CHAPTER 15
Systems of Time Measurement Based
on the Rotation of the Earth

IN basing the measurement of time upon the rotational motion of the
Earth the ideal unit of time would be the period of one complete rotation
around the instantaneous axis; the rotation would be measured by the
angular motion of the local meridian relative to a fixed cardinal point on the
celestial sphere, and the necessary intermediary empirical measure would be
obtained by observing the apparent diurnal motion of this cardinal point
relative to the celestial meridian. However, it is doubtful whether any
point that is absolutely fixed on the celestial sphere can be identified with
certainty. Moreover, the most convenient cardinal reference point in
practice is the First Point of Aries. The sidereal time defined by the apparent
diurnal motion of the equinox is therefore adopted as the empirical intermediary. Mean solar time, determined in principle by the diurnal motion of
the conventional mean sun and obtained in practice from its relation to
sidereal time, is the practical measure of the time defined by the rotation
of the Earth.
Sidereal Time
Sidereal time is defined by the motion of the equinox in hour angle relative
to the local meridian. Its numerical measure at any instant is the hour
angle of the equinox, reckoned along the celestial equator westward from
the instantaneous local celestial meridian to the hour circle through the
celestial pole and the equinox at the instant. Because of precession and
nutation, the equinox is not fixed on the celestial sphere; and because of the
motion of the geographic poles and the lunisolar variations of the vertical,
the local meridian plane is not fixed relative to the Earth. The motion
of the equinox in hour angle is the resultant of the separate motions of the
meridian and the equinox on the celestial sphere. The motion of the meridian
is the resultant of the angular motion of the Earth around its instantaneous
axis, and the motion of the local meridian plane relative to the Earth.
Consequently, the relation of sidereal time to the measure of time defined by
the rotational motion of the Earth alone is highly complex. Moreover, it is
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FIG. 58. Apparent sidereal time: C, pole of figure; /, pole of rotation; Z, zenith;
0Z, meridian of figure; JZ, celestial meridian. TXF = Ω; EA = b\ EF = c.

affected by numerous periodic and secular inequalities in addition to the
inequalities due to variations in the rate of rotation of the Earth.
An expression for the hour angle of the equinox τ in terms of uniform time
t may be obtained from the angles that represent the position of the instantaneous celestial meridian relative to the meridian of figure and the position
of the meridian of figure referred to the equinox (see Fig. 58). The angular
motion of the local meridian of figure around the pole of figure is measured
by the angle φ reckoned along the equator of figure eastward from its
intersection Tf with thefixedecliptic of epoch. The angle of rotation of the
celestial meridian around the celestial pole, reckoned along the celestial
equator eastward from its intersection Ti with the fixed ecliptic is τ + aly
where ax is the arc of the equator intercepted between the ecliptic of date
and ecliptic of epoch. The meridian of figure intersects the celestial equator
at an angular distance from Ti, reckoned eastward, of
Ω = T + αλ + ΔΑ,
where ΔΑ is the hour angle of this intersection reckoned eastward from the
instantaneous celestial meridian. In the right triangle formed by the equator
offigureand the equator of rotation with the arc which they intercept on the
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meridian of figure, the side b and the hypotenuse c adjacent the very small
angle y are equal to the first order in γ, since cos y = tan b cot c. Likewise,
in the triangle formed with the arc intercepted on the fixed ecliptic, the angles
0 and €x are equal to the first order, since cos y = cos(0 — ej, whence by the
law of sines the sides adjacent to y are equal. Therefore, to the first order
in y, the arcs Ω and φ are equal; and to this order
T = φ — αλ — ΔΑ.
In this expression, the component of Δ/ζ due to the polar motion is given
by (112); to the first order in γ,
Ah = y sin Γ tan Φ,
in which y and Γ are represented by (105), and Φ is the instantaneous
astronomical latitude. The further inequality due to lunisolar variations of
the vertical may be obtained from (113).
From the expression for ax in Chapter 11,
ax = a + 0S.000 655 Tsin ft
- 0s.000 0 8 5 r c o s f t
+ 0s.000 0 4 9 r s i n 2 L @ ,
where a is the planetary precession, L@ denotes the mean longitude of the
Sun, ft the longitude of the ascending node of the Moon, and T is reckoned
in Julian centuries from 1900.
The angle φ is obtained from the dynamical theory of the rotation of the
Earth.* Inclusive of all terms with coefficients as large as 0.01 msec,
Ψ = Ψο +

ω dt

x

+ F 1 cose° + 0s.000 18sinft
+ ΑΨΧ cos €° + 0S.000 005 sin 2ft
- 0S.000 27 T9
in which T denotes Julian centuries from 1900,Ψχ is the lunisolar precession
in longitude, and ΔΨΧ the lunisolar nutation in longitude, referred to the
ecliptic of epoch, e° is the mean obliquity of epoch, ω the angular rate of
rotation, and φ0 is a constant of integration depending upon the adopted
prime meridian.
Were the Earth perfectly rigid, ω would be virtually constant. Slight
periodic variations are produced by the direct action of the lunisolar forces, f
but they have very short periods, and their amplitudes are so exceedingly
small that the consequent inequalities in τ are far within the order of accuracy
* E. W. Woolard, Astr. Pap. Amer. Eph. XV, Pt. 1, 165.
t E. W. Woolard, Astr. Pap. Amer. Eph. XV, Pt. 1, 163-165.
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of observation. The variations in the rate of rotation that are large enough
to have observable effects are caused by the departures of the Earth from
rigidity. Periodic variations are caused by the tidal deformations of the
Earth under the action of the lunisolar forces, and by the displacements of
mass in ocean tides. Slight secular variations are produced by tidal friction
and possibly by other causes. Annual variations occur, and irregular
fluctuations take place, from geophysical causes that are not yet completely
understood. Because of the long interval covered by recorded astronomical
observations, the effects of these variations are appreciable in many phenomena. Furthermore, due to the precision that has been reached in the
development of clocks, and in astronomical observations and physical
measurements, the variations have become of direct practical importance.
In the expression for τ, the terms <p0 + J ω dt from <p, including the
inequalities due to variations of ω, represent the motion of the local meridian
plane in hour angle that is due to the angular motion of the Earth around the
instantaneous axis of rotation. The remaining motion of the meridian plane
in hour angle is from variations in the position of this plane relative to the
rotating Earth; it consists of two components, ΔΑ due to displacements of
the Earth relative to the meridian plane, and a variation due not to any
motion of the Earth but to displacements of the meridian plane relative to
the Earth by the tidal variations of the vertical, which will be denoted by oh.
The other terms in <p are from the variation in the direction of the axis of
rotation in space, in which the rotating Earth and the meridian plane participate. They combine with al9 due to the secular motion of the orbital plane,
to express the motion of the equinox along the celestial equator that represents the effect of these motions of the meridian plane upon its position in
hour angle. These terms of φ and ax are therefore equivalent to the general
precession in right ascension and the equation of the equinoxes.
In φ, the term Ψχ cos €° represents the first-order lunisolar precession in
right ascension ζ + ζ01 the second-order term in (127) is inappreciable.
The term ΔΤΊ cos €°, when expressed in terms of the mean obliquity of date
€0 and the nutation ΔΨ on the ecliptic of date, becomes,* to the order of
accuracy of the expression for φ,
ΔΨ^ cos e° = (ΔΨ + 0".009 022 T sin ft
- 0".001 399 Tcos ft
+ 0".000 666 T sin 2L@)(cos e0 - 46".87 Tun €0)
= ΔΨ cos €0 + 08.000 655 Tûn ft
-08.000 085rcosft
+ 0s.000 049rsin2L @ ,
* E. W. Woolard, Astr. Pap. Amer. Eph. XV, Pt. I, 152.
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and therefore represents the first-order equation of the equinoxes and the
periodic terms of av The remaining terms of φ represent second-order
effects. To this degree of accuracy
+ 08.000 005 sin 2ft = - \ ΔΨ Ac sin e0,
which is the second-order equation of the equinoxes; the secular term
—0S.00027 T combines with the precession, and the periodic term
+08.00018 sin SI with the equation of the equinoxes.
Therefore the expression for the hour angle of the true equinox, referred
to the instantaneous local celestial meridian, in terms of the uniform dynamical measure of time t, becomes
T = τ0 +

