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I. Introduction 

Until recently the study of quantum field theory was concerned 
mostly with the description of stable particles, both elementary and 
bound, This situation, particularly true of the « axiomatic » approach, 
is in contrast with the fact that most of the particles occurring in 
nature are unstable. A description of unstable particles in field theory 
analogous to the axiomatic description of stable particles and bound 
states (1) is still to be developed. Even some recent work which ap
plies dispersion relations to the decay of particles (2), treats exactly 
only the strong part of the interaction, while the weak interaction 
which causes the decay is treated only to lowest order. On the other 
hand the importance of a satisfactory description of unstable particles 
should be clear if one thinks in terms of a single (and possibly simple) 
Hamiltonian containing all physical effects. If one finds a way of 
constructing in addition to the true eigenstates, those approximate 
eigenstates which describe unstable particles, one will then be able 
to reconstruct the present phenomenological separation of the inter
action into a weak and a strong part. 

In view of the fact that the problems mentioned above still have 
not found a complete solution, this talk will consist of a few fragmen
tary comments. We shall rather try to point out questions which are 
still open. Some of them may be answered in one of the following 
talks. 

We shall follow throughout the point of view which makes use of 
the complex poles of the propagator or of the resolvent operator in 
the second sheet of the energy variable. This point of view, which 
goes back to some remarks by Peierls at the 1954 Glasgow confe
rence (3) and to a 1956 paper of the speaker (4), has been taken up 
again more recently by various authors. Instead of attempting a 
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discussion of the general field theoretic case, we shall explain the main 
points in the case of simple models, since they do not depend upon 
questions of relativistic invariance, but rather upon properties of the 
spectrum of the Hamiltonian. In the simple models considered, the 
resolvant and the propagators become practically identical. 

The definition of mass and of life-time given in Section 3 was 
used by LMers and the speaker (5) to prove that the equality of 
masses and life-times of particles and antiparticles follows from TCP 
invariance. 

II. The Resolvent and Its Singularities 

Let us consider a Hamiltonian 

(1) Β = Β0 + ν, 

where H0 has a spectrum (see Fig. 1) consisting of a continuous part 

|0> |A> 

Point eigenvalue C o n t i n u o u s s p e ^ t r u m 

FIG. 1. Spectrum of HQ. 

and of a discrete eigenvalue embedded in the continuum: 

(2) #o|fc> = μ > ω Λ , 

(3) #0|0> =|0>m 0. 

If the perturbation V is capable of causing transitions between the 
discrete eigenstate and the continuum states, the spectrum of the 
total Hamiltonian has in general no point eigenvalue and the per
turbed continuum eigenstates form a complete set. We denote them 
by I*). 

Our model contains as a special case the case of the unstable V 
particle in the Lee model. In the sector V^JV+G, one can go in 
the center of mass system: the V particle state corresponds then to 
our state |0>, the states with one Jf and one θ particle can be de
scribed by one momentum variable fc. 

The properties of the perturbed system can be studied by means 
of the resolvent operator 

(4) ^ = e ( A > = J | t ) _ ^ L _ ( t i 
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considered as a function of the complex variable λ. Γη particular the 
matrix elements of <?(A) in the basis of the eigenvectors of the E0 

will be functions of A. As it is apparent from (4), as well as from for
mulas to be given later, they* are analytic functions of A except along 
the continuous spectrum, where they have a discontinuity, the values 
approaching the spectrum from above being different from those ap
proaching it from below. We shall, assume that one can proceed by 
analytic continuation through the continuous spectrum, which then 
appears as a branch cut, into a second sheet for the variable A. The 
general conditions under which such an analytic continuation is pos
sible are rather unclear. Some results in this connection are due to 
Levy and will be described by him in a later Chapter. When the 
analytic continuation is possible one rediscovers as a complex pole 
of the resolvent of Η in the second sheet (see Fig. 2) the point eigen
value which had disappeared. As the perturbation tends to zero, the 
pole moves back into its original position m0 on the real axis. 

1 
χ 

F IG . 2. Spectrum of H. 

Before going into the formal details, it is worth-while to emphasize 
that the above statements depend essentially upon the fact that the 
system is not enclosed in a box of finite volume. If this where the 
case, instead of the continuous spectrum with the associated branch 
cut, one would have a series of discrete eigenvalues (very close to each 
other) corresponding to polar singularities, and there would be no 
second sheet. 

