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1. Connection between Spin and Statistics 

Empirically particles of integral spin obey Bose statistics and those 
of half-integral spin, Fermi statistics. It is one of the great achieve
ments of quantized relativistic field theory that it leads to an under
standing of this connection between spin and statistics. In quantized 
field theory the type of statistics is related to the type of commu
tation relations between field operators. In such a theory the equally 
important problem arises whether, between operators of different fields, 
commutators or anti-commutators have to be employed for quan
tization. We shall refer to the first mentioned problem as to (the con
nection between) spin and statistics in the restricted sense and to the 
second one as to spin and statistics in the wider sense though, strictly 
speaking, only the character of commutation relations between ope
rators of the same field is related to statistics. 

1. SP IN AND STATISTICS IN THE BESTRICTED SENSE 

The first satisfactory deduction of the connection between spin 
and statistics (in the restricted sense) from basic postulates of rela
tivistic quantized field theory appears to have been given by Pauli (1) 
in 1940.1 

For half-integral spin he essentially reversed an argument used 
by Dirac for the foundation of his theory of holes (3). To avoid troubles 
from the negative energy solutions of the Dirac equation this author 
assumed that in the normal «vacuum» state each negative energy 
state is occupied by one electron and so, since electrons empirically 

* Present address: Institut fur Theoretische Physik der Universitat, 
Gottingen, Germany. 

1 Compare also, however, the literature mentioned under Ref. (2). 
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obey Fermi statistics, blocked for other electrons. Pauli on the other 
hand noticed that negative energy states occur systematically for free 
half-integral spin particles; to obtain some reasonable physics in spite 
of these states of negative energy one has to introduce the theory of 
holes and, to make it work, such particles have to obey Fermi sta
tistics. 

Pauli's analysis refers to free (non-interacting) fields only; this 
might perhaps be regarded as a deficiency of his arguments. The 
problem has been taken up again recently and independently by Bur-
goyne (4) and by Luders and Zumino (5); applying powerful formal 
tools of modern field theory, both papers avoid the assumption that 
there is no interaction. The analysis can be based upon the following 
postulates2: 

I. Two operators of the same field at space-time points sepa
rated by a spacelike interval either commute or anticommute. 

I I . The theory is invariant under the proper inhomogeneous Lo-
rentz group. 

I I I . The vacuum is the state of lowest energy. 
IV. The metric of Hubert space is positive definite. 
V. The vacuum is not identically annihilated by a field operator. 
A few remarks shall be added on the postulates. The alternative 

offered by Postulate I is in a sense basic for the technique of the proof 
since it permits us to only disprove the « wrong» commutation rela
tions. In particular we do not enter into the question whether more 
general relations (of a trilinear type, say) between field operators 
could possibly exist. The vanishing of commutators or anticommu-
tators for spacelike distances is sometimes referred to as «locality» 
(or previously «causality») and it is often believed that a violation 
of this postulate could lead to acausalities in the big. A presumably 
different justification of the postulate has been based on the claim 
that, because of relativistic causality, field operators should be in
dependently « measurable » at points separated by a spacelike interval. 
Apart from that such a statement can refer to vanishing commutators 
only (and not to anti-commutators) no field but the electromagnetic 
field actually has ever been measured and the measurement of most 
fields is forbidden by super selection rules. Therefore, the basis of 
Postulate I is perhaps not too clear. What is meant by «the same 
field» is evident for hermitian (or Majorana) fields. The author be-

2 The first two postulates are exchanged as compared to Ref. (5). 
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lieves that non-hermitian fields are reasonable basic entities only if 
they carry some non-vanishing generalized charge (electric, baryonic, 
and/or leptonic), i.e., if there is some gauge transformation (of the 
first kind) which mixes «real» and «imaginary» parts of non-hermi
tian fields. The concept of generalized charge will play an important 
role also in Chapter I I I . For practical reasons the proof of the con
nection between spin and statistics will be formulated for non-hermi
tian fields only; mathematically hermitian fields can be regarded as 
a specialization. 

Postulate II which hardly can be questioned will be applied in the 
sense that the (physical) vacuum Ω is an invariant state and that 
bilinear vacuum expectation values of field operators have simple 
well-known transformation properties. I t might be mentioned that 
the proper inhomogeneous Lorentz group contains four-dimensional 
translations and rotations but no reflections. Postulate III which 
hardly can be abandoned in a physically reasonable theory is some
times even regarded as a definition of the vacuum. Postulate IV is 
required for the physical interpretation of the formalism in terms of 
probabilities (unitarity of the 8 matrix etc.). Eecent attempts to 
relax this postulate shall not be discussed here.8 Postulate V certainly 
is undispensable for free fields since the Hubert space is just constructed 
by applying field operators upon the vacuum. I t seems unlikely that 
even in the presence of interactions a Hilbert space can exist when 
Postulate V is not satisfied. 

The actual proof now is quite simple. I t shall be done for a spin 
zero field φ(χ) (as prototype of fields with integral spin) and for a spin 
one half field <pa(x) (as prototype of fields with half-integral spin); 
the case of general spin has been discussed in (4) on essentially the 
same basis. Starting from Postulate I we assume «wrong» commu
tation relations for spin zero; or rather we assume 

(1) <?*(*)?>(*') + φ(χ')φ*(χ)\ = ο 

for spacelike (χ — χ'). Now we apply Postulate II on the second term 
in the sum; it is an invariant function of (χ — χ') which, for spacelike 

3 In quantum electrodynamics one often for technical reasons uses an 
indefinite metric (0). Unfortunately also for other reasons connected with 
gauge invariance it is not clear how the electromagnetic field could be incor
porated into the present analysis of the connection between spin and statistics. 
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argument, stays unchanged under the exchange x' and x. Therefore, also 

(2) <φ*{*)φ(χ') + φ(*)φ*(*')>ο = 0 

for spacelihe (χ — χ'). Combining now Postulate III with Postulate II 
we are in a position to apply the ingeneous methods due to Hall and 
Wightman (7) which permit us to conclude directly that Eq. (2) holdr 
without restriction as to the relative position of χ and xf. In par
ticular we may put 4 x' = χ obtaining in this way 

(3) <φ*(χ) <p(x)\ + <<p(x) <p*(x)\ = 0 . 