ω dt

Rotation of Earth

+ Ψτ cos €° — a
General precession in right ascension
+ ΔΨ cos €0 — \ ΔΨ Δβ sin €0 Equation of equinoxes
— ΔΑ
Polar motion
+ oh
Variation of vertical.
This measure of time defined by the diurnal motion of the true equinox
is known as apparent sidereal time, although a more appropriate term would
be apparent equinoctial time. The apparent sidereal day is the interval of
time between two consecutive upper transits of the First Point of Aries
across the local meridian, and is divided into 24 sidereal hours, reckoned
from upper transit, each measured by 15° motion in hour angle. The instant
of upper transit is called sidereal noon.
The principal inequality in apparent sidereal time is the equation of the
equinoxes. The measure of time defined by the diurnal motion of the mean
equinox is mean sidereal time; it is the apparent sidereal time minus the
equation of the equinoxes. Formerly it was often, but inappropriately,
called uniform sidereal time; it is still affected by the inequalities due to
variations in the rate of rotation of the Earth and to the variations of the
meridian, and also by a secular inequality due to the secular variation of
rf(0s.0929 T2)IdT in the rate of precession in right ascension which amounts to
08.000 02 per year.
The sidereal day is the interval of time required for the hour angle of the
equinox to increase by 360°. Because of the motion of the equinox on the
celestial sphere due to precession and nutation, the sidereal day is not
exactly the period of rotation of the Earth, even if referred to a fixed mean
meridian, and might more properly be called an equinoctial day. Furthermore, the interval between consecutive meridian transits of a point that is
fixed on the celestial sphere varies from one diurnal circuit to another because
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of the variation in the direction of the axis of rotation in space; and in
general, even the mean interval is not rigorously equal to the period of
rotation of the Earth. After the completion of one rotation, the axis has
moved through an arc around the pole of the fixed ecliptic. Any fixed point of
the sphere on the ecliptic, or between the ecliptic and the path of the celestial
pole over the sphere, through which the meridian passes at the beginning of
the rotation, has not yet been reached by the meridian at the end of the
rotation. During one complete revolution of the equinox around the sphere,
the meridian passes this point one less than the number of times the Earth
rotates; and the ratio of the mean interval between meridian passages to the
period of rotation is 1.0000 0011. Since the pole of the ecliptic is not displaced by the motion of the axis, the meridian comes successively to the pole
of the fixed ecliptic at intervals equal to the period of rotation. A point
within the path of the celestial pole, therefore, is passed at some times during
the precessional cycle before the completion of a rotation, and at other times
afterwards; and the mean of the intervals during the cycle is equal to the
period of rotation.

