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I. Introduction 

The problem of calculating the observable effects in Quantum 
Field Theory has been reduced by Sch winger (1) to that of the cal
culation of the basic functional Ζ (see below). Once this functional is 
known, the various particle propagators can be obtained from it by 
functional differentiation. The collision operator can also be easily 
obtained. 

For the case of a theory with a gauge group, like Quantum Electro
dynamics, the basic functional is not uniquely defined and it admits 
gauge transformations. It is the purpose of this lecture to investigate 
the structure of these transformations. 

The gauge ambiguity in the definition of Ζ has been ignored to 
a large extent in previous work, with a consequent lack of clarity 
concerning the meaning of the operations to be performed, as for 
instance the functional differentiations with respect to the external 
source. On the other hand the gauge ambiguity of Z, and conse
quently of the propagators, can be used to simplify certain calcula
tions. This has been shown by Landau et al. (2), who have chosen a 
gauge particularly useful in the consideration of ultraviolet diver
gences, and by Fried and Yennie (3) who have chosen a gauge useful 
for the study of infrared divergences. As these authors have shown, 
the ultraviolet and the infrared divergences of the so called spurious 
charge renormalization can be eliminated by the choice of the first 
or the second gauge respectively (to second order at least). The gauge 
transformation of the propagators considered by the above mentioned 
authors will appear as special cases of our general expression for the 
change of the functional Z, formula (32) below. 

A better understanding of the gauge properties of the quantum-
electrodynamical quantities seems to be a necessary first step to a 
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deeper insight into the problem of renormalization in quantum electro
dynamics. I t is worth recalling, in this connection, the criticisms which 
have been raised recently against Kallen's proof that at least one of 
the renormalization constants is infinite (4). One of the basic for
mulas used in that proof equates two quantities of which one is gauge 
invariant and the other is not. The present investigation was par
tially motivated by a hope to gain a better understanding of renor
malization questions. However, such questions are not considered in 
the present lecture. In particular we shall work throughout with 
unrenormalized quantities. This should not be objectionable, since 
the transformations of the corresponding renormalized quantities are 
completely analogous. 

II. The Generating Functional 

Let us first consider a theory without a gauge group, such as the 
theory of two interacting fields, a spinor and a scalar A. The dif
ferential equations for the Heisenberg fields and the commutation re
lations can be written in the well-known form 

(1) (γμΰμ + Μ)ψ — gAip = 0, 

(2) ψ(— γ^μ + m) — gxpA = 0 , 

(3) ( - ϋ + η ι ϊ μ - Ί Ν Ϋ = 0, 

(4) {ψβ, ψ*σ} = dea6(x — xr), [A, A]=id(x — xr), t=f, etc. 

All the propagators, which are vacuum expectation values of time 
ordered products of Heisenberg field operators, can be obtained by 
functional differentiation from the generating functional 

(5) Ζυ,η,η] = <0|Texp ^J(JA+ijy> + yi?)da?J|0> . 

After the functional differentiation one should set J = η = η = 0. 
Here J (χ) is a c- number function, while rj(x) and η(χ) are spinors 
assumed to commute with A, and to totally anticommute among 
themselves and with ψ and ψ. This anticommutation property implies 
a change in sign in various formal relations satisfied by the functional 
derivatives. For the details we refer to the paper by Symanzik quoted 
in ref. (1). 

Since one knows the differential equations and commutation rela-
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tions satisfied by the Heisenberg fields, it is not difficult to find func
tional differential equations satisfied by the functional Z. These equa
tions can be obtained from the field equations by means of a very 
simple formal prescription. In the left-hand side of (1), (2), and (3) 
add, respectively, — η, — η, and — J; further replace 

Λ 1 6 1 δ - 1 δ 
χ δ J ι δη τ ι δη 

One obtains in this way three functional differential operators which 
have the property that, when applied to Z, the result is zero: 

(7) 

(8) 

(9) 

\, * ^ 1 ° \ δ 1 δ 1 ^ Λ 

F 1 δ , <~ v 1 δ 1 δ _1 

\~ΤΤη
{-*>ΐ' + η ) + 9 Ί Τ η Ί ΰ - ι \ ζ - ' , ' 

The extra «source » terms JF, ηΕ, and rjF, which appear in these 
equations, arise from the presence of time derivatives in the field 
equations. When one attempts to pull the time derivatives out of 
the time ordering symbol and makes use of the commutation rela
tions (4) extra « source » terms appear. 