Because of Postulate IV the vacuum expectation values of both sum 
terms are non-negative. In order to satisfy Eq. (3) one has to require 

(4) φ(χ)Ω = 0 = φ*(χ)Ω9 

which is in obvious contradiction with Postulate V. Applying Postu
late I again we conclude that commutators have to be used for the 
quantization of a spin zero field. 

In the case of spin one-half we start with the assumption (Postu
late I) that 

(5) < y » ¥>>') ~ Ϋ » > ο = 0 

for (χ — χ') spacelike (summation over a). 
According to Postulate II the second term which transforms like the 

fourth component of a vector under four-dimensional rotations can be 
written as the product of the fourth component of (χ — χ') and an inva
riant function of (x — xr)\ if, for spacelike separation, χ and x' are ex
changed the whole expression takes up a minus sign. Consequently, 

(6) <vl(x) wM) + v » v£ ( * ' ) > . = ο 
for spacelike (χ — χ'). Postulate III makes this relation valid for all χ 
and x'. Putting x' = x one concludes from Postulate IV that 

(7) Ψα(χ)Ω = 0 =ψ*Λ(χ)Ω 

which contradicts Postulate V. 
The whole argument is valid also when interactions are absent; 

then it repeats in a way Pauli's original proof but in a manner which 
treats integral and half-integral spin on equal footing and does not 

4 This step could easily be replaced by a more sophisticated one. 
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5 The proof given in (4) avoids such summations but it is directly appli
cable only to fields which transform irreducibly under four-dimensional rota
tions; the usual Dirac field is not irreducible in this sense. 
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refer to the theory of holes. I t is a deficiency of all proofs given so 
far that they only lead to statements on the type of commutation 
relations between a field operator and its hermitian adjoint but not, 
for non-hermitian fields, also on the commutation relations between 
two operators of the same type [say <p(x) and φ(χ')]-

One explicitly has to assume that they are of the same type as 
those between hermitian adjoint operators. The proof of the con
nection between spin and statistics in the restricted sense, as pre
sented here for spin zero and spin one-half, in some cases (e.g., for 
spin one-half) permits to draw direct conclusions only about special 
linear combinations of commutation relations; this does, however, not 
appear a serious deficiency.6 

2. SP IN AND STATISTICS I N THE W I D E R SENSE 

The problem of whether commutators or anti-commutators have 
to be used between different fields is in a less satisfactory state than 
that dealt with in the preceding Section. Following Eef. (8) we shall 
apply a «naive» picture in which we start with a Hamiltonian being 
a sum of a free field part and of an interaction; the latter is assumed 
to be local in the sense it can be represented by a space integral over 
an interaction density which depends upon field operators and their 
low order derivatives at the particular space-time point. We base 
the following analysis upon the postulate that the field equations ob
tained from 

(8) <p(x) =i[H, φ(χ)] 

shall also be local in the sense that the source term which in the pre
sence of interactions is added to a free field equation of motion depends 
itself only upon field operators (and their derivatives) at the same point 
as the particular field operator does. 

The various fields shall be denoted by capitals A, B, etc.; no dis
tinction shall be made between operators and their hermitian adjoints 
For each pair of fields Α, Β we define a symbol εΑΒ = εΒΑ = ±1 so 
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that 

(9) A(x)B(xr) = εΑΒΒ{χ')Α(χ) 

for (χ — χ') spacelike. From Section 1 we already know that 

+ 1 for integral spin (Bose fields) 

— 1 for half-integral spin (Fermi fields) . 

The other εΑΒ have to be obtained from the postulate of local equa
tions of motion for local Hamiltonian. The analysis is based upon 
the identity 

(10) [F ... XYZ, U] = F ... XY(ZU-εΖϋϋΖ) + 

+ ezuF ... XY(YU- eruUY)Z + eZueruF ... {XV- exuUX)YZ + ... 

If, therefore, a particular term in the interaction Hamiltonian can 
be written as AlBmGn with no distinction made between field oper
ators and their derivatives a non local contribution from the last term 
in Eq. (10) would arise on the right hand side of Eq. (8) if not 6 

(11) ( Λ Γ ( α . - = + ι . 
This equation has to hold for all field operators V occurring in the 
particular theory and for all interaction terms (each of them cha
racterized by a set of integral exponents Z, m, n, ...). 

There always exists at least one solution to Eq. (11): εΑΒ= — 1 
if both A and Β are Fermi fields; εΑΒ= +1 otherwise. I t should be 
noted that this is true especially for A = Β as follows from the con
nection between spin and statistics in the restricted sense. This par
ticular solution shall be referred to as the « normal case ». That it 
indeed represents a solution is easily seen. Let Z7 first be a Bose field; 
then all εΑϋ are equal to + 1 and Eq. (11) is obviously satisfied. Then 
let it be a Fermi field; since each term in the interaction density con
tains an even number of operators of Fermi fields (invariance under 
spatial rotations by 2π), Eq. (11) again is satisfied. I t remains the 

6 It is interesting to note that the same equation had been obtained 
previously by Kinoshita (9) from the integrability condition for the inter
action representation. 
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question under what conditions there are other solutions to Eq. (11) 
(which is equivalent to the postulate of local equations of motion for 
local Hamiltonian); this problem was studied systematically in the 
Appendix to Ref. (8). I t is perhaps more instructive to start with 
field operators obeying mutual commutation relations according to 
the normal case and to construct from those explicitly operators 
obeying different mutual commutation relations which still satisfy our 
postulate of locality. I t can be shown that in this way one actually 
exhausts the manyfold of solutions to Eq. (11). 