Determination of Sidereal Time by Observation
The determination of time depends upon determining the error of a clock
by comparing the observed time with the reading of the clock at the instant
of observation. From the clock errors at successive observations, the rate
of gain or loss is found, with which the clock error at any intermediate
instant may be found by interpolation, and over limited periods in advance
by extrapolation. The rate of a timekeeper is conventionally defined as the
rate of change of the correction that must be added algebraically to the
reading to obtain the correct time. The clock error and the clock correction
are numerically equal but of opposite sign. The correction is positive or
negative according to whether the clock is slow or fast; a positive rate
therefore signifies that a clock is losing time. A perfect clock would be one
that ran uniformly, and therefore with a constant daily gain or loss on any
standard of uniform time, irrespective of the magnitude of the rate or the
amount of the accumulated error.
In principle, the local sidereal time may be found from the hour angles of
stars at any point of their diurnal arcs. The hour angle of the equinox is
inferred from its position among the stars, which is obtained from ephemerides
of the apparent positions of the stars. The determination of sidereal time by
observations of meridian transits is the special case in which the hour angle
of the star is zero, and the hour angle of the equinox is the apparent right
ascension of the star. Many different methods may be used, especially in
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surveying and navigation, depending on circumstances and on the precision
needed.
The measure of time obtained directly from the immediately observed
positions of the stars in their diurnal circuits is the apparent sidereal time
referred to the instantaneous local meridian, since the diurnal motions depend
upon the instantaneous rotational motion of the Earth, and the instruments
are oriented by local gravity. Because of the inequalities in apparent sidereal
time, a clock running at a perfectly uniform rate would have a varying rate
of gain or loss on the observed sidereal time. In actual timekeeping, further
variations of the rate are superimposed on these inequalities by any irregularities that the clock may have, and by errors of observation. In order to
determine the error and rate of the clock itself, the clock irregularities must
be separated from the variations in the observed measure of time. Any
inequalities in apparent sidereal time that are not explicitly recognized and
removed from the immediately observed clock time will remain in the clock
corrections and clock rate, and be erroneously ascribed to the running of the
clock.
As long as any particular inequality in sidereal time is negligibly small in
comparison with the irregularities of the clock and the inevitable errors of
the observations, it may be disregarded in calculating the ephemerides of the
stars and reducing the observations to determine clock corrections; but
with the development of successively more precise clocks, and the progressive
increase in the accuracy of observational comparison with the stars, more and
more of the inequalities have become distinguishable from irregularities of
the clock.
Mechanical clocks were devised as early as the thirteenth century, but no
satisfactory means for accurate timekeeping was available until the introduction of the pendulum clock in the seventeenth century. The pendulum
clock was brought to a high state of precision by Riefler about 1890, and
for many years the standard clocks for astronomical work were those made
by Riefler. The Riefler clocks were superseded by the synchronous free
pendulum clock introduced by Shortt in 1921; but within a comparatively
few years, quartz crystal-controlled clocks began to replace the pendulum
clock. In timekeeping of the highest precision, crystal clocks supplemented
by atomic oscillators have entirely superseded the pendulum clock. With
the clocks now in use in astronomical timekeeping, the inequalities due to the
variations of the meridian and to some of the variations in the rate of rotation
of the Earth are distinguishable in the clock rate. Since the clocks keep
time with greater accuracy than the time can be determined by observations
on a single night at one observatory, they are used to smooth out the random
errors in the observations from night to night, as well as to interpolate
between successive observations.
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Determinations of time at two different observatories are not directly
comparable, because the effects of the polar motion and of periodic errors
in the adopted right ascension system of the stars depend upon the geographic
location.
The inequalities ΔΑ and oh due to variations of the meridian must be
determined from observation, because of their dependence upon the departures of the Earth from rigidity. The theoretical expression for ΔΑ depends
upon constants of integration in the dynamical theory, which may be evaluated by observations of the polar motion. By (112), a clock running at a
uniform rate would appear to have a daily gain amounting, in sidereal
seconds, to
Δτ = —(y)" tan Φ cosT ^ ^
15
57.3
= (0S.0011 635 tan <D)(y)" cos Γ (dF/dt),
where dF/dt is in degrees per day; at Φ = 40°, the coefficient is 0S.00098.
The theoretical expression for ôh applies only to a rigid Earth. The eastward
displacement (113) of the zenith increases the hour angle, causing the time
of meridian transit to be earlier and the clock to be apparently slow; the
apparent clock correction is Δζ sec Φ. This inequality, as modified by the
departure of the Earth from rigidity, may be determined by analyzing
the apparent clock rate.
The rates of pendulum clocks are affected by the lunisolar variations of the
intensity of gravity as well as by the variations of the meridian. The total
effect due to the Moon was observable in the corrections to the Shortt clock
obtained from determinations of time with the photographic zenith tube.*
The two components cannot be separately determined from observations of
time ; but the effect of the variation of intensity alone was detected by laboratory comparisons of Shortt clocks and crystal clocks.f
The inequality in sidereal time due to the equation of the equinoxes may
be calculated from theory to any required order of accuracy, and removed
from the clock correction. In the case of meridian observations, this is
effected in practice by calculating the mean sidereal time of transit. Comparison of the clock time of transit with the calculated time gives the clock
correction referred to mean sidereal time, and the greater uniformity of mean
sidereal time facilitates the separation of the rate of the clock from the
variations in sidereal time. The mean sidereal time of transit rm is obtained
by omitting from the apparent right ascension the terms of the reduction for
nutation in (159) that are independent of the coordinates of the star, but
* P. Sollenberger and G. M. Clémence, Astr. Jour. 48, 78-80 (1939).
t E. W. Brown and D. Brouwer, Mon. Not. Roy. Astr. Soc. 91, 575-591 (1931).
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retaining the other terms of the reduction, giving to the first order
-rm = <*o + t(ß + m) + A(sin a0 tan δ0)
+ Bb + Cc + Dd
+ diurnal aberration,
where t is the fraction of a year at date. The terms of (159) that are omitted
represent the equation of the equinoxes,
ΔΨ
m — + E = ΔΨ cos e0,
Ψ'
and therefore rm is the value of the hour angle of the equinox minus the
equation of the equinoxes at the instant of transit, or the mean sidereal time
of transit. For convenience, this may further be converted to the mean
solar time of transit.
The variation of right ascension due to the equation of the equinoxes is the
same for all stars, and represents the variation in the sidereal time of meridian
transit that is due to the inequality in sidereal time. The terms of (159)
which depend upon the coordinates of the star, and are retained in rm,
represent the additional variation in the time of transit due, not to any
inequality in sidereal time, but to the variation in the diurnal circle which is
caused by the nutational motion of the pole among the stars and is different
for every star. Because of these terms, rm is not the right ascension referred
to the mean equinox. The mean sidereal time of transit is not the hour angle
of the mean equinox at the transit of the star, because the star is then on the
meridian determined by the instantaneous celestial pole. The transit across
the meridian determined by the mean pole is not observable, and therefore
mean sidereal time cannot be directly observed. Only transits across the
meridian determined by the instantaneous pole are observable, and mean
sidereal time can be obtained only by applying a correction for the equation
of the equinoxes to the apparent sidereal time determined by these transits.
For meridian observations, the most precise instrument is the photographic
zenith tube. It is a telescope of relatively long focus, fixed in a vertical
position ; since observations are made only very near the zenith, the effects
of irregular refraction are minimized. The light from a star passes through
the objective lens, is reflected upward from a mercury basin, and comes to a
focus on a photographic plate just below the lens. The position of the
zenith is automatically defined by the mercury surface. The plate carriage
is moved rectilinearly along a horizontal track, at the same rate as the
diurnal motion of the star, to obtain a point image. Four exposures are
made. At intervals during each exposure, a strobotron tube flashes and
illuminates a rotating graduated glass disk on which the clock time of the
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flash may be read to within one millisecond. Between successive exposures
the objective and the plate are rotated around a vertical axis through 180°,
displacing the star image by double the zenith distance of the star. From the
positions of the four images on the plate relative to one another, the instant
of meridian transit and the zenith distance at transit may be found, determining both the time and the latitude. No corrections are required for level,
azimuth, collimation, or flexure; the relative positions of the stars are
determined from the observations themselves, independently of the errors
of star catalogs. A number of different stars are observed on each clear
night, in two groups, one before midnight and one after midnight.
Determinations of time comparable in precision to determinations with
the photographic zenith tube may be made by extrameridian observations
with the Danjon impersonal prismatic astrolabe. With this instrument, the
stars are observed when at an altitude of 60°. Each observation of one star
gives a linear relation between time, latitude, and declination. Two groups of
stars are observed, one before midnight and one after midnight.
Methods dependent upon extrameridian observations are extensively
employed in surveying and navigation. The measurement of altitudes is the
most generally useful method. From an observed altitude of any celestial
body, corrected for refraction and if necessary for parallax, the hour angle
h may be calculated when the latitude <p and declination ô are known;
the local apparent sidereal time is then obtained by the relation τ = h + α.
This was the only practical method for determining time until after the
introduction of accurate clocks made meridian observations feasible. From
the differential relation
dh=

