward which the motion of the north pole 
of the ecliptic is directed. 

FIG. 32. Precessional motions of the fundamental circles. 

The actual path of the pole over the celestial sphere is not a great circle. 
The great circle in which the pole is instantaneously moving is tangent to the 
path, and the angle N from this great circle eastward to the quadrant of the 
mean solstitial colure of date in which the north celestial pole is located 
specifies the direction of the instantaneous motion. The longitude of the 
axis, reckoned from the mean equinox of date along the ecliptic of date, is 
L = 180° - N. 

As the ecliptic rotates, the equinox on the fixed equator of epoch moves 
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eastward. The colure independently rotates westward around the moving 
pole of the ecliptic with the precessional motion of the celestial pole; and 
the position in which the colure was located at the epoch is at an angle N0 

with the direction of motion at date of the pole of the ecliptic. The longitude 
of the axis of rotation, reckoned in the moving ecliptic from the point which 
was at the equinox at the time of the epoch, is L0 = 180° — N0. The values 
of K and N09 which represent the motion relative to a fixed reference system 
in space, are the quantities obtained from the planetary theory; N is found 
from N0 and the precessional motion of the equinox which is obtained from 
the theory of the motion of the Earth around its center of mass. 

The node of the ecliptic of date on the fixed ecliptic of epoch is usually 
represented by its longitude U1 reckoned along the fixed ecliptic from the 
fixed mean equinox of epoch; but it is sometimes specified by its longitude 
reckoned along the ecliptic of date from the mean equinox of date. The node 
at Πχ is the heliocentric ascending node of the moving ecliptic on the fixed 
ecliptic. Its geocentric longitude is the same as its heliocentric longitude, but 
when the Earth is at this ascending node, the Sun as seen from the Earth is at 
the descending node at a geocentric longitude 180° greater. The longitude 
may also be expressed as Πχ = 180° — Nl9 where Νλ is the angle between the 
colure of epoch and the arc π± from the pole of the ecliptic of epoch to the 
instantaneous pole of the ecliptic. This arc πλ connecting the two positions of 
the pole is not the path by which the pole actually moved from one position 
to the other. 

The position of the pole of the ecliptic of date may be represented by its 
coordinates in a rectangular system with origin at the pole of the ecliptic of 
epoch, Z-axis toward the mean equinox of epoch, and Y-axis along the mean 
solstitial colure of epoch toward the celestial pole in longitude 90°. Strictly 
speaking, in the right spherical triangle formed by x9 y, πΐ9 we have sin x = 
sin 7rx sin Nx and sin y = sin πχ cos Nl9 or tan x = tan πλ sin Nx and tan y = 
tan 77! cos Nl9 but for several centuries on either side of the epoch the curva-
ture of the sphere over the small region through which the motion extends is 
negligible, and the triangle may be regarded as plane; after five centuries 
from the epoch, Ή\ is only of the order of 0".000 000 4, and πΐ9 sin πΐ9 tan πΐ9 

are numerically interchangeable. The coordinates are therefore 

x = 77-! sin Nt y = πλ cos Nx 

= +77-! sin Πι, = —77! cos Πι; 

for convenience, πχ is reckoned negative before the epoch. 
The instantaneous linear velocity of the pole E(x9 y) of the ecliptic over 

the celestial sphere is a vector tangent to the sphere at E9 hence parallel to 
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the plane of the ecliptic, with components 

dx ΛΠχ . dirx 

— = 77\ cos Hi h sin IL — , 
dt dt dt 
dy . „ dU, „ dir* 
- = ^ , 1 ^ — - C O S l ^ - . 

Since the motion of E is at the rate κ = dnjdt in a direction toward 
longitude 90° — N, its components toward the equinox of date, and along the 
solstitial colure of date toward longitude 90°, are κ sin N, κ cos N, 
respectively; at the epoch, they are equal to dx/dt, dy/dt. 

The numerical expressions obtained from the planetary theory for the 
position of the moving ecliptic, referred to the fixed ecliptic of the epoch, 
are in the form of power series in the time for the rectangular coordinates, 

77N sin IL = ΌΛ + p2t
2 + · · · , i i ri - r ^ 2 ( 1 0 1 ) 

π± cos Ü! = qxt + q2t
2 + · · · . 