To this purpose we introduce the concept of invariance of the 
theory under the change of sign of some field operators. Free field 
Hamiltonian and free field commutation relations obviously are in
variant under such a change of signs since they contain operators of 
the same field bilinearly; so the question of invariance is connected 
only with the structure of the interaction (and, for derivative coupling, 
also of the mutual commutation relations). A familiar example of the 
invariance under such a change of some signs is presented by the 
addition of minus signs to all Fermi fields (spatial rotation by 2π); 
another example is provided by fields carrying some generalized charge: 
they reverse the sign of all fields with an odd number of units of charge. 
I t will be permitted to assume that the substitution 7 

<p'{x) = 
+ <p(x) for some fields 

— φ(χ) for the other fields 

can be obtained by transformation with an operator Λ so that 

(12) φ'(χ) = Λφ(χ)Λ-1 . 

The operator Λ can be chosen unitary (the transformation preserves 
hermitian adjointness) and then is, because of 

(13) Λ2 = 1 

even hermitian 

(14) Λ = Λ* . 

Let us now assume that the theory is invariant with respect to 
two such changes of signs and let us in this way constitute four classes 

7 Here and at some other places φ(χ) is used as a convenient symbol for 
any field operator irrespective of spin etc. 
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of fields ( + + , Η — , — h ) where the first sign refers to the be
haviour of the particular field under the first transformation and the 
second one to its behaviour under the second transformation. Let the 
first transformation be produced by the above mentioned operator A 
and let us introduce new fields φ(χ) by 

(15) <p(x) = 

φ[χ) for classes + + and — h 

Λφ(χ) for class Η — 

ϊΛφ(χ) for class . 

This is a generalization of a transformation first introduced by Klein (10). 
In the way it has been done it preserves hermitian adjointness; e.g. 
for class Η 

(16) φ*(x) = ψ*(x)Λ* = φ*(χ)Λ = Λφ*(χ) = ψ*(χ) . 

The first sign of equality follows from a basic property of hermitian 
conjugation, the second one from Eq. (14); the third one is derived 
from the fact that a field of class Η — does not change sign under 
the transformation A. 

We shall show that the interaction Hamiltonian and the equations 
of motion stay local and essentially unchanged under this generalized 
Klein transformation. For this purpose one notices that only fields 
which change sign under the second transformation were multiplied 
by A. The Hamiltonian, according to our assumptions, is invariant 
(does not change sign) under this transformation; each term in it 
therefore contains an even number of fields from classes Η — and 
If then by Eq. (15) fields φ(χ) are introduced each term in the Hamil
tonian takes up an even number of factors A which according to 
Eq. (14) cancel to unity. Furthermore the Hamiltonian if expressed 
by the fields φ(χ) is the same as the original one apart from possibly 
additional imaginary units and minus signs. In the equation of mo
tion for a particular field the source terms must show the same be
haviour under the second transformation as the respective field does; 
therefore one again has a cancellation of A factors. (An occurrence 
of A in Hamiltonian or field equations would mean non-locality since 
A can at best be expressed in a non-local way by the field oper
ators.) 

The physical content of a theory is not changed if other mutual 
commutation relations are used than those of the normal case, but 

8 
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which are compatible with the postulate of local equations of motion 
for local Hamiltonian; or, with other words, if it is gone over from 
the original fields <p(x) to fields <p(x). Let us assume that to a par
ticular field <p(x) there exist asymptotic (ingoing and outgoing) fields 
φ1η(χ) and <p0ut(ff) with 

(17) lim <p(x) = φ,Μ , Km φ(ο) = φ**Μ . 
*—w— CO Ι - τ τ Ο β 

The 8 operator (from which the elements of the 8 matrix are obtained 
in a well-known way) obeys 

(18) Β-*φίΆ(α>)8=φ^{*), 

and 

(19) 8Ω = Ω . 

From the invariance of the theory under the first change of sign of 
some fields (produced by transformation with Λ), it is easily deduced 
that Λ and 8 commute. I t therefore (e.g., for Class Η — ) 

(20) φ1α(χ) = Λφ{η(χ) , ψοαί(χ) = Λφοα1(χ) , 

Eq. (18) also holds for the fields 8 φ1η(χ), φ0Αχ)-

II. The TCP Theorem 

The TCP theorem (11) claims that a wide class of quantized rela-
tivistic field theories (to be specified later) stays invariant under the 
following substitution9 

[ ψ(χ) -> ψ(— χ)γ°γ5, ψ(χ) -> γδ γ° ψ(— χ) . 

The substitution is to be accompanied by complex conjugation of all 
o-numbers. One might assume that the substitution can also be achieved 

8 I t might be noticed that in this and some other arguments the second 
invariance is not required. 

• A relativistic metric is used with x°=t, — g™=g11=g21=g** = + 1. The 
4 x 4 matrices γ** obey yi*yv+yvyi*=2gi*»; y\ y 2, y 3 are hermitian, y° is skew-
hermitian: yi*f=yi* where a dagger ( + ) is used for the hermitian conjugation 
of 4 x 4 matrices. I t is tp(x)=itp*(x)y° and y ^ i y V V y 0 -

9 
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by transformation with some anti-linear operator Θ so that 

ί Θ φ(χ) Θ-1 = φ*(— Χ) , Θ φ*(χ) Θ" 1 = φ(— Χ) , 

(22) ι 

I Θ ψ(χ) Θ - 1 = ψ(— χ)γ°γ6 ; Θ ψ(χ) Θ-1 = γ5 γ° χρ(— χ). 

1. ANTI -L INEAR OPERATORS 

An anti-linear operator 1 0 A is defined by the two relations 

(23) Α(ψι + ψ2) == A\px + Αψ2, 

(24) Αλψ = λ*Αψ , 

where Eq. (24) with c-number λ can be written more shorthand as 

(25) Αλ = λ*Α . 
Notice that for a linear operator L Eq. (23) is also true, whereas in
stead of Eq. (25) 

(26) Σλ = λΣ. 