The equations for Ζ are a direct consequence of the field equations 
and commutation relations. However, the formal prescription which 
describes how to obtain the equations for Ζ from the field equations 
is a particularly simple one, and could presumably be taken as a 
general prescription to quantize classical field equations. Such a quan
tization method is particularly interesting, since it refers directly to 
the functional Z, or the propagators, and since the matrix elements 
of the collision operator can be immediately derived from a know
ledge of the propagators. The quantization method under considera
tion will be particularly convenient for those theories, like quantum 
electrodynamics, where a simple and manifestly covariant operator 
formulation does not appear to have been found. We shall therefore 
accept, as a formulation of quantum electrodynamics, the appropriate 
functional equations, without investigating the possibility of deriving 
them from an operator formalism. Our aim is instead to study the 
transformations under which the functional equations are invariant, 
as a consequence of the fact that the classical equations are invariant 
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under gauge transformations. If one wishes to base the theory on 
an operator formalism, one can use the (not manifestly covariant) 
Coulomb gauge. One must then establish the relation between the 
propagators in the Coulomb gauge and those in the manifestly co-
variant gauges used here. This relation, which is not described in 
this lecture, will be given in a paper by the speaker which is being 
prepared at this time (6). 

III. Quantum Electrodynamics 

We consider, without actually writing them down, the well known 
equations of classical electrodynamics, which couple a c-number 
electromagnetic potential Αμ to a totally anticommuting (α-number) 
spinor field ψ and its adjoint ψ. After the addition of source terms 
and the substitution 

1 Λ 1 δ 1 δ 
ν μ ι 5Jtt ι δη 7 % δη 

we obtain 

(ID {(yA + *) τ J= - T ^ t J t ^ 0 ' 

( 1 2 ) {- Τ Tn
 ( - ^ + m ) + i e T Jn Τ πβ

 γ" ~ ζ = 0 ' 

By direct substitution one easily checks that, if Ζ [J, η, η] is a 
solution of the above set of equations, then 

(14) Zr = Ζ [\7μ, η exp {— ιβΛ}, η exp {^/l} ] exp ijJ^y.A άχ 

also is a solution. The transformation Ζ -> Zr is the basic gauge 
transformation of the functional Z. In terms of it more general gauge 
transformations will be constructed later. Notice that Λ(χ) is an 
arbitrary function, it is not required to satisfy the wave equation. 
The infinitesimal change of the functional Ζ is given by 

(15) δΖ = -ιΙάχδΛ^ μ + β η ^ - € η - ^ Ζ . 
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Z = O . 

As we shall immediately show, however, the situation is slightly 
more complicated. Indeed, it is a consequence of Eqs. (11), (12), 
and (13) that 

(16) { a ^ + ^ i _ _ ^ ^ } Z = 0 . 

To see it,' just apply — (L/I)(fl/Aj) to (11) and — (L/I)(O/D^) to (12) 
and subtract, obtaining 

( 1 7 ) Ι Μ - τ ^ τ ^ Γ η ^ + η 

Taking now the divergence of (13), we see that 

(18) (d^ + i e d ^ ^ Z - O . 

By comparison, the relation (16) follows. 

If we set η = η = 0 in (16), and make some assumptions of smooth
ness on the functional Ζ in its dependence on J^, we obtain imme
diately 

(19) A„ J „ = 0 . 

This is a consequence of our basic Eqs. (11), (12), and (13). There
fore we cannot require those equations to be satisfied for arbitrary 
values of J(iJ 77, and η. We shall only require those equations to be 
satisfied when satisfies (19) and η = rj = 0. We shall say in this 
case that the variables Jfi, η, and η are on the transverse shell. Now 
the identity (16) does not imply that the right-hand side of (15) is 
zero, siuce (16) is valid only on the transverse shell. On the other 
hand, we are certainly interested in the values of Ζ outside the trans
verse shell since functional derivatives with respect to J^, η, and η 
are meaningful only if the functional is defined for all choices of the 
function. As we see here, the gauge ambiguity of quantum electro
dynamics is related to the ambiguity in the extension of Ζ to values 
of Jpj η, and η that are not on the transverse shell. 

We define now as usual 

( 2 1 ) υκν-ΊΤν- δ J/ 
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(22) G(x',x) = 1 δ*Ζ 

Ζ δη(χ)δη(χ') ' 

δ - ι δ*Ζ 
(23) = Ζ δη(χ)δη(χ') ' 

When Jμ — η = η = 0, Αμ gives the vacuum expectation value of the 
electromagnetic potential, Ώμν is the photon propagtor, G the electron 
propagator and Βμ is related to the vertex part Γμ by the equation 

(24) Βμ(χ, y; ξ) = iejl)^ f ) »(ar, y'; f ' )0(y', y)df'cto'dy' 

(η=η = = 0) . 

It is easy to see that, under the transformation (14) Ζ Ζ', the 
above quantities undergo the following changes: 

(25) Αμ -+ Αμ + 9 ^ , 

(26) 1>μν->Ι>μν, 

(27) <?(#, #') -> θ(χ, xf) exp — Λ(χ ))] , 

(28) ξ) -> Β ^ , a?'; f ) exp [ie(;l(a>) - Λ(α' ) ) ] . 

