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This is an elementary account of the known relationship of the 
two complementary descriptions of a quantum mechanical system, 
the methods of configuration space and of second quantization. The 
stress is laid on the intrinsic geometric concepts involved, the states 
of a fermion system are described by elements of a Grassmann algebra, 
but even this is not new.* The discussion is restricted to a non-
relativistic system of particles, though with slight modifications similar 
relationships hold for relativistic systems. Only a system of fermions 
is considered, the boson case with its commuting algebra is in many 
ways even simpler. The starting point taken is that of the configur
ation space description. 

I. Configuration Space Wave Functions 

Let ψτ(%) denote a complete orthonormal set of one particle wave 
functions in configuration space. The letter χ stands for all the va
riables of a single particle, space coordinates, spin, isotopic spin, etc. 
The index r enumerates the states of the orthonormal set, the states 
are given at a definite time. Any one particle state <p(x) can be con
sidered as a linear combination of the states xpr(x), 

(1) φ(χ) = Σ crV>r{x) · 
r 

The simplest wave function describing the state of Ν fermions is the 
antisymmetrized product of Ν one particle wave functions, given by 

* The presentation given here is essentially a shortened version of a pre
sentation of second quantization given some time ago in J. Phys. radium, 
12, 131, 542 (1951). 
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the Slater determinant 

<P{rv..rM)(*i, - . . , » j r ) = 
1 

If the tpr(x) form a complete set of one particle wave functions, these 
Slater determinants form a complete set of wave functions for the 
^-particle system, and any antisymmetric wave function <p(xu xN) 
can be expanded in the form 

where rx< ...< rN indicates a given lexicographic order of the indices. 
The operators in the configuration space method are functional ope
rators acting on these configuration space wave functions, and are 
symmetric with respect to the permutation of the coordinates of two 
particles. 

The expansion coefficients cr in (1) can be considered as the coor
dinates of a vector in a Hilbert space R, the coefficients e<r»-f*> in (2b) 
as coordinates of an element of the space /\R of antisymmetric ten
sors of rank JV of the space R. 

II. Algebraic Representation of the State Vectors 

Introducing basis elements or unit vectors au a 2 , a r , ... of the 
space R, an element u of R can be represented in the form 

(3a) u = Σ c r a r · 
r 

Considering this as an algebraic representation of the elements the 
product of two such elements 

(3b) u{1) = Σ <ι>αΓ, w(2, = Σ < * > a r 

r r 

can be defined in different ways. If, for instance, one considers the 
products araTt and α Γ ια Γ ι as two indipendent new basis elements, the 
linear combinations of the products 

(2b) <p(xly ..., X,) Σ ^''''"Wir^rJXl, *#) > 
n<.. . < r y 

(3o) ^(1)^(2) — 2 ^1)^(5 ) ^ 1 ^ , 
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describe all the tensors of second rank of the space R. If, instead, 
one defines a commutative multiplication rule, by arar% — arari = 0, 
this leads to the symmetric tensors of R, and to the commutative 
algebra encountered in the description of a system of bosons. 

The antisymmetric tensors of the space R can be described by 
means of the Grassmann algebra, by defining an antisymmetric pro
duct, the Grassmann product or exterior product, by the rule 

(4a) araTt + αταΤχ = 0 . 

In this case one has for any r 

(4b) arar = a2
r = 0 , 

the product of a vector with itself vanishes. This is the algebraic 
expression of the Pauii principle, according to which two fermions 
cannot occupy the same one particle state. 

According to (4a), in order to enumerate independent basis ele
ments arart1 one has to take a definite order rx<r2, and the terms 
of (3c) can be paired together to give 

(4c) Σ 
ri<rt 

aTi ar>. 

The coefficients of (4c) transform under transformations of R as 
coefficients of an antisymmetric tensor of rank 2. A general element 

2 

of Λ 22 is a linear combination of such products and is of the form 

(id) 2 « { ' λ , * Γ Λ . · 
rt<rt 

The exterior product of Ν vectors u(1)u{2)... u(X) leads in a similar way 
to determinants of order N. A general element of Λ R is a linear 
combination of such products and can be written in the form 

(4e) 2^-^a f i . . . afjr. 
ri<...<rN 

With the same coefficients in (3a) and (1) or in (4e) and (2b), these 
expressions establish a one to one correspondence between the aigebraic 
representation of the state vectors and the configuration space wave 
functions. 