Expressions for πλ and U1 may be obtained from (101) by putting 

7Γ! = sxt + s2t
2 + szt* + · · ■, 

nt = n0 + s,t + s2t
2 + s3'3 + · · ·. 

and determining the coefficients by substituting into (101) and equating 
coefficients of like powers of t; with 

sin Ili = sin Π0 + (Sl cos U0)t + (S2 cos Π0 - £S* sin U0)t
2 + · · · , 

cos Γ^ = cos Π0 — (Sx sin U0)t — (JSj* cos Π0 + S2 sin Π0)ί
2 — · · · , 

we find, to the third order, 

/?! = 5χ sin Π0, 

p2 = s2 sin Π0 + s1S1 cos Π0, 

Pz = (h — ihSÎ) sin Π0 + (s^ + s ^ ) cos Π0, 

<?i = Sx cos Π0, 

q2 = s2 cos Π0 — 5 ^ sin Π0, 

9s = (s3 — i s i s ï ) cos Π0 — (s2Sx + s^a) sin Π0, 

from which the coefficients s{ and S{ may be found in terms of pt and q^ 
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For numerical computation, however, it is more convenient to use the relations 

tan Π ο ^ / ^ / f l , 

h = y/pl + Î Î , 
h$i = / > 2 c o s n 0 - 9 2 s i n n 0 , 

s2 = p2 sin Π0 -!- qz cos Π0, 
**Ά = Λ c o s Π0 — ?3 sin Π0 — s2Sl9 

sz = /?3 sin Π0 + qz cos Π0 + i^S*. 

Strictly speaking, the left-hand members of (101) should have either tan πχ 

or sin πχ in place of πΐ9 depending on the form in which the dynamical theory 
is developed. Numerically, these three quantities are interchangeable over 
any interval of time for which the theoretical expressions are valid; but the 
algebraic expressions for π± and U1 differ in the third-order terms. With 
tan 77Ί = π± + £ φ 3 in place of πΐ9 the term +$s\ sin Π0 is added to the 
preceding expression for/?3, and + £sj cos Π0 to ^3, and therefore —JsJ to s$'9 

with sin πχ = πχ — Jjji8, the term — JjJ sin î l 0 is added to /?3, and 
—isj cos Π0 to #3, and therefore +%s\t0 ^3· These forms are given by some 
writers; but s\ < 0".000 003, with the century as the unit of time. 

The Motion of the Earth Relative to Its Center of Mass 

The Earth as a whole is so nearly rigid that the theory of its motion relative 
to its center of mass may be based on the general theory of the motion of a 
perfectly rigid body. The actual motion may be expected to approximate 
very closely to the motion that would occur were the Earth perfectly rigid. 
The deviations from rigid motion depend upon the physical structure and 
internal constitution of the Earth, and upon the redistributions of mass 
on and within the Earth in geophysical processes. They cannot be determined 
with certainty from theory alone, and are therefore best represented 
separately in the form of corrections to the theoretical rigid motion. The 
comparison of the theoretical motion with astronomical and geophysical 
observations is an effective aid in determining these corrections, and the 
theoretical rigid motion is of fundamental importance as a standard of 
reference in the interpretation of the actual motions that are observed. 

The motion of a rigid body relative to its center of mass under the action 
of impressed forces depends primarily upon the principal moments of inertia, 
and is determined by the motions of the principal axes of inertia in space and 
the motion of the body relative to these axes. The axis of maximum moment 
of inertia is the dynamical axis of figure. The Earth is so nearly a concen-
trically homogeneous spheroid of revolution that this axis coincides practically, 
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though not necessarily exactly, with the geometric axis of figure, i.e., the 
axis of revolution of the conventional geodetic reference ellipsoid. The plane 
of the other two principal axes is the plane of the dynamical equator of figure. 
There is no certain evidence of a significant difference between the values of 
the two equatorial moments of inertia, and it is sufficient to develop the 
theory of the motion on the hypothesis that A = B < C, where C is the 
moment about the polar axis of figure. 

The dynamical theory* gives expressions for the motions of the principal 
axes of inertia in space and the motion of the axis of rotation relative to the 
dynamical axis of figure. Kinematically, the motion of the Earth relative to 
its center of mass is a complex resultant of three components. While rotating 
around an axis that always passes through the center of mass but does not 
coincide with the axis of figure, the Earth is continually changing position 
slightly relative to the axis of rotation by a motion in which the axis of figure 
describes an irregularly variable conical surface in space around the axis of 
rotation without appreciably changing the direction of the axis of rotation. 
Consequently, the axis of rotation lies in successively different positions on a 
conical surface within the Earth. Concurrently, under the gravitational 
attractions of the Sun and the Moon, the axis of rotation has a conical 
motion in space, in which the Earth participates as a whole without any 
change in position relative to the axis. 

The variation in the position of the axis of rotation within the Earth is 
reflected in a variation of astronomical latitudes and longitudes as the 
geographic poles move over the surface of the Earth ; but as it is entirely due 
to a displacement of the Earth as a whole relative to the axis of rotation, not 
in any part to a motion of the axis in space, it does not affect the position of 
the celestial pole among the stars. The concomitant motion of the axis of 
rotation in space does not alter the position of the axis within the Earth, and 
leaves geographic latitudes and longitudes unchanged, but displaces the 
celestial poles and equator among the stars, altering the celestial coordinates 
of points on the celestial sphere. 