^
cos φ sin A

άφ_
cos φ tan A

it is evident that errors in φ, z, and ô have the least effect when the observed
object is on the prime vertical where the azimuth A is ±90°. An error in <p
then produces no error in h. The coefficient of dz is a minimum ; and since
cos φ sin A = ±cos ô sin q,
the error produced by dz is less the smaller the declination and the lower the
latitude. The method fails at latitudes near the poles.
The most accurate method of determining time from observations of
altitude is by observing the two clock times at which an object reaches the
same altitude east and west of the meridian ; the clock time of meridian
transit is the mean, and the clock correction is therefore the calculated time
of transit minus the mean of the two clock readings. The actual value of the
altitude is not required. The latitude and declination need not be known;
but if the Sun, or other moving object, is used, a correction is necessary
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for the change in declination between the two observations. The amount by
which the observed east and west mean times Tx and T2 exceed the values
they would have were the declination constant is
I sin h
tan h) 15
and the clock time of apparent noon is therefore \{TX + T2) — dh. At sea,
a further correction for the change in the geographical position of the ship is
necessary.
This method, known as the method of corresponding altitudes or method
of equal altitudes, is most accurate near the prime vertical, since the error
in h from differences between the two altitudes is
j.
1 dz — dz'
dh =
2 cos φ sin A'
Differences in atmospheric refraction at the two observations may contribute
to the error, and the observations should not be made at low altitudes.
If à is nearly the same as φ, the object will cross the prime vertical near the
meridian; the interval between the observations will be short, and the
consequent less liability of the instrument and the atmosphere to changes
increases the accuracy.
Mean Solar Time
Sidereal time satisfactorily meets the need for an empirical standard that
can be determined with high precision and without undue delay; but a
further measure of time which conforms more or less closely to the recurrence
of daylight and darkness determined by the diurnal motion of the Sun is a
practical necessity both for civil timekeeping and for many scientific needs.
Accordingly, the immediate practical standard is mean solar time, or more
specifically, the measure of mean solar time on the Greenwich meridian,
called Universal Time. It is based in principle on the average rate of the
apparent diurnal motion of the Sun, and is determined in practice through
the intermediary of sidereal time.
The variations in the rate of motion of the Sun in hour angle are due
partly to the inequalities in the annual motion of the Sun along the ecliptic
and partly to the inclination of the ecliptic to the equator. Therefore, in
order to obtain a measure of time based on the diurnal motion of the Sun,
but free of the inequalities in apparent solar time, a conventional fiducial
point is defined which is located on the mean celestial equator of date and is
characterized by a uniform sidereal motion along the equator at a rate
which only differs from the mean rate of the annual motion of the Sun
along the ecliptic by the amount of the slight secular acceleration of the Sun.
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Relative to any meridian of longitude, this point has a diurnal motion in hour
angle virtually the same as the average diurnal motion of the Sun, with only
very small inequalities due to variations of the local meridian and variations
in the rate of rotation of the Earth.
The fiducial point is defined by a conventional formula for its right
ascension. The practice in the past has been to adopt for the right ascension
an expression as nearly identical with the expression for the mean longitude
of the Sun as is possible consistent with a sidereal motion at a constant rate.
This abstractly defined point has therefore traditionally been called the
fictitious mean sun, but it has no physical counterpart, and the term is
essentially only a name for a mathematical formula. The right ascension
of the fictitious mean sun differs from the mean longitude of the Sun by only a
slight progressively increasing amount which accumulates to about 2s in
1000 years. The position of the fictitious mean sun in hour angle is never
more than about 16m from the hour angle of the Sun.
The right ascension of the fictitious mean sun fixes its position relative to
the equinox and among the stars at every instant, and is a means of relating
the mean solar time defined by its diurnal motion to the sidereal time
obtained from the observable diurnal motions of the stars. The relation by
which the numerical measure of mean solar time is calculated from the
observed sidereal time constitutes the exact definition of mean solar time.
The Fictitious Mean Sun

The expression for the mean longitude of the Sun referred to the mean
equinox of date, including the displacement by aberration, is of the form
L = (λ0 + λχί + λ2ί2) - k + (Λχί + h2t2)
= L0 + Lxt + L2t\
where λλ is the sidereal mean motion of the Sun, 2λ2 its secular acceleration,
k the constant of aberration, and hxt + h2t2 the general precession in longitude
since the epoch. The right ascension of a point with a strictly uniform sidereal
motion μ along the equator is of the form
a = a0 + μί + mxt + m2t2

(167)
2

referred to the mean equinox of date, where mxt + m2t is the general
precession in right ascension since the epoch. The fictitious mean sun
conventionally adopted for measuring mean solar time is defined by putting
oc0 = L0
= AQ — k,

μ + m1<= Li
= *i + Ai;
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its right ascension is therefore
ÖL = L0 + Lxt + m2t2.
The secular difference between the right ascension of the fictitious mean sun
and the mean longitude of the Sun, due partly to the secular acceleration of
the Sun and partly to the difference between the secular variations of the
general precession in right ascension and in longitude, is
L — a = (L2 — m2)t2
= (A2 + h2)t2 - m2t2.
The numerical formula for the right ascension of the fictitious mean sun
that is in established use is the expression in Newcomb's Tables of the Sun,
a = 18h38m458.836 + 8640184s.542 T + 08.0929 T\
where T is measured in Julian centuries from 1900 January 0, Greenwich
Mean Noon. The secular divergence from the mean longitude of the Sun is
L - a = -0 8 .0203 T2
= -0".305 T2.
Universal Time

Mean solar time is reckoned in days of 24 mean solar hours beginning
with Of1 at midnight. The relation to sidereal time that constitutes the
definition of mean solar time is expressed as a numerical formula for the
sidereal time on the Greenwich meridian at the instant of midnight. This
formula is obtained by adding 12h to the expression for the right ascension
of the fictitious mean sun; the mean sidereal time at (Ϋ1 Universal Time of
any calendar date is the numerical value of the quantity
6h38m458.836 + 86401848.542 T + 08.0929 Γ2,
calculated with the value of T that denotes the number of Julian centuries of
36525 days which, at the midnight beginning the day, have elapsed since
mean noon on 1900 January 0 on the Greenwich meridian. The sidereal
time calculated from this formula is the Greenwich hour angle of the mean
equinox that defines 0h Universal Time and enables this instant to be identified
by observation from determinations of sidereal time.
For determining Universal Time (U.T.), an ephemeris of the Greenwich
sidereal time of 0h U.T. on successive dates is calculated from this expression
with successive values of T at the numerically uniform intervals of 1/36525
which represent consecutive days. This is equivalent to reckoning T in mean
solar days; each mean solar day is the period of time between the two
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instants at which the equinox reaches the hour angles calculated from two
values of the parameter Tat an interval of 1/36525.
Prior to the recognition of variations in the rotation of the Earth, the
instant at which the equinox reaches the tabular hour angle was considered
to be the instant of lower meridian transit of the fictitious mean sun, since
the hour angle τ — a of the mean sun would be 12h when τ = 12h + a;
this was the original motivation for the way in which the expression for the
sidereal time of 0h was obtained. However, this expression, although
numerically identical with the expression for the right ascension of the
fictitious mean sun plus 12h, actually represents a motion of the mean equinox
in hour angle, and as a consequence of the variations in rotation this motion
is at a slightly irregular rate. Meanwhile the rate of motion of the fictitious
mean sun relative to the equinox is independent of the rotation of the Earth,
and the expression for its right ascension represents, by construction, a
sidereal motion strictly uniform with respect to T. Since the tabular hour
angles of the equinox that determine the instants of successive midnights are
conventionally calculated at uniform intervals of T, they are numerically
equivalent to values of the right ascension of the fictitious mean sun at equal
intervals of its uniform sidereal motion, as precession has the same effect
on right ascension as on the hour angle of the equinox; but during the
slightly unequal intervals of uniform time required for the equinox to describe
these numerically same intervals of hour angle, the amounts of the sidereal
motion of the fictitious mean sun are slightly unequal, and consequently
its right ascension plus 12h does not reach the tabular value of the sidereal
time of 0h at the same instant as the hour angle of the equinox.
The instant at which the equinox reaches the tabular hour angle is 0h U.T.
by definition ; but at this instant the right ascension of the fictitious mean sun
plus 12h differs slightly from the numerical value of the tabular hour angle by
a variable amount depending on the accumulated effects of the variations in
rotation, and the mean sun is not exactly on the lower meridian. The
sidereal time of 0h U.T. is not precisely the right ascension of the mean sun
plus 12h, and this designation formerly often used for the sidereal time of 0 h
has been eliminated from ephemerides.
Determination of Mean Solar Time