This correspondence can be exhibited even more explicitly by intro
ducing the quantity 
(5α) Ψ*(χ) = 2 > ? ( * K . 
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Due to the orthonormal character of the set of functions ψτ(χ), one 
has from (5a) 

(56) ατ=[ψτ(χ)ψ*(χ)άχ . 

The quantity Ψ*(χ) itself is not an element of B, since it has an in
finite norm for any fixed values of the parameters x. I t is defined 
only in the sense of a distribution, the quantities (56) are the ele
ments of B. 

From (56) and (1), one obtains 

(5c) %crar=jφ(χ)Ψ*(χ) άχ , 

and from (2α), (26), one has in a similar way 

(5d) 2 * ' " r ^ v . . \ = 

τχ<...<τΝ = •••JWi* -~>x*) ψ * ( ^ ...ψ*(χ„) άχχ... άχΝ 

In the method of second quantization, one can start from this al
gebraic representation of the state vectors, considering at the same 
time all antisymmetric tensors of different rank, that is state vectors 
corresponding to different numbers of particles. The space considered 

oo N 

is the direct sum AB = ^ AB of all antisymmetric tensors of B. It 

includes the one dimensional space /\B of tensors of zero rank, and 
1 

the space Β = A Β itself. A general element of A Β can be written 
in the form 

(5e) e = f 2 ^ · · ^ . . . ^ . 
N = 0 r%<...<r„ 

III. Dual Space 

u being a contravariant vector of B, transforming according to 
some non-singular transformation G of JK, covariant vectors can be 
defined by the transformation law (J~\ they transform according to 
the inverse of the transposed of O. The covariant vectors or dual 
vectors form the dual space B+. This is the space of the linear forms 
of B. Introducing basis elements aj", a£, a?, ... for the elements 
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of R+, a dual vector of Β can be written in the form 
oo 

(6α) IX < · 
r = l 

By defining an exterior product of the dual elements through the 
multiplication rule 

(66) « + « = 0 , 

the products α* ν... α*, ^ < . . . < ^ form the basis elements of the 

space AB+ of antisymmetric tensors of rank Ν of R+. Because of the 
simple connection between dual vectors and «holes» in a completely 
antisymmetric tensor of rank Μ in a finite Μ dimensional space (for 
instance Fermi sea), the dual vectors can have a part in the description 
of a state. They are also needed in describing particles and anti
particles. 

IV. Linear Operators of f\R 

The linear operations in can be built up from the two most 
elementary geometric operations: the (exterior) multiplication of each 
element by a vector, and the multiplication by the dual vector (Grass-
mann's interior multiplication). Separating linear operators from the 
state vectors by a stroke, the multiplication by a vector ar gives 

(7a) ar Ia r i... arN = αταΤχ... arjf ( = 0 if r = rk). 

This is the creation operator of quantum mechanics which leads to 
a state with one more particle present, or gives zero if ar is one of the 
factors in αΤχ...αΤΝ, that is if the one particles state r is occupied. 
The annihilation operators are given by the multiplication with a dual 
vector, defined as 

(7») a;\ari...ar = | (-«""Χ - * i f 8 = r* 
* \ 0 otherwise. 

