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I. Preface 

This report is entitled «Progress Eeport», but this does not mean 
that we have made much progress! Instead this title is to indicate 
that the new results that will be mentioned are only the crude initial 
phases of a research program that is incomplete. These results are 
quite recent and preliminary and the formulation, and perhaps some 
tentative conclusions, may be altered as the research continues; how
ever, it is hoped that these initial fragments may help to stimulate 
others to think about these problems. 

I am reporting on the research on general vacuum expectation 
values by a group at Lund. This group consists of Kallen, A. C. T. 
Wu, + James Knight + and myself; + we hate also benefited from co
operation and helpful discussions with Nicholas Burgoyne and Daniel 
Kleitman of the Institute of Theoretical Physics in Copenhagen. 
Except for those items specifically attributed otherwise, the new re
sults that I will mention are the joint work of Kallen and myself. 
In the spirit of the earlier lectures, I will also describe such previous 
results as are necessary to the understanding of our work. 

I will try to follow the notation introduced by Professor Jost in 
his preceding lectures. 

II. Introduction 

As shown in Jost's lectures, the (^T+l)-point Wightman function, 
or the vacuum expectation value of a product of (JV+1) local field 
operators, has been proved by Bargmann, Hall, and Wightman to be 
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the boundary value of an analytic function Wa(Ci> of the com
plex difference 4-vectors £i> · · ·, ζΝ or, alternatively, of the inner pro
ducts {za = ζχ'ζί) of the vectors. Lorentz invariance and the positive 
time-like nature of the energy-momentum of any state imply that this 
analyticity domain in the vectors {£} include the « extended tube »3t'a. 
Similarly in terms of the inner products ziU these functions must be 
analytic in JtSJ the image of Ra in the mapping from vectors to inner 
products. 

It is of considerable interest to determine explicitly the domains 
Jts or RN. For N= 1, the investigation is trivial, for the Wightmann 
function of 2 field operators at space-time separation ξ depends only 
on the single complex variable z = £2, and Jtx is the whole complex 
plane except for a cut along the positive real axis. (The boundary 
values above and below this cut refer to the past and future light 
cones of f, respectively.) 

For N>19 however, this situation is considerably more compli
cated, for we are dealing with functions of several complex variables 
where the analytic properties are both more powerful and more diffi
cult to exhibit. Furthermore, when W > 1, the « primary domain %JtN 

(which followed just from Lorentz invariance and positive energy) is 
extended by the assumption of microcausality (or «locality » in Jost's 
terminology) to a much larger domain ΛΡ

Ν\ *Jtp
N is just the image in 

the inner product space of the domain 0tp
s in the difference vectors £,· 

or γρ in the original position vectors. (See Jost's second lecture for 
the introduction of these domains and the explanation of the analy
ticity). Furthermore, as shown in Jost's second lecture, the domains 
0t*a or Jtp

N are not natural domains of analyticity, for there are the 
Steinmann points which lie outside of Jip

N but where the functions 
must be analytic; hence any function which is analytic in Jip

a is 
necessarily analytic in the larger domain & a which is called the holo-
morphy envelope of Λρ. (This concept will be explained further 
below.) 

Thus, we can in principle determine the domain of analyticity & a 

of a general (^ r+l)-point vacuum expectation value by the following 
steps: 

1. Find explicitly the « primitive domain» JtN by mapping the 
«tube» Ra into the inner product space. 

2. Form the domain J(p
s (either as the image of Ra or by direct 

inference from 
3. Find the holomorphy envelope of Jtp

a. 
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This program has been fully carried out for the case N= 2 in a 
comprehensive paper by Kallen and Wightman ( i ) , hereafter referred 
to as KW. They found that the domain JK% was a natural domain 
of analyticity which was bounded by sections of analytic hypersur-
faces (i.e., manifolds of the form Im F(zf s) = 0, where F is an analytic 
function of the inner products); they formed explicitly and guided 
by perturbation theory examples, they carried out the analytic com
pletion to obtain <sf2. 