These motions of the Earth depend implicitly upon the internal distribution 
of mass and the physical properties throughout the interior of the Earth. 
However, the only function of the density distribution which explicitly 
appears in the theory of the rigid motion is the parameter (C — A)/C9 

known as the dynamical flattening: its value is obtained, not from the internal 
constitution of the Earth, but from observations of the rate of the precessional 
motion of the celestial pole. Likewise, the amount of the departure of the 
axis of rotation from the axis of figure is obtained directly from observations 
of the varying position of the geographic pole. 

* For the detailed mathematical theory, see E. W. Woolard, Theory of the rotation of 
the Earth around its center of mass. Astr. Pap. Amer. Eph. XV, Pt. I (1953). 
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The usual elementary textbook explanation of precession based on the 
geometrical shape of the Earth instead of on the relative values of the 
principal moments of inertia is dynamically inadequate except for a homo-
geneous spheroid. It is incorrect to consider the Earth as "a sphere encircled 
by a protuberant ring of matter, the equatorial bulge," because the equatorial 
excess is not merely a surface bulge; it extends all the way to the center. 
The Earth is approximately concentrically homogeneous; all the shells have 
about the same flattening, and they all contribute to C — A. Therefore the 
sphere with radius equal to the polar semidiameter is only geometrically a 
sphere, not dynamically. Very different distributions of mass may give the 
same values of C and A, and lead to the same precessional motion. 

No appreciable effects of the departures of the Earth from rigidity upon 
the motion of the axis of rotation in space have yet been established with 
certainty, though theoretical investigations have indicated the possibility 
that very slight effects may occur. However, relative to the moving axis of 
rotation, the motion of the axis of figure in space departs widely from the 
theoretical rigid motion, in both character and magnitude, because of the 
departures of the Earth from rigidity. These departures also cause variations 
in the rate of rotation around the instantaneous axis which are large enough 
to be of practical importance in the precise measurement of time. 

The Lunisolar Motion of the Celestial Equator 

The position of the moving plane of the celestial equator at any instant is 
represented by its inclination ex to the fixed ecliptic of an adopted epoch, and 
the displacement westward ψ of its descending node on the fixed ecliptic, 
from the fixed mean equinox of epoch (Fig. 32). The expressions obtained by 
the integration of the equations of motion for these angles as functions of the 
time are 

V = / i ' + / 2 ' 2 + · · · 
- 17".233 sin ft + 0'\209 sin 2ft 
- 0".204 sin 2L« - Γ.273 sin 2L@ 

+ · · · , 

€l = €° + ext + θ2ί2 + · · · (104) 
+ 9".210 cos ft - 0".090 cos 2ft 
+ 0".088 cos 2L$ + 0".552 cos 2L@ 

+ · · · , 

in which €°,fi9 6i are constants; ft denotes the mean longitude of the lunar 
node, and L@, L^ the mean longitudes of the Sun and Moon. The complete 
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expression for ψ contains 69 periodic terms with coefficients > 0".0002, and 
the expression for ex contains 40. 

The periodic terms collectively represent a somewhat irregular periodic 
oscillation of the plane of the equator, due to the nutation of the axis of 
rotation, about a mean position which is progressively changing because of the 
precession of the axis and which is represented by the secular terms. The 
progressively moving mean plane defined by the secular terms is the plane 
of the mean equator. The great circle in which this plane intersects the 
celestial sphere is the mean celestial equator, and its geometric poles are the 
mean celestial poles. 

The constant €° is the mean obliquity at the epoch; it is a constant of 
integration, and must be evaluated by observation. The constants/^, 0t, and 
the coefficients of the periodic terms depend upon the masses and orbital 
elements of the Earth and the Moon, and the moments of inertia of the 
Earth. The coefficient/i of tin ψ is called the constant of lunisolar precession, 
and the coefficient of cos Λ in €λ is the constant of nutation; these two 
coefficients are directly determined by observation, since no feasible method 
is available for directly determining the moments of inertia of the Earth. 
The numerical values of the other coefficients in ψ and €X are obtained from 
the dynamical theory and the observed values of fx and the constant of 
nutation. 

The lunisolar motion of the axis of rotation is the resultant of two con-
current conical motions, one around the pole of the ecliptic of date from 
the action of the Sun, the other around the moving pole of the lunar orbit 
from the action of the Moon (Fig. 33). Both are somewhat irregular, and at 
variable rates. As the pole of the lunar orbit revolves around the pole of the 
ecliptic, the motion of the axis due to the action of the Moon oscillates in 
direction from one side to the other of the direction of the motion due to the 
Sun. The north celestial pole therefore describes an irregular sinuous curve 
on the celestial sphere, at an irregularly varying rate, around the pole of the 
fixed ecliptic. It completes a circuit in approximately 26,000 years, counter-
clockwise as seen from the surface of the Earth, and the principal sinuosity 
has the period of one revolution of the pole of the lunar orbit, about 18.6 years. 