This is a kind of division without remainder which cancels the factor ar, 
if it is present in the original product, it annihilates the corresponding 
particle, and gives zero otherwise. The rule (7b) can also be defined 
by saying that for rx = s one has 

(7c) a+
8 \artar%... arjf = au... arN , 

whereas if s is equal to one of the other indices rk, one has first to 
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bring the factor aTk to the first place in the product, which introduces 
a factor (— l ) * - 1 . The connection of the operation (7 b) with the dual 
vector is seen for instance from the special case 

(7d) aj ar = for 
= r 

φτ 

I t follows from the definitions that the anticommutation relations 
(4a) and (6&) are valid also for the creation and annihilation operators.* 
From the definition of the scalar product it follows also that the 
annihilation operator at is the adjoint of the creation operator a r, 
Κ = (ar)\ 

Besides, one has for τφ8 

(Sa) ar at \ αΤχ... afjc x affc ark+x... afy = 

arx...aTk_xarark^...arN 

(8b) atar \ αΤχ... afk_x aTk afk+i... ar 

ari...afk_x ar ar^x...ar 

and for r = $ 

(8o) 

(Sd) 

araj \ αΤχ... ar^ = 

atar\afx ... ar 

0 

0 
a,. ... ar 

which gives the anticommutation relations 

(Se) arat + atar •• 
1 

0 

if s = rk, 

if s^rk, 

if s = rk, 

ii s Φ rkJ 

if r = rk, 

if τφτκ, 

if r = rk, 

it τφη} 

if 
r = s 
Τφ8 

* The notation for creation and annihilation operators is often opposite 
from the one used here, a ->a*, a+ -+a. A reason for choosing the notation ar 

for the creation operator is that is seems more reasonable to write ar for the 
basis elements in (3a), and at for the basis elements of the dual vector. 
Another slight deviation from the conventional notation is, that for the 
state ar the usual notation is a r|0). The basic concept is the vector ar and 
one need not create a vector from nothing by means of a creation operator 
in order to talk about vectors and their products. 
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As seen from (8c), the operator nr = αΓα* has eigenvalues 0 and 1 
and gives the number of particles in the state r. The operator N= 2nr 

r 
represents the total number of particles, and has eigenvalues 0, 1, 2,.... 
The operators that commute with Ν do not change the number of 
particles. They contain in each term an equal number of creation 
and annihilation operators. These terms are «well ordered» if all 
creation operators stand at the left of annihilation operators: 
a... aa+... a+. 

V. One-Particle Operators 

The simplest operator of this type is a one-particle operator 

(9a) W=2{r\W\s)ara: . 
rs 

If applied to a one-particle state, W gives 

(9ft) IT|a t f=2 (rjW |<z )a r, 
r 

(9o) W\Tc*at = Y{2(r\W\q)c«}ar, 
q r q 

that is the coefficients (r \ W | s) appear as the matrix elements of an 
operator W in R. On factors of a product, W acts independently and 
from (8a) one has 

Ν 
(Μ) W\atx... Ή _ Α Λ + ι . . . <*τΝ=Σ1 (r\W\rk)ari... arkiarark+i...arN. 

Jfc-l r 

The scalar product of (9d) with a product state ar;... ar>N is different 
from zero only if this differs from the original a r i...a r j y in not more 
than one fac tor. For r ^rk, one has 

(9c) (α Γ ι . . .α Γ Α ̂ ^ ^ . . . ^ I W I ^ . . . ^ . ^ a ^ . . . a f J =(r\W\rk) . 

If W(x) is an operator acting on the coordinates of a single particle 
in configuration space, such as ih(d/dx), x2 or — (#2/2m)Zl, and the 
matrix elements (rIW|s) are defined by 

(10a) (r\W\s)=jψ* (x)W{x)xps(x) άχ , 

the symmetric operator 

(10ft) W= ΣΨ(χ,) = f,Ws 

3-1 3-1 
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acting on the configuration space wave function of Ν particles re-

presents in A Β the same operator as W given by (9a). A simple way 
of seeing this identity is to apply f on a Slater determinant wave 
function φΑ = <P{ri...rN}(®i> ···, ®N) and take the scalar product with all 
the other Slater determinants φΒ = <P{r[...r'N}(®nxN). Because of the 
orthogonality of the one-particle functions, the result is different from 
zero only if the set of indices {τ[...τ'Ν} does not differ in more than 
one index from the set {r x... r^}. For 

A: {n... rk-xr r f c + 1... rN), Β:{rx... rk-xrk rk+l...rN} 
one finds 
(10o) (A\iT\B) = {r\W\rk) . 

