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In view of the renewed interest in the asymptotic condition in 
connection with the problems of unstable and « composite » particles, 
I shall discuss the various approaches to that condition in some detail. 
Then the derivation of dispersion relations (d.r.) will be discussed, 
since then one gets an idea why the derivation fails at present in 
certain cases of physical interest. 

I. Asymptotic Condition. Bound States 

There are at present a few different ways available to arrive at 
the asymptotic condition. None of them is satisfying in all respects. 
One may hope that in some future there will be only one way which 
is then satisfying. Those ways are the following ones: 

(a) 8-matrix method (2, 3). First one infers from experience, 
including, among other things, relativistic invariance and the fact 
(closely related to «localizability») that systems in far spatial sepa
rations from each other behave as if they were independent, the struc
ture of the Hilbert space (which is a special representation space of 
the proper inhomogeneous Lorentz group) 

( L i ) φ = ω © 2& Θ Σ W χ &) e · · ·, 
which is the direct sum of: the vacuum, the one particle states (dis
crete eigenstates of P 2 ) , the (properly symmetrized or antisymmetrized) 
two particle states and so forth, where for the many particle states 
we have the choice between two different but equivalent descriptions: 
by the in—or the out—characterization, that is listing of the par
ticles that are observed either at a sufficiently early or at a suffi
ciently late time. (Note that we always use the Heisenberg picture). 
These descriptions are obtained from actual physical situations by an 
idealization process as always necessary in physics. One defines the 
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in—or out—creation and annihilation operators by 

<+\(°h**m · ' a n ) i n > = ( » * + l ) * | ( aa i a r · -a n) i n> · · · etc. 

where the α stand for a set of positive-frequency orthonormalized 
solutions of the respective one-particle wave equation. The two ortho
normalized bases in the Hilbert space are transformed into each other 
by the unitary #- operator 

S\fa a j o u t ) = I to · · · a n ) l n > . 

This is still much too wide a frame. What is still completely mis
sing is causality. In the absence (as yet) of a sharp and satisfying 
definition of causality (whose meaning will be discussed in V) one 
defines a causal ^-operator by the existence of a local field (the exis
tence of non-local ones is always secured) that interpolates between 
the in- and out-fields 

Λ „ ( ^ ) = Σ ( / ^ Κ + / ^ ) Χ η * ) 

Λ 

A«t(tf) = S+A^WS etc., 

in the sense of the (weak) asymptotic condition 
(1.2) lim <φμ'(<)ΐ9>'> = <9>[<J<7>'> 

t-+±<* in 
with 

(1.3) A'(t) = ijA{x)%f(x) d*x , 

where φ and φ' are normalizable but otherwise arbitrary states. The 
locality condition 

(L4) [A(x), A(y)] = 0 if (x - y)*< 0 

is often interpreted as simply expressing the fact that external dis
turbances that are exerted in a space-like distance do not interfere 
with each other: their combined effect does not depend on the order 
in which they are applied. However, in the ^-matrix philosphy ex
ternal disturbances actually have no place such that at present this 
definition seems still to be quite formal. I t is supported on one hand 
by the success of QED, on the other hand by the seemingly very satis
factory fit of dispersion relations that are derived from (1.4) with 
experiment. 

One might here raise the question what sense it makes to intro-
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duce operators that obey local conditions as (1.4) in view of the un
certainty relation. A partial answer to this question is: one can per
form indirect measurements where the space coordinates are measured 
in relation to a very heavy measuring apparatus where even a large 
momentum uncertainty does not harm. One such indirect measu
rement I shall discuss in V. 

(b) Axiomatic method (4, 5). Here one starts from a local field 
A(x) (or several ones, we restrict ourselves for shortness on just one 
scalar neutral field) that yields a complete operator set in φ. One 
now assumes the existence of discrete eigenvalues, e.g., m2 and M* 
of P2. If (A(x) \P2' = m2} Φ 0 but (A(x) \P2' = M2} = 0 and 
(A(x) A(y)\P2' = Μ2} Φ 0, one defines 

(1.5) AM = A(x) -[a„(x-y)0+ m2) A(y) dy , 
i n I r e t 

and 

(1.6) Bom(x, ε) = B(x, ε) - ΓΔ.Λχ - y) (• + Μη B(y, ε) dy , 
i n f r e t 

with 
B(x, ε) = TA(x + ε) A(x — ε) . 

The convergence of these integrals is understood in the weak sense, 
i.e., when matrix elements between normalizable states are considered. 
From (1.5), (1.6) it follows that 

(1.7) (• +m2)Aont(x) = 0 , 

(1.8) ( • + M2)Bont(x, ε) = 0 , 
i n 

and that with A0vn(x) and Bont(x, ε) the asymptotic condition (1.3) for 
i n i n 

A(x), respectively B{x, ε) is valid, but one has still to show that 
ALtn BLt are the creation and annihilation operators as defined in the 

i n i n 

8 matrix method. 
To this end one uses the identities 

(1.9) ^jdxJdy-Jdyjdxy(x)g(y)(Dx + m2)(Uy + m2)TA(x)A(y) = 0 , 

and 

(1.10) dxjdy -Jdyjdx^j F(x) G(y) + M2)0y + M2) · 
• ΤΑ ((χ + ε) A(x - ε) A(y + η) A(y - η) = 0 , 
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and performs partial integrations. Collecting the boundary terms that 
only remain (because, /, g and F, G are solutions of the respective 
Klein-Gordon equations) gives 

( I ' l l ) [̂ -fn? Α°ιΏ] = [AoUt ,-4.out] , 

and 

The proof that these integrations can be interchanged has been given 
by Zimmermann (6), starting from the properties the matrix elements 

(A(x,) · -A(xn)T(A(x)A(y))A(yi) · - - A(yn)) 

have as boundary values of analytic functions. The same procedure 
with the product Τ A(x) A(y) A(z) gives 

(1.12) lA'oaiA°oni]A(z) = A(z) [A{n A'n] . 

Since the A(z) form a complete operator set, one concludes that the 
commutator (1.11) is a o-number which can be calculated as its vacuum 
expectation value. Now consider 

<Λ.(*)^..(ίΟ> = Σ <Aln(x)\0<C\A*(y)> · 
c 

From the definition of Ain(x) it follows that here only the states with 
P*f=m2 contribute, therefore, this is by invariance reasons, up to 
a constant that can be normalized to one the iA{+) function. 