This motion of the north celestial pole on the sphere, as viewed from the 
surface of the Earth, may be represented as a counterclockwise revolution 
around the mean pole at a variable rate in an irregular but nearly elliptical 
path, of semimajor axis approximately 9", while the mean pole moves 
uniformly in a circle counterclockwise around the pole of the fixed ecliptic of 
epoch except for small secular variations in the rate of motion and in the 
radius €λ of the circle. The uniform circular motion of the mean pole is 
the lunisolar precession of the axis represented by the secular terms in the 
expressions (104) for ψ and €X; about one-third of the magnitude is due to 



MOTION OF THE EARTH RELATIVE TO ITS CENTER OF MASS 183 

FIG. 33. Lunisolar motion of the north pole of the Earth as viewed from above the pole. 
Under the action of the Sun, the pole P is moving in the direction PS, around the pole of 
the ecliptic E. Under the action of the Moon, P is moving in the direction PM around the 
pole of the lunar orbit L, while L revolves around E. The resultant motion of P is in a 
direction PR that depends upon the position of £ relative to P and E, and upon the relative 
rates of motion in the directions PS and PR. 

the action of the Sun, and two-thirds to the Moon. The motion of the actual 
pole around the moving mean pole is the lunisolar nutation of the axis 
represented by the periodic terms of (104), due principally to the Moon but 
partly to the Sun. The mean pole is at the intersection of the mean solstitial 
colure and the mean equinoctial colure; and evidently the components along 
the colures of the displacement of the actual pole from the mean pole at any 
time are closely x = Δβ along the solstitial colure and y = Δψ sin e along 
the equinoctial colure. From the principal terms Ae = 9".2 cos SI and 
Δψ = —17".2 sin ft, therefore, the equation of the path of the pole relative 
to the mean pole is the ellipse t 

2 2 

^ ^ + — £ — = i. 
(9".2)2 (17".2)2 sin2* 

The progressive westward motion of the equinoxes along the fixed ecliptic 
duetto the motion of the mean pole is the lunisolar precession in longitude, 
expressed by the secular terms of ψ. The periodic oscillation produced by the 
motion of the actual pole around the mean pole is the lunisolar nutation in 
longitude or, more properly, the equation of the equinoxes in longitude, and 
is expressed by the periodic terms of ψ. The periodic oscillation of the 
inclination of the celestial equator to the fixed ecliptic, expressed by the 
periodic terms of el9 is the lunisolar nutation in obliquity; it constitutes 
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nearly the whole of the variation of el9 but a very slight precession also takes 
place. 

For some purposes, the position of the mean equator at any time is more 
conveniently represented by its node and inclination relative to the fixed 
mean equator of the adopted epoch than by the position relative to the fixed 
ecliptic. Since both the lunisolar precession of the celestial poles and the 
secular motion of the ecliptic are very slow, the ascending node of the mean 
equator of date on the mean equator of epoch will be close to right ascension 
90° for many centuries, and the right ascension of the mean pole of epoch 
will be near 180°. The position of the mean equator of date is therefore 
commonly represented by its inclination / to the mean equator of epoch, and 
by the departure of its ascending node from right ascension 90°. 

Referred to the mean equinox of date, the right ascension of the ascending 
node of the mean equator of date on the mean equator of epoch is denoted by 
90° + z; the right ascension of the mean pole of epoch is then 180° + z. 

Referred to the mean equinox oî epoch, the right ascension of the ascending 
node of the mean equator of date is denoted by 90° — ζ0; the right ascension 
of the mean pole of date is 360° — ζ0. 

The values of ζ0, z, and J may be trigonometrically obtained from the 
dynamically derived position of the equator relative to the fixed ecliptic, by 
means of the triangle formed by the ascending node of the equator of date 
on the equator of epoch and the intersections of the two equators with the 
fixed ecliptic. 

The Motion of the Geographic Poles 

The departure of the axis of rotation from the axis of figure is almost 
entirely geophysical in origin, but a very small part of it is produced by the 
action of the lunisolar forces. The geophysical component of the polar 
motion occurs independently of the external forces, and would continue 
were no external forces acting. It is known as the Eulerian nutation. The 
magnitude of the lunisolar component depends upon the longitudes of the 
Sun and Moon and has a diurnal variation. In the theoretical rigid Eulerian 
motion, with A = B (Fig. 34), the axis of rotation describes a circular cone 
within the Earth around the axis of figure, due to the conical motion of the 
axis of figure in space; the consequent motion of the pole of rotation on the 
surface of the Earth is in a circle around the pole of figure, at a uniform rate 
with a period of about 305 days. The lunisolar component superimposes on 
this circular motion a diurnal revolution in an epicycle around the moving 
Eulerian position, with a radius ranging from zero to 0".02, two feet on the 
surface of the Earth, according to the orbital positions of the Sun and 
Moon. The diurnal lunisolar epicycle is described in a clockwise direction as 
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viewed from above the north pole; but the geophysical motion is counter-
clockwise, the same as the direction of rotation of the Earth. 