We are now in the initial stages of the similar program for N= 3. 
However, in addition to the greater complexity because the number 
of complex variables is increased from 3 to 6, we find that some quali
tatively new features appear. We discover that J(z is not bounded 
entirely by analytic hypersurfaces * (see proof in Section 5). This 
means that it may be much more difficult to carry out step 3 in the 
above program, since the methods used by Kallen and Wightman 
depended upon the fact that they were dealing with analytic hyper
surfaces. Alternative approaches that are being considered will be 
mentioned at the end of the lecture. 

The general vacuum expectation values are not the only quantities 
whose general analytic properties can be studied in this way. Of even 
more direct physical interest for many applications is r, the vacuum 
expectation value of the general retarded commutator. Its Fourier 
transform r is the boundary value of an analytic function and is 
directly related to the scattering matrix, (see K W for discussion where 
r is designated by Ή.) Kallen and Wightman have shown that, for 
N= 2, the domains of analyticity for r and the Wightman function W 
are equivalent; however, one reason for concentrating our study on 
the Wightman function is that, for N>29 the domain of analyticity 
of W is greater than the domain for a general r, (see, e. g. Kleit-
man (2)), at least if one neglects consideration of limitations due to 
the mass spectrum or the special consequences of the asymptotic con
dition, unitarity, etc. (See O. Steinmann's lecture for a discussion of 
the relationship between r and W and of the way in which the al
gebraic relation satisfied by r can be used to extend the domain of 
analyticity of r.) 

In this discussion, the most general functions consistent with the 

* Burgoyne is studying the simplified problem of a two-dimensional space 
time. He has determined ΛΝ in the case for general Ν and finds that it is 
bounded by analytic hypersurfaces. 
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positiveness of energy, Lorentz invariance and microcausality are con
sidered. In actual physical problems additional information is avail
able; in particular, the energy is restricted by the known masses of 
single particles, etc. The effect of these mass restrictions on the Wight-
man functions has not yet been fully determined, even in the case 
JV=2 ; this problem is being studied by Wightman and collaborators 
in Princeton as well as by Jost et al. In our work we have so far 
omitted consideration of such restrictions; of course, they should be 
taken into account, but the effect is not an increase of the domain 
of analyticity of W (although the mass restrictions do increase the 
domain for r), but it is rather a complicated restriction of another 
type, so that W will no longer be an arbitrary function in the do
main & N. 

In Section I I I , a brief description will be given of a few basic con
cepts in the study of domains of holomorphy in several complex va
riables (this section should be skipped by anyone familiar with the 
concepts of holomorphy envelopes, etc.). In Section IV, we will elimi
nate some of the parameters in the representation given at the end 
of Jost's lectures for the boundary of Jtz. This is preparatory to the 
proof in Section V that the boundary of contains a non-analytic 
hypersurface. Some consequences of this result for the program are 
discussed in Section V I where preliminary results of a perturbation 
theory example are also mentioned. 

III. Simple Illustration of Completion of Analyticity Domains 

Consider a function f(z) of one complex variable which is analytic 
inside a domain D in the complex ζ plane. If 0 is the boundary of D, 
and nothing else is known about /(«), it is possible that f(z) might be 
singular at an arbitrary point z0 on 0. (For example (z — « 0 ) - 1 = 1(z) 
is such a function which is obviously analytic in D.) By a superpo
sition of such functions it is even possible to construct a function which 
is singular at every point of 0 but analytic in D. Thus an arbitrary 
domain D can be identical with the maximum domain of analyticity 
of an appropriate function. 

However, this situation does not continue for a function of more 
than one variable. For some domains Ό in several complex variables, 
any function analytic in D is automatically analytic in a larger do
main, which is called the holomorphic envelope of Ώ. Only under 
special circumstances will a region be a natural maximal domain of 
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analyticity, i.e., be equal to its own holomorphic envelope. Although 
this phenomenon has been established for many years, it may not 
be common knowledge among all physicists, and I will therefore re
call a simple example from a well-known text (3) to illustrate it for you. 

Let f(Zj u) be any function of the real variable u and the complex 
variable ζ which is analytic in the variables in the spherical shell 
domain D illustrated in Pig. 1 and given by (R — ε)2< \z\2 + u2< 

FIG . 1. - β original domain of analyticity. ^ interior in which the 
analyticity is then proved. 