A second point to remember is the difference between the polar 
singularities which occur on the real axis in the first sheet and cor
respond to bound states or stable particles, and the poles in the second 
sheet. The former are actually poles of the resolvent operator, in
variant with respect to a change of basis, while the latter depend very 
much upon the particular basis used, and are to be considered poles 
of certain matrix elements. In general, it seems possible to alter con
siderably the singularities in the second sheet without affecting too 
much the physically significant consequences of the particular theory. 
This is especially true for those singularities in the second sheet which 
are far away from the real axis. For the study of unstable particles 
of Section 3 only the analyticity in the second sheet in a region sur-
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rounding the branch cut is necessary, and the complex pole is assumed 
to have an imaginary part which is small compared to the real part. 
For the study of representation of amplitudes of Section 4, instead, 
we shall assume the possibility of analytic continuation very far into 
the second sheet. There are indications that this is actually possible 
in field theory. 

The actual calculation of the matrix elements of G (λ) in the H0 

representation requires that one sets up a form of perturbation theory 
capable of taking care of the difference in spectrum between H0 and S. 
Such a perturbation theory can be found in the paper quoted in re
ference (4). I t has been possible recently to derive it in a simpler and 
more elegant fashion, but only the results will be described here, for 
the sake of brevity. The general perturbation theory for the resolvent 
operator developed by van Hove (6) can also be applied to the case 
in consideration. Similar schemes for the perturbation theoretical 
treatment of propagators can also be developed. 

For the model described above, the result can be easily given: 

( 5 ) < 0 '^Ι°> = Α -^ -<01Γ (Α )|0> ' 

(6) <t|flfW|0> = ^ <*|Γ(Α)|<» 2 _ O T [ _ ; | f a ) | 0 ) , 

(7) <k\G\k'} =
dJ^zIl + 

<fc)r|0> <0|Γ|*'> 
0)k 

<Jc\r\k'y A - m 0 - < 0 | r | 0 > • α ν 

The above formulas are expressed in terms of an operator Γ(λ) satisfy
ing the equation 

(8) Γ(λ) = V+ V — ( 1 - P 0 ) Γ(λ), 

(9) Po = |0><0|. 

Due to the presence of the projection operator (1—• P 0 ) in (8), the 
matrix elements of Γ can be expected to be regular functions of λ 
in the neighborhood of m 0. The singularity of the matrix elements 
of G near m0 then results from the solution close to m0 of the transcen
dental equation in λ 

(10) λ - m0 - <0\Γ(λ) |0> = 0 . 
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III· The Exponential Decay 

We simplify our model by assuming that the perturbation satisfies 

(11) <0|F|0> =<*|F|* '> = 0 . 

(12) <*|V|0> = / * , 

where fk is a given real function. The Lee model actually satisfies (11) 
and (12). 

Now Eq. (8) for Γ can be solved exactly: 

(13) <*|Γ|*'> = 0 , 

(1*) <*|Γ|0> 

(15) <0|Γ|0 > = Γ - /^^ . Γ ( λ ) , 

and the formulas (5), (6), and (7) simplify correspondingly. 
All this shows quite clearly that the possibility of continuing ana

lytically G and Γ into the second sheet depends upon the analyticity 
of the function of ω given by 

(16) / / ϊ ό ( ω - ω * ) Μ . 

Small changes in fk could change drastically the analyticity properties 
of Γ(λ) in the second sheet, without affecting too much the physical 
consequences of the model. 

We are interested now in the evaluation of the quantity 

(17) <01 exp [— itH] | 0> = a(i), 

which gives the amplitude for the state to be |0> at time t if it was 
|0> at time zero. In terms of the resolvent operator, the evaluation 
is very simple. We make use of the Cauchy formula for operators: 

(18) exp [— itH] - (£ exp [— it λ] G (λ) άλ , 
2τζι J 

where the contour of integration must encircle the spectrum of Η in 
a counter-clockwise manner. Using (5), we have 

(19) "( (> = ^ ; β Χ Ρ [ ~ * Γ η 
2m j / — m0 — Γ(λ) 

41 



Β. ZTJMINO 

When the perturbation is not too large, the denominator has a root 

(20) λ — m = mx~ imz 

in the second sheet obtained by analytic continuation from above 
(as well as a root m1 + im2 in that part of the second sheet which 
can be reached crossing the cut from below). The evaluation of (19) 
can be done shifting the contour of integration in the way indicated 
in Fig. 3. The part which was above the cut is moved below the cut 
into the second sheet and on the other side of the pole m of the 
integrand. 