The local mean solar time at any instant on any meridian of longitude is
determined from the observed local sidereal time at this instant by means of
the ephemeris of the sidereal time of 0h U.T. and the ratio of the length of the
sidereal day to the mean solar day. The local sidereal time and the local
mean solar time both differ from their values on the Greenwich meridian at
the same instant by the value of the longitude expressed in units of 15° = l h .
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At the instant of any Greenwich sidereal time, the elapsed interval since
0 h U.T., expressed in sidereal units, is immediately obtained by subtracting
the tabular sidereal time of 0 h U.T. from the observed sidereal time at the
instant. The Universal Time at this instant is the equivalent measure of
the interval in units of mean solar time, and is obtained by multiplying the
sidereal interval by the ratio of the mean sidereal day to the mean solar day.
The hour angle which the equinox describes during one mean solar day
consists of a complete circuit of 24h plus a further angle equal to the tabular
increase in the mean sidereal time of 12h U.T. for a numerical increase in
T of one day. The interval of mean sidereal time in a mean solar day is
therefore
24h

8640184s.542 + 0S.1858T
36525

=

86636e 5 5 5 3 6 0 5 +

tfmmÇ)

5 0 8 7Γ,

and, disregarding the inappreciable secular variation, the ratio of the sidereal
day of 86400 mean sidereal seconds to this interval is
mean sidereal day =
mean solar day

Q

^ ^

9 5 m

R

The Universal Time at any instant is obtained by multiplying the sidereal
interval since 0 h U.T. by this fixed conversion factor.
Inversely, the ratio of the mean solar day to the mean sidereal day is
86636.5553605/86400 = 1.00273 79092 65.
The equivalent measures of the lengths of the days are :
Mean solar day =
Mean sidereal day =
=
=
=

24h03m56s.55536 of mean sidereal time.
1 — 0.00273 04336 mean solar days
23h56m04s.09054 of mean solar time
24h - 3m55s.90946 of mean solar time
86164.09054 mean solar seconds.

On any local meridian, the longitude expressed in time and reckoned
positive westward is numerically the amount by which Universal Time is
greater than the local mean solar time at the same instant. At the instant
when the local mean time is 0 h , the longitude is therefore the measure of the
interval of mean solar time that has elapsed at Greenwich since 0 h U.T.;
adding the equivalent measure of this mean solar interval in units of sidereal
time to the Greenwich sidereal time at 0 h U.T. gives the sidereal time at
Greenwich at the instant when the mean solar time on the local meridian is 0 h .
Like the mean solar times, the Greenwich sidereal time is greater than the
local sidereal time at the same instant by the amount of the west longitude;
and therefore the local sidereal time at 0 h local mean solar time is obtained
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directly by adding to the tabular Greenwich sidereal time at the previous
instant of 0h U.T. the same correction as required to convert the mean solar
interval measured by the longitude into an equivalent sidereal interval. This
reduction amounts to +9S.8565 per hour of longitude. Similarly, the
Universal Time of Greenwich sidereal 0h may be reduced to the local mean
solar time of 0h local sidereal time at any longitude by applying a correction
—9S.8296 per hour of longitude.
Accordingly, the conversion of an observed local sidereal time to local
mean solar time may be made as shown in the example.
Date
1964 July 7
Longitude
5Ml m west
Observed mean sidereal time 23h05m04s.131
Greenwich mean sidereal time, 0h U.T., July 7 18h59m588.l 12
Reduction for longitude
+56 .018
Mean sidereal time, 0 h local mean solar time
19 00 54 .130
Observed local mean sidereal time
23 05 04 .131
Sidereal interval since 0h local mean time
4 04 10 .001
Reduction to mean solar interval
—40 .001
Local mean solar time
4 03 30 .000

If the sidereal interval is less than 3m568.5, there are two mean solar times
corresponding to the sidereal time, one a few minutes after the preceding 0h,
the other a few minutes before the following 0h, at a mean solar time interval
of about 23h56m04s. The approximate mean solar time always determines
which one is to be taken. Any local sidereal time within an interval of less
than 3m568.5 after 0h local mean solar time will occur a second time on the
same mean solar day; the subtraction of the local sidereal time of 0h from
either of these two sidereal times will give the same numerical result, but the
actual interval for the second value is 24 sidereal hours greater.
Inversely, to convert mean solar time to mean sidereal time, add to the
local mean sidereal time at 0h the equivalent measure of local mean solar time
in sidereal units as in the example.
Greenwich mean sidereal time, 0h U.T.
18h59m58s.112
Reduction for longitude
+56 .018
Local mean solar time
4 03 30 .000
Reduction of local mean time to sidereal interval
+40 .001
Local mean sidereal time
23 05 04 .131
Relation of Mean Solar Time to the Rotation of the Earth