< (R-\-E)2, where R and ε are real numbers with 0 < ε< R. Then, 
we shall show that f(z, u) can be extended into a function which is 
analytic in a larger domain 3tf(D), the holomorphic envelope of D, 
which is given by \z\* + u*< (R+ε)2. Thus the interior of the sphe
rical shell is automatically added to the domain of analyticity if only 
the analyticity in the shell itself is assumed. 

To prove this, we define a function <p(z, u) for any u, ζ satisfying 
u* + \z\2< R2 by 

where G(u) is the circular contour for varying t and fixed u given by 
\t\* = R* — u2. Since f(t, u) is analytic in t about G(u) the integrand 
is continuous and defines an analytic function of ζ within the con
tour G(u). 

We must now relate φ(ζ, u) for varying u. To do this, consider 

υ 
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the slightly more general function 

t — z 
at. 

Consider u0 to be fixed and then let u vary slightly over a small range 
of values about u0, limited so that the point (£, u) remains well within the 
spherical shell where f(t, u) is analytic. The integrand is then clearly 
an analytic function in the variables ζ and u within the sphere 
u2-\-\z\*< R2, and hence / is analytic in this domain. But I does not 
change if the contour of integration is now varied within the region 
of analyticity of the integrand; in particular G(u0) can be altered now 
to become G(u), which establishes that I(z, u, u0) = tp(z, u), and hence 
this establishes that φ(ζ, u) is analytic in both variables within 
\z\2 + u2<R2. 

The only remaining step is to relate 97(0, u) to f(z, u). These can 
be shown to be equal by choosing (R — ε) < u < J?, in which case 
/(z, u) is analytic within G(u) and <p(z, u) = /(z, u) by Cauchy's for
mula; then this result holds throughout the spherical shell by anal
ytic continuation. Thus <p(z, u) is the required extension of /(z, u). 

The essential features in this example were that for certain fixed 
values of any other variables, the function was analytic in ζ throughout 
the interior of G(u) and on a contour for which Cauchy's theorem could 
therefore be established; then the analyticity in the other variables 
allowed us to displace the contour downward surrounding the doubtful 
region and thus proving analyticity in any « horn » that protrudes into 
the original domain of analyticity. (See KW, Fig. 16, for an illustra
tion of this displacement of the contour). 

If the original domain of analyticity is a convex set, then it cannot 
be further extended; to illustrate this let us consider functions of two 
complex variables w = u-\-iv and z — x+iy. Let (w0Jz0) be an arbi
trary boundary point of the convex region that we wish to consider. 
Then by definition of convexity, it is possible to place a hyperplane 
through the point (w0, z0) so that the whole convex set lies one side 
of the hyperplane; but any hyperplane can be written in the form 
Iin ((xw+βζ— γ) = 0, where α, β, and γ are complex constants and 
where Im (ocw+βζ — γ) > 0 on the side of the hyperplane containing 
the convex set. The function (aw+βζ — γ)-1 is singular on this plane 
and regular in the convex, set. Hence in this way a function can be 
constructed with a singularity at an arbitrary boundary point, so we 
have shown any convex set is a domain of holomorphy. 
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However, the converse is not true; a set can be a natural domain 
of holomorphy without being convex; for it is not necessary to be able 
to pass a hyperplane through the boundary point which leaves the 
domain all on one side. I t is sufficient if the plane is replaced by any 
analytic hypersurface, that is any surface of the form Im F(zy w) = 0, 
where F is an analytic function. (For example, the function 
(F(z, w)—F(z0, Wo))-1 is clearly singular at the boundary point z0, w0 

where Im F= 0, but it is analytic in the region where Im F(z, w) > 0.) 
Thus one is led naturally to generalize the concept of convexity to the 
concept of pseudoconvexity which does give the proper criterion for 
determining whether a surface is a possible boundary of a domain of 
holomorphy (4). The textbook of Behnke and Thullen gives an excel
lent discussion of pseudoconvexity and its connection with holomorphy 
envelopes, so we will omit such a treatment. In this book, a proof is 
given of the following useful theorem: * 

