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This investigation stems from an exhaustive treatment of the formal 
theory of quantized fields which was given in a series of works (/), 
the main purpose of which was to show: 

(a) that any perturbative expansion can be written in compact 
form if two—and only two—new algorithms—the pfaffian for Fermi 
fields, the hafnian for Bose fields—are introduced; 

(b) that the study of a field theory is conveniently reduced to 
that of infinite sets of coupled hyperbolic equations—named by us 
« branching equations», because of their characteristic structure—which 
are satisfied by the propagation kernels (simply «kernels » in our ter
minology); the perturbative expansions of the kernels are formal 
solutions of these equations. 

This approach reduces the order of difficulty of the problem, be
cause it suffices then to investigate properties of functions—or distri
butions—rather than of field operators. 

The branching equations can be taken, in turn, as the axiomatic 
formulation of the theory. They may be regarded as the natural ge
neralization—which includes all possible cases—of the Fredholm equa
tion (to which they reduce in the case of a Fermi field interacting 
with an external Bose field: in this case pfafflans reduce to the deter
minants of the Fredholm theory). 

After this is done, one has still to face the unpleasant situation 
that all computations give infinite results. Thus arises the well known, 
next major problem of the theory of quantized fields, the renormal
ization of ultraviolet divergencies. The history of this subject is too 
familiar to bear repetition; we just remark that the beautiful work 
of Feynman, Schwinger, Dyson, and many others, which has taught 
how to circumvent in practical computations the troubles caused by 

* Work done with the financial assistance of the Office, Chief of Research 
and Development, Department of the U.S. Army. 
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the appearance of infinite quantities of this nature, by removing them 
consistently into parameters to which finite values are imposed a 
posteriori as the observed experimental values, has not solved— nor 
was it intended to solve—the fundamental question, whether such 
infinities were due to inadequacy of the mathematical methods used, 
or were rather intrinsic in the physics itself. The question is indeed 
fundamental, because in the latter case no existing field theory, no 
matter how renormalizable, could be considered as self-consistent; if 
« bare» masses and charges are actually infinite, then there must be 
a theory behind the theory, which completes it, either with the ad
junction of more fields or with the attribution of an inner structure 
to the particles, so that only the total « final» theory is written, satis
factorily, in terms of finite parameters. All attempts in this direction 
have, however, failed. It is quite reasonable, on the other hand, to 
expect that interactions, say, of electrons with heavier particles, should 
amount, in a theory like electrodynamics, only to minor numerical 
corrections to the actual theory, which considers only electrons and 
photons. 

We have essayed to obtain a rigorous mathematical formulation 
of the problem of the renormalization of ultraviolet divergencies, by 
asking that the process of renormalization satisfy consistency requi
rements without which a mathematical theory is inconceivable (2). 
Call regularization any procedure which yields finite results for an 
otherwise divergent integral, regardless of the physical or mathema
tical considerations which may have led to its adoption. Any such 
procedure amounts to considering the original divergent (Eiemann or 
Lebesgue) integral I as the sum of two parts; one, IRJ which is defined 
through the regularization rule itself, be this what it may, so that 
is stays finite; the other, IDJ which is infinite and can therefore only 
be defined formally as 1D = I — IR, or as an (infinite) limit if a para
meter appears in the regularization rule. To find the nature of the 
additional requirements that a regularization procedure must satisfy, 
in order that it may act as a renormalization procedure, that is, for 
which the suppressed divergent terms are proved to amount only to 
modifications of the parameters, masses and charges, in terms of which 
the original «unrenormalized » theory was written. This requires that 
all terms ID which are thus dropped be proved to combine together, 
formally, to give contributions to the parameters—masses and char
ges—in terms of which the theory was written originally. For this 
to happen, one expects therefore conditions of two distinct sorts: a 
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first set, which depends only on symmetry, iter ability, etc., and is 
therefore of a general and purely mathematical character; a second 
set, which depends also upon the physical theory under consideration. 

These requirements will restrict, of course, the variety both of 
possible procedures and of renormalizable theories; infinitely many 
different procedures are expected to exist, due to the always extant 
possibility of additional «finite renormalization. 

As consistency requirements we list the following: 
(a) the regularization procedure must have a clear-cut mathe

matical definition; this must depend not upon physical peculiarities 
of the special processes which are being treated, but only upon general 
analytical properties of the integrands. It must be such as to make 
possible an investigation of the properties of the regularized integrals, 
say the study of majorants of them. 

(b) I t must yield automatically, when applied to the pertur-
bative expansions, the renormalized expansions; and eliminate thus 
the need for investigations on the nature of the single divergent con
tributions which it discards. 

(c) When the integrals in the branching equations are per
formed in accordance with this prescription, the solution (if any) of 
these equations (or of others which approximate them) must be the 
renormalized kernels. Furthermore, the same results must obtain re
gardless of whether one searches for solutions of these equations as 
they stand, or for solutions of any other equation or set of equations 
obtained from them by any possible combination and iteration. Fi
nally, the formal perturbative expansions calculated with this pre
scriptions must satisfy identically all such equations, where the in
tegrals are regularized with the same rule. 

(d) All symmetry properties of integrals must be conserved. In 
this way, once also the specific requirements to be studied later are 
fulfilled, so that the prescription is indeed known to be a renorma
lization, its adoption will eliminate consistently all divergencies; nor 
will it be necessary to study the problem of renormalization anew 
for any new approximation to the branching equations which one 
may wish to consider, as has been the case thus far. On the other hand 

(e) we do not expect our prescription to yield ipso facto the 
experimental values for the parameters of the theory (masses and 
charges)—an additional finite renormalization may, in general, be 
necessary. 

This is the price to keep our branching equations linear through-
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out; no serious inconvenient is caused thereby, while the advantages 
of adopting this point of view are tremendous. 

A thorough analysis of these points, made in ref. (2), has shown 
that a redefinition of the concept of integral, which consists essentially 
in a generalization of the concept of partiefinie integral of Hadamard, 
is the answer to the question. We denote this, formally, by writing: 

/-!+· 
where the symbol J" denotes the regularized integral, and Ό the 
(eventually divergent) part which is subtracted. Although far from 
unique, the prescription for the evaluation of J" must satisfy very 
stringent requirements; a particular prescription, which is proved to 
be quite satisfactory, is discussed there in detail. Change of | with J 
gives the renormalized theory. 

I t is furthermore possible to deduce directly from our prescription 
for Γ integration the Lie equations of the renormalization group and 
the conditions for their integrability (3). I t becomes thus possible, 
for each given theory, to establish, with full rigor, whether it is « re-
normalizable » or not—or better, in our new description, « consistent» 
or not. 

While electrodynamics and P.S. meson theory satisfy the inte
grability conditions just mentioned, the neutral scalar meson theory 
does not. Against accepted belief, it is therefore not renormalizable (3). 
If we take this as a criterion to discard a theory, we find the pleasing 
result that the theory discarded is one of which there is no need in 
physics, while those left in describe fundamental particles (photons 
and pions). Other points are discussed in refs. (2) and (3). 

In conclusion, it appears that the use of neat mathematical me
thods may serve not only to obtain in a better way results already 
known, but also to deepen our knowledge of field theory. 
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