Notice that the photon propagator does not change. The gauge 
transformation studied above does not establish the equivalence be
tween the various forms of the photon propagator described in the 
introduction. 

IV. Generalized Gauge Transformations 

In the preceding section we have shown that the basic equations 
of quantum electrodynamics are invariant under the transformation 
(14) which we rewrite as 

(29) 6Z = — ijaxδΛ(χ) Q(x) Ζ , 

where the operator Q(x) is given by 

ό ό 
(30) Q(x) = dpjp + _ _ ^ — . 

Physical quantities will be described by functionals Ο of 3μ, η, 
and η (or rather by their values for Jfi = η = η = 0) which are gauge 
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invariant 

(31) 60 =0 or QO = 0 . 

We introduce now more general transformations on functionals F. 
For instance we can define an infinitesimal transformation δ quadratic 
in Q, by 

(32) dF = -jJJdxdyQ(x) δΜ(χ, y) Q(y)F, 

where δ Μ (χ, y) is an infinitesimal function, symmetric in χ and y. 
Since we know that both Ζ and Ζ+δΖ satisfy the basic functional 

equations, it is easy to see that Ζ+δΖ also does. On the other hand, 
it is clear that a functional invariant under δ will also be invariant 
under <5. In formulas, from (31) follows 

(33) ( 5 O = 0 . 

The transformation (32) is therefore a mapping of the space of 
functionals which leaves the basic equations invariant, and does not 
change the physical quantities of the theory. 

It is not possible for a general functional, to write in a simple way 
the finite transformation of which (32) is the infinitesimal form. We 
can however investigate the transformations of Αμ and of the propa
gators, and it turns out that they can be written in finite form as 

well. From (32) and the definitions of the propagators, we have 

(34) δΑμ = dMjdM(x, y) ?A Jx(y) dy , η = η = 0, 

(35) δΌμν(χ, χ') == — dMd'vdM(x, χ') , η =η = 0, 

(36) δβ(χ, xr) = β(χ, χ') 

lej6Μ(χ, y) dxJx(y) dy — iejδΜ(χ', y) dxJx(y) ay 

ie*dM(x, (δΜ{χ, χ) + δΜ(χ', xf)) + 

+ ie η=η = 0, 

(37) δΒμ(χ.χ';ξ)=Βμ{χ,χ';ξ) 
ie2 

ie*6M(x,xf)—- (δΜ(χ,χ)+δΜ(χ',χ')) 
Δ 

ϋ(χ, χ') (ie 6Μ(χ, ξ) - ie δΜ(χ', ξ)], η = η = d,J, = 0. 
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Their finite forms are (η — η = 3AJx = 0), 

(38) Ώμν(χ, χ') -> Όμν(χ, χ') - ΰμ d'vM(χ, χ'), 

(39) G(x, χ') -> G(x, xT) exp [ie* [Μ(χ, χ') — \ (Μ(χ} χ) + Μ(χ', χ'))]], 

(40) Βμ(χ, χ'; ξ) -> exp [ie2 [Μ(χ, χ') — \ (Μ(χ, χ) + Μ(χ', χ'))]] · 

χ'; |) - ie G(x, χ') ^- [Μ(χ, ξ) - Μ(χ\ {)]} . 

Formulas (39) and (40) agree with the results of Landau et al. quoted 
in (2) and obtained by a quite different method. In the case <7μ = 0 
considered by these authors some obvious simplifications occur. Si
milar results have also been obtained by Fradkin (5). 

It is quite clear how more general gauge transformation could be 
defined, taking variations cubic in Q or of higher order as well as linear 
combinations of such variations. The most general one would be 

(41) 6F = L[Q]F, 

where L is an arbitrary functional, except possibly for reality re
strictions. 

In practical applications one would chose for Μ an invariant func
tion of χ — χ'. Equation (39) becomes then 

(42) G(x — χ') -> G(x — χ') exp [ > 2 [M(x — χ') — Μ(0)]] . 

This formula can be used to find the transformation law for the wave 
function renormalization constant Z2. Let us recall that Z2 is defined 
in terms of the asymptotic behaviour of the (unrenormalized) propa
gator G(x-x') for large separation χ — χ': 

(43) G(x — xr) ~ Z2Gl0)(x —χ'), 

where G(0) is the unperturbed propagator corresponding to the physical 
mass. If we assume now that the function M(x — χ') has a reasonably 
regular Fourier transform, it will vanish for large χ — χ'. Equa
tions (42) and (43) tell us in this case that Z2 transforms according 
to the law 

(44) Z2 -> Z2 exp [— ie* Μ(0)] . 

I t is easy to see that the renormalization constant Zz does not 
change under the above transformation. As for Zx, which is equal 
to Z2, it will also transform according to the law given by (44). 
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