In order that a surface given by <p(x, y, u, v) = 0 where the second 
partial derivatives of φ are continuous, is pseudoconvex from the side 
φ > 0 (and therefore a natural boundary for functions analytic on the 
side <p< 0), it is necessary that Σ(φ) >0 and sufficient that L(<p)>0, 
where 

0 ψζ 

Ζ(φ) = - φ» φ ww ψζΰ> 

ψυ,ζ ψζζ 

In calculating the derivatives in the determinant Σ(φ), the nota
tion of differentiation with respect to w and its complex conjugate w 
is just a short-hand for the following combination of real derivatives 

lw'~2 du 2 dv> Jw ~ 2 du ^2 dv 

and corresponding definitions hold for d/dz and djdz in terms of d/dx 
and djdy. This theorem provides a easy way of testing any func
tion φ by explicit differentiation to see whether the surface φ = 0 
is a possible boundary of a holomorphy envelope for functions of two 
complex variables. 

* It should he noted that this theorem and the foUowing theorems are 
limited to only two complex variables. No such convenient form as the dif
ferential expression Σ(φ) is known to us for the case of three or more variables. 
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In the book of Behnke and Thullen, a proof is also given of the 
following useful theorem: 

The hypersurface φ(η, ν, χ, y) = 0 is an analytic hypersurface if 
and only if L{tp) = 0 at all points of the surface. Thus the deter
minant Σ(φ) which measures the pseudoconvexity of the surface also 
provides a convenient test for analytic hypersurfaces. We note that 
an analytic hypersurface is thus a very special case of a pseudoconvex 
surface; if pseudoconvex surfaces are pictured as analogous to convex 
surfaces, then the analytic hypersurface corresponds to the special case 
of a flat surface. A priori there is no reason why the pseudoconvex 
boundary of a holomorphy envelope should be an analytic hyper
surface; in the case of the three-point function domains, analytic hyper
surfaces were always encountered by KW, but unfortunately this con
venient property does not hold for the four-point function, as we 
shall show in Section V. 

IV. Reduction of Parameters in the DAN AD Representation 
of the J(z Boundary 

In Professor Jost's lectures, based on his work and on Appendix I I 
of KW, it was shown that the boundary of Jtz contains any point 
z= { z n , z12J zlz, z22, z23> 233} which satisfies the following equations: 

(4.1) Zu = DikAklNlmAmnDnj = x{i + iyi5, 

where the usual summation convention is used for iterated indices, 
where D is a diagonal matrix with positive real diagonal elements dif A 
is a symmetric matrix with real off-diagonal elements and with com
plex diagonal elements that have positive imaginary parts, and Ν is 
the matrix: 

In this section, we will eliminate some of the parameters from this 
representation in order to obtain a suitable form for the proof in the 
next section. (The basic formula Equation (4.6) was originally de
rived by A. Wightman. The particular notation in Eq. (4.12), which 
we have found most convenient for numerical applications, was com
municated to us by Kleitman, and Burgoyne and Kleitman suggested 

(4.2) 
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to us the usefulness of examples that are symmetric in two of the 
three indices, which we will use in our proof. We are grateful to 
Wightman, Burgoyne, and Kleitman for their communications and 
helpful discussions.) 

We write out explicitly the expansion of ( 4 . 1 ) for two typical ele
ments (after slight simplifications) 

( 4 . 3 ) zlx = 2d\{Axx(AX2 + Axz) + A12An}, 

( 4 . 4 ) zn = dxd2[(Axx + AXZ)(A22 + A2Z) + A12(A2Z+ A1Z+ A12) — A1ZA2Z]. 

We can use Eq. ( 4 . 3 ) to eliminate the complex parameter Axl in 
terms of [the fact that An has positive imaginary part implies 
sign yu = sign (A12-\- A 1 3 ) ; otherwise zxx is still unrestricted] 

( 4 . 5 ) Au + Alz = ^ + Al)j (A12 + - 4 . i t ) - 1 . 