Θ 

F IG . 3. Integration Contour for Eq. (21). 

The contour in the second sheet is indicated by a dotted line. 
One finds in this way 

(21) a(t) = Ν exp [— it(mx — im2)] + 

Here Ν is the residue at the pole. The contribution of the last integral 
cannot be completely eliminated. For large t the behaviour of a(t) 
is actually mostly given by the integral, which decays in time ac
cording to some algebraic law the exact type of which depends on the 
particular model chosen. However, if 

(22) m2 <C mx, 

then, for times t very large, but such that 

(23) tm2 ~ 1, 

the contribution of the integral is very small, while the exponential 
is still reasonably large. We see in this way how the exponential 
nature of the decay is of approximate nature. I t is valid for a wide 
interval of time, provided the relation (22) is satisfied. In words, the 
decay is exponential if the imaginary part of the complex pole is very-
small. The reciprocal of this imaginary part then gives the lifetime 
of the state, while the real part of the pole gives the energy of the 
state. For the details of the evaluation of the integral in (21) we 
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refer to the papers quoted in reference (4). I t is not at all clear that 
the non exponential part of the decay has any physical meaning in 
connection with the description of decaying particles. 

IV· The Representation of Amplitudes 

We would like to introduce now some preliminary ideas which may 
prove fruitful in quantum field theory and provide representations of 
propagators different from the well-known representation as integrals 
over weight functions. They have been suggested to the speaker by 
R. E. Peierls, who is writing a paper on these things. We shall not 
consider perturbation theory, and explain the point of view on the 
example of potential scattering. 

I t is well known that if f(k, r) is the solution of the radial equa
tion (angular momentum zero) which behaves asymptotically like 
exp [— ikr], and we set /(&, 0) = f(k), the zeros of the equation 

(24) / ( - *,) = 0 

give bound states if in the upper half plane (where they can be only 
on the imaginary axis) while they give virtual or decaying states if 
in the lower half plane (where, if not on the imaginary axis, they must 
occur in pairs symmetric with respect to it. See Fig. 4). 

k- plane 

i Bound state 

χ 
Decaying 

state Τ Virtual state 
Decaying state 

F IG . 4. Zeros of Eq. ( 2 4 ) . 

To simplify our considerations, let us assume that only a finite 
number of zeros occur, and all lie in the lower half plane. The scat-
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tering amplitude 

(25) 2 ' «=7ΡΤ)- 1 

will have poles at the zeros of /(— ft). We assume that, aside from 
these poles, T(k) is analytic in the whole plane and tends to zero at 
infinity in all directions. Under these circumstances it is easy to de
rive for it a representation of the type 

(26) T(k) =2: C i 

t k — ki 

in terms of the pole ft, and its residue <?f. In the case of an infinite 
number of poles, which will extend to infinity in the plane, represen
tations of the type (26) may still be valid under appropriate condi
tions for the potential. A lot is known already about this. 

We want to point out that in (26) the c{ can actually be determined 
once the ft, are known. This follows from the unitarity of the col
lision matrix, as expressed in the particular form (25) for T(k). Just 
set k = — kt in (25); one obtains, from (26) 

(27) 1 = 2 C i 

ki + ki 

As kt ranges through all poles, (27) gives a set of linear equations 
for the Oi, as many as the unknown ciy from which the residues can 
be determined 

(28) ct = 2k Ι φ ί 

Π (*<+*<) 
Π(*<-*») 

We see in this way that only the position of the poles remains arbitrary. 
In the case of the propagators of quantum field theory one may 

hope perhaps that a similar type of representation will be valid. I t 
will not be advisable in that case, to attempt to open up the Eiemann 
surface, as it was done in the above example through the use of the 
variable ft, because of the complexity of the surface itself. There will 
be many branch cuts, possibly not of square root type and it would 
seem more suitable to use the energy variable, or the variable ft* if 
one desires a relativistic formulation. 
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