For the Bin{x, ε) everything goes in the same way, but in the very 
last step because of the appearance of ε one cannot use invariance 
arguments. Here one proceeds as follows: Define a Fourier trans
form by 

(1.13) Β^χ, ε) = (2π)~* jΒία(ρ, ε) δ(ρ2 - Μ2) exp [ - %ρχ]θ(ρ0) dp . 

Then the one-particle states normalized by 

<p\pf>d(p2-pr*) = d(p-pr), 

or 

\ρ'><ρ'\δ(ρ"-Μ*)άρ' = ΠΜ. 

(projection operator on the subspace P2r=M2) give 
(1.14) <B(p, e)\p'y δ(ρΓ2 - Μ2) = (2n)H(p -*/)<£(0, ε)\pr> , 
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and 

(1.15) <Bta(a, ε) Bin(y, η))=jexp [ - ip(x- y)]<B(0, ε) |p>-

Define 

(1.16) Bin(p) = 

•<Pl*(0, i y ) > % 2 - i l f 2 ) e ( P o ) d p 

-Bio(P, ε) 
(2π)*<#(0, e)|p> 

since this operator is independent of ε. To see this one calculates the 
commutator of the derivative of (1.16) with all Aln, Bin, which must 
here be assumed to form a complete set, and finds zero. Now 

ίτ ιτ ϊ B i . i - g *<P> g > ,<*«> , 
1 ' i 4 W (2 π)*<£(0,ε)|ρ'> <Β(0, β )|ρ>· 
If here 

(1.18) 

then the first ratio in (1.17) is in that limit independent of p r from 
which 

Λ \(2π)Ι<Β(0, ε) |ρ> (2π)Ι <Β(0, |ρ>/ ~ ****(<Ρ 30 ' 
or 

[Bln(x), Bin(y)]=MM>(x-y) 

follows. (1.18) is very plausible and holds at least in perturbation 
theoretical examples. STow from Ain, Bin one can, thanks to the com
pleteness assumption, build up all the Hubert space (1.1) as is known 
from the second quantization formalism. 

Everything is done in the same way with the out-operators. That 
Af

in) = Af
0VLiy follows directly from the asymptotic condition. The com

pleteness of the Aont, 2?out follows from that of the in-operators as a 
simple consequence of the TCP theorem. One immediately obtains 
the definition of the unitary $-operator in the usual way. 

Finally one considers 

(1.19) * ( . ) _ hm { 2 n ) t < m e ) l p > • 

If this limit exists, this operator has all the properties of a usual field 
operator: it would be local and, by construction, obey the asymptotic 
condition. (The only difference as compared with the case of two 
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independent fields A(x), B(x) would be that B(x) is not independent 
of A(x) but the limit of a polynomial in A(x). This difference, how
ever, would not show up in the derivation of d.r.). If this limit would 
not exist, even not as an operator distribution, one would first derive 
the representation of a scattering matrix element where the «bound 
state» appears as a participating particle as a Fourier transform of a 
time-ordered product 

ν const 
,Vx ·' · · · ·>-<Pl\B(0, e)> · · · <B(0, i j ) | f f l > 

jexp [ipiXi + iqiVi <TA{xx + ε)A{xx — ε) · · · 
• · · A(yx + η)Α(νχ — η) - ·> d^ . . . dyx - · -

and, since the limits ε 0, η -+ 0 exist (since the whole amplitude 
is, of course, independent of ε, η), infer that in this limit the scat
tering matrix element is expressed in a form from which d.r. can be 
derived in the usual way (the techniques being limited only by the 
mass ratios but not by the simple or compound character of the par
ticles). 

(e) Semiaxiomatic method (7, 8). Here I shall only quote the 
results and refer the reader, as far as derivation and terminology is 
concerned, to the original papers. As far as weak convergence is con
cerned, this method leads to the same result as the former one, using 
instead of (1,9) etc., the physically very plausible assumption that 
certain functions (the connected parts of vacuum expectation values 
of operator products) decrease exponentially if some arguments refer 
to points of large space-like relative separation. With the further 
assumption that «almost-local» operators G (x, ...) exist that create, 
when acting on the vacuum, only the desired one-particle states, 
strongly converging sequences of states are found: 

lim Gfi(t) · · - C,n(t)> = A^t · · - A&> . 
t->±co w ' in in ' 

Here one sees that one has really to solve a certain problem to obtain 
strong convergence, but that weak convergence, which is sufficient to 
obtain reduction formulas, is much simpler to obtain. 

For illustration we quote a few examples: 
(a) When there is interaction, A (x) will never obey a strong 

convergence asymptotic condition. 
Namely, if 
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then 

(1.20) {ψI[ A'(f), A'(t)] W'y = - iZ-if f%ά*χ <φ\φ">, 

where 
CO 

Z- X = l + J c r ( f c 2 ) d f c 2 > l . 

But the right-hand side of (1.20) is independent of t, ̂ and the limit 
of the left-hand side for t-^ — oo exists and is — iffd0g ά*χ(φ\φΓ} 
which gives a contradiction, since (see Jost's talk) σ==0 entails 
absence of interaction. The reason is in the sum 

(1.21) <spιA\t)A*(t)\Ψ'> = Σ<φ\A'(t)ICXCI^W>; 

each term goes to the corresponding product (φ\Α/
ιη\ζ}(ζ\Ασ

1η\φί}9 but 
for the infinite sum it does not follow that it approaches (φ \ Af

iaAe
ia \<p'}. 

Compare 

2* «Τι η 2 +1* 2^ κ } 2 

in spite of the fact that each term < (1/t). By inserting the (non-local) 
expression 

(1.22) A(x) = Ain(x) + gJA^(x - y) Uin(y)*:dy 

into (1.21) one easily finds that to obtain the right-hand side of (1.20) 
an increasing number of contributions must be summed when t - > — o o 
in concordance with the weak asymptotic condition. 

(b) The example (1.22) is also the simplest one to discuss the 
weak asymptotic condition directly: 

(1.23) <φ\Α'ϋ)\φ'> = <φ\Α(η\φ') - igjf(x)<fp\. A i n ( t f ) 2 : l<P'>d*. 
x0<t 

Here for φ and ψ' the in-particle decomposition is appropriate. But 
since normalizable free wave functions decrease at infinity like 
the last term in (1.23) behaves like 

/ d f l t l 

1*1* l*ol* 
and therefore contests the asymptotic condition. 
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(ο) As an example of a trivially soluble theory take 

which leads to 

( δ — Ίήψ 

and 

(• + m2)<p = I {9"(V%V>), ψ} = 0 . 

These equations and the canonical commutation relations are solved by 

where the asymptotic condition can easily be checked for the renor-
malized operators. 