The position of the instantaneous pole of rotation may be represented by 
its angular distance y from the pole of figure C, and the angle Γ eastward 
from an arbitrary initial meridian of figure through C to the meridian of 
figure through the instantaneous pole. The angular displacement y is so 
small that the component along the meridian CA from which Γ is measured 
is y cos Γ, and the component along the perpendicular direction is y sin Γ. 
The Greenwich meridian may be adopted for CA; and in practice the 
instantaneous position of the geographic pole is ordinarily represented by 
the rectangular coordinates toward Greenwich and 90° to the westward, 

X = +γ COS Γ 

= +y0cos Γ0 

+ 0".0087 sin φ 

- 0".0062 sin(<p - 2L<) 

- 0".0029 sin(<p - 2L@) 

+ · · · (105) 

y = —y sin Γ 

= - y 0 s i n r 0 

- 0".0087 cos φ 

+ 0".0062 cos(<p - 2La) 

+ 0".0029 cos(<p - 2L@) 

+ · · · , 
where γ0, Γ0 refer to the Eulerian position, and φ is the angle between CA 
and the direction to the equinox (see Fig. 34). 

The actual geophysical component of the motion of the geographic poles 
over the surface of the Earth is much more irregular and complex than the 
theoretical Eulerian motion for a rigid Earth. Because of deformations of 
the Earth the period of the Eulerian motion is lengthened to an average of 
about 14 months, and the continual disturbances from meteorological and 
other geophysical processes superimpose a variable annual component. 
Several attempts were made during the nineteenth century to determine from 
observations whether any Eulerian motion of the geographic poles actually 
occurs, notably at Pulkovo from 1842 to 1873 by Peters, Gyldén, and 
Nyrén; but the first conclusive results were obtained by Küstner at Berlin, 
from investigations beginning in 1884. Küstner's results led the International 
Geodetic Association to organize observations at several stations, and 
within a few years these observations established the existence of a polar 
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FIG. 34. Motion of the geographic pole: C, pole of figure; / , pole of rotation; E, 
Eulerian position of pole of rotation; γ, geophysical displacement; yu lunisolar dis-
placement, 0 <, γχ < 0".02. 

motion beyond reasonable doubt; but they also showed that it could not be 
the motion which the Eulerian theory gives. 

The correct interpretation of the observations was first obtained from 
Chandler's analysis of the accumulated data, and Newcomb's dynamical 
explanation of Chandler's results in 1891. Chandler, from a preliminary 
discussion of the observations, found for the polar motion a revolution with a 
period of 427 days from west to east in a path with a radius of 30 feet. 
Newcomb recognized that this motion could be explained by the effects of 
elastic yielding of the Earth and a consequent displacement of the axis of 
figure in response to the variation of the centripetal acceleration of rotation 
that occurs as the axis of rotation moves within the Earth. Newcomb's 
discussion is largely qualitative, but his arguments have since been confirmed 
by more detailed analytical theories of the rotational motion of a nonrigid 
body. In later discussions, Chandler established that the observed motion is 
the resultant of two components, both eastward, one with a period of about 
427 days and a semiamplitude of about 0".12, and a second with an annual 
period and a range which during the preceding half-century had varied 
between 0".04 and 0".20. 

The polar motion has been under continuous observation since the latter 
part of 1899 by the International Latitude, Service that was organized for 
the purpose. The motion is confined within an area about 100 feet in diameter, 
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and there is no certain evidence of any progressive secular displacement. 
The geographic pole moves over the surface of the Earth around the pole of 
figure at a nonuniform rate, in a highly irregular and variable path that in 
general does not depart by more than about 0".4 from the pole of figure. 
The path is principally the resultant of a nearly circular component with 
a period that varies but averages about 14 months, and a nearly elliptic 
component with a period of one year; but the observations also show other 
components which have not been entirely explained. 

The 14-month component represents the fundamental free Eulerian 
motion as modified by the yielding of the Earth. The annual component 
represents a forced motion due to the further disturbance of the theoretical 
rigid Eulerian motion by the continual redistributions of mass within the 
Earth, the oceans, and the atmosphere in meteorological and other geo-
physical processes, and by variations of angular momentum due to winds and 
currents in the atmosphere and the oceans, and possibly within the interior of 
the Earth. Both components are variable in form and amplitude, sometimes 
with abrupt changes. Precise observations show the minute lunisolar 
diurnal motion as v/ell as further effects from tidal deformations of the Earth. 