Linear and anti-linear operators preserve linear dependence of vectors; 
indeed, if 

(27) 2 ^ = 0, 
i 

then also 
(28) Σλ<Σψί = 0 = 2^%· 

A mapping of the Hubert space (or a vector space of finite number 
of dimensions) into itself which satisfies Eq. (25) and preserves linear 
dependence is either a linear or an antilinear operator. The complex 
conjugation connected with the TCP transformation requires an anti-
linear operator (Θ) for it. 

From Eqs. (25) and (26) it follows that a product of any number 
of linear operators and an even/odd number of anti-linear operators 
is itself a linear/antilinear operator. The inverse A-1 (if it exists, i.e., 
if A induces a one-to-one mapping of the Hubert space into itself) 
is defined by 
(29) AA-1 = A-*A = 1 . 

1 0 Anti-linear operators appear to have been introduced by Wigner (12). 
In the present section we summarize their properties without giving proofs. 
Some of the proofs can he found in the last paper mentioned under Ref. (11). 

10 
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1 1 I t should be remembered that not only the operator Θ of the TCP 
theorem is anti-linear but also the operator of time reversal. 

1 2 The proof of these statements requires the validity of Schur's lemma. 
1 8 This is true for all states with half-integral angular momentum and 

for all linear combinations of them (Fermi states). 

11 

A-1 is an anti-linear operator (the inverse L~x of a linear operator is, 
as well known, linear). 

The hermitian adjoint A* of an anti-linear operator A is defined 
by the requirement that 

(30) (Ψ, ΑΦ) = (Φ, Α*Ψ) 

hold identically in Ψ and Φ One should notice the difference as com
pared to the definition of the hermitian adjoint of linear operators. 
Some check that Eq. (30) really is the correct definition to be used 
for anti-linear operators is obtained if Φ is replaced by λΦ. The ope
rator A* is anti-linear. In quite the same way as for the process of 
hermitian conjugation of linear operators one finds that 

(31) A** = A 

and that under hermitian conjugation the order of factors in products 
is reversed. 

An anti-linear operator shall be called anti-hermitian if 

(32) A* = A , 
and anti-unitary if 
(33) A* = A-1. 

Whereas anti-hermitian operators appear to be of no interest in phy
sics, anti-unitary operators are very important entities.11 

A linear operator which transforms hermitian adjoint operators 
into hermitian adjoint ones (and hermitian operators into hermitian 
ones) can be chosen unitary; in the same way one shows that an anti-
linear operator which conserves hermitian adjointness can be chosen 
anti-unitary.12 This is the reason why the operator Θ can be assumed 
to be anti-unitary. Whereas important eigenvalue problems are con
nected with (linear) hermitian and unitary operators no such eigen
value problem is related to anti-hermitian and anti-unitary operators; 
there are, e.g., no quantum numbers connected with the TCP trans
formation. I t can actually be shown that there are states 1 3 Ψ which 
are orthogonal on ΘΨ. 
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1 4 Because of the anti-linearity of θ, Eq. (38) is true for P 0 , but not for 
P 4 = - * P 0 . 

12 

But eveu if 

(34) ΑΨ = *Ψ, 

then for the physically identical state λΨ 

(35) ΑλΨ = λ*ΑΨ = (oc jj λΨ. 

2. PROPERTIES OF THE OPERATOR Θ 

Before we give, in Section 3, a proof of the TCP theorem we shall 
first derive some properties of the operator Θ. 

The operator Ρμ of infinitesimal displacements satisfies 

(36) [Ρμ,φ(χ)] = ί^-μφ(χ), 

for all field operators irrespective of spin. If we multiply this equation 
from the left by Θ, from the right by Θ - 1 , and take into account the 
anti-linearity of Θ we obtain 

(37) [ΘΡμΘ~\ φ·(-χ)]=%-^—)φ·(-χ) , 

[c.f. Eq. (22)]. Therefore, ΘΡμ Θ-1 has the same commutation rela
tions with all field operators as Ρμ has. Eq. (36) defines Ρμ up to an 
additive c-number; therefore, ΘΡμ Θ-1 and Ρμ differ at most by an 
additive c-number. A somewhat vague argument might now go as 
follows: because of relativistic invariance the additive o-number has 
to be a relativistically invariant four-vector; since there is no such 
four-vector 1 4 

(38) ΘΡμ Θ-1 = Ρμ or [<9, P „ ] = 0 . 

The exact argument makes use of also the infinitesimal rotations Ιμν 

for which there are (spin dependent) relations analogous to Eq. (36). 
The commutation relations between the Ρμ and the Ιμν fix the addi
tive tf-numbers left open by relations of the type of Eq. (36). In this 
way one confirms Eq. (38) and also obtains 

(39) ΘΙμν Θ-1 = - 1μν or {Θ, Ιμν) = 0 . 

The physical meaning of Eqs. (38) and (39) is that under the TCP 
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transformation energies and linear momenta stay unchanged whereas 
angular momenta (in particular spins) are reversed; this can also be 
written as 
(40) ρμ -»— ρμ, s~+ — s. 

By virtue of Eq. (21) we may supplement this list by 
(41) χμ-+ — χμ. 

Since the physical vacuum is defined by 

(42) ΡμΩ=0. 

it follows from Eq. (38) that ΘΩ again is the (because of anti-uni-
tarity of Θ again normalized) vacuum state. Therefore there must 
exist a c-number α (of modulus unity) so that 1 5 

(43) ΘΩ = ocQ . 

Equation (43) will be needed for some of the following arguments. 
The operator Q of some generalized charge (cf. Chapter I, Section 1) 

is defined by its commutation relations 

(44) [Q, φ(χ)] = q0<p{x), [Q, φ*(a)] = - q0<p*(x) 

with the field operators16 (the real number q0 being the charge carried 
by the particular field), and 

(45) <3Ω = 0 . 

Transforming with Θ one obtains from Eq. (44) 

(46) [0Q Θ" 1, φ*{-χ)] = , · 

Further, using an equation analogous to Eq. (43) and Eq. (45), one 
finds 

(47) &Q&-^ = 0. 