Let me recapitulate what has been achieved here: The particular 
role of the « simple » particles has disappeared. Otherwise this would 
really have been a handicap, because who would have known which 
particles are the « simple » and which are the « composed » ones. I t 
is physically very satisfying that the scattering problem can be for
mulated and possibly dispersion relations proven for both kinds of 
particles in the same way, since it supports the conjecture that dis
persion relations have to do with macrocausality (which is the only 
type of causality discutable in our picture and, since it is expressed 
in terms of spatial-temporal relations between wave packets, allows 
no difference between « simple » and « composed » particles). The 
structure problem is, at least in this formulation, an entirely different 
one, and actually the same for « simple» or «composed» particles 
since none of them are « point» particles. The key to the solution of 
the original problem of bound states seems to be the insight that 
for the scattering formalism only weak convergence is needed, and 
this is equally easy to obtain for all kinds of stable particles, the se
lection of the particles being made (up to degeneracy) by the mass 
value. Strong convergence is again equally difficult to obtain for all 
those particles. 

'ret j 
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II. Reduction Technique and Applications 

One defines Γ-products and JK-products by the formulas 

(11.1) TA(xx) · · · A(xn) = 2 θ(χιο — x20) · · · θ(χη-ιο — xm)A(xx) · · · A(xn), 
p e r m 

and 

(11.2) B(x; xx- - -xn) = S % o ~ ^ i o ) * · · θ(χη-10 — xn0)'i*' 
p e r m 

[[· · · [A(x), A(xx)l · · ·], A(xn)] , 

where the sum is over all η! permutations of the indices. It is easy 
to derive (9, 3) from the asymptotic condition the formulas 

(11.3) [8Τ(Α(χχ) · · · A(xn)), A(n] = 

= -ijf(y)(ay + m*)8T{A{xx).. . AK)A(i/))dt/, 

and 

(11.4) [J2(a?; ^ - . · a?w), Af j =Jf(y) 0V + m*)R{x-, xx · · · a ny) dy . 

The vacuum expectation values of T- and uJ-products are especially 
important and are called τ- and r-functions. Due to local commuta-
tivity, they are relativistically invariant functions. 

It is not difficult to show (20), that 

(11.5) A(x) = Aln(x) + f—,[r(x;xL... xn) (D x + m«) · · · 

· · · ( • „ + m2) :ΑΐΛ(χ±) · · . Aln(xn):dxL · · · da?w , 

that is, the r-functions are, on the mass hyperboloid, directly the 
matrix elements of the field operator in the in-representation, and the 
summed coefficients in the Kallen-Yang-Feldman expansion. Pertur
bation theoretically they are represented by the sums of Dyson's 
double graphs. The example (1.22) is representative of the behaviour 
of the terms on the right-hand side of (II.5). Similarly to (II.5), the 
r-functions are the expansion coefficients of the operator 8A(x) or 
of the 8- operator itself. 

There is a theorem (10) that is not without interest in the later 
discussion: if there is a set of retarded invariant functions r(x; xx... xn) 
that satisfies a certain infinite system of non-linear integral equations 
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(which actually is not too complicated), then the expansion (ΪΙ.5) 
yields a local field operator satisfying the asymptotic conditions. 
Therefore in principle that infinite system of equations reduces the 
problem of local field theory to ordinary analysis. However, there 
exists as yet no good idea how to attack this problem in that form. 

It might, however, be mentioned here that one can use these re
duction techniques together with dispersion techniques to obtain an 
infinite system of equations that allows a perturbation theoretical 
computation of all r-functions without any divergences. Essentially, 
the imaginary part of r-functions (when Fourier transformed) is com-
putated from functions of lower order, and the real part then found 
by a dispersion relation with the condition that the number of neces
sary subtractions to make the dispersion relation converge should not 
increase indefinitely when the perturbation theoretical order increases. 
In this way one rules out non-renormalizable «primitive»interactions 
(i.e., real parts to zero imaginary part), for instance Pauli terms in 
quantum electrodynamics. The rules how to obtain the real parts 
from the imaginary parts are, unfortunately, not yet in such a form 
as to be applicable to arbitrary functions, i.e., independently of per
turbation theory. Therefore I shall not go into more details here 
because perturbation theory is known anyway. 

III. Derivation of Dispersion Relations and A2-Analyticity 

Dispersion relations with finite momentum transfer have first been 
proven by Bogoljubov. This proof has been considerably simplified 
thereafter. 

The main tool in these derivations (11, 12,13) is the Lehmann-Jost 
Dyson (J.L.D.) representation of causal commutators, together with 
Bogoljubov's method of analytical continuation in the masses. The 
mentioned representation solves the following problem: 

Find the most general function f(x) that vanishes for x2<0 and 

a region U(P)> p0> L(P) in p-space where p0, TJ(P) and p0, L(P) are 
two space-like (possibly coincident) hypersurfaces. 

Girding and Wightman (14) have shown that the solution can 
be very quickly found by making use of standard theorems on the 
behaviour of solutions of the wave equation when initial data on time
like intervals are to be given. 

The J.L.I), representation immediately gives the d.r. for meson-

whose Fourier transform vanishes in 
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nucleon forward scattering (when the possible one-particle contribu
tions to the absorptive part are differentiated away as done by Bogo-
ljubov) and of analyticity in the cut ω-plane of the vertex (Ν\ψ(0) |ω, k} 
where Ν is the state of a nucleon at rest and ω, k the four momentum 
of one meson. (In these two cases, a simplification is achieved by 
using instead of the non-unique general representation the unique 
Jost-Lehmann representation which is sufficient for U(p)+L(p)= const. 

Let us discuss in more detail the scattering with fixed finite mo
mentum transfer. We have 

<p\ C|p, *.»> = <P , »i„ I ft *m> + (2n)Hd(p'+lc'-p-lc)-

•<P'W)\P, *.»>. 
The scattering amplitude is, with ( I I .4 ) , 

( i i i . i ) τ,β..„ = <ΡΊ;(0)ΙΡ,*Ι»> = (αχ + μη<ρ'\Α(χ)\ρ, *>|β.0 = 

=jexp [— iky]KxKy(pr\R(xy)|p>|β -0<ty = 

=jexp [ - iky] (ρ' IR' (0, y)|p>dy = 

=/exp 

If here the J.L.D. representation is used, one finds some analyticity 
but not enough for d.r. to follow. 

I t is instructive to watch why the simple-minded method to derive 
dispersion relations fails here. Introduce the « Breit» system where 
the momenta have the values 

ρ = ΈΔ, — Δ Jc = ω, Δ + I 

ρ'=ΕΑ, + Δ Ίο'=ω, — Δ + Ζ 
then 

I = eVoj2 — μ2 — Α2, e Δ = 0 . 