When corrected for variations of the meridian, mean solar time is distinguished by being strictly in accordance with the measure of time defined
by the variable rotation of the Earth. The determination of mean solar time
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by the established method of converting the elapsed interval since 0h U.T.
from sidereal measure to mean solar measure with a fixed conversion factor
keeps the ratio of the mean solar day to the sidereal day constant, irrespective
of variations in the rate of rotation. The mean sidereal day is in a virtually
constant ratio to the period of rotation; it is shorter than the period of
rotation, by the amount of the daily precession in right ascension, which is
0S.008412 + 08.000 005 086 T
where T denotes centuries after 1900, but the secular variation and the further
variation in the daily amount of precession due to the varying length of the
day are entirely inappreciable. Mean sidereal time referred to afixedmeridian,
and the mean solar time calculated from it, therefore are virtually equicrescent
with the rotation of the Earth.
Disregarding the secular variation of the precession, the ratio of the mean
sidereal day to the period of rotation is 0.99999 99029. The period of
rotation is 1.00000 00970 9 mean sidereal days. With the ratio of the mean
solar day to the sidereal day, we then obtain :
Mean solar day = 1.002 737 8119 periods of rotation
Rate of rotation = 15".041 067 18 per mean solar second
= 0.000 072 921 151 radian
Period of rotation = 0.99726 96632 4 mean solar days
= 23h56m048.0989 of mean solar time.
Since mean solar time is equivalent to the measure defined by the rotation
of the Earth, it was considered to be uniform prior to the realization that the
rate of rotation is variable with respect to uniform time. It was for the
purpose of obtaining a uniform measure that mean solar time was originally
defined in terms of the diurnal motion of a fictitious mean sun, not by
supposing the actual mean sun transferred to the equator, because the mean
motion of the Sun in longitude has a secular acceleration. The rate of
motion of the fictitious mean sun in hour angle, referred to a fixed meridian,
is rigorously proportional to the rate of rotation, since the apparent diurnal
motion is the resultant of its uniform annual motion along the equator and
the angular motion of the Earth. The mean solar time at any instant was
descriptively defined as the hour angle of the fictitious mean sun plus 12h;
and the method of calculating mean solar time from sidereal time was
intended to give the measure of this hour angle.
However, because of the variations in rotation, the mean solar time
obtained by the established method of calculation does not have precisely
the geometric interpretation which originally motivated the method. Mean
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solar time is essentially a formal measure of time defined by the abstract
numerical formula conventionally adopted for the hour angle of the equinox
that determines 0 h . Although implicitly based on the diurnal motions of the
Sun and the fictitious mean sun, it is not defined by a fixed relation to either,
but by the actual operational procedure for determining it.
For the purpose of time measurement, it is not necessary that mean solar
time conform rigorously to any particular relation to the average diurnal
motion of the Sun. This disposes of the difficulty raised by Newcomb
regarding the progressively increasing secular departure of the fictitious mean
sun from the actual mean sun. Originally, before a precise system of time
measurement had been established, no distinction was recognized between
the numerical values of the mean longitude of the Sun and the right ascension
of the fictitious mean sun. The difference was emphasized by Newcomb,
who regarded it as a discordance in the measure of mean solar time.
Astronomical Time

Previous to 1925, mean solar time was reckoned from noon in astronomical
practice, instead of from midnight as in civil timekeeping. The mean solar
day beginning at noon, 12 hours after the midnight at the beginning of the
same civil date, was known as the astronomical day, and the time reckoned
from noon was called astronomical time to distinguish it from civil time
reckoned from midnight. By international agreement, the use of astronomical
time was discontinued at the end of the year 1924.
In using astronomical tables and ephemerides for years preceding and
immediately following the discontinuance, care is necessary to avoid error
because of the confusion in terminology that resulted. Mean solar time
reckoned from mean noon on the meridian of Greenwich was known as
Greenwich Mean Time; reckoned from mean noon on a local meridian,
local mean time. In the national ephemerides for 1925, Universal Time was
introduced, but under a variety of names. In the British Nautical Almanac
the same designation, Greenwich Mean Time, was still used for the new
reckoning, whereas in the American Ephemer is and Nautical Almanac the
designation Greenwich Civil Time was adopted. Eventually both designations
were dropped, and replaced by Universal Time; however, the term Greenwich
Mean Time is now used in the navigational publications of English-speaking
countries, instead of Universal Time.
To distinguish the two different reckonings that have both been called
Greenwich Mean Time, the designation Greenwich Mean Astronomical Time
should be used in referring to dates before 1925 when the time then known as
Greenwich Mean Time is intended; and for dates in and after 1925 the
reckoning from midnight should be exclusively used.
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Sea Time
Until about the middle of the nineteenth century, navigators began the
day at the noon preceding the midnight at the beginning of the same civil
date, instead of at the following noon as in the astronomical reckoning.
The sea day thus began 24 hours before the corresponding astronomical
day; moreover, unlike the astronomical day the sea day was reckoned in two
12-hour periods, the first 12 hours being designated P.M., the second 12
hours A.M.
Systems of Mean Solar Time