Consequently, 

(48) eQ0~*=-Q or {6>, Q) = 0 . 

1 5 It might be emphasized that this is not an eigenvalue equation proper 
since α cannot in a reasonable way be specified beyond its having modulus 
unity [cf. Eq. (35)]. 

1 6 Again we use the one symbol φ(χ) for all field operators occurring in 
the theory. 

13 
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Under the TCP transformation all generalized charges go into their 
negative 

(49) « - * - « . 

If there are asymptotic fields to a field φ(χ) [cf. Eq. (17)], then by 
a simple limiting process one obtains from Eq. (22) 

ί Θφ>Αχ)Θ-ι =<pL(-X); <9<r* 
(50) 

Θψϊη (χ)Θ-1 = <pout(— χ); ΘφΖ (χ) Θ-1 = <p0}lt(— χ), 

&<poui(x) Θ-* = φ?η(- χ) ; ΘΨ:ηί(χ) Θ-* = <ρ1η ( - χ), 

and similarly for Dirac fields. Therefore, incoming fields go into out
going fields and vice versa. 

We know from Eq. (43) how Θ acts on the vacuum state; but 
how does it act on other state vectors? Especially a state of one in
coming spin zero particle of charge +g 0 , can be written as 

(61) ? , . .= f(X) ~ ί { Χ ) it ψ1(χ)) 
t - const 

where f(x) is a c-number function obeying the Klein-Gordon equation. 
There is a one-to-one correspondence between one-particle states and 
0-number wave functions if the latter contain only positive frequencies. 
If now Θ is applied on this state with due account taken of the anti-
linearity and of Eq. (50) and (43) one obtains 

(52) Θψ,1η - - iocj((pont-( χ) I f*(x) - f*(x)^oui(-x))j dVfi . 
t -= const 

Putting x' = — χ this finally gives 

(53) Θψ,1α = ί^[φ0^') ^> / * ( - * ' ) - / * ( - *') 9 W (#')) d 3 rf i . 
f' const 

Therefore one has obtained a state of one outgoing particle (charge 
— qg) with c-number wave function /*(—#). In a shorthand way one 
might write 

(54) 0f(x)=f*(-x). 

Especially for a state with four-momentum ρμ 

(55) f(x) = e x p [ i ^ ] = / · ( - * ) , 

which, of course, is in accordance with Eq. (40). 

14 
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3. P R O O F OF THE THEOREM 

In the interaction representation the field operators 1 7 obey free 
field equations of motion and commutation relations 

(59) ( • - m«) φ{χ) = 0 , [<p{x), <p(x')] =0 = [φ*(χ), φ*(χ')], 

t<p*(x), φ{χ')] =ιΔ(χ — χ'), 

(60) (γ^μ + Μ)ψ(χ) = 0 , {φ{χ), ψ(χ')} = 0 = {φ(χ), ψ(χ')} , 

{ψ«(ν)ι ψβ(*Ί} = — *(Υμΰμ— ™>)«β Δ (0 — χ'). 

The time dependence of the state vector is determined by 

(61) iW(t) =Η(ί)Ψ(ί), 

where H(t) is the interaction Hamiltonian. We make the following 
assumptions: 

2. Commutation relations between different fields according to 
the normal case (cf. Chapter I, Section 2). 

2. Hermitian interaction Hamiltonian 

(62) H(t) = B*(t) . 

1 7 In this section all field operators are meant in the interaction repre
sentation if not the opposite is stated explicitly. 
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The element of the 8 matrix between states characterized by 
quantum numbers (charges and o-number wave functions) a and b is 
defined by 

(56) <b\S\a> = ( ^ o u t , y e l B ) , 

where Ψα1η is a state of incoming particles with quantum numbers a 
and Ψ„οχιί one of outgoing particles with quantum numbers b. 

Because of Eq. (53) one has 

(57) ΘΨι, o u t = Χ.ΨΘι> in , ΘΨαϊη = αΨβαονΧ y 

where Θα and Ob are analogous to Θ f(x) in Eq. (54). From Eqs. (56) 
and (57) and from the anti-unitarity of Θ [Eqs. (33) and (30)] it im
mediately follows that 

(58) <b\8\a} = (0a\S\0b> ; 

the factors α [Eq. (43)] disappear since α has modulus unity. 
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3. Local interaction in the sense that 

(63) H(t) =jtf(x) d 3r , 
t - const 

where the interaction density 2f? contains only field operators (and 
their low order derivatives) at the space-time point x. depends 
upon χ only through the field operators. 

4. Each product term in 3f shall be interpreted in the sense of a 
Wick normal product (13). 

5. Invariance under the proper Lorentz group in the sense that 
3tf is the 00-component of a tensor of second rank (or a scalar which 
actually can be regarded as a special case of the one mentioned). 

We add a few remarks on the assumptions: One may look at 
Assumption 1 in two different ways. Either one says that physics is 
the same for all mutual commutation relations which lead to local 
equations of motion for local Hamiltonian; therefore one might always 
use the normal case. Or one notices that for other solutions (fields 
φ(χ)) the TCP theorem holds with only irrelevant minor modifications 
if it holds in the normal case.18 Eegarding Assumption 2 it might be 
mentioned that actually only self-adjointness (with respect to some 
not necessarily positive definite metric) is required. Assumption 4 is 
presumably not a drastic one; with this assumption the interaction 
density has matrix elements free from singularities between states of 
non-interacting particles. It is not clear whether Assumption 5 really 
is a necessary one in relativistic field theories (manifestly covariant 
equations of motion in the Heisenberg representation); apparently all 
covariant theories formulated so far satisfy the assumption. 

The proof of the theorem proceeds in two steps. Both of them 
are defined only in the algebra of operators and not in the Hubert 
space since in each step the order of factors in operator products is 
reversed. The combined result of both substitutions is, however, also 
defined in Hubert space; it is essentially identical with Eq. (21). 