The redistributions of mass by tidal, meteorological, and other geo-
physical processes cause variations of the moments and products of inertia; 
consequently, the pole of figure is not fixed on the surface of the Earth. 
The rectangular coordinates x and y of the pole of rotation are usually 
referred in practice to some adopted mean position as origin; but the 
relation of the adopted mean pole to the pole of figure to which the dynamical 
theory applies is somewhat uncertain. 

The Astronomical Vertical 

Local gravity, which defines the astronomical vertical, is determined by 
the gravitational force at the point and the angular velocity of rotation of 
the Earth. The surface of the rotating Earth is a noninertial frame, and 
relative to this surface, i.e., referred to any coordinate system that is fixed 
relative to the rotating surface, dynamical phenomena do not conform to the 
Newtonian laws of motion. At any point in the gravitational field of the 
Earth, the motion of a free material particle relative to an inertial frame is 
completely determined by the gravitational intensity in accordance with the 
Newtonian dynamical laws; but because of the rotation of the Earth, every 
point of the surface has an acceleration directed toward the axis of rotation, 
and relative to this surface the particle has an equal and opposite acceleration 
that is not due to the action of any force upon the particle. However, 
motion relative to the surface of the rotating Earth takes place as if this 
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surface were inertial and a force equivalent to the effect of the acceleration 
of the surface were acting in addition to the actual impressed forces. Gravity 
is the apparent force per unit mass which acts on a free particle at or near the 
surface of the Earth when the motion of the particle is referred to this surface. 
It is the resultant of the actual force due to the gravitational intensity, and an 
apparent force due to the acceleration relative to the surface of the Earth 
that is kinematically caused by the axial rotation of the Earth. 

At or near the surface of the Earth, the gravitational force acting at any 
point is almost entirely due to the attraction of the Earth, but the actions 
exerted by the Moon and the Sun are also appreciable. Gravity, defined as 
the apparent force per unit mass acting at or near the surface, as measured 
by the acceleration of a freely falling particle relative to the surface, is 
therefore the resultant of three components : 

(1) The gravitational attraction of the Earth, depending upon the distribu-
tion of mass throughout the Earth, including topographical irregularities 
and internal heterogeneities; the intensity in any direction s is dV/ds, where 
V is the gravitational potential of the Earth. 

(2) The centrifugal acceleration relative to the surface of the Earth, due 
to the rotational motion of the Earth ; the acceleration of a point on the 
surface is directed toward the center of the circular diurnal path, and its 
magnitude is 

v2/R = Rco2 

= co2r cos φ' 

where r, φ' are the geocentric coordinates of the point, R the radius of the 
path, v the linear speed of rotation, and ω the angular speed. 

(3) The gravitational attractions of external bodies, of which only the 
Sun and the Moon need be taken into account. 

The magnitude of the resultant apparent force is the intensity of gravity, 
and its direction defines the astronomical vertical. 

Only a very minute effect is exerted on gravity by the attractions of the 
Sun and the Moon. Relative to the Earth, the acceleration of a particle is not 
altered by the component of the lunar or solar attraction that is equal and 
parallel to the attraction of the Sun or the Moon on the Earth per unit mass. 
The remaining component, which alone affects gravity, is the tide-generating 
force, and since it is so small, and is continually varying, it is considered 
separately from the resultant of the centrifugal acceleration and the 
gravitational attraction of the Earth. 

The potential of the tide-generating force, to the third order in the parallax 
is 

t/ = fc2-^(3cos2z-l), 
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in which M is the mass of the attracting body, r its geocentric distance, k2 the 
constant of gravitation, a the radius of the Earth, and z the geocentric zenith 
distance of the attracting body. The force is relatively so small that in this 
expression we may substitute, with sufficient accuracy, k2Me/a

2 = g, where 
g denotes the intensity of gravity; and therefore, in terms of gravity, 

U 1 M a4
 ( 2 . , . 

- = - — - (3 cos2z - 1). (106) 
g 2 Μ Θ r3 

In differentiating Ujg, it is necessary to remember that a is involved in g. 
The function 

W=V+ Q+U 
in which 

Q = ±o)V2 cos2«??' 

is a force function for gravity, inclusive of the lunisolar component; V + Q 
is called the gravity potential. The equipotential surfaces of gravity are 
commonly referred to as level surfaces: they are everywhere orthogonal to 
the gravity vector. 

Surface Distribution of the Direction and Intensity of Gravity 

The direction and intensity of gravity differ irregularly from point to 
point over the surface of the Earth, principally because of topographical 
irregularities and lithospheric heterogeneities; and at any fixed point, 
continual variations occur because of the lunisolar tide-generating forces 
and geophysical influences. 