The measure of mean solar time depends upon (a) the adopted expression
for the right ascension of the fictitious mean sun, from which is derived the
formula for calculating mean solar time from sidereal time; and (b) the
adopted right ascensions of the stars, which determine the position of
the equinox. The definition of mean solar time depends only upon (a) ; but the
accuracy of the numerical value obtained by observation depends upon (b).
The right ascension system for the stars is established directly by observation, and is subject to revision from time to time as additional and more
accurate observations accumulate. The right ascension of the fictitious
mean sun is conventional; it is related to the motion of the actual Sun,
but the conditions imposed on the fictitious mean sun preclude rigorous
agreement of its right ascension with the mean longitude of the Sun, and as a
basis for the measurement of time the expression which defines the fictitious
mean sun is essentially arbitrary. However, the general practice in the past
has been, whenever improved tables of the Sun were adopted, to revise the
expression in order to have it conform as closely as possible to the mean
longitude of the Sun.
The practice of revising the system of mean solar time with every successive
theory of the Sun has the effect of introducing a discontinuity into the
reckoning of mean time whenever different tables of the Sun are adopted;
or equivalently, applying a correction to the measure previously attached to
every instant of time. Sidereal time is not affected ; but a similar discontinuity
in the reckoning of both sidereal time and the mean time calculated from it is
introduced by every revision of the fundamental star system or of the system
of constants and formulas used in calculating ephemerides of apparent
places of the stars.
Time determinations are not comparable with one another unless based
on the same system. In particular, in the reduction and discussion of
astronomical observations, the recorded times of the observations must be
reduced to both the same star system and the same tables of the Sun. For
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this purpose, the exact procedure by which the times were determined must
be ascertained; many changes in practice have occurred during the long
period covered by systematic observations. Confusion and error have
sometimes been caused in the past by these changes, due to a lack of clear
understanding of the fundamental principles of time measurement and the
actual significance of mean solar time.
Essentially, the evaluation of the constant L0 in the theory of the Sun
represents, not a determination of the position of the Sun at an independently
determined instant of mean solar time chosen as an epoch, but rather a
determination of the position of the instant of the epoch on the scale of mean
solar time, from the observed position of the Sun at this instant. In the
system of time measurement, any particular instant is identified by the
position of the Sun, since the actual Sun has a specified relation to
the fictitious mean sun; and the identifying designation of this instant in the
scale of mean solar time cannot be fixed in any other way. The observation
of the Sun is not a practicable method for the actual routine determination
of time with precision; but since the scale of mean solar time is defined by
the Sun, it is necessary to fix a reference point on this scale by actual observations of the Sun. Therefore the epoch (i.e., the instant of time to which the
measure / = 0 is to be assigned) is defined by the position in which the Sun
is observed to be on some particular occasion; but instead of depending
directly on any individual observation, methods are used by which an
indirect determination is made, based on great numbers of observations
distributed over a long period, in order to obtain as accurate a result as
possible.
This result is expressed in the form of a numerical value L0 for the position
of the fictitious mean sun on the celestial equator at a particular specified
time such as 1900 January 0d.0, but its actual significance is the reverse.
Actually, the instant of time when the fictitious mean sun was in the position
L0, during the particular diurnal circuit identified by the conventional
chronological designation 1900 January 0, is adopted as the instant to which
the numerical designation Od.O is assigned; and this fixes the designation of
any other instant, before or after, at which the fictitious mean sun has any
specified position. The epoch, although not defined by any actually observable event, is fixed by being connected, through the medium of the tables
of the Sun, with every observation of the Sun upon which the construction
of the tables was based ; and the instant of any event or observation is referred
to this epoch by determining the measure of the mean solar time at the
instant of the event, in accordance with the system of time measurement
defined by these tables.
However, the adjustment of the right ascension of the fictitious mean sun
to as close an agreement as possible with the mean longitude of the actual
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Sun as accurately as known, is logically a practice adopted for convenience,
and is not necessary. A measure of mean solar time which would depart too
far from the average of the apparent solar measure would be inconvenient,
and if too discordant would fail to serve practical purposes satisfactorily,
but still would not be logically erroneous as a measure of time.
The discrepancy between the measures of time obtained with different
expressions for the right ascension of the fictitious mean sun is not to be
regarded as an error, but merely represents the difference between two
conventional scales of mean time which have different relations to the time
defined by the apparent diurnal motion of the Sun, and in which each
position of the Sun is associated with a different numerical designation of the
instant of time when the Sun is in that position. For the purpose of measuring
time, this relative displacement of the two scales of mean time has no
significance.
Moreover, the motion of the Sun is affected by a number of very long
period inequalities, and it is to some extent arbitrary as to which of these
may advantageously be considered as variations of the mean motion, and
included along with the secular variation in defining the mean longitude of
the Sun; and it is by no means essential that the fictitious mean sun be
defined in exactly the same way. For example, among the long period
inequalities in the motion of the Earth is one with a period of 1850 years and
a coefficient of 7", discovered by Hansen. In discussing this inequality,
Newcomb comments as follows* :
" . . . its introduction by Hansen and Leverrier has caused a not unimportant change in the measurement of mean solar time. Solar time as used
in astronomy is measured by the mean longitude of the Sun, which is obtained
by subtracting from its actual longitude as observed all the periodic inequalities with which its motion is affected. The inequality in question attained its
minimum about our time. The result might be described as a discovery that,
since accurate astronomical observation commenced, the observed longitude
of the Sun, corrected for all the inequalities previously known, was about 7"
too small in arc, or nearly (FA5 when referred to mean time. Thus arose a
change of this amount in the sidereal time of mean noon, and thus in all
determinations of mean time, through the introduction of the table of
Hansen and Leverrier.
"It may be an open question whether this change was advisable. Its only
practical object was to unify the measure of solar time as it would have been
determined a thousand years ago, and as it will be determined a thousand
years hence, with that determined now. Practically, however, the former
determinations do not exist, and it might be questionable whether a
* S. Newcomb, Astr. Pap. Amer. Eph. V, Pt. II, 54.
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discrepancy of a second between the determinations of time during the
nineteenth and twentieth centuries and those to be determined a thousand
years hence will prove troublesome. It must also be remembered t h a t . . . the
character of the inequality, as it will be found to exist after one or two
thousand years, must be very uncertain. The possible error in our own
determinations of the Sun's mean motion will also affect the result. When the
astronomers of a thousand years hence unify our measure of time with their
own, they are as likely to fall upon Bessel's mean longitude as the standard
for our time as they are upon the corrected mean longitudes of Hansen and
Leverrier."
The practice of revising the system of mean solar time whenever improved
tables of the Sun are constructed is not essential. The same formal measure,
defined by the same conventional fictitious mean sun, could be permanently
retained. A revision of the theory of the Sun would then only alter the
theoretical positions of the Sun and the actual mean sun at any given time,
just as a revision of the theory of any celestial body except the Sun now does,
instead of altering the measure of time to make it agree with the theoretical
position of the Sun. This procedure has been urged from time to time in the
past.* Moreover, in the future a revision of the definition of the fictitious
mean sun will be precluded as long as Ephemeris Time defined by Newcomb's
tables is retained as the dynamical measure of time. In an improved theory
of the Sun, in terms of Ephemeris Time as the independent variable, the
numerical values of the mean longitude at epoch and the mean motion must
be kept the same as in Newcomb's theory; they are fixed constants in this
measure of time. The only orbital elements to be redetermined are the
eccentricity and longitude of perigee, and the definition of mean solar time
will not be changed. The mean right ascension of the actual Sun also depends
upon the adopted values of precession and aberration; but any inconsistency
with the values used by Newcopib in defining the fictitious mean sun is
immaterial for the purpose of defining a system of time measurement.
Reductions of Measures of Mean Solar Time

A general expression for the value of the reduction from any system of
mean solar time to another system defined by different tables of the Sun may
be obtained immediately from the expression (167). Put

T=r + ΔΓ,
where T and T' are the measures of mean solar time, at the same instant,
which are defined by two different expressions for the right ascension of the
* See, e.g., Sir John Herschel, "Outlines of Astronomy," articles 935-939.
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fictitious mean sun. Evidently,
ΔΤ' = - I (Δμ') dT + const.
(168)

Δα
=

mean solar days.
277

As an example, comparing the right ascension of the fictitious mean sun in
Newcomb's tables with the expression in Leverrier's tables, we have:
Epoch 1900 January 0d.5 U.T.
Newcomb: 18h38m458.836 + 86401848.542Γ + 08.0929Γ2
Leverrier: 18h38m458.884 + 86401848.597Γ + 08.0946Γ2
Newcomb-Leverrier: -0 S .048 - 08.055Γ - 08.0017Γ2

In 1940, this difference amounted to — 0S.070, and therefore
T (Newcomb) = T (Leverrier) + 0S.070.
The sidereal time at the instant when Greenwich Mean Midnight occurred
was consequently 0S.070 earlier in Newcomb's system that in Leverrier's
system; strictly speaking, the difference is the sidereal equivalent of 0s.070
of mean solar time, but the two are numerically the same to three decimals.
Accordingly, we find in the ephemerides for 1940:
Sidereal time 0h U.T.
American Ephemeris (A.E.)
Connaissance des Temps (C.T.)
A.E. - C.T.