First we apply strong reflection, an operation introduced by Pauli.1 9 

1 8 This has been worked out in detail in (8) and also in a paper by Kino-
shita (14). 

1 9 Cf. the paper by Pauli mentioned under Kef. (11). Actually strong 
reflection had, without introduction of this terminology, already been used 
by the same author in ( i ) . 
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I t is defined by the substitutions 

φ* (χ) ->φ*(—χ), 

ψ(χ) -+ίψ(—χ)γ5 

combined with the reversal of the order of factors in products. We 
claim that the equations of motion and commutation relations are 
invariant under this substitution and that 

The invariance of the equations of motion is easily verified; that of 
the commutation relations is based upon 

We notice that strong reflection replaces hermitian field operators by 
hermitian ones and pairs of hermitian adjoint operators again by 
such pairs. 

A more detailed analysis is required for the proof of Eq. (65). 
Since the argument of all field operators is replaced by — χ one 
actually only hap to show that J4?(x), apart from this replacement, 
stays invariant. In connection with Assumption 4 we notice that 
under strong reflection positive frequency parts of field operators go 
into negative frequency parts and vice versa. Since the order of 
factors is to be reversed a typical term in a Wick product (with all 
negative frequency field operators on the left of all positive frequency 
operators) again goes over into a term of such type; actually the whole 
Wick product goes over into one with reversed order of factors. If 
Assumption 1 holds this new Wick product equals the original one 
apart from a factor (—)n if the number of Fermi fields in the Wick 
product is equal to 2n. Assumption 5 states that H(x) is the 00-com-
ponent of a tensor of second rank constructed from the field operators. 
We first mention that in such an expression the Dirac fields can always 
be combined in such a way as to form the well known bilinear co-
variant quantities 2 0 , 2 1 

2 0 This not very surprising result was proved in the Appendix to the first 
paper by the present author mentioned under Ref. (11). If the number of 
fields ψ(χ) in a product term is different from the number of fields yj(x) one 
has to go over from some fields ψ(χ) to fields transforming like y>(x) (or from 
ψ(χ) to ψ(χ)) using the 4 x 4 matrix of charge conjugation. 

2 1 Notice that only the behaviour under proper Lorentz transformations 
is relevant here so that no distinction is to be made between scalars and 
pseudoscalars etc. 

(65) Jf(x) -> x) or H(t) B(— i) . 

(66) Δ(— χ) = — Δ(χ) . 
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scalars ψψ and 

vectors ιψγμψ and 

tensor of second rank 

so that one actually only has to apply ordinary tensor calculus in the 
construction of 3tf(x). The (—)Λ mentioned above in connection with 
the reversal of factors in the Wick product can be factorized so that 
each bilinear covarlant quantity takes up an additional minus sign 
if all factors are left in their original order and not reversed. Then 
one easily sees that the scalar quantities γψ and ίψγδψ transform just 
as it was defined for a scalar field (only χ is replaced by —a? and 
nothing else). The vector quantities take up a minus sign, the tensor 
of second rank again a plus sign. The rank of a tensorial space-time 
dependent quantity can be increased by one unit through differen
tiation with respect to the coordinate. Under strong reflection the 
quantity constructed in this way takes up an additional minus sign. 
The rank of a tensor can be decreased through contraction, possibly 
after multiplication by the Eicci tensor εχλμν; such operations change 
the rank always by an even number. Therefore tensors of even rank 
constructed from field operators (as S(x) is) stay unchanged under 
strong reflection whereas tensors of odd rank take up a minus sign; 
further, of course, the argument χ is replaced by — x. This finishes 
the proof of Eq. (65). 

The second step is hermitian conjugation under which all fields 
go into the hermitian adjoint fields with the order of factors in pro
ducts reversed; all o-numbers go into the complex conjugate c-numbers. 
Field equations and commutation relations are invariant under her
mitian conjugation; the interaction Hamiltonian is also invariant be
cause of Assumption 2. 

The successive application of strong reflection and hermitian con
jugation leads to the substitution given in Eq. (21) but now for field 
operators in the interaction representation. Further one has 

We shall finally show that Eq. (21) also holds in the Heisenberg re
presentation as a consequence of Eq. (67). Field operators φΗ(χ) in 
the Heisenberg representation can be related to those in the inter
action representation through 

(67) H(t)^H(-t). 

(68) 9fa(r,*) = U~>(t)<p(r}t) U(t), 

18 
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where the operator U(t) is defined by 

(69) i U(t) = B(t) U(t), 

and the initial condition 

(70) 17(0) = 1 . 

Transforming Eq. (68) with Θ we obtain 

(71) <9<pH(r, ί)Θ-ι = (βΙΤφβ- 1 ) -V(— r, - 1 ) Θϋ(ί)Θ-1. 

Transforming Eqs. (69) and (70) in the same way 1 1 one finds 

Therefore from a comparison of Eqs. (71) and (68) one sees that indeed 

(and similarly for spin one-half). 
A very elegant proof of the TCP theorem was given by Jost (16). 

He formulates it for vacuum expectation values (with field operators 
in the Heisenberg representation). For the sake of simplicity the for
mulation shall be given for spin zero fields only. Using Eqs. (22) 
and (43) and manipulating the operator Θ in the proper way, one 
can show that the TCP theorem asserts 2 8 

(74) <<pi(®i) <p2(x2) ... <p«(#«)>o = <ψη(— Xn) ··· <Pt{— *i) ψι(— #I)>O . 

Jost proved that this relation is (under the usual assumptions, espe
cially that the vacuum is the state of lowest energy) equivalent to 
the so-called weak commutation relations, i.e., the validity of 

(75) <<Pl(Vl) <P%fa) - <Pn(®n)\ = <<Pn(Xn) ··· <P*fa) <PlM>0 

for all xu x 2 y f o r which 

(76) λχ(Χ2 — Xx) + λ2(ΧΆ — X2) + λη-Χ(Χη — Xn-l) J 

with Xt > 0 and not all of them vanishing, is a spacelike vector. 