(ΙΙΙ.2) Τ(ω, Δ2) =jjexp [iwy0 — iV ω2 — μ2 — A* e · ν ] · 

• < ^ , Δ |Β' (|, - f ) | ^ , - Δ > dy,dy . 

Analyticity in the upper half ω plane does not immediately follow. 
Namely, since the space integral extends to infinity, to an arbitrarily 
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large number Ν for any point in the upper half ω-plane there are 
arguments y0, y such that Im(—coy0+Vω2 —μ2—A2 ey)> N. This 
means that the « analytic continuation » can blow up arbitrarily strongly 
or that there is, in general, no analytic continuation at all. Since 
(IIT.2) is supposed to be convergent for real physical ω , this blowing-up 
is an illustration of the well-known fact that arbitrarily small changes 
of a function on an interval may change the properties of the analy
tical continuation (if it exists) entirely in even an arbitrary vicinity 
of that interval. This fact is here intimately related to Dyson's theo
rem on which we shall speak later. 

The trick to avoid the blowing-up consists in making μ2 a variable r. 
A function 

(III.3) Τ ( ω , A2,T)=jjexp [uoy0 — i V o " — τ — A2ye]-

-(ΕΔ, ΔIJB' (§, -f) \ΕΔ, - Δ > dy9 dy , 

is defined. Either by some elementary methods which can also be 
applied in the vertex case and which I shall not enumerate here (one 
very elegant but nevertheless not very quick one, due to Glaser and 
Joos, uses an Abelian limitation at the integral (III.3) in the sense: 
define 

Τ ( ω , Δ2, τ , α) = jexp [— i V c o 2 — τ — Δ2 ye — oc\y\]dy 

jexp [icoye]C®A, Δ |JB' , - Δ > dy0 

and impose the condition that from Ee a > V/J*+ Δ2 there should 
exist an analytical continuation down to α = 0), or, most directly, 
by the J.L.D.-representation one shows that Τ ( ω , Δ2, τ ) is analytic 
in the upper half ω-plane provided r is real and < — J 2 . Therefore it 
can be written 

(IIL4) T ^ A W - l i * * ^ ' ' * ' * ™ . 

Here Im Τ [or rather (T r e t — where T&iv is obtained from T r e t = T 
by replacing % 0 ) by — 0(— y0)] is inserted from (III.3). 
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(III.5) 

This integrand is 

2i 
= |Jexp[i k + kr 

y <p\ (I)· K-H |p'>dy = 

(2π)« Σ { <P 17(0) ICXCI j(0) \ρ'}δ(ζ-Ρ-ϊ)-

- <P I i (0) I ζ><ζ I j (0) I p'> δ(ζ - ρ + %')}, 

where h means: fcs = r instead of μ1. Here one again uses (II.4) and 
obtains for the first term in the bracket: 

exp [ipx]<B'(0, χ) 10 <CIR'(0, y)) exp [ - ip'y]dxdyδ(ζ-ρ- k) 

Now again the J.L.D. representation is used, and similarly for the 
second term, and one finds two things: 

1. The integrand Im Τ(ω', Δ2, τ) in (ΙΠ.4) is analytic in an 
environment of the part — oo < τ < μ2 of the real τ-axis for all 
real ω' that are needed in the integral, provided Δ2< Δ^ΛΧ to be spe
cified a little later. 

2. What we shall use later: for τ = μ2, Im Τ(ω', Δ2, μ2) is ana
lytic in the Zl2-plane in the ellipse with foci 0, k2 and semimajor axis 

where 

( I I I .6 ) 

with 

x(w2) = 

(k2l2)[2x(w2)2 — l], 

(Ml-M2)(Ml-
k2(w2 — (M1— M2))2 

k2 = 

w2 = (k + p)2 = Μ2 + μ2 + 2Zl2 + 2coVΜ2 + Δ2, 

(w2 — (Μ — μ)2) (w2 — (Μ + μ)2) 2Δ2 

-— , COS Ο — .1 —— 
4w2 ' k2 

Here k is the c.g.s. momentum, θ the c.g.s. scattering angle. Note 
that the physical region is the interval 0 < Δ2 < fc2, Mx is the smal
lest mass of a state in the continuum with nucleon number one, and 
M2 the same with nucleon number zero. 

Property 1 enables us to define a function Τ (ω, Δ2, τ ) for ω in 
the upper half plane (more precisely: even in the cut ω plane), and 
in the described environment of the τ axis, by continuing the right-
hand side of (III.4). This Τ(ω, Δ2, μ2) so obtained is clearly analytic 
in the upper half ω plane, as exhibited by the formula, but its identity 
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with the scattering amplitude Τ (ω, Α2, μ2) as defined by (III.2) re
mains to be shown. 

This is done by observing that both Τ(ω, A2, r) and Τ(ω, Α2, τ ) are, 
by construction, identical for Im ω > 0 and Ee r < — A2. As follows 
from (III.3) and (ΪΙΙ.4), both are analytic in certain regions in the 
space of two complex variables r, ω which on one hand include the 
starting region just described, and on the other hand have a boundary 
value (for Im τ -> 0, Ee τ -> μ2, Im ω 0 in the physical region 
ω>ν'μ2 + A2 in a certain common way) at the points of physical 
interest, and finally a path in that r, ω-space exists that leads within 
the analyticity regions from the points described first to those of 
physical interest. Thus Τ(ω, Δ2, μ2) equals Τ(ω, Δ2, μ2) and, therefore, 
is represented by (III.4) with r = μ2. 

There remains the problem to determine Im Τ(ω', Α2, μ2) in the 
unphysical region (Μμ — Δ2)\\/μ2 + Δ2 < ± ω'< ^/μ2+Δ2. 