The Slater determinants (2a) have ΝI terms. The term of Β con
taining the factor y)rk(®j) gives a non-vanishing contribution to (10c) 
only if combined with the term W, of and the term of A con
taining the factor \p*(Xj). Because of the normalization factors of the 
Slater determinants, this gives a contribution (l/JV!)(r| W|r f c), and the 
sum of ΝI equal contributions gives (10c). One obtains similarly 

(I0d) (B\iT\B) =2 ( r f c |T f ! r t ) . 

(10c) might differ by a power of (— 1) from the matrix element of W 
between Slater determinant states in which all indices rx< ...< rK are 
in the standard order. This power of (— 1) is, however, the same 
as in (9e), and the identity of the corresponding matrix elements of 
W and is established without reference to this power of (— 1). 
The identity holds also for the diagonal matrix elements where a 
relationship analogous to (10d) holds for W. The two operators have 
the same matrix representation in the two ways of description of the 

states of A Β and are identical in AB. 

VI. Two-Particle Operators 

The operator 
(Ua) V= i 2 \V\ss)ara-Xat 

rr 
ss 

if applied on a two-particle state, acts as an operator with a matrix 

(116) (rr\V\ss) ^[ Ut(x)yfir(x')V(x, x')y-8(x')ips(x)ax&x'. 
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VII. Field Quantities and Field Equations 

The field quantities 

(12a) V * W = l y > » * r , 
r 

(12b) Ψ(Χ) =2*r(»K* 
r 

are linear operators of A Β again only in the sense of distributions 
The creation operators ar of a state are obtained from Ψ*(χ) according 
to (5b). From the anticommutation relations of a r, a+ one obtains 

(12c) Ψ(χ)Ψ(χ') + Ψ(α/)Ψ(#) = 0 , 

(12d) Ψ(χ) Ψ*(χΓ) + Ψ*(χΓ) Ψ(χ) = δ(χ — xr) . 

The operators W and V obtain a very simple form if expressed in 
terms of these field operators. With (9a), (10a) and (11a), (116) one has 

(13a) W=jΨ*(χ)Ψ(χ)Ψ(χ)άχ , 

(136) V = ^ j j Ψ * ( Λ ? ) χ Γ ) Ψ ( Λ ? Λ ) Ψ ( Λ ? ) άϋ° ά Χ ' ' 
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Applied on a zero particle state, or on a one-particle state, V gives 
zero: 

(11c) V\l = 0, V\aq = 0. 

If applied on a product state, each term α^αία* of V replaces the 
factors a8J a-a by a r, a? if these are present, and gives zero otherwise. 
Forming the matrix elements between such product states, or rather 
the scalar products which might differ from them by a power of 
(—1), one can see that they are identical with the corresponding 
products 

(A\r\B) 
formed with the operator 

(lid) ir=lV(xi,xj) 

i<3 -·= 1 

and with the Slater determinants φΑ, φΒ in configuration space. The 

operators (11a) and (lid!) are identical in AB. 
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If, with W(x)~ — >(ή2ΐ2ιη)Δ, W represents the kinetic energy of a 
many-body system, and V the two-body interactions between the 
particles, one can consider a system with the Hamiltonian H=W+V. 

If one goes over to the Heisenberg representation in which the 
operators Ψ(χ) become time dependent quantities Ψ(#, t), the equation 

α | ψ = [ Ψ , Η], 

leads to the field equation 

(14) ifi^p^ = -~ΔΨ(χ, t) + (v(x, χί)Ψ*(χ'^)Ψ(χ^ηψ(χ^)ά^. 
Cl ΔΉΙ J 

Together with the adjoint equation, these matter field equations and 
the anticommutation relations (12c, d) describe the behaviour of the 
system. Considerable attention has been paid to these Schrodinger 
fields in recent years, in applying field theoretical methods to discuss 
the many-body problem. The relationships are simpler because of 
the absence of the divergences of relativistic field theories. But since 
due to the interactions the field equation (14) is non-linear, one is 
still faced with a hard mathematical problem in finding suitable ap
proximation methods to treat the various physical problems related 
to these equations. 
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