2 2 Notice the anti-linearity (i -> — i)! 
2 8 One sees that for vacuum expectation values the TCP transformation 

just amounts to strong reflection. 

(72) eu{t)&-i = u(—t). 

(73) ΘφΗ(χ)Θ~1 = ψα(— x) · 
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III. Particles and Antiparticles 

I t is characteristic for elementary particles than many of them 
exist in pairs (e.g., positive and negative electron, positive and nega
tive proton, neutron and antineutron); there are actually only very 
few particles known which occur, not in two, but in only one type 
(neutral π-meson, light quantum 2 4 ) . Empirically all particles which 
exist in two types carry some non-vanishing generalized charge 
(electric, baryonic, leptonic); the two members then have opposite 
charge. We do not understand too well so far why generalized charges 
occur in Nature and why they are so important; but if their existence 
is taken for granted the TCP theorem leads to an understanding of 
the occurrence of particle-antiparticle pairs. 

Historically antiparticles for the first time occurred in connection 
with Dirac's theory of holes (3).25 But actually the existence of par-
ticle-antiparticle pairs has nothing to do with spin one-half and the 
theory of holes as can be inferred from the empirical existence of 
such pairs for also integral spin (charged π-mesons and K-mesons) 
and theoretically from the mathematical existence of the Majorana 
theory. 

1. STABLE PARTICLES 

The Hubert vectors Ψ belonging to the manyfold of one-particle 
states of a particle with mass m satisfy the equation 

(77) (Ρ*Ρμ + ™,2)Ψ = 0 . 

2 4 It has occasionally been said that a light quantum with right handed 
circular polarization and one with left handed circular polarization could be 
regarded as each other's antiparticles. Though it is true that these states 
are not mixed by the homogeneous proper Lorentz group we do not believe 
this statement to be acceptable; both polarizations interfere nicely (elliptically 
and linearly polarized light!) whereas e.g., neutrons and anti-neutrons do 
not interfere because of super selection rules. The special problem connected 
with the neutral K-mesons (K°, K° resp. K19 K 2 ) shall not be discussed at 
this place. 

25 γ{β remind the reader that Dirac's paper has the title «Theory of 
Electrons and Protons » since its author believed that the positively charged 
holes in the electron sea were to be identified with the only known positive 
charged particles at that time, the protons. 
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If generalized charges occur in the theory, the eigenstates can (and 
because of superselection rules even have to) be chosen simultaneously 
as eigenstates of the charge operators Q 

(78) # P = j?P ; 

this is possible since Ρμ and Q commute. Eq. (77) defines a manyfold 
of one-particle states if, after specification of all charges and possibly 
also other internal degrees of freedom, there are (2s+1) linearly in
dependent states for given momentum which, in the rest system, under 
rotations transform like angular momentum eigenfunctions to angular 
momentum s; the particle is then said to have spin s (more concisely: 
the manyfold of states transforms irreducibly under the proper in-
homogeneous Lorentz group). Because of Eq. (38) also ΘΨ satisfies 
Eq. (7)); as a consequence of Eq. (48) the charge of the state ΘΨ is 
equal to — q. If, therefore, g=£0 (for at least one of the generalized 
charges occurring) there exist two stable particles of equal mass and 
opposite charges 2 6 ; it is not difficult to show that they also have 
the same spin. These two particles will obviously be regarded as anti-
particles to each other. If all charges vanish the state ΘΨ may very 
well belong to the same manyfold of one particle states as Ψ does; 
then there are no two types of particles. 

As long as one disregards weak interactions there is another gene
ralized charge, called strangeness. The (electrically) neutral Κ mesons 
K° and K° are defined by their non-vanishing and opposite strange
ness; they have the same mass and are antiparticles to each other. 
If now weak interactions are «switched on» strangeness is violated 
and the (electrically) neutral Κ mesons become strictly neutral with 
respect to all generalized charges; consequently the mass degeneracy 
is split and one has the two particles 2 7 and K 2 . 

As well known bare particles occurring in two types as particles 
and antiparticles are described by non-hermitian fields provided they 

2 6 This statement, strictly speaking, refers to countable charges only 
(which lead to selection rules and even super-selection rules) and not to 
measurable charges. The electric charge is also measurable in the sense that 
it determines the strength of interaction with the electromagnetic field. The 
empirical fact that also the measurable electric charges of particles and anti
particles are opposite needs a deeper analysis based upon the continuity 
equation for the current (Ward's identity). 

2 7 Since weak interactions couple them to lighter particles they actually 
become unstable; but that is irrelevant for the present argument. 
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carry some non-vanishing generalized charge. We have seen that the 
TCP theorem then ensures the occurrence of also dressed particles 
and antiparticles. The TCP theorem also plays a role in the renor-
malization of such non-hermitian fields. For the sake of simplicity 
we only discuss spin zero fields and denote the bare fields for a mo
ment by the subscript zero. Let the bare fields carry charge ±q0y&0 
[cf. Eq. (44)] and assume that there is a manyfold of one-particle 
states Ψ [Eq. (77)] with charge +q0 for which the matrix element 
(β , φ0(χ)Ψ) does not vanish. If these states are chosen as eigenstates 
of the four momentum ρμ with suitable relativistic normalization, one 
can show from essentially Eq. (36) that 

(79) (β , φ0(χ)Ψ) = Ζ* exp [ίρμχ«], 

where Zk does not depend upon the state Ψ. Using Eqs. (22) and (43), 
one concludes that 

(80) (Ω, <p*0(- χ)ΘκΨ) = (Ζ*)* exp [ - ιρμχ»], 

where ΘαΨ\& an antiparticle state with the same momentum; because 
of the anti-unitarity of Θ the normalization of these states is the same 
as that of the states Ψ. The introduction of renormalized fields φ(χ) 
<p*(x) by 

(81) <p(x) = Ζ-*φ0(χ) , φ*(χ) = (Ζ-*)*φ*0{χ) 

is compatible with both Eq. (79) and Eq. (80): non-hermitian fields 
can be renormalized as a whole. Furthermore, if the bare fields obey 
the TCP theorem the renormalized fields do as well.28 