However, property 2 just says that Τ(ω',Δ2,μ2) can be obtained 
there by analytical continuation in A2 for fixed w2, since what we 
obtain by this continuation is the integrand of (III.4). Therefore, 
one can continue up to A2 < k2(x(w2))2j and, in fact, it is 
Min (k2x(w2)2) = z l 2

a x which limits the validity of a d.r., according 
to 1, at least as far as this method goes. The minimum is here to 
be taken over all w2 for which intermediate states exist, not only 
over physical ones. This entails that in the case of scattering 
where there exist the 27c-intermediate state in the crossed term, one 
obtains the d.r. even for forward scattering only if μ> (V2 — 1)M 
whereas in N-rt scattering one reaches the appreciable value 

The property 2 mentioned before, namely, analyticity of 
Im T(w2, cos Θ) in the cos 0-plane inside the ellipse with foci — 1, + 1 
and semimajor axis 2x2(w2) — 1, implies, as shown by using the partial-
wave decomposition 

T(w2, cos Θ) = (wjn2k) 2 exp idl sin o l(2i+l)-P i(cos Θ) 
and 

Im (exp [idi] sin dt) > [Im(exp [idt] sin [Ee(exp [idt] sin dt)]2 

as well as a standard theorem on expansions in Legendre polynomials 
that the scattering amplitude itself, T(w2, cos 0), is analytic in the 
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b = cos (φ2 + iea) ε1>2 > 0 , 

then the integral can be carried out exactly and gives a contribution 
to Im Τ with a branch line from c = ab -\- Va2 — lVb2 — 1 = 
= cos [(φι + φ2) + ί(ε1 + ε2)~\ to infinity. Clearly, by superposition of such 
poles (for instance, on the boundary of the respective analyticity 
region) one obtains the most general Τ and T*. In this way from the 
small ellipse for Τ one obtains for I m T the larger ellipse inelastic 
contributions neglected (valid, therefore, below creation thresholds). Or 
from singularities along the real axis of the cos 0-plane outside the 
physical interval one obtains similar singularities, but a little further 
away from the physical interval. In potential scattering, for instance, 
if one assumes a potential that is a superposition of Yukawa poten
tials, one obtains in Born approximation a singularity only at some 
real A2< 0. Then iterative use of the unitarity condition and of the 
dispersion relation, together with simple techniques of analytic con
tinuation, allow to generate the whole perturbation series, and each 
order separately fulfills the dispersion relation and has singularities 
only on the real axis outside the physical interval. Becently, T. Begge 
has given a rigorous proof of the corresponding properties of the whole 

where 

and 

where 
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smaller ellipse with semimajor axis X(w2). Clearly, analyticity in a 
region symmetric to the real axis implies that Be Τ and ImT are 
separately analytic functions at least in the same region. 

At this point I may mention a simple fact that might illustrate 
this relationship between Τ itself and its imaginary part. Unitarity 
gives 

Im T(w, cos Θ)=ΙT*(w, cos 0') T(w2, cos 0") di2(a*/4u?) + 
+ inelastic contributions, 

where cos 0 = cos θ' cos 0"+ sin θ' sin Θ" cos φ. 
If we insert on the right-hand side 

a — cos θ' 

a = cos (φ1 + ιελ) , 
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TABLE I . Cases in Which Dispersion Relations Have Been Proven (16). 

Process Α2 Remarks 

equal mass case 2 m 2 

π-\-π ->π-\-π Ίμ2 

π + Ν ->7u-fN 
Ημ2 2Μ + μ 

π + Ν ->7u-fN 
Ί Γ 2Μ — μ 

2Ξ+ μ 
Ζμ2 π + Ξ -^π + Ξ Ζμ2 

3 2Ξ — μ 
Ζμ2 

γ + Ν - * γ + Ν 3μ2 el. magn. order e2 

^ 2Βμ el. magn. order e2 

Β binding energy 
κ 3μ2 el. magn. order e 

γ + Ν ->π + Ν (virt.): 
γ 2 = — 3μ2 & 5μ2 el. magn. order e 

— 5μ2 6μ2 el. magn. order e 
— Ίμ2 ^ Ίμ2 el. magn. order e 
— V 5 8μ2 el. magn. order e 

Κ + Ν -> Κ + Ν < 0 
π + Σ *->π + Σ < 0 
Ν + Ν -^Ν + Ν < 0 in perturbation theory: 

^ L x = μ2 

in perturbation theory: 
^ L x = μ2 
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scattering amplitude. From these properties, however, a represen
tation of the so-called Mandelstam type (15) does not yet follow since 
to that end it were necessary to know in addition that the scattering 
amplitude increases at infinity in the Zl2-plane at most like a power. 

IV. Results and Possible Causes of Limitations 

Table I (16) gives the results obtained so far. 
You see that there is still a lot to be done if one wishes to obtain 

d.r. for all processes of physical interest. 
If proofs of d.r. and similar properties of scattering amplitude do 

fail, there is the alternative: 
1. d.r. etc., are not consequences of merely the axioms (locality, 

structure of the Hubert space) we started from. 
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2. They are implied, but present techniques are not sufficient 
to derive them. 

Let me first speak about 2. There is the alternative: (a) In the 
proofs consequences of the axioms may have been not sufficiently 
used, (b) Those consequences have been used, but not in an effi
cient way. 

Let me start with (b). One can easily show that all properties 
that have been made use of so far in the strict proofs are also pro
perties of each perturbation theoretical order, actually, of each Feyn-
man graph separately. Therefore, a look at Feynman graphs gives 
some insight why those proofs fail. It was found by a number of 
people that an indication of 2(b) are «prolongated cuts». Consider 
for simplicity a vertex in lowest nontrivial order. Take p\r pi fixed 
and consider pl = ζ as variable (see Fig. 1). One always finds ana

lyticity in the cut 2-plane provided p\< (m 2 +m 3 ) 2 , p\< (m 3 +m 1 ) 2 , 
i.e., the respective particles are stable. There is the old thumb rule 
that the cut should begin at z=(m1 + m2)2 and extend to + o o . 
This was inferred from the work of E. J. Eden (17) and J. Hamil
ton (18) on the threshold behaviour of Feynman diagrams and is in 
fact so in the white region. However, that rule is valid only if all 
vectors under consideration are real Minkowski vectors. Now, when 
pi > 0 and pi > 0, only the values (Vpl +Vpi) < p\ or p\ < 
< p\ — ̂ pi) lead to real vectors pu p2, p3 satisfying PI + p2 + PS = 0. 

ζ plane 

F IG . 1 . 
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One easily sees that inside the hatched triangle (and even somewhere 
outside of it) the expected nose of the cut is inside that unphysical 
region, and is therefore allowed to extend to lower (19) real values 
of z. However, Bogoliubov's method requires in effect a continuation 
from a region where such prolongation cannot take place, with other 
words: the method necessarily breaks down if already perturbation 
theoretical examples show that such a prolongation cannot be excluded. 

One can show (20) that in the vertex case a prolongation of this 
character arises when μ < (V2 — 1)M, and one might expect that 
perhaps an improvement in the technique that does not from the 
beginning exclude prolongated cuts will lead to a smaller bound of μ 
for a d.r. in the vertex case to be valid. This would then mean 
case 2(b). 