The distribution of the intensity and direction over the Earth may be 
determined with precision only from observation; their theoretical calcula-
tion depends in general upon particular hypotheses, some of which are 
inevitably somewhat uncertain. However, over the Earth as a whole, the 
principal part of the variation with geographical location is of a regular 
character, depending upon the figure and the rotation of the Earth; and it is 
advantageous to introduce a theoretical standard of reference, based upon 
adopted hypotheses, with which the actual values obtained by observation 
may be compared. 

The natural reference basis for the direction of gravity is the normal to the 
standard geodetic spheroid, since the observed directions and their geo-
graphical distribution are represented by the deflections of the vertical. 
To obtain a comparable representation of the distribution of intensity, a 
theoretical formula may be constructed for the intensity on the surface of 
the reference spheroid. The observed intensities, after reduction from the 
surface of the Earth to the spheroid, are then represented by their departures 
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from the theoretical values for the spheroid. These departures of the actual 
intensity from the value given by the theoretical formula are known as 
gravity anomalies. 

Over the land areas, the actual physical surface of the Earth is irregular 
in form, and is not an equipotential surface; but in comparison with the size 
of the Earth, the geometrical irregularities due to topography, and the 
departures from an equipotential surface, are relatively slight. Over the 
oceanic areas, which cover the greater part of the Earth, the mean water 
surface is necessarily in equilibrium with gravity and is coincident with an 
equipotential surface. The surface of the Earth as a whole is therefore very 
closely represented by the equipotential surface of gravity which coincides 
with the mean water surface over the oceans, and extends under the land 
areas in geometric continuation of the mean sea level surface. This particular 
equipotential surface is called the geoid; and it is the mathematical surface 
that is generally considered to represent the Earth as a whole, apart from 
topographical irregularities. 

The distribution of the intensity of gravity on the geoid may be determined 
from measurements of gravity on the surface of the Earth, by applying 
corrections to the directly measured intensities to reduce them to sea level. 
The intensity on the geoid does not conform to the theoretical formula, 
because of the local gravitational attractions by topographical irregularities 
which are superimposed upon the attraction of the mass within the equi-
potential surface; and the geoid does not coincide exactly with the reference 
spheroid. These extraneous effects cannot be calculated with certainty; 
they can be accurately determined only from observations, by comparing 
the observed values with the theoretical values. From the gravity anomalies, 
the departures of the geoid from the reference surface to which the theoretical 
gravity formula applies may be determined by means of principles developed 
in physical geodesy. The geoid, and the other level surfaces of actual 
gravity, are very irregular, especially near the surface of the Earth ; but in 
comparison with the dimensions of the Earth, the departures from the 
regular equipotential surfaces of theoretical gravity are relatively small. 
On the island of Puerto Rico, where conditions are somewhat extreme, the 
geoid is raised 6 feet at the center of the island, and its curvature is so much 
greater than that of the undisturbed sea level surface that it fits a sphere 260 
miles less in diameter. 

The level surfaces of theoretical gravity outside the spheroid are surfaces 
of revolution about the polar axis, but they are distinguished by not being 
exact ellipsoids in general, and furthermore they are not similar and parallel 
to one another. They become more and more flattened with increasing 
distance above the spheroid; consequently, any two given surfaces are 
farther apart over the equator than over the poles. An orthogonal trajectory 
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to this family of surfaces is convex toward the equator (i.e., the astronomical 
vertical is curved) ; and on a surface of constant geometric height above sea 
level, gravity, instead of being normal to this surface, has a component 
toward the equator. 

Variations of Local Gravity 

At any fixed point on the surface of the Earth both the intensity and the 
direction of gravity are continually varying. In general, the variation of 
the intensity does not exceed about 1 mgal (i.e., g X 10~6), and the variation 
in direction is not over 0".l. The most regular of the variations are produced 
by the direct action of the tide-generating forces exerted by the Sun and the 
Moon. The remaining variations, which comprise the larger part of the whole 
amount, are due to geophysical causes, sometimes of an obscure nature; 
and the tidal variations are greatly modified by geophysical factors. 

The tide-generating forces, by compounding with the gravitational 
attraction of the Earth, alter the field of force and produce variations in both 
the direction and the intensity of gravity. In addition to this direct effect, the 
lunisolar forces exert indirect effects on gravity by deforming the Earth and 
producing an Earth tide which further modifies the field of force and by 
generating tides in the oceans and in the atmosphere. Both the varying 
gravitational attraction of the moving oceanic tides, and the redistributions 
of mass in the deformations of the surface of the Earth under the variable 
loading from ocean and atmospheric tides, produce appreciable variations of 
gravity at many localities. The tidal variations are of the order of 0.1 mgal 
in the intensity, and 0".02 in direction, during the course of a day. 