2. ELECTROMAGNETIC PROPERTIES 

I t is normally believed that particles and antiparticles possess op
posite magnetic dipole moments (« opposite » of course meant with 
respect to the direction of spin). That this is indeed so can easily be 
shown using a simple Gedankenexperiment (16). To measure the mag
netic moment of a particle one best brings it into an external mag
netic field which can be thought to be generated by a loop of wire 

2 8 This actually is the reason why in Chapter I I , "Section 2 we never stated 
whether we were discussing renormalized or unrenormalized fields. 
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F IG . 1. - Particle with spin « up » in the magnetic field produced by 
the current in a loop. 

electrons circulating in one direction goes over into one of positive 
electrons circulating in the opposite direction; the electric current as 
such and, therefore, the magnetic field stays unaltered. The particle 
with spin «up » goes over into the antiparticle with spin «down». 
According to the TCP theorem the energy of both situations is the 
same; this has in particular to be so for the interaction energy between 
the magnetic dipole and the external magnetic field. The magnetic 
moment must be the same with respect to the unaltered external 
magnetic field in both cases. Therefore it is numerically equal with 
opposite orientation with respect to the spin for particles and anti
particles. If the loop is replaced by a condensor one shows in the same 
way that an eventual electric dipole moment is also opposite for par
ticles and antiparticles. 

Not only the static dipole moments but the whole static electro
magnetic structures of particles and antiparticles are related in a 
simple way.29 This structure can be extracted from the matrix element 
of the (renormalized) electromagnetic current operator <Τμ(χ) between 
two states Ψα and Ψ„ of the stable particle. The actual expression 
for JM (x) in terms of the field operators is not needed (though known) 
but only its behaviour under the transformation Θ 

(82) Θαμ(χ)Θ-* = - ^ ( - χ ) . 

(J^x) -^ — J^—x) under strong reflection since tensor of odd rank, 
invariance under hermitian conjugation.) Consequently one finds 

(83) (Ψ„ J„(x)Wa) = - (ΘΨα, ^(-χ)ΘΨ„), 

This was pointed out to the author by Symanzik. 
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conducting an electric current (Fig. 1). What happens if the TCP 
transformation is applied upon the experimental set up! Let the 
spatial reflection contained in TCP [Eq. (41)] be done with respect 
to the center of the loop. Then one sees that a current of negative 
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where, if the left-hand side refers to particle states, the right-hand 
side refers to antiparticle states. In particular charge distributions 
of particles and antiparticles are complementary in the sense of Fig. 2. 

F IG . 2. - Charge distribution of particle (a) and antiparticle (b); sche
matically. 

Most particles occurring in Nature are unstable. I t is near-lying 
to conjecture that the TCP theorem relates also the properties of 
unstable particles and antiparticles in a simple way. I t is, however, 
not yet quite clear how such unstable particles can be incorporated 
in a strict, non-approximative, way into field theory. There are asymp
totic fields for stable particles only and a decay as such is not an 
8 matrix problem. But the author believes that the properties of 
unstable particles should be extractable from the 8 matrix though 
not in a too straightforward manner. The following discussion 3 0 shall 
be based upon a simple conjecture (16). Let us study a process in 
which we start with stable end-products of some unstable particle; 
in the final state there will again be stable end-products of the same 
unstable particle. We can imagine such a process to happen at least 
partly through the intermediate creation of the unstable particle 

8 0 The first proof of the equality of masses and lifetimes of particles and 
antiparticles, based on perturbation theory, was given by Lee, Oehme and 
Yang (17). Subsequently a strict general analysis based on unpublished work 
by Zumino was given by Luders and Zumino (IS); in their proof the so-called 
resolvent operator was used. 

(a) (b) 

3. UNSTABLE PARTICLES 
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(cf. the graph shown in Pig. 3). We conjecture that in this case the 
S matrix will show a contribution with the «propagator» of the un
stable particle (with mass m and reciprocal mean life Γ) of the form 

(84) 

F I G . 3. Process mediated by an unstable particle. 

The particular combination m — ir/2 is inferred from the intuitive 
argument that the « wave function» of the decaying particle (which 
actually is an ill-defined concept) should in the rest system show the 
time behaviour exp — [i(m — irj2)t~] in order to have the correct expo
nential decay for the squared modulus of the «wave function ». If 
initial and final state carry (the same) non-vanishing generalized charge 
one certainly will assign the same charge also to the intermediate 
unstable particle.31 

Now we study a process between the antiparticles to the end-
products of the unstable particle considered originally. The 8 matrix 
element for such a process is related by Eq. (58) to the one given in 
Eq. (84). Therefore it is essentially the same (apart from an exchange 
between initial and final states, etc.) and shows the same «propa
gator » of the unstable particle. Since initial and final state now carry 
opposite charges also the intermediate unstable particle will carry 
opposite charges to the one considered originally; it actually has to 
be regarded as its antiparticle. The propagator is exactly the same 
and, therefore, the two members of a pair of unstable particles and 
antiparticles have the same mass and lifetime. 

This does, however, not mean that also the decays of UDstable 

3 1 The assumption of the conservation of some non-vanishing charge is 
equivalent to the assumption made in Ref. (17) that particle and antiparticle 
do not decay into the same channel. 
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particles and antiparticles be related in a simple way; on the basis 
of TCP invariance alone one especially cannot prove that the branching 
ratios into corresponding channels are the same.32 

The reason that this cannot be concluded is that the TCP trans
formation reverses the order of events in time; a decay process for 
particles is not mapped into a decay process again but, in some sense, 
into a built-up process. Certain statements can be made if the decay 
is a first-order process; the decay matrix for an unstable particle is 
then related to that of the antiparticle through the S matrix of the 
strong interactions (18). 

3 2 But it can, of course, be proved if charge conjugation (C) holds and, 
with certain modifications, also if CP (charge conjugation times parity) 
is conserved. 
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