By the symmetry of the problem, we can interchange 1 and 2 in the 
ndices throughout Eq. ( 4 . 5 ) to obtain A22+A2Z. Substituting these 
results into Eq. ( 4 . 4 ) , we obtain, after some rearrangements 

( 4 . 6 ) 2Z12 = A13 A ο 

(A12 + -^13) (AX2 + A2Z) 
A\2 (A12 -\~ Axz 4~ -^23) 

(^12 + ^ i a ) (^12 + A s ) 

ZnZ22 

dvA* 
dxAxz 

Z, 
dxAxz 

d»A* + 

2dxd2(Ax2 + Axz + A2Z)AX2 

+ 2dxd2Al2(AX2 + Alz + A2Z) 

By the introduction of new parameters A1 2, μχ and μ2, this equation 
can be written 

( 4 . 7 ) 

where 

( 4 . 8 ) 

( 4 . 9 ) 

( 4 . 1 0 ) 

2ZX — Zxx - f — Z22 

Ml μ* 
+ ( 1 - λ ι 2 ) 

Ζ it Zoi 

Q — 2 u i 1 2 AXZA2Z(AX2 + Axz + A s ) > 

^ 2 3 

d% A2Z d2 rrx.* 
μ* = 7 Τ~μι = ± Τ ~ { Q ) ' 

1 5 5 
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and 

( 4 , 1 1 ) •̂12 
- ^ 1 3 ^ 2 3 

(An + A1S)(A12 + Au) 

Equations (4.7) through (4.11) fulfil an obvious symmetry in the 
indices 1, 2, and 3, so we see immediately that a similar elimination 
of the other elements of Eq. (4.1) yields the general equation (No sum
mation over iterations) 

(4.12) 2ZU = ltJ 

where, with χφΐφ), 

(4.13) λα 

μι μι + [1 - λα] 

AuAji 

ZuZjj 
for %φ), 

(4.14) 

(4.15) 

(Α„ + Α„)(Α„ + Αα) 

with Q = A12 An A2Z(A,2 + Alz + A23) 

If Q > 0 , the /it's are all real; if Q< 0 the μ/s are all imaginary. 
In any case, the ratio or product of two μ '8 is real, as only real 
coefficients occur in Eq. (4.12) for zu in terms of zH and ζ „ . 

Equation (4.12) is the expression that we will use in the next sec
tion. We will study the special case when A12, A1Z, A2Z are all posi
tive. (Then y22, and y2Z must be chosen positive, as noted earlier.) 
In this case Q> 0, and the A's all fall in the range 0 < Xu < 1 . The 
λα are not independent parameters; for it follows directly from (4.13), 
that, if we set λα = i ( l+cos0 f , ) 

(4.16) or 

cos (012 + 0 1 3 + 023) = cos (2π) = 0 , 

cos 01 2 = cos (013 + 023) 

This relation can be shown to be equivalent to the statement in Jost's 
last lecture that the planes through ηχ, η2, £2; and ηζ, ξζ intersect 
in a common line; however, we omit further discussion of these geo
metric properties since they are not needed in the following proof. 
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V. Proof that the~#3 Boundary Contains a Non- Analytic Hypersurface 

In the preceding section, we have shown that a point Ζ — {Zllr 

Z12, Zl3, Z221 Z23, ZS3} is on the boundary of Jt3 if it satisfies the 
3 complex equations (4.12) for l < i < ? < 3 . 

(We have restricted consideration to only a portion of the boundary 
by some arbitrary selections; there are also other contributions to the 
boundary, but we do not need to consider them for the present in
vestigation.) 

The 3 complex Eqs. (4.12) are equivalent to 6 real equations. With 
Eq. (4.15), they yield 7 real equations for the 6 parameters {μ,, Xkt} 
and the twelve variables {xiiy yi}). In principle, we can eliminate the 
6 parameters and obtain a single real equation φ({χα, yi3)) = 0 for the 
boundary; it is then guaranteed that the points satisfying this equation 
will lie on the boundary of Jtz (provided the corresponding parameters 
all lie in the allowable range). However the explicit calculation of ψ 
in the general case is quite difficult. 