6h38m01s.884 (Newcomb)
6h38m018.954 (Leverrier)
-0.070

Reductions of mean solar time to a uniform measure also are frequently
needed for many purposes. In particular, the observed positions of the
celestial bodies are not comparable with theory until the empirical measures
of time at the instants of observation are reduced to the uniform dynamical
measure in terms of which the gravitational theories of the motions are
expressed. Numerically equal measures of time on the two scales denote two
different instants of time; and in a precise comparison of observations with
theory, the observed position at a mean solar time T must be compared with
the theoretical position for the uniform time at the same instant, which in
general will have a different numerical value T + ΔΓ.
In practice, the reduction Δ Γ must be determined empirically, since the
variations in the rate of rotation of the Earth cannot be calculated from
theory. Mean solar time as determined by the rotation of the Earth must
therefore be compared with a measure of time which is independent of this
rotation and which has a known relation to the dynamical measure /. For
this purpose, the only practicable method of measuring time over the long
intervals that are in general necessary to determine the variation of ω is by
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observations of the orbital motions of the Moon and the planets. In principle,
a measure of time is defined equally as well by the orbital motion of any
celestial body as by the rotational motion of the Earth. The Sun, e.g.,
defines a measure of time by its apparent annual motion in longitude due to
the orbital motion of the Earth, as well as by its diurnal motion in hour
angle due to the rotational motion; the measure defined by the mean
motion in longitude referred to the mean equinox of date is in units of the
tropical year.
The observation, referred to mean solar time, of the motion of a body for
which a sufficiently accurate dynamical theory has been constructed, is
equivalent, when compared with the theoretical gravitational motion, to a
comparison of the mean solar measure of time with the uniform dynamical
measure. The apparent position of the body among the stars at any instant
identifies this instant of time, and distinguishes it by the value of the dynamical measure of time t which, in the gravitational tables of the motion,
corresponds to this position of the body. The amount by which t differs
from the mean solar time T at the instant of this position is the correction
ΔΓ that reduces T to a uniform measure. Within the limits imposed by the
order of accuracy to which the theory is reliable and by the precision with
which the motion can be observed, the discrepancy between an observed
position at a measured mean solar time and the computed ephemeris position
at the numerically equal tabular time may be attributed to the fact that these
two equal measures denote two different instants of time separated by the
interval ΔΤ; and the value of ΔΓ is therefore the interval required for the
motion of the body to change its position by the amount of the observed
discrepancy in position.
In terms of the change in an angular coordinate γ of the body during the
interval ΔΓ, the discrepancy in position is Δ / = n ΔΓ, where n is the rate
of the motion in γ per unit of T; and the reduction of mean solar time to the
measure defined by the motion in γ is Δ Γ = Δγ/η. The fundamental unit of
measure in this relation is the mean solar day, of length P. In practice, for the
purpose of this relation, it is not necessary to distinguish between this unit
and the uniform unit of /, but the relation may be represented in a form
independent of the unit by expressing it in terms of ratios, and in this form it is
sometimes useful for other purposes. The measure of time defined by the
motion of the body in the coordinate γ may be expressed in units of the
interval Γ during which γ increases by 2π; in this unit, the rate n of
the motion in y per unit of T is 2π/(Γ/Ρ) = 2π(Ρ/Γ), and the amount of
the motion during the interval of time ΔΓ is

Αγ = 2

{ 4)τ·
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The reduction from the value of the measure T at any instant to the measure
T + ΔΓ of / at the same instant is therefore

AT- (E**),.
More generally, this same form of expression applies to the measure of
time 7\ at any instant defined by the motion of any body in an angular
coordinate 0 with a period Pl9 and the measure 7\ + Δ7\ at the same instant
of time defined by the motion of any other body in an angular coordinate
y with a period Γ,
A T

- - & ' ·

(i69>

where Ay is the discrepancy between the values of y at the two instants of
time which have the same numerical values of the measures,
A coordinate y of any other body will be affected in proportion to its rate
of motion ri per unit of T, since
Δ / = η' ΔΓ
and consequently

V _^
Ay

n

Thus, variations in the rate of rotation of the Earth cause effects on the
observed longitudes of the Sun, Moon, and planets referred to mean solar
time, which when expressed in arc are proportional to the mean motions.
In the discussion of observations, the corrections for the variations of
mean solar time may be applied either in the form of the reduction ΔΓΐο the
time of observation, or in the form of an equivalent correction to the observed
position of any celestial body. Moreover, the general expression (169) for
Δ7Ί includes as a special case the reduction (168) from one system of mean
solar time to another system defined by different tables of the Sun. As an
example, Brown,* comparing the Greenwich observations of the Moon with
his lunar theory, in order to determine the values of the orbital constants for
constructing lunar tables, applied corrections to the observed longitudes of
the Moon for the differences in the systems of mean solar time and in the
positions of the equinox that had been used at different times during the
period over which the observations extended. By means of these corrections,
the observations were reduced to Newcomb's Tables of the Sun and to
Newcomb's catalog of fundamental stars. The corrections applied to the
times of observation to reduce them to this system were converted into
the form of corrections to the observed place of the Moon by means of the
* E. W. Brown, Mon. Not. Roy. Astr. Soc. 73, 697 (1913).
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relation

_

=

_ )%M

s

(Pif

= - 0.55(Δα®)8.
The corrections to the mean solar times of observation ranged from + 0 M 7
to — 0S.96; and for each I s , a correction of — 0".55 was applied to the mean
longitude L of the Moon.
The Equation of Time
Apparent solar time, defined by the actual diurnal motion of the Sun and
numerically measured by the hour angle of the Sun plus 12h, is no longer
of importance in timekeeping or for astronomical purposes. In the American
Ephemeris and the British Astronomical Ephemeris, beginning with 1965,
the equation of time was eliminated and replaced by the Ephemeris Time of
transit of the Sun; and no reference was any longer made to apparent solar
time.
However, in applications to surveying and navigation, need still exists for
a means of determining the hour angle of the Sun. In the navigational and
surveying almanacs prepared by the British and American almanac offices,
the equation of time is defined as the correction to be applied to 12h + U.T.
to obtain the Greenwich hour angle of the Sun, or more generally, the
correction to apply to 12h plus local mean time to obtain the local hour angle
of the Sun. This reduction depends upon the difference Δ Γ between mean
solar time and Ephemeris Time; but over the relatively short periods in
advance for which it is required it may be calculated to the needed order of
accuracy with an estimated value of Δ Γ obtained by extrapolation. Apparent
solar time is defined as 12h plus the hour angle of the Sun, but this term is
avoided as far as possible.
Before accurate clocks became available, apparent solar time was in
general use for timekeeping and in astronomical ephemerides. When mean
time was needed for any purpose, it was obtained from apparent time by the
equation of time, which was tabulated in the sense mean minus apparent.
Mean time came into use for civil purposes in most countries late in the
eighteenth or early in the nineteenth century. In the Berliner Jahrbuch for
1830 the tabular argument was changed from apparent time to mean time,
and in the British Nautical Almanac the change was made in the volume for
1834. The equation of time was then tabulated in the sense apparent minus
mean, for use in obtaining apparent time from mean time; however, in local
transit ephemerides of the Sun, the reverse correction was tabulated, in
order to obtain the local mean solar time at which the meridian transit of the
Sun could be observed.