The deformations of the surface of the Earth under local loading by 
ocean tides, variations of barometric pressure and temperature, and perhaps 
transport of material by geological processes, vary the direction of the 
astronomical vertical relative to the surface; but this variation is a deflection 
of the surface relative to the vertical, not a variation of the vertical itself, and 
has no effect on the astronomical latitude or longitude. Actual variations of 
the vertical relative to the axis of the Earth are produced by the variations in 
the gravitational field of the Earth due to the lunisolar tide-generating forces 
and to the tidal deformations of the Earth and its fluid envelopes, and other 
redistributions of mass on and within the Earth by geophysical processes. In 
general, a variation of the vertical relative to the axis of rotation will also 
cause a variation relative to the surface of the Earth; but this variation 
relative to the surface will be the resultant of the displacement relative to the 
axis and any deformation of the surface itself that may have occurred. 
Variations relative to the adjacent surface may be directly observed and 
measured by means of sensitive horizontal pendulums, or with long pipes 



192 8. Dynamical Basis of Astronomical Coordinate Systems 

partly filled with water; variations relative to the instantaneous axis of 
rotation may be determined from an analysis of appropriate astronomical 
observations. 

The variations of the direction of gravity are of direct astronomical 
importance because of the fundamental significance of the astronomical 
vertical in the observations of positional astronomy; although very small, 
they are easily detected in an analysis of long series of precise observations. 
The variations of intensity are now of less astronomical importance, since 
pendulum clocks have been superseded by crystal-controlled clocks which 
are not affected by gravity. 

The magnitude of the horizontal tide-generating force from the potential 
(106), in the direction of the azimuth toward the attracting body is 

l1Mf>"2H^(i)sin4 (107> 

and the vertical tide-generating force in the upward direction is 

k2M 4 (3 cos2z - 1) = g — ί - ΐ ( 3 cos2z - 1), (108) 

in which a\r = sin π, where π denotes the parallax of M. For the Moon, 
(M/M@)sin377 = 1/17,800,000; and for the Sun, 1/38,800,000. 

The vertical tide-generating force exerts a direct effect on the intensity 
of gravity. Were the Earth perfectly rigid, the height of the equilibrium ocean 
tide above the undisturbed mean sea level surface would be 

go 
where g0 denotes the undisturbed intensity of gravity at sea level. The 
amplitude of the equilibrium lunar tide would be about 54 cm, and of the 
solar tide, about 25 cm. On the hypothesis that the deformation of the Earth 
conforms to the equilibrium theory, the tidal elevation of the lithosphère 
above its mean level may be denoted by hS where A is a fraction determined 
by the elastic properties of the Earth. On the deformed surface of the Earth, 
which is at distance d = a + hS from the center, the gravity potential of the 
original distribution of mass is g0(a

21 d), and the change in potential due to the 
difference in distribution of mass is kg0S(a*ld*) where k is a further constant 
that depends on the internal constitution of the Earth ; including the potential 
of the tidal force itself at distance d from the center of the Earth, which is 
U(d2/a2) = g0S(d2/a2), the total potential is 

*°U a2 d*V 
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and the intensity, to the first order in Sja, is 

= g , ( l - 2 ^ - 2 ^ + 3fc4 
I a a a) 

which may be written g = g0 + Δ#, where 

A g = - 2 g 0 ^ { l + / I - ^ f c ) . (109) 

The first term of Δ# represents the direct action (108) of the lunisolar 
forces. The factor 1 + h — f k is the amount by which the yielding of the 
Earth augments this action ; the second term is the result of the tidal elevation 
of the surface of the Earth, and the last term is due to the deformational 
redistribution of mass. The numerical value of the augmenting factor 
depends upon the character of the yielding of the Earth under the external 
forces, and may vary with circumstances. In elastic yielding of the litho-
sphère, the combined deformations of the Earth and the oceans give an 
augmenting factor of about 1.15; but under the action of very long period 
forces, plastic yielding may occur, characterized by a steadily increasing 
strain under a constant stress, which gives a larger factor. 

The horizontal tide-generating force Fin the direction toward the attracting 
body compounds with g0 and displaces the astronomical zenith away from 
this body through an angular distance on the celestial sphere which, neglecting 
deformations of the Earth, is of magnitude 

F 3 M 
— = sin37r sin 2z radians. (110) 
go 2M @ 

Slight variations of gravity are produced by the variation which occurs 
in the centrifugal acceleration as the axis of rotation varies in position 
within the Earth. Any change in the centrifugal acceleration produces 
deformations of the Earth and oceans which alter the gravitational attraction 
at a point on the surface. The effect on the potential Q depends upon the 
variation of the latitude that the motion of the geographic poles causes; 
but the magnitude of the effect on gravity depends also upon the character 
of the yielding of the Earth to the action of the centrifugal acceleration, 
whether elastic or plastic. 