Fortunately for the purposes of the present proof it is not neces
sary to determine the full φ({χα, y^)) as a function of its twelve real 
variables, since we are able to reduce our consideration of the domain 
in six complex variables to a domain in only two complex variables. 
The argument for this simplification is as follows. We must prove 
that surface cp({xin ya}) = 0 cannot be expressed in the form ImJ?= 0 
where F(zL1J z22, z 3 3, s 1 2, 2 1 3 , z2Z) is an analytic function of its six com
plex variables. Suppose such a function F did exist; then, if the six %u 

are in turn replaced by analytic functions on only two independent com
plex variables w and z, we will obtain a function G(w, z)=F({zi}(iv, ζ)}) 
which will be an analytic function of w, z. Hence our proof will be 
complete if we can show in a particular case of this kind that the 
surface <p({xu(w7 z)9 ya(w9 z)}) = 0 is not an analytic hypersurface in 
the two complex variables w and z. 

Thus for our proof we specialize to the case 

(5.1) zxl = z22 = z^ = i 

and 

(5.2) z 1 3 = z2Z. 

Then only zJ3 and ζΛ2 remain as independent complex variables. Be
cause of the symmetry in the indices 1 and 2, solutions of Eq. (4.12) 
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can be found with μ1 = μ2, λ 1 3 ^ λ 2 3 . In this case (4.12) reduces to 
the two equations 

(5.3) 2ZU 2U 1 2 + (1 - A12) ( - - ί + μ2^ - 0 , 

and 

(5.4) λιζ(i^+if^) + ( l - A13) ( - — + μ ι Δ = 2Z„. 

From (5.2) it follows that 

(5.5) λ12 = 2/12 · 

We choose yl2 in the range 0 < y12 < 1 to guarantee the existence of 
solutions and 

«11 + 1^12— *| (5.6) μΐ 
j - — yn 

From (4.7) 
cos 012 = cos (0ia + 023) = cos 20i3 = 2 cos2 θη — 1 . 

Hence, 
#12 = ^12 = i (1 + cos 0 i 2) = cos2 0i3 = 2λ1ζ — 1, 

or 

(5.7) λ„ = 1 ( 1 - ν ^ ) · 
Then only the parameter μζ remains, and it can be determined from (5.4): 

(5·8) ^ = i r + i y w \ i ^ + ^ 
We reintroduce this into Eq. (5.3) and eliminate all parameters; 

after rearrangements the final equation for this portion of the boun
dary surface becomes (when we set x12 = x, y12 = y} xlz = uy and yiz = v) 

(5.9) φ = + 4(1 — y/y)*u*- 4(1 + y/y)9O* — Sxuv + x* + (1 — y)* = 0 . 

For fixed values of χ and y (with 0 < y < 1) this boundary surface 
becomes a hyperbola in the (u, v) plane; u varies continuously from 
— oo to +oo but ν is restricted to 4 v 2 > (1 — \/y)2. 

I t is easily verified that those parameters μλ and λα can always 
be obtained from allowable parameters Ati, for example, we can choose 

(5.10) Alz = A2Z = 1, 

and 
A i 2 = (i-Vy)IVy · 
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Then Ai2 + J., a, A12 + A2Z and Au + A2Z are all positive, as required to 
agree in sign with Imz t i = l . Thus all the restrictions are satisfied, 
or all points on both the upper and lower branches of the hyperbola 
φ = 0 are necessarily on the boundary of J(z. 

We now study the pseudoconvexity of this surface by the method 
outlined in Section I I I , that is, by computing 

0 ψζ 

(5.11) L(cp) = - <Pwz 

<Pz <fz» φ-ζζ 

This determinant in our case becomes 

4{(1—iz)w—2\/μϊο} 

5.12) L(<p) = 

__Λ 2iww 
—2iw2+z + i\ 

4{(1+ iz ) w — 2<\/y} ι 

2iww 
+ 2iw2 +z—i 2i —— + 4w , 

2iw A 

—— — iiw 
Vv 

1 ww 
1 + 2lF 

It is convenient to use the equation φ = 0 to solve for a? as a function 
of v, and y\ we obtain the solution 

(5.13) 

where 

(5.14) J 

χ = 4ruv ± Jk , 

y/AV - (1 - V )̂2, and k = V±u2 + (i-\-Vy)* · 

Thus a point on this portion of the boundary surface of Jtz is now 
specified by any value of the three independent real variables u, ν 
and y in the ranges 0 < y < 1, \2v\>l — ̂ y, — o o < w < o o . 