However, one knows already from the counter example given by 
Jost (21) against vertex analyticity that also case 2(a) might then 
remain, this means that all the properties of the full vertex functions 
(i.e., all momenta off-shell) that have been made use of (locality and 
the threshold values of continua in the momentum spectrum of the 
vertex function) do not suffice to exclude singularities outside the 
real z-axis, with p\ = f>J = M\ if μ < [(2/i/3) — 1]. 

There is nothing left but the hope that making full use of the 
completeness condition might help, namely, using the fact that the 
intermediate states when one decomposes the vertex functions are 
not just arbitrary states with the lower bounds of the masses Μ+μ 
and 3μ, respectively, but again states of mesons and nucleons which 
interact in a causal way. 

A hint that this could help is the result of Nambu (22) that in 
a perturbation theory that analyticity of the meson-nucleon vertex 
in the cut z-plane can be proven for all μ > 0. Nambu has further
more shown (23) that those prolongated cuts have a direct physical 
interpretation, as was exemplified by him in the case of the deuteron-
photon vertex, or the deuteron structure function. Here he showed 
that the small binding energy of the deuteron gave a nose corres
ponding in configuration space to a spatial extension as large as 0.8 
pion Compton wave lengths whereas the thumb rule would have given 
an extension of 0.5 the π-meson Compton wave lengths. 

That such a prolungation of noses might also be the cause for 
breakdown of the proofs in the case of d.r. for scattering amplitudes 
has been remarked by Karplus, Sommerfield, and Wichmann (24). 
Presumably a physical interpretation can be given also in these cases. 
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Just for completeness I might say that the infinite system of 
coupled integral equations for r-functions mentioned in I I implies, 
of course, the complete analysis of the intermediate states that might 
appear in the decomposition of any matrix element into contributions 
from intermediate states from the Hubert space assumed in the be
ginning. 

Now to point 1. Here nothing known. Perturbation theory (22, 25) 
might serve as a hint that analytic vertex properties (analyticity in 
the cut plane) and d.r. for limited A2 might hold. In potential scat
tering d.r. have been proven (26) up to finite values of A2, depending 
on the decrease of the potential at infinity. 

For a superposition of Yukawa potentials we have no limitation 
in A2, as mentioned earlier. Whereas in potential scattering the d.r. 
for larger A2 seem to be unphysical, because they would be marred 
by arbitrarily small changes of the potential, in field theory the ana
lyticity of the « potential» might be an intrinsic feature. On the other 
hand, field theory contains such complications as exchange possibi
lities and inelasticity. Potential scattering might perhaps be compared 
best with a summation of all ladder graphs in field theoretical scat
tering. 

In field theory perturbation theoretical discussions have until now 
mostly been done without integrations over the Feynman parameters, 
and conjectures about a breakdown of d.r. for instance for exchange 
graphs have been put forward. However, very recently Mandel-
stam (27) has shown that the fourth-order nucleon-nucleon scattering 
amplitude obeys a double-integral representation (15) that implies, 
among other things, d.r. for all A2. (For Σ-nucleon scattering, the 
fourth-order amplitude is not representable in that form.) Nothing 
is known, however, on higher order graphs. 

Finally we would like to give an argument in favour of d.r. at 
least for limited values of A2. In the next lesson we shall see that 
there are reasons to conjecture that d.r. have also a certain relevance 
for macrocausality. Macrocausality, however, being a statement about 
spatial-temporal relationships between ingoing and outgoing wave 
packets, has nothing to do with the nature of the particles, for in
stance, whether they are « simple » or « composed » ones, or whether 
the antiparticle of one particle can annihilate the other particle. There
fore, if we have analyticity in the upper half energy plane for a 
certain kind of particles, we think this is a hint that we might expect 
such analyticity also in other cases that are similar in a broad way. 
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V* Physical Interpretation of Dispersion Relations. 
Macrocausality 

I shall now try to discuss the physical meaning of dispersion re
lations. 

The d.r. for classical forward scattering of light is quite well under
stood in terms of the condition that in a homogeneous medium, or 
in an array of scattering centers the front of a light wave that was 
originally sharp should not propagate more quickly than with the 
velocity of light. This was shown by Kamers and Kronig in 1926, 
and this way it became clear why all classical models one had used 
to describe the propagation of light had given so similar results. 
Always there was the relationship 

between the full refraction coefficient and the absorptivity, the dif
ference in the models consisted in different results for α(ω) but then, 
because the models were causal, η(ω) was related to α(ω) always in 
the same way. There is one exception: the radiative damping of an 
accelerated electron does not fall into this scheme, because there a 
differential equation of third order 

governs the motion and gives rise to a cubic equation with an acausal 
root. What to do about this is not entirely clear, but it is probable 
that the emission process is not described correctly by the classical 
equation (V.l) where a point electron has been used which has also 
other features making trouble and being avoided in the renormal-
ized QED. There also causality seems to hold but, unfortunately, 
QED is only worked out in perturbation theory and it is only in a 
wow-perturbational treatment that the acausal classical effect, also 
giving rise to self-acceleration, shows up. Thus it is not known what 
the correct answer is. 

The relationship between η(ω) or α(ω) on one hand and the clas
sical atomic scattering amplitude on the other hand is established 
by the well-known summing or averaging process over all centers. 
The result, for instance in the form of the Lorentz-Lorentz formula, 

CO 

0 
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shows that a relation of this type should also hold for the single atom 
scattering amplitude. From here one infers, using the correspondence 
principle, that also the quantum mechanical amplitude for forward 
scattering of light should obey that dispersion relation. 

However, everything rests here on the possibility of building up 
a light wave with a sharp front. For that purpose one needs (a) both 
frequency signs; (b) the full range of frequencies, (a) means that the 
field quantity under consideration is not the wave function of a photon 
but the expectation value of the field strength in a state with a large 
number of coherent quanta, since otherwise we are not allowed to 
treat the transmission process classically, i.e., the correspondence prin
ciple does not apply. 

We don't have at least up to now a source that produces coherent 
mesons in large numbers, the difficulty being as well the finite mass 
of the meson as its charge and parity carrying nature (28). This does 
not exclude that we may find such a source in some future (this is 
to say, the reaction of an emitted or absorbed meson on, e.g., a nucleon 
is so strong that quantum effects cannot be neglected except possibly 
at such high energies that also the nucleon is entirely relativistic and 
treated on the same basis as the meson, but we have not yet studied 
all possible meson sources), but the difficulty (b) of the frequency gap 
remains. This is a very severe one, in fact, as you may know, the 
attempt of Bohr and Mottelson (29) to derive d.r. in meson physics 
failed just because of that gap: allowing contribution from that gap 
would mean to assume a wave form that is impossible asymptotically, 
and scattering is an asymptotic analysis by definition. 

However, the forward scattering of light still stands, and even 
the scattering of light with small, but fixed finite momentum transfer 
(that has not yet been proven to lead to a d.r. except in the lowest 
electromagnetic order e2) permits a physical interpretation. For small 
angles and high energies, an energy independent relation exists between 
the nucleon recoil aod the impact parameter s of older treatments, 
namely, by Hankel transformation because of 

P*(cos 0) ^ J0(W) *t J0(spd) ^ J0(2 \A\s), 

2\A\ being the recoil. Therefore we have, if there is a d.r. for fixed j Δ |, 
also a d.r. for fixed impact parameter s. This, however, is just the 
generalization of the causality condition used first by Toll and 
Wheeler (30), and Bethe and Eohrlich (31). For very high photon 
energies compared to the recoil one may build up a γ-ray with a very 
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small lateral extension such that the impact parameter can be suffi
ciently determined so as to allow for the requirement that the front 
of this bundled γ-ray should not propagate faster than with the velo
city of light, and this then leads, in an approximate way to the d.r. 
for fixed impact parameter or, as we see here, for fixed nucleon recoil. 

Of course this « derivation» is nothing but a plausibility argument, 
since the frequency gap that shows up here prevents us from making 
an exact derivation just as in the massive particle case. 

So we are left with the question what a d.r. for massive particles 
might mean. I t should certainly have to do with causality. Let us 
draw two pictures for a two-particle elastic scattering process (Fig. 2). 

When the particles in those wave packets collide, the amplitude for 
scattering into wave packets that have their main overlap earlier than 
the first packets collided should be small and should decrease very 
rapidly when a increases. On the other hand, the distance b in the 
second picture might be large, meaning that there is a scattering with 
energy very near to a sharp resonance. Note that both pictures do 
not change if future and past are interchanged. In fact, causality 
should have nothing to do with the direction of increasing time (the 
names « cause » and « effect» being conventional) and is expressed here 
essentially by the requirement that there should never be more energy 
in the field than the input amounts to. In this form the causality 
condition has been formulated by Stueckelberg and Wanders (32). 

Acausal Causal 

F I G . 2. 
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There, however, one still thinks in terms of measurements at some 
intermediate time whereas the pictures drawn here have only to do 
with matrix elements. 

The causality condition in this form is rather difficult to formulate 
quantitatively. Therefore let us simplify the situation drastically and 
speak about one-dimensional potential scattering. Assume we can 
generate a particle in a reproducible way in the wave packet f(k). 
Assume we analyse this packet with a detector that measures the 
inner product squared of f(k) with some g(k) that is characteristic 
to the detector 

J ' g*(k)f(k)dk 

(we shall not discuss how such a detector must look like; actually 
the most general detector would give as observed quantity the sum 
of a few such A: A0 = ^Ai0). Assume now that we deplace this 

i 
detector spatially by the distance s, measuring this way a function 

A0(s) = 
r 
i 

J 
g*(k)f(k) exp [iks] dk (See Fig. 3). 

detector 
wave packet 

Fio. 3. 

Now insert the scattering target. Instead of A0(s) we now measure 

CC 

J ' g*(k)f(k)-8(k) exp [ike] ah 

We find that if we consider the product g*(k)f(k) = f(k) as a ficti-
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tious wave function, than A0(s) gives us the local intensity of that 
fictitious wave function in configuration space, and A(s) gives the 
local intensity of the fictitious scattered wave function. By making 
the detector very heavy, we can define s arbitrarily precise. This might 
serve us as an illustration to the statement made in I, namely, that 
precise local conditions do not necessarily imply precise local measu
rements with all troubles from infinitesimal test bodies etc., but can 
be imposed and checked with the help of very precise indirect measu
rements. Of course, less lucid examples of local indirect measure
ments are the structure analysis of nuclei etc., through electron scat
tering, where the «test body » is an off-shell γ-ray. 

Now one can impose conditions of the type: Assume A0(s) has a 
certain behaviour, which behaviour of A(s) is then causally permitted, 
and which behaviour would contradict causality? Some results in this 
direction have been obtained by Wanders (32a). He is able to give 
a simple condition that implies the existence of an analytic conti
nuation of f(k) into some neighbourhood in the upper half plane of 
each point of the positive real k axis, and a more complicated one 
which implies the existence of a bounded continuation in all of the 
first quadrant of the fc-plane. Nothing can be said about the values 
along the positive imaginary k axis, as is quite natural for a macro
scopic causality condition where the nature of the particles does not 
play a role but only the causal relationship between their asymptotic 
wave packets. 

The important point seems to be here that no unphysical elements 
are needed to set up the experiments, and that only the 8 matrix 
itself enters into the mathematical description without any off-shell 
quantities. 

What I have tried to show here is a program rather than a 
theory, the preliminary results seem to be promising, however. 

VI. Dyson's Theorem. High-Energy Behaviour 

Dyson's theorem runs: 
Given two continuous functions B(x) and A(x) in the interval 

— a < χ < + a, then two functions B(x) and 2.(x)y with \D(x) —D(x) |< ε 
and \λ(χ) — Α(χ)\<ε in — a<x<a can be found such that 

holds. 
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The proof is quite simple, but I shall only indicate the main idea: 
Consider for |a?|<a the difference 

+ a 

B{x)--[p^dx'^F{x), 
π J χ — χ 
-a 

which is supposed to become equal to 

_,. x 1 f*A(x') . , 1 Ta(X') J F(x) = - —i—dx+- dx . 
π J χ — χ nj χ — χ 
-co a 

Now by a smoothing process on A(x) F(x) can be made finite (troubles 
at the end points being easily avoided) and is real and continuous 
in \x\ < a. Therefore it can be approximated up to an error < (ε/2) 
by a polynomial P(x) of some finite degree. That error is absorbed 
in making ΰ(χ) out of B(x). Then consider P(x) exp [— δ(α2 — a?2)*] 
with δ real positive and sufficiently small. This product nearly co
incides with F(x). Let the error again be absorbed in the definition 
of D(x). But this product is analytic in the #-plane with cuts from 
— oo to — a and + a to + o o , and vanishes everywhere in infinity 
quite strongly. Therefore it possesses, by Cauchy's contour integral, 
an integral representation just of the desired type Q.E.D. 