By straightforward algebra, Σ(φ) is now reduced to 

(5.15) L(<p) 
2(uJ + vk)2 

y* 
(J2 + k2)2. 

This is a positive definite expression which never vanishes in the ranges 
for u, v, and y given above. Hence, from the theorem quoted at the 
end of Section I I I , the surface φ = 0 is not an analytic hypersurface. 
This completes the proof. 
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VI. Discussion 

In the preceding section we have shown that the domain Jtz for 
the general four-point function has a non-analytic hypersurface on 
its boundary. I t is then interesting to ask whether the domain J(z 

is equal to its own holomorphy envelope. One could test this by in
vestigating whether the pseudoconvexity is always of the sign required 
for φ = 0 to be a proper boundary as we approach the surface from 
the interior of Jt%. However, it is easier to show that the surface 
can have a singularity at any arbitrary boundary point by explicit 
construction as follows *; 

In the work of Kallen and Wilhelmsson (5), a convenient set of 
functions Δ#(ζα, akl) are constructed which provide a convenient basis 
for the expansion of a general function with analyticity and proper 
boundedness in the region Λ T h e function A#(ziS, akX) was shown 
to have singularities at those values of zi} such that the matrix 
Mik = Aiizik can be written as square of a matrix Β such that 

(6.1) TTB = 0. 

For a given point on the boundary given by Jost's formula 

(6.2) ζ = BAN AD , 

we can choose the « mass matrix» akt to be given by a = D^NB-1 

and will then show that Zl+(z, a) is singular at this point. For in 
this case 

(6.3) M= az = B^NB^BANAB = (B~*NAB)* . 

Thus Β can be chosen as Β = Β-1 NAB and 

(6.4) ΤτΒ = TTNA=2 (A12 + Au + A2Z), 

which is real because the off-diagonal elements of A are necessarily 
real in Jost's representation. Thus an arbitrary point of the surface 
(6.2) is a possible singular point of functions analytic in the region Jtz. 

* This section of the notes replaces and corrects part of the talk presented 
in Naples. 
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A N A L Y T I C I T Y OF V A C U U M E X P E C T A T I O N V A L U E S 

The fact that we have a non-analytic boundary for J(z greatly 
complicates the procedure for obtaining Ez, the holomorphy envelope 
of the union of Jtz with corresponding permuted domains that result 
from local commutativity; for it may be extremely difficult to per
form explicitly the necessary analytic extensions. Thus it is extre
mely desirable to have alternative methods of determining Έζ. One 
possible approach is to attack directly the problem of determining a 
convenient representation of the most general function analytic in < 2̂; 
if this can be done and if a generalization of this formula to Sz and 
higher Έ values can then be guessed, the goal of our program would 
be obtained. 

Another possible approach is to guess the boundary of &N from 
examples of particular functions that are known to be analytic in gs. 
Of course, the analyticity domain of any one function may be much 
larger than # v , but parts of the boundary might be obtained in this 
way from various functions until one can guess the whole boundary. 
A convenient perturbation theory example was used by K W for this 
purpose in their work on S2. 

Wu is studying a corresponding function for the case of Sz. He 
has found that this function has singularities at points satisfying the 
following determinantal equation (and the corresponding equation 
from the diagonal subdeterminants) 

-2ax «11 1̂ &2 #22* 1̂ 4̂ «33 — al a4 
«11 - «i - — 2a2 «n+«22 2 # 1 2 a2 az zlx-~ «33—2«i3—a2—a4 

«22 — a 1 - a4 «n + «22 2 # 1 2 a2 —az 2az «22 ~ ~ «33 2#23 M>Z a4 

«33 — a1 — a4 «ii + «33 2«i3 a2 —a4 «22+ «33' 2«23' $3 &4 -2αΛ 

Here the «mass parameters » ax, a2, a3, and a4 are arbitrary positive 
constants; the singularities can only occur when, in addition to the 
vanishing of a determinant, certain complicated relevance conditions 
are satisfied. Wu is now studying the domain spanned as the masses 
vary in this array of singularities. I t is hoped the boundary obtained 
in this way may give some insight to guide the determination of <*f3, 
but it is too early to tell whether this example can be used to guess 
the final domain in a procedure analogous to that used by KW. 
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