This theorem says that measured amplitudes can always be brought 
to a fit with a d.r. even without any subtraction, provided there is 
a region which is neither experimentally nor theoretically accessible 
and where a possibly very wild oscillation of the extrapolated functions 
D(x) and A(x) can be tolerated. There are only two ways out. Either 
one knows that, e.g., A(x) must always have a certain sign. Then the 

CO 

contribution from an integral like fA(x')dx'l(xr — x) (\x\<a) must 
a 

be non-negative and d.r. without substractions can possibly lead to 
a contradiction. (You know that such a circumstance really takes 
place in meson-nucleon forward scattering). Then one would conclude 
that there are subtractions needed. If one knows how many sub
tractions are allowed one might finally disprove a d.r., if one does 
not know that number nothing can even be concluded. Or: one knows 
some strict upper bounds for the absolute values of, e.g., the function 
A(x). Then one can also estimate the contribution from the unacces-
sible regions and possibly disprove a d.r.. Of course, if there is some
where an unphysical region with A(x)^0, this region can always be 
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mapped such as to include the point «infinity » and we are back at 
the premises of the theorem. 

This shows that restrictions on the scattering amplitude in regions 
that are either in principle or experimentally not accessible are of 
crucial importance to test d.r., and this leads us to the last point: 
high-energy behaviour, which, if known, would just be sufficient to 
handle the only case we know where the unknown region is only in 
infinity: meson-nucleon forward scattering. 

Unfortunately, nearly nothing can be said here. The hope lies 
here entirely on consequences of the unitarity condition. That this 
might really help I shall illustrate in two ways: 

(a) Take, for simplicity, a field theory with one space and one 
time dimension only (33). Then there is only forward and backward 
scattering, with amplitude Τ(ω) and Β(ω), respectively. The trans
mission coefficient 

Τ(ω) 
Β(ω) = l+ i 

•μ* 
obeys 

\D(a>)\* + 
Β(ω) 

Λ/ω2 — ; 
< 1 -

Introduce, for simplicity, ρ = y/ω2 — μ2. Assume for definiteness that 
T(p) has a pole at ρ = p B = z % κ . Then B(p) is analytic in the upper 
half p-plane up to a pole at ρ = ix. The function 

D(p) = ικ Ώ(ρ) 
ρ +ικ 

obeys |D(p)|<l along the real ρ axis and is analytic in the upper 
half plane. According to a well-known theorem it obeys | 5 ( p ) | < l 
everywhere in the upper half plane since it is, by a basic assumption, 
not permitted to increase there exponentially (such an increase would 
also destroy causality). This gives |2>(p)|<l at infinity and allows 
to write down the d.r. for Τ(ω) without any ambiguity, and further
more gives, from 

D{ix) lim ^-^Ώ(ρ) < 1 

an interesting limitation of the « coupling constant» depending only 
on the masses of the various particles. 

(b) In the full three-dimensional case there exists only a plausi-
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bility argument (33) that makes strong use of unitarity and results 
in the statement that | Τ(ω)/ω2| -> 0 for | ω | - > oo, limiting therefore 
the number of possibly necessary subtractions. Pomeranchuk (34) 
has recently states a result on the behaviour of cross sections at high 
energies. However, to us his assumptions do not seem to be convincing 
physically. 

In this bad situation, let us switch to guesses from renormalizable 
theories. This problem is relevant, for instance, for the gvjgA deter
mination in β decay (35). We have gv\gA = c(0)/a(0) where c(z) and 
a(z) are two functions analytic in the cut ζ (energy) plane (36). For 
these functions one writes 

and might try to use this to determine a(0), c(0) by some more dis
persion techniques applied to Im c(x) and Im a(x), provided o(oo) 
and a(oo) were known. Here I can cite a conjecture due to 
Kallen (37). At infinitely high energies the Born approximations are 
valid. Since with V — A coupling these Born-approximations to a(x), 
c(x) are equal, we conclude c(oo) = a(oo), and thus this drops when 
(VI. l ) and (VI.2) are subtracted from each other. I won't go into 
this any further, but I may give a simple argument why Kallen's 
conjecture is a reasonable first guess, since his own argumentation is 
quite involved due to switching complications that seem to be irre
levant to the problem: Consider for definiteness the axial vector 
coupling term in β decay: 

(VI. l ) 

and 
CO 

(VI.2) 

<p|P^(0)|n> = <Ρ\{Ζ2ΨΡ(®)ΊΓ*ΓΜΨΗ(0) + ...) |n> = 

= [exp [ΊΡΧ]&ΊΧ(ΤΨΡ(Χ) (Ζ2γρ(0)ιγ5γμψη(0)) xpn(y) + ...>· 

exp Γ— iny] ax ay — 

exp [ipx]3ix[Z2S'r(x — 0)%γ5γμ8,(0 — y) + conn, diagr.]-

•@iv exp [— iny] ax dy = 

= Ζ2ΊΓΔΓΜ + connected contributions . 
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A graphic presentation is given in Fig. 4. 
If the connected contributions are written in Feynman's para

meter integral form, they contain (p — n)2 in the denominator and, 
therefore, vanish if | (p — n ) 2 ] - > oo provided the integrals are made 
convergent by regularization of some internal lines. Since such regu-

F IG . 4. 

larization does not destroy the vertex analytieity, (VI.2) is valid, 
where α(οο) = Ζ2(λ\ λ being some cut-off momentum. If λ - > oo we 
actually do not know what happens, but the most natural guess would 
be that (VI.2) is then obtained with Zz(oo) = Z2 (which is presum
ably zero). 

NOTE ADDED IN PROOF. Since writing this paper, a number of new 
relevant results have been obtained. The semiaxiomatic method of 
Section 1(c) has been made rigorous since the needed assumptions 
have been derived from locality and relativistic invariance by G. F. 
Dell'Antonio and P. Gulmanelli, and by H. Araki. T. Eegge has 
proven the boundedness mentioned at the end of Section I I I . E. Cut-
kosky, G. Wanders, and E. J. Eden have shown the Nambu-Mandel-
stam representation to hold for all pure ladder graphs. W. Zimmer-
mann has proved the existence of the perturbation-theoretically in
ferred one-particle singularities of any τ-function for real value of all 
momenta. S. Mandelstam has shown that, for instance, in pion-pion 
scattering the scattering amplitude is an analytic function of the two 
complex variables w2 and A2 in at least a certain part of their product 
space, up to only the perturbation-theoretically inferred one- and two-
meson singularities if selection rules would not exclude them there. 
The Bethe-Salpeter equation and its generalizations for retarded func
tions of any number of variables have been derived on the basis of 
the system of nonlinear integral equations mentioned in Section I I . 
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